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Abstract

For Sinai’s walk (X3) we show that the empirical measure of the environment
seen from the particle (vr) = (W(Xy + x), x € Z) converges in law to some ran-
dom measure .%,,, explicitly given in terms of the infinite valley V, defined in
Golosov| (1984). As a consequence an ‘in law’ ergodic theorem holds:

— Z F(y) £, ngﬁ
k

This allows some extensions to the recurrent case of the ‘environment method’
of Kozlov and Molchanov (1984). In particular, we show the LLN and the CLT
with the convergence to a mixture of Gaussians for Zzzl fo(Xi), Xk+1 — Xk)-

The new ingredient is the convergence in distribution in ¢! of the sequence
(exp—(V(b,+x)—V(by)); x € Z), where b, is the bottom of the main valley
of the potential V, to (exp—V(x), x € Z). Whereas the finite dimensional con-
vergence here is known since Golosov, (1984) and Bertoin (1993), the tightness
result is new and relies on new estimations of the growth of the random walk
conditioned to stay positive.
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1. Introduction, assumptions and main results

1.1. Model

Let w = {w(x); x € Z} be a collection of i.i.d. random variables taking val-
ues in [0,1]. Denote Q := [0,1]%, P the distribution of w on (Q, 2(Q)) and E
the expectation under this law. For fixed w € Q, let X = (Xj)xen be the time-
homogeneous Markov chain on Z, with transition function p“ given by p® (0, 1) =
1,and forall x € Z3,

w(x) ify=x+1,
p’x, =4 1-wkx) ify=x-1,

0 otherwise.

For x € Z, and fixed w € Q, we denote by P? the law on (Z", %8(Z")) of the
Markov chain X starting from x. This is the quenched law of X. The annealed
law of the couple (w, X) is the probability measure P := P, on (Q x Z", B(Q) ®
B(Z")) defined for all x € Z, and all F € B(Q) and G € B(Z") by

Px(FxG):fp;’(G)P(dw).
F

We write E¢ and E for the corresponding quenched and annealed expectations,
respectively. For simplicity and following |Golosov (1984) and Gantert et al.
(2010), we consider the walk on the positive integers reflected at 0, but we need
the environment to be defined on Z to introduce later the infinite valley of the
potential.
Denote, for x€ Z,
_1-ow)
Px= 00

(1)
It was shown in[Solomon/(1975) that when
Elogpo =0, 2)

for P-almost all w the Markov chain X is recurrent, otherwise the walk is tran-
sient. This paper focuses on the recurrent case, hence (2) will be in force for all
our results.



1.2. Motivation: Method of the environment viewed from the particle.

For w € Q and x € Z, denote by Ty the shift operator T, : Q@ — Q, which
translates the environment by the vector x, i.e.

VyeZ, (Trw)(y)=wlx+y).
The environment seen from the particle is the Q-valued process (®) given by
Wi = Tka, keN.

It is well known since [Kozlov and Molchanov (1984) that (v, k = 0) is a
Markov chain (with respect to both P and P(‘)“ ), with the transition kernel

R(w,dw") = w(0)81,6(dw) + (1 - w(0)d 1,0 (dw). 3)

The state space of this Markov chain is very complex, however, in the transient
ballistic case, which is characterized in (Solomon (1975)) by the linear speed of
escape of the walk to infinity, namely

Xp/n—v=(1-Epg)/(1+Epyg), )

Kozlov and Molchanovi (1984) showed that there exists a unique invariant prob-
ability Q for the kernel R, which is absolutely continuous with respect to P, with
an explicit density

p:dQ/dP:v(1+p0)(l+ZHpJ-) (5)

x=1j=1

(see Molchanov|(1994) p.273 or Theorem 1.2 in|Sznitman| (2002)). In particular,
Birkhoft’s a.s. ergodic theorem applies and gives for all Q- integrable F

n
! Y F@p— f Fw)pw)P(dw) P-a.s. (6)
" =1 Q

This constitutes the basis of the ‘method of the environment viewed from the
particle’. To recall it briefly, let us sketch the proof of Solomon’s result (4) on
the asymptotic velocity for the ballistic random walk. Let AX}, := X1 — Xp,
Iy =0{AXp,...,AXp, 0(Xp),...,w(Xp+1)}. We can write the classical martingale
differences decomposition:

1 n n
X,/n= - Y (AX) —EAXe| Fe-1)] +1/n ) E(AXy| F-1). (7
k=1 k=1



The first sum in (7) is composed of centered, uncorrelated terms, hence it tends
to zero in L2 and, using the martingale’s convergence, even a.s. Moreover, since

E(AXk|Fk-1) = 0(Xi) — 1(1 — w(Xg)) = 204(0) — 1,

for the second term of (7) we can apply Birkhoff’s theorem (6) and get

1 Y EAXelFr-1) =1/n ) ag0)-1) —»f Cw0)-1)p@Pdw)=v a.s.
n =1 k=1 Q

For further illustration of this method see/Sznitman! (2002), Zeitouni| (2004) and
L.V.Bogachev| (2006).

In this work we are interested in the limits of additive functionals of the
environment’s chain in the recurrent case and our main result, Theorem(1.1),
shows that under

1 2 _ @
;I;F(wk)~ fQ Fd%», (8)

where %, is a random probability measure on Q, defined precisely in (20).
This ‘in law’ ergodic theorem allows us to extend in a certain sense the envi-
ronment’s method to the recurrent case. In particular, let f be bounded and

sh:=Y floXp,AXp).
k=1

As we have
E[f(0(Xi), AX)|F-1] = fo(Xp), Do(Xp) + foXk), -DA - o(X))
we can represent S£ as in (7):
S/ =M, + Ay,

where "
M, = Z (f(w(Xk),AXk) —E[f(w(Xk),AXk)l«%c—ﬂ])
k=1

is a martingale and A, is an additive functional of the environment seen from
the particle, to which we can apply the convergence (8). In Section (5), using
this method, we show a LLN and a CLT with the convergence to a mixture of

normal laws for S£ . The sums of the form S{; arise in particular in the study of
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the limit distribution of the Maximum Likelihood Estimator (MLE) of the law
of the environment. The consistency and the asymptotic normality of MLE in
the ballistic and sub-ballistic cases were studied in/Comets et al.|(2014) and|Fal-
connet et al.[(2013) and Falconnet et al. (2014). The consistency in the recurrent
case, when the law of the environment has finite support, was shown in/Comets
et al. (2016). Finding the limit distribution of the MLE in this last case requires
the knowledge of the limit behaviour of the score function, i.e. the derivative of
the likelihood, and this last function depends on the functionals of the form

Y LX) = a)l(AX = 1), 9)
k=1

where a is a given point of the support of w,. The functional (9) represents the
total number of steps to the right from the sites where the environment is equal
to a. In Section |5} relying on our result (8), we give the limit behavior and the
fluctuations of such functionals. Note also that despite the fact that (8) gives
only an ‘in law’ version of the ergodic theorem, in many examples the limit in
is deterministic, hence the convergence (8) actually holds in probability. We
give such examples in Section (5).

To define precisely the limit random measure .%,, we need to introduce the
notion of the potential and of the infinite valley.

1.3. Potential and infinite valley
Let py, x € Z be given by (I) and define the potential V = {V(x) : x € Z} by

Z;leogpy if x>0,
Vix)=< 0 ifx=0, (10)
-y logp, ifx<0.

y=x+1

Then, V is a (double-sided) random walk, an example of a realisation of V can
be seen on Figure[1] It is easy to see that the measure u defined as

p0)=1, px) =exp[-V(x—1D]+exp[-V(x)], xeZ, 11)

is a reversible and invariant measure for the Markov chain X under quenched
law. Define the right border c,, of the ‘valley’ with depth logn + (logn)!/? as the
random variable

cn=min{x=0: V(x) —Omin V(y) =logn+ (logn)'?}, (12)
<y<x

5



V(x)

logn++/logn

Figure 1: Example of potential derived from a Temkin random environment with parameter
a = 0.3. Simulation with n = 1000.

and the bottom b,, of the valley as
by, =min{x=0: V(x) = 0min V(y}. (13)
<y<cp

Figure (1| shows a representation of b, and c, for recurrent Temkin random
environment with parameter a = 0.3. Namely, the environment’s law here is
Plwy = a) =P(w, =1-a) = 1/2. The salient probabilistic feature of the recur-
rent RWRE is the strong localization revealed by [Sinai (1982). Considered on
the spatial scale In? n the RWRE becomes localized near b,,. We are interested
in the shape of the valley (0, b, ¢,) when n tends to infinity and we recall the
concept of infinite valley introduced by|Golosov|(1984).

Let V = {V(x) : x € Z} be a collection of random variables distributed as
V conditioned to stay positive for any negative x, and non-negative for any
non negative x. Such events having probability zero, a formal definition uses
Doob’s h-transform (see|Golosov| (1984) [ Lemma 4], Bertoin/ (1993)). It is known
(Golosov| (1984), pp. 494-495) that

Y exp(-V(x)) <oo. (14)

xX€Z

(V(x), x € Z) is the so-called infinite valley, introduced in|Golosov| (1984).
Let w = {w(x), x € Z} be the environment of the walk in the infinite valley.

exp[—V(x)]
exp[-V(x)] +exp[-V(x—1)]’

o(x) = xe”Z. (15)
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Let ¥ be a probability measure on Z defined by

exp[—V(x -D]+ exp[—V(x)]
2Y zezexpl-V(2)]
Thanks to the probability measure is well defined, and is a stationary

(and reversible) distribution of the random walk in in the ‘infinite valley’, i.e.
the walk governed by the environment @.

v(x) = , X€EZ. (16)

1.4. Assumptions and main results
Assumption I. Elogpy =0 and V(logpg) > 0.

Under Assumption (I) for P-almost w the Markov chain X is recurrent.
AssumptionIl. P(6p<w(0)<1-6y9) =1 forsome bp€ (0,1).

The assumption () is technical and commonly admitted.
We are interested in the limit behavior of additive functionals of the envi-
ronment’s chain (@¢). The empirical law .#, of this chain, defined as

1 n
Fn==2_ g, (17)
n =1

allows to represent Birkhoff sums of F: O — R along the chain as an integral

1 n
—ZF(d)k):f Fd<,.
n =1 Q

Define for n € N and x € Z, the local time of the walk at the position x as

n
¢(n,x) =) UXp=x} (18)
k=1
Note that the empirical law of the environment seen from the walker can
be expressed using the local times as

Fu=Y

xeZ

¢(n, x)

6wa- (19)

Let 45 be arandom measure on Q2 given by

o= ) V(X615 (20)

xe”Z
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where V(x) and @ are given respectively by and and denote the station-
ary distribution of the walk and the environment in the infinite valley. Provide
= [0, 1] with the distance of the infinite product given by

dw,0) =Y 27w - o' (). 21)

xeZ

Theorem 1.1. Under Assumptions|] and|I] the empirical law of the environment
seen from the walker converges in distribution, as n — oo:

“n =, “oo (22)

in the space 22 (Q)) equipped with the topology of the weak convergence of proba-
bility measures. As a consequence, for every bounded and continuous F : Q) — R,

- Z F(@p) ﬁf Fd%s,

Note that in particular, for every m € N and g : [0, 112"+l R, continuous
and bounded,

1 n
—Y gXp—m),...,0X+m) = Y g@x—m),...,dx+m)vx).
n =1 xeZ

The simplest example is given by f : [0,1] — R, continuous and bounded:

- Z FloXp) = Y f@))V(x).

xe”Z

Denote by & the expectation with respect to the law of V = (V(x)) xez and let us
define Q € 22(Q) by
f Fd
Q

for bounded F : Q — R. We can view Q as the &-expectation of .#,,.

=) E[V(F(Tx®)], (23)

xe”Z

fQFd@:é"

Proposition 1.2. The probability Q is invariant and reversible for the Markov
chain (g, k = 0) in Q. The measures P and Q are mutually singular.



As we mentioned in Section , the invariant probability of the environ-
ment’s chain in the ballistic case (5) is absolutely continuous with respect to
the law of the environment P, see (Molchanov, 1994, P. 273). To the best of our
knowledge, the one we find here is the first one to be obtained as a limit in the
case of zero velocity, and it is singular with respect to P.

The proof of Theorem is partially inspired by the paper of Gantert et al.
(2010) concerning the convergence in distribution of the centered local times
(Mn””), x € Z) to (V(x), x € Z). Based on the observation (see [Sinai (1982),
Zeitouni (2004)), that at each single site around the bottom b,, the walk spends
an asymptotically positive amount of time proportional to the weight of the site
with respect to the invariant measure, these local times, similarly to |Gantert
et al. (2010), can be approximated in probability by the normalized invariant
measure of the walk y, given by (LI). So finally the question of the convergence
of the empirical measure .%, can be reduced to the question of the conver-
gence in distribution to (exp ~V(x); x€ Z) of the sequence of random vectors
(E,) given by

En = (expl=(V(bp+x) = V(b)) izp,,...co—b,-1;(X) ; X € Z) (24)

.....

in the space ¢ L= {(l(x), x€Z; ¥ ez 10(x)| < o0}. Note that the fidi convergence
here is known since |Golosov| (1984), Bertoin| (1993), but the fact that the se-
quence (Z,) is tight in ¢ 1 proved in Theorem is new. Showing this tight-
ness boils down to showing that the potential’s increments grow fast enough
when x — +oo. This is done in Proposition [1.3| bellow. This result continues
a series of papers about the random walk conditioned to stay positive, as the
increments on the right of b, have the same law that V, conditioned to reach
logn++/logn before 0_. These subjects were actively studied in the nineties, see
Bertoin| (1993), Bertoin and Donney| (1994), Tanaka (1989), Ritter (1981). Most
of these papers deal with the convergence of finite dimensional distributions,
or study the law of the limit walk, but as the size of the main valley tends to the
infinity, the fidi convergence is not sufficient here. Proposition[1.3]is a key new
technical result of the paper. Note that the tightness of (£,,) is also needed in
Gantert et al| (2010), but is missing there. Hence together with Proposition|[I.3]
Theorem (1.4 completes the proof of Theorem 1.2 of|Gantert et al.| (2010).

Proposition 1.3. Suppose that Assumptions () and(ll) are satisfied. Then the
following holds:

i) Foralln €]0,1/2[ and 6 > 0,
lim liminfP (V (b, +x) — V(b,) =6x", Vx€[K,c,— byl ) =1.

K—+o0o0 n—oo



ii) Moreover,

lim liminfP (V (b, —x) - V(b,) = 2logx, Yx € [K,b,] )=1.

K—+o00 n—0o0

This proposition is proven in Section (3). Denote by Pz, the law of =, on
@11

Theorem 1.4. Suppose that Assumptions (I) and are satisfied. Then the se-
quence Pz, is relatively compact in @L1-1). Asa consequence, the sequence
P=, converges weakly to the law of {exp[-V (x)]; x€ Z} in 01, B YY),

1.5. Structure of the paper

Section [2]is devoted to the proof of Theorem Section [3| deals with the
properties of the random walk conditioned to stay positive. Here we prove the
main new technical ingredient, Proposition and the tightness result, Theo-
rem|[1.4] Section[4]deals with the properties of the invariant measure of the en-
vironment'’s chain, Proposition[I.2] In Section5|we show how the environment’s
method can be deduced from Theorem[I.1] There we prove the LLN, Proposi-
tion (5.1), and the convergence to the mixture of Gaussian laws, Proposition
for normalized sums }_ Zzl f(w(Xg), AXy). Finally Supplementary material,
Section [6] contains the proof of an important auxiliary result, Proposition
which gives an approximation in probability of an additive functional of the
environment’s chain by a functional depending only on the environment.

2. Proof of Theorem[L.1]

This section is devoted to the proof of Theorem The proof is based on
the approximation in probability of an additive functional of the environment’s
chain by a functional depending on the environment only, which is the content
of Subsection [6, Proposition Then in Subsection [2.2] we give the proof of
Theorem|[1.1} explaining its main steps.

2.1. Approximation in probability of [ Fd.%,.

Let X" = (X ey be the Markov chain with value in {0, ..., ¢,}, reflected in 0
and ¢, and with transition given by

pUtx, x+ D) =wy, PUM(x,x-1)=1-wy Vxefl,...,c,—1hL

10



For x € {0,..., c,} we denote by P$"" the law of this chain starting from x. The
idea of the proof of Theorem consists in considering the original walk X
only after it reaches b, and before it exits [0, c,], i.e. to replace X with X", since
on the time interval [0, n] it turns out to be a good approximation in probability.
The advantage to work with X" is in the fact that it is irreducible, positively re-
current with the invariant probability i, defined by (29). As a consequence the
decomposition on the i.i.d. cycles between successive visits of a given state can
be used to obtain the deviation of an additive functional, as well as some well
known formulas linking the invariant probability and the expectation of hitting
times. The idea to replace X by X" is borrowed from |Gantert et al.| (2010), but
the use of this idea, namely trough the life-cycles decomposition, is different.

Proposition 2.1. Let .%;, be given by and X, by B0). For any continuous
F:[0,11?"*! > R and all € > 0 we have

P (S (F) - Zp(F)|>¢€) — 0.
The proof of Proposition[2.1]is given in Supplementary material, Section|6|

2.2. Proof of Theorem|[1.]]

Proof. Recall that & denotes the expectation with respect to the law of V. By
definition, claim is equivalent to

r}i_r}gloEG(Sﬂn) =E8G(F) (25)

for all bounded continuous G : 22(Q) — R. We first observe that it is sufficient
to prove for all G of the form

n

G(y):z(f Fldyx...xfﬂdy), F e P Q) (26)
1=1\JQ Q

with arbitrary integers n, m, I and continuous Fj : [0,1]*""1 = R (1 <k < ]).
Indeed, with d defined by (Q,d) is a compact separable metric space and
hence (22(Q)), p), endowed with the Prohorov metric p, is a compact separable
metric space too. The set ¢ of functions G of the form is an algebra of con-
tinuous functions on the compact metric space £2(Q2) which contains constant
functions and separates the points. By Stone-Weierstrass Theorem, this set is
dense in the space € (22(Q);R) for the supremum norm, and then it suffices to

11



prove for such G. This, in turn, is equivalent to prove the following conver-
gence in distribution:

U Fldyn,...,f Fldyn)ﬁ(f Fldyoo,...,f Fldyoo). 27)
Q Q Q Q

Using the Cramer-Wold device is equivalent to

1 l
Vit,...t)eR, Y o | Fds, Y | Fidss,
i=1 JQ i=1 JQ

and finally, as 25:1 t;F; is a continuous function on Q, depending only on a
finite number of coordinates, we only need to prove that

VmeN*, VF € 6,([0,11°™), fpdynﬂ Fd%y. (28)
Q Q

Below we give the proof of (28), which is separated in 3 main steps.

Step 1. Approximation in probability of [, Fd.%.
For F as in (28), using and we can write %, (F) in the ‘spatial’ form

yn(F) = Z F(Tx(l))f(n,X) = Z F(w(_m+x)’”.,w(m+x))€(nrx).
xe”Z n xXe”Z n

Fix n e N* and denote u, = p¢ the random probability measure on Z,, s.t.

ZL (e7V 4 e V1) ifo<x<cp,

n

B ZL ifx=0,
Un(x):= ZL:e_V(C"_D if x =cy, 2
0 if x¢1{0,...,cnl,

where Z, =23 'e™V™ and ¢, and V are respectively defined by and

(10). The local times a”—ﬂ’x), X € Z, can be approached in probability by the
quantities u,(x), x € Z; . This argument was found by |Gantert et al. (2010).
Here we show that more generally, the additive functional .#,(F) can be ap-
proached in probability by X, (F) = [ FdX, with

Zp= ) pn(0071.w- (30)

XEZ

12



Proposition[2.1]states that Ve > 0,
P (|Fn(F) = Z,(F)| > €) — 0. 31

Note that .%#, depends on the walk and on the environment, whereas X, de-
pends only on the environment. The next two steps allow to show the conver-

gence in law: X, (F) Z, Fo(F).

Step 2. Expressing Z,(F) as a continuous function of a weakly convergent se-
quence.
Note that

Zp(F) =) F(Txw)pn(x) = Y F(Tp,+x0)fin(by + X).

X€Z xe”Z

Remember that we denoted =,, the random element in #! given by:

.....

Both u,(b,+x)and w(b,+x): x=—by,...,chn—by—1 canbe expressed in terms
of Z,:

Ep(x) +En(x—1)
2% ez En(y)

Un(by+x) =

)’

and

Ot ) = TG

Thus, X,,(F) = Hr(Z,) where Hr : ¢! — R is continuous. In Theorem we
showed that the distribution of Z,, converges weakly to that of {exp[-V (x)] ; x €
Z} in this space. Together with the continuity on ¢; of Z,,(F) = Hr(E,) that gives
the convergence in law

2n(F) L S0 (B). (32)

Step 3. Conclusion: Using and we conclude that %, (F) Z, Foo(F).
This ends the proof of Theorem[1.1] O

13



3. Random walk conditioned to stay positive and weak convergence to the
infinite valley

In this section we prove Proposition[1.3Jand Theorem[1.4] Note that the idea
of the proof of ii) is the decomposition of the dynamic on the i.i.d. cycles cor-
responding to the strict descending ladders, whereas the proof of i) is partialy
inspired by Ritter (1981).

3.1. Proof of of Proposition|1.3
Proof. We start by proving ii). Let Tj := 0 and for all £ € N*, put

Ty.1:=infly > Ty, V() < V(Tp)}

The sequence (77)sen is the sequence of the strict descending ladder epochs of
V. Let
er=((V(2)=V(Tp-1), Tp-1=2<Tp), CeN".

Using the strong Markov property of V, the sequence of excursions (e/), £ € N*
is an i.i.d. sequence. Let N(n) be a random time, such that b, defined by
satisfies b, = Tn(y). Namely, setting as previously L, :=logn + /logn, we have
following Golosov| (1984) p.492,

N(n) :=inf{¢ e N*; max{V (z) = V(Ty—1); Tp—_1 <z< Ty} = Ly}.

Due to the independence and the equidistribution of the excursions (e,), ¢ €
N*, the random variable N(n) is geometrically distributed with the parameter

pn:=P(rr, <70-), where (33)

1r,:=inf{z>0, V(z)=L,} and 71(-:=inf{z>0; V(2) <0}.

Denote also

. . _
Tg_:=To-o07, and TLn.—TLnOHT[.

With this notation 7)_:= 7o- and T(L)n :=1,. We also denote oy := Ty— Ty_; and
Hy := V(Ty) — V(Ty-,) respectively the length and the high of the ¢-th ladder.
Let K e N* and

C(K,n):={Vx=K,...,b,, V(b,—x)-V(b,) =2logx}
={Vy=0,....,b,— K, V(y) = V(by) =2logly — byl}.

14



Keeping in mind the relation b,, = Tn(,), we can observe that
CK,n)= (34)
{V0=0,..Nn) -1 |Tp—Tnm| = K; V(Tp) = V(Tnm) = 2log| Ty — Tnm l}

Indeed, let ¢(y) € N be the number of ladder excursions containing y, i.e.
Ty(y) = y < Ty(y)+1, then using the fact that the function x — 2log x is increasing
onRy, V(y) = V(Tyq,) and V(Ty) = V(Tn(w) = 210g1Ty — Tyl for all £ € N, we
have

V(Y)=V(INnwm) = V() = V(Te) + V(Tey) = V(INm) 2

210g|Tg(y) — TN(n)l = 210g|y— TN(n)l-

Which proves (34).
Now we can write:

P(C*(K,m) =

o0
Y P@EC=0,....N-1, Ty— T, = K, V(Ty) - V(Tn) < 2log| Ty — Tyl; N(n) = N) <
N=1

00
P(N(n)=N)+ Z PEm=1,....M, TNn—Tn-m=K; N(n) = N)+
1 N=M+1

)

1
Z PE@m=M+1,....N, IN—Tn-m=zexp=(V(TNn)—V(ITn-m)); N(n)=N):
N=M+1 2

S1(n, M) + S2(K, n, M) + Sz(n, M).

™M=

Here in the third line we denoted m = N — ¢ the number of ‘ladder’ between Ty
and Ty, and the auxiliary M € N* will be choosen later. We obviously have

M
S, M)= > A-p)" py~Mp,—0 if n—oo. (35)
N=1

For the second sum we can write

o0

S(K,n,M):= Y P@m=1,...M, Ty—Tn-m=K; N(n)=N) <
N=M+1
o0 o0
Y P(In-Tn-mzK; Nm)=N)= ) POn-M+1+...+0ny2K; N(n)=N) <
N=M+1 N=M+1

o) N
Y. P(o,=K/M; N(n)=N).
N=M+1¢=N-M+1
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The event {N(n) = N} can be written as

N | 1. .. N-1__N-1,_N __N
{N(n)=N}={ro_<7[ ;..;To— <Tp 5To->Tp }

Let csp > 0 be such that Va > csp, P(to- > @) < Ca”''?, where C is a positive
constant. Following Spitzer (1960) we can choose such a constant cs,. Since
K — oo, for all M > 0, K/M > csp, will be satisfied. Then, using the indepen-
dence of the ladder excursions, together with the definition (33), we can write

IP(UgZE; N(n):N)sP(UgZEOTé <t yppa-p)Nt<cC A—/Ipn(l—pn)N_z.
M M 0 La K

Using this bound we see that

o0 3/2 _ p\N-2 31207 _ , \M-1 3/2
s 3 SO -p)VE  CODPA-pMT_ COME

N=M+1 VK VK - VK
(36)
Finally
Ss3(n, M) = (37)

o0

1
Z PEAm=M+1,....N, In—Tn-m=zexp= (V(In)—=V(ITn-m)); N(n)=N) =
N=M+1 2

00 N

1
Y ) PON-ms1+...0N>€xp= (Hn-ms1+...+ Hy); N(n)=N) <
N=M+1m=M+1 2

00 N N N

_ 1
=Y Y ¥ a-p)VN"piPmo,>exp- Y, Hp) (38)
N=M+1m=M+1¢=N-m+1 2 k=N-m+1; k#¢

Where in the last line we used the independence of the excursions and the
fact that H; > 0. The term (1 — pn)N_’”pn comes from N(n) = N, where the
N — m first excursion are independent of the m last, and hence of the event
ON-m+1+...0N > exp% (HN-m+1 + ...+ Hy), whereas p;, appears because the
excursion corresponding to the ‘success’ is after Ty (,). Note that we used Hy > 0
to get rid of Hy in the exponential. In this way o, is independent of the sum

16



ZkN: Nem+1ls kit Hj.. Now using Markov inequality,

S3(n, M) < 39)
o N N 1 N
Z Z Z (l—pn)N_mpnIP(mag>exp§ Z Hp) <
N=M+1m=M+1¢=N-m+1 k=N-m+1; k#A¢
[es) N

N=M+1m=M+1

00 N o]

Z (1 _ pn)N_Mpn Z mze—mc < Z (1 _ pn)N—Mpne—MC, < e—MC,
N=M+1 m=M+1 N=M+1
And finally putting together (35), and
P(C(K,n)) =
3/2 )
S1(n, M) + So(K, n, M) + Ss(n, M) < Mp,, + N +e M,

We first choose M large enough, such that e ¢ <. Then we get

im limsupP(C°(K,n)) <¢

1
K—oco n—oo

and since € > 0 is arbitrary, this concludes the proof of ii).
Now we prove i).

Recall that V(x) = ;zllogpy if x > 0, and (logp,) ez are ii.d. and centered.
Denote

T =inf{x e Z,, V(x) =logn + \/@} , To-=inf{xeZ,, V(x)<0}.
Using the strong Markov property,
LEV(by+x)-V(by), x=K=by,....,ch=b,) =LL{V(x), x=K,...,T1nlTIn < To-}) .
Hence we have to prove
KliTooiI;}fP (V) =6x", Vx=K,...,Tin ATo- |TIn < To-) = 1.

or equivalently

. PAx=K, x<TinATo—, V(x)<dx", 11, <Tp-)
lim sup =

0. (40)
K—+oo p P(Tin <To-)

17



Let ¢ > 1 be an integer such that Va > ¢, P(tq_ > a) < Ca”"?, where C is a

positive constant. Following Spitzer Spitzer| (1960) we can choose such a con-
stant c. For r € N*, denote %, the following event

€ :={3xec" L x<TimATo; V(X) <8xXT; T < To-}

and denote for x € [¢" 71, ¢"[

eyi={Nze[c" x[; V,282" V(x) <6x; x<TpATo-}

Note that <7, are disjoint for x € [¢" !, ¢"[ and that

c'-1
6= |J {en{tm<T10-}.

x:Cr—l
For all x € N, denote P := Py, F, = a{Vj,..., V}. Denote L, =logn + /logn.
It is easy to see that

Y+

n

VO=sy<Ly, ﬂ:Dy(Tln <Tp-) <

for some positive constant ¢y = sup,, ,-¢Ey(=V(79-) | To- < T1n). Indeed, using
Doob stopping theorem, and the fact that V;, > L,

Py (Tin < To-) Y —Ey[Vio_ | To- <71l
1 0-) = .
yTin Ey[Vr, | 70 < To-] —Ey[Vz,_ | To- < Tin)

Since the event {1}, < 7¢-} is invariant under shift, using Markov property
we can write:

Po (x N{TIn < To-}) = Eo [Po (Zx N {T1n < To-}Fx)] =
Eo(Vzelc"™ x[ V;2682"; V(x)<8x"; x<TinATo-; Py, (Tin <To-)) <
Po(Vzelc"™ x[; V;2082"; V() <6xT; x<tin ATo-) 0x7+co)(Ly) ' =

P(sty) (6x" + co) (L) L.

Hence, using the fact that </, are disjoint and that

1 r

Vx=c"1...,c" -1, dic{ro->xic{te_->c 1}

’

18



with our choice of ¢, we have

-1 5c" + ¢ c’'-1
P@)= Y Pldinfin<to)s——2 Y Pl =
x=cr1 n x=c'1

8¢+ ¢ ( ¢'-1 )
T 0p <

Finally, for any n and R = 2,

P(3x>c®Y x<timAToo; V(X) <8xT; Tin <7o-) <
o0
P(6,) < C1 (6 + coc™ ™MD (L)1,
r=R

and follows from Py (11, < 7o) ~ (L) L.

3.2. Proof of Theorem|[1.4
Using Proposition [1.3|we prove the tightness result for the potential incre-
ments (Z,) given by (24).

Proof. Recall that (¢ LIl is a complete separable metric space and hence ,
using Prohorov’s theorem (Billingsley|(1999)), the sequence of distributions Pz,
is relatively compact if and only if it is tight. Recall also the characterization of
the compacts in (¢, ||.||1) :

H ! iscompact <= supllll;<oco and lim sup Z L] =0.
lex N—00 e 7 |xI=N

Letn€(0,1/2), K > 0. Denote
1
K, K) ={lell|l|<1; Ic.< — VxeZ nllx= Ky L,<e ™ Vxez,.n{lxl=K}.
H (n,K) is a compact in £!. As a consequence of Proposition for n large
enough P(=, € £ (n,K)) = 1 - € and the sequence Pz, is tight.

From |Golosov, (1984) the following convergence of finite dimensional dis-
tributions (fidi) holds:

Ep={expl-(V(b,+x) - V(b)) ; x€Z} ad {exp[-V(x)]; x€Z}.
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Using b, — oo a.s. and ¢, — b, — oo a.s., the finite dimensional distributions of
=, converge weakly to those of {exp[—V(x)]; x € Z} . Denote by .4 the class of
continuous, bounded, finite-dimensional functions:
M= {feb@): fUl) =FUDYiel-kkl = fO)=f)}.
keN*
Itis clear that ./ separates points: if [ € 01 1'e ¢, 1 #1', that there exists fe,
such that f(I) # f(l'). Since (¢ L d) is separable and complete, and .4 sepa-
rates points, using Theorem 4.5 from Stewart N. Ethier (2005) ./ is separating.
Now the claim follows directly from proposition and lemma 4.3 of Stewart
N. Ethier (2005).
O

4. Proof of Proposition|1.2

Proof. To show reversibility, we need to prove that for the chain starting from
o ~ Q, defined by 23),

EF (@) G(@1) = EF(@1)G(@o) (41)

for F, G continuous and bounded on Q. Let P denote the law of @. By definition
of the transition R, the LHS in is equal to

Qdﬁ@) > VO F(Ty®) [0(%) G(Ty41®) + (1 = &) G(Tx-10) ]

XeZ

=], dP@)[ ) VO F(Te@)d(X)G(Ty1®) + ) V(X F(Tx®)(1 = &(x))G(Tx-1®)]

xe”Z XeZ
= | dP@)[ Y. ¥(x+ DF(Te@) (1 - &(x + 1D)G(Tx1@) + Y V(x = DF(Ty@)@(x — 1) G(Ty—1®)]
Q xe”Z xe”Z

= | dP@)] Y. VO)F(Ty-1@) 1 - a()G(Tyd) + Y V(@) F(T,11@)3(2) G(T,d)],
Q yez z€Z

where in the third line we used the relation
Vix—-1Do(x—-1)=v(x)(1-d(x)) (42)

and we changed the variables y = x+ 1,z = x—1 in the last one. The last expres-
sion being the RHS of (41, we obtain reversibility of @, which implies invari-
ance by taking G = 1. Finally consider the event

X 1-w(y)
Q,=weQ: lo =0 Vx=1;.
' { 28720 }
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By construction of V and since V is a mean-zero random walk under P, we have
QQy)=1, PQ4)=0,
so the two measures are mutually singular. O

Remark 4.1. From the proof of reversibility we see that there exist many invari-
ant measures by the transition R. Indeed, the proof works thanks to the relation
(@2), (which means the reversibility of the measure v with respect to the walk in
the environment @) and thanks to the fact that Y. ..y exp[-V (x)] finite a.s. . As a
consequence for any V (in the place of V), & and v defined with the help of V us-
ing (15),(16) the measure on Q given by EY_ ,.c7V(x)0 1,», Where the expectation
is taken w.r.t. to the law of V, is reversible for R.

5. Examples

In this section we give some examples of application of Theorem[.1} All
these applications deal with the limit behavior of properly normalized sums
S£ = Y1 f(@(Xp),AXy), for which we perform a decomposition, represent-
ing S{; as a sum of martingale and an additive functional of the environment’s
chain. For such a functional we can apply our ergodic theorem ( Theorem|[I.1).

In this sense, this is an extension of the environments method of Kozlov and
Molchanov (1984) to the recurrent RWRE.

5.1. Law of large numbers for functions of the environment seen from the parti-
cle and steps

Proposition 5.1. Let f: Q) x {—1;1} — R, bounded. Denote AXy = Xj+1 — X, k €

N. Then the following convergence in distribution under annealed probability

holds :

1 n
— Y f@X),AXD) L Y (flg, Didy + f (g, ~D(1—@))¥(x),  n—oo.
-1 xe”Z

In particular, if f does not depend on w, f :{—1;1} — R, then the following con-
vergence in annealed probability holds :

12 p f)+f(=1)
nk;fmxk) —— n-o
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Proof. Denote
g}’l = U{AXO) cee JAXnv Q)(XO), e ,Q)(Xn+1)}

and let’s write the martingale difference decomposition :

1 & 12 1 &
=) fX),AX) == Di+— Y E(f(0XK), AX)|Fr-1).  43)
n =1 n =1 n =1

Where
Dy := f(0(Xg), AXr) — E(f (0(Xk), AXi)|Fr-1); keN

is centered conditionally to Zj_;, measurable with respect to %, uniformly
bounded random variable. As a consequence (Dy); k € N, are bounded, non-
correlated and

- Y Dy —0. (44)

Remark that
E(f (0(Xi), AXi)|Fk-1) = f (0 (Xi), Do(Xi) + f(oX), -1 1 - o(Xg).

Theorem 1.1|gives the following convergence in distribution :

1 n
- Y B(f (X0, AXQ)|F 1) = ¥ (F (@, DO@) + f (@5, ~1) (1 - d(x))) V().

k=1 xeZ
(45)
When f does not depend on w, the previous limit becomes

S+ f(=1)

1 n
- Y EFAX)IF ) 2 Y (FDd@) + f(-DA - d(x) ¥(x) = >

k=1 xeZ
Indeed, using the definitions and ,
1
Y o)) =) 1-a@)v(x) = >

xe”Z xe”Z

Using and together in this completes the proof.
]

Proposition 5.2. Let f : Q x {—1;1} — R, bounded. Then the following conver-
gence in distribution holds:
1

n
N Y (floXp, AXy) - fwXg), DoXi) - foX), -1 - 0(X) Z.z
k=1
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where Z is a random variable with the characteristic function
_ )
¢z(1) = E(exp( St ),
andn is a random variable distributed as:

LY (flie, 1) = (@5 -1 20 1 - () ¥(x).

xe”Z

Thatis 7 Z nU wheren and U are independent and U ~ A (0,1).
In particular, if f does not depend on w, f :{—1;1} — R, then the following
convergence in distribution holds:

1 n
NG Y (f(AX)) - fFDoXE) - F(-D 1 - 0(Xk)) Z 7
k=1

where Z is a random variable with the characteristic function ¢ z (t) = E(exp(— %172 %),
andn is arandom variable defined by: n* £ (F)=f(=1)?Y 1e7 @(x) 1-D (X)) V(x).
Thatis 7 Z nU wheren and U are independent and U ~ A (0,1).

Proof. In this proof we will rely on Theorem 3.4 from Hall and Heyde|(1980) and
use their notation. Define

1
Dyg = NG (f((Xp), AXy) — E(f(@(Xp), AX) | Fr-1)) -

Let S;0 =0, S;,; = 22:1an and put for i = 1,...,n, F,; := ;. Then S,; is
adapted to F;. Let U2, =¥} _, D?, . Denote

C'gl’l = O{CU(XO),---yCU(Xn+1)};
Clearly 9, c %,. Letfori=1,...,n,
gﬂ,i = eg-l’ll V(gl’l = <g.l V(gn = U(AXb---;AXi;w(XO);---;w(Xn+1)}-

Moreover,

2
max |Dy;| < I/ . (46)

i=l..n n

)SZIIfII2

I 0 and E('maxle'lz
n

i=1..n
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Define a random sequence (u2) by
n
Z nklgk 1
k=1

It is easy to see that
1
E (D}l F1) = —(f(@(X, D) — f0(X), -1’0 (X0 (1 - 0(Xi),

hence the sequence (u2) is (4,,)-adapted. In order to show the following con-
vergence in probability ( condition (3.28) of Theorem 3.4 from Hall and Heyde
(1980)):

n
P
= kZl (Dr = E(D5 1 Fk-1)) — O, (47)
we remark that (D2, —E(D?,|%_1)); k=1,...,n, are bounded, centered con-

ditionally on gk 1, (Zr)— adapted and hence non correlated. Hence, using
@6), U2, — u? converges to 0 in [.%:

n

Z 2 —E(D2 1% 1)| =Y E(D?,—ED? %) <
k=1

2nlfI*
n2

Then forall i = 1...n, E(Dy,il%n,i-1) = 0, and the condition (3.29) of Theorem
3.4 from Hall and Heyde| (1980) is satisfied. Applying Theorem we see that

1 n
= — Y (FX, ) - XD, -1 0(X) (1 -0(X) 2

ni=1
Y (f(@x, 1) = f(@x, —1)*®(x) (1 — & (x)) V().
xeZ
Using (47),

U2, = (U2, - 12) + 12 5 Y (F(@x,1) = f(@x,~1)20(x) (1 - B(x) V().

xe”Z

and the theorem follows. O

Example 1. Suppose that w(x) € A, where A is countable and let a € A. Then
using Proposition (5.1) we obtain

— Z llwXy) =a)l(AXy) =1) £, a Z 1(@y=a)V(x) = aV(x: Oy =a)
n = xe”Z
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Moreover, using Proposition (5.2),

L Y LX) =a) [1(AXY) =1) —al =, Val-a)v(x: @ =a)Z;
n k=1

where Z ~ & (0,1) is independent of V(x: &y = a).

Acknowledgments. We are grateful to the anonymous referees for their very
helpful comments and suggestions which improved the paper.
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SUPPLEMENTARY MATERIAL

The supplement contains the additional Section[6] We prove there the cru-
cial Proposition[2.1jused in the proof of Theorem|[1.1] This proposition allows to
approximate an additive functional of the environment’s chain by a functional
depending only on the environment.

6. Proof of the approximation in probability of [, Fd.#,.

Proof. Let n e N* and w € Q be fixed. Denote T° = 0. For y € Z*, Vk > 1, denote

Ty :=inflt> T, X; = y)

We shorten T, := TJ}. Using the recurrence of X, T)’f < oo P - a.s. Denote k; the
number of visits of b, by the walk before the time 7 :

n
kp:=¢(n,by) = Z 1(X; = by).
t=0

As (1, is an invariant probability of (X™), k,,/ n can be compared with p,,:

e |
kn

p
(12

For the first term of the inequality we can write:

(s

Where we have denoted

kn
— tn(bn)

> 8) (48)

— tn(by)

>¢, Ty, <nel2, T, >n)+P0 (Tp, = nel2)+P§ (T, < n).

kn
—_— = ,Un(bn)

>¢, Ty, <nel2, T;,>n

<Py (By) + Py (B2); (49

By :={kn = [n(un(by) + ) +1, Tp, <nel2, T, > n};
By :={kn < [n(n(bp) — &)1, Ty, < nel2, T, > n}.

Both events B; and B, concern with the part of the trajectory Xy, ..., X;;, where
the value ¢, did not occur. Hence P§(B;) = Py""(B;), i = 1,2. Then, using the
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definition of (Tlf ), strong Markov property and Markov inequality, for n = 2/¢

P{(B1) = Py (By) < Py (Tlgn(’"t”(b”)”)]Jrl < n) <

_ [(n(pn(bp)+€)] el . _ [n(pn(by)+e)] ne—1
Py Y. (I, -T,)sn|<P>" nes———
k=1 k=1 l‘ll’l( I’Z)
n(,un(bn) + g)ﬂi(bn)vtgynnl 1+e) \72)’"771
< z <4 L (50)
(ne —1)2 €2 ’
where

Ne=Ty " =Ty —1/pn(by)

are i.i.d. and centered under f’g"”, since , is the invariant probability for the
n

irreducible positively recurrent chain X" and E”"T} = 1

: by Lp, = wn Similar argu-
ments give

P (By) = By (By) < By (1" """ = n, Ty, < ner2) <

N (n(un(bn)-8)]-1 . . N (n(un(bn)-8)]-1 ne
py" Y. (T -Ty)=n(-e/2)|<Pp" ez
k=1 k=1
n(n(by) =V "M (1-g V) "m
<4 s <4—— - (51)
ne €
Finally, putting together (48), (49), and we get:
k 8 —
P{;’( = — pin(bp)| > g) < ==V Ty, + Py (Tp, = ne/2)+ Py (T, < n). (52)
n e‘n bn

Note that forafixed w € Q, Z,,(F) = Y ye7 F(Txw) 4, (x) is fixed. Denote for x € Z,
Fy(x) := F(Txw), Fu(x):=Fy(x)—2Z,(F) and &=&/3||F|oo.

We will first obtain a non-asymptotic bound on the quenched probability of the
deviation |.#,(F) — Z,(F)| = |2 X1 _ F(Tx,w) = Zp(F)| = |2 X7_, Fuo(Xi) = Zn(F)].
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kn
Py ZF Xp) —Zp(F)|>e| <Py ( — — pin(by) >5)+P0 (T, <n)+
n k=0 n
kn
Tbn_l _ Tbn -1 k
Py Y. IFo(Xi)l>nel3 |+PY|| Y. Fuo(Xp)|>nel3, '—”—un(bn) <g T, >n|+
k=0 k=T, n
n —
Pyl Y. IFu(Xp)|>nel3, Tp,>n (53)
k=T,"
Using the definition of £ we see that
Tp, =1
Y Fu(Xi)l > ns/S) < Py (Tp, > En). (54)
k=0

The law of Tl'f"“ —Tkn conditionally on &, is that of Tj,. Also, using the defi-

by by

nition we can see that u, (b,) = 1/2c,. Hence, using again E‘” n T1 =—L

by Hn(bn)’
n _ _ n _
Pyl Y IFu(Xp)l>nel3, T, >n| =Py | > |Fo(Xp)l>nel3, T, >n| <
k=Ty" k=Ty"
_ TZLH — _ 1 2¢cy
Pyl Y IFu(Xp)|>nel3 | <Py (Ty, >né) s ———— < —. (55)
P n nu,(by)€  né
=1fn

Now we obtain a bound for the main term of the decomposition (53). Denote
for k e N*,
Tk+1_1
bn

Y. FolXp.

—Tk
I=Tf

Under Py"" the random variables ¢, k € N* arei.i.d. Theirlaw is that of ZT” nUF (X))
under Pw " and they are centered. Indeed, for an irreducible positively recur-
rent chaln (Yy) with an invariant probability i, and f defined on the state space,

T,-1

E, Y f(Vi)=uFE,T,
k=0
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see again|Norris (1997) Theorems 1.7.6 and 1.7.7, which become here

Ty, -1
Ep" Y Fo(X) = pnlFy(DEy " Ty, = Zu(F)Ey" Ty,
1=0

Hence My, := ¥/, &x; m € N* is a square-integrable martingale under }3(‘)" ",
Using Kolmogorov inequality we get:

T::H_l— k
Pel| Y Fu(X)|>nel3, |— —unby)| <€, Ty, <en, Tp,>n|<  (56)
k=T, n
nw,n kn kn
Py k| >nel3, |——unbp)| <€l <
k=1 n
3 m I(pn(bn) + VL (&)
Py sup Y &k > ns/S) < 5 On
m=1,...[n(n(bp)+8)] | k=1 ne

Pluging in the bounds (52), (54), and we obtain:

Py (1 Fu(F) = Zp(F) > €) <
Py (Tp, = nel2)+ Py (Tp, = n&) + 2Py (T,, < n)+
8 - 9(1 +8)§/2);ln(€1) N 2&

ne? né’

To conclude the proof we need to estimate \7‘;;’” (¢1). For x € Z, introduce
.
Ye=) ligX))
j=0

the local time in x during 1-th excursion from b,, to b,,. Note that under f’”n,
&H= ) FowY (57)

and

31



Taking F,, = 1 in (57) we get:

Vi (Tp,) < (ca+ 1) Y. V(Y.

x=0,...,cp

Using Lemma (6.1), which is given in Appendix, for all n > 0, there exists § > 0
and an event Q, 5 < Q with P(Q,, 5) > 1 —n such that: Vo € Q 5,Vx € [0, ¢p],

VoM () <n' 0.

The proof of Lemma6.1]is given below. Note that the bound (2.13) on the vari-
ance of the similar quantity in/Gantert et al.| (2010) is not sufficient. As a conse-
quence, for all ) > 0, there exists 1 > § > 0, and a set Q;, 5 with P(Q;,5) > 1-n,
such that for all w € Q,, 5 it holds

2 1-6

© cpn
Py (Fn(F) =Zp(F)| >€) < C

+2P§ (Tp, = (e+&)n)+2P§ (T,, <n).

The last bound tends to zero. Indeed, from|Golosov|(1984), Lemma 1, P§ (T}, > ne') — 0
for all w € Q and €' > 0. And from |Golosov| (1984), Lemma 7, for all w € Q,
Py (T(cy) = n) — 0. O]

In our proof we correct the crucial estimation of the variance of the number
of visits of a given state during one life cycle, formula (2.13) in Gantert et al.
(2010). It is done in following Lemma (6.1).

Recall the definition: .
bn

Yo=Y lig(X))
Jj=0
Lemma 6.1. For alln >0 there exists 6 > 0 and an event Qy, 5 < Q with
P(Qys)>1-17
such that for all w € Qy; 5, for all x € [0, ¢y,

Vi (V) <n' 0.

Proof. Note that Y}, = 1. Using (2.10) of Gantert et al.|(2010), for x # b,, we have

VO (Yy) < ﬁ, where

Bx)=1-w)PY (T(hy) <T(x)), x=bp+1,...cn;
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B(x) =w,P" (T(b,) < T(x)), x=0,...,b,—1.

x+1

Then using Assumption [[I} (2.8) and (2.11) of |Gantert et al| (2010) we can
find a constant Cy such that for y=1,...c, — by,

< brty-1 V(j)=V(byty-1)
VO(Yp,4y) < Co ), VD7Vl
j:bn

and for y = -by,...,—1,

b,—1 .
VO (Ype) <Co Y, e/ 7Vlnty),
j=bn+y

However the exponential is missing in the bound (2.13) of |Gantert et al.
(2010), hence, to complete the proof we have to handle the term

Aw(X) = { ?Z;:_l eV(j)_V(bn+x_l) lf X = 1»'--Cn_bn;
n\X) = bu=1  V()-V(by+y) ; —_ —
Z].:bn+ye ] Yo if x=-bp,...,—1
more carefully. Using Komlos-Mayor-Tusnady theorem we can construct a prob-
ability space (Q, o/, P) on which are defined the environment w and a Brownian
motion W s.t. a.s.
sup |V (s)—oW| < Clnt,
O=ss=<t
where 02 = E(log p)? and V(s), s = 0, is defined equal to V(j) on [, j+1[, j € Z,.
2 7, by P n .
Let t = ¢, W(s) = —UﬁmW(sazln n), b, = —aZy Cn = sznzn and Iny :=Inln.
Then we can write, with z = o2In? n x u,

by+x—1
A% (x) :f expio|W(z)—W(b,+x—-1)|+ O(ncy)tdz =
by

(O(n cn))

bt 5 n ) (j x-1
Uzlnznj_ o2nZn (o InalW P )= W Bnt F500 g0
n

Denote )
Ay :=max{iW () =W ); by <u<v<é,l

and i
Al = max{W™ () - W (v); 0<s v < u< by}

33



It follows that
max{A%?(x), x=0,...,¢, — by} < cpexpio®Inn x A, + O(Incy)}.
Similarly, for x € [-by,...,0],

max{A%?(x), x = —by,...,0} < cyexpio®Inn x A} + O(Inc,)}.
And hence,

In A9 1
n—"()C); X € [=bp;cn—buly <A, v AL +0( 11

max{ ). (58)

d?lnn Inn

By Donsker theorem, (b, €y, W) converges in distribution to (b, ¢, W), where
W is a Brownian motion,

c=inf{s =0, W(s)— 0m'n W(t) =1}
<S

<t
and )
b:=influ=0, W(u) = Om'n_W(t)}.
<C

<t

Therefore, (A, A},) converges in distribution to (A, A"), with
A:=max{W(u)-W(); b<u<v<é

and i
A:=max{Wu)-W(); 0<sv<u<bh}

Both A<1and A’ <1a.s., soAvA’<1as. Using the monotonicity and again
Donsker theorem it follows that VY1 > 0, 36 > 0, such that

liminfP(A, VA, <1-6)>1-7 (59)

n—oo

It follows from and that V1> 0,36 >0, s.t.

liminfP( max A% (x)< % >1 -n
n—o00 [=bpn,cn—byl

Denote Q5 := {w € Q& Max(_p, ¢,—b, A2(x) < n'™%} such that P(Qy5) > 1 -1).
Suppose that w € Qy, 5. Then for all x € [-by, ¢ — byl, V, Vi () < nl-9. O
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