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Sharp approximation and hitting times for
stochastic invasion processes

Vincent Bansaye*, Xavier Erny* and Sylvie Méléard*
* CMAP, CNRS, Ecole polytechnique, Institut Polytechnique de Paris, 91120 Palaiseau, France

Abstract: We are interested in the invasion phase for stochastic processes with interactions
when a single mutant with positive fitness arrives in a resident population at equilibrium. By
a now classic approach, the first stage of the invasion is well approximated by a branching
process. The macroscopic phase, when the mutant population is of the same order of the resident
population, is described by the limiting dynamical system. We obtain sharper estimates and
capture the intermediate mesoscopic phase for the invasive population. It allows us to characterize
the hitting times of thresholds, which inherit a large variance from the first stages. These issues
are motivated in particular by quantifying times to reach critical values for cancer population or
epidemics.

MSC2020 subject classifications: 37N25, 60F15, 60G55, 60H10.
Keywords and phrases: Branching process, Dynamical system, Stochastic processes approxi-
mation, Hitting times approximation.

1. Introduction and main results

We aim to finely quantify a mutant invasion in a resident population at equilibrium. Such situation is
standard in eco-evolution, in cancer emergence or in epidemiology when a single individual particularly
well adapted can develop its own subpopulation and invade the global population. After a certain
amount of time, the number of mutants becomes non negligible with respect to the resident population
size, allowing to summarize the dynamics of the stochastic population processes by their deterministic
approximations. In Champagnat [14], a systematic approach was introduced to quantify the mutant
invasion success, based on the fine properties of the mutant birth and death process and its coupling
with branching processes for which the survival probability was easily computed. That allowed to
characterize the probability for the mutant process to attain a certain fixed threshold. This approach
has been used by many authors [15], [7], [2], [8], [12].

To go in details in this invasion process, it is necessary to introduce some scaling parameter K char-
acterizing the macroscopic population sizes and allowing to quantify each invasion step. We consider
a bi-type birth and death process modeling the population size dynamics of resident and mutant indi-
viduals which are interacting. We denote by NJ (¢) (resp. N (¢)) the number of resident individuals
(resp. mutant individuals) at time ¢. The interaction is modeled through density dependence of birth
and death rates. For that purpose, we introduce the scaled processes

XE(t) = (X5 (8), X37(1) == (N (t)/ K, Nji (t)/ K).

The processes (NEK, NX) are defined on a probability space (Q,F,P), as solutions of the stochas-
tic differential systems driven by Poisson point measures N E,N Id%,/\f b N, with Lebesgue measure
intensity on Ry x R : for e € {R, M}, for any K and time ¢,

NE(t) ZN.K(O)JF/ L{ua N (s—)be (X (s—))} N2 (ds, su) (1.1)
[0,¢] xR+

- / L{us NE (s da (x5 (s—)yNa (ds, du).
[0,t] xR+
We assume that, for @ € {R, M}, N? and N¢ are independent, but (N3, N'4) and (N?,;, Ng,) are not

necessarily independent. We refer to Section 5.1 for an application where independence holds and 5.2
1
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for an example where it does not.

The individual birth and death rates of resident and mutant individuals denoted by b,, de are func-
tions of the scaled resident and mutant population sizes X£ and XX. This dependence models the
interaction between both populations, as competition for resources, which for example may impact the
death rates. The individual growth rates are defined on Ry x R by

Fr(zr,znm) = br(er,20) — dr(zr, 2Mm); Fy(zg,2zm) = bu(xzr, xar) — dy (TR, o).

It is well known (cf [19]) that under suitable assumptions on the parameters and when initial
conditions of the branching processes are of order K, the stochastic process (XX (t), XE(t)):t>0)
converges in probability, on any finite time interval, to the dynamical system

(1.2)

le :xMFM(.TR,l'M):GM(xRa(EM)'

The dynamics of the macroscopic resident population (N4 (¢),t > 0) is then approximated by (K zg(t),t >

3 -

0). We assume the existence of an equilibrium 7, > 0 satisfying
FR(LIJ}}, 0) = bR(CE}}7 0) — dR({E*R, 0) =0.

When a mutation appears in the population at the equilibrium, the mutant process (N (¢),t > 0)
will firstly be close to a branching process with birth and death rates respectively

by = by (2R,0) ; die = dpr(TR,0).
We assume that the initial growth rate of this process is positive
ry =by, —d, > 0. (1.3)

This ensures that with positive probability the mutant population invade.

The invasion success can be characterized by the fact that the mutant process attains a threshold
of order of magnitude K with a positive probability when K tends to infinity. Let us introduce the
hitting times

8 (n) = inf{t > 0: Niv(t) >n} =inf{t > 0: XB(t) >n/K}. (1.4)
When such levels are reached, Champagnat [14] proved that the time 71 (¢K) needed is of order of

magnitude log K. Its proof is based on coupling between the process of interest and two branching
processes, respectively Z and ZZ above and below:

ZZ(t) < NE@) <ZF(t) as.

as long as N AI/(I is smaller that e K. The Malthusian parameters of these branching processes are respec-
tively A_(e) and Ay (e) satisfying A_(g) < r. < A;(e) and converging both to r, when e tends to 0.
For branching processes, it is known that the population size grows a.s. exponentially on the survival
event, more precisely

ZZ(t) ~ioo WeM= ), ZF(t) ~isoo WMt as
Thus, for any € > 0 and (tx )k a sequence such that tx > log K,

d
. K *
Kll_r}rlooIP’ (tar(eK) < tg) =1- b
where the last hand side is the survival probability of a birth and death process with individual birth
rate b, and death rate d,. From Champagnat’s work, we can further deduce that for any n > 0, for

small enough,
K
lim P ( TyeK) 1
K—oo

log K Ty

>n; V>0, N (t) >o> =0.
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The time for reaching macroscopic levels of order K is thus approximated, at the first order,
by log K/r.. In the situations when K is very large, as for huge cohorts of microorganisms (bac-
teria, cells), this result may be precise enough. But in many other cases, K is not so large. We can
refer to the modeling of hematopoiesis and leukemias [10, 11] where K is the number of sain stem cells,
of order 10°. In that case, we need to go further and to quantify 75 (eK) as function of K, for large K.
In particular, we were interested by the variance of this time and its dependence on €. Our ambition
has become more generally to capture the dynamics of the invasion process until macroscopic levels, in
particular to approximate the process when it is large but negligible compared to K (mesoscopic scale).

The first step consists in evaluating the random time until which the mutation process N and the
coupled binary branching process Z with birth and death rates b, and d, coincide, when K becomes
large. Such exact coupling are known and used in particular in epidemiology to determine outbreak
criterion and characterize the growth of epidemics in the beginning. For SIR model in continuous time,
we refer in particular to Ball and Donnelly [4] for a proof of exact coupling during a time interval whose
lenght grows as clog K for some ¢ > 0. But this exact coupling does not hold any longer when the
population becomes too large. Thus, in Ball and Donnelly, it holds until the population reaches order of
magnitude v/ K. After this time window where process coincide, the error between the processes grows
but the two processes may stay comparable, see in particulier Barbour and Utev [6] for comparison
before the infected population reaches K2/3 in a discrete counterpart of SIR model. We prove that the
branching approximation is still valid in the sense of an a.s. equivalence for any submacroscopic level
(up to log K'). More precisely, for any £x < K/log(K)®* and n > 0,

N (1)
Z(t)

lim ]P’( sup

K=too \i<rE(¢x)

- 1\ > s 2(rf5(ex)) > 0)

NE(t
= lim supIP’( sup M(_t)1’>n;W>O>O,
Tooo KeN \r<t<rK(ex) | WeE™

where
W = lim Z(t)e ™' €[0,00)  a.s.

t—o00

is an exponential variable with an additional atom in 0 corresponding to the extinction event. The
value of a can be chosen to be 1 or 2 depending on the fact that the equilibrium of the resident
population alone is exponentially stable or not, see forthcoming Theorem 2.3 for a precise statement.
For such results, we need to control the gap between the two coupled populations (the orginial process
and the branching process). We use that individuals which belong to one of two populations but not
to the other in the coupling can be seen as branching structure with an additional immigration whose
intensity increases with the value of Z or Njys. In this vein, we mention Barbour and Reinert [5] for
the description of the epidemic curve which describes the outbreak and the link with initial branching
approximation by coupling.

When the population of mutants becomes large but is not yet macroscopic, we prove that the
deterministic approximation by the dynamical system is already valid in the following sense:

X7 (1)

i ()

where v > 0, 1 < NE(0) = KXE(0) < K is the initial number of mutant and x%; is the solution
of (1.2) with the corresponding initial condition 1/K < x£(0) = XX (0) < 1. The boundary being
absorbing for the dynamical system but unstable for invasion population makes the problem delicate
when controlling the stochastic flow. In the time window [0, 7 (vK)] whose size is of order of mag-
nitude log(K), X goes from XX (0) < 1/K to v. We refer to Section 3.2 for a precise statement

sup
t<tM(vK)

— 1‘ — 0, in probability,
K—oo
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Fic 1. The black curve represents a trajectory of the process X (t) = NI (t)/K, the blue curve a trajectory of
Z(t)/K, and the red curve is the deterministic function =% (¢) starting at time 75 (¢%). Both figures represent the
simulations of the same trajectory in different scales (logarithmic scale at the right picture, and standard scale at the
left one). These simulations have been done with the following parameters: K = 100000, Fr(zgr,zpn) = —1.5zp7,
Fylog,zar) = 1.5zg — 1, % = 1, £k = 1/VK and v = 0.055.

which gives the admissible values of v and quantitative estimates for the convergence. The simulations
of Figure 1 illustrates the different approximations corresponding to the SIR example of Section 5.2,
first by the branching process and then by the dynamical system.

As a byproduct, we obtain in Theorem 4.1 the following convergence in law of hitting times when
K tends to infinity. For (k) going to infinity such that 5 /K — v > 0, we show that on the survival

event log(€x) log(IW*)
Og\SK og
mi(lx) — —mr = T(v) = ———,
* /r*

where the function 7 is continuous and 7(0) = 0 is and W* is an exponential random variable with
parameter r, /b,. Thus, the hitting times of mesoscopic or macroscopic levels are shifted Gumbel laws.
We refer to Section 3.1 for the definition 7 the characterization of admissible values [0,v,] of the
level v. This result is illustrated by the simulations of Figure 2 corresponding to the SIR example of
Section 5.2.

Assumptions. We consider the following assumptions on the birth and death rates. They ensure in
particular that the resident population alone has an equilibrium point (which may be unstable) and
mutant population can invade.

Assumption 1.1.
(R) Regularity: the functions bg,dr, bar,dar are C*(Ry x Ry).

E) Equilibrium: there exists v > 0 such that Fr(x%,0) =0 and OrFr(x%,0) <O0.
R R R
(I) Invasion: FM(m}‘%,O) > 0.

Under Assumption (R), the bi-type birth and death process X is well defined until its explosion
time, which may be finite with positive probability. In our framework, the process is studied before
hitting times of fixed levels, clearly smaller than the explosion time.
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F1c 2. The histogram represents the values of Tﬁ (vK) The simulations have been done with the following parameters:
K =100000, Fr(zg,zn) = —1.5201, Fr (xR, 20) = 1.52r — 1, % = 1 and v = 0.055. The size of the sample to draw
the histogram is 10000.The curve is the density f of the random variable log(vK)/r. + 7(v) — log(W™*)/r., where the
density of —log(W*)/rs is equal to 72 /b, exp(—r«t) exp(—r/bee"*t).

In the eco-evolutionary framework, Fis(z*) is called invasion fitness. It quantifies the individual growth
rate for a small mutant population in a resident population at the equilibrium.

Notation.

o We write 2* = (27, 0).

e For f: (wr,zm) € R? = f(xgr,z0), we denote Orf (resp. Oy f) the derivative w.r.t. the first
(resp. second) variable.

e if N(dz) is a Poisson measure with intensity \(dz), we denote N'(dz) := N(dz) — \(dz) the
compensated measure.

e Throughout the paper, C' denotes any positive constant depending only on the model parameters.
The value of C' can change from to line in an equation. If a constant depends on some (non-model)
parameter 6 we write instead Cy.

2. Approximation by branching processes

In this section, we assume that at the initial time, the resident population is close to its equilibrium
and a single mutant individual appears :

Assumption 2.1. There exists C > 0 such that for any K > 0,

NE(0 C
‘B}(() TR < —= and Ny =1 a.s.

— k| < 4

We introduce the branching process (Z(t) : t > 0) with individual birth rate b, = bps(z*) and
(individual) death rate d. = djs(z*), defined on the same probability space as NI and coupled with



V. Bansaye et al./Sharp approzimation for invasion processes 6

NE in the following way :

Z(t) =1 +/ 1{u§b* Z(S,)}N;\’/[(ds, du) — / 1{u§d* Z(S,)}J\/’]fl/[(d(s’du)7
[0,t] xR [0,¢] xR

where the Poisson point measures N}, and N§, have been introduced in (1.1).

We recall from (1.3) that r, = b, —d, > 0 and the branching process Z is supercritical. The survival
event is positive probability and as ¢ tends to infinity, the martingale W (t) = Z(t) exp(—r4t) converges
a.s. to a finite random variable W which is positive on the survival event :

{W >0} ={vt>0:2Z(t) > 0}
The random variable W is exponentially distributed with an additional atom in 0 :

d b* Tx
W="6+"F
4 o+ 5 xp(

T

b*)7

where 0 is a Dirac mass in 0 and Exp()) is an exponential random variable with parameter \. We
refer to [1] Chapter 3 or [18]-Theorem 1 for this result.

Let us study the coupling between the processes Z and NI First, when the branching process Z
becomes extinct, so does the mutant process Ny, and we have the following result.

Proposition 2.2. Under Assumptions 1.1 and 2.1,

lim P(Vt>0: NE(t) = Z(t)|W =0) =1.
K—o00

Indeed, the two processes coincide by coupling on a time window whose size goes to infinity with
probability 1 as K to infinity. Besides, Z is a.s. absorbed at 0 in finite time on the event {W = 0}.
Such arguments are classical for epidemiological models and can be adapted to our context. We refer
to [4].

Let us turn our attention to the survival event and state the main result of the section. It compares
the mutant process and its branching approximation as long as the process is not too close from
macroscopic scales. We prove that the ratio of the two processes converges to 1 in probability, with an
explicit speed, before time 75 (€ ) when mutants reach a certain threshold & (see (1.4) for defition).

Theorem 2.3. Under Assumptions 1.1 and 2.1, there exists C > 0 such that the following result holds
foranyn >0 and K > 1.
i) if OrFr(z*) < 0, for any sequence & such that /Klog K < {x < K/log K, we have

P( wp NE(t) VEIgK | 1 1 <§K10gK)1/10
t<rk(e) | Z(1) 195 K3 pl/4 K ’

—1‘>77; W>O)§C’<

i) if OpFr(z*) = 0, for any sequence & such that log K < &x < K/(log K)?, we have

1/10
N (t) log K 1 1 £k
IP’( sup M 1‘>77;W>0)§C’ + + log K/ >
t<TE (Ex) Z(t) £k K13 " pi/4 K

We observe that the lower bound on £ is needed only for the speed of convergence. Thus N /Z —1
converges to 1 in probability for any sequence £ such that 1 < {x < K/(log K). We refer to Section
4 for the asymptotic behavior of 75 (£x).
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There are two statements depending on the value of OgFr(z*). Indeed, the proof is based on a
comparison between 74 (£) and the first time where the resident population exits a neighborhood of
its equilibrium. The choice of this neighborhood depends g Fr(x*). If OrFr(2*) < 0, the manifold
{zr = 0} is stable around the fixed point (x%,0). This stability helps for the control of the resident
population and guarantees that the distance of the resident population process to its equilibrium
remains smaller than {x (up to some well chosen constant). If OrFr(2z*) = 0, exponential (local)
stability is lost and we can (only) prove that the distance is smaller than /K. We refer to Lemma
2.8 for details.

The proof of Theorem 2.3 will be obtained in several steps that we develop below. We first consider
a classical coupling construction between NX and Z. Let us associate a color to individuals: the black
ones realize the coupling and the red ones belong to one population but not to the other. The two

subpopulations will be indexed respectively by n and r.
We introduce

m™ (s) = min(Nyy , (5)bar (X5 (s)), Zu(s)bs),  p™ () = max(Ny7 . (s)dar (X (s)), Zy(s)d.)

where (Nfj ,, N7 ,.) and (Z,, Z,) are defined as follows:

¢ ¢
1+ / / 1u§mK(3_)NJZ€4(dS,dU) - / / lugpx(s_)./\/';\i/[(ds, du)
/ /R mE (s—)<u<NE (s—)bM(XK(s—))N]l\)/I(dsvdu)

+

* / / LN (sm)dns (X5 (5= <upr (s—) Nz (ds, du)

N n(t)

N (t)

//]R Locu-nE )bM(XK(S—))SNAI/(IYT(S—)I)M(XK(s—))NJI\)/[(dSﬂdu)
N

_/O/R 10§“*pK(Sf)SNﬁ,T(sf)dM(XK(sf))N]’\Z(ds,du)
+

and in a similar way,

t t
zE@w) = 1+// 1u§mK(s,)N}7V,(ds,du)—// Ly<pr(s—) Ny (ds, du)
0 JRy 0 JRy
t
Z:{(t) = / / 1mK(57)<u§Z§(57)b* N&(dsvdu)
0 JRy

t
+/ / lfo(sf)d*<u§pK(sf) leld(dsvdu)
o Jr,
t
+// Lo<ue 25 (s— )b, <25 (s—yb, Nag (ds, du)
o Jr,

t
_/ / 10§u—pK(s—)§Z§(s—)d* N]@(dsadu)

We can easily check that

Lemma 2.4. The following equalities of processes hold, almost surely:
i) NE = Nﬁ,n —&—Nﬁr and Z = ZK + ZK .
it) Nﬁn =zK .

n
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Proof. Ttem i) results from the fact that NV ﬁn + N ﬁr and NE are solutions of the same stochastic
differential equation for which pathwise uniqueness holds. A similar argument also holds for Z.
Item ii) results from the construction of Nf; = and ZJ . O

Let us introduce the time when the gap to the equilibrium for resident population goes beyond some
level n > 0:

mh(n)=inf{t >0 : [Nf(t)—a}K|>n}=inf{t >0 : |XF(t)—a}| >n/K}
We introduce the stopping time

4log K
-t

T (m,m) = i (m) AT (m) n ="

(2.1)
Remark 2.5. In our proof, we need to bound the stopping time T (m,n) by some deterministic value.
For the need of our proof, it is possible to consider any time of the form A(log K)/r, (with A > 1). We
choose A := 4/3 in definition (2.1) to optimize the convergence speed of Theorem 2.3 (this particular
choice only matters in the proof of Lemma 2.7).

The residual processes (red individuals) will be compared to an inhomogeneous branching process
and proved to be negligible until 75 (m,n), with m ad n suitably chosen.

Lemma 2.6. Under Assumptions 1.1 and 2.1,

i) For any L > 0, there exists Cr, > 0 such that for any {x < K/log K,

< C’LyllogK%{.

E sup  (ZF(t) + Nig,.()e ™"
t<TK((x,LEK)

i) For any {x < K/(log K)?,

1/2
E [ sup (ZE(@t) + Nﬁ,r(t))e_r*t] <C <logK €K> .
(ST (¢ VR ER) K

Proof. In case i), we consider VK log K < &k < K/log K. Let us denote TX = TH (¢x, L&k ) for
simplicity. Since bys and dy; are locally Lipschitz continuous, then for s < T¥ almost surely,

ZE 9 oas (X5 () = b + ZI(5)|das (X5 () — ] < OZ8 ()%, (22)

and then
135
K b

for C' a positive constant number. Therefore, the process ZX can be stochastically dominated on the
time window [0, 7%] by an branching process with inhomogeneous immigration Y, solution of

Zy (8)be —m™ (s) + p™(s) = Z,5 (s)de < CZ;{(5)

t
Y(t) = /01u§CZ5(S_)57KNI(ds)

t t
+/ / Lo<u<y (s—)o. Nz@(d&du)—/ / Lo<usy (s—ya, Niy(ds, du),
0o Jry o Jry
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where N1 is a Poisson point measure with Lebesgue intensity on R, independent of N?, and Ng,.
We can easily note that
E[Zy ()] <E[Z(t)] ="'

and straigthforward computation leads to
E[Y(t)] <C %K 2t
Let M (t) be the martingale part of the semimartingale Y'(¢). Then

ane = [ (0255 + Y (5)0 + d.))ds

and Doob’s and Cauchy Schwarz inequality yields

t T 1/2 2TK£K
—T% S —2r,s
E (ts%uﬁ /0 e dM(s)> < C’]E(/O e d(M)(s)) <C 7
We compute
t t
Y (t)e "+ :/0 e "5 dM (s) +/O e*T*S(csz(s)%K FY(5)(bs — dv) — Y(5)(bs — d*)>ds

t t
:/ e "dM(s) +/ e e C’fo(s)g—de.
0 0 K

Combining the previous estimates gives

- 2K CTRék
E( sup Y(t)e ™' | <C :
(tzquK (t)e ) <C\—F% t—%

By (2.1) and the domination of ZX by Y, we obtain

E | sup ZE(t)e ™! ] < C\/logKg—K7
t<TK K

for C' > 0 suitably chosen. The proof follows if log K¢k < K.

The assertion i) for N ﬁr can be proved in a similar way. Indeed the individual birth and death

rates are respectively upper-bounded by b, + C¢x /K and lower-bounded by dy + C¢k /K for t < TK,
So N ﬁr is dominated on the time window [0, 75| by the process Y defined by

t
Y(t) = / Luccztomren i N7 (ds)
0

t t
+/ / 1ogu§Y<s—)(b*+ch/K)Nzl\%(dsadu)*/ / Lo<u<y (s—)(d,—Cexe /1) Ny (ds, du).
o Jr, o Jr,

The conclusion follows as above by considering Y (t) exp(—(ry + 20¢x/K)t) since, for t < TK,
(2C¢k /K)t < 1 for K large enough. recalling that {x < K/log K.

For the second case ii), we consider £x < K/(log K)2. The difference with the first case is that (2.2)
becomes TH = THK (¢x, /K €x) and for s < T almost surely,

Z,y (8)|bar (X (5)) = bal + Z (5)]dar (X (5)) — du| < Cfo(S)\/%,
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since £ /K < v/€x /K < 1. Then, similar computation as in Step 1 gives

1/2
E | sup ZE(t)e ™| <O [logK tx .
t<TK K

Proceeding similarly for V ﬁT ends the proof. O

Lemma 2.7. Under Assumptions 1.1 and 2.1, we have that for any n > 0,
i) For any L > 0, there exists Cp, > 0 such that for any VKlog K < £ < K/(log K),

NE#) — Z(t C log K\ /10
t<TX (¢, L Exc) Z(t) n K

ii) Forlog K < &x < K/(log K)?,

1/10
NE@) - Z(t /
IP’( sup M>n; W>O> S% log K S . (2.4)
1<TH (€50, KEKR) Z(t) 7 K

Proof. Let us prove i) and focus on the survival event {W > 0} where the process Z stays positive.
On this event, using Lemma 2.4, we write
[N () — Z2@®)] _ [Nizn(t) = Z3 ()] N [Niz () = ZE (1))
Z(t) - Z(t) Z(t) ’

and the first term is null. Moreover

[Nip, () = ZE @) NGy, (1) = ZF (t)]e "
Z(t) N W(t) ’

where W (t) is the classical martingale associated with Z: W (t) = Z(t)e "'.

Using Lemma 2.6 i) and the the fact that W (t) converges to W a.s., we deduce that for t <
TE (¢, LEk), |N1\I/([’T(t) — ZX(#)|/Z(t) tends to 0 in probability on the event W > 0, as K tends to
infinity.

Let us now obtain an explicit convergence speed. For convenience we define

TE = TE(¢x, Lék), UX = sup Z.(t)e ™' + sup Nf\f[,r(t)e_r*t.
t<TK t<TK

The previous computations ensure that

NI -z UF
Z(t) - inftzo W(t)

a.s. on the event W > 0. Moreover, writing e = i log K/ K, for any n > 0
K . . K 2/5 . 1 2/5 .
P(UX > inf W(t); W >0 g]P(U > 2/ )—HP’ inf W(t) < ~e2> w>0).
t>0 >0 7
By Markov’s inequality and Lemma 2.6,

P(UK>) <0l = el
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On the other hand, by Lemma 6.2,

1 2/5 . 2/5%x1/4 _ 1 1/10

This proves the result case ). Case ii) is proven similarly. O

Let us now prove that that the mutant population will reach their threshold before the resident
population. We quantify the speed at which the probability of the event Tg < TK goes to 0 as K goes
to infinity:

Lemma 2.8. Under Assumption 1.1,

i) If OpFr(x*) < 0, we set

710mGr(2*,0)[(1 + |0rFRr(z*,0)|)
1 _ eaRFR(w*) )

L :=

then for any ({x )k such that VKlog K < £ < K/log K,

4log K VEIgK 1 €xc log K\
. < .
3 ,W>O)_C< x +K1/3+ Ire

P (rmK) > oK (L) A

ii) If OrFr(x*) = 0, then for any (£x )i such that log K < £ < K/(log K)?,

1/10
4log K log K 1
P (e = o (VG 0 B s 0) <0 ([ +K1/3+<logm/f;{<>

This result will guarantee that the probability of the event {TM TXY goes to one as K goes to
infinity.

Proof of case i). The first STEP consists in controlling the resident population and we prove that

P ( sup [ XK (1) — | > LsK/K> <cVERE (2.5)
t<TK 1979
with tlog K
TX = TH ¢k, Lék) = Tay(€x) ATh (LEK) A 2(,)5 .

For that purpose, we notice that, for any t < T and K large enough,
XM()<%K <1andXR()<:c};+L%K <zh+1.

Hence, the processes X £ and Xg are bounded up to time T5. We write

1 .
K _vK - b
XR (t) —XR (0)+ [(\/[Otx]R 1{z§N§(s—)bR(XK(S—))}NR(dS7d'z)

1
K {z<NK(s YdR(X K (s— }NR(dS dz)
/ Gr(X%(s—))ds

=XE0)+M"5(@1) + /0 Gr(X%(s—))ds,



V. Bansaye et al./Sharp approzimation for invasion processes
where N} and N are the compensated Poisson martingale measures of N and N'¢, and

Gr(zr,zm) = 2r(br — dr)(zRr,xMm) = g Fr(ZR, Ta).

Note that
K 1"k K K
(M"™)(t) = ?/ Xp (s)(bR(X (s—)) +dr(X (s—)))ds.
0
Observing that Gr(z*) = 0 by definition of z%, we rewrite the dynamics above as
t
Xz () =X (0) + M (1) + H (1) + Hy (1) +/ (X7 (s) — 2})OrGr(z")ds,
0

where .
HlK(t):/ X1(5)0rGr(x*)ds
0

and

HE (1) = / (Ga(X¥(s=)) = Grl(a") = (XF (5) = 0R)OrGr(") = XF(5)Or Gr(a®) ) ds.

Denoting
Yii(t) = X5 (t) — X5 (0),

we have .
YE(t) = M5 (t) + H{(t) + HE(t) +/O Y (5)0rGRr(x*)ds.
Recall that OgFr(z*) < 0 and so OrGR(z*) < 0. We define
HY := M" + H{* + HJ'.
Thanks to Lemma 6.3, for K large enough, for any ¢t < TK,

sup [VE(9)| < T sup [H(s) ~ H¥(|s))
0<s<t 0<s<t

)

with
1

D= A+ 10rFr(@))) T— 5@ -

Then, for K large enough,
P ( sup | X5 () — af| > LgK/K>
t<TK

<P ( sup [V (1) > ;LgK/K>

t<TK

<P ( sup \HK(t) — HE(t)] > 2]}§K/K>
t<TK

<P < sup ‘MK(t) —MK(LtJ)’ > é,fx/K>

t<TK

Dy ( e 6@&/@ |

K
=1 \!=T

12
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Using (2.6) and the definition of Tk for an upper bound X& on [0,T%], we get E [<MK>TK} <
C(log K)/K. By Markov’s and Burkholder-Davis-Gundy’s inequalities, we then obtain

(im0 310> i) sege | v

gc?z& (M) i
K

1/2
<CK<10gK) <C KlogK.
1953 §x

Besides, almost surely for K large enough,

sup [HE (1) — HE(11))] < *EJonr(at)| < *5 . =
t<TK

since L := 7|0y Gr(2*)|T, and thus for K large enough
2
L ¢k
HE@®) - HE([t)| <C S — .=,
s 10 -] <0 () < g5
which proves (2.5) and ends the first STEP.
We turn to STEP 2 and prove that

4log K
P(Tﬁ(ﬁx)/\Tﬁ((LEK)Z o ;W>0)

o : 1/10
—1/3 K
<CK + /A <10g K/ N7d > . (2.8)

For convenience, we write SX := % log K and we recall that W (t) := Z(t)e~"*'. Let us notice that,
a.s. the event {W > 0},

{mar(€x) AT (Ex) > S™}

C ({Nﬁ(SK) <&k +1<K/2}N {Z(SK)) < 2}) u{ sup

N]I\}(SK tSTK
NE® o1
Z(t) 2(

P(ri(€x) ATh (Ex) > SE5W > 0) <P (W(SK) <KV W > 0)+]P> ( sup

t<TK

NE(t) 1
s >2}

C{Zz(s%) SK}U{ sup

t<TK

Whence

Z(t)

Nﬁ(t)_1‘>1.w>0>
2’ ’

The first term involves an estimate on the infimum of a single type branching process which we state
and prove in Lemma 6.1 in forthcoming Appendix. The second term of the sum in the RHS above has
been controlled in Lemma 2.7. Combining these two estimates yields (2.8).

We can now conclude the case i) combining the two STEPs. Using the fact that, for any z,y, 2 € R,
(x>yNhz)<= (xAy>zorxzAz>y), wecan write

4log K
P <TAI§(§K) > g (LEK) A %; w> 0)

4log K
3y

4log K
3ry

<P (Tﬁ(&{) ATh (LEk) > s W > 0) +P (Tﬁ(fK) A > Tﬁ@ﬁf{)) .
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We use (2.8) to estimate the first term in the right hand side. We can use (2.5) for the second one
since

37"* t<TK

It ends the proof. O

{nff (Léx) < 75 (Ex) A ‘“OgK} c { sup |NK (1) — ek | > LsK}.

Proof of the case ). We prove a similar result under the hypothesis Og Fr(2*) = 0. Now we define

T = T"(¢x, VExK),

and we want to prove that

P(sup |X§(t)x}}|>\/§K/K>§C’ 1O§K.

t<TK K

Here (2.7) gives trivially
sup [Yz'(s)] < sup [M*(s)| + sup |Hi" (s)] + sup |H" (s)]

s<t s<t

whence,

P ( sup | Xg () — 2R| > \/5K/K>

t<TK

<P ( sup [M*(t)| > C\/fK/K> +2_P <t§;pk | (1) > CW) :

t<TK

We have the following estimates

B sup | M) > OVer/K | <0y K [ 8K _ ¢ [los K
t<TK 93 K 199

sup |H1K(t)| SC’%TK < C’gK log K < \/%{,

t<TK K
sup |H2K(t)| <C§—KTK < Cg—K log K < S
e =YK =VK VK>

which proves that, for K large enough,

P(sup ‘Xg(t)—x’]}’>\/€K/K>§C 1ogK.

t<TK fK

It ends the proof. O

Theorem 2.3 bcomes now a consequence of the two previous lemmas.

Proof of Theorem 2.3. We use

NE@W) —Z
oy NG -20)
t<r¥(¢x) Z(t)

4
>n; W > O) <P (Tﬁ(&{) > 7K A % 1ogK)
{<TK Z(t)

The two terms of the right hand side can be controlled using respectively Lemmas 2.8 and 2.7. This
completes the proof. O

+P<sup|Nﬁ(t)_Z(t)l>n;W>0>.
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3. Approximation by dynamical systems

The goal of this section is to approximate the process X% = (X ]I{ , X)) defined in Section 1 by the
dynamical system defined by (1.2) under degenerate initial conditions. Usually such an approximation
is proved when the initial conditions are of order of magnitude one (cf for example [19]). Here, we focus
on a small deterministic initial density of mutants, 1/K < zp; = NX(0)/K < 1 and an initial density
of residents zp = N f—f (0)/K close to the equilibrium value x7. The initial mutant density may be very
small regarding K but we still enjoy a large number of mutants allowing to compare the stochastic
process to its expected deterministic behavior. Starting from such sub-macroscopic level of mutants,
the time for them to reach macroscopic levels will be of order log K. We will compare the density
process and its deterministic approximation on this time scale of invasion. They are both small at the
beginning and we will show that their ratio remains close to 1 on the full time window allowing to
reach macroscopic density of mutants.

This section emphasizes the role of (small) initial conditions and we introduce the flow notation for
convenience. The process X% (z,.) started from z is defined for any K and time t by

1
X.K(:mt) =T + —
K Jo,gxr,

1

- ? [0,t] xRy

L{u< KX (5 Ybu (X 5 (2,5} NG (ds, su) (3.1)
L{u KX (25— )do (X (25— )3 Ve (ds, du).

for ¢ € {R,M}. The flow ¢(z,t) = (¢r(x,t), dar(x,t)) is the solution of (1.2) starting from initial
value z, i.e. the unique solution of

9 b(z,t) = G(d(a. 1)),

(15(1'70) =, ot

where we recall that

Ge(2) = o(be(x) — da(x)).

In this section we assume that the flow ¢ satisfies a boundedness assumption:

Assumption 3.1. There exists a compact domain D of Rf_ such that

e >0, (a2 —e, a2 +e)x[0,e) CD  and {¢(z,t):x € D,t > 0} is bounded.

3.1. Properties of the dynamical system and hitting times

Let us consider the hitting time for the mutant population starting from x

TM(JJ) =inf{t > 0: dp(x,t) = v},

v

with by convention inf @ = oo and the hitting time is then infinite. The following result quantifies
the hitting time 74 (x) in function of the two variables z and v, starting close to the equilibrium

z* = (2%,0). Let us define, for n > 0,

C(z,m) = sup{om(z,t) : t <7p(x)}

where
Tp(x) =inf{t > 0: Far(o(x,t)) < n}.
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We set
v, = lim inf C(x,m).
T 70 2eB(x)N(RY)? ()
Observing that it decreasing with 71, we let 17 go to zero and define v, as the upper-bound of the values
of mutants which can be reached starting the neighborhood of the equilibrium:

vy = lim v,,.
nd0

The next result guarantees that v, is positive and finite. It also quantifies the hitting times 7 (z)
when x goes close to z* and v is smaller than v,.

Proposition 3.2. Under Assumptions 1.1 and 3.1, the value v, is positive and finite.
Besides there ezists a continuous increasing function T : [0,v,) — Ry such that 7(0) = 0 and for any
v € (0,vy),
1
lim  sup ‘Tiw(a:) — —log(v/xp) — T(’L))’ =0,

r—x* vE(x0,7) T

where the limit is taken for x € (R%)? if OpFr(z*) <0, and for
x € D) = {(xR,:EM) € (Ri)2 o |zr — ag|log(1/xar) < n}
for some n > 0 if Op Fr(z*) = 0.

The proof of this proposition necessitates the three next lemmas, which guarantee that the resident
process to remain close to its equilibrium value as long as the mutant process remains small. The
proofs of the two first ones are a bit technical and postponed in Appendix.

Lemma 3.3. i) If OrFr(a*) < 0, then there exists 0 < ug < 1 such that for any u < ug and
z = (zg,zMm) € B(z*,u),
sup (1) — ol < CVaL.
t< ) (2)
it) If OpFr(z*) = 0, then there exist some 0 < ug < 1 and ng > 0 such that, for all u < ug and all
x € B(z*,u) N D(no),
sup |or(z,t) — 2%| < Cyu.

t<tM(z)

="

In both cases with the same notation as previously,

Ty(x) < %log(l/xM).

We also need an estimate of the cumulated gap :

Lemma 3.4. i) Assume that OpFr(z*) < 0. Then there exist some 0 < ug < 1 and ng > 0 such that
for allu < wug,n < ng and x € B(z*,u) N D(n),

! (x)
/ sup|or(z,s) — ag| dt < Clu+n).
0 s<t

it) Assume that OpFr(z*) = 0. Then there exist some ug € (0,1) and 19 > 0 such that for all u < uy,
and n <mno and x € B(x*,u) N D(n),

' (x)
[ swlonte.s) - ailat < v
0 s<t

Lemma 3.5. For all v € (0,v,), there exists some nn € (0,7) and r > 0 such that, for all © €
By (z*) N (RL)?, for allt < 7)1 (), Far(d(x,t)) = 1.
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Proof. Since v < vy, there exists € (0,7,) such that v < v,. Hence there exists some r > 0 such that

C(z,m).

inf
2€ B, ((27,0)N(R7 )2
Let 2 belong to B,((z7,0)) N (R% )2 Then
v < C(x,n) =sup{dnm(z,t) : t <Tp(x)}

and we get Fyr(¢(z,t)) > n for t < 7M(z) by continuity of ¢ — ¢(x, ). O

Let us now give the proof of Proposition 3.2.

Proof of Proposition 3.2. We consider the case OrFr(z*) < 0 and the other can be treated similarly.
Thanks to Lemma 3.3, we can choose ug > 0 and 1y > 0 such that, for all u < wg, and = € B, (z*),

|or(z, ) (2)) — k| < sup |or(z,t) —2}] < OV (3.2)

t<rt ()
Let 0 < ¢ < ug small enough such that
inf Fiy ([z) — Cveo, 2k + Cv/eo] X [0,e0]) > 3ry /4.
We have, for any x € By = Be /z5(x*) N (R%)?,
Té\f(x) <inf{s>0 : Fy(o(z,s)) <r,/2}.

As a consequence, for all n < r,/2 and « € By, C(x,n) > £o and v, > &9. This proves that v, is
positive. It is also finite owing to boundedness Assumption 3.1.

Let us now prove the second part of the proposition. We start by proving the result for small
values of v using the first part which guarantees a lowerbound for the growth rate of mutants. For any
v € (0,e0] and x € By and t < 7,(z),

Fr(d(z,t)) > 1i /2.

Furthemore
T oy (@) =t
and
Orpu (t, ) = dar (t, ) Far(Gr(2, 741 0y (2)), dar (, 1))

By separation of variables (put u = ¢/(x,t)) and integration on the time interval [0, 7M (x)], we get

M = ' L u = i v/x xZ
@)= [ = 5 s/ £ Rue),

for any v € (0,e0] and x € By and ¢ < 7,(x), where

Rule) = /M . (FMwR(x,im)),u)) - 1) -

To get the expected estimate, we need to evaluate the term inside the integral for u close to 0. Using
that Fys is locally Lipschitz and r, = Fis(2*) and (3.2), and we obtain that for v < g9 and = € By,

1 ( 1 _ 1> L O
u FM(¢R(x7szLV[(x))7U)) ) \/E
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The integral of the right hand side is convergent in 0. Besides, (z,u) — Fu(¢r(z,7M(x)),u) is
uniformly continuous for u < eg and x € By such that z,; < u. It ensures that

r—0

sup {|Ry(z) — Ry(2')| : z,2" € By(z,) N (R})% v e [max(zar, 2hy), €0] } — 0.

The uniform Cauchy criterion ensures then that for any v € (0,ep), Ry (z) converges, uniformly in v,
to a real number 7(v) as x goes to z*. Therefore,

@) = tim [ L ( 1 —1> du. (3.3)

r—x* Zar E FN[(¢R(x,Ty($))7U)) T %

and the previous estimates also guarantee that 7 is continuous on (0, £o] and that 7(v) goes to 0 as v
goes to 0. This ends the proof for small v € (0, q].

To deal deal with v € [gg, v, ), we can use :
M M M M
Ty (‘T) = Ty (SL’) + 7, ((ZSR(IE, Too (x))700)'
It remains to check that the last term converges as x goes to z*. This can be achieved as above with

uniform continuity of (z,u) — Fa(¢r(z, M (2)),u). O

3.2. Quantitative approximation of the stochastic process and speed of convergence

The main result of this section can now be stated.

Theorem 3.6. Under Assumptions 1.1 and 3.1, for all xx = (x5, 2%,) € (R%)?, satisfying
/K <ahy <1 and |2l —af|log (1/2h) < 1,
we have for any v € (0,v,),

S| G (@, b)

t<tM(z k)

— 1’ — 0, in probability.
K—oo

Note that the most interesting assumption is 1/K < x%, since initial conditions of order one have

been extensively studied. Our result stops at hitting times 7 (x) (which imposes 2 < 1) but could

be easily extended on finite time interval and with initial conditions of order one.
In all this subsection, the hypotheses of Theorem 3.6 are in force, and we note, for ¢ € {R, M },

X&) = X (2, 1), 25(1) = da(ak, 1)

and
V() == X (1) — 2 (1)

In addition, we introduce the following stopping times: for ¢ € {R, M},

X&)
z (1)

9f<;zinf{t>o : 22},9K:=9§A9§2,

¢
Jff :=inf {t >0 : / sup [V (r)|ds > 77} for any n > 0,
0 r<s

K :inf{t >0 : sup |[YE(s) > 51/2} for any € > 0.
s<t

In order to prove Theorem 3.6, we need the following result providing a control in probability when
K goes to infinity of the stopping times 0%, af and 5.
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Lemma 3.7. There exist L,ng > 0 such that for all 0 <n <1q,

P (Uff < T%,(xK) A HK) S%K‘lm (log (1/301]6[))3/2, (3.4)
P (K <M (25) A 0K A oK) <Op 2KV (log (1/255)) 2, (3.5)
P (05 < M (2% A 0 g%zrl/? (log (1/2%)) 2. (3.6)

Proof. To begin with, let us prove (3.4). For the sake of notation, let us denote
SK .= T%(xK) AOE A Uf.

By definition of 05( ,

SK
{Ug{ST%(xK)/\OK}—{/O sup|Y1§(r)|dsZ77}.

r<s

To control the probability of the event above, let us define

HE(t) := M®(t) + R*(t) + /0 Y () oy Gr(z™ (r))dr,

1 -
V(1) b
(t) = K/[o xR 1{z§KX{§(r—)bR(XK(r—))}dNR(Ta z)
) +
1 \ d
T K Jouxe, Lo kX (rydn(x % () NVR(T 2),

R™(t) = /Ot [Gr(X™(r) = Gr(z™(r)) = Y3} (NOmGr(z" (r)) = Y& (r)0rGr(z" (r))] dr.
such that for all £ > 0,
V() = HE (1) + /t Y (5)OrGr(z" (r))dr.
In a first time, let us treat the case (9RGR($*§) = 2} 0rFr(z*) < 0. Thanks to Lemma 6.3 we have
sup Ya (s)] < sup [H"(s) — H*([s])] <2 SSgIHK(t)L
On the other hand, if dgGr(2*) = 250rFr(2z*) = 0, then
ORG R(z" (r))] < Cafiy(r) + Claf (r) — a3,

and, by Gronwall’s lemma,
t t
EOI < 1Ol (0 [ a0 [ e - ).
0 0
Consequently, Lemma 3.3 implies that

YA (O] < [HS (0)]e“VP < 21H(2)],

for n < ng fixed to some small enough value.
Gathering the two cases, we have proved that if g Fr(z*) <0, for t < 777 (2") A K,

sup | YA (s)] <2 sup|H"(s)]
s<t s<t

<2 sup| M " (s)| +2 iglt)lRK(S)l + 2/0 Y37 (5)] - 10mGr(a™ (s))|ds. (3.7)

s<t
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In addition, for ¢ < T%(:EK),

t K = til 25V (s)ds
/O 5 (s)ds = / Ty () ()
<c / (#5Y (s)ds = O (1) — 215(0)) < ClS (1), (3.8)

Using twice this inequality

SK s
/O / YE )] - 10 Crle™ (r)|drds

M K
Xzfv(} K i) s
< C/ / 1) ay(r)drds < C/ / xyy (r)drds
oy (r 0 0

7'L71(z
< c/ s)ds < Cajy(rin(z™)) < CLn. (3.9)

By Taylor-Lagrange’s inequality and Lemma 3.3 (which guarantees that the process 2 is bounded
up to time S¥), we also have

SK SK s
/ sup [RK (r)|ds < C / / (Y ()2 + (Y ()] [YE )] + [V (7)) drds.
0 0 0

r<s

Since T% (z%) < SK | and using the same computation as (3.9),

SK s SK s
/ / VE () 2drds < Ln/ / YE () |drds < C(Ln)?.
0 0 0 0

Besides |Yj§ (r)| - [V (r)| < |V (r)|sup|YE ()] for r < s,
r’'<s

SE s Sk
/ / [V ()| - [YA (r)|drds < C’Ln/ sup [YA (r')|ds < C L.
0 0 0

r'<s

K K
Similarly, fos \YE (r)|2drds < Cn fOS sup|YA (r')|ds < Cn?. Combining these estimates yields
r'<s

SK
/ sup |RE (r)|ds < Cn?. (3.10)
0

r<s

Plugging (3.9) and (3.10) in (3.7), we can choose L > 0 small enough and get

i (@) nex i @)neK
K K ' K n
P [Yg (s)|ds >n | <P | M5 (s)|ds > 1
0 0

Using again Doob and Cauchy-Schwarz inequalities

E sup ’MK(L‘)|

t<r M (aK)nK

}1/2

< CE [{M¥) e rgn

1/2
< CK 1?2k

o (@ )neK
/0 X5 (5) (b + dR><XK<s>>ds]

< CK 270 (™).
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Using Markov inequality and the comparison of T%](Q:K) with log (1/xJ\K4) (see Section 3.1), we get

TLn( Kyno¥ C 3/2
P / [YE(s)|ds >n | < —K~/? (log (1/z57))™" .
0 n

This proves (3.4). Now we prove (3.5). By definition of &fn,

(o, <TG AOF Nl ) = sup VA ()] > (L)' .
s<Tt (F)YNOK AT K Na
For the sake of readability, we note
K M K K A K ) =K
T =71, (a7 ) ANO™ Noy NG,

To control the probability of the event above, we use (3.7) again. We have that

TK
/O Y (5)] - 100 Cr(a(5))]ds

( K 1 (=")
< C’/ 2 (s) |YAI§ (S)lds < C’/ x5 (s)ds
0 Ty (s) 0

"'Ln( ) 1
SC/ — (&%) (s)ds < C(2% (M (%)) — z < CLn,
o ey ) ()as < R @) — i 0) < CLy
and
Tk TK K
sup [R¥(9) <C [ [xf(s) ~alfo)ds v [ V@R [ VG v o)lds
s<TK 0 0 0
<C(Ln)* + C(L)' 72 + C(Ln)* < Cpl2.

Since 7 is arbitrary small, we have

s<TK s<TK

P ( sup |YA(s)| > (Ln)1/2> <P ( sup |Mf| > (Ln)1/2/4>

<Cp VPR [(ME)pi) 1 < O PRV (10g (1/25))

which proves (3.5).
Finally, we prove (3.6) using (3.4) and (3.5). Notice that

K
{95 < T%(J}K) /\91{2} - { sup Vi (0)] > 1}.

tgryn(wK)/\QK SUf,((t)

Then, by Lemma 3.3, we know that for all t < 7 (xK),

p (t) > o — O/ Ly > 2} /2,
if n > 0 is small enough. Hence, for n > 0 small enough,

{9§ < (@) Aeﬁ} Q{ sup YA (t)] > ﬂz/?}

t<r M (aK)nOK
g{&fn < 7 (25) /\HK}

K« M K K ~K M K K A K
Q{an <T@t A0 }U{JLWSTLn(x JAOT Aoy }

Since the probabilities of the two last events above are controlled respectively by (3.4) and (3.5), the
result is proved. O
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Proof of Theorem 3.6. We decompose the proof of Theorem 3.6 in three steps. The first step is the
approximation of XX by 2% until the level of mutants reaches some small macroscopic value. The

second step is more classical and consists in showing that the approximation still holds true during
an additionnal time lenght 7" > 0. In the last step, we show that have reached levels of mutants vy < v*.

Step 1. In this first step, we prove that there exist C, L,n > 0 such that for any n € (0, 1),

XK 1 1 3/2
P sup M(t)—1’>n <C.-.K'? <ln< I >) . (3.11)
tgrg/[n(:vK) n

¥ (1) z;(0)
By Ito’s formula,

X3t " XE(s) K
=1- by — dar) (™ (8)) ds
0 Ly ahs) | /@ (s)
1
—1 NY (ds. d
+/[o,t]xR+ Rk (s) H{n<ie X (o e (oo P (05 )
1
- — 1 N (ds, du).
/[O,t]XR+ Kk (s) {u<iXJ5 (s—)du (XK (s-)) } r (ds, du)

Writing V¥, and N'¢, the compensated measure of N'?, and N'¢;, and introducing

1 ~
EE(t ::/ —1 K N?,(ds, du
(1) (0.4 xE s Kz (s) {u<K-XE (s=)-bm (X5 (s—))} i ( )
1 N
- —1 oo N ds,du),
Sy, T st acnnoo A
we have K( ) . K( )
Xyt K X (s K K
=1+ Ey@#)+ Fp (X% (s)) — Fu(x™(s))) ds,
g PO [ | )
and, for ¢ < T%](xK) A OE,
| XE(s) 2C [t 1
EK :/ CMEC by + dag ) (X (s dsg—/ ds

Consequently, for any T' < T% (xT) A 0K,

oy
B0

<sup [ (0] +C [ (1XH5(5) — ()] + [XE (o) - 2k (o)) ds
t<T 0

t<T

Xﬁ(r)_ S ! K(s)—z%(s S
pram) 1’d +/0 | X7 (s) — a (s)] ds.

So, by Gronwall’s lemma, for any T < T%(:L‘K) INCAR

T
< sup |Ef (1)) —l—C/ 28 (s) - sup
t<T 0 r<s

Xﬁ(t) K T K K C [T 2K (s)ds
Pl ~ — 1< sup|EM(t)|+C’/ | X% (s) — i (s)| ds | e Jo =t . (3.12)
t<T | 29 (1) t<T 0

Besides, by Burkholder-Davis-Gundy’s inequality, for all stopping time 7' < TI%({EK ) A OK,

1/2
T 9

B sl < (B3] <o e | [ lasl
t<T 0 l"M(S)
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Then, as Fy(z%(t)) is lower-bounded on [O,t%(xl()] by some k > 0 (thanks to Lemma 3.3 since
Fyr(x*) > 0 if n is chosen small enough), we have

E {sup|Eﬁ(t)|} <C- 1 g
t<T

T 1/2 1 1
/e_’“ds SO P — (3.13)
Kaji(0) 70 "

K}y (0)

where the value of C' has changed in the last inequality, but is still independent of K.
Recalling that, thanks to (3.8), we have

(@)
Ln %
/ xy(s)ds < CLn.
0

So, inequality (3.12) can be rewritten as

XK (4 1 (@) oK

g[()—l‘ <C sup |EAI§[(t)|+C/ ‘Yé((s)|ds.
IM(t) tgrgil(wK)/\QK 0

By Markov’s inequality and (3.13),

sup
tgri‘/; (zEY)NOK

n C
P sup |EX ()] > > <—
<t<7'£/fn(wK)/\6’K 2C T]\/Kfﬂ‘][\g(())

Besides, by (3.4) from Lemma 3.7,

M (xK)/\‘gK 3/2
Ln n C 1
P / YE($)|ds > — | < ZK~1/2 (10 ( )) .
< 0 | m )| 20) o & z3(0)

We obtain from the three last inequalities that

XE(t 1 e
P sup ;}4()1‘>n §C~K1/2<1n<K>> .
tSTgIn(xK)/\OK xM(t) n xM(O)

Using now that for n € (0, 1),
XE(t
a(t) 1’ S 17}7

i ()

{Gﬁ < o0, OK < T%,(J:K)} C { sup
t

g'r%](:cK)/\ef\;

and (3.6) proves (3.11).

Step 2. We fix T' > 0 and we prove now that the approximation of X {V(I by ﬂcﬁ is still valid on the time
interval [77] (%), 7] (") + T]. The fact that the mutant population has not left the neighborhood
of 0 makes that such estimates are more classical. More precisely, we denote

X0 = XE(+72@")), 28 = ad (t+ ("))
for e € {R, M}. First, we observe that

= inf %
v =, b #(t) >0,

since the boundary R, x {0} is stable for the flow ¢, which is continuous, and the initial value % (0)
belongs to a compact set of (R%)? (thanks to Lemma 3.3)). Then

XK () - 7 0)
P | sup

>n| <P(s XKt—NKt’> ,
sup > | < (sup K0 -8 0)] > nor

t<T
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and it remains to prove that for any n > 0,

P (Sup XE@) - @ﬁ(t)‘ > n) — 0. (3.14)
t<T K—oo

This result is a classical approximation of population processes by dynamical systems on finite time
intervals, see Ethier-Kurtz [19]. For sake of completeness and give explicit bounds, let us prove the
result here. We use again a stopping time which ensures boundedness :

G5 .= inf {t >0 XE@) > 255 ¢) or XE(t) > 2505,5@)}.
We have, for any t < oK
t
XE@ -k < |MEw|+c / (1K () = 25 (5)] + 1 XL (5) — 38 (9)]) ds,
where M f{ , M are local martingales satisfying
(ME), ox < CtK™1.
Then, Gronwall’s lemma implies that
s (|ZE@ -]+ [KEO-aK0[) < | s MEOI+ sw (MO ) T
t<TAOK t<TAOK t<TAOK
Hence, using Markov’s and Burkholder-Davis-Gundy’s inequalities, we obtain
- 1
P sup (‘Xﬁ(t) —jﬁ(t)‘ + (ng(t) —zg(t)D S| < =CpKV2, (3.15)
t<TAGK n
Finally, let us now dismiss the stopping time 0% . Let Aff/, (T') be the event

AB(T) = {sup (‘f(ﬁ(t) - asﬁ(t)‘ + ]X;g(t) - jg(t)D > n/} .
We have
P (AK(T)) < P (Aff,(T) n{6% > T}) +P (Af(T) N {6 < T})
P(

AB(T A éK)) +P (A{f(T A éK))

Recalling that (3.15) provides a control of P (Aff,(T A éK)> , (3.14) is proved.

Step 3. To conclude the proof of the theorem, it only remains to show that, for all Ly < v < v,
there exists some T, (n) > 0 independent of K such that

7 (@) < 7l (@) + Tu(n),

v
with the same L > 0 as in the two first steps of the proof. This property relies on Proposition 3.2.

With the same notation, let us denote

1
§(z,v") =M () — - log(v'/zX,) — 7(v') and A(z) := sup |d(z,v")].
* 0<v’ <wy
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By Proposition 3.2, we know that A(z) vanishes as K goes to infinity. Recall that 2, < Ly < v. We
have, by definition of A,

v

M () < %mg(v/mﬁ;) +r(0)] + A5),

and
1
(@) > - log(Ln/xhy) — [7(Ln)| — A(z™).

As a consequence,
7 () < log(w/ (L)) + = log(Ln/%5) +|r(v)] + A@")
<tin(a™) + %bg(v/(LTl)) + ()] + |7 (Ln)] + 24 (™).
Since the sequence A(x¥) vanishes, it is bounded w.r.t. K. Then, choosing
Ty(n) = %log(v/(Ln)) + [T+ [r(Ln)| + QEEE*A@K)’

the result is proved. O

4. Thresholds hitting times

In this section, we use the results of the two previous ones to approximate the hitting times of the
process (NX.(t)); by some simple and explicit random variables. Let us recall that, for any n > 1, we
have defined in (1.4) the stopping time

mhe(n) :==1inf {t >0 : Nij(t) > n}.
Besides 7 is the deterministic function defined in (3.3) and W is the a.s. limit of Z(¢) exp(—7t), which

is distributed as
%5+b*_d*E b, —d,
0 b, Xp b, .

bs

The main result of this section is the following, recalling that v, is defined at the beginning of Section
3.1. It gives a quantitative information on the law of hitting times of thresholds of order K but also
for thresholds of size less than K.

Theorem 4.1. Grant Assumptions 1.1 and 3.1. Let ((kx )k be sequence which tends to infinity and
satisfies (i /K — v as K — o0, for some v € [0,v,). Then, for any e > 0,

lim P ( _ loelG/W)
K—o0

Tx
where T is the increasing continuous function such that 7(0) = 0 defined in Proposition 3.2.

(v)

Tar(Ck)

26;W>O>—O,

Let us recall that (Z(t) : ¢ > 0) is birth-death process with individual birth rate b, := bas(2*) and
individual death rate d, = djs(z*) with initial condition Z(0) = 1 that is coupled with (N£(¢) : ¢ > 0)
using the same Poisson measures (see the beginning of Section 2).

In all the section, we work on the surviving event of Z. With the notation of Section 2, it corresponds
to the event {W > 0}. Since a.s. Z(t) ~ W exp(r.t), as ¢ tends to infinity, we know that, on this event,
TE(¢x) < 0o. This allows us to define, for @ € {R, M},

1

XE() = NI (04 o8 (6a0) = X5 (e NE (@),
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using the stochastic flow defined in (3.1). By definition of 75 (£ ), we have XX (0) = [¢x]/K.
The proof of Theorem 4.1 is decomposed in three steps. The first one consists in approximating
Thi(€x) by
TZ(EK) = inf{t >0 : Z(t) > fK},

and the second one in approximating 715 (Kv) — 75(£x) by
M(XK0) ==inf{t >0 : X (t) >v}.

The third steps merely consists in combining the two previous approximation. To establish our approxi-
mations, we need the two following lemmas. Roughly speaking, they allow to obtain an approximation
of hitting-times of two processes provided a suitable approximation (in the sense of Theorems 2.3
and 3.6) of the processes themselves.

The first results link estimates for processes and estimates for hitting times.
Lemma 4.2. Let X,Y be two cadlag processes such that'Y does not hit 0. We set

Xy
Ry =— —1.
Y
Let TX and TY be the hitting times of the value v for respectively X and Y. Let v,p > 0. Assume that
there exists a.s. some u := u(v, p) > 0 such that

Y Y Y Y
Tv _pSTv— a’ndTv +p>Tv+u

u

Then,

u(v, v
{|TUX —Tg/\ > p} - sup |R:| > (7/)) U sup |Ry| > (vp)

t<TY ATX v+ u(v,p) t<TY ATX
vtu(v, p) v—u(v,p)

Proof. To begin with

(X =T > p} = {TF ¢ 1Y = p T + 01} C{TX ¢ [T s Thiuion] | -
Then, since
Xpv = <XT”Y+“ . 1) Yoy +Ypy
vt Yoy, vhu vtu

:YTEVH (1 + RTU‘VJru) > (v+u) (1 + RTUYH) >v+u+(v+ u)RTUeru >v+ (u — (v+ u)\RT;/M |) ,

we have

u
{RTg;J < U+u} c{r* <T).},

implying

TX > T, ) C R L.
{'u>'u+u}—{ sup |t|>v—|—u

Y
t<T) AT

On the other hand, by symmetry,
X Y u
{1y <T)_,} C sup  |R¢| > — .
t<TY ATX v

Finally, as
{TF ¢ M0 T = {1 > TS U{T < T}
the result is proved. O
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We use Lemma 4.2 to compare the hitting times of N* with those of the branching process Z on
the survival event. This relies on the results of Section 2.

Lemma 4.3. On the event {W > 0}, |75 (¢x) — 72(Ex)| tends to 0 as K tends to infinity, for any
sequence & satisfying the conditions of Theorem 2.3.

Proof. Let use the notation of Lemma 4.2, with
X;:=NE®); Y, := Z(t) and v := €.

In particular

T8(€x) = TX and 74 (v') = T, for any v’ > 1.

In all the proof, we work on the surviving event of Z. To apply Lemma 4.2, we have to find, for any
fixed p > 0, some ug := u(éx, p) such that

Y Y Y Y
Te =P = Tepmuy and Tgy +p 2Ty
We wiil choose ug such that ug < €k /2.
By definition, for all v' > 0, Zyv = [v'], and recall that, on the surviving event of Z,

Z(t)e "™t
converges almost surely to some random variable W > 0. It implies that the sequences (Wg)r, (Wx) i
and (W2 ) defined as
WK = (gK] eiT*TEYK ,
Wi =[éx +ugle ™ Texru,

W3 i=[€x — ure " Tex—ux

converge almost surely to W as K goes to infinity (on the surviving event of Z), since g —ug > €k /2
tends to infinity almost surely (thanks to (4.5)). As a consequence, we can write explicitly

17, = In([ex] /W),
T3, e = ([ + ] /W)
T3, - = (€~ urc] /WR).

Consequently, the condition
Y Y
TSK +pz T5K+UK

is equivalent to

(] Wic) +p > - n([€xc +uic] (W),

which is weaker than 1 )
— (& /W) +p > —In((Ex +uk +1)/W).

*

This gives the condition
uk < Exe™? (Wi /W) - 1. (4.1)

Similarly, to guarantee the other condition

Y Y
T&K —p= T&K*ux’
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28
it is sufficient to have

ug <€k (L—e ™P(Wi/Wk)) —e P (Wi /Wk). (4.2)
According to the conditions (4.1) and (4.2), it is possible to choose
ug =&k min (1/2;€"7/2; (1 — e ™P)/2) =: Ex A

Indeed, with this choice of ug, the probability that (4.1) and (4.2) are satisfied goes to one as K goes
to infinity since

WL 3
P<m(<4>;:;07

P(Ex(1—e™7)/2> Ex(1—e (Wi /Wk)) — e (Wi /Wk))
=P (~Exe """ /2> €k /2~ (Ex + 1)e P (Wi /WK))
— 2 §K é.K TxP < 2 TxP
_P(WK/WK > e T e e > < P(WE/Wi > ("7 +1)/4) — 0.
On the event where (4.1) and (4.2) are satisfied, we have, by Lemma 4.2,

P (| (éx) — 72 (Ex)| > p) <
Ny (t)

A
P sup — 1‘ > —— | 4P sup
(tyﬁ(sm 2() 1+ A) (

t<Ti (€x)
which vanishes by Theorem 2.3. That concludes the proof.

Wik 2 Erersp
and

1171 1171 1 1
v (gmr*p/? > eI = 1) - ( kL )
K

Proposition 4.4. On the surviving event of Z, |74 (£x) — log(Ex /W) /14| vanishes in probability, for
any sequence & satisfying the conditions of Theorem 2.3.
Proof. We show that

(

Tzﬁ(fK)ilog(ﬁK/W)‘ >n; W>O> — 0

K—oo
in two steps. Defining

Tz(n) =1inf{t >0 : Z(t) > n},
we will prove that

P (|mar(€x) — T2(€x)| > n; W >0) — 0,

1
P(W(f}()—rlog(fK/W)‘ >n; W>0> .0 (4.4)

Property (4.3) is proved by Lemma 4.3. So it only remains to prove (4.4).

To begin with, let us show that, for any (i tending to infinity with K,

1
P (TZ(CK) > 27‘* 10gCK> K::o 1.

(4.5)
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Indeed, we have

P <TZ(CK) < ilog CK) <P (W(TZ(CK)) > [CK}@‘“%IO%CK)

2r,

<P (W(TZ(CK)) > JC?) <P (igg W(t) > \/@) )

which vanishes as K goes to infinity since (x tends to infinity and W (t) converges almost surely to
the finite random variable W. So (4.5) is proved.

Besides
P (Tz(&() < M —n; W > 0) <P (W(Tz(éx)) > (fﬂfWKe“ﬂ
<P (W(rz(ék)) > We™")

27y t>(log € ) /27

<P (TZ(gK) < 1°g§K> P < sup  W(t) > We””) ,

where the first term of the sum above vanishes by (4.5), and the second term vanishes since W (t)
converges a.s. to W as t goes to infinity. Similarly we also have that

1 1
P (TZ(&() > —logéx — —logW +n; W > 0)
Ta Ty

<P <TZ(§K) < % 10%51() +P ( inf W(t) < We””) ,

t>(log k) /27

which vanishes as K goes to infinity. This proves (4.4). O

Afterwards, we use the results of Section 3 to approximate the hitting times of the normalized

process XX with the deterministic hitting times of the dynamical system z¢.

Lemma 4.5. With the notation of Section 3, recall that
M(XE(0) ;== inf{t >0 : 2k (t) = v},

and define
TM(X®(0) :=inf{t >0 : X)) >0}

Then for all v < vy, |[TM(XE(0)) — TM(X%(0))| vanishes in probability as K goes to infinity.

Proof. This proof is similar to the one of Proposition 4.3, using Lemma 4.2. The proof consists in
choosing some u := u(v, p) such that

T (XF(0)) + p > 7, (XF(0)) and 7} (XT(0) — p < 1), (X7(0)). (4.6)

Let us fix some p > 1 such that pv < v,. We will choose u such that u < (p— 1)v (i.e. v+ u < pv)
and u < v. Let us recall that

M (XH(0)) = ~logv + - log(K/&x) + Ruo(X¥(0))

with

Rule) = / ui (FM(qu(x,i% (x),u)) rl) o



V. Bansaye et al./Sharp approzimation for invasion processes 30

We have pv < v, and the probability that X (0) converges to #* goes to one (since X (0) = £ /K
and | XE(0) — 2%| < C\/&x /K thanks to Lemma 2.8).

We introduce the event

AK<n>:{ inf FM<a:K(t>>zn}.

t<T M (XF(0))

By Lemma 3.5, there exists some 0 < 7, < r, such that P(AX(n,)) tends to 1 as K tends to infinity.
This property allows us to work now on A% (n,). On this event, for all v; < vy < pv,

R (0 - R (0] < [ : Cgretn
- R T Jo, W | Fu(r(z, mM(2)),u)) 7. T oy
since Far(¢r(z, 7 (x)),u')) > n, for u € [v1, va]. Thus,
Totu(XT(0)) = 7 (XF(0)) < in1 +ufo) + < (1 * 1> v
Ty v e M) v

and similarly

1 1 Uu
M__M (L1 '
To T Tomu = T*Jrnv v—u
We choose u := A\v with

. p 1
Arc=min | 1; u—1; ; >0
( g Ure+1/m " 1+ (re + nv)/p>

One can check that Conditions (4.6) are satisfied. Then Lemma 4.2 implies that
P (|7, (X"(0)) — 7" (X*(0)] > p)
X3 (t) A
-1 > — P
dE ORREE e R

T17 —u

X (1) 1‘ >)\>,

()

and (3.11) allows to conclude. O

Proposition 4.6. With the same notation as in the previous lemma, for all v < v,

T (X(0) — - log(o/ X5 (0)) — 7(0)

goes to 0 in probability as K goes to infinity.
Proof. Writing

T (X(0) ~ - log(u/ XE5(0)) - 7(v)

< |T(X(0) = 7 (X (0))] + |7

the result is a direct consequence o Proposition 3.2 and Lemma 4.5. O

Finally, we end this section with the proof of its main result.
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Proof of Theorem 4.1. Let us begin with the proof when v > 0, and to simplify, let us assume that
Cx = Kv. With the notation introduced in this section (and in particular with 7™ introduced in
Lemma 4.5), we have

T (Kv) = 737 (Ex) + (Tap (Kv) = 73 (€x)) = 747 () + T, (XT(0)).
Recalling that X (0) = £ /K and using that
log(Kv) = log(v/X17(0)) +log &x,

we have

K (Kv) (1 log(Kv) + (v) + Tl*log(l/W)) ‘

Tx

< +

T (X(0)) ~ - log(u/ XF5(0)) - 7(v)

1 1
Ty (€x) — - log §x — - log(1/W)],

which vanishes in probability as K goes to infinity, on the surviving event of Z according to Proposi-
tions 4.4 and 4.6. That concludes the case where v > 0 and (g = Kv. To treat the case where v > 0 and
Ck # Kv (but still (¢ ~ Kwv), it is sufficient to fix some 7. > 0 small enough and to use the fact that, for
K large enough, K (v—1.) < (x < K(v+n.), implying that 75 (K (v+n.)) < 78 (k) < 78 (K(v—n.)).
The conclusion follows from the estimates we have for those two times and from the continuity of the
function 7.

Now we treat the case v = 0. Firstly, if the sequence ((x)x satisfies the same conditions as ({x)x
in Theorem 2.3, the result has been shown in Propositions 4.4. To extend the result to any (g < K,
we introduce some £x < (x satisfying the assumptions of Theorem 2.3 and consider the above
approximation by the dynamical system starting from XX (0) = ¢k /K. O

5. Examples : competitive and epidemiological models
5.1. Lotka Volterra competitive model

We consider the dynamics of a two-dimensional population composed of resident and mutant individ-
uals, which have their own demographic parameters and interact in a competitive way, for example in
sharing resources or niche areas. This model corresponds to the general framework of the paper, with

be (X% (5—)) = b

and
dr(X™(s)) = dr + c1,1XF (s) + c1,2X 37 (s)

and
da (X5 (s)) = dar + 21 X5 (5) + c2.2X 17 (5),

with the individual birth and death rates bg,by; > 0 and dgr,dp; > 0 and the competition matrix
(¢i,j)1<i,j<2 with non-negative coefficients. We assume that the coefficients br —dg, bar — dar, ¢1,1 and
c2,2 are positive.

The corresponding dynamical system is the competitive Lotka-Volterra system. The limiting ODE
is (1.2) with

Fr(zr,2m) =br —dr — c11%R — €122 M, Fy(zr,2m) =by —dy — c21TR — C2,220-

Then
C1,1

"h = b= dn
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Let us check that we can apply our results. First, we observe that regularity of Assumption 1.1 is
satisfied. Second, (z7%,,0) is an equilibrium and

aRFR(.T;%,O) = —C22 < 0.

This means that the first part of Assumption 1.1 is satisfied for (z%,0). Moreover, z7% is a stable
equilibrium for the resident population alone, which corresponds to the first case considered in the
branching process approximation.

Finally, we start from a population with only one mutant, N5 (0) = K —1, Nf(0) = 1 and we consider
C2.1

x5, = 1. So the invasion condition Fys(x},0) > 0 reads bys —dy — (br — dr) > 0. It is then easy to
C1,1
_ (bar—dar)er,1—(br—dr)c2,1

€1,1€2,2—C1,2€2,1

compute v*, which is either x3}, = % when Fr(0,2%,) < 0 or v* when
Fr(0,2%,) > 0.
The branching process Z is a birth and death process with individual birth rate by; and individual

death rate dys + co,1 K.

5.2. SIR model

Let 8 > 0 be the infection rate (per pair of individuals) in a mixed population and v > 0 the individual
recovery rate. Let K > 1 be the total population size. At time ¢, the number of susceptible individuals
is denoted by S%(t), the number of infected individuals is denoted by I (t) and K — S (¢) — I (¢)
yields the number of recovered individuals. Each susceptible becomes infected at time ¢ with rate
BIX(t)/K. Starting from one infected individual, the process NX = (NK NE) = (SK,I%) is the
unique strong solution of

SK(t) =K -1 —/ 1{u§ﬁsk(S,)IK(S,)/K}/\/’[(dS,du).
[0,t] xR+
1%(t) =1 +/ Liu<psx (s—)1x (s—) kyN1(ds, du) —/ 1iu<yrx(s—)3Na(ds, du),
[O,t]XR+ [(],t]XR+

where Nj and N are Poisson point measure on R3 with intensity dsdu.

The process N¥ is a bitype birth and death process as considered in Introduction with N7 = N?, =
N, f{l and birth and death rates defined by
br(zr;zMm) =0, dr(zrizm) = Brm

bu(zrizm) = Brr,  du(Trizm) =1.
The ODE describing the limit of N¥ /K is given by (1.2) with
Fr(zr,onm) = —Bay,  Fu(wr,om) = Brr — 7.

Let us check that we can apply our results and that it corresponds to the case where the first
derivative of F); with respect to xj; cancels. First, we observe that regularity of Assumption 1.1 is
satisfied. Second, for any xr > 0, (xg,0) is an equilibrium and

6RFR(1'R, O) =0.

This means that the second part of Assumption 1.1 is satisfied for any xr > 0. Moreover, no geometric
stability for the resident population alone, which correspond to the second case considered in the
branching process approximation.

Finally, we start from a population with only one mutant, S¥(0) = NK(0) = K—1,1%(0) = NE(0) =1
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and we consider z}, = 1. So the invasion condition Fas(z},0) > 0 reads 8 > ~. the branching process
Z is a birth and death process with individual birth rate # and individual death rate .
In this example, we can also determine the maximal value that the invasive population can reach,

which is the pic of the epidemic :
Ve =1-— +710g<’y>

BB B

We obtain the following results when there is an outbreak of the epidemics, where the hitting times
for the infected population is defined by

m(n) = inf{t > 0, I (t) > n}.

Proposition 5.1. If 8 > ~, then
i) for any & < log(K)/K? and n > 0,

(1)

K
lim IP’( sup ‘I(t) —1‘>’I7;I(TIK(5K))>O>=O,

Kortoo t<rE(¢k)

where I is the unique strong solution of

I(t) =1+ / 1{u§51(57)}N1(dS7du) - / 1{u§'y1(57)}NG(dSa d’U,)
[0,t] xRy [0

S X R4

i) For any v < vy, on the survival event {¥t > 0,1(t) > 0},

IE (¢
lim limsup sup ()

———>— — 1| = 0, in probability,
T Koo te[r,rK(wi)) | Kzp ™ (t) ’

where (x5 (t), 237 () is the solution of

{dxé”@ = BT ()T (1),

(Brg™ (8) = )" (2)-

such that (x5 (T), 257 (T)) = (SK(T)/K, I¥(T)/K).

The point ) is a consequence of Theorem 2.3 and point ii) comes from Theorem 3.6. These two
parts have an intersection : in the time window when the number of infected is large but negligible
compared to log(K)/K?, we have informally

IS () ~ I(t) ~ WPt~ 28T (t — T).

We obtain also an approximation of the time when the epidemics reaches a given level :

Corollary 5.2. Let (k) be sequence which tends to infinity and satisfies £ /K — v as K — oo,
for some v € [0,v,). Then, for any e > 0,

lim P (
K—oo

where T is an increasing continuous function such that 7(0) = 0 defined in Proposition 3.2.

log(§xc /W)

Tx

(k) — —7(v)

>€,W>0>:0,
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6. Appendix
6.1. Minimum of the martingale of branching process

Recalling notation Section 2, we are interested in the minimal value of the martingale W(t) :=
Z(t) exp(—r4t) for positive time. Such object for simple branching processes has already attracted
lot of attention. We are not aware in the literature of the estimates given here and provide the proof
for completeness. This relies on classical L? estimates to control the speed of the convergence of the
martingale.

Lemma 6.1. For any ¢ > 0, and any Z—adapted stopping time T,
PW(r)<e; W>0)<C (5 +e7'E {1{T<Oo}e_T*T/2}> ,

where W is the almost sure limit of W(t) as t goes to infinity, and C is some positive constant
independent of € and 7. We use the convention W(+400) := W for the inequality above to make sense.

Proof. To simplify the proof, we firstly treat the case where 7 is deterministic and finite. To begin
with,

Z(7)
W(r+1)—W(r)=e "7 Nie ™™ —Z(7) |,

i=1

where, conditionally on Z(7), the N; are i.i.d. with the same distribution as Z(1). This implies that

2(r)
E [(W(r+ 1) — W(T))Q} = TE |V | 3 (Nie ™ ~1) |2(7)
=e 2K [_Z(T)]V [Nie™™ —1] < Ce "7 (6.1)

On the other hand, we write

PW(r) <e;W>0)<PW<2)+P(W(r)<e; W >2)
<SPW <2, W>0)4+PW-W(r)>e¢).
Recalling that, on the event {WW > 0}, W follows an exponential distribution, we can bound the first

term of the sum above by 1 — e CF < Ce.
The second term of the sum can be handled as follows:

P(W—-W(r)>e)=P|> W(r+n+1)=W(r+n)>e
n>0

gé SCE[W(r+n+1)—W(r+n)]]
n>0

< 'S E [|W(T tn+l) - W(r+ n)ﬂ i
n>0
ch—le—r*7/2 Z e—'r'*n/Z < 06—16—7'*7'/2.
n>0
This ends the proof in the case where 7 is deterministic.
Now to prove the result when 7 is some almost surely finite Z—adapted stopping time, we just

have to do the same computation conditionally on F,. Indeed, since Z(7) is F,—measurable and
Z(T +1) — Z(7) independent of F(7), (6.1) becomes

E[W(r+1)=W()* 17| < e,
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and the last computation of the previous case gives
P (W —W(r) > ¢e|F,) < Ce e 7/2,

The result of the lemma is then proved by taking the expectation in the inequality above.
Finally let us treat the case where 7 is not necessary almost surely finite. We write

PW(r)<e;W>0)=P(W(1)<e; W>0;7<00)+P(W(1)<e; W>0;7=00)
<P(W(r)<e; W>0;7<00)+P(0<W <e¢) (6.2)

Note that, on the event {7 < oo}, we have the almost sure convergence
Liw (ran)<e;w>0} v Liw(r)<N;w>0}-
Whence, by Fatou’s lemma,
PW(r)<e; W>0;7<00) Slimninf]P’(W(T/\n) <eg; W>0;7<00)
§lin}11nf PW(rAn)<e; W >0)
Then, applying the result of the Lemma with the almost surely finite stopping time 7 An, we obtain
P(W(r) <2 W > 057 < 00) < C (e + & Himinf E e+ (40/2] ).

Noticing that
e—r*(T/\n)/Q < 1{T<OO}6_T*T/2 + e—r*n/Q,

we have
P(W(r)<e; W>0;7<00)<C (5 gy {1{T<®}67T*T/QD .

In addition, to control the second term of the sum in (6.2), let us recall that the distribution of W
is d
E(S() +AEN),
with X\ := (b, — dy)/d+. Hence
PO<W<e)=A(1—e ) < Ne

Recalling (6.2), the result of the lemma is proved. O

Lemma 6.2. With the same notation as in Lemma 6.1, for any 0 < e < 1,

P (gg Wt)<e; W> 0) < CeV4,

for some positive constant C independent of €.

1 1
se:=—log |- ).
Ty €

On the event {W > 0}, we have Z(t) > 1 for all t > 0. And, for t < s., e""*! > . As a consequence

Proof. Let us introduce

{ian(t)§s;W>O}g{inf W(t)gs;w>o}.

t>0 t>s.
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For some A > 1 whose value will be fixed later, let us note
S, = inf{t >s. 0 W) < 61/)‘} .
Since A > 1, we have ¢ < e!/*, hence

{ inf W(t) < g} C{S. <00} C {W(SE) < 51“}.

t>se

Note that the last event above is trivially satisfied only if S. < oco.
Then, thanks to Lemma 6.1,

P (W(SE) <A WS o) <C (51“ e VPR [1{55@0}6*“55/2]) .
Recall that, by definition of S, Sc > s., and so

— )

E {1{ss<m}6_r*55/2} < e Trse/2 = £1/2

implying that
P (W(Ss) <M w> 0) <C (51/A + 51/2—1/A) .

Finally, choosing A := 4 to optimize the bound above proves the result. O

6.2. Stability of pertubated dynamical system

The following lemma is strongly inspired from Lemmas 3.1 and 3.2 of [24]. We consider an exponential
stable dynamical system : 3’ < —cy, with ¢ > 0. We add a source term, which acts a pertubation given
by h. The following result allows to control the value of the dynamical system in terms of fluctuations
of the source term h on a unit time interval.

Lemma 6.3. Assume that there are three measurable and locally bounded functions y, h, ¢ with h(0) =
0 and satisfying that for all t > 0,

t
1) =50+ 50 + [ y(s)o(s)as.
Suppose in addition that ¢ is bounded, upper-bounded by some negative and
—oo < inf ¢ < sup ¢ < 0.
Then, for allt > 0,
sup 9(6) <1 (190 vsup i(s) ~ h(Ls)) )
for some positive constant I' that depends only on ¢.
Proof. To begin with, we introduce
O(t,s) = els r)dr < o=Cli=s)
for some positive constant C':= —sup ¢ > 0. Then

O(t,t) =1; (L, 8)P(s,u) = (t,u),
0y D(t,5) =P (t, 5)p(t) 5 05 (¢, s) = —D(t, 5)(s).
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By a standard constant variation argument, one can write

Vit = D(t.0)9(0) + h(t) + [ B )h()0()ds

Then it results the following decomposition:

[t] j
y10) =000) + Y 9(0.3) () =G~ 1)+ [ 851006 () — s - 1) s

j—1
t

+h(t) = h(t]) + /LtJ O(t,5)0(s) (h(s) — h([t])) ds.

Using the upperbound of ¢, we obtain

Lt]
O] <)+ e (s ) <G - DIT') + s ()~ H(LDIT

j—1<s<j lt]<s<t
with I := 1 4 ||¢[c. The result is proved by choosing I' = I" 322, e =T"/(1—-e°). O
Proof of Lemma 3.3. To prove the result, it is in fact sufficient to prove that
sup |¢pr(t,z) — 2R| < V2, (6.3)
t<se

with
se = 1M (x) A (inf{t >0: |pr(t,z) —af| > 51/4}) .
Indeed, if the inequality (6.3) is true, it implies that
M(z) <inf{t > 0:|or(t,z) — x%| > '/},

€

whence s. = 7M(z).

For the sake of notation, we introduce
yR(t) = ¢R(t,$) — TR.
Step 1. In this first step, we prove (6.3) assuming that dg Fr(z*) < 0. It allows to assume that

sup OrFr(o(t,x)) <O0. (6.4)

t<se

Let us write
n(t) = [ uts, )it o5,
[ onlo2) I(0(5,2)) ~ Filore r(6,2)) ~ un)om Ptz e, s
[ ontoaun(s)onFuan, o s.2)is

=ap+ H'Y(t) + H*(t) + /0 Or(8,2)yr(8)OrFr(xR, P (s, x))ds,
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where
t
H'(0)i= [ onls.)Falan. ou1(s.2))ds, o
0, 6.5
H2(t) := / ¢r(s,x) [Fr(é(s,x)) — Fr(zr, o0 (s, 7)) — yr(8)ORFR(2R, P11 (s, 2))] ds.
0
Thanks to (6.4) and Lemma 6.3, we have for any 7' > 0,
sup |yr(t)| <C ( sup ‘Hl(t) — Hl(LtJ)‘ + sup ‘HQ(t) — HQ(\_tJ)D (6.6)
t<TAs: t<s.AT t<s: AT

<Clp(0) —2}|+ Ce+ C sup |yr(t)]*,
t<s. AT

for some positive constant C' independent of z and e. Let us note

g(T) = sup |yr(t)|.
t<TAse

We have, for all T > 0,
g(T) < 2Ce + Cg(T)>.

Let us now end the proof by contradiction. Assume that
s :=inf{T >0 : g(T) > e}

is finite. Then since g is continuous 1/z < 2Ce + C(/£)? = 3Ce, which is absurd since ¢ can be chosen
arbitrarily small This proves (6.3).

Step 2. Now we prove the same result (6.3) under the assumption dgFr(z*) = 0. The same com-
putation as in Step 1 allows to obtain

Yr(t) =¢r(t, 2)Fr(zRr, om(t,T))
+ ogr(t,x) [Fr(o(t,x)) — Fr(zr, dr(t,x)) — yr(t)OrFRr(TR, dr1(t, ))]

)
+ ¢r(t, 2)yr(t)ORFR(TR, dr(t, T)).

Hence, for t < s,

YR(D)] <Com(t,x) + Clzg — 2| + Clyr(t))”
<C [(lor = whl + ou (t,2)) v (yr(9)*]

Since t — ¢pr(t, z) is increasing on [0, s¢], we have for t < s.,

sup ()] < C | (o = il + Gas(t:2) v supunls?). (6.7
Now, let us introduce

T = {0 <t<se:l|leg— k| + ot x) > sglt) yR(S)Q} .

If s, € T, then
sup yr(s)” < lzr — oh| + dar(se, 2) < 2,

<S¢
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and (6.3) is true. Otherwise, let ¢; := sup 7 and note that 7 cannot be empty since yz(0) = 0. Since
T is closed, we know that ¢; < s. and that

lxr — 2| + du(t, z) = sup yr(s)?.
s<ty

Let us remark that for any r < t; < s < s.,

()] < sup lye(®)] = \/ler = a5l + Ga(t1,2) < /lor = w3l + a0 (5,2) < sup [yn(t)|.
t<t1 t<s

Using that yr is continuous, it ensures that the maximal value of yg on the time interval [s,t] is

reached on [¢1,t]. Writing
g(t) == sup |yr(s)],
tlgsgt

and using also (6.7), we get for t > t1,

y(t)S|yR(t1)|+/t YR (s)lds < |yR(t1)|+C/0 g(s)*ds

According to Osgood’s lemma (see e.g. Lemma 3.4 of [3]), for all t; <t < s,
1 1

- <Ct-t),
il g =
and 1 1
— > —C(t—t).
9(t) ~ lyr(t)
We have that m — C(t —t1) > 0, because

lyr(t1)|C(t —t1) =lzr — 2R|C(t — t1) + dum(t1, 2)C(t — t1)
t
<Clzr —zhlse + C | oum(s,x)ds. (6.8)

t1
Since we work on [0, s¢], we can choose € small enough such that s < s,
Fryr(x) > 1y /2 and Far(¢(s,x)) > 1y /2.
Then it is possible to control the second term in the sum of the RHS (6.8) in the following way
t se 1 M (@)
. O (s, x)ds = /0 GSQZ)M(s,x)iFMW(S,x»dS < C./o Osdm (s, x)ds < Ce.

And, to control the first term of the sum (6.8), we can notice that, on [0, s.],

r
8t¢1\/[(ta .’L’) 2 ?*¢M(t7 LIJ),
whence
2 2 2 2 2
se < —log(1/xar) + —log(xar(se)) < —log(1/zpr) + —loge < —log(1/x ), (6.9)
T'x Tx Tx T'x T'x

such that

* 2 *
Tp — TR|se < r—|mR —axllog(1/zar) < Cnp.
*
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Hence s )
yr(t)|C(t ~ 1) < Clan(0) ~ ailse + [ Gu(s.o)ds < C +C= < 5.
0

Then, for all t; <t < s,

1 ¢ — i
g(t) < . _ lyr(t1)] < \/‘JJR i + oty x) < WE
iy — Ct—t)  1—=lyr(t)|C(t —t1) T-1/2
Recalling that g(t) := sup |yr(¢)|, we have proved (6.3). -
t1<t

Proof of Lemma 3.4. To simplify the notation, let us write

2(t) = sup [Or(s,2) — TR
s<t

Step 1. Firstly, let us prove the result under the assumption g Fr(z*) < 0. Using the computation
of (6.6) from Step 1 in the proof of Lemma 3.3 above, we have for all ¢ < 7M(z),

z(t) <Clzgr(0) — 2R| + C ¢stds+C’/
L] Lt]

<Clzg — a2} + Con(z,t) + Cz(t ) ,

since the function ¢ — ¢/ (z,t) and ¢ +— z(t) are non-decreasing on [0, 7 (x)]. As a consequence, for
all t < 7M(x),

t t t
/ +(s)ds <Ctlzr(0) — a7 +c/ ¢M(x(0),s)ds+0/ »(s)2ds
0
t
<Clzr(0) — zg|mM(x) + C/ ,8)ds + Cz(t )/ z(s)ds.
0
Then, by Lemma 3.3, we have z(7(z)) < C\/z and 7™ (z) < 2log(1/zar)/7+, we have

t ¢
/ z(s)dsSCn—i—Cs—i—C\@/ z(s)ds
0 0

Wence, for e small enough (such that Cy/e < 1/2 for example),

t
/ z(s)ds < Cn + Ce.
0

Step 2. Let us prove the same result under the assumption dg Fr(2*) = 0. We have proved in Step 2
of the proof of Lemma 3.3 above the following inequality: for all ¢t < 7 (z),

t t
z(t) <Clzr — x| + C/ oz, 8)ds + C/ 2(s)%ds
0 0

¢
SC\xR—m}‘ﬂ—i—Cng(x,t)—i—C/ 2(s)?
0

Hence, for all T < 7M(z),

T
/ ()dt<CT|xR—xR|+C/ ¢stds+C’/ / )2dsdt
0

t
§C|x3—x}‘z|ln(l/xM)+Cs+C/ z(t)/ z(s)dsdt
0 0

<Cn+Ce+ </T z(t)dt) .
0
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The exact same reasoning as the one used at the very end of Step 1 in the proof of Lemma 3.3 allows
us to conclude that, for all T < 7M(x),

/Tz(t)dt <Ve+n,
0

what ends the proof. O
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