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NON LINEAR WAVELET DENSITY ESTIMATION ON THE REAL LINE

MATHIEU SART

ABSTRACT. We investigate the problem of density estimation on the real line R under L' loss. We
carry out a new way to select the important coefficients in some wavelet expansions. We study
the resulting estimator when the density is smooth with dominated tails. This assumption is very
mild and allows in particular to deal with singularities, spatially inhomogeneous smoothness, and fat
tailed distributions. Moreover, our estimator is fully adaptive and is derived from a computationally
efficient algorithm.

1. INTRODUCTION.

We consider a real valued random variable X and suppose that its distribution admits a den-
sity f with respect to the Lebesgue measure. Our aim is to estimate f from the observation of n
independent copies X1,..., X, of X.

The method we use is based on a decomposition of the density in a (bi-orthogonal) wavelet basis.
The challenge lies in the choice of the coefficients to be estimated and those to be set to zero. A
successful choice leads to an estimator f that is neither over-smoothed nor under-smoothed. A way
to check this point mathematically is to consider a class % of functions and to compute

N

R(f,#) = sw E [U(f, f)].
fez
In this formula, ¢ is a loss function that is up to the statistician, for instance ¢ = di where d, is
the L9 distance. The above maximal risk can then be compared to the minimax risk

Ry(7) = inf sup E[¢(£, )]
[ fez
Naturally, R¢(.Z) < Ry(f,.#) and we expect the reverse inequality to be true to within a multi-

plicative factor. If this factor does not depend on n, f is said to be rate optimal (and nearly rate
optimal if the factor grows as log" n).

A wavelet estimator is usually studied under the assumption that f belongs to a ball B}  (R) of
a Besov space. The precise definition of this set is recalled in Section 3.1 below. The parameter «
indicates the regularity of f whereas p measures, in some sense, the sparsity of its wavelet expansion.
This assumption of regularity is seldom the only one. There are two points to watch out for when
assessing the quality of a wavelet estimator. First, we have to examine the precise set F# C ’Bg‘m(R)
on which it is rate optimal (or at least nearly rate optimal). Second, we have to look at the
conditions on « and p. The larger .# is, and the weaker the conditions, the better.
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2 MATHIEU SART

The simplest wavelet estimation method is to keep all the coefficients up to a certain resolution
and discard the others. This leads to a linear estimator that is — if the final resolution is properly
chosen — rate optimal for the IL? loss when f is a compactly supported density of B9, (R) with p > q.
The case p < ¢ is more delicate and can only be solved with non-linear methods, see [DJKP96].
The two main rules that we know of consist in thresholding the coefficients individually or by
block. For more details about them, we refer to [Aut06, CC05, DJ96, DJKP96, HKP98, HKPT12,
KPT96]. Note that unwanted logarithmic factors may be involved in the rates of these estimators.
Undesirable restrictions on f or on « (such as a > 1/p) may also be assumed. We refer to [Sar21] for
a description of the minimax rates in the compact case, within log factors, but without superfluous
conditions on f or on the parameters.

In the present manuscript, we pay particular attention to the L' loss. The spatial adaptivity of a
non-linear estimator may be revealed by studying its risk when the density is compactly supported
and in By (R) with p < 1. The optimal estimation rate in this context is n~%/2e+1) for all
a > 1/p — 1, see [Bir06a]. A wavelet estimator should therefore reach this rate under the sole
condition that a belongs to an interval of the form (1/p — 1,7) (this restriction on « ensures the
classical characterisation of Besov spaces in terms of wavelet coefficients). We have not been able
to find in the literature a local or block thresholded wavelet estimator with this property. This will
be the case for the estimator we propose in this paper.

The wavelet approach is less developed in the context of density estimation on the real line R.
The main papers we know on this subject are [JLL04, RBRTM11]. In both cases, the estimator is
term-by-term thresholded. It is also nearly optimal over some balls By ., (R) of Besov spaces. More
precisely, the first paper deals with p = oo and ¢ > 1 whereas the second one covers the cases p > 1
and ¢ = 2 (under an additional boundedness assumption when p < 2 though). Other solutions to
wavelets have certainly been proposed in the literature to cope with infinite supports. It is beyond
the scope of this introduction to describe all the results already obtained. We simply cite here the
papers of [GL11, GL14, Lep13, LW19]. They contain the most general results we know about the
minimax rates.

Let us mention that difficulties occur when the estimation is performed on R with the L' loss.
This distance gives more weight to the estimation errors in the tails of f than the other IL? distances.
It follows that a pure regularity assumption — such as f € Bgopo(R) with R large enough — is not
sufficient to ensure the convergence to 0 of the minimax risk. A way to bypass this problem is to
add a constraint on the tails of f, see the seminal paper of [GL14]. This latter paper also contains
the following important result: the optimal estimation rate of a (bounded) function in a Besov ball
with p > 1 is, within logarithmic factors, n=7 where v € [0, a/(2ac + 1)] depends on the tails of f.
If we ignore these log factors, it means that the usual rate n=%/(**1 can be recovered when the
tail of the distribution is not too fat. We will see below that this result can be refined.

We propose in Section 2 a new estimation method based on wavelets. Each coefficient can, a
priori, be retained or discarded at the end of our procedure. However, the decision to keep or delete
a coefficient is not purely local. Instead, it is based on a heuristic assessment of the global L' risk
of our estimator. The main interest of this reasoning is that it gets rid of undesirable logarithmic
factors in almost all cases. Moreover, the resulting estimator is automatically adaptive as our
method only uses the data to determine the highest resolution and the coeflicients to estimate.
No further information is required (such as, for instance, the supremum norm of f or R when

f € By oo (R)).
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We study the risk of our estimator under two conditions. The first is that f belongs to a Besov
ball B9 (R) with p > 0 and o € ((1/p—1)4,7) where 7 only depends on the choice of the wavelet
basis. The second condition concerns the tails of f. We show that our estimator is always rate
optimal, except possibly at a limit case, where it is, in the worst case scenario, nearly rate optimal.
In particular, we recover the rate n=®/(2+1) agsociated with compactly supported densities when
the tails of f are not too fat. The assumption f € By . (R) alone is also sufficient to ensure the
convergence of our estimator when p < 1. This claim contrasts with what happens when p > 1,
where, on the contrary, the minimax risk may not tend to zero. We also investigate the case
a € (0,1/p—1] and show that the condition « > (1/p—1)4 is, in some sense, necessary to estimate
the density (even if it is compactly supported). A precise formulation of these results may be found
in Sections 3.2, 3.3 and 3.4.

For ease of presentation, we have only discussed balls B (R) of Besov spaces above. However,
our bounds are slightly more general. The Besov balls can be replaced in almost all cases by
subsets WB}  (R) of weak Besov spaces without changing the convergence rate of our estimator.
These sets are defined in the same section as the Besov balls, i.e. in Section 3.1.

Finally, the computational complexity of our procedure is nearly linear in n. Even in the simpler
framework of compactly supported densities, we know of no other computationally feasible proce-
dure that is optimal in the minimax sense for the L' loss when p < 1. The only computationally
acceptable solutions we know of all involve additional logarithmic factors in the risk bounds. More
details about that in Section 3.5.

Throughout the paper, we denote by | A| the size of a finite set A. The letters ¢, C, ¢, ... stand for
quantities that may change from line to line. The proof of our main result is deferred in Section 4.
The appendix contains additional proofs as well as some results used in Section 4.

2. ESTIMATION PROCEDURE

2.1. Bi-orthogonal wavelet basis. Our estimation method relies on a decomposition of the
density in a bi-orthogonal wavelet basis. In such a basis, any square integrable function f takes
the form

(1) f= Zakﬁgk + ZZﬁmﬂ_}j,k,

kEZ j=0kezZ

where for any 7 > 0 and k € Z,

o= [ f@on@)dn, B = [ F@)viulo)ds
where for any xz € R,
Or(r) = dlw — k), Pjr(x) =222z — k),
Gu(x) =z — k), Pjulx) =222z — k),
and where ¢, ¢, 1), 1) stand for dual father and mother wavelets. Equality (1) can be shortened by
setting B_1 1, = ag, Y1 = Ok, Y—1 = ¢r. It then becomes

(2) f= Z Z/Bj,kl/;j,k-

j=—1kez
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In the following, we suppose that these four wavelets are bounded and compactly supported.
Moreover, we take ¢ = 191}, and suppose that ¢ is piecewise constant.

The simplest example of bi-orthogonal basis is the Haar basis where ¢ = ¢ and ¢ = ¢ =
Ljo,1/2) — 1j1/2,1)- This basis is even orthogonal. In general, however, ¢ and 1) are not necessarily
piecewise constant and can instead be smooth. We refer to [CDF92] for the construction of such a
bi-orthogonal basis where ¢ and 1 are Holder continuous with exponent 7 (7 € N* is an arbitrary
number to be chosen).

Note that the density f we estimate is not necessarily in L2(R). Despite this, the series always
converges in L' norm and equality (1) remains valid. This result is based on classical techniques
in wavelet analysis, see Appendix H.

2.2. Outline. We present in this section the main ideas of our estimation procedure. It will be
described in detail in Section 2.3.

We consider a collection K = (Kj);>_1 of subsets of Z and define the linear wavelet estimator

o0

fx = Z Z Biktjr, where B = %ij,k(Xi)
i=1

j=—1keK,
denotes the empirical version of f3; .

The quality of this estimator depends on the choice of the collection K by the statistician.
Ideally, K should be chosen in such a way that the risk of the estimator is minimal. Observe that

[fc—f], e > {z—mz 1851+ B, () +5j<Kj>},
j=—1 kez

where ¢ only depends on the wavelet basis, where
Bi(K;) = =273 B4l
kGKj

and where
E(K;) =272 3" 1Bk — Byl
keK;
represents the error due to the estimation of the coefficients indexed by K.
The term B;(kK;) can be estimated by
Bi(K;) = =272 3" [Bjl.
keK;

The triangle inequality ensures that

1B;(K;) — Bj(K;)| < &(K;),
and hence

3) HfK - le <c f: {2—3’/22 8.k +l§j(Kj) +25j(Kj)}.
J

=—1 kEZ
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The key to minimizing the L! risk (or at least the above upper-bound) is therefore to control the
error £;(K;) with high probability. If £;(K;) denotes a known upper-bound of £;(K;), minimizing
(4) Bj(Kj) + 2&;(Kj)

among all the subsets K; of Z is a possible strategy to minimize the right-hand side of (3). In

other words, we may consider a subset K ; of Z minimizing (4). It contains all the indices k of the
coefficients 3; to be kept. We then estimate f by fgz where K = (Kj);>_1.

In the very particular case where ET'](K ;) takes the form
(5) Ei(Ky) =271 % (k).
kGKj

the procedure amounts to keeping only the coefficients above a given threshold:

~

Ry ={kez Bl >k},

We then recover a local estimation method where the decision of threshold Ej,k is based solely on
the value of 3; and €;(k).

But the interesting point of the above reasoning is that it can be applied to any bound ET'](K i),
and not only those satisfying (5). This makes it possible to control the error more accurately. The
resulting procedure may not be a term-by-term hard thresholding rule though.

2.3. Estimation procedure. The aim of this section is to define our estimator f of f. We refer
to Sections 3.2 and 3.3 for the study of its statistical properties and to Section 3.5 for informations
on more computational aspects.

We sort the sample in increasing order: X(;) < X(g) < -+ < X(,). We define the smallest
integer J>0 satisfying

. 1-J
\duin (X = X)) > 277 Ly,

where Ly, > 1 is such that supp ¢ C [—Ly, Ly]. For each resolution j € {—1,..., j}, we determine

a set K of integers by using an algorithm similar to the one described in the previous section. This
yields our estimator

R J
(6) F=>
j=-1

- kEI?j
of f.
We define for j > —1 and k € Z,
o AR (X — k) if j =1,
LS w?(20X; — k) if j>0.

Tjk =
n
Let then
Zj={keZ 53 #0}
be the set of integers k for which v; ;(X;) # 0 for at least one observation.
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We define for ¢; € Nand r > £; + j + 1,
Zis(t))={kezZ, 27 '<5? <27}
Ziayes(t) = {kez, &>2b77),
To each value of /; corresponds therefore the partition of ij defined by

(7) zi= | Zj,ty).

r>Li+j
We now explain which coefficients to retain among those indexed by 2“(6]-). By gathering all these
coefficients and by choosing ¢; appropriately, we obtain the set Kj.
We introduce some positive numbers p_1,<_1, pg,so > 0 that will be specified later on, and set

Sj = <0, pj = po for j > 1. We define the map &;.¢,(-) for r = £; + j and = > 0 by

g,r,éj(ﬂf) _ \/%_'_ $10g+(27:+1/33) n \/log((j +2)(r+1)n) N log((j + 2)(r + 1)n)

J n n ’

where log () = log(e 4+ x).When r > £; + j + 1, gjméj(‘) is rather defined for = > 0 by

. 27" log , <X]T/:E> log , (X]r/ilt)
Ejrp;(T) =2 - +x -
N \/xw log((j +2)(r + n) _ log((j +2)(r + n)
n n
where
- min 4 (|Z;] + 2(2Ly + 1)(log(j + 2) + 2logn + 1)),2"+1} if 2" > gjn/log((j + 2)n)
7" | min ]Z;T], 2”+1} if 2" < gn/log((j + 2)n)
and where

Z,={keZ, 2772 <%, <27t}
It is extended by continuity at = 0.
We define the criterion v; .4, (-) for Kj.e C z]—,r(ﬁj) by

Virt; Ejre)) = =272 3" (Bjkl + 9ty (1K, ).
kGKj’T’(j

We pick out Kj,r’gj C Z]—,r(ﬁj) such that

(8) Vil (Kj,f’,fj) = min Vil (Kj,f’,fj) :
Kjre; CLjr(£5)

~

Since ZM(@) is finite, the set IA(jmgj does exist. If several sets minimize this criterion, Kj,
denotes any of them.
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The value of /; that we will keep in the following is the smallest value fj satisfying

(9) Z ,-erz yrf Il Z ’YJTZ JTZ)

r=0;+j 7“ Li+]
Such a value does exist (for ¢; large enough, the partition given by (7) remains the same).

We finally set

oo
K‘] = U ]77“72]
T:2j+j

and define our estimator f by (6).

3. THEORETICAL RESULTS.

We study in this section the properties of our estimator f .

3.1. Classes of functions. We begin by introducing classes of functions corresponding to as-
sumptions on the density to be estimated.

For this purpose, the following notations will be convenient. We denote for p € (0,+oc] and
x = (zk)kez the (quasi) P norm of x by

1 :
e, = [ (Ceez )™ it p < oo
SUPrez |kl if p = oo.
The weak (quasi) ¢P norm of z is defined by
p .
2 ]lp.00 = SUpgsq t (Zkez 1\$k|2t) " oifp<oo
SUPrez |kl if p = oo.

We recall that ||z], .0 < ||z]|, but that the converse is not true in general.

3.1.1. Besov classes. The classical Besov spaces B} ., possess a characterisation in terms of
wavelets coefficients. It follows from [DJ97] that By ., may be defined when p € [0,+o0c] and

€ ((1/p — 1)4,7) as the set of functions f of L™*{P.1}(R) satisfying [fllBg ., < oo where
1fllsg., = sup {21218, L.
Jjz

The value of 7 is an integer depending on the wavelet basis. It is equal to 1 for the Haar basis.
It stands for the smoothness of ¢ and ¢ when the basis is the bi-orthogonal basis of [CDF92] (see
Section 2.1).

We define the Besov ball B85  (R) as the set of functions f G o satisfying || f|ga . < R. This

set is slightly smaller than the set composed of functions f € B Satisfying

sup {2f<a+1/2—1/p>||5j,.up} <R
Jj=>0
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This latter set is denoted by By () and is called a strong Besov class. The adjective “strong” is
added to avoid any ambiguity with what is below. The difference between a (strong) Besov class
and a Besov ball lies therefore in the starting point of the index j.

We define the weak Besov class WBS  (R) when p is finite as the set of functions f € L'(R)
satisfying

sup {2j(a+1/2_1/p)H/Bj7.|’p7oo} <R
j=>0

When p is infinite, we set WBS, (R) = B, ,o(£2). The main difference with the strong Besov
classes is therefore the use of the (quasi) weak ¢/ norm in place of the standard /P (quasi) norm.

3.1.2. Tail dominance condition. We define two sets Tg(M) and WTg(M) corresponding to
strong and weak conditions on the tails of f.

We set for 7 > 0 and k € Z,

279 (k+1/2)
(10) o= [ fa)de
27 (k—1/2)

We define for M > 0 and 6 € (0, 1), the set Ty(M) gathering the integrable non-negative functions f
satisfying

(11) sup {2770-9 || F; |5} < M.
7=>0

We say that the “strong tail dominance condition” is met when f € Tg(M). This terminology “tail
dominance condition” is directly borrowed from [GL14] although their condition differs a little from
this one (see the next section for more details).

Inequality (11) can be softened by replacing the (quasi) norm with its weak version. This leads
to the set WTy(M) and the “weak tail dominance condition” f € WTy(M). By definition, it
contains therefore all the integrable non-negative functions f such that

_i(1— 0
sup {27900 Fy 4} < M.
Jj=>0
These two conditions are satisfied when there are not too many mass in the tails of the distribu-

tion. The parameters M and 6 tune this amount of mass allowed. The larger 6 is, the heavier the
tails can be.

The above conditions are defined only when 6 £ 0. The limit case # = 0 corresponds to compactly
supported functions. More precisely, we define To(M) = WT (M) as the collection of integrable
functions f satisfying

sup {2_j {k ez, Fjr,>0}} <M.
Jj=0

We show in Appendix G the elementary proposition below.
Proposition 1. The following assertions hold true:

1. If M < 1, the set To(M) does not contain any density.

2. Letp€ (0,1), R>0,a € (1/p—1,7). If f € By (R), then f € Ty(c1RP) where c1 only depends
on the wavelet basis and o, p. Conversely, if f € By .o (R)NT,(RP), then f € By  (c2R) where ca
only depends on the wavelet basis and ., p.
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3. If f is a compactly supported density on [—L, L], then f belongs to To(2L + 2).
4. If f is a density satisfying f(z) < AP|z|~° for all |x| > 1 and some A >0, b > 1, then f belongs
to WT15(M) with M = c3(1+ A) and some c3 only depending on b.

3.2. Minimax rates. We evaluate in this section the risk of our estimator f when f is smooth
with dominated tails. More precisely, we consider R > 0, M > 1, p € (0,400}, a € ((1/p—1)4,7),
6 €1[0,1) N[0, p], and

WBp o (R)NWTe(M) ifp#1

By oo (R) N WT (M) ifp=1.

We then give an upper-bound of the maximal risk of our estimator when f lies in .%#, , (R, M). It
involves the following quantities:

Fapo(R,M) = {

) a/2a+1) if <a/(2a+1-1/p)
el =60)/(a+1-6/p) if>a/2a+1-1/p)
logn if0=a/2a+1—1/p) and p # 1
vp =14 (logn)® if=a/a+1—1/p)and p=1
1 otherwise
5, = 1/2a+1) if<a/(2a+1-1/p)
"Tla-0)/0+a—0/p) if0>a/(2a+1—1/p)

(a+1—-1/p)/(a+1—6/p) if0>a/2a+1-1/p).
Our main result is proved in Section 4 and is as follows:
Theorem 2. Let p € (0,00], « € ((1/p—1)4,7), 6 € [0,1)N[0,p], R >0, M > 1. Then, there

exist 0-1,$-1, 00,%0 and ng such that for all n > ng, p—1 > 0-1, po > 0o, our estz’matorf defined
in Section 2.3 satisfies

(12) sup E [dl(f, f)] <c [RﬁlMB2 + lezl_g] vpn” 7.
f€Fap,0(R,M)

. {<a+1 —1/p)/(1 = 0)(20+1)) if 6 <a/(2a+1—1/p)

Moreover, 0-1,5-1 are universal and o,s0 only depends on v. The term c only depends on
a7p7 ¢7 1/}71/}797 p_17p0) and nO Only depends On p7 a? 67 R? M7 (Zs? ¢7¢'

We would like to highlight that the construction of our estimator f does not involve the param-
eters o, p, 0, R, M of the class %, ,¢(R, M). They can therefore be unknown.

For pedagogical reasons, let us consider the case where f is compactly supported in [—L, L] with
L > 1. Proposition 1 entails that f € %, ,0(R,4L) and hence

E |:dl(f7 f)} < ¢ RY/(2a+1) [ (a41-1/p)/(2a+1) , —a/(2a+1)

when n > ng. This is the classical estimation rate. It is however attained here under very mild
conditions on p and «. This result essentially says that our estimator adapts to local variations of
the density (the algorithm can increase the number of coefficients 3; , to estimate at the locations
where the function varies a lot and on the contrary decrease it at the locations where the function
is more flat). Note that there is no requirement that the density be bounded or even in L2?(R).
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—a/(2a+1)

We do not know of any wavelet estimator that achieves the standard rate n under our

assumptions.

In the non compact case, the usual rate of convergence n~%/(2¢+1) applies when 6 is sufficiently

small, that is when the (weak) tail dominance condition is stringent enough. When 6 is larger,
however, the estimation rate deteriorates. It becomes particularly slow when # comes close to 1.
We recall that is not possible to estimate a density on R under the sole assumption that f belongs
to a ball By (R) of a Besov space with p > 1 and R large enough when the loss is the L' norm
(see [GL14, IK81, JLLO4]).

However, the assumption “f belongs to a ball of a Besov space” is sufficient to ensure the
convergence of our estimator when p < 1 and « > 1/p — 1. Indeed, our tail dominance condition
is fulfilled in this case with 8 = p. The above theorem can therefore be applied. This gives: for all
pe(0,1),a e (1/p—1,7), R > 1, and n large enough,

(13) sup E [dl(f, f)] < "R%u,n77,
feB o (R)

where

{a/(m +1) ifpe(0,1/2 ora< (1—p)/(2p—1)

T Y1-p ifpe(1/2,1) and a > (1 —p)/(2p — 1)

L logn ifpe(1/2,1) and a=(1—-p)/(2p—1)

"1 otherwise

B, = a/(2a+1)(1/p—1)) ifpe(0,1/2lora<(1—p)/(2p—1)
ifpe(1/2,1) and o> (1 —p)/(2p — 1)

and where ¢ only depends on o, p, 1,1, ¢, p—1, po-

As far as we know, only the case p > 1 has been studied in the literature of density estimation
with infinite support under ! loss. The only papers we are aware of that deal with the subject
are the two mentioned below.

First, the authors of [GL14] proposed to estimate the density pointwise. The global risk is
then obtained by integrating the pointwise risk. This reasoning has the merit of not depending
on a particular loss and of leading to results for all IL? losses. The downside is that it may lead
to undesirable logarithmic factors in the convergence rates. We do not have any here, except at
the boundary. Their tail dominance condition is more or less the same as our strong condition.
Rigorously, it is at least as stringent as our strong condition (see Proposition 1 of [CL20]). We do
not know whether it is equivalent. Note that they also impose a condition on the supremum norm
of f. Besides, they restricted themselves to balls of Besov spaces and were not interested in weak
Besov classes.

Second, wavelets were used in [CL20] to estimate the density under the same tail condition as
our strong condition. Unfortunately, the convergence rate of their estimator is slower than ours
and is hence not optimal (their exponent in n is, in absolute value, smaller than ours as soon as

0 4 0).



NON LINEAR WAVELET DENSITY ESTIMATION ON THE REAL LINE 11

Although our result is stated for the L' loss, it can easily be checked that (12) remains true for
the distance induced by the Besov norm || - || gy defined by

Il , = D 272185l

j>-1

The proposition below shows not only that our rate is optimal (except possibly at the boundary),
but also that the dependency in R and M is the right one. It completes the minimax lower bound
of [GL14] and is proved in Appendix E.

Proposition 3. Letp € (0,00], a € ((1/p—1)4,7) and 0 € (0,1)N[0,p]. There exist some Ry, My, ng
such that: for all R > Ry, M > My and n > ny,

inf sup E [dl(f, f)] >c [Rﬁlfwﬁ2 + Ml*y:l—@] n 7,

[ feBy o (R)NTo (M)
where ¢ only depends on a,p,@,zg,z_l_),qz_b. Moreover, Ry, My only depend on o,p, 8,1, 10,6, and ng
only depends on a,p,0, M, R, 9, ¥, .

3.3. Minimax rates over a class of fat tailed distributions. We illustrate here the interest
of the weak tail dominance condition compared to its strong version. We consider A > 1, a €
((1/p—1)4,7), p€[0,00], b>1, b>1/p, and the class

D(a,p, R, A,b) = {f € B2 (R), such that f(x) < A[z[™ for all || > 1} :
Proposition 1 says that the weak tail dominance condition is met with § = 1/b and M = ¢(1 + A).

We deduce from Theorem 2 that for n > ng,

sup  E|di(f, f)| < Cvan ™,
f€D(a,p,R,Ab)

where
_Ja/(2a+1) ifb>2+(1-1/p)/c
S la(l—=1/b)/(a+1—-1/(pb)) ifb<2+(1—1/p)/a
logn ifb=2+4+(1—-1/p)/aand p #1
vp =4 (logn)®  ifb=2+(1—-1/p)/aand p=1
1 ifb#2+(1—-1/p)/c

and where C only depends on A, R, o, p, b, 0,0, ¢, p—1, po-

The parameter «y, which governs the estimation rate of our estimator, depends on «, b and p.
When b is sufficiently large, we recover the usual rate of convergence. The rate is otherwise slower
but still minimax (at least when A, R are large enough, and to within log factors in the two limiting
cases). This statement can be checked by reviewing the proof of Proposition 3 above.

Let us now observe that the strong tail dominance condition is not fulfilled for § = 1/b (what-
ever M). We rather have D(«,p, R, A,b) C To(Mpy) for all & > 1/b and My depending on € (and
b, A). If the theorem were shown only for the strong condition, we could apply it only with values
of 6 larger than 1/b. If done correctly, it gives the right rate of convergence when b > 2+(1—1/p)/«.
However, this causes problems when b < 2+ (1 —1/p)/« as the exponent then depends on . Using
a value of 6 larger than 1/b leads to a slower convergence rate.
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Note that a bounded and unimodal density f belongs to Bf . (R) for some R depending on || f]|«
and the wavelet basis only. Such a density belongs therefore to D(1,1, R, A,b) if it satisfies f(z) <
Az~ for all |z| > 1. We deduce that f converges to f at the rate n=/3 when b > 2. We thus recover
the optimal estimation rate of a bounded unimodal density with compact support although f can
be infinitely supported here.

3.4. About the condition o > 1/p—1 when p < 1. In the previous sections, we systematically
assumed that « > (1/p — 1)4+. This condition is empty if p > 1 but not otherwise. Note that it
is used in the result of [DJ97] to characterize the Besov balls in terms of wavelet coefficients. To
explore what happens in the opposite case, we need therefore to redefine these balls.

We consider some «,p > 0 and an arbitrary integer r larger than a. We set for ¢,h > 0,

0 =2 (1) -1+ k)

k=0

We define the modulus of smoothness

sl = sw | [Iagsl o "

0<h<z

and define the Besov ball B5 | (R) as the collection of functions f € P such that
£ 18, = [1£llp + sup 2%y (f, 2),

is not larger than R.

The above (quasi) norm depends a priori on the choice of r. Changing r leads however to an
equivalent (quasi) norm, see [DL93]. It is also equivalent to the (quasi) norm that we defined in
Section 3.1.1 when « € ((1/p — 1)1, 7). To avoid adding unnecessary notations, we have used the
same symbol to designate the Besov ball and the (quasi) norm. However, since the (quasi) norms
are not equal, but equivalent, there is a slight ambiguity about what || - || g and R are. This has
no impact on our results though. ’

The proposition below shows that it is not possible to obtain a convergent estimator for the
L' loss under the sole assumption that f is a compactly supported density of %g,oo(R) when
a <1/p—1. It is proved in Appendix F.

Proposition 4. Let p € (0,1) and o € (0,1/p — 1]. There exist some ng, Ry and some ¢ > 0 such
that: for all R > Ry, and n > ng,

inf  sup E [dl(f, f)} > c.
f fG%&axR)
supp fC[0,1]

This result can be compared with what exists in the literature of estimation of a compactly
supported density under the IL? loss with ¢ > 1. The minimax risk does not tend to 0 either when
a=1/p—1/q, see [Sar21]. However, the optimal estimation rate can be made arbitrarily slow by
choosing « very close to 1/p — 1/q when ¢ > 1. This phenomenon does not occur here, since the
optimal estimation rate is n=® (1) whatever p > 0 and o > 1 /p— 1.
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3.5. Computational complexity. An estimator is not always derived from a computationally
tractable procedure. For example, we have not been able to find in the literature a computationally
tractable algorithm that would lead to an optimal estimator in the minimax L' sense when f is
compactly supported on [0, 1] and in Bg  (R) with p < 1. There are admittedly computationally
acceptable solutions in the literature to deal with this case, but they seem to be optimal only to
within log factors, see [Sar21]. We recall that the case p < 1 is very different from the case p > 1.
The latter is straightforward to solve in the compact case as a simple linear estimator works.

Let us also mention that there are computational difficulties with Kernel estimators. Indeed,
the bandwidth should vary with the location so that the estimator adapts to the inhomogeneous
smoothness of the density. In this context, procedures that lead to rate optimal estimators have been
developed by [Lep15] in the Gaussian white noise model. His solution is based on an algorithm that
seems quite difficult to implement though. Things are a bit simpler when we allow the estimator
to be rate optimal within log factors (see [GL14, LW19]).

We show below that the computational complexity of our procedure is nearly linear in the
number n of observations.

We consider some j € {—1,..., J } and assume that the wavelets functions ¢, ¢ and 1 have been
preprocessed. We put ¢; =1 if j > 0 and ¢_1 = ¢.

We begin by sorting the observations in increasing order X(;) < --- < X(,. We remark
that 1;(R) is finite as v, is piecewise constant. We consider some y € 9;(R) \ {0}. Then, we
find for each i € {1,...,n}, the few integers k such that 1;(2/X; — k) = y. We gather all these
elements into a vector of size O(n). By counting in this vector the number of repetitions, we

determine the family (@,k(y))kez where

n
2 Y
Binly) =~ > Ly eixik)=y-
i=1

In particular, we deduce

Bj,k = Z Bj,k(y)'
yey; (R)\{0}

2

The reasoning is the same for obtaining (o 7 i kez. So far, the number of calculations performed is

J
at most O(nlogn).
We consider some ¢; € N, » > £; + j, find the indices in 2]-77“(6]-) and the size of 2;, We sort the
wavelet coefficients (B\Jﬁk)kei- (¢;) 0 descending order of importance: \BJ ml = \BJ 2l = \BJ 3yl - - -
J,T' .] ) ) )

Finding K gty C ZM(E]-) that minimizes (8) amounts to selecting the s most important coefficients
where s minimizes

=273 Bl + iy (5).
k=1
This set can therefore be built in O(n + \Zj,r(ej)y log \2]-77,(63-)]) elementary operations.

Note that the number of r to consider is at most O(log n). Moreover, the values of ¢; of interest
are those between 0 and O(logn) since the partition given by (7) remains the same when ¢; is
higher. Since Zr’zéﬁj |Zjr(£5)] = O(n), we deduce that all the sets K, (when r > £; + j,

l; €N, j e {1,...,J} vary) can be obtained in at most O((J + 1)nlog?n) operations. The
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computation of le is fast as it requires less than O(log?n) additional operations. To sum up,
O((J +1)nlog?n) is the maximal number of operations needed to find all the selected coefficients,

that is to find the sets (Kj)—1<j<f‘

The computational complexity of our procedure is random but can be bounded from above either
with high probability or in expectation. We only present the second possibility. We deduce from
Lemma 17 page 24 that E[ﬂ < O(logn) when f belongs to L7 for some ¢ > 1. This assumption
is fulfilled when f € %, 0(R, M) (see Lemma 25 page 32 if needed). More precisely, we have for
all p € (0,00], € (1/p—1)4,7),0 €[0,1)N[0,p], R >0, M > 1,

sup E[ﬂ < O(logn).
f€EF o po(R,M)

In average, the computational complexity is therefore at most O(n log? n).

4. PROOF OF THEOREM 2.

We begin by carrying out and proving a non-asymptotic risk bound.

Theorem 5. Suppose that f € LY for some q > 1. Then, there exist universal constants 0_1,5_1
and terms 0g,<o depending on ¥ only such that if p_1 > 0_1 and py > 0g, the estimator f defined
in Section 2.3 satisfies

o0
E[If - fli] <cE| Y jnf inf | Bit, () + piEity (Kt 14
j:—l J 7‘:£j+j Kj,r',lj CZj,T(Zj)ﬂZj
1
(14) + T+ il + Cg%,
where
(15) Zy= ke, fix >1/n),
(16) fj,k = /f(x)lsupp bk (x) dz,
(17) Bjrt,(Kjpe,) =277/ > 1Bjikl,

ke(ij,r.(ﬁj)ﬁzj)\l{jmej

(18) Ty= > 27723 |8l,

j:_l kQZ]
(19) Th=n Z 2=i/2 Z 1Bl (1= fi)" ",
j=-1 kJEZj

where c1 only depends on 1,1, ¢, and where cy only depends on 1,0, d,q, | f|lq- Moreover, A is an
event on which J < cologn for some cy only depending on q, ||f|q, and on which

(20) |Z;| < 2E[|Z;]] + (7/3)(2Ly, + 1) (log(j + 2) + 2logn + 1)
for all j > —1. Furthermore, on A we have for oll j > —1, k € Z,
(21) ng,k < 2832',k + c3log((7 + 2)n)/n,



NON LINEAR WAVELET DENSITY ESTIMATION ON THE REAL LINE 15

where aik = E[&ik] and where c3 only depends on v. We also have on A:
(22) zj,r(ej) C Zjﬁa C Z;’,r C Z;ﬂ“
This embedding is valid for all j > —1, £; € N, r > £; 4+ j + 1 such that

n
P < cg—
= log((j+2)n)’

and ij Z; are defined by

R
(23) Zip={kez, 2779 <ol <2
(24) zZ, = {k €z, 27 <ol < 2—’“+3/2} .

By convention, the infimum over Kj, . in (14) is equal to 0 if ij,r(fj) NZj=10.

4.1. Proof of Theorem 5. For all j > —1, subset K C Z, we define
GHE) = T
keK
and
(25) o} (K) =E[65(K)] = ) o}
keK

The proof of the theorem ensues from a succession of lemmas. The first one is classical and is the
following:

Lemma 1. For all K CZ, j >0, and x € R,

2
(Zw%—kn) <e S v 2e— k),

keK keK

where ¢ only depends on .

Proof of Lemma 1. We use that ¢ is compactly supported and apply Cauchy-Schwarz inequality.
O

Lemma 2. Let for all j > —1, C; be a subset of Z. There is an event of probability 1 — 1/n* on
which: for all j > —1, all finite subset K; of Cj,

(26) 27/ Z ‘@k - ﬁj,k‘ < ¢;V;(K;,Cj),
k‘EKj

where

Vi(K;.C) = ¢ K10} (K;) log . (o (C;) /o3 (Ky)) 1K log (na(C;)/ 1K)

n n

N \/0]2_ (1) 08U E 2)n)  log((j - 2)n)

Moreover, c; is universal if j = —1 and only depends on 1 if j > 0.
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Proof of Lemma 2. We only show the lemma when j > 0. The proof when j = —1 is similar
(replace 1 by ¢). We consider some ¢; > 0 only depending on v such that

> [e@ - k)]

keZ

< 1/01.

o

We then consider d > 1 and define the at most countable collection
Fid)=qe Y (@ -—k), K; CCj, |K;| <d

of functions. These functions take values in [—1,1] and are piecewise constant on at most cod
pieces where ¢y only depends on 1. Therefore, F;(d) is VC subgraph and its dimension is not
larger than d, up to a multiplicative factor depending on v only (see [BB18] for instance).

Let now K; C C; such that |K;| < d. Elementary computations entail
> ‘@'Jf—ﬁj,k <2 sup > <5j,k—5j,k> :
keK; KGCK; keK!

We introduce the map 1 K;(-) defined for x € R by

) — g

ij(x) 1 E Y(2x — k).
keK!
J

The preceding inequality can then be rewritten as
_ ~ 1

—j/2

277/2) ‘ﬁj,k—ﬂj,k‘ < (2/a) sup |~

’ )
kGKj KjCKJ

i [wK;. (Xi) — E(sz;(X,.))} ‘ .

i=1

Note that
fx)=c Z ‘w(2jx - k:)‘

k‘ECj

is an envelope function of F;(d). Moreover, Lemma 1 gives when K} C K,
B[V, (X)] < e305 (Kj) < e307(K;),

and E[f?(X)] < 630]2-(Cj). We apply the probabilistic result given by Proposition 6 in Appen-

dix A.We then use that z — xlog, (a/x) is non-decreasing for all a > 0, and conclude by a union
bound. 0

Lemma 3. Let for all j > —1, r € N, Cj, be a finite subset of Z. There is an event of probability
1 —1/n* on which: for all j > —1,r €N, all subset K;, of Cj,

(27) 2772 %" ‘@uk - 5j,k‘ < Wi (Kjr,Cjir),
k)EKj,r
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where
K lo?(K;.)log, (ICjr|/| K;. K; |1 Cirl/|Kjyr
W0 \/! 5173 ) 08 (13 /1K) [0 (1Csrl/1 i)
n n
N Uz(ij)log((j +2)(r +1)n) N log((j +2)(r + 1)n)
J n n
Moreover, c; is universal if j = —1 and only depends on 1 if j > 0.

Sketch of the proof of Lemma 8. The proof is a slight variant to that of Lemma 2. The main
difference is that we use (68) in Appendix A in place of (67). We restrict to the case j > 0, and
define the collection Fj ,(d) for d € [1,|C;.|] by

E,r(d) =34 Z 1/1(23 ’ _k)v KJ,T’ - CjJ’? ’Kjﬂ“‘ <d
keK; r

We have

Fie(d)] < 21% (51).

Proposition 2.5 of [Mas07] entails |F;,(d)| < (e\Cjﬂn\/d)d. The result follows from Proposition 6
and a union bound. O
We omit the (easy) proof of the lemma below:
Lemma 4. Let f;. = (fjr)rez be defined by (16). Then, for all j > —1, || f;.|l; < ¢, where ¢ only
depends on ¢ if j > 0 and is universal if j = —1.
We now state:
Lemma 5. We define for all j > —1, r € N, m € {0,1,2}, and all finite subset K;, of Z,

K'T’O-z K-T’ lo S'TK'Tam K'r 10 S,-r,- K"r‘am
gM(Kmm):w DO Lt i MURCLSRED)

+ \/ 2k ,) 08U £ 2+ Un)  log((f +2)(r + )

j n " ;
where N N
sjr(Kjr 0) = E[|Z;|)/|Kjr]  and s (Kjr, 0) = E[|Z;]]/|K;r|
$ir(Kjr, 1) = 1/U?(Kj”") and % (Kjr, 1) = nu/]ij]
8jr(Kjr,2) = |Zjr| /| Kjr| and 8% (Kjr,2) = |Zj| /| Kjrl-

Then, there is an event of probability 1 —4/n* on which: for all j > —1, r € N, all finite subset K,
of Z, and all m € {0,1},

(28) 2772 Y ‘Bj,k - 5j,k‘ < ¢i&jr(Kjr,m).
keK; r

Moreover, if Kj, C 2“ where Zj,r is defined by (23), the left-hand side of (28) is also not larger
than c;€;,(Kj,,2). Here, ¢; is universal if j = —1 and only depends on 1 if j > 0.
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Proof of Lemma 5. We only show the lemma when |Kj,| > 1. Note first that UJZ(Z) is bounded
from above by a numerical value when j = —1 and by a term only depending on v when j > 0
(use Lemma 4 and ||[¢||oc < 00). The proof that (28) holds true with m = 1 follows therefore
from Lemma 2 (with C; = Z). The proof that it is also true with m = 2 is due to Lemma 3 (with

Cir="Zj,).

We now suppose that m = 0. Let g be the map defined for = € [0,1] by g(z) = 1— (1 — z)™.
Note that 3J2»J€ > 0 if and only if v, 1 (X;) # 0 for some i. Therefore,

(29) E[Z;]) =" g(fiw),

keZ

where f;, is defined by (16) by fj, = fsupp ik f. Note that g is increasing and = — g(x)/z is
decreasing. Recall that Z; is defined in (15). We deduce,

B2 =3 oin+ 3 ik

keZ; k¢Z; Tk
= g(1/n)
> |Zjlg(1/n) + Z n ik
k7,
Note that
o} (Z5) < max {1, |12} D fi
keZ;

and hence
(30) E(|Z;]) > e1 [|1Z;] + no? (Z3)]

where ¢; only depends on 7). We deduce from Lemmas 2 and 3 that with probability 1 — 2/n*,
2772 3" ‘Bj,k - 5j,k‘ < e [Vi(Kjr N 25, Z5) + Wy o (Kjr N 2, Z)]
kEKJ‘,r

Elementary computations give

|K;jrlog (no}(Z;) /1K) | log((G +2)n)

Vi(Kj, N Z;,Zp < 3 [ - -

We conclude using (30). O

Lemma 6. There is an event of probability 1 — 4/n* on which: for all j > —1, ¢ > 0, and finite
subset K; of Z,

B0 GG S (1 ey 4oy |l EIEGD | tos(( 2]
B o) S (4 ) 4oy |l EIEIGD | os((i 2]

where c; depends only on ¢ if j = —1 and only depends on e,v if j > 0.
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Sketch of the proof of Lemma 6. We may replace 1 in the previous proofs by 2. Hence,

D155k — okl < iEio(K;,0),

k)EKj
where c;- is universal if j = —1 and only depends on 9 if j > 0. We conclude using the elementary
inequality 2,/zy < o 'z + ay valid for all a > 0. O

Lemma 7. For all j > —1, EUZ]H < cn, where ¢ only depends on i) when j > 0 and is universal
ifj=—-1

Proof of Lemma 7. We suppose that j > 0 and note that 3]2-7,€ > ¢1/n when 3?’k # 0 as ¢ is
piecewise constant. Therefore,
> 2
E[Z;]] < (nfe1) Y 05
keZ
Since 9 is bounded above, 0]2- i < c2fjr- We then use Lemma 4. O

Lemma 8. There exist a universal constant s_1, a term sy only depending on ¢ and an event of
probability 1 —4/n* (the same as that of Lemma 6) on which: for all j > =1, (; € N, r > {; +j+1
such that

2" < g»—n
= Vlog((j +2)n)’
where §j = _11j—_1 +ol;>0, the embedding (22) holds true. We also have (21) on this event for
all j > -1 and k € Z.

Proof of Lemma 8. The result follows from Lemma 6 with € small enough and Lemma 7. (]
Lemma 9. We define for all j > =1, r € N, {; € N, m € {0,1,2}, and all finite subset K;,,
of 7,

. =2 . 3. . . 3. .
gj,r,éj (Kj,r,zj,m) _ \/’KJ,MJ"U;'(KJ,MJ-)10g+(3mn€j (Ky,r,fj)) n |K]77’7€j|log—i—(sj,r,fj(K],T,éj))

n n

N %?]2 L 272@ +Dn) |, log((4 + 2n><r +Un)
where
gj,r,@j (Kj,r,fjv 0) = EHZ]'H/’KJ,T,ZJ" and g;,r,fj (Kj,r,ej, 0) = E[]Zj”/u(j’rm
gj,r,éj (Kj,r,ﬁgw 1) = 1/3]2 (Kj,r,fj) and g;’,r,fj (ijgj, 1) = n/|Kjﬂ“7éj|
gjmgj (Kjﬂww 2) - ‘Z;’T‘/‘Kj’T’Zj‘ and g;,r,fj (Kj,r,€j7 2) = ’Z‘,r’/’ij,ej ’

Then, there is an event of probability 1 — 8/n* on which: for all j > —1, £; € N, r > {; + j, finite
subset Ko of Z, and m € {0,1},

—i/2 ) ol
2 il 5 ‘/Bj,k - Bj,k‘ S ngj77«7£j (KjW’Zj’ m)
k€K,

Moreover, if Kj,p C Z]—,r(ﬁj) for somer >{; 4+ j+1 and

n
2 <G
= og((j +2)n)’
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where <; is given by Lemma 8, the inequality holds true with m = 2. Furthermore, c; is universal
if 7 = —1 and only depends on 1 if j > 0.

Proof of Lemma 9. The case m = 0 is merely due to Lemma 5 and (32).The proof when m = 2
follows from Lemma 5, from the inclusions Zj; ,.(¢;) C ij C Z’;, and from the double inequality

2

O K . .

1/V2 < 74(;”"’4) <V2
O-]( jvrvéj)

valid for all K, ¢, C Zw(ﬁ ;). The case m = 1 essentially follows from elementary computations: let
o? be the right-hand side of (32) (with K = K}, ¢, and ¢ = 1). Then, using that = — zlog, (1/z)
is non-decreasing,

03 (Kjre,) log, (1/03(Kjr0,)) < 0% log,, (1/0%)
< ¢[07 (Kjre,) log, (1/57 (Kjre,))
+(1K ;1 /1) 10g4 (BI|Z3 (/| K ;1) Jog 4 (0 | K ])
+(log((j +2)n)/n)log, (n/|Kj ;)] -
Lemma 7 ends the proof. O

Lemma 10. Lemma 9 holds true (up to an increase of c;) with g;',r,ej(ijlj’ 1) replaced by
g;’,r,fj (ijgj? 1) = 1/8]2'(ij£j)’
Proof of Lemma 10. We set

. \/ Kty 731,108 (153 10,)
=
n
_ |Kj77’7€j | 10g+(1/3j2 (Kj,T’,Zj))
n

5 — Hirg 1o, (0/1Kjira, )
J n ’

We observe that  — alog, (1/x) is non-decreasing and y/log, (z/log, (z)) > 0.84/log (z). We
deduce that if
1108, (/1K)

3‘?(KJ7T7Z]) - : n 9

then A; > 0.8B;. If now
o (/1B )

2 ( Kjre,) -

J

then B; > 0.82B.
We therefore get some ¢ > 0 such that
Aj + B} < c(Aj + By),
which concludes the proof. O
Lemma 11. For all j > —1, £ > 0, and probability 1 — e~¢,
E[|Z;]] <2|Z;| +2(2Ly + 1)
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Proof of Lemma 11. This result derives from a Poissonian inequality for self-bounding functionals
and more precisely from equation (7) of [BLMO00]. We set for k € Z,

Ii(k) = {z € R, ¢ 1(x) # 0}
C [279(k — Ly),277 (k + Ly)]
and remark
1Z;| = > lsiet ), Xoel; ()
keZ
We introduce for r € {1,...,n} the random variable

1Z;(r)| = Z 15ie(1,...n)\{r}, Xs€L; (k)
ez

We have ]2](7‘)\ < \zl Moreover,

1Z3| —1Zi ()] =Y 1x, 1,06 ie 1, mp\r}, Xy ()
kel

< Z Ix,er;(k)

kEZ
< 2L¢ + 1.

Besides,

n

<|Zj| - |ij(7”)|) = Z Z Ly, er; (k) Wie (L, .. n)\{r}, Xi2I, (k)
r=1 k€eZ r=1

<D l3icqt,..n}, XL (k)
keZ

<|Zjl.

Now, equation (7) of [BLMO00] gives for all £ > 0, and probability 1 —e~¢,

E(1Z,1] < 12,1+ \/2(2Ly + DE[1Z,]¢.
We conclude by using the elementary inequality vab < a/2 + b/2. O
Lemma 12. For all j > —1, £ > 0, and probability 1 — e~¢,

|Z;| < 2E[|Z;]] + (7/6)(2Ly + 1)€.

Proof of Lemma 12. The proof is similar to that of Lemma 12. We merely use (6) of [BLMO00] to
get for all £ > 0, and probability 1 — e™¢,

2L¢ +1
3 &

We conclude as in the preceding proof. O

24| < B[1Z51) + /2(2Ly + VE[|Z]]€ +2

Lemma 13. With probability 1 — 1/n*, we have for all j > —1,
E[|Z;]] < 2|Z;] + 4(2Ly + 1) (log(j + 2) + 2logn + 1) ,



22 MATHIEU SART

and

|Z;| < 2E[|Z;]] + (7/3)(2Ly, + 1) (log(j + 2) + 2logn + 1).

Proof of Lemma 13. The proof follows from Lemmas 11, 12 and a union bound. O

Lemma 14. There exist a universal constant 0_1, a term g9 depending only on v, and an event of
probability 1 —9/n* on which: for all j > —1, £; € N, r > {;+3, and finite subset Ko, of Zjr(¢5),

292N Bk = Bik| < (0/2Ein0, (1K),
keKj,r,ej

where 9; = 0o if j > 1. Moreover, (20), (21), and (22) hold true on this event.

Proof of Lemma 14. The lemma is a direct result of Lemmas 8, 9, 10 and 13 when » > ¢; +j + 1
(the event of Lemma 8 contains the one of Lemma 9). When r = ¢; + j, we use
ayz(Kj7T75j) < ’E’j(zLﬂ) + 1)7
with &; = 1=—1 + [|¢]|%1j>0. Moreover,
6-\]2(K]77’,7€J) 2 2_T_1 |Kj77“7éj|‘
We conclude by using Lemma 9 and the fact that « — xlog, (1/x) is non-decreasing. O

Lemma 15. There exist terms <o, 09 only depending on ¢ and universal constants ¢_1, 0—1 such
that if p_1 > 0_1 and po > 0o, the estimator f defined by (6) satisfies with probability 1 —9/n*:
for all (;)j>—1 € N7,

|7 =), =<
J
+ey Y. inf {279 > 1Bkl + piEjre, (Kiwa]) ¢ s
j==tr=t;+j Kimt; L G)NE; ke(zj,f'(éj)ﬁzj)\Kj,r,lj
where
J J 00
(33) T=>" 2923 1Bl + Y. 272> Bl + D 27923 Bl
j=-1 k&7, j=-1 keZ; j=J+1 keZ

where Z; is given by (15) and where ¢ only depends on ¢,. Moreover, (20), (21), and (22) hold
true on this event.

Proof of Lemma 15. We observe that for all j > —1 and ¢; € N,
o

(34) Z; = Zjr ().

In particular,
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We deduce from (2) that Hf - le < ¢T + cA where

J o
= Z 29y 1Bkl D 27 1Bl
j=—1 k‘gzj j:j'i'l keZ
T . ) N
A=Y 292 ¥ S Bt X BB
j== r=liti | WL (GNE, 4 kek; ;.

Note that
:i o0 [e.e]
A<D 2728 3 N 1Bl D> S D 1Bl D ‘@yk - 5j,k‘
j=-1 r=0;+j k€Z; - (£;) r=0;+j kef(jyrjj kef(jyrjj
The triangle inequality and Lemma 14 entail: on an event of probability 1 — 9/n?,

— 277/ Z 1Bk + 27972 Z ‘Bj,k—ﬂj,k‘

kef{jméj kef?j’r,l;j
o - 1_i/o -
<2792 N Bl 21 Y ‘@',k - @yk‘
keK] i, kef(j’rjj
o PN ~
<27 N Bl + i€, (1K 0. 1)-
keKj,r,éj

By gathering all these results, and by using p; > @j,

J
Z{SZ 2_j/22’/8]k’+z Z ’Y]ré ]r()

Jj=-1 kEZJ J==ly=p; i+

We use (9), (8), triangle inequality and Lemma 14. This leads to the two following inequalities
valid for all /; € N:

J
A< Y 2PN Bl + Z Z inf =272 N 1Byl + 0i€ it (1Kt )
j=— kEZJ j=—1lr=l;+j Ko, £ CZ] r(&5) kEijgj
j . o~
< Z 277/ Z 85,k + Z Z inf —279/2 Z 1Bkl + (3/2)0iEjr; (1K re,])
j=— kEZJ j=—1lr=l;j+j Ko, £ CZ] r(&5) kEijgj
We use (34) and the triangle inequality to conclude. O

Lemma 16. Let T be defined by (33). Then,
E[T] < 3T + 273,
where Ty and Ty are defined by (18) and (19).
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Proof of Lemma 16. There is at most one observation X; such that 1; ;(X;) # 0 when j > J+1.
Moreover, no observation X; satisfies 1; 1(X;) # 0 when k ¢ Z;, no matter j. We deduce,

E[T] < T+ Z 279/ Z 1Bikl (1= fie)" +nfie@— fi)" "),

j=—1 keZ
where f; is given by (16). We conclude by noticing that (1 — f; )" + nfjr(l — fie)" ' < 2 if
fj,k < 1/n and (1 — fjk)n < nfjk(l — fj’k)n_l if fij > 1/77,. O

Lemma 17. Let £ > 0. The following assertion holds true with probability 1 — &/n: for all ¢ > 1
and f €9,

27 < max {1,8Ly (n?)fly/€) 77 } .
In particular, for all k > 1, E[ﬁ“] < Clogh n where C depends on k, q, | fllq and Ly only.

Proof of Lemma 17. The proof of this lemma is deferred to Appendix D. O

Proof of Theorem 5. There exists ¢; only depending on ¢, 1) such that

n J
1Al < =37 D2 (6@ X = k)| + D03 [ X, — k)

i=1 | keZ §=0 ke
< eo(J +2).
We deduce from Lemma 17 an event A; of probability 1 —1/n* on which J<co logn. This lemma
also gives E[J2] < c3log?n and hence E[|If11?] < c4log?n.

Let Ay be the event of probability 1 — 9/n* that appears in Lemma 15. We set A = A; N Ay
and get

E[If = fli) <E[If~Flhta] +E[I7 - Flhia].

The first term can be bounded from above by using Lemmas 15 and 16. As to the second term, we
use the triangle and Cauchy-Schwarz inequalities to get

E[If - fliiae] <P (A9 +B[IFIH P42

logn
n?

<C5

O

4.2. Proof of Theorem 2: intermediate lemmas. We first recall the following result. We
refer to [CVNRF15] for its proof (see their Propositions 3.2 and 4.5).

Lemma 18. Let A be an at most countable set, and © = (x))xep € Rﬁ. For all 0 < p < g < o0,
q

(35) J]lg < pr [2]1257 1} oo-
Moreover, for all p > 1, and finite subset I' of A,

p _
(36) > o < Tl [TV

Ael
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The lemma below is elementary.

Lemma 19. Suppose that f € WTo(M) for some 0 € (0,1) and let f;. = (fjr)wez be defined
by (16). Then, for all j > —1,

155,16 00 < D270,
where ¢ only depends on ¢ and 0 if j > 0 and only depends on 0 if j = —1.

We now show:

Lemma 20. Letp € (0,00], « € ((1/p—1)4,7), 0 €10,1)N[0,p], R>0, M > 1. Consider e, >0
and define

[e.e]

Ti(en) =Y, 27772 Y |Bjsl-
j=—1 keZ
fie<en
Then, for all f € Fypo(R, M),
(37) Ty(en) < ¢ R(1—9)/(1+a—9/p)M(a+1—1/p)/(a+1—9/p)53(1—9)/(0!4-1—9/17) + ME%L_G] 7

where ¢ only depends on p,a,0,.

Proof of Lemma 20. We define for r > 0, j > —1,

Zjp={keZ, 27" < f <277},
Since f € WTy(M), Lemma 19 implies when 6 € (0, 1),
(38) Zsl < 20499 155,016, < 1 M27270-0),

where ¢ only depends on ). We can check that this result remains true when § = 0. We also
remark that 277/2|B; 1| < cafjx as 1 is bounded and hence

Ti(en) < A+ Tj(en),

where
A=y Y 27[Zo
2r>1/en
- .
T =3 3 3 minfer 25}
3=0 27>1/en keZ,,
Note that

A S ClchQ_(l_G) Z 2_T(1_9) S CgME}L_G.
2r>1/en

We now focus on 77 (e,,).
We first suppose that p > 1. By using (36),

k‘EZj,r'
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and f € WBj (R), we get

Ti(en) < cs Z Z min{Q_T]ij’,Rg—j(a+1—1/p)’Z],m’l—l/p}
Jj=0 27>1/ey

IN

Cﬁi 3 mm{ M2—(r=0)(1=0) RMl—l/pQru—l/p)e2—j[<1—1/p>6+a1}
j=0 27>1/en
< ¢ R0/ (4a=0/p) pp(at1=1/p)/(a1=0/p) N~ g=ra(1=0)/(a+1-0/p)
2r>1/en
< ¢g R0/ (+a=0/p) pp(act1=1/p)/(a+1-0/p) ca(1-0)/(a+1-0/p)

We now suppose p < 1 and consider jo € N. We have T7(e,) < T7 1 (€5) + T 5(€5) where

Jo—1
Ti(en) =Y 27972 > Bl
j=0 keZ
fik<en
e .
Tiolen) =D 27972 3" |Bjul-
J=jo keZ
fj,kgan
By using 2_j/2]ﬁj7k] < cafjk, we get when 6 # 0,
Jo—1
Tll,l(gn) < ¢ Z Z fik
j=0 keZ
fj,kSEn
Jo—1
<cgn 'Y £ llf thanks to (35)
§=0

< 6116111—€M2j0(1—9) thanks to Lemma 19.
This last inequality remains true when # = 0. Moreover, by using (35) when p # 1,
o
Ty < ciaey P Y 27218115 o
J=jo

< cy3elP Z 9=ip/2pro=ir(atl/2-1/p)  4q ¢ ¢ WBS o (R).
J=jo

Note that this inequality also holds true when p =1 and f € Bfioo(R). Therefore, in both cases,
T], < 0145111—1)Rp2—jop(a+1—1/p).

We conclude by choosing jg appropriately.
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Lemma 21. Letp € (0,00], a € ((1/p—1)4,7), 0 €[0,1)N[0,p], R >0, M > 1. Then there is ng
such that: for alln > ng and f € Fopo(R, M),

< [p(=6)/(1+a—6/p) 1 plat1-1/p)/(a+1-6/p), —a(1-6)/(a+1-0/p)
(39) Th+Ty, <c|R M n
+Mn_(1_0)] ,

where Ty and Ty are defined by (18) and (19) and where ¢ only depends on p, ., 0,1). Moreover, ng
only depends on p,a, 0, M, R.

Proof of Lemma 21. We focus on 15 as a bound on 77 may be obtained via the preceding lemma.
We first consider the case p > 1. Since f € WT (M), we have when 6 # 0.

(40) Z;| < 0| £, 11 . < c1Mnf210-9)

where ¢; only depends on ¢ (Lemma 19). This inequality remains true when 6 = 0.

We consider jo € N and decompose T3 as Tb = T 1 + 15 2 where

Jo—1
Top=nYy 2723 18l finl = fi0)" ",
Jj==1 keZ;
o
Top=mny 27723 |8kl fin(l = fin)" "
J=Jjo k€eZ;

We use 279/2|B; 1| < cafjx to get

Jo—1
Tog<em Y fiall—f)" "

j=-1 k)EZj

Since 22(1 — )"~ ! < ¢3/n? for all x € [0, 1],

s Jo—l
Tpn<— > 1zl
j=—1
(41) < s Mn~ (170950 (10) thanks to (40).

As to Ty 2, we deduce from (36), f € WB} (R), and (40) that if p > 1,

9—3/2 Z 1Bjk] < C6RM1—1/P2—j(a+9(1—1/p))n(l—l/p)‘),
kEZj
and hence, using that (1 — z)"~! < ¢7/n,

Too < cg RM —1/Pg=io(a+0(1=1/p)) , (1-1/p)0

We finally choose jo in a suitable way to conclude the proof when p > 1. Note that the above
reasoning also works with p = 1 if we replace the Lorentz norm || - |[1 .« by the L! norm.
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We now turn to the case p < 1. We write Ty = T3 1 + 152 where

J1
Toa=nY 2773 1Bl fin(l = fi0)"

Jj=-1 kEZj
[o¢]
Top=nY 27723 Bkl fin(l = fi0)" "
Jj=j1 kGZj

Note that (41) does not use p > 1 and therefore also holds true when p < 1 (with jo replaced by j1).
Besides, as 277/2|8, x| < cof;x and 22(1 — 2)""! < ¢3/n?,

n279218; 4l i1 = fip)" "t < eanfFi(1 = fi)" T < e/,
We deduce from (35),

oo <09 3 o925, 1,0 - ]
j=i >
Yet, 2(1 — 2)"~! < ¢7/n for all z € [0,1] and hence,

o0
Ty < cyyn~ 7P Z 2~Ip/? 18,117 oo
J=n
< ¢1gn~(1P) gpo—iip(a+1-1/p)

It then remains to choose j; to conclude. O
Lemma 22. Forall j > —1,¢; €N, r>{;+35,0€[0,1), M >1, f € WTo(M),
(42) E |1Z,(6) N Z]] < eM221079,

where ¢ only depends on ¢ and 0.

Proof of Lemma 22. The proof is straightforward when # = 0 and we assume therefore that 6 > 0.
We have,

E [Izj,r(ﬁj)ﬂzﬂ] < Y P[E >27.
keZ
fie=1/n

Set t = 27"~ and define

Ki={k€Z o}, >t/2}.
We derive from 0]2-7k < max{1, |¥]|%} fj.x, Lemma 19, and f € WT (M), that |K;| < ¢; M2/ =030,
Moreover,

E|1Zir(6) NZil] <1l + Y P [63 2]

kK,
fie>1/n
<M N P62, > 02 +1/2].
kK,
fie>1/n

We use Bennett’s inequality (and more precisely equation (2.16) of [Mas07]) to get
P [Ei’k > O’ik +t/2] <exp [—cznt2/(0]2-7k +1)],
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where ¢y only depends on ||¢)||oo. Therefore,

E [|ZJ7T(€J') mzj|] < 612j(1_9)M7§_9 + Z 6—03nt‘
kg K
fix=>1/n

Note that the number of £ such that f;; > 1/n is bounded from above by ¢4 M n?2i(1=0)  Therefore,
E [yzjv,n(ej) mzjy} < 52900 gt [1 + (nt)%—%"t} .

We conclude by remarking that the map z — 2%e~%% is bounded on R. O

Lemma 23. Forallj>—-1,0€[0,1), M > 1, f e WTo(M),

(43) E [\ij} < cMnf29(1-9)

where ¢ only depends on ¢ and 0.

Proof of Lemma 23. The proof is straightforward when # = 0 and we assume from now on that
6 € (0,1). We deduce from Lemma 19,

(44) E [yzj mzj\] < |Z4] < ey Mnf210-9),
We define for r > 0, j > —1,
Zjﬁa = {k €7, 21 < fj,k < 2_T}
and use Lemma 19 to get
Zj.r| < cadr27929070),
where co only depends on . Now,
E |:|ij QZ§|] < c3n Z fj,k
kEZ
[ie<1/n

<cgn Y [Zj27

2T >n

2T >n
(45) < esM2U=0pf,
We group (44) and (45) together to end the proof. O

Lemma 24. Let p € (0,00], « € ((1/p — 1)4,7), 6 € [0,1) N [0,p], R > 0, M > 1 and
f € Zapo(R,M). Let m = 1/min{l,min,cg y(z)20 ¥*(x)} and £ be an integer such that 2t <
M1/(1=06) < ol+1

1. For all 2" > mn such thatr > {+ j+ 1, for some j > —1, Zj,r(ﬁ) = 0.
2. If p>1, then for all j >0, and r > £ + j,

(46) E [B\jmf(w)] < cRMY/Pg=ila=0/p+0)o(1=1/p)rd



30 MATHIEU SART

3. Forallj>—1,r=j+/{, and subset K, , C 2“(6) NZj,

= BlKjrell | log((G +2)(r +1)n)
) ) <
(47) Ekmamwﬂﬂ_c[ - =
Moreover,
~ ~ _ MY/ A=92i log((j +2)(r + 1)n)
. . . <
(48) E [Ej,r,f(‘zj,rw) N ZJD] xc [ o + NG
4o Forallj>—1,r>j+0+1, K;.y CZ;,({)NZ;, and 0 # 0,
. 2-"log? (Mnf2i(1-9)/|K ., ,
(49) Eira([Kjre)la <c !Kme\\/ : { - L)
+log((j +2)(r + 1)n)
vn ’
where A is the event appearing in Theorem 5. Moreover,
~ ~ _ R 2—7’1 92—
(50) E [gj,r,ﬁ(‘zj,r(g) N Zj’)l.A} <c [MQTB-H(l—@)\/ Og;; (n )

log((5 +2)(r + 1)n)
4 2 }.

5 Forallj>—1,7>j+0+1, and K;,, C Z;j,(£) NZj,

~ 2-r 10g2 (2T’/|K.7T,7€|) 10g((]+2)(7’+ 1)n)
(51) Eirt(|Kjrel) <c \Kj,r,z!\/ + - j N 2
Moreover,
Eiri(|Z 7 : —rlog? (2(r—3)(1-0)
(52) E [5j7r7g(|Zj,r(€) N Zj|)] <ec M2r9+j(1_9)\/2 log+ (2 _ /M)

+log((j +2)(r+1)n)
vn '
6. For all j > —1,r > j+ £+ 1 such that 2" < gjn/log((j + 2)n),

- = 2-T log (J+2)(r+1)n)
(53) &mM%ﬂ)ﬂZI<CbZI 7
Moreover,
(54) E[|Z),|14] < eM2r?+3(1=0),

In all these inequalities, ¢ only depends on ¥, p, 6

Proof of Lemma 24. The first point is true because v is piecewise constant. We now assume that
2" < mn in the rest of the proof.
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We turn to the second point. We have,
B <2792 N |Bul.

kE€Z;  (0)Z;
This gives (46) when p =1 as f € B . ,(R). When p > 1, we use (36) to get
Bjre®) < er2728;.llpoclZir (0) N Z;] .
We then take the expectation, apply Jensen’s inequality and (42) to get (46).

We now show (47). By using Jensen’s inequality,

EHKj,r,Z” + EHKj,r,ZH 10g+ (2T+1/E[|Kj,r,€|])

E & e([Ksnd)| < c2

n n
(55) +\/1°g((j +2)(r+n) | log((j +2)(r +1)n)
n n
Note that [Kj | < |Zj,r(€)| and
(56) Zjr (O] <2771 D52, < g2
keZ

It then follows from the inequality 2" < zn and from elementary computations that the second
term in (55) is not smaller than the first one, up to a multiplicative factor.

As to (48), we remark that (42) becomes
E(|Z;(£) NZj]) < eaM /(=027
when 7 = j +£. We then use (47) with Kj,, = 2”(6) NZ;.
We now prove (49). Observe that for all 2" < 7n, and r > ¢+ j + 1,
Xjr < s min {]2]\ + logn, 27’} ,

where ¢5 only depends on the wavelet basis (this uses ]2;,] < \Z]\ when 2" < ¢jn/log((j +2)n)).
We deduce from (20) that on A,

o~

Njr < c6(E[|Z;]] + logn).
As M > 1, and 0 > 0, we deduce from (43),

>\j,r < C7M’I’L€2j(1_€) ,

and using (56),

. 2-7] Mnf92i(1-9) /| K. .
(57) 5j,r,£(’Kj,r,£D1A < C8‘Kj,r,5’\/ og ( n ) /| 7, ,é|)

log, (Mn2=9/|K;,0)  log((j +2)(r + 1)n)
+cs .
n NG

+ ¢8| K r ]
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We then use the condition on r to get (49). As to (50), we apply (57) with K ,, = ZM(E) NZ;.
We take the expectation, apply Jensen’s inequality and (42). This yields

~ ~ _ . 2-r] 2-r . I 27"
E gj,r,f(’Zj,r(e) N Zj‘)lA] < 69M2r0+](1—0)\/ Og; ("’L ) + 09M27’0+](1—6)%

o JoB(( +2)( + 1))
- |

We then remark that the second term is not smaller than the first one thanks to the condition on r
(up to a multiplicative factor).

The proof of (51) is merely based on the inequality Xj,r < 2"+1 the condition on 7, and on (56).
The proof of (52) then follows from Jensen’s inequality and (42).

We turn to the proof of (53). Here, we use Xj,r < |Z;T . By doing as in the proof of (56),
|Z;T| < ¢102". Note also that the maps = +— x4/log, (a/x) and x — zlog, (a/x) are increasing. By

using moreover Z;,(¢) C Z

JO _ o \Z,l log((G+2)(r +1)n
Eirt(1Zr(0) NZj)1a < ey [yz;my,/ —+ ;l + g((J \/)ﬁ( )n) |

By using the condition on r, the second term in the above inequality is not larger than the first
one, up to a multiplicative factor.

Finally, the proof of (54) comes from the embedding Z;T C Z;T (see (22)) valid on A, and from
the following inequalities valid for all ¢ > 0,

{kez, o}, >t} <{k€Z, fix > cit}]
< ClgMet_QQj(l_g)
thanks to Lemma 19. 0
Lemma 25. Let p € (0,00], a € ((1/p—1)4,7), R >0, and f be a density of WB; ,(R). Then,

there exist C > 0 and q¢ > 1 such that ||f||; < C. Moreover, C only depends on the wavelet basis,
p, @ and R.

Proof of Lemma 25. The proof of this lemma is deferred to Appendix C. O

4.3. Proof of Theorem 2. Throughout this section, ¢ denotes an integer such that

2@ S Ml/(l—@) < 2é+l'

We now introduce for Kj;,, C ZM(E) NZj,

~

z}vrvé(Kjvrvé) = {B\jvrvé(Kjvrvé) + é\‘j7T7é(|Kj,T’,Z|)} 1A7
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where A is the event defined in Theorem 5. It follows from Lemmas 21, 24 and 25 that we only
need to bound

(58) Y E inf Ty, (K 1)
r>0—1 K,LT’(CZ,l,T-(Z)ﬂZ,l
2T <
cologn
+ > E inf _ Tt e(Kjetje)
=0 K 045,0CZj 045 (0)NZL;

+Z Z E[ inf @,T,Z(Kj,r,ﬁ)]

>0 >4 541 K r 0 CLjr (ONZ;
2r<nn

from above (we take ¢; = ¢ for all j). Here, o is a factor depending on a,p, R and the wavelet
basis only. Actually, the upper-bound we must get must be of the order of

B { RO=0)/(4+a=0/p) ) f(0+1=1/p)/(a+1=0/p) ;, —a(1=0) /(e-+1=0/p)

Mn~(1-9). Rl/(2a+1)M(a+l—1/p)/((1—0)(2oc+l))n—a/(2o¢+l)} '

We begin by studying the first term of (58).

Lemma 26. Let p € (0,00], « € ((1/p —1)4,7), 8 € [0,1)N[0,p], R >0, M > 1 and f €
Fapo(R,M). Forn large enough (depending on 0, M and the wavelet basis only),

> E [f—m,z(z—l r(€) ﬂz—l)] <cM [n_(l_e) + (log®?n) n_1/2] .

)

In the above inequality, ¢ depends on ,0,p only.

Proof of Lemma 26. We deduce from (48), and (50) that if 6 # 0,

Z E [T_lmg(z—l,r(@) N Z_l)} < Z E [g—l,r,f(‘z—l,r(e) mz—l‘)lfl]
r>0—1 r>0—1
2T <mn 2T <

MYG=0) log(t
. log( n)]

~C n \/ﬁ
ey [logy 02)  log((r + 1)n)
+e M2r(€ 1/2) + +
2r<nn

The proof then follows from elementary computations when 6 € (0,1/2] and from Lemma 30 when
0 > 1/2. As to the case § = 0, we do the same reasoning but by applying (52) instead of (50). O

The lemma below deals with the second term of (58).
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Lemma 27. Let p € (0,00|, a € ((1/p — 1)4,7), 8 € [0,1)N[0,p], R >0, M > 1 and f €
Fapo(R,M). For all n large enough (depending on R, M,p, o, 0 and the wavelet basis only),

cologn N
Y E inf Tj044,0(Kj et 5,0)
=0 K 045,6CZje+5(ONZ;
(50) < RM(1420) ) (a=1/p+1)/(1=0)(20+1)) , —a/ (20+1)

where ¢ only depends on «,p,0 and the wavelet basis.

Proof of Lemma 27. We first suppose that p > 1. We have,

cologn
Z E [ inf - Tj,é—i—j,Z(Kj,f-i-jf)]
7=0

K; 1450CZLj 45 (O)NZ;

cologn

< ) min {E [ﬁ,ﬁ—i—j,@(@)} ,E [fj,eﬂx(zﬂﬂ(@ QZJ)] } :
i=0

We use (46) and (48) to get

cologn

Z E
§=0

~

inf ~ Torje(Kjerje)
K 04.0CZj o4 (O)NZ;

> , 1/(1-0)9) 2
<oty min { RM-1/P)/(1=0)9—ja MTQ} + e 10\% n

§=0
< 3 RY/(1420) (et 1-1/p) /(1-0) (2041)) )y —or/ (2a+1).
for n large enough.
We now suppose p < 1. We define jy as the largest integer such that
20 < N~ @/p=1)/((2e+1)(1-0)) p2/(2a+1),,1/(20+1)

We deduce from (48),

Jo i 2
~ ~ _ 200 log®n
Y E [Tj,uj,e(zj,uj(@ N Zj)} < egy/ M/ 9>7 + ¢5 T

< s R/ 20t 1) r(at1=1/p)/((1-0)(204+1)) 0/ (20+1)

J=0

when n is large enough. We moreover set 77;/;;—1/2 = R1/220/2)(a+1/2) n=1/(2p) and
Kjotje= {k‘ € Zj 4 (0) N Zy, 1Bjl > 773} :
As f e WB) (R),

|Kj,z+j,£| < n;PRpQ—jp(a-i-l/?—l/p)
< R2/2/p—1)9—2j(a+1-1/p)/(2/p—1) ,1/(2/p—1)
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Moreover, (35) leads to
Z 2_j/2|ﬁj7k| < Cﬁn;—PRPQ—jP(Ol-H/Q—1/(217))
kZK; o010

< cgRY @/p=1)9=i(a+1-1/p)/(2/p=1) ) =(1/p=1)/(2/p—1)

Therefore, (47) gives

R | log((j +2)(¢ +j + 1
E [Ty 0 010)] < e [n—u/p—l)/(z/p—l) RY@/p-1)g-i(et1-1/p)/2/p-1) . 108U +2)((+j +1)n)

J \/ﬁ
and hence
cologn ] 2
Y E [f viio (K e+'f)] < egn=(1/p=1/2/p=1) 1/ (2/p=1)g=jo(a+1-1/p)/(2/p=1) | o 08 T
j:jo Js 75 Js Js — \/ﬁ
< g RY/ 20D p (et 1=1/p)/(1-0)(20+1)) )~/ (2a+1)
when n is large enough. This concludes the proof. O

It then remains to deal with the last term in (58), namely,

(60) Y>> E inf Tire(Kjra)| -

>0r>tri+1  LKireCLyr(ONZ;
2r<mn

We distinguish different cases in the sections below.

4.4. Proof of Theorem 2 when p > 1 and 6 # a/(2a + 1 — 1/p). To make the proof more
concise, we assume temporarily that 6 # 0. We deduce from (46), (50), (52) that for ¢;,co large
enough

. 105;71 N é i 3 min {E [fjﬂ(@)} E [fj,r,g(ij,r(é) ij)H

J=0 r>l4j+1
2"<7n

<3 Y min {RMl—l/Pz—j<a—9/p+0>2(1—1/p>r9, M2T9+j(1—9)\/ 27" log,, (n277)

n

J—— \/ 2-rlog? (20r—(1-0) /1)
n
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Hence,
3 0 R N R _
logln 1 > Y min{E [ijr,z(@)} E [Tj,r,g(zj,r(z) N Zj)} !
\/ﬁ Cc2 =0 T%fi'j"'l
<> > min { RMO=1/9)/(1=0) g=jag(1=1/p)r0
r>1 3>0

2J S7T77,2177'M71/(179)

—r—j M ~1/(1-6)
A41“2“‘9D2Tw—4/m+4/2\/kxg*(”2 M )

vn ’
Ml/(2(1—9))27’(9—1/2)+j/2L )
N4
This expression is not larger than By + By where
By = RM1-1/p)/(1-0) Z Z 9—jag(1—1/p)ré

r>1 >0
2J <rp2t—r M1/ (1-0)
rR2M—(2/p=1)/(1=0) por(1-20/p) < 97(1+2a)

1 2—r—j M —1/(1-0)
By = MY/ Z Z min { 27(0=1/2)+35/2 \/ il \/’] ) )
n

>1 §>0

27 S7TTL217TM71/(179)
T R2M—(2/p—1)/(1=0) por(1-260/p) 5, 9j(142a)

or(6—=1/2)+j/2 "_ |
Vn

Note that if 27 < 72" M~1/(0=0) and if rR2ZM—@/p=1)/(1=0)por(1-20/p) < 2j(1+2“), then
oja > 9=1/2ppr(=1/p)/(1=0)gr(1-6/p)
We deduce,
By < c3RM1—1/p)/(1=0) Z 9(1=1/p)r0 in {R—lM—(l—l/p)/(l—e)2—?“(1—9/17),

r>1

[RzM—@/p—l)/(l—e)n2r(1_29/p)] —a/(2a+1) } |

This sum is not larger than c3B; 1 + c3B1 2, where

By = Z o-r(1-0)

r>ro
Bio = Z ar
r<ro
where
(61) 0 — RM(@atD) pr(at1=1/p)/(2a+1)(1-0)) o Fart® (0= srfrs e/ (a1,

and where g > 1 is the smallest integer such that
2r0(a+1—9/p) > R—IM—(a—l—l—l/p)/(l—G)na
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Note that
B < 2770070
< ¢, R1~0)/(+a=0/p) pr(at1-1/p)/(a+1-6/p)  —a(1-6)/(at1-6/p)
As to Bj 2, we remark that the exponent is the sum is negative when 6 < o/(2a +1 — 1/p).
Therefore,
B2 < csaq
< cgRY/(20+D) p(a+1-1/p)/((2041)(1-6)) , —at/ (20+1)
When 0 > o/(2a+ 1 — 1/p), the exponent is positive and
B2 < cray,
< g R1=0)/(1+a=8/p) g r(a+1-1/p)/(a+1-0/p) ;) ~a(1-6)/(a+1-0/p)
By gathering these results, we obtain the desired bound on Bj.
We now deal with By. Lemma 30 in Appendix B gives
By < cg Z min {2_T(1_9),
r>1

MY O=0) 7 0=1/2) (B2 0=0) =20/ 12 Qetl)

\/10g+ (n2-7(R2M~(2/p=1)/(1=0)p2r(1-260/p))=1/(2a+1) [ ~1/(1-0))
\/ﬁ )
ML/(201=0) 9r(6-1/2) (RQM—(Q/p_l)/(l_g)nzr(l_ze/p)>1/2/(2a+1) L}

N
< cio Z min {2—7*(1—9)7 ary/log, Cr, aﬂ’}

r>1
< ci9 [B2,1 + B22)

where
(62) C, = R—2/(2a+1)M—2(a+l—l/p)/((2a+1)(1—0))n2a/(2a+1)2—2r(a+1—6/p)/(2a+1)’

and where By and Bs o are defined when 6 < o/(2ac +1 — 1/p) by

00
3271 = E ra,
r=1

BQ’Q = 0.
When 0 > o/(2a+ 1 — 1/p), we rather set
Byq = Z o—r(1-6)
r>ro

and

By o = Z ary/log, C;.

r<ro
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When 0 < o/(2ac+ 1 —1/p),
By < crian
< e RY/ 20D (0t 1=1/p)/(2041)(1-6)) )y~ (2a+1)
When 6 > o/(2ac+ 1 —1/p), the sum By; is equal to By ; and has already been bounded, see the
above. Moreover, we deduce from Lemma 30,
By < ci3ary4/1log, (Cry)

< ey, R1=0)/(+a=0/p) p (a+1=1/p) /(a+1=0/p) ; —a(1=0)/(a+1-0/p)

It then remains to group all these results to obtain the wished bound on Bs.

Let us now remark that the condition 6 # 0 was made in the proof in order to use (50) when
0 > a/(2ac +1 —1/p). It is not necessary when 6 < a/(2ac +1 — 1/p), which is obviously the case
when 6 = 0. The proof remains therefore valid when 6 = 0.

4.5. Proof of Theorem 2 when p > 1 and 6§ = a/(2a+1—1/p). The previous proof can easily
be adapted to deal with 6 = o/(2«c + 1 — 1/p). However, it would lead to additional logarithmic
factors. A slight refinement can be obtained thanks to (53). We deduce from Lemma 24 that for
c1,co large enough,

. 1052 ", %2 > win{E [T 0)] E[T@0) 0 Z)] )

r>04j+1
2r<mn
27 <gjn/log((j+2)n)
1/(2(1—8)) or(6—1/2)+5/2
< Z Z min { RM1-1/P)/(A=0)g—jag(1-1/p)rd M AT O .
r>1 Jj=20

20 <mp2l=rp—1/(-9)
29 <2 (n/logn)2-"M~1/(1-0)
We may now bound the right-hand side of this inequality by By + By where By has been defined
in the preceding section by

By = RMO-YP/0-0) 3 g—jorg(1-1/p)r

r>1 >0
2jgﬂ.n2177‘M71/(179)
R2M—(2/p=1)/(1=0) por(1-20/p) < 97(1+2a)

and where
or(0—1/2)+j/2

By = MY 2(1-9)) Z Z f
n

r>1 >0
27 SWTL217TM71/(179)
R2M—(2/p=1)/(1=-0) 91 (1-20/p) 5, 95 (142c)

corresponds to the definition of the preceding section, up to log factors. Similar computations then
lead to

Bl + B2 S chl/(QCH-l)M(a+1—1/p)/((2a+1)(1—9))n—a/(2a+1) IOg n.
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It then remains to deal with

Z Z E [K inf Tj,r,f(Kj,r,Z)]

3>0 r>04j+1 4,rtCLj,r (0N
2" <mn
97>y Tog((j+2)n)

Y Y E[f.0)
J20 r>l+j+1
2">g;in/logn

<3 279238 IP 2 < (logn)/(sm) N Al

j=0 kEZ
<> 27 1B
>0 kez

crikgal logn/n

<> 2792 N Bl

j=0 keZ
fjk<cslogn/n

We conclude by applying Lemma 20.

4.6. Proof of Theorem 2 when p=1 and 0 = a/(2a + 1 —1/p). Since f € B (R),

Z Bj,e(®) <277/° Z Z 151k

r>0+5+1 r2bHj+1 ke, (0ONZ;
< 279/ Z Bk
keZ
(63) < R277%,

Let us remark that the boundary § = «/(2a +1 — 1/p) is # = 1/2 here. We deduce from (53)
and (54) that if 2" < ¢n/log((j + 2)n),

~

E [0(1Z,(0 N Z 1] <o [M 212 log((j +2)(r + D)

NG Vvn
Therefore,
R R _ M21/2logn logzn
69 > E[Enl B (OnT] S e | S+ S
r>04+j+1

27 <g;n/ log((j+2)n)

We put (64) and (63) and conclude the proof as in the preceding section.

4.7. Proof of Theorem 2 when p < 1 and 6 # a/(2a+ 1 —1/p). As in Section 4.4, we first
suppose that 6 £ 0. We define for r > £ 4 j + 1,
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AS f € WB;{,OO(R) and (35)7 we get |Kj7r7£| S k‘jﬂ« and

(65) Z Q—j/2 |5j,k| < Clk,j’r2—r/2n—1/2
kng,r',Z

where k;, = RPnp/29—ip(e+1-1/p)orp/2.

We consider r and j such that 2" < 7n, and j <r— ¢—1. We deduce from (49), (51), and the
conditions on 7, j,

~

Tiri(Kjre) < 62k‘j7r2_r/2n_1/210g+ <Mn€_p/22_Tp/22jp(a+1_9/p)/Rp> + c3(log n)n~/?
@7T75(Kj’r,g) < 4k, 2720 log <n_p/22r(l_p/2)2jp(°‘+1_1/”)/Rp> + ¢s(log n)n =2,
We derive from these two inequalities, from (50) and (52),

log? 1
—Cﬁo\g/ﬁn—FC—?Z Z E

J20r>44+j+1

~

inf T 0(Kjre)
ijg CZJ-,T (Z)OZJ-

2r<mn
. ! !
<> > min{A; ., A ., Bjr, Bj, }
r>1 §>0

2jgﬂ.n2177'—M71/(170)
where
Ay, = ROM-0-D/0-0) = (1-0) 29 (1-) 29~ ipla=1/(26)41/2

x log (Ml—p/(2(1—9))n@—p/22—rp/22jp(0l+1/2—9/p)/Rp>
A; .= RP M~ (1-p)/(2(1-0)) ) —(1=p) /29 ~r(1-p) /29— jp(a—1/(2p)+1/2)
X 10g+ (M(l—P/2)/(1_9)n—p/22r(l—p/2)2jp(06+1/2)/Rp>

log , (n2_’"_jM—1/(1—9))
n

Bj .= Ml/(2(1—6))2r(6—1/2)+j/2\/
B — MY A=0)gr(0-1/2)+j/2 "
g NG
Let j, be the smallest (possibly negative) integer such that
R2M~@/p=1)/(1=0),,9-7(20/p=1) < 9jr(20-+1)

Lemma 30 entails when j,. > 0:

> min{A;, Bj}
Jj=20
2J Sﬂ'n2177'M71/(179)

< e { RP M~ (19)/(201=0)) | —(1=p) /29— (1-p) /20 —jrpla—1/(20)+1/2)

xlog., <M1—p/(2(1—9))n@—p/22—rp/22jrp(a+1/2—9/p) /Rp)

MY/ RO-0) gr(6-1/2) 4512 \/ log (n2—r—9rM—1/1~9) }

n
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< cgaylog, Cp,

where a, and C, have been defined in Section 4.4 by (61) and (62). The same results holds true
when j,. < 0 since then

E min{Aj7r,Bj,r} § E Aj+jr77“
>0 >0
2j§7rn2177“M71/(170)

< c1oRP M~ 1=/ (2(1=0)) ) —(1-p)/29—r(1=p) /29—jrp(a—1/(2p)+1/2)
xlog., ( M1P/(2(1=0)),,0-p/29=rp/29jrp(a+1/2-0/p) | Rp>

< cnaylog, Ci.
Likewise, by supposing without loss of generality that j,. > 0,
Z min{ A}, B .}

>0
2J Sﬂ'n2177‘M71/(179)

<2 {RPM_(l—P)/(2(1_9))n_(l_p)/22—7“(1—p)/22—jrp(a—1/(2p)+1/2)
x log <M(1—p/2)/(1—0)n_p/227“(1—p/2)2j'fp(05+1/2)/Rp)

1/(2(1-0)) or(0—1/2)+5r /2
M 5 ﬁ}

< c137a.

We also have,

—r(1-60
Z Bjﬂn < 0142 n( )
Jj=20
2jgﬂ.n2177‘M71/(179)
Therefore,
(o]
. . —r(1-0

Z Z min{A;,, A}, Bjr, Bj,} < c15 Z min {ar log., C,ra., 27" )} )
r>1 §>0 r=1

2 S7T77,217T_M71/(179)

We conclude the proof as in the end of Section 4.4 (by noticing, as previously, that the reasoning
does not need (49) and (50) when 6 < a/(2a + 1 — 1/p) and is therefore also valid when 6 = 0).

4.8. Proof of Theorem 2 when p <1 and § = a/(2ac+1—1/p). We define the same set Kj,

and the same real number k; , as in the preceding section. When 2" < ¢;n/log((j+2)n), /)‘\jn“ < \Z;T\
and hence

. —-r 71 . 7! )
log((j +2)(r + 1)n) < eob 27" log <‘Zj,r‘/k]ﬂ“> log (’ij’/ka,r)
> 3,

gj,T’,Z(|Kj7T‘7Z|) - \/ﬁ n + n

2 log?. (12),1/ks. )

< C3kj,r n
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Jensen’s inequality, (54) and (65) imply

PN log((5 +2)(r + 1)n 2-71og? (M R—P2r(0—p/2)p—p/225p(a+1-0/p)
E [T’j,r,Z(Kj,r,Z)} - g((j \/)ﬁ( ) ) < C4kj,7"\/ + ( )

Note that (53) and (54) entail

n

P _ M2r0=1/2)+i(1=0) oo ((5 4+ 2)(r + 1)n
E [Tj,r,é(Zj,r(é) ij)} < cs [ NG + g((Jj \/)ﬁ( )n)
We deduce,
log®n 1 [ . T
_ 4+ = E inf T, 0(Kjre)
2" <gjn/ log((j+2)n)
< Z Z min{Aj,r, Bj,?”}7
r>1 §>0
2/ <qp2t=T M —1/(1-0)
where

Aj, = RPM-(1-P)/C0=0), ~(1-p)/29=r(1-p) /29 =jp(a=1/(2p)+1/2)
x log, ( M(=p/2)/(1-6) R—p2r<e—p/2>n—p/22jp<a+1/2>)

Bj, = MY@U=0)9r0=1/2+i/2 /170
By doing as in the preceding section,

Z min{Aj,r, Bj,?“} < c7n—a/(2a+1)R1/(2a+1)M(a+l—l/p)/((2a+1)(l—0))'
>0
2jgﬂ.n21‘z7‘7M71/(179)

Moreover, this sum is equal to 0 if 2" > 2rn M~/ (=9 Thus,
Z Z min{Aj . Bj r} < 08(10g n)n—a/(2a+1)R1/(2a+1)M(a+1—1/p)/((2a+1)(1—9)) )

r>1 >0
27 SWTL217TM71/(179)

Note finally that we may bound

Z Z E l/\nf _ j:’j,r,é(Kj,r,Z)

j=0 r>0+j+1 KjreCLjr(O)NZj
2"<7n
2">¢;n/log((+2)n)

from above as we did at the end of Section 4.5.

REFERENCES

[Aut06] F Autin. Maxiset for density estimation on r. Mathematical Methods of Statistics,
15(2):123-145, 2006.

[BB18] Yannick Baraud and Lucien Birgé. Rho-estimators revisited: General theory and
applications. The Annals of Statistics, 46(6B):3767-3804, 2018.



[Bir06al

[Bir06b)]
[BLMOO]
[CCO05]

[CDF92]

[CL20]

[CVNRF15]

[DJ96)
[DJ97]

[DJKP96]

[DLY3]

[GKO6]

[GL11]

[GL14]

[HKP9g]

[HKPT12]

[TKS81]
[JLLO4]

[KPTY6]

NON LINEAR WAVELET DENSITY ESTIMATION ON THE REAL LINE 43

Lucien Birgé. Model selection via testing: an alternative to (penalized) maximum
likelihood estimators. Annales de I'IHP Probabilités et statistiques, 42(3):273-325,
2006.

Lucien Birgé. Statistical estimation with model selection. Indagationes Mathematicae,
17(4):497-537, 2006.

Stéphane Boucheron, Gabor Lugosi, and Pascal Massart. A sharp concentration in-
equality with applications. Random Structures & Algorithms, 16(3):277-292, 2000.
Eric Chicken and T Tony Cai. Block thresholding for density estimation: local and
global adaptivity. Journal of Multivariate Analysis, 95(1):76-106, 2005.

Albert Cohen, Ingrid Daubechies, and J-C Feauveau. Biorthogonal bases of compactly
supported wavelets. Communications on pure and applied mathematics, 45(5):485—
560, 1992.

Kaikai Cao and Youming Liu. Uncompactly supported density estimation with {! risk.
Communications on Pure € Applied Analysis, 19(8):4007, 2020.

René Erlin Castillo, Fabio Andrés Vallejo Narvaez, and Julio C. Ramos Fernandez.
Multiplication and composition operators on weak [, spaces. Bulletin of the Malaysian
Mathematical Sciences Society, 38(3):927-973, Jul 2015.

Bernard Delyon and Anatoli Juditsky. On minimax wavelet estimators. Applied and
Computational Harmonic Analysis, 3(3):215-228, 1996.

Bernard Delyon and Anatoli Juditsky. On the computation of wavelet coefficients.
Journal of Approzimation Theory, 88(1):47-79, 1997.

David L Donoho, Tain M Johnstone, Gérard Kerkyacharian, and Dominique Picard.
Density estimation by wavelet thresholding. The Annals of Statistics, pages 508-539,
1996.

Ronald A DeVore and George G Lorentz. Constructive approximation, volume 303.
Springer Berlin, Heidelberg, 1993.

Evarist Giné and Vladimir Koltchinskii. Concentration inequalities and asymptotic
results for ratio type empirical processes. The Annals of Probability, 34(3):1143-1216,
2006.

Alexander Goldenshluger and Oleg Lepski. Bandwidth selection in kernel density esti-
mation: oracle inequalities and adaptive minimax optimality. The Annals of Statistics,
39(3):1608-1632, 2011.

Alexander Goldenshluger and Oleg Lepski. On adaptive minimax density estimation
on RY. Probability Theory and Related Fields, 159(3):479-543, 2014.

Peter Hall, Gérard Kerkyacharian, and Dominique Picard. Block threshold rules
for curve estimation using kernel and wavelet methods. The Annals of Statistics,
26(3):922-942, 1998.

Wolfgang Hérdle, Gérard Kerkyacharian, Dominique Picard, and Alexander Tsy-
bakov. Wawvelets, approximation, and statistical applications, volume 129. Springer
Science & Business Media, 2012.

IA Tbragimov and RZ Khasminski. More on estimation of the density of a distribution.
Journal of Soviet Mathematics, 108(194):198, 1981.

Anatoli Juditsky and Sophie Lambert-Lacroix. On minimax density estimation on R.
Bernoulli, 10(2):187-220, 2004.

Gérard Kerkyacharian, Dominique Picard, and Karine Tribouley. Lp adaptive density
estimation. Bernoulli, 2(3):229-247, 1996.



44

[Lep13]

[Lepl5]
[LW19]
[Mas07]

[RBRTM11]

[Sar21]
[Tsy08]

[vdV13]

MATHIEU SART

Oleg Lepski. Multivariate density estimation under sup-norm loss: oracle approach,
adaptation and independence structure. The Annals of Statistics, 41(2):1005-1034,
2013.

Oleg Lepski. Adaptive estimation over anisotropic functional classes via oracle ap-
proach. The Annals of Statistics, 43(3):1178-1242, 2015.

Oleg Lepski and Thomas Willer. Oracle inequalities and adaptive estimation in the
convolution structure density model. The Annals of Statistics, 47(1):233-287, 2019.
Pascal Massart. Concentration inequalities and model selection: Ecole d’Eté de Prob-
abilités de Saint-Flour XXXIII-2003. Springer, 2007.

Patricia Reynaud-Bouret, Vincent Rivoirard, and Christine Tuleau-Malot. Adaptive
density estimation: a curse of support? Journal of Statistical Planning and Inference,
141(1):115-139, 2011.

Mathieu Sart. Minimax bounds for besov classes in density estimation. FElectronic
Journal of Statistics, 15(1):3184-3216, 2021.

Alexandre B Tsybakov. Introduction to nonparametric estimation. Springer Science
& Business Media, 2008.

Wellner van der Vaart. Weak convergence and empirical processes: with applications
to statistics. Springer Science & Business Media, 2013.



NON LINEAR WAVELET DENSITY ESTIMATION ON THE REAL LINE 45

A. A PROBABILITY INEQUALITY.

The following proposition is based on standard results in empirical processes. It uses the notion
of VC subgraph classes, see [vdV13] for their definitions and properties.

Proposition 6. Let F be an at most countable VC subgraph class of functions f defined on R
and with values in [—1,1]. We suppose that the VC dimension of F is not larger than d > 1. We
consider f such that |f(z)| < f(x) < 1 for all x € R. We further consider a map o2(-) defined
on F U{f} and satisfying o®(f) > E[f?(X)] for all f € F U{f}.

Then, there exists for all € > 0 an event of probability 1 — e~¢ on which: for all f € F,

n

(66) LIS (70 ~ BIF)| < CminfRa (). Ba(),
=1
where
00 B0 = 2er010s, (02(Do?(0) + Lrom, (no2F)jd) + o2 BN
& +logn
+

n

1 1
(%) R2<f>=\/%02<f>1og+<|f|>+%log+<|f|>+ pr( 0B | S losn,

and where C' is a numerical value. In the above inequality, Ro(f) = 400 if F is infinite.

Proof of Proposition 6. We need the two following lemmas (see Theorem 3.1 of [GKO06] for the first,
and [Mas07] for the second).

Lemma 28. Let F be an at most countable VC subgraph class of functions f defined on R and
with values in [—1,1]. We suppose that the VC dimension of F is not larger than d > 1. We
consider a map f such that |f(x)| < f(x) <1 for all z € R. Let o(f) be a real number such that
a?(f) > E[f%(X)]. Let moreover o> > 0 be such that Supfe]:E[fQ(X)] < o2, Then,

Z(f(Xi) —E[f(X3)])
i=1
where C is a numerical value.

E |sup — <C

feF

\/ o2 10g. (02(1)/0%) + %10g+<o2<f>/02>] 7

Lemma 29. Let F be a finite class of functions f defined on R and with values in [—1,1]. Let a% > 0
such that sup ez E[f?(X)] < o2. Then,

LIS - E[f(XnDu <c [\/ ~o?log. (17 + %m(\ﬂ)] ,

E |sup —
fer i

where C is a numerical value.

We only prove the inequality with R;(f), the proof with Ra(f) is similar (use Lemma 29 instead
of Lemma 28 and set jo below as the smallest integer such that 20=1 > n). We may assume
without loss of generality that d < n and o%(f) € (0,1] for all f € F. Let jo be the smallest integer
such that 2701 > n/d. We define for j € [1, jo — 1],

Fi={feF 277 <o?(f) <277t}
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and set
Fjo={f€F, o*(f) <2770},

Let then for all j € [1, j0],

0’]2- =27It!
1 n
Z; = ;gj% ~ Zz:;(f(Xz) - E[f(X,)])‘ .

We consider some &, > 0 and deduce from Talagrand’s inequality (see the second equation on
page 170 of [Mas07]) that on an event (&) of probability 1 —e~%,

Z; <2E[Z;] + 2\/{20]2/71 + 16E[Zj]/n] & + 2&0/n.

Therefore, by using the elementary inequalities \/z +y < /x +./y and 2,/7y < x +y,

Zj < 6E[Z;] + 2, /2(07 /n)éo + 660 /1.

We now set for all o2 > 0,

A0?) =\ L2108, (2()/0?) + Llog (2 (7))

Any o?(f) belongs to [(1/2)0]2-, 0’]2-] when f € F; with j < jo — 1. We deduce from Lemma 28 that
for all such j,

E[Z;] < CA(03)

<C

Va /Lo )10, (2(Po(1) + L 1om, (2n02<f>/d)] -

We deduce that on Q;(&p): for all f € Fj,

< [\/ o) log. (72(7)/02($)

+g log . (naz(f)/d) + 4V (a2(f)/n)éo —1—50/71] )

where C’ is universal. When j = jy, we rather have
E[Z;] < CA(d/n)

< |5 ylog (w0 (D)) + S 10g, (0% )|

< 20% log, (no®(f)/d).
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Hence, on Q;,(&): for all f € Fj,,

LS () ~ BLA(X)
=1

<o [g log, (no®(f)/d) +/(d/n?)& + 50/4

<" [% log, (no®(f)/d) + 50/”} :

where C" is universal. We now set &y = £ + logjo < € + 1.4 + logn and conclude using a union
bound. (]

B. AN ELEMENTARY LEMMA

Lemma 30. For all ay,a2,b >0, k € [0,1], and ro > 1,
ro
Z 2ra log’i (b2_m2) < c2M0* log’i (b2_’"°“2) )

r=1

and

[e.e]
S 2 rerlogh (b2702) < 270 logh (horoaz),
r=rg

where ¢ only depends on ay,as, k.

Proof of Lemma 30. We only show the first inequality. The proof of the second inequality follows
the same line. When k£ = 1, we write

0

> orlog, (b277) < > 21 4 > 271 Jog (b27742)

r=1 1<r<rg 1<r<rg

| 2(r+Dag >pe—az/(a1+1) 9(r+1)ag ~pe—az/(a1+1)
(69) <oy |2700 > 2727 |
1<r<rg

9(r+1)ag ~pe—az/(a1+1)

where f denotes the map defined for z > 0 by f(z) = 2= 'log(bxz®). Let r; be the largest
integer such that 2(+1e2 < pe—a2/(@1+1) " The proof when k = 1 is complete if r; < 0 and we
assume from now on that r; > 1. We set r9 = min{rg,r1}. Since f is decreasing and non negative
when bz® > e®2/(m+1) e get

R CREE)D / f(x) da

1<r<rg r=1"2
o(r+1)ag ~pe—az/(ag+1)

< 32" Jog, (b272"2)
< 427 log (b2792"0).
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By putting this result in (69), we get the lemma when k£ = 1. The proof when k # 1 then follows
from Holder inequality:

T0 To
Z grai log'j_ (b2—ra2) _ Z 2rka1 logi (b2—ra2) 2r(1—k)a1

r=1 r=1

1—k
2”’1 log b2 m2 2””1
_l’_

r=1
< ¢52roka log]f|r (b2_roa2) X 2’"0(1 k)ax

< 520 loglf|r (b2_7’°“2) .

C. PRrROOF OF LEMMA 25
Proof of Lemma 25. Suppose that p < oo and consider an arbitrary real number ¢ in (1, p(a + 1)).
We use (35) to get
q _
185113 < p— 1851567 - 185, 115,00
Moreover, as © is bounded, ||8;.||_, < c12//2. Therefore, using f € WBj (), we obtain for all

j>0
18118 < cp2itplottyral?),

where c¢o only depends on v, ¢, R. We deduce,
(70) sz V20N 1Bkl < e
keZ

Suppose that p = oo and take ¢ > 1. Then, using that |5; ;| < 032]/2fj7k, Y okez fik < ca (Lemma 4),
and |8, [l < e5277(F1/2),
18,118 < ge2/IFa=/2te)d),
and the sum (70) is finite.
Note that |a| <1 and 377 [ok| < 1 and hence [|5-1,.[|7 < 1. Now, for all j > 0,

q q
5 w]k _ gila/2-1) / > Bt —k)| dt
keZ kEZ
q
<220 [ 16, e~ 1) e R e
kEZ
q—1
<giory (Zrﬂj,k\qw—k)\) (th—mr) ar
keZ keZ
q—1
<y <Z|ﬁj7k|%<t—k>|) S -mlf
keZ keZ

o0
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< ¢2ila/2-1) Z |Bj.k7.
keZ
The same result holds true when j = —1. Let
J
=D D Bkt
j=—1kez

The above ensures that (m;(f))s>1 is a Cauchy sequence in (LY, || - ||,) and converges therefore to
a map that must be f. In particular,

1£1lq < Z

j=—1

Zﬂgk%k

keZ

Y

hence the result. O

D. PROOF OF LEMMA 17
Proof of Lemma 17. For all u > 0,
i . — X)) < < P | X, — X < ul.
(71) Pl oin (X = X@) < U} sn swp [X(+1) — X < uf

The density of X(;;1) — X(Z-) is given for £ > 0 by

i) = = L PO A= )y T @+ a)at

where F' denotes the cumulative distribution function of X. We have for all v > 0,

P (X~ X0 £ 1) = gy PO 0| [0 Py o ad a
BRG] (:!_ i1 E [F(X1)" ' (1= F(X2)" " 'x, <Xo< Xy 40
n!

< (Z _ 1) (’I’L —i— 1) E [F(X2)i_1(1 - F(XQ))n_i_11X1§X2§X1+u]

n! X2

= G- <n—z—1>E[

By using Holder inequality,

F(X)i ™} (1 — F(Xy))" ! /

Xo—u

£(t) dt} .

Xo
/ f()dt < || fllqut=V2,

Xo—u
Moreover, F'(X3) obeys to a uniform distribution on [0,1] as F' is continuous and hence
(i—Dl(n—i—1)!

E[F(Xo) 11— F(Xp))" 1] = py

We use (71) to get

. oy 1-1/q
P |:1<Ii1i1£1_1(X(Z+1) X(z)) <u| < n”f”qu :
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We conclude by setting u such that n||f||qu1—1/q = ¢/n and by using

1<i<n—

7 . v L
2 _max{l,4L¢ min 1(X(Z+1) X(Z)) }

E. PROOF OF PROPOSITION 3.

We consider some k > 1 and endow {0, 1}2’_“*1 with the Hamming distance A defined for 6,4 €
{0, 1}2k+1 by

k
A@6,0") = > |6k — -
k=—k
Our proof relies on the classical Varshamov-Gilbert bound and Theorem 2.5 of [Tsy08].
Lemma 31. For all integer k > 8, there exists a subset 9 of {0, 1}27”1 such that
(72) log|2| > 0.08k,
and such that

for all 6 € 2. Moreover, for all &' € 2\ {0}, A(6,8") > k/4.

Sketch of the proof. We use Lemma 2.9 of [Tsy08] with m = k. This leads to a subset € of {0, 1}
and we set

D= {(51,...,52,5,0), (51,...,5];) e, Vk € {1,...,/;‘}, 6E+k:1_5k}'
(]

Lemma 32. Let 9 be a subset of {0, 1}27”1 containing at least 3 elements. We consider n > 0
and a family of densities F = {f5, 6 € P} satisfying

(73) di(fs, fsr) =1
for all 5 #¢6 € 2. Moreover, we suppose

log |7
(74) K(féyfé’) < 16771

for all 6,0" € 9 such that § # &', where K(-,-) denotes the Kullback Leibler divergence defined by

K(fs, fs') = /fa(:v) log (f5(x)/fs (x)) da.
Then,

(75) inf sup E [d (/. /)] > 0.13n,
f fez

where the infimum is taken over all estimators f.
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We consider k£ > 14 and the set 2 given by Lemma 31. The whole point of the proof is to build
a family F = {f5, 0 € 2} of densities satisfying the requirements of the preceding lemma. Note
that we already have |2| > 3.

Let £ > 1 be the smallest integer such that supp zﬁ and supp ¢ are both included in (—25, 25).
We consider integers j > —1, jo > 0 such that ojoti—t > 29. We define k as the largest integer
satisfying k < (27077=¢ — 1)/2. Note that k > 14 since 270+1=¢ > 29,

We consider b > 0 and introduce the map hs for 6 € Z and = € R by

k
hs(z) =b Z, Skt ey, ().

k=—k
There exists a compactly supported density go on [—2, 2] satisfying inf,c(_ 1) go(z) > 1/4, [[gollec <
1, and belonging to By ., (R,) for some Ry, > 0. We then set for z € R,

g(x) = 1570 M1 /99730/9 gy (2=do ).

When R is large enough, we may consider a density ¢ € By . (I?/ max{3'/?,3}), bounded by 1,

vanishing on [—2/0+1 2/0+1] and compactly supported on an interval of length 2. We have ¢ €
To(M/3) for M large enough. We set

q =157 /02000-1/0) L ppyi_
and define for § € Z and = € R,

fs(z) = (1 = q)¢(@) + g(z) + hs(x).
We show after the present proof:

Lemma 33. Suppose that the parameters j > —1, jo > 0, b > 0 are chosen in such a way that
2i0+i=t > 99 and such that

(76) p270/Poi(@+/2) 1. < a1 R

(77) MY0io(/p=1/0-0) < 4 R

(78) b27/2910/9 < qs M1/0
(79) 200/0%% < q,MY0n 1
(80) g<1.

In the above conditions, ai,as,as,as are suitable terms depending only on p,0, gy and the wavelet
basis.

Then, # = {fs, 6 € P} is a collection of densities included in By . (R)NTg(M). It satisfies (74)
and (78) with n = cb29013/2 gnd ¢ depending on the wavelet basis only. In particular,

(81) inf  sup E [dl( f, f)] > 0.13ch270+3/2,
J B o (R)NTo (M)

We first prove when 6 < p
(82) inf suwp B[/, f)]
I feBg o (R)NTo (M)
> ¢R(1=0)/(1+a=08/p) pr(a+1-1/p)/(at1-0/p) , —a(1-0)/(a-+1-6/p)
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For this, we define jg as the smallest integer such that
R

o oafl
2

na

oo [5-23] <

Note that jo tends to infinity when n grows up. Therefore the condition 27077=¢ > 29 is satisfied
when n is large enough. We define ¢; and ¢o small enough so that c‘f‘“cz < aq, clcg < ay, c1co < as.
Since # < p, we may take n large enough and define the largest integer j > 0 such that

2 < clM1/9n2_j°/9.
We define
b= 022j/2n_1.

We may check that (76), (77), (78) and (79) are fulfilled. Note that ¢ tends to 0 when n grows up
and is therefore smaller than 1 when n is large enough. We then deduce (82) from (81).

When 6 = p, the above reasoning works when R > M/ c'f‘p . This condition ensures the existence
of j > 0. It is worth mentioning that the lower bound

R(-0)/(+a=0/p) p r(a+1-1/p)/(a+1-0/p), —a(1-0)/(a+1-0/p)

follows from

(83) inf sup E [dl( 1 f)] > cM1y—1_gn ™.

[ feBg o (R)NTo(M)
when § = p and R? < M/c¢{*. The proof of which is given below.

We now show (83). We set j = —1, consider ¢, c2 such that co < a4 and /c1c2/2 < ag, define jj
as the largest integer such that

and b? such that
200/02 — 02M1/9n_1.
We may check that the conditions of the lemma are met hence the result.

We finally prove

inf sup E [dl(f, f)]

ffeBg o (R)NTo (M)
> RY/ (204D pp(at1-1/p)/(1-0)(20+1)) |~/ (20+1).

We define jo > 0 such that 270—1 < c?/(l_e)Ml/(l_e) < 290 where ¢; = 2 - 1519, We define j as
the smallest integer such that

M~1/0 R29=i(2a+1) < =19j0(2/p=1/0)

Since j tends to +oco when n grows up, the condition 270+7=¢ > 29 is fulfilled when n is large
enough. Besides, ¢ < 1/2 and (77) holds true if Ry, My are large enough. Moreover, we set

b = ¢y R2J0/Pg—i(a+1/2)

where co = min {al, 1/a4}. We conclude by applying Lemma 33 as above. O
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E.1. Proof of Lemma 33.
Lemma 34. For all § € 9, the map hs is compactly supported on [—27°,2/°] and belongs to
B (BRVPRIT 21 )

Moreover, |hs| € Ty (clb92j9/22jo), where ¢1 depends on 6 and the wavelet basis only,

(84) /h(;(a;) dz = bk1l;—_,
and
sl < 202972,

where cy only depends on the wavelet basis.

Sketch of proof of Lemma 34. We remark that the supports of &j722+1k and Tl_lj’2z+1k/ are disjoint
when k # k’. Therefore,

[25]l00 < bsup 19 26411 lloo < bmax{||@]loc, 2772 |14l oc }-
We then deduce from Lemma 2.1 of [CL20],
hal € To (llnsll% (2 +1))
which shows |hs| € Ty (clb92(j/2)92j0) .

We get (84) by noticing that [ ¢ =1 and f ) = 0 as the wavelet basis is bi-orthogonal and that
¢ =11 O

Lemma 35. The map g is compactly supported on [—2/0F1 200+ It satisfies
/g(az) da = 15710 ppt/0970(1=1/0)
Besides, for all x € [—270,27]
g(z) > (4-1540) "1 pg1/09=50/0
It belongs to
B <63M1/62j0(1/p_1/6_a)) () 7a(M/3),

where c3 only depends on go, 0.

Sketch of the proof of of Lemma 35. We only prove that g € By (C3M1/02j0(1/p_1/6_a)). The
wavelet coefficient of g is denoted for j/ > 0 and k' € Z by

/8;.,7k, = /g(.ﬁl’)l/}]/7kl($) dz.
Yet,
59%/ — 15=1/0 py1/09(1/2=1/0)jo /90($)¢j'+jo,k' (z) dz.

In particular,
185 Iy < 15—1/9M1/92jo(1/p—1/9—a)Rgoz—j’(a+1/2—1/p)
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hence the result. O

Proof of Lemma 33. By choosing a; and ag appropriately, we deduce from (76) and (77) that g
and hy lie in By o (R/ max{3'/?,3}). We deduce from (80) and from the (quasi) triangle inequality
for the (quasi) norms | - ||, that fs € By (R). Note that (78) yields g(z) > 2[|hs|leo for all

x € [—270,270] if a3 is suitably taken. In particular, fs5 is non-negative and is therefore a density.
Moreover, (78) implies |hs| € Tg(M/3) and hence f5 € To(M). It satisfies

—1 .
fs(z) > (8 : 151/9> MV/09=io/?

for all z € [—270,20]. Moreover, f5(x) = (1 — q)((x) + g(x) for all z & [—270, 27°].

We recall the classical inequality

(f(;(l‘) - fé’($))2 d
min{ f5(x), fs(z)}

We deduce that for all § # ¢’ € Z (note that the supports of 'lzj722+1 ;. are disjoint when k varies),

K(fs, fy) <

E
K(fs, fs) < 8-15/0200/0 pp=1/0 5 p2 Z |6 — 0% x max{/ *(z) da:,/ V3 (2) dx}
k=—k

<16 - 151/92j°/9M_1/9b2kmax{/ % () da:,/ 3 (2) dx}.

We may therefore fulfil condition (74) by choosing a4 thanks to (79) and (72). Moreover,

k
di(fs, fs) = Z |0k — Onr| / | 90415 ()] da

k=—Fk
> (b/)min {2792 [ 5@ as, [ 16)]ds |

We use the definition of k to conclude. O

F. PROOF OF PROPOSITION 4

We only need to prove the proposition when o = 1 /p — 1, what we assume below. We define
Jjo > 3 as the smallest integer such that (nP + 1)2770 < 1/8. We then define j; as the smallest
integer such that j; > jo — 1+ n/(2nP + 2).

We set for j € {jo,...,j1}, kj = 2(nP +1)(2779 — 1) and
Kj = {k;j,kj—i-l,k;j+2,...,kj+np}.
We introduce for k € Z, I;}, = [k:Z_j, (k+ 1)2‘j). Note that I;;, C [0,1/4] for all j between jg
and j; and all k € K;. Moreover, I, NIy =0 if j # 5/, no matter (k, k') € K; x Kj.

We set D = (j1 —jo+1)(n? +1) and observe that D € [n/2,n) if n is large enough. We write the
elements ¢ of {0,1}? as § = (6j.k)jeljo,...jr} kek;- We endow {0, 1}P with the Hamming distance
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defined for all 8,8 € {0,1}” by

A(6,6) = Z > 16k —

J=jo k€K

We set for all § € {0,1}P and x € R,

22] Z 5]1911

J =jo keK;

We show below after the present proof:

Lemma 36. For all § € {0,1}P, s belongs to B (R') for some R’ large enough.

There exists a compactly supported density g € B9 (R') on [1/2,1] if R’ is large enough. We
define for z € R,

fs(x) = (1 = D/n)g(z) + ps(x) + p1-s(x — 1/4).
Thereby, f5 is a compactly supported density on [0,1] lying in By (R) if R is large enough.
We have for all 6,6 € {0,1}7,
2
di(fs, for) = —A(6,4).

We conclude by applying Assouad’s lemma and by noticing that the square h? of the Hellinger
distance is not larger than half of d; (see Lemma 2 of [Bir06b]). O

Proof of Lemma 36. We have for all h > 0,

/|<,05t+h — st |pdt<—Z2ﬂ’Z/\1 L+ h) =1, )] dt

J=Jo keK;

2)1

< s 2IP Z min{2_j,h}
Jj=Jjo keK;

2(n? +1 ZZ”’mln{Z J h}
j=jo

< ch'™P

< ch®?,

Consider now some odd number 7 larger than o and note that

T

285(65)(0) = 32 () (-0 foste+-k) = (e + ¢ = ).

k=0

The above entails

/\Ai(wa)(t)\p dt < 'ne?,
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for some ¢’ depending on 7, p only. By noticing that

nP+1 J1 o
lesllp < — S oion < o,
J=jo

we conclude that s belongs to By  (R') if R’ is large enough. O

G. PROOF OF PROPOSITION 1.

If fis a density, Fj; <1 and

> Fu =1
kEZ
We deduce from the elementary inequality

1/0
(Z 1%) > Fik

keZ keZ
that M must satisfy M > 1 if f € Ty(M). This proves the first assertion.

We now show the first part of the second point. We deduce from (2) that for all j > 0 and k € Z,
279 (k+1/2)

- Y Sa [ e
= 1k'eZ 279 (k—1/2)

Let L > 0 such that [~L, L] contains the supports of ¢ and 1. The above integral is zero if
k & Kj ;s where

Kj o = [—1 /2 + 207 maxli0} (i L) 1/2 4 2070} (3 4 E)] :
We deduce

[e.e]
Fie<en 3 > By

j'=—1k'€Z

o
]-kEKj/,k/ 2 / j7

where ¢; depends on ¢, only. Now, using the same elementary inequality as previously,

S <A Y S Yl

Lrek,, k/2(] /2=3)p

kez keZ j'=—1Kk'€Z
o
< Cll’ Z Z |Kjr | ﬁj,7k,|p2(j’/2—j)p
j'=—1k'€Z
(o]
Z Z ‘Bj’,k"p 9J(1=p)+35'(p/2-1)
j'=—1k'eZ

o0
< coRP Z 9J(1=p)o—j'pex
j=1

< C3Rp2j(1—p)’

which gives the first part of the second point.
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The proof of the second part of the second point, as well as the proof of the third point is quite
easy, and we move directly to the proof of the fourth point. For all k & [-27 —1/2,27 +1/2],

279 (k+1/2)
Fjr < Ab/ |z|7° da.
23 (k—1/2)
In particular, for all k > 27 4+ 1/2,

F.

, (2O b . )
ik <A / 277 (k = 1/2)] " dz < AP279070 [(k — 1/2)]”
2

~i(k—1/2)
and for all k < —2/ —1/2,
Fjp < A27900 [(—k —1/2)]7"
The number of k ¢ [—27 —1/2,27 +1/2] such that F;; > t is therefore not larger than
2 [4=/p2790/D 1]

Moreover, the number of k € [—27 —1/2,27 + 1/2] such that Fj, > ¢ is not larger than

1/b
4—1/0 Z 1/b t—l/b <Z > [2j+1+2]1—1/b

ke[—27—-1/2,27+1/2] keZ
< ¢ U/b it 4ot
Now,
1/b 1/b
EIEPESI E AU
< (24 2)1—1/b P <A2—j(l/b—1) 4 1) 7
which concludes the proof. O

H. PROOF OF EQUALITY (1) IN (L'(R),d;).

The following arguments come mainly from [HKPT12]. We introduce the Kernel K defined for

z,y € R by
zy) =Y dlx—k)dly —k).

keZ
We put for J >0, K (z,y) = 2/ K(272,27y) and

Ky f(a /KJ:vy

We also set
J
Kif =Y opbrt+ D> Bixthin
kEZ j=0 keZ

When f € L?(R), K, f is the (oblic) projection of f on the space spanned by the basis (¢ x)kez
where ¢ (z) = 27/2¢(2’2 — k). Therefore, K;f = K, f for all f € L2(R).
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Since ¢ and ¢ are two compactly supported bounded functions, there exists an integrable
function F' such that |K(z,y)| < F(x —y) for all x,y € R. This entails that K is continu-
ous in (L'(R),d;). The same thing holds true for K /. and hence, by using a density argument,
K;f =K/ f for all feLY(R).

Since K;f — f in (L*(R),ds), we have for all f € L%(R)
2
/ (/ K (227 y)dy — 1> f?(z)dz — 0 when J — 400.
R \J/R

We deduce (see Lemma 8.4 of [HKPT12]) that [p K(z,y)dy =1 for all z € R.
Therefore, we have for all f € L!(R),

1K =l < [ Vsta)l ) = F@)] dody
< /RF(t) </R |[fz+277t) — f(2)] da:) dt.
This entails K;f — f in (LY(R),dy). O
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