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A modular relation involving a generalized digamma
function and asymptotics of some integrals containing

=(t)

Atul Dixit and Rahul Kumar

Abstract. A modular relation of the form F(a,w) = F(B,iw), where i = /=1 and a3 = 1, is obtained. It involves the
generalized digamma function 1, (a) which was recently studied by the authors in their work on developing the theory of the
generalized Hurwitz zeta function (u (s, a). The limiting case w — 0 of this modular relation is a famous result of Ramanujan on
page 220 of the Lost Notebook. We also obtain asymptotic estimate of a general integral involving the Riemann function Z(t) as
a — oco. Not only does it give the asymptotic estimate of the integral occurring in our modular relation as a corollary but also
some known results.

Keywords. Ramanujan’s Lost notebook, modular relation, Generalized Hurwitz zeta function, Generalized digamma function,
asymptotic estimates.
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1. Introduction

Riemann’s functions £(s) and Z(t) are defined by [Tit86, p. 16]

£(s) = (s — )3T (3) (o), (1.1)

and
=(t) = ¢ (; + z’t) , (1.2)

where I'(s) is the Euler Gamma function and ((s) is the Riemann zeta function.

Over the years, integrals comprising the Riemann Z-function in their integrands and their
corresponding transformation formulas have been found to be very useful in the theory of the Riemann
zeta function. Hardy [Hal914] was one of the first mathematicians who realized the usefulness of such
integrals when he proved his remarkable result that infinitely many non-trivial zeros of (s) lie on the
critical line Re(s) = 1/2. The crux of his argument relies on the identity

1 1
— 2,2 _ 2,2
(S i (- S
@ n=1 n=1
2 [ E(t/2) 1
:ﬂ/o 1 o itloga dt, (1.3)

where a3 = 1 with Re(a?) > 0 and Re(8%) > 0. Note that the first equality in the above identity is
equivalent to the transformation formula for the Jacobi theta function:

o0 [e.e]

2,2 1 27,2
—matn? _ © —mn?/a 2
E e o g e (Re(a®) > 0).

n=—oo n=—oo
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A generalization of (1.3) is given by [Dil3, Theorem 1.2]

2

7“’7 o0 w_ 2 o0
Va N cos(vmanw) | =/ € e S e cosh VrBnw
28
n=1
1 [ ZE(t/2 14t
= — t/ )V Oz,w,i dt, (1.4)
s 0 1 +t2 2

where
V(z,w,s) = p(z,w,s)+ p(x,w,1—s),

1 w? 1—s 1 w?
= 575 8 F _— = —
p($7w75) x € 1 1( 2 527 4>7

where 1 Fi(a;¢;2) == 7 ((‘3: z (a)p =T'(a+n)/T(a), is the confluent hypergeometric function.
The first equality in (1.4) is due to Jacobi; the integral in (1.4) was found by the first author in
[Di13, Theorem 1.2]. Applications of the above identity in generalizing Hardy’s result on the infinitude
of the zeros of ((s) can be found in [DKMZ18] and [DRZ15].
A year after Hardy’s paper [Hal914] appeared, Ramanujan also wrote a paper on some integrals
containing the function Z(¢) in their integrands. One of the results that he provided in [Ral915] is

L) e e (s ) (s o)
0 4 2 1+t o \exp(zer)—1 we”) \exp(ze™)—1 ze ™

(1.5)
where n € RT.
Regarding the integral on the left-hand side of (1.5), Hardy [Hal915] says, “the properties of this
integral resemble those of one which Mr. Littlewood and I have used, in a paper to be published shortly
in Acta Mathematica to prove that'

[ G

Very recently, Darses and Hillion [DaHi22] studied the polynomial moments with a weighted zeta

square measure, namely,
& 1 1
N0 (< 4t ~ 4t

The starting point of their study is nothing but the Ramanujan’s identity (1.5)! Thus Hardy was
indeed correct in his assessment of (1.5).

In his Lost Notebook [Ra88], Ramanujan provided a beautiful modular relation containing the
integral on the left-hand side of (1.5):

\/a{ 10g27ra ng)na}: ﬂ{ logQWﬂ JFZ?b”ﬁ}

1 ! 1 —1 4t
= —— =E(=t]|T
= <2t> (=)

where o, 8> 0 such that a8 = 1, and ¢(z) := ¥(z) + 55 — log(z), with ¢(z) = I"(2)/I'(z) being the
digamma function. By a modular relation, we mean a transformation of the form F(—1/z) = F(z),

2

2
2

dt ~ =TlogT (T — 0)”.
T

2
dt.

cos (%t log a)
142

dt,  (1.6)

!Note that there is a typo in this formula in that 7 should not be present.



142 1. Introduction

where z is in the upper-half plane. Unlike modular forms, these transformations may not be governed
by the translation z — z + 1. Note that 2 — —1/z can be equivalently rewritten in the form o — 3
with af = 1, where Re(a) > 0 and Re(5) > 0. For more details, see [Dil8, p. 49].

The first ever proof of this identity appeared in [BeDil0]. Guinand [Gui47] rediscovered the first
equality and remarked that “This formula also seems to have been overlooked”. Very recently, Gupta
and the second author [GuKu23] showed that this formula of Ramanujan fits in the theory of the
Herglotz function.

One of the goals of this paper is to provide a new generalization of (1.6). Before we do this though,
we first record an existing generalization of (1.6) given by the first author [Dill, Theorem 1.4].

Theorem 1.1. Let —1 < Re z < 1. Define ¢(z,x) by

1 1
o(z,x) :=C((z+1,2) — ;x_z - ix_z_l, (1.7)

where ((z,z) denotes the Hurwitz zeta function. Then if a and B are any positive numbers such that

af =1,
L [ & z4+1 z = z4+1 z
(Zl @(Zvna) - Céa;‘;l) - CCE(Z)> = <z_:1 QD(Z,’I”LB) - Céﬁil) - gﬁ(z)>

:8(47T)Z§3/00F e it (2oLt o (ttiz) o (t—iz cos(%tloga)dt' (18
T'(z+1) Jy 4 4 2 2 (z4+1)2+1¢2

Note that if we let z — 0 in the theorem above, we get (1.6). For more details, see [Dill, pp. 1163-
1165].

Recently, in their quest for putting the theta structure on the modular relation (1.8), the current
authors [DK21] introduced a new generalization of the Hurwitz zeta function, which is stated next.
Let B := {£ : Re(§) = 1,Im(&) # 0}. The generalized Hurwitz zeta function for w € C\{0}, Re(s) > 1
and a € C\'B is defined by [DK21 Equation (1.1. 14)]

(wv)¥Le(*+v%) gin (wv) sinh (wu)
w(s,a) = dudv. 1.9
Cw(s,a) wQ\fF S+1 E / / (n22 + (0 — 1)2U2)5/2 udv (1.9)

The function (,(s, a) satisfies several interesting properties, one of them being (y,(s,a) = (y(s,2 —a)
for Re(s) > 1. Observe that the symmetry in the variable a here along the line Re(a) = 1 does not
hold for the Hurwitz zeta function ((s,a). The reader is referred to [DK21] for more properties of
Cw(s,a).
Note that for Re(s) > 1 [DK21, Theorem 1.1.2], {,(s,a) reduces to the Hurwitz zeta function
((s,a) as follows:
if R > 1
fim Gy(s,) = 40100 T Reld)
w—0 ((s,2—a) ifRe(a)<1

In fact, the Hurwitz zeta function is the constant term in the Taylor series expansion of (,(s,a)
around w = 0.

In [DK21, Theorem 1.1.3], it was shown that (, (s, a) has meromorphic continuation in the region
Re(s) > —1 with a simple pole at s = 1. To record this result in the following theorem, we need the
error function erf(w) and the imaginary error function erfi(w):

erf(w \F/ —e*w 1 <1;;;w2>, (1.10)
erfi(w \F/ “dt = 7@ 1F1<; 2). (1.11)

Theorem 1.2. Let?> a > 0 and w € C. The generalized Hurwitz zeta function (,(s,a) can be

2There is a typo in the statement of Theorem 1.1.3 of [DK21]. The condition should be a > 0 and not 0 < a < 1.
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analytically continued to Re(s) > —1 except for a simple pole at s = 1. The residue at this pole
18
w? 3 w? T _w? w
wZ 2 (4.9, _ —wZ o2
e 4 1F1 (1, 5, —4> = Ee 4 erfi (5) N (112)
where erfi(w) is defined in (1.11). Moreover near s =1, we have

w2 2
- 2 3
e T k] (17 27 )

Cw(57a+1): S—l

— Yuw(a+1) + Oualls — 1), (1.13)

where Py, (a) is a new generalization of the digamma function ¥ (a) defined by

| i (L =%
y(a) : wa/ / / ———— sin(ww) sinh(wu) (x 1oz ) dzxdudv,

with J,(x) being the Bessel function of the first kind [Wat66, p. 40].

Although the definition of 1,,(a) looks complicated, it is pleasing to see that Ramanujan’s formula
(1.5) can be extended in the setting of 1,,(a). This is done next and is the main result of this paper.

Theorem 1.3. Let w € C and x > 0. Let erf(w) be defined in (1.10). Define

M) = oo + 1) — %C(w) _ Ciw) log(x) — %B(iw), (1.14)
where
Clw) = %ew;erf2 (%) , (1.15)

and

s W\ = (w2/4)"
Blw) = Y er (2);0 &3/;;1 (W(n+1) +7). (1.16)

Then for any positive integers «, 8 such that aff =1,

\/a{fy—lozga(%mz)c(w) + i[}’(w) + Z /\w(ma)}

=B {log%ﬁ)cuw) + L Baw)+ Y A@-w(mﬁ)}

23 23 =
2
eT [Pl (—14+it\|PZ2(L) [ a o (3+it 3 w? i o (3—it 3 w?
—_ r F oo T R (s —— ) ) at.
2713/0 ‘ < 4 ) re \C Ty gy ) e R Ty
(1.17)

Note that the modular relation in the first equality given above is of the form F(a,w) = F(8,iw),
and hence is analogous to the general theta transformation formula (1.4). See [Dil3] for more details.
Theorem 1.3 gives Ramanujan’s formula (1.6) as a special case:

Corollary 1.4. Equation (1.6) holds true.
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Asymptotic estimates for integrals containing Riemann =Z-function are useful in the study of the
moments of the Riemann zeta function. For example, Hardy and Littlewood [HaLil6, p. 151, Section
2.4] found the asymptotic formula for the second moment of the Riemann zeta function through the
asymptotic estimate of the integral

SEEURE
/ =L ey as a — 00.
o L1+1¢2

See [DaHi22] for a more recent application of such integrals. An asymptotic result for a smoothly
weighted second moment of the Riemann zeta function, also containing the cosine term as in (1.6)
and generalizing a result of Hardy, was obtained by Maier [Mai58, Equation (9)], namely, he showed
o0
—ot

that for coprime integers p and ¢,
0 1
lim ———~ e —+it
-0 log (%) /0 ¢ (2 >

We next derive an asymptotic estimate of a general integral containing Riemann =-function.

2
cos (tlog (p/q)) dt = (pg)~"/*.

Theorem 1.5. Let A,(z) be defined by

N w 2 3 w? w2 3 w? 2
A = f(—) Fl1+2: == ) = Frl1:2. =2 1
w(?) er 5 ) 11 +2,274 e 4107 U R +

3 w
= — | . 1.1
3).

[\CHIRN

w

Let m e N, w € C and —1 < Re(z) < 1. Then as o — oo, we have

/ooF z—1+7t r z—1—1t = t+iz = t— iz Az(a’%’w’lgit)dt
0 4 4 2 2 z+1)2+¢2

I(z+1) <C(Z +1)Au(2) C(Z)Aw(_z>)
- 2—3 241 + 1—z
27=1lr™3 200 2 za 2
_w? 1-z ;1
e Tz (=T (2 + 2k) z+1 3 w? 1 3 w?
- 2%k oy F (ke ) R (ks
9e—2,75° ; (2ma)?k CRRICGE+2n | 5=+ kg WA (g kg
+ O (7 ER72m) (1.19)
where,
Ag(z,z,w, 8) = w(x, z,w,s) + w(z,z,w,1 — s),
w2 2 _ 2
w(z,z,w,s) = eTaﬁéflel (1 — H?Z; g; _u:l) 1P (1 — %; g; —u:1> . (1.20)

The special case w = 0 of the above theorem is a known result [DRZ17, Theorem 1.10]:

Corollary 1.6. Let —1 < Re(z) <1 and m € N. As o — o0,

(e ()5 Pl
(2 +1) <<(z+1)Jr ¢(2) >_ a'r (1 T 426) oy o5 1 2k)

- —3 F1 1— —3
92—155> 207 20T 22775 =1 271'04)%

+Oum (a*%RG(ZHm) . (1.21)

Moreover, letting z = 0 in Theorem 1.5 gives the asymptotic estimate of the integral appearing in
Theorem 1.3.
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Corollary 1.7. Let C(w) and B(w) be defined in (1.15) and (1.16) respectively. Let w € C and
m € N. As o — 00, we have

| (—1+at\|PE2 (%)
L)

3+it 3 w? 3—it 3 w?
,FQ L2 -5 F2 - e dt
1+ 2 (a“ 1( D) 4>+0‘ o 1( D) 4>>

— o % riva <'V‘1°2gofzm)c<w) + 1B(w)>

it S U reneen e (b4 L) fo o). o
k=1 (2ma)2k 41 2°2" 4 e . '

Putting w = 0 in Corollary 1.7 then gives us a known result due to Oloa [Olo10, Equation (1.5)].

Remark 1.8. At first glance, letting z = 0 in Theorem 1.5 seems problematic. However, the function
—z—1 z—1
2072 ((z+ 1)Au(2) + 2a"2 ((2)Aw(—2) has a removable singularity at z = 0. See (3.48).

It is important to note that the results on asymptotics stated above are usually obtained by
employing Watson’s lemma [Tem96, p. 32]; see for example [DRZ17]. However, in the general setting
with the parameter w which we are considering here, Watson’s lemma is inapplicable. Nevertheless, we
are able to obtain an asymptotic estimate for the integral given in (1.19), and that too by elementary
means. See Section 3. for details.

This paper is organized as follows. Section 2. is devoted to proving Theorem 1.3. Theorem 1.5
and its corollaries are proved in Section 3..

2. Proof of Theorem 1.3

We obtain (1.17) as a special case of a more general result derived in [DK21, Theorems 1.1.5, 1.1.6 |,
which is stated next. It will be clear from the proof that deriving (1.17) from a generalization is not
straightforward.

Theorem 2.1. Let A, (z) and Ay be defined in (1.18) and (1.20) respectively. Let (y(s,a) be the
generalized Hurwitz zeta function defined in (1.9). Let w € C, —1 < Re(z) < 1 and x > 0. Define

Yw(z, ) by

ow(z,2) = Cu(z+ 1,2 +1)+ %Aw(z)m_z_l - Aiw(—z)x: (2.23)
Then for a, 8 > 0 and aff =1, we have
z+l - C(Z + 1)Aw(z) C(Z)Aw(_z)
a2 (mz::l ow(z, ma) — St — e )
z+l = C(Z + 1)Aiw(2) C(Z)Aiw(_z)
i A e o1t _ (t+iz - (t—iz\ Az (0 3w, 1E1)
C T(z+1) /0 F( 4 >F< 4 )“( 2 >“< 2 ) (2 +1)2 4 ¢2 dt.
(2.24)

Proof of Theorem 1.3. It can be seen that the series containing A, (ma)(Ay(mp)) is convergent
using [DK21, p. 42, Remark 9]:

Nulma) = (ma-+ 1) — = C(w) — C(iw) log(ma) — 3 B(iw) = O, (wll> |

2mao
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We now prove (1.17). Let z — 0 in (2.24). Then the right-hand side of (2.24) is easily seen to reduce
to the extreme right side of (1.17) (up to a minus sign). Thus we need only show that

lim (Z owlz, ma) — (+1DAu(z) C(Z)Aw(—z)>
m=1

20 207t az
B ~v —log(2ma) VT >
- (2& Cw) + 5 _Bw) + z:: Aw(ma) | . (2.25)
We first evaluate
T C(Z + 1)Aw(z) C(Z)Aw(_z)
Li(w,a) : = il_r)r(l){ e + o (2.26)
T wy .. C(1+2) z 3 w? C(2) z 3 w?
= et () im s B (1 S ) e B (i) 22D
where in the last step we used (1.18). Note that [Tit86, p. 16, Equation (2.1.16)] near s = 1,
1
((s) = 47+ 0(s 1)), (2.25)

whence
lim { ¢((z+1) !
im —— ) =.
z—0 & z 7
Also, the following series expansions hold as z — 0:

21 2
a?=1-zloga+ #(loga)” +0(]2)?),

2!
11 )
() =~ — & log(2m)z + O(|2P),
2
z 3 w? Jre' T erf (%) d z 3 w? 22 d? z 3 w?
135 — )| =—22/ 4+~ F(1+2;5,— Fil1£Zo—
11( 2’2’4) w +Zdzll< 2’2’4> _0+2!dz211< 2’2’4) .
+0(|z]?). (2.29)
Hence from (2.27), (2.28) and (2.29), we compute
VT oy Gy =mz+0(2) 22 2 3
Li(w,a) = ” erf<2>;1_r>r(1) o 1—zloga + 5 (loga)” + O4(|2]7)
2
Ve Terf (%) d z 3 w? 9
P s n (55T ) | outD
2
(=3 — $log(2m)z + O(|2]?)) Ve T erf (%) z 3 w?
+ s (B R
w? w w? w
VT g () [ YT (8) 5 logteme) VRt () | L (d g (28w
w w 2c 2a w 200 \ dz 2°2° 4 _0
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Note that
d z 3 w?\ L d (143%), (w?/4)"
2 <1+2’2’4> “2:2 @),
B 00 ( 2/4)71 d n—1 . .
_22(3/2) n!dz],130<1+2+]>
B 00 ( 2/4) . E n—1 1
Z(3/2) ( +2>n§(1+5+j)’
so that
d z 3 w? - (w?/4)"
2im (1455 =2 g, WD), (231)

where we use the well-known result [Tem96, p. 54, Equation (3.10)] for n € NU {0}:

- 1 1
¢(n+1):—’y+z (m—i—l_n—i—l—i-m)'

m=0

Similarly,

00 ’1112 n
= ((3/;))(1/1(n +1) 4+ 7). (2.32)
n=0 n

Therefore, from (2.30), (2.31), (2.32), we have

o) = TR B () o et (5) 3 G e )

2a 2 (3/2)
_ = 1025;;(27r04)c(w) n %B(w}, (2.33)

using the definitions in (1.15) and (1.16). Now the asymptotic expansion of (,(s,a) [DK21, p. 38,
Theorem 5.3.1], for —1 < Re(s) < 2,

-5 al—s

T Auls = 1) + ——Au(1 = ) + Ouu (a—Re<S>—1) , as a — 0o, (2.34)

S —

a

Cw(57a+ ]-) - —

implies that the series in (2.24) are absolutely and uniformly convergent in a neighborhood of z = 0.
Hence, we can take the limit inside the series on the extreme left-hand side of (2.24). This gives,
using (2.23),

Vrerfi (3) 17 (1- 535

lim Z ow(z, ma) = Z ;g% Cw(z+1,ma+1) —
=1 m=1

o z(ma)?w
| Ve (3) F(1+55Y)
2(ma)*w
00 w? 2 (w
—w? A2 (n
=5 (1 o+ 1ma sy - T ()
el z—0 Al
ﬁerf (%) 1F1 (1 + %, %7 %)
+ + Lo(w,a,m) |, (2.35)
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where Lo(w, a,m) is defined as

2
re T erfi? (%) merfi () z 3 w?
L = i 22— R (1-25——) - 2.
2(w, &, m) o) zw? z(ma)?w L 1( 22" 4 > (2.36)
Invoking (1.12), (1.13) in (2.35), we are led to
limigo(zma):i -1 (ma+1)+@+L(wam) (2.37)
=0 e WA — v 2ma 2 ' '

We now use (2.30) in (2.36) to see that

{ Vvmerfi(w/2) [e‘w2/4ﬁerﬁ(w/2)

Lo(w,a,m) = lim — (1 — zlog(ma) + O(|z|2))

z—0 w AT

+0(|z])
z=0

U)2 w
y ﬁe’Terﬁ(g)_i_ilFl 1_E;§;_w72
wz dz 272 4

w w dz

_ Jrerfi(u/2) (fﬁ () ostme) — o (1- 55 -2

D

(Y(n+1)+7)

| Ymertlu/2) 5wt/

w2 (32),

I w?
= gme 1 erfi(w/2) log(ma)

— C(iw) log(ma) + %B(m), (2.38)

where in the penultimate step we used (2.32) and in the ultimate step (1.15) and (1.16). Substitute
(2.38) in (2.37), thereby obtaining

;% Z ow(z, ma) = Z {—ww(ma +1)+ ;(;:2 + C(iw) log(ma) + ;B(zw)}
m=1 m=1
= — Z Aw(ma)7 (239)
m=1

which follows from (1.14). Equations (2.33) and (2.39) together prove the claim (2.25). This completes
the proof of the theorem. O

Proof of Corollary 1.4. Let w — 0 on both sides of (1.17). Note that lim,_cC(w) = 1 and

limy, 0 B(w) = 0 as lim,,_0 erf(;j/Q) = ﬁ and (1) = —. These facts then give lim,, o Ay (x) = A(2).
This proves (1.6). O

3. Asymptotics of some integrals with =(¢) in their integrands

[1]
[1]

Here we prove Theorem 1.5 and then recover two results from it, one of which is new.
. 14it
(t - ) B (o 5w, )

Proof of Theorem 1.5. We start with (2.24),
t+1iz
2 2 (z41)2+¢2

L
— o (i oulzima) — & ;;Z)ﬁW(Z) - C(@zi;(-@) . (3.40)
m=1
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From [DK21, p. 75, Equation (9.2.10)], we have

1 /2\ — o _w? z 1 z? z—2
_ ;F (5) Za_z(n)/ e 2 1Kz ;,(201) <2F1 (1’2;2;_772712) - 1> x 2 dx

(3.41)

w

a2F z+1e
= B Zapwzma

where 1K, () is the generalized modified Bessel function introduced in [DK21, p. 11, Equation

2

(1.1.37)] by
1 1 — 1 -
F< +s Z>F< +8+Z>1F1<1+8 z;3;_w>
© 2 24

K = —
1K w(@) =5 2 2

1 3 w?
s (FEEE L s
> —1+Re(z). Substituting (3.41) in (3.40), we

(3.42)

where z,w € C, z € C\{z € R: z <0} and c :=Re(s)

see that
UJ2 zZ— i
T [y (i) (i) o () g (i e (b ),
2 0 4 4 -2 )T 2 (z+1)2+1¢2

0 o) 2 2
2\/aI‘ (;) ZU_Z(TL)/O 6%1Kg,iw(2@$) <2F1 (1, g; %; _ﬂ§n2> - 1) x 2 dx
e <<<z FDAu() <<z>Aw<z>> |

2a#t1 az

(3.43)

We first find the asymptotic estimate of the integral inside the sum on the right-hand side of (3.43)

Note that
o0 z 1 x? z=2
/0 1K%7Z’w(2aﬂf) <2F1 (172,2,—71_2”/2) —1>$ 2 dx
1 z 1 x? =2

Using the series definition of 2F1, for m € N, as a — 0o, we have
2m

x? B mE:l VE(2/2)5 z? k—i—O x
(1/2) 4m2n2a? “\a2mp2m |-

z 1
Ja P
21< 272 4r2n2a?
k=1

Substituting the above result in (3.44), we see that as o — 0o

e° z 1 z? 2=2
/0 IK%J‘UJ(QO(JT) <2F1 < § 5, —71_27712> — 1) r 2 dr
m—1
) (2/2)k % zyok1
Z/2 {231 1/2 )k (4m2n2a2)k /0 v 1K o (2)d

1 R
e [ i)
0

(na)Qm
m—1 1
1 (=D*(z/2)il (k+ 3) T (2 + k) z+1 3 w? 1 .3
{ ( 1F1 +k‘,§,q 1F1 §+k7§,

2
w z
- 25"1‘2]{?—1
4 )

2 (1/2)s(dn2n2a?)Fk
(3.45)

s ()}

B (2a)z/2
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where we used the definition of 1K ;,,(#) from (3.42) and the fact that integral inside the big -O
bound is convergent and independent of c. An application of duplication formula of gamma function
in (3.45) yields

o z 1. z2—2
; 1Kz i (20) | 2F1 5 ot 7r2n2 —1)2z72 do
m— 1
+ 2k) z+1 3 w? 1 3 w? 1
F; k= — | 1F1 | =+ k= — O —_ |,
az/22zz 27Tna QkT( / )1 1( 9 + ¥ 4>1 1<2+ "9y + Ozmuw n2m o 2m

=1
(3.46)

Equations (3.43) and (3.46) along with the fact Y 7, oq(n)n™° = ((s)¢(s — a), Re(s) > max{1l, 1+
Re(a)}, imply

z—3

e amz2 [ _ [(z—1+4it z—1l—at\ _(t+iz\_ (t—iz Ay (o, 2,0, 1)
_ rN——m— )r{———) & = dt
2 0 4 4 2 2 (z+1)2+1¢2

1

—w?/2 T (C1)RT (2 + 2k) +1 3 w? 1 3 w?
e z z w w
=— 2k 2k)1 F: ki=,— |11 =+ k= —
o Tl = (2ma)F C2k)C(z +2k)1 1< 2 i) 4)1 ! <2+ bX 4>
w2
r e ¢ 1) Ay Ayp(— 1
CT(z+1)e (C(z+ 31 (2) +C(z) 17(Z Z)) + O (2 ) (3.47)
2% 202 a2 oa”mta
’LL)2 zZ—
Finally divide both sides of the above equation by %eiTWTB to complete the proof of the
theorem. O

Proof of Corollary 1.6. Note that 1 Fi(a;c;0) = 1 and Ag (a, 5, w, 12“) = 2cos (%tlog(a)). Now

(1.21) is an easy consequence of (1.19). O

Proof of Corollary 1.7. Let z = 0 on both sides of (1.19). It is easy to get the left-hand side of

(1.22) from the integral in (1.19) up to the factor e ¢ coming from Ay (a, 0, w, l‘gzt). Also, it is easy

to take z = 0 in the finite sum on the right-hand side of (1.19). Now observe that

iy (L DAE) | LAYy {23 (2 D), (o))

1 1—
20 % s T 20 etan zo

z—0

= \/a Ly (’LU,O&)

_ (V — log(2ra)

1
. C(w) + 2OéB(w)) , (3.48)

where in the second last step we used (2.26) and in the last step (2.33) is invoked. The proof of (1.22)
is then complete upon using the above facts. O
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