N

N

Sharp approximation and hitting times for stochastic
invasion processes
Vincent Bansaye, Xavier Erny, Sylvie Méléard

» To cite this version:

Vincent Bansaye, Xavier Erny, Sylvie Méléard. Sharp approximation and hitting times for stochastic
invasion processes. 2023. hal-03915479v3

HAL Id: hal-03915479
https://hal.science/hal-03915479v3

Preprint submitted on 11 Dec 2023

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-03915479v3
https://hal.archives-ouvertes.fr

Sharp approximation and hitting times for
stochastic invasion processes

Vincent Bansaye*, Xavier Erny* and Sylvie Méléard*

* CMAP, CNRS, Ecole polytechnique, Institut Polytechnique de Paris, 91120 Palaiseau, France
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Abstract: We are interested in the invasion phase for stochastic processes with interactions. A
single mutant with positive fitness arrives in a large resident population at equilibrium. By a now
classical approach, the first stage of the invasion is well approximated by a branching process. The
macroscopic phase, when the mutant population is of the same order as the resident population,
is described by the limiting dynamical system. We capture the intermediate mesoscopic phase for
the invasive population and obtain sharp approximations. It allows us to describe the fluctuations
of the hitting times of thresholds, which inherit a large variance from the first stage. We apply
our results to two models which are original motivations. In particular, we quantify the hitting
times of critical values in cancer emergence and epidemics.

MSC2020 subject classifications: 37N25, 60F15, 60G55, 60H10.
Keywords and phrases: Stochastic invasion process, Branching process, Dynamical system,
Stochastic processes approximation, Hitting times approximation.

1. Introduction and main results

We aim to finely quantify a mutant invasion in a resident population at equilibrium. Such a situation is
standard in eco-evolution, in cancer emergence or in epidemiology when a single individual particularly
well adapted can develop its own subpopulation and invade the global population. After a certain
amount of time, the number of mutants becomes non negligible with respect to the resident population
size, allowing to summarize the dynamics of the stochastic population processes by their deterministic
approximations. In Champagnat [15], a systematic approach was introduced to quantify the mutant
invasion success, based on the properties of the mutant birth and death process and its coupling
with branching processes for which the survival probability was easily computed. That allowed to
characterize the probability for the mutant process to attain a certain fixed threshold. This approach
has been used by many authors, see e.g. [16, 8, 2, 9, 13].

To go in details in this invasion process, we introduce some scaling parameter K, whose values
are typically large, characterizing the macroscopic population sizes and allowing to quantify each
invasion step. We consider a bi-type birth and death process modeling the population size dynamics of
interacting resident and mutant individuals. We denote by N (¢) (resp. N1 (t)) the number of resident
individuals (resp. mutant individuals) at time ¢ and the density of populations is defined by

XE(t) = (XF (1), X35 (1) = (Ng (8)/ K, N (8)/ ).

The interaction is modeled through density dependence of individual birth and death rates, respectively
be(XK), do(XK) for @ € {R, M}. This dependence may model for instance competition for resources,
which can make the death rates increase or the birth rates decrease.

The processes (N, Njy) are defined on a probability space (2, F,P), as strong solutions (un-
til potential explosion time) of the stochastic differential systems driven by Poisson point measures
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N NE N NG, with Lebesgue measure intensity on Ry x Ry
NEO=NEO+ [ e eon AL (s du (1)
[0,¢] xRy
- / 1{u§N.K(s—)d.(XK(S—))}Nod(dSa du)a
[0,t]><]R+
for e« € {R,M}, K > 0 and t > 0. We assume that N3 and N2 are independent and that N,
and N§, are independent too. We also assume that the Poisson point measures (N3, N& N}, NE,)
are independent of the initial condition N%(0). But (N3, N&) and (N}, N{) are not necessarily
independent. We refer to Section 5.1 for an application in evolution where all these Poisson point

processes are independent and to Section 5.2 for an example in epidemiology where they are dependent.
The individual growth rates are defined on Ry x Ry by

Fr(zr,zm) =br(2r,n) — dr(zr, Tar); Fy(zg,zm) = bu(xzr, 20m) — dy (TR, Tar).

It is well known (cf [27, 28, 22]) that under suitable assumptions on the parameters and when the
initial conditions of the process are proportional to K, the stochastic process ((XE (¢), X£(t)) : t > 0)
converges in probability, and even almost surely and in L? (when K tends to infinity), on any finite
time interval. The limit is the solution (zg, ) of the dynamical system

{xh =2r Fr(zr, 2M) (1.2)

2y =am Fu(zr,x0).
We assume the existence of some (non-necessary unique nor stable) equilibrium 273, > 0 satisfying
Fr(2%,0) = br(zk,0) — dr(2k,0) = 0.
In this work, we start from one mutant inside a resident population close to this equilibrium :
NE(0) = (NE(0),1),  NE(0) ~ chE. (13)

Thus X%(0) is close to (%,0) and the mutant process (Nf(t),t > 0) will firstly be close to the
branching process Z with individual birth and death rates respectively

b* = b]\/[(l‘}},O) ; d* = d]w(.r%,O).
We assume that the initial growth rate of this process is positive
Ty = by —dy = Fpr(2%,0) > 0. (1.4)

This ensures that the mutant population process attains values of order K with positive probability,
at a time scale log K.

Our ambition is to finely capture the dynamics of the invasion process until macroscopic levels,
and to focus in particular on the intermediate scale, where the mutant process is large but negligible
compared to K. We consider the hitting times of successive levels n € N* of the mutant population
process when the initial condition is N*(0) = ny € N%:

TE (ng,n) =inf{t >0: NE(t) >n} =inf{t >0: XE(t) >n/K}. (1.5)

Our first result proves that the mutant process is equivalent to the branching process Z before
reaching macroscopic level of order K, in the following sense, see Section 2. For any {x < K/(log K)°
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and n > 0, we show that

NE(t
lim IP’( sup M()—1‘>n;W>O>
Koo \eer (v (0)6x) | 2(1)
NE(t
= lim limsupP( sup MT(Z —1‘>n;W>O> =0,
T=o0 Koo \T<t<TE(NK(0).6x) | WE™

where
W = lim Z(t)e ™" € [0, 00) a.s.
t—o0

is an exponential variable with an additional atom at 0 corresponding to the extinction event (cf.
Durrett [20]). The meaning of the above convergence is that, as long as the mutant population has
not reached the threshold &g, the size of the population N£(¢) is equivalent in probability to the
branching process Z(t) as K goes to infinity. The value of a is 1 or 2 depending on the exponential
stability of the equilibrium of the resident population alone, see forthcoming Theorem 2.2 for a precise
statement. These two cases correspond to a hyperbolic or a partially hyperbolic equilibrium.

For the proof of the theorem, we use a coupling of the mutant process and the branching process
and we need to control the distance between them. We use that individuals belonging to one of the
two populations but not to the other in the coupling can be seen as a branching structure with an
additional immigration whose intensity increases with the value of Z or NE.

This approach is inspired by and complements previous works. Exact couplings have been proved
both in the context of invasion of mutants in evolutionary biology and in epidemiology, where the
models lead to a resident population with a hyperbolic or a partially hyperbolic equilibrium. For the
SIR model in continuous time, we refer in particular to Ball and Donnelly [4] for a proof of exact
coupling before the population reaches the order of magnitude K. Barbour and al [7] prove that
exact coupling holds before the mutant population reaches order K 7/12 for multidimensional models in
evolutionary biology. Complementary results have been obtained for epidemiological models in [5, 6].
Our result allows to compare the original mutant process and the branching process until the mutant
population reaches the order K/(log K)°.

When the population of mutants becomes large but is not yet macroscopic, we prove (cf Section 3.2)
that the deterministic approximation by the dynamical system is already valid in the following sense.
Starting with a number of mutants 1 < NX(0) = KX (0) < K,

X5 _
i (1)

sup
t<TE(NK(0),0K)

1’ — 0, in probability,
K—oo

where v > 0, and 2% is the solution of (1.2) with the initial condition 1/K < z%(0) = XX (0) < 1
and z (0) close to %. We refer to Theorem 3.6 for a precise statement which gives also the conditions
on the initial resident population size and the admissible values of v and quantitative estimates for
the convergence. The boundary of (Ry)? is invariant for the dynamical system but this domain is
unstable in the neighborhood of Ry x {0} in the invasion regime. This makes the problem delicate
when controlling the stochastic flow. In the time window [0, TH (N (0), vK)] whose size is of order of
magnitude log K, XX goes from X% (0) < 1 to v. This requires to deal with a long time scale and es-
cape an unstable equilibrium, as in [7]. We consider in this paper different scales and techniques, which
allow us to capture the expected renormalization X £ (t)/2% () from low density until any reachable
macroscopic value.

The simulations of Figure 1 illustrate the different approximations corresponding to the SIR exam-
ple of Section 5.2, both by the branching process (from the initial time) and by the dynamical system
(from hitting times of large levels).
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F1c 1. The black curve represents a trajectory of the process X (t) = NE(t)/K, the blue curve a trajectory of Z(t)/K,
and the red curve is the deterministic function zf(¢) starting at time T (N¥(0),¢%). Both figures represent the
simulations of the same trajectory in different scales (standard scale on the left, logarithmic scale on the right). These
simulations have been done with the following parameters: K = 10°, Fr(zgr,xn) = — 1.5z, Far(zg, var) = 1.5z — 1,

z% =1, €k = VK (cf the brown dashed line) and v = 0.055 (cf the brown plain line).

As a byproduct, we obtain in Theorem 4.1 the following convergence in law of hitting times when
K tends to infinity, on the survival event of N£. Under Condition (1.3), for ((x)x going to infinity
such that (/K — v > 0, we show the following convergence in law

T (V¥ (0), ) — B s 7y BN

Tx Tx

where the function 7 is continuous, 7(0) = 0 and W* is an exponential random variable with pa-
rameter 74 /b,. We refer to Section 3.1 for the definition of 7 and the characterization of admissible
values [0, v,) of the level v. This result is illustrated in Figure 2 corresponding to the SIR example of
Section 5.2. Thus, the hitting times of mesoscopic or macroscopic levels have Gumbel laws translated
by (logCx)/r + 7(v). We refer to [6, 7] for related results on the random time needed to see the
deterministic macroscopic curve.

In the situations when K is very large, as for huge cohorts of microorganisms (bacteria, cells),
(log (k) /rs gives a good approximation of the hitting times. But in many other cases, K is not so
large. We refer to the modeling of hematopoiesis and leukemias [11, 12] where K is the number of
sain stem cells, of order 10°. This is the original motivation for this work and one reason to quantify
explicitly the convergence results. The intermediate phase and hitting times are indeed involved in the
emergence and detection of cancer.

Assumptions. We consider the following assumptions on the birth and death rates. They ensure
in particular that the resident population alone has a positive equilibrium point (which may be non
stable) and that the mutant population can invade.

Assumption 1.1.

(R) Regularity: the functions br,dg, by, dar are C2(Ry x Ry, R.).
(E) Equilibrium: there exists x, > 0 such that Fr(z%5,0) =0 and OpFr(z},0) <O0.
(I) Invasion: Far(z%,0) > 0.
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Fic 2. The histogram represents the values of T (N¥(0),vK) (conditionally to the non-extinction of NI). The
simulations have been done with the following parameters: K = 100000, Fgr(zgr,zrn) = —1.5zn, Fy(zr,z0) =
1.5zr — 1, o = 1 and v = 0.055. The size of the sample to draw the histogram is 10000. The curve is the
density f of the random variable log(vK)/r« + 7(v) — log(W*)/r«, where the density of —log(W*)/r. is equal to
72 /by exp(—7rxt) exp(—7rx /bxe T*t).

Under Assumption (R), the bi-type birth and death process XX is well defined until its explosion
time, which may be finite with positive probability. In our framework, the process is studied before
hitting times of fixed levels, clearly smaller than the explosion time. In the eco-evolutionary frame-
work, Fs(2%,0) is called invasion fitness. It quantifies the individual growth rate for a small mutant
population in a resident population at the equilibrium.

Notation.

e We write 2* = (z7%,0).

e For a smooth function f : (zg,7n) € R? — f(zg,2zr), we denote by Orf (resp. Opf) the
derivative w.r.t. the first (resp. second) variable.

o If N(dz) is a Poisson point measure with intensity A(dz), we denote by N (dz) := N (dz) — A(dx)
the compensated measure.

e Throughout the paper, C' denotes any positive constant depending only on the model parame-
ters. The value of C' can change from line to line. If a constant depends on some (non-model)
parameter 6 we write Cy.

2. Approximation by branching processes

In this section, we assume that at the initial time, the resident population is close to its equilibrium
and a single mutant individual appears.

Assumption 2.1. There exists C > 0 such that for any K > 0,

C

< Ve and NEO)=1 a.s.

‘Nfs(m .
K R
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We introduce the branching process (Z(t) : t > 0) with individual birth rate b, = bps(z*) and
(individual) death rate d, = djs(z*), defined on the same probability space as NI and coupled with
NE in the following way:

Z(t) =1 +/ 1{u§b* Z(S,)}N]?/[(ds, du) — / 1{u§d* Z(S,)},/\/’]fl/[(cl&du)7
[0,t] xRy [0,t] xR

where the Poisson point measures N3, and N§; have been introduced in (1.1).

We recall from Assumption 1.1.(R) that 7, = b, — dy > 0 and the branching process Z is su-
percritical. The survival event has positive probability and as ¢ tends to infinity, the martingale
W(t) = Z(t) exp(—r«t) converges a.s. to a finite random variable W which is positive on the sur-
vival event :

{W>0}={vt>0:2Z(t) > 0}.
The random variable W is exponentially distributed with an additional atom at O :

a de
i

where dg is a Dirac mass at 0 and juq(dz) = 1g, (x)ae™*"dx and dz is the Lebesgue measure. We refer
to [1] Chapter 3 or [20]-Theorem 1 for such results.

.
1174 do + 17 [hr, /b,

Let us study the coupling between the processes Z and NI . First, when the branching process Z be-
comes extinct, so does the mutant process Ny, and we have the following result. Under Assumptions 1.1
and 2.1,

lim P(Vt>0:NE(t) = Z(t)|W =0) =1.
K—o0

Indeed, the two processes coincide by coupling on a time window whose size goes to infinity with
probability 1 as K goes to infinity. Besides, Z is a.s. absorbed at 0 in finite time on the event {W = 0}.
Such arguments are classical for epidemiological models and can be adapted to our context. We refer
to [4].

Let us turn our attention to the survival event and state the main result of the section. It compares
the mutant process and its branching approximation as long as the process is not too close to the
macroscopic scale. We prove that the ratio of the two processes converges to 1 in probability, with
an explicit speed, before time Tﬁ (N K (0),n) when the population size of mutants reaches a certain
threshold n (conveniently chosen), see (1.5) for definition.

Theorem 2.2. Under Assumptions 1.1 and 2.1,
i) if OpFr(x*) < 0, there exists C > 0 such that for any n > 0 small enough, K > 2 and n <
K/(log K), we have

NE(t VETog K 1 1 log K\ /10
IP’( sup ‘ M()—1’>77;W>0>§C %8 1/3+ 1/4<nog ) )
t<TE(NK(©)n) | Z(1) n K n K

it) if OpFr(x*) = 0, there exist L,C > 0 such that for any n > 0 small enough, K > 2 and
n < LK/(log K)?, we have

NE(t) log K 1 1 )
IP( sup ‘ M —1‘>77; W>0)§C + + <logK > )
t<TE(NK(@)n) | Z(1) n K3 pl/4 K

We observe that n needs also to be larger that /K log(K) in (i) (and larger than log(K) in (ii))
so that the right hand side tends to 0. The choice of n allows to optimize the bounds and cover the
time when the number of mutants is below K/log K in (i) (and LK/(log K)? in (ii)). Let us state the
immediate corollary which will be used in Section 4.
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Corollary 2.3. If OpFr(z*) <0 and (k) K satisfies 1 < £ < K/(log K), then
Ny (t)
Z(t)

hmIP( sup —1‘>7];W>0)=O.
Koo \e<rff (N5 (0).6x)

If OrFr(z*) = 0, a similar result holds for sequences (£x )k such that 1 < £k < K/(log K)2.

We refer to Section 4 for the asymptotic behavior of T (N5(0), £k).

The statement depends on the value of drFr(z*). Indeed, the proof is based on a comparison
between T4 (N5 (0),n) and the first time where the resident population exits a neighborhood of its
equilibrium. If g Fr(z*) < 0, the manifold {z;; = 0} is stable around the fixed point (x%,0). This
stability helps for the control of the resident population and guarantees that the distance of the resident
population process to its equilibrium remains smaller than n (up to some well chosen factor) until time
TE(N%(0),£k). If OrFr(z*) = 0, exponential (local) stability of residents is lost and we can (only)
prove that the distance is smaller than VKn. We refer to Lemma 2.8 for details.

The proof of Theorem 2.2 will be obtained in several steps that we develop below. We first introduce
a coupling to compare N and Z. Let us introduce a decomposition involving the processes realizing
the coupling and the additional part. The two subpopulations will be indexed respectively by ¢ and r.
We introduce

m™ (s) = min(Nyj o ()bar (X (5)), 25 (s)bs), 1™ (s) = max(Nyy 4 (s)dar (X (s)), Z5' (5)d.),

where (Nﬁq,N]\Ifm) and (ZK, ZK) are defined as follows:
t t
Nyt = 1 +/ / Ly<mn (s—yy Nig(ds, du) —/ / Liocuspr (s—yy Nig(ds, du)
t
K _ b
NMaT(t) - /O /R+ 1{mK(57)<u§Nﬁ,q(57)bM(XK(s—))}NM(dSadu)
t
d
+/0 /]R+ LONE (5o (XK (s—))<uspk (s} Naz (ds, du)
t
b
+/O /]R Lo<u- g (s )bas (XK (=) N, (s—)bas (X (s} Nar (A8, du)
.

t
d
_/O /]R 1{0§u—Nﬁyq(s—)dM(XK(s—))SN{j’T(s—)dM(XK(s—))} Nz (ds, du)
"
and in a similar way,

ZE@®) = Nif,0)

/ot /ﬂh 1{mk(sf)<ugzg<(sf)b*}N}\}(ds, du)
" /ot /R+ Lez5 (s-)d. <upi (s—)} N (ds, du)
+/Ot /R+ 1{0§u—zqf<(s—)b*§z;<(s_)b*}J\/'}\}(ds,du)

t
d
_/0 /]R+ 1{0§u—Z5<(s—)d*SZ{f(s—)d*}NM(dS’du)'

ZE (1)

We can easily check that
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Lemma 2.4. The following equalities of processes hold, almost surely:
Ny =N+ Niyp.  Z=2F+ZK

Proof. That results from the fact that N ﬁq + Njy, and Nf are solutions of the same stochastic
differential equation for which pathwise uniqueness holds. A similar argument also holds for Z. O

Let us introduce the time when the gap to the equilibrium for resident population goes beyond some
level n > 0 starting from the initial condition N¥(0) = ng € N%:

TH (no,n) =inf{t >0 : [Nf(t) —aRK|>n}=inf{t >0 : |XF(t) —a}| >n/K}.
We consider the (potentially random) initial population size N¥(0) and introduce the stopping time

4log K
3r,

The residual processes N, ZX will be compared to an inhomogeneous branching process and proved
to be negligible until TII{M (m,n), with m and n suitably chosen.

Remark 2.5. This stopping time considers the first time when the population of mutants goes beyond
m or the population of residents has moved of n from its equilibrium value. It is also truncated at a
deterministic value of order log K. For this truncation, we can consider any time X\ log K/r, (with
A > 1). We choose A :=4/3 in definition (2.1) to optimize the convergence speed of Theorem 2.2. This
particular choice only matters in the proof of Lemma 2.8.

Lemma 2.6. Under Assumptions 1.1 and 2.1,
i) If OrFr(z*) <0, for any L > 0, there exists Cr, > 0 such that for any n < K/(log K),

log K\ '/* log K
SC’L(NC;? ) eXp(C’LnOg )

E|  swp  (ZE(0)+ N () =z

th}f{M(Ln,n)

ii) If OrFr(z*) = 0, there exists C > 0 such that for any n < K/(log K)?,

1/2
E sup (ZE(t) + Nﬁr(t))e*”t <C <log K,/ n> exp <C’ log K4/ n) .
t<TE . (VEnn) K K

=‘R,M

Proof. Since by; and dj; are locally Lipschitz, there exists C, > 0 (which may change from line to
line) such that for any s < T% ,/(Ln,n) and n < K,

n

Zg (5)lbar (X (5)) = bl + 255 (5)ldas (X7 (5)) = du] < CLZE (5) 4

(2.2)

almost surely. Then, recalling that Zf =N fé "

n

Zf(s)b* —mE(s) + pf(s) — Zf(s)d* < C’LZf(s)K.
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Therefore, the process ZX can be stochastically dominated on the time window [0, T}I{ u(Ln,n)] by a
branching process with inhomogeneous immigration Y, unique strong solution of

t
_ 1
Y = /0/R+1{M<CLZ§(S)£}N(ds,du)

t t
+/ / l{OSuSY(sf)b*}NXZ;(dSadu) —/ / 1{O§u§Y(sf)d*}Ng(d8adu)a
o Jr, o Jry

where N/, N, V¢ are independent Poisson point measures with Lebesgue intensity on R?. We can
easily note that for any ¢ > 0,
E[ZF(#)] <E[Z(t)] =™

and straightforward computation leads to
E[Y(t ATE v (Ln,n))] < C % e2ret (2.3)

Indeed, denoting y(t) = E [V (t ATE ;(Ln,n))], the function y satisfies the following : for all ¢ > 0,

n t/\TgM(Ln,n) K t/\TgM(Ln,n)
y(t) :CLE/ E [Zq (8)] ds + 7"*/ y(S)dS
0 0
n t t
SCL—/ e %ds + 7“*/ y(s)ds
K 0 0

¢
SCLEGT*t/?"* jL”/ y(s)ds.
K 0

Hence Gronwall’s inequality gives (2.3).

Let M (t) be the martingale part of the semimartingale Y (¢) (i.e. defined by the same expression as Y’
replacing the three Poisson point measures by their compensated versions), with quadratic variation
process given by

¢
n
(M)(¢) = / (CLZE(5) 7+ Y ()b + ) ) ds.
0
Using Doob and Cauchy Schwarz inequalities and Tf ), (Ln,n) < 4(log K)/(3r,) by (2.1), we obtain
from the previous estimates

t
/ e " dM(s)
0

TII{IW(L’IL,H) 1/2 1 K
) < C]E(/ e—Q’"*Sd<M>(s)) < Opy /28
0

E sup
(t<TI§,ZM (Ln,n) K

We compute now
t t
Y (t)e "+t :/ e™*dY (s) — r*/ Y(s)e™*ds

0 0
t t n

_ / =AM (s) + / e (OLZE () + ¥ (). — ) — Y ()b — d))ds
0 0 K
t t T

:/0 e "*dM(s) +/O e " CLZ, (s)?ds.

Combining the previous estimates and using again Tf?f w(n, Ln) < 4log K/(3r,), we get

_ nlog K nlogK
E sup Y(t)e ™) <O 14/ + .
<t<TK (Ln,n) K K

R, M
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Using the domination of ZX by Y, we obtain
E sup ZE(t)e ") < COpy/log Kﬁ,
tST}{M(Ln,n) K

which proves the first estimate ¢) for Z,.

The assertion i) for N7 . can be proved in a similar way. Indeed the individual birth and death rates
are respectively upper-bounded by b,+Cpn/K and lower-bounded by dy—Cprn/K fort <T II{ v (Ln,n).
So Nﬁ,r is dominated on the time window [0, T}I{M (Ln,n)] by the process Y defined by

t
Y(t) = // 1{u§cqu(3_)n/K}NI(ds,du)
o Jr,

t t
b d
Jr/0 /]R I{OSUS?(Sf)(b*JFCL”/K)}Nf/(ds’dU) a /0 /]R 1{0§u§f/(5,)(d*,an/K)}Nf/(dS,du),
* +

The conclusion follows as above by considering Y (¢) exp(—(ry + 2CLn/K)t) for t < TE p(Ln,n).

For the second case %), we proceed similarly. The only difference is the upper-bound for the resident
population in the stopping time TﬁM, and (2.2) becomes

n
)

ZEbar (X () = bl + 2 )i (X)) = el < CZF ), 7

almost surely for s < Tlf{ v (VEKn,n), since n < K. Following the steps of case 1),

1/2
E sup  ZEK@We | <C <log K, /") .
t<TK \ (VKn,n) K

Proceeding similarly for N ﬁT ends the proof. Notice that the exponential rescaling give the exponential
factor in the statement of the lemma. O

The next lemma guarantees that, in some sense, N¥ is equivalent to Z in probability until suitably
chosen time TI{{M (m,n). The proof uses the fact that, by definition, Nﬁq and Zf are the same process,
whence it is sufficient to control the residual processes N ]\I/{LT and ZX normalized by Z. The previous
Lemma 2.6 is important for this last step.

Lemma 2.7. Under Assumptions 1.1 and 2.1,
i) If Or Fr(z*) < 0, for any L > 0, there exists C, > 0 such that for any small enough n > 0 and
n < K/(log K),

NE( log K\ /1 log K
IP’( sup M()—1‘>n; W>O>§Cl’/L4(n o8 > exp(C’Ln o8 > (2.4)
tST}{M(Ln,n) Z(t) n K K

ii) If Or Fr(x*) = 0, there exists C' > 0 such that for any small enough n > 0 and n < K/(log K)?,

NE(t C 1/
IP’( sup ‘ (1) —1‘>77; W>O) §1/4(logK n) exp (ClogK n) (2.5)
t<TE (V) | Z(1) 1 V K V K
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Proof. Let us prove i) and focus on the survival event {W > 0} where the process Z stays positive.
On this event, using Lemma 2.4, we obtain
INH () = Z2@)] _ Vi, () = ZF @0 _ NG, (8) = 275 (#)le!
Z(t) Z(t) W(t) ’

where W (t) = Z(t)e~ ™! is the classical martingale associated with Z.

We use now Lemma 2.6 i) and the fact that W (t) converges to W a.s. as ¢ tends to infinity. We
deduce that for t < TF ,,(Ln,n), N3y .(t)— ZF (t)|/Z(t) tends to 0 in probability on the event W > 0,
as K tends to infinity.

Let us now obtain an explicit convergence speed. For convenience we define

Uk = sup Z,(t)e ™t + sup Nﬁ’r(t)e_”t.
tST}}{M (Ln,n) tST}}{M (Ln,n)

The previous computations ensure that

NGO - 20 _ UK
Z(t) - inftzo W(t)

a.s. on the event W > 0. Moreover, choosing ¢ = nlog K/K, for any n > 0,

1
P (UK > inf W(t); W > 0) <P (UK > 52/5) +P (inf W(t) < =e?/°; W > 0) :
t>0 t>0 n

By Markov’s inequality and Lemma 2.6,
P (UK > 62/5) < Cp eY/272/5,Cre — (0, £1/10,C1e.

On the other hand, by Lemma 6.2 in Appendix,

1 s 1 o 1
P (inf W(t) < = W > 0) < C—e¥>* /4 = /10
>0 " nt/ nt/4

This proves the result in the case 7). Case i) is proven similarly. O
Let us now compare the times when mutant and resident population processes reach their threshold.

Lemma 2.8. We denote sx = 4(log K)/(3r«). Under Assumptions 1.1 and 2.1,
i) If OrFr(z*) <0, then there exist L,C > 0 such that for any K > 2 and n < K/log K,

VKlogK 1 (nlogK)l/m)

P (T3 (N"(0),n) > Tf (N¥(0), Ln) A s ; W > 0) <C< " e 7

ii) If OrFr(z*) = 0, then there exist L,C' > 0 such that for any K > 2 and n < LK/log(K)?,

]P’(Tﬁ(NK(O)m) > TE(NK(0), VEn) A si; W > O) <C <W+ Ki/g . <logK\/§>l/1o> |

Observe that {TH(N%(0),n) > TE(NK(0),m) A sk} = {TE(NK(0),m) = Tlf{M(m,n)}. We are
using the result for sequences with m = i which makes the right hand side go to zero. This will ensure
that the mutant population process reaches its threshold before the resident population process.




V. Bansaye et al./Sharp approzimation for invasion processes 12

Proof of case i). Let us write TK = TI{{ v (Ln,m) for convenience. The first step consists in controlling
the resident population. Let us prove that there exist L,C > 0 such that for any K > 2 and n <
K/log K,

P (Tf (N"(0), Ln) < Ty (N*(0),n) A sk)

vKlog K
:IP(sup | XE (t) — o} >Ln> §0i7 (2.6)
t<TK ’ ’ K n

For that purpose, we first notice that, for any t < T and K > 2,
n 1
—<

K 7 logK

XK () < and XK (t) < a% + L% <+

log K~

Hence, the processes X and XX are bounded up to time 7%, uniformly for K > 2.
We define

1 o~
“0=% b
M (t) B K [O,t]XR I{USNIIa((Sf)bR(XK(sf))}NR(dS,du)
1
K [0,4]x {u<NK s—)dp (XK (s— }NR(dS du),

where N 1% and N 1% are the compensated Poisson martingale measures of A/ 1% and N g. We obtain
XE@t) =xK(0)+ ME(t) / Gr(XE(s

where
Gr(zr,zm) = 2r(br — dr)(@R, M) = Tr Fr(ZR, ZM).

The quadratic variation process of the martingale part M¥ is the following

(M) = /0 X5 (5) (bR (X (5)) + dr(X* (5)) ) ds. (2.8)

Observing that Gr(z*) = 0 by definition of z7},, we rewrite the dynamics above as

XE (1) =XK(0) + M¥(t) + BE(t) + HE(1) + / (XK (s) — %)0RGr(a*)ds,

where
HE (¢ / XE ()00 G r(z*)ds

and

(0 = [ (Gr(X*(5-)) = Gala") = (X (5) = ai)0nGn(a") = XEi(5)0nGnla") s,

Denoting
Y (t) == Xi (t) — 2%,
we have
YA (1) = (XE(0) - afy) + H5 (1) / Y (5)0rGr(s*)ds, (2.9)
where

HE(t) .= M®(t) + HE(t) + HY (¢).



V. Bansaye et al./Sharp approzimation for invasion processes 13

Recall that OrFr(z*) < 0 and so drgGr(z*) < 0. Then Lemma 6.3 ensures that for any K

sup [YA(s)] < TIXE©) —ap|+T sup |HS(s) ~ H(ls))],
0<s<TK 0<s<TK

with
1

I':=(1+|0rGRr(z")]) 1 — ¢PrGr(z")

Using that HX = M¥X + HE + HX and (using Taylor-Lagrange’s inequality to obtain the following
bound for HL)

sup [FE0) = B < ElouGr@@)l, - sup [HE() - HE(14)] < © (&)

almost surely for some constant C' > 0, by definition of 7% and HE, HX  we get

sup |V (s)|<T ( sup |M*(t) — M= ([t])] +C;> .
0<s<TK t<TK

Besides, using (2.7) and (2.8) and T% < Clog K, we get E [(M*)7x] < C(log K)/K. By Markov’s
and Burkholder-Davis-Gundy’s inequalities, we then obtain

P ( sup. [MF(t) — MK((1))] > ") <o g | sup |MK<t>|]
t<TK K n t<TK
SC’%E (M5 )]
1/2
SCE (logK) SC\/KlogK'
n K n

Recalling that YA (t) = X&(t) — 2% and n < K, choosing L large enough and combining these two
last estimates yields the expected inequality (2.6) and ends the first step.

We turn to the second step and prove that

1/10
P(Tﬁ(NK(o),n)Ang(NK(o)Jn)st;W>0)gCK—1/3+C(1ogK,/I"{> : (2.10)

Let us notice that, a.s. on the event {WW > 0},

{3 (NF(0),n) AT (N¥(0),n) > sic }

C ({Nﬁ(sK) <n+1}nN {]% < 2}) U { sup

t<TK

NE(®) 1
Z]Vét) — 1' > 2}.

K (4

NE(#) 1
200 ‘1'>2}

C{Z(sk) gK—l—l}U{sup

t<TK

Hence, using Z(sx) = W (sx)e™*5 = W (s )K*/3 (by definition of sg),

P (Tyy (N®(0),n) ATE (NF(0),n) > sg; W > 0)

Z(t)

t<TK

NE(t 1
g]P’(W(sK)SQK1/3;W>0)+]P’<sup M()l'>2;W>O>.
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The first term of the right hand side involves an estimate on the infimum of a single type branching
process. It will be stated and proved in Lemma 6.1 in forthcoming Appendix. The second term of the
sum in the right hand side has been controlled in Lemma 2.7 7). Observing that the exponential term
in Lemma 2.7 is bounded since n < K/log K and combining these estimates yields (2.10).

We can now conclude the case i) combining the two steps. More precisely we use that for any
z,y,2 €ER, (> yAz) <= (r Ay >z or x Az >y). The result follows then from (2.10) and (2.6). O

Proof of the case ). We prove a similar result under the hypothesis Og Fr(2*) = 0. Let us prove that
there exists L > 0 such that for any K > 1 and n < L.K/(log K)?

log K
P( sup |XF(t)—a}| > Vn/K | <Oy o8 , (2.11)
t<TK n

where now T := Tf 1, (vVnK,n).
For that purpose, we use again (2.9) and get directly

sup | XE(1) — ah| = sup YA () (2.12)
t<TK s<TK

<|X# (0) — 2| + sup [M®(t)[+ sup |H{(£)|+ sup [Hy (t)].
t<TK t<TK t<TK

Recalling that Tk < 4(log K)/(3r,) and proceeding as in the case ), we obtain

log K log K
P( sup |[M5(t ‘7 1/ \/ \/og \/og (2.13)
t<TK 2
K K logK
sup |H{ ()| + sup |HE(t)] < C T <C—logK C
t<TK t<TK

For any n < K/(2Clog(K))?, we get

sup |H{ ()| + sup |HJ(t)
t<TK t<TK

n
DN | =
FE

Then (2.12) guarantees

1 /n
su XE@) —a%| > n cd sup IME@)|>=,/—
{tg‘l' K Ry_\/K} s MR 35

and (2.13) yields (2.11) with L = 1/(4C?). The proof is concluded as for the case 7). O

Theorem 2.2 becomes now a consequence of the two previous lemmas.

Proof of Theorem 2.2. We recall that s = 4(log K)/(3r,) and in the case i) we use
N (1)

P sup
(thg(NK(o),n) Z(t)
< P (T (N¥(0),n) > T (N¥(0), Ln) A sk, W > 0)

+P sup
tSTg M (Ln,n)

The two terms of the right hand side can be controlled using respectively Lemmas 2.8 to choose L
and 2.7. This completes the proof for ), and i) is proved similarly. O

1‘>77;W>0)

-1

M .
A0) >n,W>O>.
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3. Approximation by dynamical systems

The goal of this section is to approximate the process X% = (X5 XX) defined in Section 1 by the
dynamical system defined by (1.2) under degenerate initial conditions. Usually such an approximation
is proved when the initial conditions are of order of magnitude one (cf. for example [22]). Here, we
focus on a small deterministic initial density of mutants, 1/K < xp = NX(0)/K < 1 and an initial
density of residents zr = N£ (0)/K close to the equilibrium value z%. The initial mutant density
may be very small regarding K but we still enjoy a large number of mutants allowing to compare the
stochastic process to its expected deterministic behavior. Starting from such sub-macroscopic level of
mutants, the time for them to reach macroscopic levels will be of order log K. We will compare the
density process and its deterministic approximation on this invasion time scale. They are both small
at the beginning and we will show that their ratio remains close to 1 on the full time window allowing
to reach macroscopic density of mutants.

This section emphasizes the role of (small) initial conditions and we introduce the flow notation for
convenience. The process X% (z,.) started from z is defined for any K and time t by
1
XE(z,t) =2a + 7 L (W< KX (25— Ybu (X 5 (2,5} N (ds, du) (3.1)
[0,t] xR4

1

% 0 l{uéKxf(zvS—)d-(XK(m,s—))}N.d(dS,du)
xR

for e € {R, M}. The flow ¢(z,t) = (¢pr(z,t), dar(x,t)) is the solution of (1.2) starting from the initial
value x, i.e. the unique solution of

¢(z,0) =z, %qﬁ(m,t) = G(¢p(z,1)), where Go(z) = To(be(x) — de(x)).

In this section we assume that the flow ¢ satisfies a boundedness assumption: the solution remains in
a compact set if it starts close to the equilibrium z*.
Assumption 3.1. There exists a compact domain D of Ri and € > 0 such that

(z — e, 2z +¢e)x[0,e) CD  and {o(z,t):x € D,t >0} is bounded.

3.1. Properties of the dynamical system and hitting times

Let us consider the hitting time for the mutant population starting from x
vz, v) =1inf{t > 0: pp(z,t) = v},

where by convention inf @ = oo and in that case the hitting time is infinite. The following result
quantifies the hitting time 7as(z,v) as a function of the two variables x and v, starting close to the
equilibrium z* = (2%, 0). Let us define, for n > 0,

C(x,n) =sup{on(z,t) : t <Tar(w,m)},

where Tps(x,n) is the first time when the growth rate of mutants is smaller than #:
Tar(z,n) = inf{t > 0: Far(¢(x,t)) < n}.

We set

=i inf  C(x,7),
Un = M my (z,m)
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where B, (z*) denotes the ball of radius r centered in z*. Observing that v,, is increasing as n decreases,
we let 7 go to zero and define v, as the upper-bound of the values of mutants which can be reached in
the increasing phase, starting from the neighborhood of the equilibrium:
vy := lim v,,.
0

The next result guarantees that v, is positive and finite. It also quantifies the hitting times 75/ (x, v)
when z goes close to #* and v is smaller than v,.

Proposition 3.2. Under Assumptions 1.1 and 3.1, the value v, is positive and finite.
Besides there exists a continuous increasing function 7 : [0,v.) — Ry such that 7(0) = 0 and for any
v € (0,v,),

1
lim  sup |7ar(w,v) — —log(v/zn) — 7(v)| =0,
T—x* UG(IM,T)] Tx

where the limit is taken for x € (R%)? if OpFr(z*) <0, and for
x € D(n) = {(zr,2m) € (RY)? : |og — ak/log(1/zar) < 0}
for some n > 0 if Op Fr(z*) = 0.

The role of the set D(n) is to guarantee a suitable control of the resident population. Indeed, as x s
decreases, the time to reach v increases (since it is of order log(v/xr)), and so zr needs to be closer
to x% to compensate it.

The proof of this proposition necessitates some lemmas, which guarantee the resident process to
remain close to its equilibrium value as long as the mutant process remains small.

Lemma 3.3.

i) If OrFr(z*) < 0, then there exist ug € (0,1) and C > 0 such that for any u < ug and x
(xR, zMm) € Bu(z®),
sup |ogr(z,t) — 2R| < Cu.
t<7n(x,u)
it) If OpFr(z*) = 0, then there exist ug € (0,1) and no > 0 such that, for all u < ug and x
By (a*) 0 D(no),
sup |ogr(z,t) —ag| < Cu.

t<7n(x,u)

i) In both cases, for all u < ug and x € By, (z*) N D(no),

v (z,u) < rzlog(l/xM).

*

Proof. For convenience we introduce the gap between the flow with its initial position for the resident
population dynamics and the first time when the flow leaves B,.(z*) (for any r > 0):

yr(t) := ¢r(x,t) — xR, sp(z) :=1nf{t > 0: ¢(z,t) & B.(z*)}. (3.2)

Note that, for the sake of notation, the initial condition x is not written explicitly in the quan-
tity yr(t) which still depends on it.
To begin with, let us prove that, for » > 0 small enough,

sn(x) < rzlog(l/xM). (3.3)

*

Recalling that Fy;(z*) = ry > 0, we have, for r small enough and t < s,.(z),

Ouons (1) = baa (2, ) Far (B(,)) = dua (a,8)
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Whence, for all t < s,.(z),
bt (x,t) > wpret ™2,

The inequality above implies that s,.(z) is finite. Then as t — ¢ps(x, t) is continuous, by choosing r <
1, we have
ape® @2 < gz s () < 1,

which implies

2
50(2) < 2 log(1/ar).
Tx
Now let us prove i). As OrFr(z*) < 0, we can find r > 0 such that for any « € B, (z*),
OrFRr(z) < OrFgr(xz*)/2 < 0. (3.4)

Let us use that by definition of the flow ¢g

yr(t) :/0 ¢R($’3)FR(¢($7S))(13=H(t)+/0 or(w,s)yr(s)OrFr(zR, r (T, 5))ds, (3.5)
where
H(t) = /0 or(x,s)(Fr(é(x,s)) — yr(8)OrFr(zR, ¢ar(x, s)))ds.

Recalling Assumption 1.1 (R) and using Taylor expansion, there exists C,. > 0 such that
|Fr(¢(2,5)) = Fr(zr, dr(2,5)) — yr(s)OrFr(2R, o (2, 5))| < Crlyr(s)|?
for s < s,(x). Using that Fr(x,) =0, we get also
\Fr(zr, dar (2, 8))|= |Fr(2R, dar (2, 5)) = Fr(2R, 0)] < Cp ([rr — @R| + |¢m(z, 5)[)

and, combining these two bounds,

sup |H(t) = H([t])] < C; <|$R —apl+  sup (lon(z,5)| + y3(8)2)> :

t<TAsy(x) t<TAs,(x)

Thanks to (3.4), we can use Lemma 6.3 for (3.5) and we get, for any T > 0,

t<TAs,(x) t<s,p(z)AT

sup |yR(t)|§Cr< sup H(t)H(LtJN) (3.6)
t<TAs,(z)

<C, <:CR—36§|+ sup (|¢M($,S)|+|yR(S)|2)>-

In the rest of the proof, the value of C, is fixed. We work now for times when yg is also smaller that
1/(2C,;) and introduce

5,(z) = inf {t >0:|yr(s)| > Qér} A sp(z).

Then for s < 5,(x), this yields Cy|yr(s)|? < |yr(s)|/2 and gathering terms with yr,

sup |yr(¥)| <2C. <|:17R —zR|+ sup |¢M(x,s)|> .

t<TAS,(z) t<TAs,(z)
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For any u > 0 and = € B, (z*),
sup lyr(t)| < 4Cyu. (3.7)

t<7n (,u)ANS,(x)

Thus, setting ug = (r/2) Ar/(8C,.) A 1/(16C?) ensures that for any x € B, (z*),
sup lyr(t)] < (r/2) A1/(4C:),

t<7p(x,u0)ASr(x
which guarantees 5,(x) > Tas(x, ug). Thus for u < ug, one has 5,(x) > Tas(x, u) and (3.7) becomes

sup |ygr(t)| <4C,u,
t<7n(z,u)

since Ty (z,u) < Tpr (T, u0) < 5r().
We prove now (ii) and consider the case OrFr(z*) = 0. Recalling that the flow is bounded

from Assumption 3.1, a Taylor expansion in z* yields now |Fr(¢(x,t))| = |Fr(d(x,t)) — Fr(z*)| <
Cllor(x,t) = 23|* + [dar (,1)]) and recalling that yr(t) = ¢r(z,t) — T,

lyr(t)| = |0r(z, ) Fr(d(z, 1) <C [lrr — aR* + yr(t)* + du(z,1)] - (3.8)
Let us now introduce the first time when the quadratic contribution may become dominant :
s(z) = inf{t > 0:yp(t)* > |z — zR|* + onm(z, 1)}

Before this time, we can use |y} (t)] < 2C [|zg — 2| + ¢ar(,t)] and we get for t < s(z),

lyr(t)| = ‘/Oty%z(s) <C [|me§{|2t+/0t¢M(x,s)ds}

Let us use again the notation s, (z) introduced at (3.2), and fix > 0 to some small enough value
such that for t < s,.(x), Far(o(z,t)) > /2. Hence, for t < s,.(z),

¢ t 1 9 qt 9
/o on(x, s)ds :/O agng(a:,s)mds < = Osdnr(x, 8)ds < EQSM(z,t). (3.9)

We obtain for t < s(z) A s.(x) (using (3.3)),

yr(t)] = | / Ya(8)| < C [l — hl? log(L/zar) + dar (. 2)] (3.10)

From now the value of C' is fixed and assumed to be greater than one (possibly by increasing it) and
we consider 1o := 1/(4C?). Let x € D := D(1/(4C?)) = {(zr,znm) : |zr — 2% log(1/zp) < 1/(4C%)}
and t < mp(x,1/(40?)) A s(x) A s.(x) such that ¢y (x,t) < 1/(4C?). We get
* * 1 *
R < 2C* [(ler — 2k] log(1/zm)*|wr — 2RI + 6a(2,0)?] < 5 [lor — 2Rl + dua(2,1)] -
This implies that for any = € D, s(z) > mp(z,1/(4C?)) A s,.(x) and (3.10) becomes

sup lyr(t)| < Cllag — ok + dar(z,t)] .
t<7n(x,1/(4C?))Asr(z)

Finally choosing some ug < 1/(4C?) Ar/(4C), the inequality above implies that Tas(, ug) < s.(z),
which proves the result.
Proof of iii). A straightforward consequence of i) and i) is that, in both cases, it is possible to
define, for any 7o > 0 small enough, some 1y > 0 small enough such that for all u < uy,
7-M(Iv u) < Srg (CL‘)

Then (3.3) gives the result. O
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The following lemma is not used in the proof of Proposition 3.2. However, since it is similar to the
previous one (guaranteeing a control of the cumulated gap between the resident population dynamics
and its equilibrium), we state and prove it here.

Lemma 3.4. i) Assume that OrFr(xz*) < 0. Then there exist ug € (0,1) and 19 > 0 such that for all
u < wug,n <1 and x € By (xz*) N D(n),

M (z,u)
/ sup |pr(z,s) —ak|dt < C(u+n).
0

s<t
ii) Assume that O Fr(x*) = 0. Then there exist some ug € (0,1) and 19 > 0 such that for all u < ug,
and n < ng and x € By(xz*) N D(n),

T (z,u)
/ Sup |ér(z, ) — a| dt < Clu+ ).
0

s<t

Proof. Here again, z € B, (z*) and we will choose u small enough to have the following estimates.
Firstly, let us prove the result under the assumption dgFr(2*) < 0. Using (3.6) and noting

z(t) = sup lyr(s)]

we have for all t < 7p7(z,u),
z(t) <C (|xR — 2Rl + om(x,t) + z(t)z) ,

since the function t — ¢ps(x,t) is non-decreasing on [0, 7as (z, u)] for u small enough. As a consequence,

T]u(l‘,u) TM (J),u) TM (.Z‘,u)
/ z(s)ds SC(TM(JL‘, u)|zr — o) +/ oz, s)ds + z(TM(:C,u))/ z(s)ds)
0 0 0

We use Lemma 3.3 to estimate z(7as(z,u)). Moreover (3.9) gives a bound for fOTM(x’u) dum(z, s)ds.
Adding that mpr(z,u) < 2log(1/xp) /7% (see Lemma 3.3 iii)), we obtain for any « € D(n),

T (z,u) T (z,u)
/ z(s)ds < C (n+u+u/ z(s)ds)
0 0

Then for v € (0,1/(2C)], for x € D(n),

TM (:c,u)
/ z(s)ds < 2C(n+ u).
0

We conclude using that ¢r(x,s) —z% = yr(s) + zr — 2% .

We can proceed similarly under the assumption OgFr(z*) = 0, using now (3.8) and

/OT /0 (o= /OTZ“) /otz(s)dsdt < (/OTZ(t)dt>2

The proof is completed. O

The next lemma allows to lower-bound the growth rate of the mutant population on the time-
windows we are interested in. It is used to quantify the hitting times 7/ (x, v).

Lemma 3.5. The value of v, is positive and finite. For all v € (0,v,), there exist n € (0,7) and
r >0 such that, for all x € B.(z*) N (R%)? and t < tar(x,v), Far(d(z,t)) > .
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Proof. Recall that r, = Fjr(2*). We consider the case Or Fr(z*) < 0 and the other case can be treated
similarly. Thanks to Lemma 3.3, we can choose uy > 0 such that, for all u < wg, and z € B, (z*),

|pr(z, Tar(z,u)) — 2Rk < sup  |or(z,t) — zi] < Cu.

t<Tm(z,u)

Then
{p(x,t) 1 t < Tar(z,u)} C ([25 — Cuy gy + Cul x [0,u]) N (RE)?.

Since Fis(z*) > 0, we can choose u; € (0, ug] such that
n = inf {Fp(p(z,t)) : t < mpr(x,u1), 2 € By, (x*)} > 0. (3.11)

This ensures that v, > u; > 0.
Besides, starting close to the neighborhood of x*, the flow is bounded by Assumption 3.1. This
ensures that v, is finite.

Note that (3.11) only proves the second statement of the lemma for arbitrary small values of v < .
For the general case, consider some v < v,. Then there exists n € (0, r,) such that v < v,. Hence there
exists some 7 > 0 such that

< inf C(z,n).
LS (z,1)

Let z belong to B, (z*) N (R%)?. Then

v < C(x,n) =sup{om(z,t) : t <Ta(w,n)}

and we get Fis(¢(x,t)) > n for t < mp(x,v) by continuity of t — Fs(p(x,t)). O

We can now prove Proposition 3.2.

Proof of Proposition 3.2. Let us consider the case OrFr(z}) < 0. We start by proving the result for
small values of v < v,.

By respectively Lemmas 3.3 and 3.5, there exist some 0 < u; < v, and n > 0, such that, for all
u <wuy and z € B, (z*),

|pr(z, Tar(z,u)) — 2R] < su(p : |pr(x,t) — 2| < Cu, (3.12)
t<tm(z,u

and for all ¢t < Tps(x, u),
Fa(o(x,t)) = 1.
Furthermore
vz, (b)) =t
and

at¢M(x,t) = ¢M($,t)FM(¢R($,TM(x, ¢M(xat)))v ¢M(xvt))

By separation of variables (put u = ¢pr(x,t)) and integration on the time interval [0, Tps (2, v)], we get

v 1 1
raa(z,v) = / P T = TR + Refe),

for any v € (0,u1] and © € B, (z*) (with 2 <wv) and t < 7p7(x, v), where

Rulz) = / . (FM@R(x,TL(x,u)),u» - 1) -
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To get the expected estimate, we need to evaluate the term inside the integral for u close to 0. Using
that Fy is locally Lipschitz and r, = Fj(2*) and (3.12), and we obtain that for any u € (0,u1] and
x € By, (z*) (with zpr < u),

. (FM<¢R<x,TL<m7u>>,u>> - 1) =¢

The integral of the right hand side is convergent at 0 and we get

lim sup R,(x) =0.

v—=0 zE€By, (z*):wpm <v

Besides, for any us € (0,u1], (x,u) = Far(¢dr(x, 7ar(x,u)), u) is uniformly continuous on {(z,u) : z €
By, (z*),xpm < u,u € [ug,u1]}. This can be shown by a linearization argument at the equilibrium z*
using Hartman-Grobman’s Theorem (see e.g. Section 3.2 of [23, p. 24] and particularly Theorem 3.2.1).
Combining both facts and splitting the interval [z, v] = [Z,, u2] U [usg, v] yield

sup {|Ru(z) — Ry(2')] : 2,2" € Br(z*) N (RY)?, v € [max(zar, ¥y), u1] } — 0.

The uniform Cauchy criterion ensures then that R,(z) converges, uniformly for v € [vg, v1], to a real
number 7(v) as x goes to x*. Therefore,

. Y1 1 1
)= Jim ) (FM<¢R<x,TM<x7u>>,u>> - ) du (3.13)

and the previous estimates also guarantee that 7 is continuous on (0, ;] and that 7(v) goes to 0 as v
goes to 0. This ends the proof for v € (0, u;].

To deal with v € [u,v,), we split the time to reach v using the time to reach first u;:
T (2, v) = g (x, ur) + s (T, ug, v),
where Tpr(x,u1,v) yields the time to go from wu; to v:

v 1 1
L u Fy(or(z, T (w,u)),u))

It remains to check that this term converges as = goes to «* (uniformly for v € [ug, us] where us < v,).
This can be achieved as above using uniform continuity of (z,u) € {(z,u) : @ € By, (z*),u € [u1,us]} —
Fr(pr(x, Tar(z,w)), u). It ensures that the limit is continuous and increasing with respect to v. The
conclusion follows from the fact that log(v/zar) = log(v/uy) + log(uy /2 ar).

The case OrFr(z*) = 0 is treated in similar way. The linearization argument for proving uniform
continuity is more subtle in that partially hyperbolic case and we can use [31]. O

vz, ur,v) = T ((Or (2, Tar (T, u1)),u1),v) = / du. (3.14)

3.2. Quantitative approximation of the stochastic process

The main result can now be stated. We consider a large number of mutants but authorize this number
to be small compared to initial resident population size. This makes the limiting process to be null on
finite time intervals and we look at large time intervals 7p;(x x,v) and renormalized values to describe
how the mutant density escapes from the absorbing and unstable boundary. Thus the initial density
of mutants is small, and the initial density of residents is close to the equilibrium.

Theorem 3.6. Under Assumptions 1.1 and 3.1, for all vx = (%, 2%,) € (N*/K)?, satisfying

/K <ahy <1 and |2y —2f|log (1/2) < 1,
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there exists ng > 0 such that, for any v € (0,v4),n € (0,19), there exists some C > 0 satisfying for all

K e N*,
K
XE (k. t) 1‘ >n> . cC

P sup .
(tng(zK,u) (v, t) \/@

Observe that our initial conditions are satisfied as soon as the initial number of mutants N (0)
goes to infinity but remains negligible compared to K and the initial density of mutants X g (0) is close
to the equilibrium value up to a term of order of magnitude 1/log K. Our result stops at hitting times
v (2, v) but could be easily extended on finite time intervals and with initial conditions of order
one, following classical results of [27, 28].

In all this subsection, the hypotheses of Theorem 3.6 are in force, and we denote, for @ € {R, M},

and
YE(t) = XE (1) — 2k (1),

In addition, we introduce the following stopping times: for e € {R, M},

X3 ()
z (1)

Gf{::inf{t>0 : >2}7(9K::91l,§/\9ﬁ7

¢
Jf :—inf{t>0 : /0 sup Yg(r)dSZn} for n > 0,

r<s

oK =inf {t >0 : sup |[YE () > 5} for e > 0.
s<t
In order to prove Theorem 3.6, we need the following result providing a control in probability when
K goes to infinity of the stopping times 05 , (fff and 6X. This lemma guarantees the same property as
Lemma 2.8 for the previous section: with probability going to one as K goes to infinity, 7as (25, Ln) AL
is non-greater than the stopping times defined above. In other words, the stopping condition is reached
by the mutant population and not by the resident one.

Lemma 3.7. There exist L,ng > 0 such that for all 0 < n < g,

P (o < rar(wic, Ln) A 65) g%K—W (log (1/2%))*"* (3.15)
P (55, < mar(ex, Ln) A5 A o) S%K”/z (log (1/2%))"* (3.16)
P (0% < mas(x, L) A 6L) g%f(—l/? (log (1/2%))** (3.17)

Proof. To begin with, let us prove (3.15). For the sake of notation, let us denote
SE = myr(xg, L) AOE A U,If.
By definition of Uff ,
SK
{O’,II(STM(.IK,L’I])/\QK}Z {/ sup‘Y?(r)’dsZn}.
0 r<s
To control the probability of this event, we use that

YE(t) = HX () + /O Y (5)0rGr(z (s))ds (3.18)
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for all ¢ > 0, where

HE (1) = M5 () + R (¢) /YM V0u G (2" (5))ds,

1
K .
M7 (t) = K/[o ek L e roxts (smpn(xs (smy VA (s, d2)

1 Ard
TR Jo g, Hesrxgeoance o NR(ds, 42).

RE(t) - /0 [GR(X™(s5) = GR(2"(5)) = V3] (5)OMGR(" (5)) = Y ()OrG R(2" (5))] dr.

In a first time, let us treat the case IrGr(2*) = 2 0rFr(2z*) < 0. Thanks to Lemma 6.3 we have
sup [V (s)] < Csup [H(s) ~ H¥([s))] < € suplH¥ (1),

On the other hand, if OrGr(z*) = 2} 0rFr(z*) =0,

v (K, L1) 7™ (zK,Ln)
/ oGl () <C [ (e85 )+ 255 (r) — l) dr < CLn,
0 0
using respectively Assumption 1.1 (R) and Lemma 3.4. Besides, by Gronwall’s lemma,
t
E O] < sl @l es ( [ 10aGrES (rlar).
s<t 0
Combining these two estimates implies that, for all t < 7/ (xx, L) A 0K,
YA (8)] < sup [H" ()[e“"" < Csup [H" (s)],
s<t s<t

for n < ng fixed to some small enough value.
Gathering the two cases, we have proved that if dgpFr(z*) < 0, for t < 7ar(z 5, Ln) A 6K,

sup |Y1§(s)‘ <Cy sup|HX (s)]
s<t s<t

t
<Cy sup\MK(8)| + Cy sup\RK(8)| + Co/ |Y]\I4((S)| . |8MGR(xK(s))|ds, (3.19)
s<t 0

s<t

for some constant Cy > 0 whose value is fixed.
In addition, for t < 7y (2 gk, Ln),

LK _ [ 1 ) (s)ds
| tioas = [ s @y o)
< [y s = clafi(v - 2k 0) < cfi 0. (3.20)
Using twice this inequality and |V (r)| = 25 (r)| X E (r) /25 (r) — 1] < 2 (r) for r < 6K,
SK s sK
/ / Y5 (7)] - |00 G (2™ (r))|drds < C/ / 2 (r)drds < Cx%(S™) < CLn. (3.21)
0 0 0 0

By Taylor-Lagrange’s inequality and Lemma 3.3 (which guarantees that the process 2 is bounded
up to time SK) we also have

[ s s < [T [ ORIV VO VEOR) s

r<s
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Since S¥ < 7y/(2x, L), and using the same computation as (3.21),

SK s SK s
/ / VE () 2drds < Ln/ / YE () |drds < C(Ln)?.
0 0 0 0

Besides \Y]\I/[{(r)| . |Y1§(r)| < |YAI/f(T)|sup|Yé{(r’)| for r < s,
r’'<s

SKE s sk
/ / |Y1\I4((7‘)| . \Yé((r)\drds < CLn/ sup|YPIi{(r')|ds < C’LnQ.
0 0 0

r'<s

K K
Similarly, fOS [YE(r)|?drds < Cn fOS sup|YA (r')|ds < Cn?. Combining these estimates yields
r'<s

SK
/ sup |RE(r)|ds < Cn?. (3.22)
0

r<s

Plugging (3.21) and (3.22) in (3.19), we can choose L > 0 and 1 > 0 small enough and get

TA{(Q’:K,LT])/\GK TM(QCK,LT])/\QK ,r]
P / YA (s)|ds > n | <P / MK (s)]ds > =1 ).
0 0 3Co

Using again Doob and Cauchy-Schwarz inequalities,

El s [MF(0)]| < CE[(M¥), oy mpnon]

t<7n (25, Ln)AOK

o (@, L) AOK 1/2
< CK-1?E / XK (s)(bn + dR)(XK(s))ds]
0

< OK Y27y (ak, Ln)/2.

Using Markov’s inequality and the comparison of 7as(zx, Ln) with log (1/z4%;) (cf Lemma 3.3.7i7)), we
get

(zx,Ln)AOK C
P ( / YA (s)|ds > n> < K (log (1/15)) "
0
This proves (3.15).

Now we prove (3.16). By definition of &fn,
{o8, < marlaw, L) A6 nof b =0 sup (YA ()| > (L) b
SSSK/\&i{n
For the sake of readability, let us denote
T = §K p 5K

To control the probability of the event above, we use (3.19) again. We have that

TK
[ Y5 (5)] - 10ar G2 (5))ds

)

T K v (T, L)

Y,

SC’/ J]]\K/[<S>| %(SﬂdsgC/ X (s)ds
0 w(s) 0

Ta (25, L)
< C/o m(.ﬁﬁ)l(s)ds < C(I’J\I;(T]\/I(CEK,Ln)) — xl\K/I(O)) < CLy,
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and

K " T
sup [R¥(9) <C [ Xk ()~ alfo)ds v [ V@R e [ V)] v ()lds
0 0 0

s<TK

<C(Ln)? + CLy* + C(Ln)* < Cn.
Since 7 is arbitrary small, we have

P < sup [YA(s)| > Ln) <P ( sup ’MSK| > Ln/4>
s<TK

s<TK
<Oy 'E (M%) 7] < O Y2 (log (1/25)) 7,
which proves (3.16).
Finally, we prove (3.17) using (3.15) and (3.16). Notice that

R K YA )
{9R STM(:CK,LT])/\QM} C sup i -
t<rar (wr, L) A0K T (1)

Then, by Lemma 3.3, we know that for all ¢t < mps(xk, Ln), if n > 0 is small enough,
R () > af — CLy > a%/2.
Hence, for 7 > 0 small enough,
{08 < malor, Ln) 035} g{ sup VA1) Zxﬁ/?}
t<tnp (K, Ln)NOK
Q{&fn < 7mv(xr, Ln) A HK}
Q{aé{ < 7Tam(xr, Ln) A QK} U {55] < (e, Ln) AOK A 05}.
Since the probabilities of the two last events above are controlled respectively by (3.15) and (3.16),
the result is proved. O
We are now able to prove the main result of this section.

Proof of Theorem 3.6. We decompose the proof of Theorem 3.6 in three steps. The first step is the
approximation of X AI/([ by xAK/[ until the level of the mutant population dynamics reaches some small
macroscopic value. The second step is more classical and consists in showing that the approximation
still holds true during an additional time length 7" > 0. In the last step, we show that within these
time intervals the mutant population dynamics reached levels vy < v*.

Step 1. In this first step, we prove that there exist C, L, 79 > 0 such that for any n € (0,10),

XE(t 1 1
B sup ;;4()1’>n <ot (3.23)
t<rar(erc,Ln)| Lar(t) n Kz (0)
We use that
X () "X (s) K
=1— (byr — dar) (™ (s)) ds
2 (t) o xh(s)
1 b
! ~/[0,t]><R+ Kaf(s) 1{“§K'va(f(s—)‘bM(XK(S—))}NM(dS’ du)
1
_ - 1 N (ds, du).
/[O,t]xR+ Kzl (s) {u<K-X{(s—)-du (XK (s-))} (s, du)
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Writing J\N/}\’/I and ./\N/Z‘\i/l the compensated measure of N¥, and N'¢;, and introducing the locally square
integrable martingale

1 -

K (3 . 4

Farlt) ._/[0 xR, m1{“§K-Xﬁ(s—)~bM(XK(s—>)}NM(d8’du)
1 n7d
B /[0 pen, Kok (s) Husiox i sopass (o Vir (45, du),

we have X Pa—

XK (¢t Xiy(s

i) gy B+ [ S8 (5 (X(8)) - Pl ())) d.
xh(t o Ta(s)

Let us denote TX = 7y (x g, Ln) A 8% for convenience. We observe that

™ 1 XE(s)
o Kaxy(s) ai(s)

2c (T 1
b+ ) (xR as < 2 [

(Exp)rec =

Consequently, for T < TK |
X ()
why ()

T
sSup|Eﬁ<t>|+c/ (XK (5) — 25 (5)] + | XE (s) - 2 (s)]) ds
t<T 0

_ 1’
t<T

T
Ssup|Eﬁ(t)|+C’/ x(s) - sup
t<T 0 r<s

XJ\I/(I(T)_ T Ki\_ K
() l‘ds—FC'/O | X5 (s) — a5 (s)| ds.

So, by Gronwall’s lemma, for any T < a7 (x5, Ln) A 65,

X () K R K C [T 2K (s)d
M2 1’ < | sup|Ey (H)] + C’/ | XE (s) — 2k (s)|ds | e Jor #ai(s)ds, (3.24)
(1) t<T 0

t<T

Besides, by Burkholder-Davis-Gundy’s inequality,

E | sup [Ef(t)]

t<TK

K 1/2
™o

< CE[{Bf)e] < CK~'°E VO el B
M

where the second inequality can be obtained either by Cauchy-Schwarz’ inequality or Jensen’s inequal-
ity.
Besides Fiys (2% (t)) is lower-bounded on [0, Tas (7, Ln)] by some & > 0 thanks to Lemma 3.3 since
Fp(z*) > 0 if  is chosen small enough. Then % (s) > e**2%,(0) and

1

E -
K3 (0)

sup |Ey; (1)
t<TK

<C- : (3.25)

4~

where the value of C' has changed in the last inequality, but is still independent of K.
Let us recall that, thanks to (3.20), we have

T (25, Lm)
/ 2 (s)ds < CLa.
0

So, (3.24) can be rewritten as

X5 ()
(1)

sup
tST}VI(IK,Ln)/\GK

TM(J)K,LY])/\QK
—1‘ <C sup |EAI§(t)|+C/ YA (s)] ds.
0

tST}u(IK,Ln)/\OK
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By Markov’s ine uahty and 3.25
q )

n C
P( sup [EE®)| > =% | < ———.
(@K' (D)l 20) TR

Besides, by (3.15) from Lemma 3.7,

™ C 1 \\*?
P YE(s)|ds > a < ZK-12 (lo ()) .
(A Yie () 20) ) s\E0)

We obtain from the three last inequalities that
XB(t C 1
P sup M()—1‘>77 < = —.
t<TK n

aqy (t) Kz% (0)
Using now that for € (0,1), we obtain

K K X (t)
{01M<007 9M§TM($K»L77)}§ sup K 1‘>7] ’
t<TK xM(t)

and (3.17) proves (3.23).

Step 2. We fix T > 0 and we prove now that the approximation of XX by 2, is still valid on the
time interval [rar(zx, Ln), Tar (i, Ln) + T). The fact that the mutant population dynamics has left
the neighborhood of 0 makes such estimates more classical. More precisely, we introduce the notation

X&) = XF(t+ ek, L), 851 =2 (t+ 1 (ax, Ln))

for e € {R, M}. First, we observe that

yr, = _inf_ @3 (t) >0,

since the boundary Ry x {0} is stable for the flow ¢, which is continuously differentiable, and the
initial value % (0) belongs to a compact set of (R*%)? (thanks to Lemma 3.3)).
Then

X (0) - #50) e
P [ sup > | <P (sup| XE0) - 30| > nyra),
t<T Ty (t) t<T

and it remains to prove that for any n > 0,

P (sup XE@t) - g}ﬁ(t)’ > n) <CK™'/2 (3.26)
t<T

This result is a classical approximation of population processes by dynamical systems on finite time
intervals, see Ethier-Kurtz [22]. For sake of completeness and to give explicit bounds, let us prove the
result here. We use again a stopping time which ensures boundedness :

6% .= inf {t >0 0 XKt > 225 (¢) or XK (¢) > Qiﬁ(t)}.
We have, for any ¢t < oK

() -2 0] < |MEQ + © [ (1K) - 256+ 1K) - 3 6)]) ds
0
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where M g , M are locally square integrable martingales satisfying
(ME), ox < CtK™1.

Then, Gronwall’s lemma implies that

sup (\Xﬁa)—fﬁ(wh)Xéf(t)—f;f(t)\)<( sup [ME(8)]+ sup |M£§<t>|> .

t<TAOK t<TAOK t<TAOK

Hence, using Markov’s and Burkholder-Davis-Gundy’s inequalities, we obtain

P sup (‘X{}(t) - fﬁ(t)’ + ]X,fg(t) - jg(t)D > | < —CrKV2. (3.27)
t<TNOK
Finally, let us now dismiss the stopping time 6% . Let Ag (T') be the event

AT o= {sup (|85 0 - a5 0| + %0 - 5 0]) > o}
Choosing 7’ smaller than
. K . ~M
tg]l’I,lIEEIIR £ A tg]l*I,lIf(‘leR OF
guarantees that
agryc{o* =1},

whence P(AS(T)) = P (Aﬁ(T) n{0x > T}) <P (Aff,(TA éK)) :

Since (3.27) provides a control of P (Aff, (T A éK)) , (3.26) is proved.

Step 3. We can now conclude the proof of the theorem using the two steps. Combining the two results
yields the expect control until time 7as(xx, Ln) + T, for any 5 € (0,10) and T > 0. We just need to
check that T, can be chosen (independently of K and x k) so that 7y (zx, Ln) + T, > Ta (i, v). This
is indeed the case, as can be seen from (3.14) with u; = Lz for instance. O

4. Thresholds hitting times

In this section, we use the results of the two previous sections to approximate the hitting times of the
process (N (t));. Let us recall that, for any n > 1, we have defined in (1.5) the stopping time

Tii(no,n) :==inf {t >0 : Nij(t)>n}.

The following main result of this section complements the results of [6, 7]. It gives a quantitative
information on the law of hitting times of thresholds of order K but also for thresholds of size less
than K. We recall that v, is defined at the beginning of Section 3.1.

Theorem 4.1. Grant Assumptions 1.1, 2.1 and 3.1. Let ((x)k be some sequence which tends to
infinity and satisfies (x /K — v as K — oo, for some v € [0,v,). Then, for any e > 0,

_ log(Gue/W)

Tx

i P (|T45(V0). ) (v)

K—oo

ZE;W>0):O,

where T is the increasing continuous function such that 7(0) = 0 defined in (3.13) and

d,
W = lim e "' Z(t) £ 50 +

t—o0 b*

Tx —ax
b Pr, /b,s  Ha(dz) = 1R, (x)ae” “dz.
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To prove this result, we first focus on the submacroscopic phase and use the branching process ap-
proximation to determine the asymptotic behavior of the hitting times of the mutant population pro-
cess. For this purpose, we need the following lemma which guarantees the hitting time T4 (N¥(0), £x)
to go to infinity, for suitable sequence (k).

Lemma 4.2. Under Assumptions 1.1 and 2.1, for any sequence & tending to infinity and satisfy-
ing £ < K/log K if OpFr(x*) < 0 (resp. &k < K/(log K)? if OrFr(z*) = 0), the hitting time
TE(NE(0),£k) goes to infinity almost surely as K goes to infinity.

Proof. For the sake of notation, let us write T4 := T (N%(0),£k) in all this proof.
By Lemma 2.8, for any € > 0, there exists some K. € N* such that, for all K > K,

P (V¢ < Thy, bu(X5(t) <b +1)>1-c

In particular, we can couple the process NI with a branching process Z, starting at Z, (0) = 1 with
individual birth rate by := b, + 1 and without death, such that, for all K > K,

P (Vt < Tgp, Niyg(t) < Z4(t) 21—«

It is known that Z (t)e~%+! is a local martingale converging to some finite r.v. W, that is finite a.s.

(see e.g. Theorem 1 of [1, p. 111] and Theorem 2 of [1, p. 112] in Section IIL.7). As a consequence

Wi = 51>1pZ+(t)e_b+t is also finite a.s. Introducing Té( the hitting time of the value &k by the
>0

process ZJ_r, we have
{N3(Th) < Zo (T} S{T 2 T}

Besides, by definition of T, on the event {T£ < oo},
(6] = Z(TF) < Waeh T2,
which implies
1 _
Tg > E log([€x ]/ W4).
Consequently, for all £ > 0,
P(Tﬁ N +oo> >1 e
K—oo
Letting € go to zero proves the result. O

The previous lemma allows us to obtain an asymptotic expansion for the hitting time T (N5 (0), £k ).
One can note that the statement of Proposition 4.3 is stronger than the one of Lemma 4.2.

Proposition 4.3. Under Assumptions 1.1 and 2.1, for any e > 0,

- IP’( _ log(§x /W)
K—oo

T
for any sequence & tending to infinity and satisfying x < K/log K if OrFr(z*) < 0 (resp. {x <
K/(log K)? if OrFr(z*) =0).
Proof. Consider the case g Fr(z*) < 0 and let (i) be a sequence tending to infinity and satisfying
¢k < K/log K. We apply Corollary 2.3. Then for € > 0, there exists Ky such that for any K > K,

T (N%(0).¢x)

’>€;W>0):0

P(Vt cl0,TE], 1 —e)Zt) < NEt) < (1 +e)Z(t)| W > o> >1—¢,

where we write TH = TE(NX(0),&k) for convenience. Since Z(t) exp(—r4t) converges to W almost
surely as t tends to infinity,
Z(t)
P 2\
<§1>15 exp(r )W

1‘25|W>0>%0



V. Bansaye et al./Sharp approzimation for invasion processes 30

as u goes to infinity. Then there exists tg such that
]P’(Vt >to, (1—e)We' < Z(1t) < (1+e)We™' | W > 0) >1—ec

In addition, by Lemma 4.2, we know that P(T% > to|W > 0) > 1—¢ for K large enough. Combining
these estimates,

IP’<W € [to, TH], 1 —e)*We™t < NE@#) < (14 )*We™! | W > 0) >1-—3e.
Adding that {x < NE(TE) < &k + 1 by definition of T, we obtain for t = TX
IP( (1—e)?WenTh < & +1, £ < (1 + )2 We™t | W > o) >1—3e.

Finally, taking the log inside the last probability yields the result.
The case where OrFr(xF,0) = 0 can be treated in a similar way, and is therefore omitted. O

Now, in order to prove Theorem 4.1 from the results of the previous sections, we need to guarantee
that, when two processes are close in some sense, their hitting times are also close. This property is
stated and proved in the two next lemmas.

Lemma 4.4. Let f,g:[0,to] = R. Assume that g is differentiable and

a=inf ¢ >0, B= sup |[f(t)—g(t)
[0,0] te[0,to)

If B < g(to) — g(0), then for any = € [g(0),g(to) — 8], {t € [0,10] : f(t) > x} is non empty and

=

|inf{t € [0,t0] : f(t) > a} —inf{t € [0,t0] : g(t) > x}| < =.

Q

Proof. Let us note in a first time that {t € [0,¢0] : f(¢) > 2} is non empty since
f(to) = g(to) + (f(to) — g(to)) = g(to) = B > =.
Let t(z) € [0, o] be the (unique) time when g(¢(z)) = . Then for ¢ € [0, (z) — €],
FO)<gt)+B<gtx)—ea+B=x—ca+f<uz

where the last inequality holds for any £ > 8/a. This forces inf{t € [0,t0] : f(t) > x} > t(z) — .
Similarly for ¢ € [t(x) + ¢,t0] and € > 5/«

f) 2 g(t) =B = g(t(x)) +ea =B >
This yields inf{¢ € [0,%] : f(t) > z} < ¢(x)+e and completes the proof since e can be chosen arbitrarily
close to §/a. O

We can now capture the behavior of hitting times for X (¢) when X (0) is large compared to
1/K using the approximation by the dynamical system. For x € (N/K)? and v € R, we consider the
hitting times

Tar(x,v) = inf{t > 0:ap(t) >0}, SK(z,0) =inf{t >0: XE(t) > v}, (4.1)

where z(0) = X% (0) = z.
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Lemma 4.5. Under Assumptions 1.1 and 3.1, assume
/K < XB(0)<1 and |XE(0)—a%|log(1/X5(0) <1

i probability as K — oo. For any 1 < c¢1 and vy < vy,

lim IP’( sup |53 (X(0),0) — Tar (X(0),0)] zs> =0.

K—oo 1 XK (0)<v<wg

Proof. There exists C' > 0 such that for any € € (0,1/2] and u € [1—¢,1+¢], |log(u)| < Clu—1| < Ce.

Using Theorem 3.6, we have
XKt
log< %()>‘ZCE =0.
(1)

o <X£§ (t

lim P sup
K—o0 t<rar (XK (0),00)

We apply now Lemma 4.4 on the event

sup
t<7ar (X5 (0),v0)

F(8) =log(X (), g(t) = log(xy(t)),

which is possible by choosing e small enough such that, for all ¢; X£(0) < v < vy (with the notation
of Lemma 4.4)

with

B < Ce < loge; <log(v/XE(0)) = g(te) — g(0).
By Lemma 3.5, there exist some n > 0 and Ky € N* such that, for all K > K,
P (Vt < TM(XK(O),UO),FM(xK(t)) > n) >1—c.
Then, noticing that ¢’(t) = Fa (2% (¢)) and that |f(t) —g(t)| = | log(X £ (t) /2% (¢))| allows to conclude.
O
Finally, we end this section with the proof of the main result.

Proof of Theorem 4.1. To begin with, if (x < K/(log K)?, then v = 0 and the result has been proved
in Proposition 4.3 above.
Otherwise, let (£x)x be any sequence such that

€k < (x and &g < K/(log K)?,
and let vy == (i /K. Writing X5 (t) := XK (t + TE(N*(0),£k)), and using the notation of (4.1),
T3t (N*(0), Cie) = T (N*(0), &xc) + S (X7 (0), vic).

Finally, since X% (0) satisfies the assumption of Lemma 4.5 (cf Lemma 2.8), the result is a direct
consequence of Propositions 3.2, 4.3 and Lemma 4.5.

Note that, since K/(log K)? < K/(logK), we do not need to treat separately the cases where
OrFr(z*,0) is null or negative in the proof of Theorem 4.1. O

In this part, we have obtained an approximation of hitting times which allows to quantify the
stochastic effects. Developing more deeply our approach, we could study the speed of convergence in
Theorems 3.6 and 4.1. This is left for a future work.
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5. Examples : competitive and epidemiological models
5.1. Lotka-Volterra competitive model

We consider the dynamics of a two-dimensional population composed of resident and mutant individ-
uals, which have their own demographic parameters and interact in a competitive way, for example in
sharing resources or niche areas. This model is included in the framework of the paper, with constant
individual birth rates

be (XK (5—)) = b

and individual death rates of the Lotka-Volterra form :
dr(X"(5)) = dr + c11 X (s) + 12X 35 (s),

da (X5 (s)) = dar + 21 X5 (5) + c2.2X 17 (5),

with individual birth and death rates br,bys > 0 and dr, dys > 0 and a competition matrix (ci,j)lgi’jgg
with non-negative coefficients. We assume that the coefficients bp — dr, bas — dar, c1,1 and cp o are
positive.

The corresponding dynamical system is the competitive Lotka-Volterra system, that is the ODE
(1.2) with

Fr(xr,2nm) =br —dr — c11%R — €122 M, Fy(zg,xm) = by —dy — c21TR — Co 20
Then
* bR _dR
Th=——.
C1,1

Let us check that the previous results can be applied. First, we observe that the regularity in Assump-
tion 1.1 is satisfied. Second, (z%,0) is an equilibrium and

aRFR(.T;%,O) = —C1,1 < 0.

This means that Assumption 1.1.(E) is satisfied for (z%,0). Moreover, 2% is a stable equilibrium for
the resident population alone, which corresponds to the first case considered in the branching process
approximation.

Finally, we start from a population with only one mutant, N5 (0) = K —1, NX(0) = 1 and we consider
z§, = 1. So the invasion condition Fi(z%,0) > 0 reads by — dy — (br — dr)ez1/ci,1 > 0. It is then
easy to compute v*, which is

if Fp(0,2%,) <0, or v = (bayr —dar)ers — (br — dR)can it Fr(0,2%,) > 0.

C2.2 C1,1C2,2 — C1,2C21

* * bM—dM
v=Ty =

In this framework, it has been proved in many papers, in particular in [21], [14], [17] that new
phenomena can emerge from small subpopulations whose size is of order K¢, o < 1.

Our results allow to characterize the size of populations on such scales. In particular, these results
emphasize the fact that, on the scales K% (« € (0,1)), two approximations are valid in the following
sense (cf respectively to Theorems 2.2 and 3.6):

Proposition 5.1. Forc> 0,
i) starting from N¥(0) = (K —1,1), for alln > 0 and o € (0,1),

Ny (t) :
P sup —1l>n; inf Zt)>1] — 0,
t<TE(NK(0),[cK*]) Z(t) 20 K—o0

where Z is a birth and death process with individual birth rate by; and individual death rate
dy + 02713;%.
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ii) For o € (0,1] and B € [0,1), assume that, almost surely, N¥(0) satisfies

1 < NE(0) < cK® and |[NK(0) — K| < KP.

]P’( sup Nﬁ())1‘>n> — 0,

t<TE (NK(0),|cK=]) Ky (t K—o0

Then

where (25 (t), 25 (t)): is the solution of

{ é R(t) :xR( )(br —dRr —c1, 1333 t)—c QJJM t)),
a@n () =2y () (b — dar — e212% () — 2223 (1)),
with (v (0), 23;(0)) = (N (0)/K, N3 (0)/K).
In addition, it can be essential to know at which time a population initiated by a single mutant

individual could attain such size. Our results answers to the question for all a < 1. More precisely,
Theorem 4.1 for (g = cK“ yields

Corollary 5.2. For any a € (0,1) and ¢ >0
alog(K') + log(c/W)

Tx

lim P (‘Tﬁ(NK(O), [cK*]) —

K—oo

‘25;W>O>O,
Here v = 0 and 7(0) = 0.

5.2. SIR model

Let 8 > 0 be the infection rate (per pair of individuals) in a mixed population and v > 0 the individual
recovery rate. Let K > 1 be the total population size. At time ¢, the number of susceptible individuals
is denoted by S¥(t), the number of infected individuals is denoted by I (t) and K — S (t) — I (¢)
yields the number of recovered individuals. Each susceptible becomes infected at time ¢ with rate
BIK(t)/K. Starting from one infected individual and all other individuals susceptible, the process
NE = (NEK NE) = (SK, I¥) is the unique strong solution of

SK(t) =K -1 —/ 1{u§ﬂsK(S_)1K(s_)/K}N[(dS,du).

[0,t] xR

I%(t) =1 +/ 1{u<psx (s—)1x (s—)/ kyN1(ds, du) */ Liu<qyrxs—)3Na(ds, du),
(0,6 xR+ 0

,t] xRy

where N7 and N are Poisson point measures on R? with intensity dsdu.

The process N¥ is a bitype birth and death process as considered in the introduction with N =
N?, = N2 and birth and death rates defined by
br(zr;rnm) =0, dr(rr; M) = Brm

by (zr;Tm) = Bar, dv(Tr;TM) = 7.
The ODE describing the limit of N¥ /K is given by (1.2) with

Fr(zr,zm) = =By, Fy(xg,xm) = Brr —

Let us check that our results can be applied to the case where the first derivative of Fr with respect
to xr cancels. First, we observe that regularity of Assumption 1.1 is satisfied. Second, for any xg > 0,
(zR,0) is an equilibrium and

8RFR($R7 0) =0.
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This means that the second part of Assumption 1.1 is satisfied for any xr > 0. Moreover, there is no
geometric stability for the resident population alone, which corresponds to the second case considered
in the branching process approximation.
Finally, we start from a population with only one mutant, S¥(0) = NX(0) = K—1,1%(0) = N£(0) =1
and we consider z}, = 1. So the invasion condition Fi;(z%,0) > 0 reads § > 7. The branching process
Z is a birth and death process with individual birth rate 8 and individual death rate ~.

In this example, the maximal value of the invasive population is the peak of the epidemic and
can be computed. Indeed, at the peak time, the derivative of = is zero, so s = v/8 Adding that
~vlog(zs) + f(1 — xg — x1) = 0, we obtain for the peak value v, = zy the expression:

1. vy Y
ve =1 6+,6’10g<6>

We obtain the following results when there is an outbreak of the epidemic. The hitting times for
the infected population are defined by

m#(n) = inf{t > 0, I (t) > n}.

Proposition 5.3. If 3 > ~, then
i) for any £ < K/(log K)? and n > 0,

(1)

K
lim ]P’( sup ’I(t) —1’>77;I(TIK(§K))>O)=O,

Kotoo \i<rK(ex)

where I is the unique strong solution of

I(t) =1 +/ l{uéﬁj(s_)}.j\/‘[(ds,du) — / l{ug,ﬂ(s_)}./\/‘g(ds, du).
[0,t] xR [0,t] xR

i1) For any v < vy and e > 0,
IK
lim limsup P sup 72) - 1‘ > IK(T)>0) =0,
T=eo Kooo \telrrf (i) | Kap ™ (1)

where (x?T(t) :z:f(T(t)) is the solution of

Lo Ty =Bk T (2T (1),
%gff’T(t) Z(ﬂng(t) N (t).

such that (x5 (0),z1°7(0)) = (S¥(T)/K, I"(T)/K).

Point 4) is a consequence of Theorem 2.2 and point ii) comes from Theorem 3.6. These two parts
have an intersection : in the time window when the number of infected individuals is large but negligible
compared to K/(log K)?, we have informally

I8 () ~ I(t) ~ WelP=Dt o KaioT (1 = T).
We also obtain an approximation of the time when the epidemics reaches a given level (by Theorem 4.1):

Corollary 5.4. Let (Cx)x be sequence which tends to infinity and satisfies (/K — v as K — oo,
for some v € [0,v,). Then, for any € > 0,

lim P (
K—oo

where T is the increasing continuous function such that 7(0) = 0 defined in Proposition 3.2.

log (Cx /W)

Tx

K(Cx) — T o) —o,
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This question of how long it takes for an epidemic to reach a high level has several motivations.
Indeed, sanitary capacities for managing the infected individuals (hospital beds, isolation...) are limited.
The time at which sanitary capacities reach saturation is an important factor in managing epidemics
and taking control measures (social distancing, confinement, etc.). In addition, we control here the
period during which the stochasticity of the process still plays a role, before deterministic predictions
are valid with sufficient accuracy.

6. Appendix
6.1. Minimum of the martingale associated with the branching process Z

Recalling the notation of Section 2, we are interested in the minimal value of the martingale W (t) :=
Z(t) exp(—r4t). Such object for simple branching processes has already attracted a lot of attention.
We are not aware in the literature of the estimates given here and provide the proof for completeness.
This relies on classical L? estimates to control the speed of the convergence of the martingale.

Lemma 6.1. For any ¢ > 0, and any Z—adapted stopping time T,

P(W(r) e W >0)<C(e+e7E [Lipcaye ™7?]),
where W is the almost sure limit of W(t) as t goes to infinity, and C is some positive constant
independent of € and . We use the convention W(+00) := W for the inequality above to make sense.

Proof. To simplify the proof, we firstly treat the case where 7 is deterministic and finite. To begin
with,
Z(7)
W(r+1)=W(r)=e " [ Y Nie™™ = Z(7) |,
i=1

where, conditionally on Z(7), the N; are i.i.d. with the same distribution as Z(1). This implies that

Z(7)
E[(W(r+1) = W(r)*] =e >7E |Var | 3 (Nie ™ ~1) |2(7)
=e > "E[Z()] Var [Nie "™ —1] < Ce™™". (6.1)

On the other hand, we write

PW(r)<e;W>0)<PW<2;W>0)+P(W(r) <e; W > 2)
<PW <2, W>0)+PW-W(r)>e¢).
Recalling that, on the event {W > 0}, W follows an exponential distribution, we can bound the first

term of the sum above by 1 — e~ ¢¢ < Ce.
The second term of the sum can be handled as follows:

P(W—-W(r)>e)=P|> W(r+n+1)=W(r+n)>e

n>0

gé SCE(W(r+n+1) - W(r +n)]
n>0

< 'S E [|W(T tn+l) - W(r+ n)ﬂ i
n>0

ch—le—r*7/2 Z 6—7'*7;/2 < 05—16—7'*7'/2.
n>0
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This ends the proof in the case where 7 is deterministic.

Now to prove the result when 7 is some almost surely finite Z—adapted stopping time, we just
have to do the same computation conditionally on F.. Indeed, since Z(7) is F,—measurable and
Z(t+ 1) — Z(7) independent of F(7), (6.1) becomes

E|[W(r+1) - w(r)? |]-"T] < Ce T
and the last computation of the previous case gives
P(W — W(r) > | Fy) < Ce~te™7/2,

The result of the lemma is then proved by taking the expectation in the inequality above.
Finally let us treat the case where 7 is not necessary almost surely finite. We write

PW(r)<e; W>0)=P(W(r)<e;W>0;7<00)+PW(r)<e; W>0;7=00)
<P(W(r)<e; W>0;7<00)+P0<W<e¢). (6.2)

Note that, on the event {7 < oo}, we have the almost sure convergence
Liwamy<ews>oy —2 Lw(n)<ew>o0y-
Hence, by Fatou’s lemma,
PW(r)<e; W>0;7 < 00) Slimninf PW(rAn)<e; W >0;7<o0)
Slirr%inf P(W(rAn)<e; W >0).
Then, applying the result of the lemma with the almost surely finite stopping time 7 A n, we obtain
P(W(r)<e; W>0;7<o00)<C (5 + s_llimninf E {e_T*(TA")/QD .

Noticing that
efr*('r/\n)/2 < 1{T<oo}eir*‘r/2 + efr*n/Q’

we have

PW(r)<e; W>0;7<o00)<C (E +e7'E [1{T<OO}6_T*T/2D .

In addition, to control the second term of the sum in (6.2), we recall that the distribution of W is

Zi:ao + )
Hence PO<W <e) = 3(1_87%5) < (Q)2
- by by
Recalling (6.2), the result of the lemma is proved. O

Lemma 6.2. With the same notation as in Lemma 6.1, for any 0 < e < 1,

P (inf W(t)<e; W > 0) < Cel4,

t>0

for some positive constant C independent of €.
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Proof. Let us introduce
1
Se 1= r—log(l/s).

On the event {W > 0}, we have Z(t) > 1 for all ¢ > 0 and further, for t < s., e™™! > . As a
consequence

{ian(t)§s;W>O}g{inf W(t)gs;W>o}.

t>0 t>s.

For some A > 1 whose value will be fixed later, let us denote
S, := inf {t >s. 0 W(t) < 51/’\} .
Since A > 1 and 0 < & < 1, we have € < e%/*, hence
{tglsfs W(t) < g} C{S. <0} C {W(SE) < 51/)‘}.

Note that the last event above is trivially satisfied only if S. < oco.
Then, thanks to Lemma 6.1,

P (W(SE) <A w o> 0) <C (51/’\ +e VAR [1{Ss<oo}€_T*SE/QD .
Recall that, by definition of S, Sc > s., and so

_T*SE/Q} < emTese/2 _ 12

— )

E |:1{Ss<oo}e
implying that
P (W(Ss) <MW > ()) <C (51/’\ _|_51/271/)\> '

Finally, choosing A := 4 to optimize the bound above proves the result. O

6.2. Perturbation of stable dynamical system

We provide a result which is strongly inspired from Lemmas 3.1 and 3.2 in [30]. We consider an
exponential stable dynamical system : ¢y’ < —cy, with ¢ > 0. We add a source term, which acts as a
perturbation given by h. The following result allows to control the value of the dynamical system in
terms of fluctuations of the source term h on a unit time interval.

Lemma 6.3. Assume that there are three measurable and locally bounded functions y, h, ¢ with h(0) =
0 and satisfying for all t > 0,

y(t) = y(0) + h(t) + / y()6(s)ds.

Suppose in addition that ¢ is bounded, and upper-bounded by some negative number. Then, for all
t>0,

sup ly(s)| <T (Iy(O)I % sup |h(s) — h(LSJ)I) ,

where T = (1+||§]|oc) /(1 - exp(sup ).
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Proof. To begin with, we introduce

B(t, s) = eli #Mdr < (=Clt=s),

for some positive constant C' := —sup ¢ > 0. Then

O(t,t) =1; D(t,8)P(s,u) = (t,u),
0D (t,s) =D(t,8)d(t) ; 0:sP(t,s) = —D(t, s)p(s).

By a standard constant variation argument, one can write

y(t) = B(£,0)y(0) + h(t) + / B(t, $)h(s)6(s)ds.

Then it results the following decomposition:

[t] j
1) =0600) + Y 9(0.3) () =G~ 1)+ [ 851006 () i - 1) s

j—1
t

+h(t) = h([t]) + /M ®(t,5)¢(s) (h(s) = h([t])) ds.

Using the upperbound of ¢, we obtain

Lt]
O] <)+ e (s [0 <G - DIT') + s ()~ (LT

j—1<s<) lt]<s<t

with I := 1 4 ||¢[c. The result is proved by choosing I' = I" 322, e =T"/(1-e°). O
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