N
N

N

HAL

open science

Compact Brownian surfaces II. Orientable surfaces

Jérémie Bettinelli, Grégory Miermont

» To cite this version:

Jérémie Bettinelli, Grégory Miermont. Compact Brownian surfaces II. Orientable surfaces. 2023.

hal-03914157

HAL Id: hal-03914157
https://hal.science/hal-03914157

Preprint submitted on 7 Mar 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-03914157
https://hal.archives-ouvertes.fr

Compact Brownian surfaces II. Orientable surfaces

Jérémie Bettinelli* Grégory Miermont!

June 20, 2023

Abstract

Fix an arbitrary compact orientable surface with a boundary and consider a
uniform bipartite random quadrangulation of this surface with n faces and boundary
component lengths of order y/n or of lower order. Endow this quadrangulation with
the usual graph metric renormalized by n=1/4, mark it on each boundary component,
and endow it with the counting measure on its vertex set renormalized by n™!, as
well as the counting measure on each boundary component renormalized by n~=1/2.
We show that, as n — oo, this random marked measured metric space converges
in distribution for the Gromov-Hausdorff-Prokhorov topology, toward a random
limiting marked measured metric space called a Brownian surface.

This extends known convergence results of uniform random planar quadrangu-
lations with at most one boundary component toward the Brownian sphere and
toward the Brownian disk, by considering the case of quadrangulations on general
compact orientable surfaces. Our approach consists in cutting a Brownian surface
into elementary pieces that are naturally related to the Brownian sphere and the
Brownian disk and their noncompact analogs, the Brownian plane and the Brown-
ian half-plane, and to prove convergence results for these elementary pieces, which
are of independent interest.
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1 Introduction

1.1 Context

Random maps, seen as discrete models of random 2-dimensional geometries, have gen-
erated a sustained interest in the last couple of decades. An important instance of this
line of research are the results by Le Gall [LG13] and the second author [Miel3], showing
that a uniform random quadrangulation of the sphere with n faces, seen as a random
finite metric space by endowing its vertex set with the usual graph metric renormalized
by n~'/4, converges in distribution toward the so-called Brownian sphere, or Brownian
map. The aim of the present work is to generalize this result to the case of general
compact orientable surfaces. Let us start with some elements of context.

Random surfaces as scaling limits of random maps. While the idea that contin-
uum random geometries should be obtained as scaling limits of random maps originates
from the physics literature on 2-dimensional quantum gravity [Pol81, Dav85, KPZ88], this
question was first approached in the mathematical literature in the pioneering work of
Chassaing and Schaeffer [CS04], who studied the model of uniformly chosen random quad-
rangulations of the sphere, and found in particular that the proper scaling factor in this
case was n~ /4. Marckert and Mokkadem [MMO03] then constructed a candidate limiting
space today called the Brownian sphere, and showed the convergence toward it in another
topology than the Gromov—Hausdorff topology. Le Gall [LG07] later showed that the
sequence of rescaled metric spaces associated with uniform random quadrangulations of
the sphere was relatively compact. Finally, Le Gall [LG13] and the second author [Miel3]
showed by two independent approaches that the previous sequence converges toward the
Brownian sphere.

It is known that the Brownian sphere arises as a universal scaling limit for many
models of planar maps that are uniformly chosen in a certain class, given their face
degrees, and provided that face degrees are typically all of the same order of magnitude;
see [LG13, BLG13, ABA17, BJM14, Abr16, CLG19, ABA21, Mar22]. See also [LGM11]
for models of maps that fall out of this universality class.

The scaling limits of quadrangulations on surfaces that are more general than the
sphere were considered by the first author in [Bet15, Bet16], who showed similar results
to the above, but only up to extraction of appropriate subsequences, leaving a gap that
amounts to uniquely characterize the limit. This gap was filled in the particular case of
the disk topology in our previous work [BM17]. In particular, we showed that a uniform
quadrangulation of genus 0 with one boundary component having n internal faces and
perimeter 21, weakly converges, once scaled by the factor n~'/* and when I, ~ Lv/2n,
toward a random metric space called the Brownian disk of perimeter L. Two alternate
constructions of Brownian disks were proposed by Le Gall [LG19a, L.G22a], allowing in
particular to show that Brownian disks arise as connected components of the complement

of metric balls in the Brownian sphere, conditionally given their areas and boundary
lengths. See also [MS21a, BCK18, LGR20].
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Besides the case of the sphere and the disk, only a few results have been obtained for
maps on compact surfaces. Namely, it has been shown that uniform quadrangulations
of a given compact surface with a boundary exhibit scaling limits [Bet10, Bet12, Bet16],
all of the same topology as the considered surface, and geodesics to a uniformly chosen
points were studied [Bet16]. More recently, it was shown that uniformly distributed
essentially simple toroidal triangulations (that is, triangulations of the torus without
contractible loops or double edges forming cycles that are homotopic to 0) also exhibit
scaling limits [BHI.19], which are believed to be the same as for random quadrangulations.
See also [ARS22] for a scaling limit result of Boltzmann random maps with annular
topology.

There has also been a growing interest in noncompact versions of these models, es-
pecially as they bridge some Brownian surfaces with so-called uniform infinite random
maps, which are maps with infinitely many faces that first arose in a work by Angel and
Schramm [AS03], as local limits of random finite maps. Three main models of noncom-
pact Brownian surfaces have been identified: the Brownian plane [CLG14], the Brownian
half-plane [GM17, BMR19], and the infinite-volume Brownian disk [BMR19], which can
be thought of as noncompact versions of the Brownian sphere and Brownian disks, ei-
ther with unbounded or bounded boundary. See [LGR21] for a framework unifying those
objects. The first two of these models will play an important role in the current work.

This whole line of research crucially depends on strong combinatorial techniques, and
in particular on bijective approaches [Sch98, BDG04, AP15] that allow to give very de-
tailed quantitative information on the geodesic paths in random maps and their scaling
limits. The present work is no exception. See for instance [LG10, Mie09, AKM17, MQ21,
LG22b] for results related to the structure of geodesics in the Brownian sphere, [LG19b]
for a recent survey, and [Curl9] for another approach called peeling. We note, however,
that, so far, these methods are restricted to models of maps chosen uniformly, condition-
ally given their face degrees, as alluded to above.

Random surfaces via Liouville quantum gravity metrics. A line of research par-
allel to the above consists in building the limiting spaces directly as continuum ran-
dom metrics in planar domains or Riemann surfaces. This approach also finds its roots
in the physics theory of Liouville quantum gravity [Pol81]. In the case of Brownian
surfaces, this has first been implemented by Miller and Sheffield in a series of works
[MS21a, MS20, MS21b, MS21c], where they use a growth model called Quantum Loewner
FEvolution (QLE) to define a random metric on the plane, whose metric balls are described
by QLE, and whose law as an abstract metric space is equal to that of the Brownian
plane. Local variants of the construction allow to define the Brownian sphere in this
way. The Miller—Sheffield metric is in fact a special element of a one-parameter family
of Liouville Quantum Gravity (LQG) metrics, that have been defined as scaling limits of
first-passage percolation models in mollified exponentiated Gaussian free fields landscapes
[DDDF20, GM21b]. See [DDG21] for an overview of LQG metrics.

These constructions operate entirely in the continuum, and naturally ask whether
canonical embeddings of random maps in the sphere are compatible with the convergence
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toward the Brownian sphere, in the sense that the metrics induced by the embedding
converge to the random metric of Miller—Sheffield. Such a result was recently obtained
by Holden and Sun [HS19] (which is the last piece of a vast research project, described
in details in this reference), who showed the joint convergence of the metric and the area
measure generated by a uniform plane triangulation embedded via the Cardy—Smirnov
embedding in an equilateral triangle. We refer to the overview article [GHS19].

The existence of a canonical conformal structure for Brownian surfaces was also ap-
proached in a more direct way by Gwynne, Miller and Sheffield in [GMS20, GMS22].
Their method, which has been implemented so far for the plane, half-plane, sphere and
disk topologies, consists in taking limits of discrete embeddings obtained directly from
the continuum limit by considering Poisson—Voronoi tessellations with a finer and finer
mesh, and showing that the random walk on the discrete approximation converges to
Brownian motion in the plane. In passing, this allows one to define Brownian motion on
the Brownian surfaces under consideration.

Random surfaces and conformal field theories. While the definition of LQG met-
rics applies to any field that “locally looks like” the Gaussian free field, the exact law of
the latter is of crucial importance to obtain the exact law of random surfaces that arise as
scaling limits of maps, and this law can be obtained from Liouville conformal field theory
[Pol81]. Here, rather than dealing with random metrics, one is rather interested in the
computation of partition functions defined from the field, and it has been shown recently
in a rich body of work — see [DKRV16, GRV19, KRV20] and references therein — that
this theory has a probabilistic interpretation in terms of Gaussian multiplicative chaoses,
which are random measures defined in terms of the Gaussian free field. This approach has
unveiled fundamental integrability properties for planar Gaussian multiplicative chaoses,
which can be used to provide exact distributions for various quantities related to the LQG
metrics, hence to the scaling limits of random maps. For instance, in [ARS22], the authors
compute the law of the conformal modulus of a Brownian annulus, which is a member of
the family of Brownian surfaces described in the present work.

The interplay between these approaches provides a wealth of methods to prove various
properties of random surfaces [She22], and the geometric properties of the Brownian
surfaces, as well as the other LQG metrics, are the object of intensive current research.

1.2 Generalities and terminology on maps

Surface with a boundary. Recall that a surface with a boundary is a nonempty Haus-
dorff topological space in which every point has an open neighborhood homeomorphic to
some open subset of R x R,. Its boundary is the set of points having a neighborhood
homeomorphic to a neighborhood of (0,0) in R x R, . When it is nonempty, this set forms
a 1-dimensional topological manifold. In this work, we will only consider orientable
compact connected surfaces with a (possibly empty) boundary. By the classification the-
orem, these are characterized up to homeomorphisms by two nonnegative integers, the
genus ¢ and the number b of connected components of the boundary. We denote by 2{,9]
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the compact orientable surface of genus ¢ with b boundary components, which is unique
up to homeomorphisms. It can be obtained from the connected sum of g tori, or from the
sphere in the case g = 0, by removing b disjoint open disks whose boundaries are pairwise
disjoint circles.

Map. A map is a proper cellular embedding of a finite graph, possibly with multiple
edges and loops, into a compact connected orientable surface without boundary. Here, the
word proper means that edges can intersect only at vertices, and cellular means that the
connected components of the complement of the edges, which are called the faces of the
map, are homeomorphic to 2-dimensional open disks. Maps will always be considered up
to orientation-preserving homeomorphisms of the surface into which they are embedded.
The genus of a map is defined as the genus of the surface into which it is embedded; we
speak of plane maps when the genus is 0. We call half-edge an oriented edge in a map.
With every half-edge, we may associate in a one-to-one way a corner, which is the angular
sector lying to its left at the origin of the half-edge. Note that this makes sense because
the surfaces we are considering are orientable. We say that a corner, or the corresponding
half-edge, is incident to a face f if it lies into f. We also say that the face is incident
to the corner or the half-edge in this case. The number of half-edges (or equivalently, of
corners) incident to a face is called its degree.

A map is rooted if it comes with a distinguished corner — or, equivalently, a half-edge
— called the root. Rooting is a very useful notion as it allows to kill the symmetries of
a map. In fact, when dealing with nonrooted maps, we will systematically count them
by weighting each map m by a factor 1/ Aut(m), where Aut(m) denotes the number of
automorphisms of m. The latter is also equal to 2 |F(m)|/R(m), where E(m) is the edge
set of m, and R(m) is the number of distinct rooted maps that can be obtained from the
nonrooted map m. Therefore, with this convention, the weighted number of nonrooted
maps in a given family of maps with a given number e of edges is simply the cardinality
of the set of rooted maps from this same family, divided by 2e.

Map with holes. We will consider maps with pairwise distinct distinguished elements,
generically denoted by fiy, fs, ..., fig, that can be either faces or vertices. These
distinguished elements are called the holes of the map, a given hole being called either an
external face or an external verter, depending on its nature. The nondistinguished faces
and vertices are called the internal faces and internal vertices. The degree of a hole, also
called its perimeter, is defined as 0 for an external vertex or as the degree of the face for
an external face. Beware that the boundaries of the external faces are in general neither
simple curves, nor pairwise disjoint. As a result, the object obtained by removing them
from the surface in which the map is embedded is not necessarily a surface. Note that,
however, removing from every external face an open disk whose closure is included in the
(open) face results in a surface with a boundary.

Bipartite map. Finally, we say that a map is bipartite if its vertex set can be partitioned
into two subsets such that no edge links two vertices of the same subset.
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Tuples. The many tuples considered in this work will conventionally be denoted by
a boldface font letter (possibly with a subscript) and their coordinates with the same
letter in a normal font, with the index written as a superscript, as in = (z!,...,2")
for instance. When x is a tuple of real nonnegative numbers, we set ||z| = >_i_, 2. We
denote by xy the concatenation of  with y. Finally, when concatenating with a 1-tuple,

we often identify it with its unique coordinate, writing for instance 0 = (z!,...,2",0).

1.3 The Gromov—-Hausdorff-Prokhorov topology

In this paper, a metric measure space is a triple (X, dx, px), where (X, dy) is a nonempty
compact metric space and py is a finite Borel measure on X'. We say that two met-
ric measure spaces (X, dy, uy) and (Y, dy, uy) are isometry-equivalent if there exists an
isometry ¢ from (X, dy) onto (), dy) such that py = ¢,ux. This defines an equivalence
relation on the class of all metric measure spaces. If (X, dy, px) and (Y, dy, uy) are two
metric measure spaces, the Gromov-Hausdor{f-Prokhorov metric (GHP metric for short)
is defined by

dGHP((Xv dX’ :uX>7 (ya dy’ :uy)) = ¢:i)r(liz {dg<¢(x)7¢(y)) \ dg(Qb*p“X: 1/)*#3))} ) (1)
P Y—=Z

where the infimum is taken over all choices of compact metric spaces (Z,dz), and all
isometric maps ¢, ¥ from X, Y to Z, where d% is the Hausdorff metric on compact
subsets of Z, and d%, is the Prokhorov metric on finite positive measures on Z, defined as
follows. First, for any € > 0 and any closed subset A C Z, we denote by

A :{ZGZ : ;telgdz(z,y)<s}

its e-enlargement. Then, for any compact subsets A, B C Z,
d%(A,B) =inf{e >0 : AC B° and B C A%},
and, for any finite Borel measures u, v on Z,
d%(p,v) =inf {e >0 : for all closed A C Z, p(A) < v(A%) 4+ ¢ and v(A) < p(A°) + ¢} .

Equation (1) defines a metric on the set M of isometry-equivalence classes of metric
measure spaces, making it a complete and separable metric space. The references [Vil09,
Chapter 27] as well as [ADH13, LG19a] discuss relevant aspects of the GHP topology,
with some variations, as the exact definition of the metric may differ from place to place.

More generally, for ¢, m > 0, we will consider ¢-marked, m-measured metric spaces of
the form (X, dy, A, py), where

e (X,dy) is a nonempty compact metric space,

o A is an (-tuple, called marking, of nonempty compact subsets of X', called marks,
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e ., is an m-tuple of finite Borel measures on X.

We often consider marks that are singletons; in this case, we identify the singleton with
the point it contains. We define the /-marked, m-measured Gromov—Hausdorff-Prokhorov
metric (still GHP metric for short) on such spaces by

dgﬁnP) ((‘X7 dXv A7 /J’X>a (y7 dyu B7 My))

= ot {d2(6(0).6() V mas dB(6(4).6(BY) V mae dE(0ur, i) |
P:Y—=Z

where the infimum is taken over the same family as in (1). Again, this defines a complete
and separable metric on the set M(™ of isometry-equivalence classes of (-marked, m-
measured metric spaces, where (X, dy, A, py) and (Y, dy, B, py) are isometry-equivalent
if there exists an isometry ¢ from X onto ) such that ¢(A’) = B for 1 < i < £ and
@,ﬂk = ,ug, for 1 < 5 < m. Note that we have dg)ﬁl% = dgugp. Finally, the space
(M, dg%{) = (M®9), dgﬁ%,) of /-marked compact metric spaces without measures is the
so-called (-marked Gromov-Hausdorff metric (GH metric for short).

As a first example, we will sometimes use in the present work the point space {o}
consisting of a single point, seen as the element ({0}, (o,...,0),(0,...,0)} € M®™ for
any values of £ and m.

In what follows, we will often simply use the terminology “marked” or “measured”
instead of “/-marked” or “m-measured” if the numbers ¢ or m are clear from the context.
Furthermore, when m > 2, we will often single out the first measure by writing it as a
separate coordinate, writing (X, dy, A, px,vx) for instance. The reason is that this first
measure will often be an area measure whereas the other will be boundary measures, and
these have different natural scales, as we will see shortly.

1.4 The main convergence result

Brownian surfaces. For £ > 0, a quadrangulation with k holes is a bipartite map
having k holes £y, ..., A; and whose internal faces are all of degree 4. For' n € Z, and
l=(I%...,1%) € (Z,)k (with the convention that (Z,)° = {@}), we define the set ng]l
of all genus g rooted quadrangulations with £ holes having n internal faces, and whose
holes A1, ..., ki are of respective degrees 21, ..., 2I*; see Figure 1 for an example.
Likewise, we denote by Qq[f’]l the set of nonrooted quadrangulations of genus g with n
internal faces and half-perimeters given by [. Since maps are counted with an inverse

factor given by the number of automorphisms, the weighted cardinality of this set is

Lo lad
Aut(q)  4n+ 2|1’

(2)

"We will write Zy = {0,1,2,...} the set of nonnegative integers, as well as N = {1,2,3,...} the set
of positive integers.
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(1]
: 19,(4,1,2,0,0)° '
hs are external faces, while fiy and fis are external vertices.

Figure 1: A quadrangulation from Q The root is the corner c.. Here, h1, s, and

where |Q£f]l| is the cardinality of Q), and 4n + 2||L|| is the number of oriented edges,

n,l’
hence of potential roots, in any element of QE’]Z.
It will be useful to notice for further reference that the quadrangulations with k& holes
in QE}[ or in QE‘Z]I all have the same number of internal vertices, namely

n+ |l +2—-29—k (3)

Indeed, let us consider such a map, and denote by v, e, f, its number of vertices, edges,
faces. The number of external faces is thus f —n so that the desired number is v —k+ f —n.
Furthermore, counting the corners yields 2e = 4n + 2||1||, and the result follows from the
Euler characteristic formula v — e 4+ f =2 — 2g.

If q is a quadrangulation with £ holes, we can view it as a k-marked, k + 1-measured
metric space, in the following way. We let V' (q) be the vertex set of q, and dq the graph
metric on this set. We let

Oq = (V(h1),...,V(hy)),

where for 1 <i <k, V(#;) is either {£;} if £i; is an external vertex, or the set of vertices
incident to f; if it is an external face. We let pq and vpq be the measures on V(q) and
the elements of dq defined by:

Hgq = Z 5117 ng: Z mU51)7

veV(q) veV (ki)

where m,,, the multiplicity of v, is the number of corners of the face f; that are incident
to v. These are respectively called the area measure and boundary measures. While we
believe that our results also hold when ng is replaced by the counting measure on V'(%;)
(without multiplicities), it turns out that the above definition makes matter simpler. We
associate with the quadrangulation q the space

(V(q)7 dq) 8q7 Hq, Vaq) c M(k,k-i-l) )
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Our main result exhibits a family

Sé. g>0, Lel|]0,00)F,

k>0

of random marked measured metric spaces, where S[If] will be called the Brownian surface
of genus g with boundary perimeter vector L and unit area. The latter family describes
the scaling limits of uniform random elements of Qﬂn, in the following sense. Define the
scaling operator €2, by

Qu(q) = (V(Q), (8%) 1/4dq7 dq, %uq, \/%Vaq> : (4)

The scaling constants (8/9)/* and /8 are here to make the upcoming description of S[I’f]
simpler in Sections 4 to 7. Our main result is the following.

Theorem 1. Fiz g, k > 0. Let L = (L',..., L¥) be a k-tuple of nonnegative real numbers
and, forn > 1, let 1, = (IL,... %) € (Zy)* be such that I' /\/2n — L' as n — oo, for
1 <i<k. Let Q, be a random variable that is uniformly distributed over ng}ln. Then

2,(Q,) -2 s

n—oo

where the convergence holds in distribution in the space (M(k’k+1), dgﬁ;l)).

By our discussion on nonrooted maps, note that the same statement holds if @), is
rather distributed over the set Qﬂn of nonrooted maps, with a probability proportional
to the inverse of the number of automorphisms. Note however that this automorphism
number is equal to 1 for the vast majority of maps [RW95], so we expect that our results
also hold for genuine uniform random nonrooted maps.

If S%] = (X,dx, A, ux,vy), we will call py the area measure, and vy the boundary
measures. Note that py is a probability measure, since (3) implies that [V (Q,)| ~ n as
n — oo, while /% has total mass L® for 1 < i < k, so v/} is the trivial zero measure if
Li=0.

Note that, for (g,k) = (0,0), the above result amounts to the aforementioned con-
vergence of plane quadrangulations to the Brownian sphere [LLG13, Miel3], while for
(g9,k) = (0,1) with L* > 0, it corresponds to the convergence of quadrangulations with a
boundary to the Brownian disk [BM17]. Note however that the statement of the present
paper is slightly stronger, since it is formulated in terms of the marked GHP topology
rather than the weaker GH topology. In the case (g,k) = (0,0) of the Brownian sphere,
it amounts to the GHP topology since there are no marks and only one measure; this
stronger forms appears for instance in [ABW17, Theorem 1.2] and [LG19a, Theorem 7).
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Topology and Hausdorff dimension. Let us also list some basic properties of the
limiting metric spaces, which justify the terminology of Brownian surfaces. We say that
a metric space is locally of Hausdorff dimension d if any nontrivial ball has Hausdorff
dimension d.

Proposition 2. Let L = (L',..., L*) be fived and let b denote the number of positive

coordinates of L. Almost surely, the random metric space S[g] is homeomorphic to E,[)g],
is locally of Hausdorff dimension 4, and, if b > 0, each of the b connected components of
its boundary, considered as a metric space by restriction of the metric on S[fj’}, s locally
of Hausdorff dimension 2.

This statement is an immediate corollary of a result from [Bet16], showing that, in
the case b = k, any subsequential limit in distribution of n='/4Q, satisfies the stated
properties. The case b < k is easily obtained from there by the observation concerning null
perimeters at the end of this section. However, our method of proof of Theorem 1 will also
provide an alternative and rather transparent proof of Proposition 2, once an analogous
statement has been established for the noncompact analogs of the cases of the sphere and
disk, namely, the Brownian plane and the Brownian half-plane [CLG14, GM17, BMR19]
(see Section 4.4). We also mention that the case (g, k,b) = (0,1, 0) was obtained in [Bet15]
(see also [BG09)]).

A comment on notation. Throughout this paper, we will often work in fixed topology
and consistently use the following pieces of notation, as in the above statement:

o g for the genus of the surface;

o k for the size of the boundary perimeter vector, that is the number of holes in the
discrete maps;

e b, as in boundary, for the number of nonzero coordinates in the boundary perimeter
vector;

e p, as in puncture, for the number of null coordinates in the boundary perimeter
vector.

Beware that the latter two numbers do not always correspond to the numbers of external
faces and external vertices in the discrete maps, since we only require that I,,/v/2n — L.
However, for n sufficiently large, the b holes corresponding to the b nonzero coordinates
in the boundary perimeter vector are external faces; each of the p remaining holes can
be either a vertex or a face but, in the latter case, it should be thought of as a “small
face” in the sense that its perimeter is of order o(1/n), and we will see that this implies a
diameter of order o(n'/4).
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Method of proof. We prove Theorem 1 by some surgical methods, and from the known
cases g = 0 and k € {0, 1}. Heuristically, we will cut @,, along well-chosen geodesics into
a finite number of elementary pieces of planar topology, to which we can apply a variant
of the cases (g,k) € {(0,0),(0,1)} of Theorem 1. The idea of cutting quadrangulations
along geodesics into so-called slices appears in Bouttier and Guitter [BG09, BG12]. The
use of these slices and the study of their scaling limits play an important role in Le
Gall’s proof [LG13] of the uniqueness of the Brownian sphere (they are called maps with
a piecewise geodesic boundary in this reference) and are crucial to our study [BM17] in
the case of the disk. More specifically, in the latter reference, we view Brownian disks as
a continuum version of the slice decomposition.

The proof of Theorem 1 relies on similar but yet different ideas, and will require
the introduction of other types of surgeries on objects that we call (composite) slices
and quadrilaterals (with geodesic sides). The core of the proof of Theorem 1 consists in
showing scaling limit results for these elementary pieces, as stated in Theorems 12 and 14.
We believe that these results are of independent interest, as elementary pieces and their
scaling limits might serve as building blocks in other models of random surfaces. In order
to prove this result, it turns out that it is simpler to view the discrete and continuum
elementary pieces as embedded into non-compact vertion of the Brownian sphere and
disk, namely the Brownian plane and half-plane defined in [CLG14, GM17, BMR19]. We
stress that the description of the Brownian half-plane in terms of gluing of composite
slices considered in Section 5.3 below is related to the slice decomposition of metric bands
property used by Miller and Qian [MQ21] for studying geodesic stars in the Brownian
sphere.

Theorem 1 generalizes the case of the sphere at two different levels, one given by the
positive genus and one given by the addition of a boundary. Although these two levels of
generalization rely to some extent on similar ideas, the difficulties that they generate are
of quite different nature. The case of the disk, which was the focus of [BM17], relied on
relatively well-understood objects, but required gluing an infinite number of such objects,
which in principle could create problems in the limit. On the other hand, the surgery
involved in the general case consists in gluing a bounded number of objects, but the
objects themselves will turn out to be of a more complicated nature.

Null perimeter coordinates. We end this section by the following observation relating
Brownian surfaces in case of null perimeter coordinates. The operations of adding or
removing a mark used in the following proposition are given by Lemmas 15 and 18 in
Section 3.

Proposition 3. Let L = (L,..., LF) € [0,00)*, and L0 be the sequence (L',... L* 0).
Then S[f:ﬂo has same distribution as the space S[I“f}, where, denoting by pu the area measure
of the latter space, a random p-distributed point has been added to the set of marks of S[If]
in (k4 1)-th position (and the zero measure has been added as a trivial (k4 1)-th boundary
measure).

Consequently, if L' = 0 for some giveni € {1,2,...,k}, and ifjl denotes the vector L
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with i-th coordinate remowved, then S[l;‘j] has same distribution as the space S[If] with its i-th
mark and (trivial) i-th boundary measure removed.

Proof. Let us fixl, = (I},...,1F) € (Z,)* such that I ~ /2n L7 for 1 < j < k, and let Q,,
be uniformly distributed over Q 9] . Setting 1,0 = (I},...,1%,0), a uniformly distributed

random variable @)/, in Qn 1,0 May be obtained by choosing an extra distinguished external
vertex fip,q uniformly at random among the internal vertices of @),,, that is, according to
the measure ji, conditioned on the set of internal vertices. Since the number of distin-
guished vertices in @), is at most k, while the total number of vertices is asymptotically
equivalent to n, the GHP limit of the quadrangulation @)/, rescaled as in Theorem 1 is the
same as if we had chosen fi;,; uniformly at random among the set of all vertices of ),,. By
Theorem 1 applied to @), and Lemma 15 below, we obtain the result. The second part of
the statement is obtained by permuting or removing marks and measures appropriately,

as discussed in Lemma 18 below. O

As an example, the Brownian sphere S[g] can be seen as SE%] 0) by forgetting its two
marks. Anticipating on the construction of the Brownian surfaces in Section 4, this
provides a nontrivially equivalent construction of the Brownian sphere as the gluing of
one quadrilateral with geodesic sides, rather than the one from [LG13, Miel3].

1.5 Scaling limits of Boltzmann quadrangulations

We may also consider scaling limits for models of quadrangulations with holes in which
the area and perimeters are not fixed, but rather weighted by Boltzmann factors. We
introduce the following sets of nonrooted maps:

Q! |_|in, for g >0, Le| |(Z4)",
n>0 k>0
and
|_|Ql0,,, for g, b, p > 0.
leNd

We then let W be the o-finite measure on the set of nonrooted quadrangulations with
an arbitrary number of holes and arbitrary genus, given by
Wiq) — 1

where |q| is the number of internal faces of q, and ||0q|| is the sum of the perimeters of
its holes. The reason for the choice of the weights 1/12 and 1/8 for the internal faces
and perimeters comes from the following enumeration result, which will be proved in an
extended form in Proposition 61, in Appendix B.

12~ lal g=lloall

Proposition 4. Fiz b > 0 and L € (0,00)°. Let (I,,n > 0) be a sequence of integers
such that l; ~V2n L' asn — oo for 1 < i <b. Then there exist a continuous function lg
of L, such that

W(Q[Q} ) ~ t(L) B +%.

nln n—o0o



1.5 Scaling limits of Boltzmann quadrangulations 14

The function ¢,(L) is related to the so-called double scaling limit of maps, as described
in [Eyn16, Chapter 5], and its Laplace transform can be computed by solving Eynard and
Orantin’s topological recursion. The method presented in Appendix B is based on the
bijections presented in Section 2.

For any ¢ > 0,p >0, L € [0,00)? and A > 0, if (X, d, A, i) is a random variable with
same law as S[l:i’]/ o e deﬁne the Brownian surface of genus g with boundary perimeter
vector L and area A as a random variable S j ; with same law as (X, AY4d, A, Ap). 1f
L € | ,5,(0,00)" and p > 0, we let LO? € [0 0)?*P be the sequence L to which we
append p terms equal to 0.

For integers ¢, b, p > 0, and for L € (0,00)°, setting k = b+ p, we define a o-finite
measure on M**+1) by the formula

yL[g,z]v(') - /(0 )dAA B (L/\/_) (S [X]Lop €-).

The measure ., [gp is a o-finite measure that “randomizes” the area measure of the
Brownian surface of genus g with b boundary components of lengths given by L, as well
as p marked vertices, in the sense that its conditional law given having total area A is
that of SEZ} Lov-

Recall that the scaling operator €, is defined by (4); here, we use it for any n € (0, 00).

Theorem 5. Let g, b, p€ Z,, k=0b+p, L € (0,00)", K > 0, and F : M*F+1) 5 R be a
continuous and bounded function that is supported on the set of spaces (X, dx, A, px,Vx)
such that px(X) € [1/K,K]. Let (I,,a > 0) be a family where 1, € N° is such that
Il ~\/2/a L’ for 1 <i<b. Then, it holds that
5(9 1), 3b
W (F Q0 (@) g, ) — TEP).

Note that our main result, Theorem 1, can be seen as a “local limit” version of Theo—
rem 5, in the sense that it gives the condltlonal statement of this last result given Q “1g00
taking a = 1/n. There is also a version of this theorem where the perimeters given by L
are left free as well. For g, b, p > 0, we define the o-finite measure

A= [ a0,

Corollary 6. Let g, b,pe Z,, k=b+p, K >0, and F : M***D) 5 R be a continuous
and bounded function that is supported on the set of spaces (X,dx, A, px,vx) such that

px(X) and v, (A, 1 <4 <b, all lie in [1/K, K|. Then it holds that

b 5(9 1)+5b

250 T W (F Qe (Q)) Lqion) —2 Tty (1)

Interestingly, the measure .# [QL is finite in the particular cases ¢ = 0, b = 1 and
p € {0,1},0or g =0,b=2and p = 0; it can be checked that it is infinite in all other cases.
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By computing the functions to(L) in the case b € {1,2}, we obtain three probability
distributions by normalizing the measures ZLO]) 0 5/ [O] Z[LO] ),0° Those are the law of
the free Brownian disk of perimeter L € (0, 00):

FBD, = [ dA—2ex < L2>IP>(S“” €)
L \/— p (L),A )

the law of the free pointed Brownian disk of perimeter L € (0, c0):

o) L L2
FBD: = [ dA ex (--) p(s? e,

and the law of the free Brownian annulus of boundary perimeters L, L’ :

(L+ L) (L+1L) 0
Vo o) Fkma )

Note in particular that FBD = lim. o FBA; .. These laws, as well as the associated

o-finite measures ,5”1[00], ,71 1 ,72 o, Play an important role in [ARS22].

FBA; = / dA
0

In the case b = 0, the two previous statements are in fact the same, since Y,Z[fj]g =

5”0[%. This measure describes the scaling limit of quadrangulations with no boundary, p
marked vertices, and free area measure. In this case, the quantity ¢,(@) is equal to the
classical universal constant ¢, arising in map enumeration; see [BC86, LZ04]. Explicitly,
the numbers 7, = 2%972I'(22-1)¢, satisfy 7o = —1 and the recursion

(59 +1)(5g — 1) 1<

In this case, we thus have the following formula

5g7

Sy =1, /( aaa’s 2Rk, ).

1.6 Perspectives

A natural question, which we plan to investigate in future works, is to derive the analog
of Theorem 1 for bipartite quadrangulations on nonorientable compact surfaces, using the
bijective techniques developed in [CD17, Bet22]. The first step of showing the existence of
subsequential limits for nonorientable quadrangulations without boundary has been taken
n [CD17]. Addressing this question would complete the catalog of compact Brownian
surfaces.

As mentioned in the first section of this introduction, an important aspect is that of
universality of the spaces S[j‘j]. In fact, we expect these spaces to be the scaling limits of

many other models of random maps on surfaces. In the case of the Brownian sphere S[QO],
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this was indeed verified for several models; see the references mentioned above. In the case
of Brownian disks, we showed in [BM17] that the spaces Sgl) appear as scaling limits of
many conditioned Boltzmann models. This approach to universality should generalize to
our context, at the price of some specific technicalities. We will not address this question
here, but will comment more on this in Section 7.

It would be most interesting to complete the bridge between Brownian surfaces and
LQG metrics and CFT. As was pointed to us by J. Miller, in order to define a canonical
conformal structure and Brownian motion on Brownian surfaces, it would be natural to
investigate whether the construction of general Brownian surfaces given in the present
paper, by gluing elementary pieces of disk topologies along geodesic boundaries, can be
made compatible with the approach of [GMS20, GMS22] mentioned in the introduction.
Knowing that such a structure exists, one can try to delve even further into its integrability
properties. The works [DKRV16, GRV19] state precise conjectures linking Liouville CET
with scaling limits of the area measure of random maps (without boundary) after suitable
uniformization. In a nutshell, the LQG metrics are local objects that can be defined
globally by using charts and atlases on general Riemann surfaces. However, fixing a
surface amounts to fixing the conformal modulus of the LQG metric, while Brownian
surfaces have a random modulus. Hence, the computation of the law of this modulus is an
important question, which has been solved by [ARS22] in the case of the annular topology.
It seems that the case of general compact surfaces should be approachable as well given
the recent developments on conformal bootstrap in Liouville CFT [GKRV21, Wu22].

We also mention that random surfaces with boundaries of the type studied in this paper
are related to the study of self-avoiding paths in random geometries. See [GM19, GM21a]
for more on this in the case of the gluing of two Brownian half-planes or disks. It would be
interesting to explicitly describe the scaling limits of self-avoiding paths and loops on maps
of fixed topologies as gluings of Brownian surfaces along boundaries. As N. Holden pointed
to us, this would involve presumably difficult computations of the partition functions for
self-avoiding loops in fixed classes of the fundamental group of the surface, although this
problem simplifies in the case of the self-avoiding loop on a Brownian sphere [AHS23].

1.7 Organization of the paper

In Section 2, we present the extension of the famous Cori—Vauquelin—Schaeffer bijection
allowing to encode a quadrangulation with a simpler tree-like structure carrying integer
labels on its vertices. We also present a variant of the bijection, which leads to the
definition of the elementary pieces into which we decompose a quadrangulation. We
finally state the relevant scaling limit results for these elementary pieces. In Section 3,
we present the surgical operation we need in order to reconstruct a metric space from its
elementary pieces, namely gluing along geodesic segments. The proof of Theorem 1 and
Proposition 2 are given in Section 4. In Sections 5 and 6, we present the metric spaces
forming the continuum elementary pieces into consideration and explain how they are
natural building blocks of the Brownian plane and half-plane, which are the noncompact
analogs of the Brownian sphere and disk, and we tweak known convergence results to
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these noncompact Brownian surfaces to prove that the continuum elementary pieces are
the scaling limits of the discrete elementary pieces. Finally, we give in Section 7 an
alternate description of Brownian surfaces that does not involve gluing operations and
that is closer to the usual definition of the Brownian sphere and disks.

Acknowledgment. We thank G. Chapuy for stimulating discussions during the elabora-
tion of this work, and in particular for his encouragements to deal with general compact
surfaces with a boundary. Thanks to J. Bouttier for bringing our attention to the fact
that the semigroup property of discrete slices might have an interesting continuum coun-
terpart. Thanks are also due to X. Sun for discussions around the problem of defining
Brownian surfaces in the context of LQG and the question of the random modulus of
these surfaces, and also for sharing the work [ARS22]. We finally thank N. Holden and J.
Miller for their comments on a first version of this paper.

2 Variants of the Cori—Vauquelin—Schaeffer bijection

As is customary when studying on scaling limits of maps, this work strongly relies on
powerful encodings of discrete maps by tree-like objects. We now present variants of the
famous Cori—Vauquelin—Schaeffer (CVS) bijection [CV81, Sch98] between plane quad-
rangulations and so-called well-labeled trees, and its generalizations by Chapuy-Marcus—
Schaeffer [CMS09] for higher genera and by Bouttier-Di Francesco-Guitter [BDGO04] for
plane maps with faces of arbitrary degrees. We only give the constructions from the en-
coding objects to the considered maps and refer the reader to the aforementioned works
for converse constructions and proofs.

2.1 Basic construction

Let m be a map, rooted or not, and f be a face of m. Starting from a choice of a corner ¢
in f, we index the subsequent corners of f in counterclockwise order as (¢;, 7 € Z) (forming
a periodic sequence). Let A : V(m) — Z be a labeling of the vertices of m by integers.
We extend the definition of A to the corners of the map by setting A(c) = A(v) if v is the
vertex incident to the corner c. In what follows, we will either consider that A is defined
up to addition of a constant, or that the value of A at some corner is fixed, for instance
that A(¢o) = 0.

We say that (m, ) is well labeled inside f if A(¢;41) > A(¢;) — 1 for every @ > 0. In
particular, if (m, \) is well labeled inside f and e is a half-edge of m such that both e
and its reverse € are incident to f, then [A(e™) — A(e7)| < 1, where e™, e denote the
origin and end of e. Note that this will be the case for every edge when m is a map with
a single face.

Let (m,\) be well labeled inside f. With the above notation, let us define s(i) =
inf{j >i:A(c;) = AMc;) =1} € ZU{oo} and the successor of ¢; as s(¢;) = cy(), where co
is by convention the unique corner incident to a vertex v, that is added in the interior
of f, and which naturally carries the label A(v,) = min{A(¢;),7 € Z} — 1. Clearly, s(¢;)
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is then well defined for all corners (distinct from c,), and only depends on the corner ¢;
and not on the particular choice of the index i. The CVS construction inside the face f
consists in

o linking by an arc every corner ¢ incident to f to its successor s(c), in such a way
that arcs do not cross, which is always possible due to the well labeling condition,

o deleting all the edges of m.

This construction results in an embedded graph? denoted by CVS(m, \; f), whose vertex
set consists of v, and the vertices of m incident to f, and whose edges are the arcs between
the corners of f and their successors. By construction, the edges of CVS(m, A; f) are in
bijection with the corners of m incident to f. If m is rooted inside f, say at the corner ¢;,
then CVS(m, A; f) naturally inherits a root at the corner preceding the arc linking ¢;
to s(c;). Note that the well labeling condition, as well as the output CVS(m, \; f), are
invariant under addition of a constant to A, as they should.

We will also need an interval variant of this construction, where we fix a sequence,
also referred to as an interval, of subsequent corners I = {cg, c1,..., ¢} of a face f of m,
and only ask that (m, \) is well labeled on I in the sense that A(c;y1) > A(¢;) — 1 for
0 < i <r—1. In this case, we set A\, = min{A(¢;),0 <i <r}—1and ¢ = A(¢,) — A
Instead of a single extra corner ¢, we introduce inside f a sequence of distinct consecutive
corners Cyi1, Crig, --., Criyg, incident to new vertices v,y1, vpi2, ..., U.pp With labels
M) — 1, Mep) — 2, ..., M. The successor mapping s is then defined for all corners
except ¢p4p. We let CVS(m, A; I) be the resulting (nonrooted) embedded graph whose
edges are the arcs. In this embedded graph, the following are of particular interest:

(1) the apez v,y¢, which will usually be denoted with a subscript *;

(2) the mazimal geodesic, which is the chain of arcs linking ¢, s(co), s(s(co)), - -+, Crie,
and which will always be denoted with the letter v and depicted in red in the figures;

(3) the shuttle, which is the chain of arcs linking ¢, ¢,41, ..., ¢4y, and which will
always be denoted with the letter £ and depicted in green in the figures.

Note that the two latter are paths from the first and last corners of I to the apex.

The construction generalizes to several intervals I, J, ... that pairwise share at
most one extremity. In the case of a shared extremity, say I = {co,c1,...,¢.} and
J =A{c}, ..., .} with ¢, = ¢, one first duplicates the common corner before applying
the construction, in the sense that the copy ¢, is used in the shuttle of I and ¢ is used
in the maximal geodesic of J; see Figure 2. In this construction, each interval yields a
distinct apex, maximal geodesic, and shuttle, and the construction results in an embed-
ded graph denoted by CVS(m, \; I, J,...). Plainly, the ordering of the intervals does not
affect the construction.

2In general, this embedded graph is not a map of the surface into consideration. In all the constructions
we will use in this work, it will, however, always turn out to be a map.
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Figure 2: Performing the interval variant of the Cori—Vauquelin—Schaeffer bijection with two
intervals sharing an extremity. The interval I consists of the corners in the purple area, starting
with ¢y and ending with ¢,, while J consists of the corners in the red area, starting with c¢{, and
ending with c,. The interval I yields the apex v., mazimal geodesic vy, and shuttle &, while J
yields respectively v, ', and &'. As will be the case in all the figures, the mazimal geodesics are
in red and the shuttles in green.

We make the important observation that any chain ¢, s(c), ..., s'(c) of consecutive
successors induces a geodesic chain for the graph metric in the resulting embedded graph
CVS(m, \;I,J,...), that is, a path of minimal length between its extremities. This
is simply because, by construction, any arc of the resulting embedded graph links two
vertices u and v such that |A(u) — A(v)| = 1, and because A decreases by 1 at every step
on a chain of consecutive successors. In particular, the maximal geodesics and shuttles of
CVS(m, \; I, J,...) are geodesic chains.

2.2 The generalized Chapuy—Marcus—Schaeffer bijection

Encoding quadrangulations. As a first example, let us perform this construction on
a particular class of maps. For n € Z, and I = (I*,...,I%) € Z’i, we let 1\7[7[3}[ be the set
of labeled rooted maps (m, \) satisfying the following properties:

e m is a map of genus g with n + Zle I* edges, one internal face f, and k holes fi,
, i, rooted at a corner of its internal face f;

« for all 4, the hole f#i; is of degree [%; if it is an external face, then it has a simple
boundary?;

for any i # j, if fi; and fi; are faces, then they are not incident to any common edge;
o (m, ) is well labeled inside f..

We similarly define the set M[g]l of labeled nonrooted maps. Setting 10 = (I*,... ¥ O)
the CVS construction applied to the internal face f, provides a bijection between l\/I
and Qk’]lo, through which the k first holes correspond, while the extra hole /iy, of the

3A face has a simple boundary if it is incident to as many vertices as its degree.
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quadrangulation is the extra vertex v, of the construction. In case of rooted maps, it

yields a one-to-two correspondence? between M g] and ng]lo

Decomposition into elementary pieces. Let us now perform the construction on the
same set of maps M[g] but with well-chosen intervals. We will decompose a map of M[g]
into a collection of labeled forests indexed by an underlying structure called the scheme
For the remainder of this section, we exclude the cases (g, k) € {(0,0), (0,1)} leading to

encoding objects not entering the upcoming framework. We fix (m, \) € Mgi]l

Figure 3: Left. A labeled map from M[ ] The outlined vertices are its nodes and the

(673’0).
thicker edges correspond to the map m. Right. The corresponding scheme.

Let m be the nonrooted map obtained from m by iteratively removing all its vertices
of degree 1 that are not holes. The resulting map m may be seen as a submap of m:
the map m is obtained from m by appending rooted labeled trees at its corners. We call
nodes of m the following vertices:

o the external vertices of m;

o the vertices of m having degree 3 or more in m.

These nodes are linked in m by maximal chains of edges not containing any nodes other
than their extremities. Replacing every such chain with a single edge yields a nonrooted
map s, called the scheme of m. It has one internal face, still denoted by f,, and & holes,
still denoted by fiy, ..., fix; see Figure 3.

We denote by E(s) the set of half-edges incident to the internal face of s; this set is
partitioned into the set I (s) of half-edges whose reverses belong to E (s) as well, and the
set B(s) of half-edges whose reverses do not belong to E(s). (We used the letter I for
internal and B for boundary.) The set B(s) is further partitioned as

Bs)= || B(s)

1<r<k

4The factor 2 comes from the fact that the corners of f,. correspond to the edges of the resulting
map, each edge corresponding to 2 half-edges. We refer the interested reader to [Bet16, Section 3.1] for
a presentation of the reverse mapping.
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where B, (s) is either empty if A, is a vertex, or the set of half-edges of E(s) whose reverse
are incident to A, if it is a face. We consider e € E(s) It corresponds to a chain ey,
..., €; of half-edges in m. Let us denote by c. and ¢, the corners of m preceding e; and
succeeding e; in the contour order. In m, there are several corners that make up ¢, and c,.
The corner interval I, is the interval of corners of m from the first corner corresponding
to ¢ to the first corner corresponding to ¢,. Observe that, in m, the tree grafted at c. is
thus covered by I., whereas the tree grafted at ¢, is not.

By construction, J,. (s) I, is equal to the set of corners of f, and each extremity of
these intervals is shared by exactly two such intervals. More precisely, the intervals I,
ccE (s), with their last corner removed give a partition of the corners of f,. Applying
the interval CVS construction CVS(m, \; {I., e € E(s)}) gives a natural decomposition of
the quadrangulation (q,v,) = CVS(m, A; f.) into submaps, whose study, starting in the
next section, are the key to this work; see Figure 4. These submaps are called the elemen-
tary pieces of (q,v.) and are of two types: the ones corresponding to half-edges of B (s)
are called (composite) slices and the ones corresponding to half-edges of I (s) are called
quadrilaterals (with geodesic sides). They are not rooted and come with distinguished
vertices on their boundaries that will be discussed later on.

Figure /4: Performing the interval bijection on the labeled map from Figure 3. Left. Two
elementary pieces are represented: one quadrilateral with geodesic sides in red, and one composite
slice in blue. Right. The interval bijection yields a decomposition into 4 composite slices and
7 quadrilateral with geodesic sides. Here, only the mazimal geodesics and shuttles are depicted.
We let the edges of the original scheme figure on this output map, but these are neither edges
nor chains of edges of this output map (remember that the edges of the original map are never
edges of the output map).

The elementary piece corresponding to the half-edge e € E (s) is encoded by the part
of the labeled map (m, \) corresponding to

« cither the interval I, if e € B(s),

—

e or the union [, U [; if e € I(s), where € denotes the reverse of e.

-

See Figure 5. Note that, when e € I(s), the elementary pieces corresponding to e and to
its reverse e are the same map; only the distinguished vertices on the boundary will differ
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(more precisely be given in a different order). We refer the reader to [Bet16, Section 3.4.1]
for more on this decomposition, keeping in mind that, in the latter reference, the maps
are rooted and the root is encoded in the scheme, which essentially amounts in seeing the
root of the map as an extra external vertex.

Figure 5: The parts of the labeled map from Figure 3 encoding the elementary pieces. The two
parts corresponding to the quadrilateral with geodesic sides and the composite slice from Figure 4
are extracted. The red and blue colors match.

Finiteness of the number of schemes. We will elaborate more on elementary pieces
in the next two sections and end this one with a simple combinatorial lemma. We say
that a map with holes is a scheme if it has one internal face, all its external faces have a
simple boundary and do not share a common incident edge, and all its internal vertices
have degree 3 or more.

Lemma 7. For fized values of (g,k) ¢ {(0,0),(0,1)}, there are finitely many genus g
schemes with k holes and these have at most 3(2g + k — 1) edges and 2(2g + k — 1)
vertices.

Proof. As there is a finite number of maps with a given number of edges, the bound on
the number of edges yields the finiteness of the considered set.

Let v, e, f be the number of vertices, edges and faces of a given scheme as in the
statement, and let b be its number of external faces (so that p = k — b are external
vertices). By construction, we have f = b+ 1 and the vertices are all of degree at least 3,
except possibly up to p of them, which have degree at least 1. The sum of the degrees
of the vertices being twice the number of edges, we obtain 2e > 3(v — p) + p, and we see
by the Euler characteristic formula v — e + f = 2 — 2g that the considered scheme has at
most 69+ 3k —p—3 < 3(2g+ k — 1) edges, and at most 2(2g + k — 1) vertices, using that
k=p+0. n
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2.3 Composite slices

We call plane forest a collection f = (t°,...,t/"1, pl), for some [ > 1, of rooted plane trees
(the last one being reduced to the vertex-tree), which we view systematically as a map by
taking an embedding of every t? in the upper half-plane R x R, with root p’ at the point
(4,0), and in which p’ is linked to p'~! by the line segment between (7,0) and (i —1,0), for
1 <7 < [. The union of these line segments is called the floor of the forest. The resulting
embedded graph, which we still denote by f (see e.g. the left of Figure 6) is a nonrooted
plane map coming with the two distinguished vertices p = p° and p = p'; it is in fact a
plane tree, but we insist on calling it a forest.

We let a be the total number of edges of t°, ..., t!/"1 and I = {cg,c1,...,Coaps} be
the interval of corners of f that are incident to the upper half-plane (hence excluding
the corners that are “below” the floor), starting from the root corner of t° and ending
with the only corner incident to p', arranged in the usual contour order. We now equip f
with an integer-valued labeling function A : V(f) — Z, again defined up to addition of a
constant, that we require to satisfy the well labeling condition in the interval I. In this
case, it means that

o Mu)—A(v) € {—1,0,1} whenever u and v are neighboring vertices of the same tree;

o for 1 <i <1, we have A(p*) > A(p"™!) — 1.

Figure 6: The interval Cori—Vauquelin—-Schaeffer bijection giving composite slices. On this
example, the forest has a = 7 edges and | = 3 trees (remember that the last vertez-tree does not
count as a “real” tree). The boundary of q has three parts: the maximal geodesic (in red), the
shuttle (in green) and the base (in burgundy). Its tilt is 4.

The map sl = CVS(f, \; I) is then a nonrooted plane quadrangulation with one hole
having a internal faces. Setting A, = min{A(v) : v € V(f)} — 1, we see that the boundary
of sl has length 2(A\(p') — A, +1). It contains three distinguished vertices: p, the apex v,
(the extra vertex with label \,), and p, as well as three distinguished paths:

(1) the maximal geodesic 7, which has length A(p°) — \,;
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(2) the shuttle ¢, which has length A(p') — A,;

(3) the remaining boundary segment, called the base and denoted by /3, consisting in
the arcs connecting the root vertices of the trees. More precisely, if ¢; denotes the
last corner of the tree t’, then the part of the boundary of sl between p’ and p'*!
consists in the arc linking ¢; to s(¢;) and the successive arcs linking ¢;i1, s(¢jt1),
s(s(cjs1)), -+ -, s(c;). As a result, this base has length A(p') — A\(p") +21. Moreover,
any vertex of the base is at distance at most maxj<;<; [A(p') — A(p"™1)| + 1 from
some element of the set {p°, ..., p'}.

Note that, as is the case in Figure 6, the base may overlap with the other distinguished
paths. Furthermore, as noted at the end of Section 2.1, the maximal geodesic and the
shuttle are geodesic chains. On the contrary, the base is not a geodesic in general.

Definition 8. A map obtained by this construction will be called a discrete composite
slice, or simply slice for short: its area is the integer a, its width is the integer | and its
tilt is defined as the integer

6 = A(p) — Alp).

The terminology of composite slices, width and tilt are borrowed from [Boul9]; how-
ever, the reader should mind that our exact definitions differ slightly from those in that
reference®. Note also that, in the present work, we use the simplified terminology of slice
in order to designate a composite slice. Beware that these have not to be confused with
similar objects existing in the literature, in particular in our previous work [BM17], called
elementary slices or also slices for short; they actually correspond to composite slices of
width 0, objects that we do not consider here.

We record the following useful counting result.

Proposition 9. The number of slices with area a, width | and tilt § is equal to
qe l 2a 41 20+ —1
2a + 1 a -1 ’

12°8'2° Q)(2a + 1) P(0),

where Q(u) is the probability that a simple random walk hits —¢ for the first time at
time u, and Py(j) = P(Gy + --- + Gy = j), where Gy, G, ... are independent random
variables with shifted Geometric(1/2) law, i.e., such that P(Gy = j) = 27772 for j > —1.

which can also be recast as

Proof. The term - (2“a+l) is the number of forests with [ trees and a non-floor edges, the

2a+1
term (212’_51_ 1) counts the number of possible ways to well label the roots, and the term 3

counts the number of ways to well label the other vertices, since it amounts to choosing
a label difference in {—1,0, 1} along each edge.

°In particular, in [Boul9], the width is the length of the base, equal to 21 + J in our notation, and the
tilt is the opposite —§ of what we call the tilt in this paper.
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The probabilistic form is a simple exercise using the encoding of forests and geometric

walks by simple walks, yielding 2al+l (2aa+l) = 220+ ();(2a + 1) and (21;“_5;1) = 2249 p(§).

See Section 5.4 and [Betl5, Lemma 6. O

An important feature of the construction is that the labels on V(sl) inherited from
those on V (f) are exactly the relative distances to v, in sl:

ds1(v,v,.) = Av) — Ay, veV(sl,
and that the following bound holds:

da(ci,c;) < M)+ Mej) — 2 min Nep) +2, i<j. (5)
ISTS)
If sl is a slice, using a slightly different convention from that of Section 1.4, we view
it as the marked measured metric space in M(®? given by

(V(s1),ds, Os), ps1, v5)  with — 8sl = (8,p,7,p,€), (6)

where each boundary part is identified with the vertices it contains, where ug is the
counting measure on the vertices of sl that do not belong to the shuttle, and where v
is the counting measure (with multiplicities) on 8\ {p}. The measures pg and vz are
respectively called the area measure and the base measure of the slice. It might be
surprising at this point to include p and p in the marking as these can be found from the
other three marks; they are here to enter the framework of geodesic marks introduced in
Section 3.2. The idea is that the data of (p, ) suffice to recover the maximal geodesic as
an oriented path, whereas the data of v (as a set of vertices) do not give the orientation
of the path.

2.4 Quadrilaterals with geodesic sides

Consider a double forest, that is, a pair (f,f) of plane forests with the same number of
trees. Let h > 1 denote this common number of trees and recall that this means that f
and f have h trees plus an additional vertex-tree. Similarly to the previous section, we
represent it by letting

« the floors be both sent to the chain linking the points (i,0) € R?, where 0 < i < h,

o the trees of f be contained in the upper half-plane R x R, , the i-th tree attached
to (1 — 1,0), for 1 < i < h,

« and the trees of f be contained in the lower half-plane, the i-th tree attached to
(h—i+41,0), for 1 <i<h.

We obtain a nonrooted plane map, which we denote by f U f, coming with the two
distinguished vertices p = (0,0) and p = (h,0). Here also, it is in fact a plane tree having
two distinguished vertices.
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We let I = { €0y Cly - - -, 02a+h} be the interval of corners of fUf, in facial order, that are
incident to the upper half-plane, and I = {EO, Cly... ,Ega+h} the interval of those incident
to the lower half-plane, where a (resp. a) is the number of edges in the trees of the upper
(resp. lower) half-plane. As mentioned during Section 2.1, we use the slightly unusual
convention that cg,yp # o (and similarly Caz.p # ¢p): this means that the first corner
incident to p is “split” in two corners, one in the upper half-plane and one in the lower
half-plane.

Finally, assume that, in its unique face, the map f U f is well labeled by an integer
function A : V(f Uf) — Z defined up to addition of a constant: this simply means that
Au) — A(v) € {—1,0,1} whenever u and v are neighboring vertices. See Figure 7 for
an example. Note that, equivalently, a well-labeled double forest ((f,f),\) can be seen
as a well-labeled wertebrate, that is a well-labeled tree with two distinct distinguished
vertices p, p, where the interval I corresponds to the consecutive corners in the contour
order from p to p, which contains all the corners incident to p and stops at the first corner
incident to p, and I is defined similarly with the roles of p, p exchanged.

Uy

Figure 7: The interval Cori—Vauquelin—-Schaeffer bijection giving quadrilaterals with geodesic
sides. The quadrilateral with geodesic sides has half-areas 5 and 4, width 3, and tilt 1.

The map qd = CVS(f Uf, \;1,I) is then a nonrooted plane quadrangulation with
one hole having a + a + h internal faces. Its boundary contains the four distinguished
vertices p, the apex v, associated with I, p, and the apex o, associated with I, as well as
the maximal geodesics 7, ¥ and shuttles &, €, with obvious notation.

Definition 10. The quadrilateral with geodesic sides, or simply quadrilateral for short,
associated with ((£,£),\) is by definition qd = CVS(f U, \; [, I). Its width, half-areas,
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and tilt are respectively the numbers
h, a and a, A(p) — Ap).

Observe that the parameters of a quadrilateral can be recovered from the map qd and
the distinguished vertices p, p. Furthermore, the quadrilateral associated with ((f,f), \)
is obtained from the one associated with ((f,f), \) simply by switching the distinguished
elements p with p, v with 7, and ¢ with . It has the same width, its half-areas are
switched and its tilt is reversed.

Proposition 11. The number of quadrilaterals with half-areas a, a, width h and tilt § is
equal to

12975 Q. (2a + h) Qn(2a + h) My (6),

where Qy has been defined in Proposition 9, and My(j) =P(Uy+ ...+ Uy, = j), where Uy,
Us, ... are independent uniform random variables in {—1,0,1}.

Proof. As in the proof of Proposition 9, the number of forests with h floor edges and «
non-floor edges is 222+1Q;, (2a+h), so the number of double forests with proper parameters
is 4913+h Q) (2a+h)Qp(2a+h) . Then, the number of possible labelings of the floor vertices
is the number of walks with h steps in {—1,0, 1} going form 0 to §, which equals 3" M, (§).
The final term 3°T® counts the possible labelings of the non-root vertices in the double
forest. m

If qd is a quadrilateral, we will view it as a marked measured metric space in M1
given by
(V(ad),dga,9ad, piga)  with  dqd = (p,7,€,p,7,€) , (7)

where each boundary part is identified with the vertices it contains, and where piqq is the
counting measure on the vertices of qd that do not belong to the shuttles. We call
this measure jiqq the area measure of the quadrilateral.

2.5 Scaling limits of elementary pieces

In this section, we state two important results that will be crucial in the proof of The-
orem 1. These show that, under appropriate hypotheses, random discrete slices and
quadrilaterals converge in distribution in the GHP topology toward “continuum analogs”
of these objects.

We first fix three sequences (a,,) € (Z4)Y, (1,) € NY and (8,) € Z" such that

§ L 9\ /4
n L As0, 5 L>0 and (—) 5, — AER.  (8)
n n—oo \/2n n—oo &n n—o00

Recall that a slice is seen as an element of M(®?) given by (6) and that , is the scaling
operator defined in (4).
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Theorem 12. Let Sl, be uniformly distributed among composite slices with area a,,
width l,, and tilt 6,,. Then we have the convergence

Q(S1) % Slara,

in distribution in the space (M(‘r”z),dgﬁ,). The limit is called a (continuum composite)

slice with area A, width L and tilt A.

This theorem will be proved in Section 5, where a detailed characterization of the
limiting object will be given. For the time being, this theorem should be taken as a
definition of the spaces Sla 1, a.

The following statement, whose proof is a direct consequence of Theorem 12 and is
left to the reader, deal with the case of vanishing areas and widths, and will be useful in
Section 4.3 below.

Corollary 13. Let the sequences (a,) € (Z, )N and (1,) € (Z)N satisfy I, = o(y/n) and
an+1, = O((1,)?). Let Sl, be the vertex map whenever I, = 0, or be uniformly distributed
among slices with area a,, width 1, and tilt 0 otherwise. Then we have the convergence
toward the point space

(d)
Qn(SIn) T:O {Q}?

in distribution in the space (M“’”,dﬁ’ﬁ%).

To lift any possible ambiguity, let us stress that the property “a, + I, = ©((,)?)”
means that the sequence ((a, + I,)/(l,)?), restricted to the values of n for which they
are defined, is bounded away from 0 and oco. This compact way of writing this property
covers in fact the two following situations. If (I,,) is a bounded integer sequence, it simply
means that (a,) is a bounded integer sequence. If (I,,) is unbounded, then it means that
(an/(1,)?) is bounded away from 0 and co. Note that, up to extracting subsequences, we
are always in one of these two situations.

We will derive Theorem 12 from the known convergence of the uniform infinite half-
planar quadrangulation toward the Brownian half-plane. The former naturally contains
a family of slices and the latter contains a continuous “flow” of continuum slices. These
consist in free versions of the objects considered here so that we will need to finish with
a conditioning argument.

We now turn to quadrilaterals, which are seen as elements of M(® given by (7).
We consider four sequences (a,), (a,) € (Z4)Y, (h,) € NY and (6,,) € Z" such that, as
n — oo,

— H >0, (%> op = AeR. (9)

n _TL 1 hn
a——>A>O, a——>A>O,
n n

9
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Theorem 14. Let Qd,, be uniformly distributed among quadrilaterals with half-areas a,,
and a,,, width h, and tilt §,,. Then we have the convergence

d)
Q”(an> 7:2 QdA,A,H,A )

(
—

in distribution in the space (M(671), d((gl’{l%,). The limit is called a continuum quadrilateral

with half-areas A and A, width H and tilt A.

As for slices, the proof of this result is postponed, to Section 6, where a detailed
characterization of the limiting object will be given. The idea of the proof will be similar
to that of Theorem 12, using the uniform infinite planar quadrangulation and Brownian
plane as reference spaces instead of the half-planar versions mentioned above.

3 Marking and gluing along geodesics

In our previous work [BM17], we proved Theorem 1 in the case of disks (for the GH topol-
ogy) by writing @),, and SEOL]I) as gluings of appropriate subspaces along geodesic segments,
namely so-called slices in the discrete setting and their scaling limits in the continuum.
The fact that the number of gluings needed was infinite caused some difficulties (which we
mainly overcame by noticing that any geodesic between two typical points may be broken
down to a finite number of pieces lying in different such subspaces). In contrast, in this
work, we will only need to consider gluings of a finite number of subspaces along geodesic
segments. As this operation is well behaved in a more general setting, we present it in
this section. But first, we collect a number of useful lemmas on the GHP topology.

We will use the following notation. If py is a finite positive measure on a set X,
we let iy = px/px(X) be the normalized probability measure. If uy = 0, we use the
convention iy = 0. If p = (p!, ..., u™) is a finite family of nonnegative measures, we let

p= (... mm).

3.1 Useful facts on the GHP topology and markings

Recall the definitions of (M(“™) dgﬂnp)) and (M), d((g{) from Section 1.3. If (X, dy, A, py)
is an element of M™ and r € (Z, )™ such that r/ = 0 whenever %, = 0, we may consider
the random variable (X, dx, A(zl,...,zk) ... (27,...,2%)) taking values in MHIrD,
where, for each j € {1,...,m}, the points x{, e :c{j are i.i.d. sampled random variables

with law ﬂic (if the latter measure is 0, then this still makes sense since 7/ = 0); we denote
by Mark,((X,dx, A, py),) the law of this random marked metric space. Some care is
actually needed here since we are considering isometry classes of metric measure spaces.
See [Mie09] for an accurate definition of this notion, which is immediately generalized to
our setting where we incorporate the extra marks given by A, and several measures. The
following lemma states that one can formulate the GHP convergence entirely in terms of
the GH convergence of randomly marked spaces.
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Lemma 15. Let (X,,dx,,An,py ), n > 1, and (X,dx, A, py) be elements of ME™).
The following statements are equivalent.

(i) The space (Xn,dx,, A, py,) converges to (X, dx, A, py) in (M(z’m),dgiﬁ)).

(ii) One has py (X,) = pr(X) coordinatewise as n — oo and, for everyr € (Zy)™
such that v’ = 0 whenever y’, = 0, it holds that

Mark, (X, dx,, An, py, ), - ) —> Mark, (X, dx, A, py), )
n—oo

in the sense of weak convergence of probability measures on (M(””r”), dgg”‘"”)).
Proof. The implication (i) = (i) is an easy generalization of known results. See
[Mie09, Proposition 10] for the case where the measures are probability measures, and
[LG19a, Section 2.2] for a generalized context with finite measures; our extended context
of marked measured metric spaces adds no difficulty. To show the converse implica-
tion, we argue as follows. By taking the trivial case r = 0™ of (ii), we obtain that
{(X,,dx,,An),n > 1} is relatively compact in (M), dg%{) Together with the fact that
the sequences (u;n()(n), n > 1) are bounded, this implies that {(X,,, dx, , An, py, ), n > 1}
is relatively compact in (M(Z’m), dg’{ﬂ? ) So let (X', dyr, A', py) be a limit in M“™) along
some subsequence of (X, dx,, An, py, ). By using the implication (i) = (i), we obtain
that, for every r such that v/ = 0 whenever ,u; =0,

Markr((X) dX7 A7 MX)? ) = Markr((‘)(/) d.)(’a A,7 y’X’)a ) .

Now, let m’ be the number of nonzero elements of py, fix r > 0 and set 7 = "1 0y
We let the ((+rm’)-marked metric space (X, dx, (A', ..., AS 2t o xl, oo 2, 2m)
have law Mark,((X,dx, A, py), ), and set 0, = (67,1 < j < m), where 4 = r=1 3"

i=1"x]
if ,uj)'( # 0 and 67 = 0 if /LZY = 0. It is a consequence of the law of large numbers that
(X,dx, A, 0,) converges almost surely in M“™  as r — oo, to (X,dx, A, f1y); see for
instance [LG19a, Lemma 5]. Applying this same result to (X', dxy/, A’, pty) shows that
(X' dxr, A, @y, ) is isometry-equivalent to (X, dy, A, [ty ). Since pry(X) = pyp (X7) is the
limit of p, (X,), we conclude. O

We also recall that, often, the most useful way to estimate GH distances is via the
notion of distortion of a correspondence. A correspondence between two sets X and Y is
a subset R C X x ) whose coordinate projections are X and ). We will often write xRy
instead of (z,y) € R. If X and ) are endowed with the metrics dy and dy, the distortion
of the correspondence R is the number

dis(R) = sup {|dx(z,2") —dy(y,y')| : 2Ry, 2’ Ry'}.

If A= (A',... A% and B = (B',..., BY) are markings of X and of )/, we say that the
correspondence R between X and Y is compatible with the markings if for every 1 <1 < /|
RN (A" x B') is a correspondence between A* and B'.
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Lemma 16 ([Mie09, Section 6.4]). It holds that
1
At (X, A, dy), (¥, B, dy)) = 7 inf dis(R),

where the infimum is taken over correspondences compatible with the markings.

Correspondences are also useful for estimating GHP distances when used together
with the notion of couplings, which are measures on the product of the two spaces to be
compared. The following is a direct adaptation of [LG19a, Lemma 4], which treats the
case of M©:1,

Lemma 17. Let (X,dx,A,py) and (YV,dy,B, py) be elements of ME™) - for some ¢,
m > 0. Let ¢ > 0, and R be a correspondence between X and ) compatible with the
markings and of distortion bounded above by c. For 1 < j < m, let 1/ be a finite measure

on the product X xY such that v/ (R¢) < e and, letting px, py be the coordinate projections
onto X and ),

A5 (1%, (pc) ') V d5 (1%, (py)) < e
Then A5 (X, dx, A, py), (Y, dy, B, py)) < 3.
Finally, we state an elementary lemma whose proof is straightforward and omitted.

Lemma 18. The mappings

(X, dy, (AL, A, ) — (X, dy, (AL U A% A3 AY, 1Y),
(Xad.)f'a (Ala s 7A£)au’X) — (Xad/\’? (A17' s 7A£_1)7I‘I’X)

are 1-Lipschitz from (M(Z’m),dg’é@) to (MEtm), dgﬁ;’m)); the mappings

(X7dX7A7(N}Y7"'7/’LnXl>'—> (XudX7A7(/L}Y+M3\’J/'L?:Y77/’L$>>
(deX’AJU}W"'anX%)H (X’dX7A>(“$(7""MTA”L_1))

are respectively 2-Lipschitz and 1-Lipschitz from (M(Z’m),dg’gﬁ)) to (M(va_l),dgﬁgl));
and, for every permutation o of {1,2,...,£} and T of {1,2,...,m},

(X,d/y, (A17 T 7AZ)7 (/L}Y? e 7“?)) — <X7d/\’7 (AU(l)’ te 7AU(E))7 (IUTX(I)7 e 7/’LTX(m)))7

is an isometry from (M) d(éiﬁ,)) onto itself.

3.2 Geodesics in metric spaces

We now discuss the important notion of geodesics in metric spaces, as well as its relations
with GHP limits.
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In a metric space (X,dy), compact or not, a geodesic is a mapping y : [0,(] — X
defined on some compact interval® [0, /] and that is isometric, i.e., satisfies

dx(x(s), x(t)) =t =5,  0<st<[. (10)

The points x(0), x (/) are called the extremities of x, and the quantity [ = dx(x(0), x({))
is the length of the geodesic, denoted by length,, (x), or simply length(x) when there is
little risk of ambiguity. The space (X, dy) is called a geodesic space if, for every pair of
points z, y € X, there exists a geodesic with extremities x, y.

The range ([0, length(y)]) of a geodesic path is called a geodesic segment. An oriented
geodesic segment is a pair (x(0), x([0,length(x)])) made of a geodesic segment and a
distinguished extremity, called its origin. Note that an oriented geodesic segment uniquely
determines the geodesic x, since x(t) is the unique point at distance ¢ away from the origin.
For this reason, we will systematically identify geodesics with oriented geodesic segments
and use the same piece of notation for both of them.

In a marked measured metric space (X, dx, A, py ), some pairs (A’, A7) of marks might
be oriented geodesic segments; such pairs are called geodesic marks.

Geodesic marks and GHP limits. The following proposition states that geodesic
marks nicely pass to the limit in the GHP topology.

Proposition 19. Let (X,,dx,, An, py, ), n > 1, be a sequence of marked measured com-
pact metric spaces that converges to some limit (X,dx, A, py) in the GHP topology. Sup-
pose that i, j are fized and that, for every n, the pair of marks (A%, A2) = v, is a geodesic
mark. Then the pair of marks (A", A7) = ~ of A is also a geodesic mark. Moreover, it
holds that

length(y) = nh_g)lo length(~,) .

Proof. The wanted property deals only with the marks and not with the measures, so
it suffices to establish the proposition in the space M of marked, nonmeasured spaces.
Without loss of generality (by Lemma 18), we may and will assume that ¢ = 1 and j = 2.

By Lemma 16, we may find a sequence of correspondences R,, between X,, and X that
is compatible with the markings A, and A, and whose distortion ¢, := dis(R,) goes to
zero. From now on, we will never need to refer to marks other than the first two.

Let y, z € A'. Since Al contains a single point, which we denote by z, = 7,(0), we
have x, R, y and z, R, z, so that dx(y, z) < &, for every n > 1, entailing y = 2. So A!
is a singleton, which we denote by A' = {z}.

Next, let a € A% and a,, € A2 be such that a, R,,a. Then |dx(z,a) —dx, (T, a,)| < €n,
which implies that dx,(z,,a,) — dx(x,a) as n — oo, and in particular, dy(z,a) <
liminf, . length(~,), and therefore

max dy(x,a) < liminflength(~y,) .

ac A2 n—o0

6We allow [ = 0 in this definition.
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In the other direction, let ¢t < limsup,,_,., length(y,). We claim that there exists at
least a point ¢; € A? such that dy(z,c¢;) = t. This will entail that length(y,) converges to
[ = max,e 2 dy(z,a). To see the claim, observe that, at least along a suitable extraction,
there exists a sequence t,, — t such that length(~,) > t,. Along this extraction, let v, (t,)
be the unique point of 7, such that ¢, = dx, (2., 7 (tn)), and let g, be an element of A?
such that v, (t,) Ry gn- Then |dx(x, g,) —t,| < €n, so that, possibly by further extracting,
(gn) converges to a limit ¢; € A% Tt then holds that dx(z,c;) = t, as claimed.

Now fix s, t € [0,/(] with s < t, and let a, b € A% be such that dy(z,a) = s and
dx(z,b) = t. By the triangle inequality, we have dy(a,b) > t — s, and, on the other hand,
if a, R, a and b, R, b with a,, b, € A%, then

dX(au b) S an(any bn) + En = ‘an (.I'n, bn) - an ('Trm an)| + En
< |dw(z,b) — dx(z,a)| + 32,
=t—s5+ 3¢,

where in the second line, we have used the fact that a,, b, lie on a geodesic having x,, as
one of its extremities. Letting n — oo, this shows that dy(a,b) =t — s, and in particular,
taking ¢ = s shows that the point ¢; of the preceding paragraph is the unique point of A2
at distance ¢t from x. We conclude that ~+ is an oriented geodesic segment with length [
and origin x. [

Maps as compact geodesic metric spaces.  So far, we have been seeing maps as
finite metric spaces. We may also interpret a map m as a compact geodesic metric space,
by viewing each edge as isometric to a real segment of length 1 (this is called the metric
graph [BBIO1] associated with m). Note that the restriction of the metric to the subset
corresponding to the vertex set of m is the graph metric, so that the two metric spaces
corresponding to m are at dgy-distance less than 1/2. In the scaling limit, this bears no
effects.
With this point of view on maps, note that, in the notation of Sections 2.3 and 2.4,

e (p,7) and (p, &) are geodesic marks of sl;

 (p7), (p.€), (p,7), and (p, ) are geodesic marks of qd.

3.3 Gluing along geodesics

Quotient pseudometrics. Let (X, d) be a pseudometric space, that is, a set equipped
with a symmetric function d : X? — R, LI{oco} that vanishes on the diagonal and satisfies
the triangle inequality. Then {d = 0} is an equivalence relation on X', and the quotient
set X'/{d = 0} equipped with the function induced by d (still denoted by d for simplicity),
is a true metric space, meaning that d is also separated.

Let R be an equivalence relation on X. Let d/R be the largest pseudometric on X
such that d/R < d and that satisfies d/R(z,y) = 0 as soon as « Ry. By [BBIO1, Theorem
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3.1.27], it is given by the formula

. = m>1,2,. . Ty Y1y ey Ym € X,
d/R(z,y) = inf {;d(xi’yi) : T =2, Yn =Y, y; Rx;q forie{1,...,m—1} } (11)
In this setting, the set {d/R = 0} is another equivalence relation on X that contains R,
possibly strictly. We let (X,d)/R = (X /{d/R = 0},d/R) and call it the gluing of (X, d)
along R.
A simple observation is that if Ry, Ry are two equivalence relations on X', then we
have the equality of pseudometrics on X

(d/R1)/Ry = (d/Ry)/ Ry = d/ R, (12)

where R is the coarsest equivalence relation containing R U R,. This expression is indeed
a direct consequence of (11) and the fact that R y if and only if there exists some
integer m and points xy = z, 1, ..., T, = y such that (z;_1,2;) € Ry U Ry for every
ie{l,2,...,m}.

Gluing two spaces along geodesics. Let (X,dx), (¥,dy) be two pseudometric
spaces and 7, £ be two geodesics in X and ), respectively, where the definition (10) of a
geodesic is naturally extended to pseudometric spaces. The pseudometric of the disjoint
union X L)Y is defined by

dy(z,y) ifz,ye X
quy(.T,y): dy(l’,y) 1fx7y€y .
o0 otherwise

We define the metric gluing of X and ) along v and & by letting [ = length(y) Alength(&)
and by setting

G(X,Y;7,8) = (XU Y, dxuy)/ R, (13)

where R is the coarsest equivalence relation satisfying ~(t) R £(t) for every t € [0, [].

In this particular case, the fact that 7 and & are geodesics greatly simplifies (11).
Indeed, y; R x;41 and y;41 R ;4o imply that dxy(yi, Tite) = dxuy(Tit1, Yir1). In other
words, using twice the relation R does not create shortcuts. As a result, the pseudometric
of the gluing is the function dg whose restrictions to X x X and ) x Y are dy and dy
respectively, and

da(,y) = d(y, x) = inf {dx(z, (1) +dy(E(t),y)}  ifzeX yedy. (14)

te(0,/

Remark 20. In fact, Equation (14) holds in the more general setting of gluing along
isometric subspaces [BH99, Chapter 1.5], the underlying isometry in our context being
v(t) = &(t). We will not need this level of generality here.
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If (X,dy, A, py) € ME™ and (V,dy,B, pny) € M) are marked measured metric
spaces, we may view G(X, ;7€) as an element of M+ by assigning marks and
measures

(P(AY),..,p(AY), p(BY),...,p(BY)) and  (Defil,. .. Dettls Putlhs- s Pettly).

where p : X UY — G(X,)V;7,£) is the canonical projection. With a slight abuse of
notation, we will keep denoting these by AB and pypy. Observe that v and { may
themselves be part of the marking, in which case they induce the same marks p(vy) = p(&)
in the glued space. Observe also that geodesic marks in A or in B remain geodesic marks
in AB, due to the fact that, by definition, (X', dy) and (), dy) are isometrically embedded
in G(X,Y;7,8).

Finally observe that the gluing of the point space as an element of M¢™ with
(¥, dy,B, y) along & only has the effect of prepending ¢ times £(0) to B and m times
the zero measure to py).

Gluing two geodesics in the same space. A similar gluing procedure’ can be de-
fined for two geodesics v, £ in the same pseudometric space (X,dy). We again set
[ = length(v) A length(¢) and then define

G(X;7,§) = (X, dx) /R, (15)

where R is the coarsest equivalence relation satisfying v(t) R£(t) for every ¢ € [0, []. The
quotient pseudometric dg(z,y) may be condensed into

d)(<x7 y) A téf(lf[] {dX(xa 7(15)) + dX(g(t)v y)} N tél[%)f[} {d)(<x’ g(t)) + dX(’Y(t)7 y)} : (16>

Similarly to the above, the space G(X;~,&) naturally inherits the marking A and
measures (., that X may be endowed with, simply by pushing those forward by the
canonical projection X — G(X;~,£); by a slight abuse of notation, we keep the piece of
notation A, p, for these inherited objects. Note however that it is not true in general
that geodesic marks in (X, dy) remain geodesic marks in G(X';v,€). Let us state a useful
comparison result between dy and dg.

Lemma 21. Let (X,dy) be a pseudometric space with two distinguished geodesics 7, &.
Denote by dg the pseudometric on G(X;7,€) as in (16).

(i) For every z,y € X,
de(fE,y) S d)((l',’y) S dG($ay) + R(’%g) )

where R(7,€) is the Hausdorff distance in the space (X,dy) between the initial
segments of v, & that are glued together, i.e., of length [.

In fact, since we are allowing points at infinite distance, the gluing G(X,Y;~, &) could be seen as a
particular case of gluing of a single space along two geodesics, but we refrain to do so as we will mostly
be interested in gluing true metric spaces.
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(i) For everye > 0 and x, y € X, if dx(z,y) < € and dx(z,7) Ndx(y,y) > € (or if
dxy(z,€) Ndx(y, &) > €), it holds that

da(z,y) = dx(z,y) .

Proof. Let us first prove (7). The first inequality is a direct consequence of (16). To prove
the other bound, simply observe that for every ¢ € [0, [] we have

dx(z,y) < dx(x,v(t)) + dx(y(t),&(1)) + dx(&(t), y)
< dx(z,y(t)) + dx(&(t),y) + R(7,6) .

Taking the infimum over ¢, and then applying the same reasoning with the roles of v, £
interchanged, we obtain the result by (16).

The proof of (i) is even more straightforward. Under our assumptions, it holds that
both dy(z,v(t)) + dx(y,£(t)) and dx(z,£(t)) + dx(y,y(t)) are greater than € > dx(z,y),
for every choice of t, so that dg(z,y) must be equal to dx(x,y). ]

Gluing and GHP limits. From now on, we mostly focus on compact geodesic
spaces. The gluing of one or two geodesic spaces along geodesics is again a geodesic
space by general results presented in [BBIO1]. The gluing operation also preserves the
compactness of the spaces that are glued together. Furthermore, if a compact metric
space is the Gromov—Hausdorff limit of a sequence of compact geodesic spaces, then it is
also a compact geodesic space [BBIO1, Theorem 7.5.1].

The next result shows that the gluing operations behave well with respect to the GHP
metric. For simplicity, we state it with the first marks of the markings but it obviously
holds up to index permutations, using Lemma 18 for instance.

Proposition 22. Let (X,,dx,, An, py, ), (Vn,dy,, By, iy, ), n >0, be geodesic marked
measured metric spaces that converge in the marked GHP topology to (X,dx, A, py),
(Y, dy, B, uy). Assume that the first pairs of marks (A}, A2) = =, and (B}, B2) = &,
of X,, and of Y, are geodesic marks for every n > 0. Then the first two marks of A and
of B are geodesic marks v, &, and

G( Xy Yo Vs &n) —> G(X,V57,€)

in the GHP topology.
Similarly, if we now assume that the first four marks are such that (AL, A%2) = v, and
(A3, A%) = &, are geodesic marks, then the same holds for the first marks v, & of A, and

G(Xm Tns gn) Tjo G(‘Xa 7, 5)

in the GHP topology.
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In order to prove this proposition, we are first going to state and prove a useful lemma
that allows one to deal only with the situations where the geodesics along which the
spaces of interest are glued have the same lengths. While Lemma 18 showed that the
operation of merging two marks is continuous on (M(Z’m), dg’gg), this lemma states that
in the case of geodesic marks, the natural splitting operation is continuous. If v is a

geodesic mark and r € [0, length(v)], the splitting of v at level r is the two geodesic marks
(7(0), {~(t) : 0 <t < 7}), (v(r), {7(t),r <t < length(7)}).

Lemma 23. Let (X,,dx,, An, py, ), n > 0, be a sequence of geodesic marked measured
metric spaces converging in the GHP topology toward a geodesic marked measured metric
space (X,dx, A, py), and assume that, say, the first pairs of marks, are geodesic marks ~y,
and 7. Denote by , = length(~,) and [ = length(~y) their lengths. Let r, € (0,L,) be real
numbers such that r, — r € (0,[). Then the convergence X,, — X still holds in the GHP
topology after replacing the marks 7y, and v in A,, and A, with their splittings ., v and
~', 4", respectively at levels r,, and r.

Proof. Since the desired property does not involve the measures, it suffices to establish
it in the space of marked, nonmeasured spaces. Let R be a correspondence between X,
and X compatible with the markings. We fix ¢ > dis(R) and consider the enlarged
correspondence

R ={(z,y) € X, x X : I(a',y)) € R, dx, (z,2") Vda(y,y) <e}.

By the triangle inequality, the distortion of R¢ is at most dis(R)+4e. Moreover, we claim
that for s € [0, £,] and t € [0, [] such that |t — s| < e —dis(R), it holds that 7, (s) R® y(t).
Indeed, since R is compatible with the markings, for every s, t as above, there exists u
such that 7, (s) R vy(u), so

|5 — ul = [dx, (va(s), 7(0)) — dx(v(w),7(0)| < disR,

and therefore |dx(v(t),v(u))] = [t —u| < |t —s| + |s —u| < e, as wanted. From this,
we conclude that R® is compatible with the geodesic marks ~/, 7" and 7/, 4", as soon
as € > |r, —r| V |, — [|. Choosing a sequence of correspondences R, with vanishing
distortion and taking €, = (dis(R,,) V |r, — 7| V |f, — []) + 1/n yields the result. O

Proof of Proposition 22. With the help of Lemma 23, we may and will assume that ~,,
&, have same length for every n. The fact that the limiting marks are geodesics marks
with same length comes from Proposition 19. We will first establish the result for marked,
nonmeasured spaces, from which we will deduce the full result thanks to Lemma 15.

Let R and R’ be two correspondences respectively between X, and X and between ),
and ), compatible with the considered markings. Identifying &,, and ), (resp. X and ))
with their canonical embeddings into G(X,,, Vo; Vn, &) (resp. into G(X,Y;v,€)), we see
R" =R UTR as a correspondence between G (X, Vi Vn, &n) and G(X, Vs, €), obviously
compatible with the other marks. In order to bound its distortion, let us take z,, R x and

yn R y.
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We let £, = length(y,) = length(,) and [ = length(vy) = length(§) be the lengths of
the considered geodesics and we denote by d,, and d the metrics in the previous gluings.
From (14) and by compactness, there exists ¢ € [0, [] such that

d(z,y) = dx(z,7(1)) + dy(£(t), y)-
Then there exist t,, ¢/, € [0, f,] such that ~,(t ) ~(t) and &,(t)) R £(t). As a result,

dn(Tn, yn) < dx, (xn,%(tn)) +d, ( ) +dy, (fn ), n)
<dx(z,7(t)) + dis(R) + n( n( n)afn( n)) +dy(&(t),y) + dis(R')
< d(w,y) + dis(R) + dis(R') + du (1 (tn), Ea(t])) -

Using the facts that v, &,, 7, & are geodesics and 7, (0) R v(0), &,(0) R’ £(0), we easily
obtain

dn ('Yn(tn)7§n(t/n>) = |an (’Yn(O)a’Vn(tn)) —dy, (5 (0),¢ ){
< [dx(7(0),7(t)) — dy(£(0), £(£))] + dlS(R) + dis(R')
= dis(R) + dis(R’).

Using a symmetric argument, we see that |d,(x,,y,) — d(z,y)| < 2(dis(R) + dis(R’)).
Adding to this the simpler cases where the pairs of points we compare belong both to R
or both to R, we obtain

dis(R") < 2(dis(R) + dis(R’))

and the first statement easily follows for the GH topology (without the measures).

Let us show that the result still holds when considering the measures. We assume for
simplicity that the terms of py, py, are all nonzero, since the case of a vanishing measure,
say /ﬂ,'(, is equivalent to the fact that /ﬂ)'(n (X,) — 0. Denote by m, m’ the numbers of coor-
dinates of gy, pty, and sample r(m+m') independent points x = (xf, 1<i<r,1<j<m)
and y = (17,1 < i < r 1< j < m) where / has law /‘ﬂ)'( and ¢/ has law ﬁg,. We
identify these points with their images in the glued space by the canonical projection
XUY — G(X,Y;7,£). We assume that py, (X,) > 0 and uy, (Y,,) > 0, which hold for n
sufficiently large since, as n — oo, px, (X,) = px(X) > 0 and py, (Vn) = py(Y) > 0.
We proceed similarly to sample r(m + m') random points x, = (¥},,), ¥y, = (y;,;) in
G(Xn, Yo Yn, &) with laws ﬂﬁ(n and ﬂg,n as appropriate. Lemma 15 guarantees that
the marked spaces (X,,dx,, Anx,) and (V,,dy,,B,y,) converge to (X, dy, Ax) and
(¥, dy,By) in distribution in the GH topology. Applying the result of Proposition 22
proved above in the case without measures, we obtain the convergence in distribution
of the glued space G(X,, Yn;Yn, &) with markings A, B,x,y,, to G(X,);v,&) with the
marking ABzy. Since x,, y, and x, y are also independent samples from the renor-
malized measures fty , pty and f1y, fy, viewed as measures on the glued spaces, an
application of the converse implication of Lemma 15 implies the result.

The second part of the statement dealing with metric spaces that are glued along two
marked geodesics is shown in a similar fashion. We leave the details to the reader. O
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4 Proof of Theorem 1

Let g, k € Z, be fixed; as in Section 2.2, we exclude the cases (g,k) € {(0,0),(0,1)}
of the sphere, the pointed sphere, or the disk. Recall that the case (g,k) = (0,0) of
the sphere is already known. The case (g,b, k) = (0,1,1) of the disk is partially known
but has not been treated in the complete setting of Theorem 1. In fact, it may actually
enter the following framework: in this case, the decomposition of Section 2.2 yields only
one well-labeled forest (and thus one unique slice) indexed by a degenerate scheme with
one external face having one unique vertex with a self-loop edge. This creates a small
ambiguity coming from the choice of the first tree in the forest, which can be overcome
by randomization when considering random maps. The case (g,b,k) = (0,0,1) of the
pointed sphere would yield an even more degenerate decomposition with a one-vertex
map as a scheme and a unique composite slice of width 0, object that is not introduced
in this work.

Instead of considering these extensions and objects, we rather obtain these cases by
using Proposition 3 at the end of Section 1.4. More precisely, provided Theorem 1 holds
for (g,k) = (0,2), we infer the case (g,k) = (0,1) as follows. Let Il € Z, be such
that I} /v2n — L' as n — oo and @, be uniform in Qf](ll). Then let us choose a
vertex uniformly at random among the internal vertices of QTL and denote by (¢ the map
obtained from @), by declaring the chosen vertex as a second hole. Since @) is clearly
uniform in QE?](” 0)’ the case (g,k) = (0,2) of Theorem 1 implies the convergence of the
Corresponding’nrlwetric measure space toward SEOL]I,OV and ﬁnall%l the convergence of the
metric measure space corresponding to (),, toward the space SEOLl), defined as SE()L]l,O) with
its second mark and second boundary measure forgotten.

4.1 Gluing quadrangulations from elementary pieces

We start by interpreting the observations of Section 2.2 in the light of the previous section
for a deterministic map. Let n € Z, and I € N* be fixed, let q € QE‘Z][ and v, € V(q).

9]
n,l

that corresponds to (q,v,). We denote by s the scheme of m and by (EP, e € E(s)) the
collection of elementary pieces of (q,v,). We emphasize that the decomposition strongly
depends on the distinguished point v, and not only on q.

If e e é(s), we let 7€, £€° and (8¢ be the maximal geodesic, shuttle, and base of the
slice EP®, and we let p°, v be the associated area and base measures defined at (6). If
e e f(s), we let 7€, £€°, 4°, £€° be the maximal geodesics and shuttles of EP, where the
first two correspond to I, and the latter two to I, in the notation of Section 2.2; we also
let u¢ be the associated area measure defined at (7). Note that EP® yield the same map
as EP¢ with the same measure; only the marks are ordered differently, namely 7€, £¢, 7€,
£°.

The construction of q from (m,\) consists in connecting every corner of m to its
successor, and the paths following consecutive successors are geodesic paths all aiming
toward v,. On the other hand, the construction of the elementary pieces from (m,\)

The CVS construction being one-to-one, there is a unique labeled map (m,\) € M
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consists in performing the interval CVS bijection on every interval I, in the notation
of Section 2.2. The only difference between these constructions lies on the shuttles of
these elementary pieces: if ¢ is a corner in some interval I, whose successor in the interval
bijection belongs to the shuttle £¢, then in order to obtain q we should rather connect c
to its successor s(c) in the contour order around f,. This successor will belong to some
interval I, arriving later in contour order around f, — note that this interval can be I,
itself. Note also that this successor s(c) belongs to the maximal geodesic v¢". Moreover,
interpreting q and its elementary pieces as compact geodesic marked metric spaces, it is
straightforward to see that the identifications correspond to metric gluings along geodesics.

Iterative gluing procedure. In order to reconstruct q from EP® e € E(s), rather
than connecting the shuttle vertices to their actual successors all at once, we will pro-
ceed progressively by first connecting only those whose successors belong to the maximal
geodesic of the elementary piece that arrives immediately after in contour order around f,.

We now formalise this idea. Let # denote the cardinality of E(s). We arrange the
half-edges e, ..., e, incident to the internal face of s according to the contour order,
starting at an arbitrarily chosen half-edge. While following the contour of the internal
face f, of m, we successively visit the elementary pieces EP“, 1 < ¢ < k, which are
themselves viewed as marked measured geodesic metric spaces. The reconstruction of q
will be done recursively in x steps, resulting in a sequence of marked k + 1-measured
metric spaces qo, ..., qx. At the i-th step, q;; will be obtained from q; by gluing EP*
along (part of) its marked maximal geodesic v%. At the same time, we will do some
operations on the markings and measures, namely reorderings, unions of marks and sums
of measures, which are all continuous by Lemma 18.

We need to keep track of the boundary marks, as well as the geodesics yet to be glued

as marks. More precisely, the marking of q; is (72,0, ~}, €L, .. v &1, 8L, ..., BF), where

. ”yf, f, 0 < j < uy, are geodesic marks,
o B}, ..., BF are called the boundary marks. By convention, certain of these marks
may be empty, in which case they are simply discarded from the marks.

The mark &£ is the mark along which the subsequent gluing producing q,,; will occur,
and u; represents the number of quadrilaterals that have been involved only once in the
gluing procedures up to the i-th step. Each of these quadrilateral yields two marks 7{ , {f
for some 5 € {1,...,u;}, corresponding to the unvisited half of the quadrilateral, which
will have to be glued at a further step. Finally, each q; will come with measures pu;,

v; where y; is called the area measure and v; = (v} v¥) is the k-tuple of boundary

measures.

We initiate the construction by letting ug = 0, qo € MZ#*+D be the point space with
the two marks 7, &) being the unique point, and measures pg = 0, vy = 0. We also let
all the boundary marks be empty.

Next, provided that q;_; has been constructed for some i € {1,...,x}, we define q;
by considering the following cases, depicted on Figures 8 to 10.
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o Ife; € Bi(s) for some r € {1,...,k}, meaning in particular that EP® is a slice, we
set

q; = G(qi—h EPEi; ?_1a’76i) )
and mark it as follows. We update the boundary marks by setting

/

Br =B ups, B =pr forr’ e {l,....k}\{r}.

We update the geodesic marks by letting®
%Q = 7?71 U (’Yei \6?71) ) fzo =¢" U (51071 \’Yei) ) (17)

and, setting u; = u;_1, we let fyf = ’yf;l and gg' = 53,1 for 1 < j < w,;. Finally, we
update the measures by

Wi = pi—1 + pc, v =v | + v, v =l for ' € {1,... k}\ {r}.

This case is illustrated in Figure 8.

—

« Ife; € I(s), meaning in particular that EP! is a quadrilateral, we keep the boundary
marks unchanged by setting 5] = 8!, for 1 <r <k, we set v; = v;_1, and consider
the following two possible situations.

— Ife; ¢ {€;, 1 < j < i}, that is, if the unoriented edge corresponding to e; is
visited for the first time, we let again

q = G(qifla EPEi; ?—177%) ’

and update its geodesic marks as follows. We update the first two geodesic
marks by (17). We set u; = u;_; + 1 and let 7/ = 4/, and & = &, for
1 < j <u; — 1. Finally, we set v/ = 7%, £ = &%, and u; = ;1 + . This
case is illustrated in Figure 9.

— Ife; € {€;, 1 < j < i}, say e; = &, that is, if the unoriented edge corresponding
to e; is visited for the second time, then 7 = 4 is a mark of q;_;: it is the
mark 7% = v, of q, and stays a mark of the subsequent spaces qe41, ..., Q;—1-
Similarly, £% = £ is a mark of q;_;. We let

q; = G(Qi—1;§?—1776i) )

we update the first two geodesic marks by (17), and, setting u; = u;_1 — 1, we
let (7{, g, 1 < j < ;) be the the sequence (%j_l, fg_l, 1 <j < w;_y) from which
the terms v% and &% have been removed. Finally, we set p; = p;—1. This case
is illustrated in Figure 10.

8In (17), we use the convention set in Section 3.3 for marks in a glued space: in particular, after

gluing, one of the marks 7%, €2 | is contained in the other, depending on which is longest.
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Figure 8: The gluing procedure in the case where EP® is a slice. In this picture and the
following ones, the black wiggly curve depicts all the marks different from 7?71, 5?71. The reader
should bear in mind that, in general, q;—1 has no reason to present a planar topology as in these
pictures. The boundary 5?71 of qi—1 s glued to the mazimal geodesic ¥¢i, and the base of EP®
is added to the r-th boundary mark of q;—1 whenever €; is incident to h,. The first two geodesic
marks are updated according to (17), which leads to the two alternative situations described in
this figure, depending on which of & | and 4% is the longest: the unglued part of these geodesics
becomes part of 5? or of 'y?.

Figure 9: The gluing procedure in the case where EP® is a quadrilateral that was not involved
previously in the construction. The boundary f?_l of qi—1 is glued to the mazimal geodesic .
The first two geodesic marks are again updated according to (17), leading to two possible sit-
uations depending on which of f?_l and % is the longest. Only one of these situations is
represented on this figure. In this case, the two geodesic boundary marks 5% and £ are added
to the marking; they will be involved in a later construction step.
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0
>i—1

Figure 10: The gluing procedure in the case where EP® is a quadrilateral, one side of which
was already involved in a previous construction step. The boundary 5?71 of qi—1 is glued to the
mazimal geodesic v¢, which had been introduced as a geodesic mark in this previous construc-
tion step. The first two geodesic marks are again updated according to (17), and the geodesic
marks v, £% are removed from the remaining marks.

It is important to notice that, in q;, all the marks 'yg , f , 0 <7 <y, are geodesic marks.
Indeed, each of these paths always take the form of a chain of consecutive successors, which
therefore must be a geodesic; more precisely, these are the maximal geodesics and shuttles
of the interval CVS bijection on the intervals I, U... U I, and I, for each j < ¢ such

-

that e; € I(s) \ {é1,...,6}.

At the end of this inductive procedure, we have connected all shuttle corners of some
interval I, to their actual successors in m whenever these lie on some I, with 1 <14 <
i’ < k. It remains to connect the shuttle corners in some /., whose actual successor in m
lies in some [, with 1 < i’ <1i < k. But one can observe that u, = 0, so that q, carries
exactly two geodesic marks 72, £°. The shuttle corners yet to be connected are exactly
those of £, and should be matched to the successive corners of 9. Therefore, as marked
metric spaces, we have q = G(q,;7?,£Y), with marks 87, 1 < r < k, which are precisely
the connected components of the boundary dq, ordered as they should.

It is also possible to view all these gluing operations at once, as shown on Figure 11.

Measures. We claim that the previous equality g = G(q,;72,£2) only holds as k-
marked k& 4 1-measured metric spaces up to a difference in the supports consisting of
a bounded number of vertices. When considering rescaled measures through the opera-
tor €2,, this small difference will be of no importance in our limiting arguments.

First of all, the boundary measures of the external faces match. This is because the
boundary of a given external face of q is made of the bases, say %1, ..., 3, of several
slices that satisfy §e N g+ = {p®} for 1 < /¢ < j with ;44 = i; and where we denoted
by p¢ the final point of the base of EP®. Since the base measure of the slice EP® is the
counting measure on 3¢\ {p°}, the resulting measure in the gluing is the counting measure
on the boundary of the considered external face of q, as desired.

For the boundary measures of the external vertices, the measure in q is the count-
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€1 €2 €3 €4 €5 €6 €7 €8 €9 €10 €11 €12 €13 €14

Figure 11: Reconstructing q by gluing its elementary pieces along geodesics. On this example,
we have k = 14. Although we used the same scheme as in Figure 3 without hs (for lower
complexity), beware that the labels here do not match those from the left of Figure 3. On the
top, the half-edges of E(s) are arranged according to the contour order. With each one of
them corresponds a “triangle,” which is either a slice (here, with ey, es, es, e11) or “half”
a quadrilateral, depending whether the half-edge belongs to é(s) or f(s) The five matchings
of the corresponding “halves” of quadrilaterals, that is, the matchings of half-edges in I (s),
are represented with light colors. The vertices of these triangles are represented at a height
corresponding to their label, where Al = min;, A\ — 1. The geodesic marks of the pieces may be
involved in multiple gluings. For instance, the shuttle of the leftmost triangle is involved in three
gluings; it is split in three parts, corresponding to the triangles that can be “seen” to its right

(those corresponding to es, e5, and ez).

ing measure on the singleton consisting of the external vertex, while the corresponding
boundary measure in the gluing is the zero measure.

For the area measure, by convention, we decided that in the elementary pieces, the
measures were taken on vertices outside of the shuttles. In doing so, after each gluing
operation where a piece of a shuttle is glued to a piece of a maximal geodesic, the corre-
sponding vertices are counted only once, as they should, except possibly for the vertices p,
p of the quadrilaterals, since they lie both on a maximal geodesic and on a shuttle, and
are therefore not part of the counting measures by convention. Therefore, the final gluing
is naturally equipped with an area measure that is the counting measure on all but at
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most 2(2g + k — 1) vertices, which is an upper bound on the number of vertices of the
scheme by Lemma 7.

Conclusion. We finally observe that the number « of gluing operations necessary to
obtain q is uniformly bounded in n. Indeed, the number of edges of s is, by Lemma 7,
smaller than 3(2¢g + k — 1).

As a result, Theorem 1 will directly follow from subsequent applications of Proposi-
tion 22 once we will have shown that, after a proper scaling, the elementary pieces of a
uniform quadrangulation jointly converge in distribution in the GHP topology.

4.2 Scaling limit of the collection of elementary pieces

We now fix L = (L',..., L*) € [0,00)*. We let b and p be the numbers of indices i such
that L' > 0 and L? = 0 respectively. In order to ease notation, we assume that L', ...,
LY > 0 while LYY, ..., LF =0.

Limiting measure for size parameters. We denote by S* the set of rooted genus ¢
schemes with k holes, 1, ..., h; being faces, fiyy 1, ..., fj being vertices of degree 1, and
whose internal vertices are all of degree exactly 3. These are called dominant schemes.
Let s € S* be fixed and denote its root vertex by vg. We let Tg be the set of tuples

((ae)eeﬁ(s)a (he)eef(s)7 (le)eeé(s)a ()\v)vEV(s)> c (R+)E(S) % (R+>I(S) X RB(S) % RV(S)
such that

° Zeeﬁ(s) ae - 17 L ZGEB‘Z‘(S) |e — Li, for 1 S Z S b’

-

o h® =he forall e € I(s), o« AW =0.

There is a natural Lebesgue measure Lg on 7g defined as follows. First, if J is a
finite set, and L > 0 a positive real number, we let AL be the Lebesgue measure on the
simplex {(x,j € J) € (Ry)”: >, ;% = L}. The latter measure can be defined as the
image of the measure ) e dx’ Liso,cpixi<i}s where J' is obtained from J by removing one

arbitrary element j', by the mapping (x/,j € J') = (¥, j € J) where X' =1 — 3., %/.

Next, let I(s) be an orientation of I(s), that is, a set containing exactly one element
from {e, e} for every e € I(s). We let £I+(s) be the measure @), ;5 dh“Line>o}. Similarly,
we let Ly () be the measure @),y dA”, where V'(s) = V(s) \ {vo}.

Finally, the measure Ly is the the image measure of

b
1 + L;
Ay ® Ll ® X A e @ Lves)
=1
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by the mapping that associates with

<(ae)eeﬁ(s)a (he)eGI(S)v ((Ie)eeéi(5)7 1< < b)a (AU)UGV/(S))

—

the unique compatible element of T, that is, such that h® = h® for every e € I(s), and
such that A" = 0.

We let Paramy be the probability measure on |J,.g.{s} x 7s whose density with
respect to the measure ) g. 0s ® L is

5 I awt@) TT ) IT mwel®) TT 2. (18)

ecl(s) ecB(s) e€l(s) ecB(s)

where py, ¢, are defined after (30), where A° = A" — \¢” for e € E (s), and where Z, is
a normalizing constant, equal to the integral of the remaining display. Beware that the

—

third product is over I(s), not I(s).

Scaling limits for size parameters. Next, let (I,,) = (I},...,I¥) and Q, be as in
the statement of Theorem 1. We let v be uniformly distributed over the set of internal

vertices of @, whose cardinality given by (3) only depends on the parameters. Conse-

quently, (Q,,v}) is uniformly distributed over the set of quadrangulations from Qﬂno,

seeing v, as a k+ 1-th hole. The rooted labeled map (M,,, A,,) corresponding via the CVS
correspondence is thus uniformly distributed over Mﬂn. We denote by S,, the scheme
of the nonrooted map corresponding to M,,, and we root S,, uniformly at random among
its half-edges, incident to internal or external faces, but such that the corresponding edge
does not belong to the boundary of fiy,1, ..., fir. Note that we could have rooted S,
from the root of M, by asking that the root of M, belongs to the forest indexed by the
root of S, but this would have introduced an undesirable bias. Here instead, from the
unrooted map corresponding to M,,, the map M, is rooted at a uniform corner incident
to its internal face. Furthermore, the boundaries of the holes fi,, 1, ..., fi; are excluded
from the possible rootings of .S,, since they should be thought of as having null length in
the limit.

Forie {b+1,...,k}, the hole f; of M, is called a vanishing face if it is a face, that
is, if I* > 0. The corresponding hole £; of the scheme S, is called a tadpole if it is made
of a single self-loop edge incident to a single vertex of degree 3. We let S; be the map .S,
in which every tadpole corresponding to a vanishing face f; has been shrunk into a single
vertex, still denoted by £;, in the sense that the corresponding self-loop has been removed.
Note that the root of S, is never removed in this operation, so that .S, is always rooted.

Forgetting the root of Q,, we let (EP%, e € E(S,)) be the collection of elementary
pieces of (Q,,v:). For the half-edges e € E(Sn), we let A% LS be the area and width
of the slice EPS. For e € I(S,), we let A, HE¢ be the first half-area and width of the
quadrilateral EP{; note that A is the second half-area of EP{. Recall that the vertices

n

of S, are in one-to-one correspondence with the nodes of M,: for every v € V(S,),
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we denote by A! the label of the corresponding node, where we choose for the labeling
function A, the representative giving label 0 to the root vertex of .S,,.

Proposition 24. Asn — oo, with probability tending to one, every vanishing face of M,
induces a tadpole in S,, and, on this likely event, for every e € |_|f:bJrl Ei(Sn), it holds
that A¢ + L¢ = O((L)?) in probability.

Moreover, the following convergence in distribution holds:

(se(%) (2) () L (@)") )
AN eiss) \WV2/ cefise) W2/ cepsy) N8 evse)

(d) e e e v
— (S’ (A )eeE(S) , (H )eef(S) (L )eeé(S) , (A )veV(S)) , (19)

n—o0

where the limiting random variable has the law Paramy described in the previous para-
graph.

This proposition is a generalization of [Bet16, Proposition 15]. Given its technical
nature, we postpone its proof to Appendix B.

Scaling limits of the elementary pieces. As (M, \,) is uniformly distributed over
the set MY e € E(S,), are only

nyln?

dependent through the relations linking EP¢ with EP¢ for e € I (Sn). Moreover,

conditionally given (19), the random variables EPS,

. ifee B (Sp), then EP; is uniformly distributed among slices with area AS, width L¢
and tilt A¢" — AS;

e if e € I(S,), then EP¢ is uniformly distributed among quadrilaterals with half-
areas A° and A°, width H¢ and tilt AS — AS .

Applying the Skorokhod representation theorem, we may and will assume that the con-
vergence of (19) holds almost surely. Since, by Lemma 7, there are finitely many possible
schemes, this furthermore implies that S, = S for n sufficiently large. Together with
Theorems 12 and 14, the above observations entail that the collection of resclaed ran-
dom metric spaces (Q,(EP¢), e € E(S°)), converge in distribution in the GHP topology

toward a family (EP‘E7 ec kb (S)) of continuum elementary pieces with the following law
conditionally given the right-hand side of (19):

o ifee E(S), then EP® is a continuum slice with area A¢, width H¢ and tilt A¢" — A€ ;

e if e € I(S), then EP® is a continuum quadrilateral with half-areas A° and A°,
width H° and tilt A" — A°",

We write v(EP?), £(EP?), u(EP?), and either B(EP®), v(EP®) or 4(EP), {(EP®) the marks
and measures of EP, with an obvious choice of notation. As continuum elementary pieces
have only been defined as limits in the GHP topology of discrete elementary pieces so far,
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these marks and measures are the limits of the corresponding marks and measures of the
discrete pieces.

We treat the elementary pieces corresponding to the vanishing faces thanks to Corol-
lary 13. We define, for every hole #; of S,, with b+ 1 < i < k, the elementary piece EP’,‘L
as EP¢ if B;(S,) = {e} or the vertex map otherwise, marked five times at its unique
vertex and endowed twice with the zero measure (thinking of it as an “empty slice”). By
Proposition 24 and Corollary 13, with probability tending to 1, each one of the rescaled
random metric spaces Q,(EP%) b+ 1 < 4 < k, converges in distribution in the GHP
topology toward the point space (note that the tilt of EP” is always equal to 0).

4.3 Gluing pieces together

We can now complete the proof of Theorem 1 by applying Proposition 22 at every step
of the inductive construction of Section 4.1.

We work on the event of asymptotic full probability of Proposition 24 and assume
that n is large enough so that S = S. We denote by x = |E(S)|+p and let ey, ..., e, be
the sequence made of the half-edges of £ (S), as well as the external vertices of S, listed in
contour order. Since S is dominant, these external vertices are fip,1, ..., . Applying the
construction of Section 4.1 to the random quadrangulation @, up to adding the gluing
of the point space for each external vertex (not changing the markings and measures), we
obtain a sequence @y, 1, ..., @n of marked measured metric spaces.

The limiting marked measured metric space S[}j] is obtained from (S, (EP¢, e € E(S))
by recursively defining a sequence of marked measured metric spaces Sg, ..., Sk, in the
following way. For 0 < i < k, the space S; will carry geodesic marks 7, &, 0 < j < w;,

1 k

boundary marks 3}, ..., ¥, an area measure u;, and boundary measures v}, ..., vF.

We initiate the construction by letting ug = 0, Sg € MZ#+1D be the point space with
the two marks 7, &) being the unique point, and measures pig = 0, vy = 0. We also let
all the boundary marks be empty.

Next, given S, ; for some i € {1,...,k}, consider the following cases.

e Ife; € B,(S) for some r € {1,... k}, set

Si = G(Si—la EPEi; ?_1’,.)/(EP€«L)) )
B = A1, U B(EP), B =B, for ' e {1, k}\{r},
W=7 U (v (EP)N\E), & = E(EPY) U (61, \(EP™)),  (20)

and, setting u; = u;_1, let %J' = 7{_1 and 55 = 55_1 for 1 < j < u;. Finally, we let
i = iy + u(EP%), v = v | +v(EP) and v" = v}, for ' # 7.

=

o Ife; € I(S), set 87 = B4, vf = v, for 1 <r <k, and consider the following two
possible situations.
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— Ife; ¢ {éj, 1 §j<2}, let
Si = G(Si_l, EPei; ?fl,V(EPei)) s

update the first two geodesic marks by (20), and, setting u; = u;—1 + 1, let
=y and € = €, for 1<) < u — L, and " = 7(EP*), & = E(EP*).
Finally, set p; = p1;—1 + p(EP).

—ife; € {e;, 1 < j < i} let
S; = G(Si—1;&1,7(EP%)),

update the first two geodesic marks by (20), and, setting u; = w; 1 — 1, let
(v],€],1 < j < wu;) be the the sequence (7! {,& 1,1 < j < u;_1) from which
the terms v(EP“) and {(EP®') have been removed. Finally, set p; = ;1.

o If ¢; is an external vertex of S, set S; = S,;_;.

Finally, we let S[f] = ((54;€%,72), seen as an element of M**+1)  equipped with the
marking (8%,...,3%) and measures p,, v.. An application of Proposition 22 and of
Lemma 18 at every step of the construction shows that, for every i € {1,...,k}, the
rescaled marked measured metric space ,(Q,;) converges to S; in the marked GHP
topology, and finally Q,,(Q,,) converges to S[I“‘f] by a final application of Proposition 22 and
the observation regarding the measure supports in the final gluing mentioned at the end
of Section 4.1. This completes the proof of Theorem 1.

4.4 Topology and Hausdorff dimension

In this section, we essentially derive from Proposition 2 in the case (g, k) € {(0,0), (0,1)}
an alternate proof of Proposition 2 in the other cases. In the spherical case, Proposi-
tion 2 was obtained by Le Gall and Paulin [LGP08] thanks to a theorem of Moore by
seeing the Brownian sphere as a rather wild quotient of the sphere by some equivalence
relation. The same result was later obtained in [Mic08] through the theory of regular-
ity of sequences developed by Begle and studied by Whyburn. The latter approach was
generalized in [Bet12, Bet15, Bet16] in order to obtain the general cases.

Our approach of decomposition into elementary pieces gives a rather direct and trans-
parent proof of Proposition 2 in the case (g,k) ¢ {(0,0),(0,1)} provided the following
lemma, which will be obtained in Sections 5 and 6, and which amounts to Proposition 2
for the noncompact analogs of the cases (g, k) € {(0,0),(0,1)}.

Lemma 25. Almost surely, a slice or a quadrilateral is homeomorphic to a disk and
is locally of Hausdorff dimension 4. Its boundary as a topological manifold consists in
the union of its marks, the intersection of any two marks being empty or a singleton.
Furthermore, in the case of a slice, the base is locally of Hausdorff dimension 2.
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Now, a quadrangulation from Qﬂn is “not far” from being homeomorphic to E,[i],

where b,, is the number of external faces, in the sense that we can “fill in” the internal
faces with small topological disks and “fill in” the external faces by thin topological annuli
without altering the metric and in such a way that the resulting object is homeomorphic
to El[i] and at bounded GH distance from the quadrangulation (see [Bet16, Section 4.3.3]
for more details about this procedure). The decomposition of the quadrangulation into
elementary pieces gives a decomposition of this surface into pieces that are non other than
the elementary pieces of the quadrangulation with faces filled in and a thin rectangle added
on the bases of the slices; see Figure 12.

5 AR N
o
j /"/// [

Figure 12: Left. Topological disk corresponding to an elementary piece of a quadrangulation.
Right. Decomposition of the surface associated with a quadrangulation into surfaces homeo-
morphic to disks. Here also, we used the same scheme as in Figure 3 without fi3.

With the notation of the previous section, (), yields a surface homeomorphic to Eégn]
and its elementary pieces EP;,, e € E (Sn), yield surfaces homeomorphic to disks.

-

o If e € I(S,), then the boundary of the surface associated with EP{, consists in the
two maximal geodesics and the two shuttles of EP .

« feeB (Sp), then the boundary of the surface associated with EP;, consists in the
maximal geodesic, the shuttle, as well as three sides of the added thin rectangle.

Then gluing back these disks along their boundaries in the same way as they were cut
gives back the surface EE. Forgetting the slice corresponding to a tadpole topologically
amounts to fill in the corresponding vanishing face. Assuming that n is sufficiently large,
all the vanishing faces correspond to tadpoles in the scheme. So the gluing of the el-
ementary pieces without the slices corresponding to tadpoles yields El[f’]. In the limit,
we glue topological disk exactly in the same way (using markings that are topologically
equivalent), so we obtain the same surface. The result about the topology follows.

The statement about the Hausdorff dimension is even more straightforward as we glue
along geodesics a finite number of objects that are locally of dimension 4 and the boundary

is the union of the bases of the slices, which are all locally of Hausdorff dimension 2.
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5 Convergence of composite slices

The goal of this section is to prove Theorem 12 on the convergence of slices to their limiting
slices. To this end, we are first going to derive a “free” version of this result by finding
slices with a free area and tilt within the uniform infinite half-planar quadrangulation.
The latter is known to converge to the Brownian half-plane, which itself contains a “flow”
of continuum slices with free areas and tilts; these are shown to be the scaling limits of
the discrete slices. We conclude by a conditioning argument to pass from free to fixed
area and tilt. First, let us start with deterministic considerations.

5.1 Metric spaces coded by real functions

Here we borrow some material from [BMR19, Section 2.1], with however several slight
differences, in order to describe in a unified fashion the various random metric spaces we
will use. Let C (resp. C'?)) be the set of continuous functions of one variable (resp. of two
variables) defined on some nonempty closed interval:

c= || cu®m amd c®P= || CULR).

I closed interval I closed interval
I1#£2 I#£2

For a function f € C(I,R) we denote by I(f) = I its interval of definition and by
7(f) = inf I and 7(f) = sup [ its extremities. The set C is naturally equipped with the
topology of uniform convergence over compact subsets of R; more precisely, the topology
induced by the following metric:

diste(f,9) = aretan(r()) — axctan(r(g)] + |auctan(r (1))~ arcton(r ()
+Z o SuP F(F(f)VEAT(S)) —g(T(9) VEAT(g))].

n>1 te[—n,n|

We also equip C? with a straightforward adaptation diste().

5.1.1 R-trees coded by functions
R-trees. For feCand s, t €l =1(f) with s <t, set

I(s,t) = %ntf]’f (21)
and, for s, t € I, set
de(s,t) = f(s) + f(t) —2f(sAt,sV1). (22)

This formula defines a pseudometric on I, which is continuous as a function from I?
to Ry, since d¢(s,t) < 2w(f;[s At,sV t]), where w(f;J) = sup, f —inf; f. We let
T; = (I/{ds = 0}, dy) be the associated quotient space, and ps : I — T; be the canonical
projection, which is continuous since dy is. The space 7Ty is a so-called R-tree, that is,
satisfies the following.
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« For every two points a, b € Ty, there exists a geodesic from a to b, that is, an
isometric mapping xap : [0, d¢(a,b)] = T with x,4(0) = a and x.s(df(a, b)) = 0.

+ The image of the path x,;, which we denote by [a, b], is the image of any injective
path from a to b.

If I is compact, we let a.(f) = py(t.), where ¢, is any point at which f attains its overall
minimum. In this case, for t € I and a = p¢(t), the geodesic segment [a, a.(f)]s is given
by

la,ac(f)ly =pr({s €t AL, tVE]: f(s) < flu), Vue[sAtsVi]}).

In the case where [ is unbounded, we will systematically make the extra assumption that

when 7(f) = —o0, %rglgf(t) =—00 oOr tgr_noof(t) =00}
(23)
when 7(f) = o0, inf f(t) = —0c0 or lim f(f)=00.
t>0 t — 0o
In particular, it holds that
I li de(s,t) = 24
Vs e ) \t|—>}>rol,lt61 f(sv ) 00, ( )

which implies that 7 is locally compact, as the reader may easily check.

Gluing two R-trees. Next, given two functions f, ¢ € C with common interval of
definition I = I(f) = I(g) both satisfying (23), we define another pseudometric on I as
the quotient pseudometric (defined by (11))

Dyg(s,t) = dg/{dy = 0}, (25)

and equip the quotient set My, = I/{Dy, = 0} with the metric D;,. Note that Dy, :
I? — R, is continuous since

}nyg<57t) - Df,g(sljt/)’ < Df,g(su 5,) + Df,g<t?t/>
<2w(g;[sNs,sVST]) 4+ 2w(g; [t AL, tVE]).

For this reason, the canonical projection pyy : I — My, is continuous. We may view
(Myq4,Dy,4) as gluing the R-tree 7T, along the equivalence relation defining the R-tree 7.
In fact, since either of ds(s,t) = 0 or d,(s,t) = 0 implies Dy, = 0, the canonical projection
Py, factorizes as
Pfg =TfOPf=Tg°Pg,

where wy : Ty — My, and m, : T, — My, are two surjective maps. Note that these
functions are continuous: if a, = py(t,) converges to some point a, then, up to taking
extractions (and using (24) if I is unbounded), we may assume that ¢, converges to
some limit ¢, and then p(t) = a by continuity of py, while 7¢(a,) = py4(t,) converges
to pry(t) = mr(a). As a consequence, every geodesic segment [a,b]s in Ty, and every
geodesic [c, d]), in 7, is “immersed” into M, via the mappings 7y, m,.
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5.1.2 Composite slices coded by two functions

Slice trajectory. We say that (f,g) is a slice trajectory if f, g € C have common
interval of definition I,

Vs,tel, dis,t)=0 = g(s)=g(t), (26)
if inf I = —oo, then

lim f(t) =400 and inf g(t) = —o0),

t——o00 t<0
and, if sup I = oo, then
inf f(t) = —o0 and inf g(t) = —o0.

t>0 t>0

In particular, f and g both satisfy (23) in the case where I is noncompact, and the
quantity f(infI) € RU {400} is always well defined.

In the remainder of this section, we fix a slice trajectory (f,g), and call the metric
space
Sly.g = (Myg, Dy,g)

the slice coded by (f,g). For the moment, we focus on deterministic considerations; the
functions f, g will be randomized in the following section.

Marks and measures. The slice Sly, naturally comes with the following distinguished
elements.

Geodesics sides. For every t € I, we set

Ly(r) =inf{s >t : g(s) = g(t) — r} for r € R, such that £I>1£g(s) < g(t)—r;
sel
Ei(r) =sup{s <t:g(s)=g(t) —r} for r € R, such that }Srgg(s) <g(t)—r.
sel
In particular, we have d,(I'y(r),Z¢(r)) = 0 for every ¢ € I and every r satisfying both
inequalities above.

We extend the definition given in Section 3.2 of geodesics to paths y : [0,00) — X that
satisfy (10) for every s, t € R,. In this case, the point x(0) is called the origin of x, its
length is set to length(x) = oo by convention, and the range of y is called a geodesic ray.
The geodesic ray uniquely determines the geodesic x by the same argument as for finite
length, since the origin of a geodesic ray is the unique point a such that, for any s > 0,
the number of points in the ray at distance s from a is one.

We observe that I'; and Z; are geodesics (possibly of infinite length) from ¢ for the
pseudometrics d, and Dy 4, in the sense that, for every r, r’ such that I',(r) and I';(r’) are
defined,

dy(Tu(r), Ty(r)) = Dy (Du(r), T(r")) = ' =], (27)
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and the same holds with =, in place of I';. This fact is immediate for d, by definition. In
fact, when I is compact, one checks that the images of p,oI'; and p, 0=, are the geodesic

segments [py(t), a. (g’[t,supl])]]g and [py(t), a*(g|[infl,t]>]]g in 7.
For Dy 4, this fact follows from the bound

9(5) — 9(s)] < Dyyls,s) < dy(s.s), s’ €1,
where the first inequality is an easy consequence of the fact that (f, g) is a slice trajectory.
Therefore, for t € I, the paths defined by
() =prgTi(r)),  0<r<g(t)—g(tsupl), r R,

&(r) =prg(Ee(r)), 0<r<gt) — g(inf It), reR,

are two geodesics (possibly of infinite length) from py ,(¢), sharing a common initial part.
As mentioned in Section 3.2, we will often identify these paths with the pairs formed by
their origins and image sets, the latter being the projections my([Py(t), a:(9|tsup)]4) and
7o ([Pg(t); ax(g|fint 1.4)]g) When I is compact.

The slice My, comes with zero, one, or two geodesic sides. If inf I > —oo, then the
geodesic v = 7ine 1 is called the mazimal geodesic of My 4, and, if sup I < oo, the geodesic
€ = &up1 1s called the shuttle of My ,. If inf I = —oo (resp. sup I = 00), we let y_o (resp.
€~) be the empty set. If I is a bounded interval, then the paths viys; and &g, have a
common endpoint at the apexr x. = py4(s.) = my(a.(g)), where s, denotes any point s in
I such that g(s) = inf; g.

Base. For z € R, we define
T,=inf{t € I: f(t) = -2z} € RU{o0},

the hitting time of level —z by the function f, with the convention that inf @ = co. Note
that, for x € R, T,, # —oo because of the fact that (f, g) is admissible. By convention,
we also set T, = =T = co0. The base of Sl;, is the set

B=psy ({T:—finf D) <z < —inff}OR) .

Note that the set inside brackets projects via py to a geodesic in 7;. When I is compact,
the base is the path 7¢([Pf(T- f(ne 1)) Pr(T-int, £)]), and in general, it is the increasing
union of the paths

mi([ps (1), ps (1)), —flinfl) <z <y < —iff, z,y €R.

Measures. Finally, denoting by Leb; the Lebesgue measure on the interval J, the
slice Sly 4 is endowed with the following measures:

« the area measure p = (pys,).Leby;

e the base measure v, defined as the pushforward of Leb(_ f(inf 1), —inf; fjnr by the map-
ping z — py (1) -
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Gluing slices. In what follows, we will make a slight abuse of notation and iden-
tify intervals of the form [a, 0], [—00,a] for a € R and [—o0,00] with the intervals
la,00), (—o00,a] and R, respectively. For L, L' in the extended line R U {£o0} such that
—f(inf I) < L < I’ < —inf; f, we define the restrictions f“) and g*) of f and g to
the interval [Ty, Tr/] N1, yielding also a slice trajectory. We may therefore define the slice
coded by (1), L)) and denote it by

S|(L,L’) — (M(L,L/)’D(L,L')) = (Mf(LaL/)’g(LﬁLIMDf(L»L/>7g(L’L/)) .

We let p=L) [Ty, Tr] — ML) be the canonical projection, L) (L) L) he
the maximal geodesic, shuttle, and base, and "), p(=:L) be the area and base measures
of SIELY.

This family of metric spaces is compatible with the gluing operation in the following
sense, illustrated in Figure 13.

Proposition 26. Let —f(infI) < L < L' < L"” < —inf; f be in the extended real line.

Then
gI(LL") — G(SI(L’L )’ gL L ); 5(L7L’)77(L’,L”)) '

Moreover, the marks and measures satisfy
D = ) (E\ gl
€(L7LN) _ g(L/VLN) U (£(L7Ll) \/_}/(LI,LH))
B(L’L”) _ B(LVL’) U 5(L’7L”) :

Y

(L,LN) (L,Ll) (L,,LN)

M =p +
V(L7LN) — ]/(L7Ll) _|_ U(LI7L”) ,
with the convention that, in the right hand-side, sets and measures are identified with their
images and pushforwards by the canonical projections in SIED

Proof. In the disjoint union [T, 7| U [Ty, Tp], in order to avoid ambiguities due to the
fact that the point Ty, belongs to both intervals (thus should be duplicated), we use a
superscript 0 for points in the first interval and a superscript 1 for points in the second
interval. We observe that d .. can be seen as a quotient pseudometric d/Ry where d
is the disjoint union pseudometric on (17, Ty | U [T, Tr] given by d(s,t) = dy(s,t) if s,
t belong to the same of the two intervals above and d(s,t) = oo otherwise, and Ry is the
coarsest equivalence relation containing

{(Er,, (r)°, T, (1)), 0<r <g(Tw)—g(Tp, Tr) V g(Tp, Tpr)} -

Note also that, as T}, is a hitting time, the equivalence relation {d FLL) = 0} factorizes
over these two intervals, in the sense that if df(L,Lu)(s, t) = 0 with s # ¢, then s, ¢ must
belong to the same interval [T, Ty/] or [T/, Tr#]. So if Ry is the equivalence relation on
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LI’
o)

£(L.LY)
m}(kL/7L//)
€<L/7L/,)
SIELY) g|(L',L")
Prg(TL) 8 - — Pyg(TLr)
“B(L.L ) pf7g(TL’) p)(L L)

Figure 13: Gluing slices encoded by a slice trajectory: the gluing of SICLD it SICEHE)
results in SIL"), Here, Ty, > —oo0 and T < oo. We denoted by :L‘&L,’L”) the apex of SIELLY)
and x&L’L/) the apex of SI(L’L/), which, on this example, is also the apex of SILLY), Consequently,
the shuttle €L is obtained by the union of EXL") and the part of & XL) that is not glued to
’y(L/’LH), whereas the maximal geodesic *y(L’L”) = ’y(L’LI), as stated at the end of Proposition 26.
The bases and measures simply add up. The fact that the slices depicted here are topological
disks does not hold true in general; it will, however, be the case for the random processes we will
constider in the upcoming sections.

the above disjoint union given by (s*,#/) € Ry if and only if d¢(s,¢) = 0 and i = j € {0, 1},
using (12), we have

D) = (d/Ry)/Ry = (d/Ry) /Ry = (D"H) L DWED) /Ry

which is precisely the quotient metric of the gluing G(SI(L’L/), SIELLD, gL A TLET)Y,
Checking the claimed formulas for the marks and measures of SI“L") is straightfor-
ward. 0

We finish this paragraph with a very strong identity, saying that the distances in a
slice SIE) encoded by a restriction of the slice trajectory (f, g) are in fact the restrictions
of the distances in the “whole” slice Sly .

Corollary 27. Let (f,g) be a slice trajectory on the interval I, and —f(infl) < L <
L' < —inf; f. Then D"L) 4s the restriction of the function Dy g to [Th, Tr].

Proof. This is a direct consequence of the preceding proposition, which entails that Dy,
is the pseudometric obtained by gluing SI%L) with SIE WD along ¢(EL) and Esup D)
and then by gluing the resulting space SI‘ESP 1) with SIWELL) glong ~(Lsupl) gpd ¢inf1.L)
Since at each stage, the spaces that are glued together are isometrically embedded in the
resulting gluing, we obtain that SI*") is isometrically embedded in S| /sw 1) — g fg- O
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5.2 Random continuum composite slices

We now randomize the functions f, g considered in the preceding section in various ways
to construct random spaces of interest. For a fixed continuous function f € C with
0 € I(f), the snake® driven by f is a random centered Gaussian process (Z;,¢ € I(f))
with Z{ = 0 and with covariance function specified by

E[(Z] — Z])?] = ds(s,t), s, tel(f). (28)

As soon as f is Holder continuous, which will always be the case in this paper, this process
admits a continuous modification; we systematically consider this continuous modification
of Zf. 1f now Y is a (a.s. Holder continuous) random function, then the random snake
driven by Y is defined as the Gaussian process Z¥ conditionally given Y.

By (28), it holds that Z/ = Z/ whenever d;(s,t) = 0, so that, provided f satisfies the
required limit conditions if I(f) is noncompact, the pair (f, Z7) is a slice trajectory. In
what follows, we will let (X, W) : (f,g) — (f,g) be the canonical process on C>.

Below and throughout this work, we use, for any process Y defined on an interval I,
the piece of notation Y; = infs«; ¢ Y.

Let us proceed to the definition of continuum slices, which arise in Theorem 12. Fix A,
L € (0,00) and A € R. We let Slice4 A be the probability distribution under which

o the process X is a first-passage bridge'” of standard Brownian motion from 0 to —L
with duration A;

« conditionally given X, the process W has the same law as (Z; + (_x,,0 <t < A),
where Z is the random snake driven by X — X, and ¢/+/3 is a standard Brownian
bridge of duration L and terminal value A/ V/3, independent of X and Z.

To be more precise, the process ( = ((;,0 < t < L) is Gaussian, with E[(;] = tA/L
for t € [0, L] and
s(L —t
COV(CS> Ct) =3 % )
With this definition, it is simple to see that Slice 1, a is indeed carried by slice trajectories
defined on the interval I = [0, AJ.

Definition 28. The (composite) slice with area A, width L and tilt A, generically de-
noted by Sla 1 A, is the 5-marked 2-measured metric space Slx w under the law Slices 1 A,
endowed with the marking

0<s<t<L.

OSla,L.a = (8,7,&a)

comprising its base, its mazximal geodesic and its shuttle, as well as its area and base
measures fi, V.

The piece of notation dSl4 1 A for the marking comes from the fact that the union of
the three marks gives the topological boundary of Sl 1, A, as stated in Lemma 25.

9Literally, this is rather called the “head of the snake driven by f”; see [LG99).
0A first-passage bridge of Brownian motion can be defined from Brownian motion stopped when first
hitting —L by absolute continuity; see [BM17].
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5.3 The Brownian half-plane, and its embedded slices

There is a natural relation between slices and the Brownian half-plane [GM17, BMR19],
which we now introduce. Let (By,t > 0), (Bj,t > 0) be two independent standard
Brownian motions, and let (I, = B; — 2infyo<s<;y B.,t > 0) be the so-called Pitman
transform of B’, which is a three-dimensional Bessel process. Recall the piece of notation
X, = infy«; X;. We let Half be the probability distribution on C? under which

« the process X has same distribution as (By1y>oy + I115<0,t € R), and

« conditionally given X, the process W has same distribution as (Z; + (_x,,t € R),
where Z is the random snake driven by X — X, and (/+/3 is a two-sided standard
Brownian motion'!, independent of X and Z.

The measure Half is carried by slice trajectories defined on the interval R. We note
that we can make this definition more symmetric using standard excursion theory, in a
way similar to the encoding triples of [LGR21]. For this, we denote by

XP = (L+Xp, 1, 0<t< Ty —Tp ),
W = Wy, 4, 0<t< T —Tp),

the excursion of X above its past infimum at level —L, and the corresponding piece
of W. Note first that the process (;, = Wr,, L € R, is under Half a standard two-sided
Brownian motion multiplied by v/3. Then, conditionally given ¢, the point measure on
R x C x C given by

MALAXAW) = Y 5 xw w (29)

LeR: TL #TL,

is a Poisson measure with intensity 2dL N¢, (d(X,W)), where N, is the o-finite “law”
of the lifetime process and head of the Brownian snake (started at z) driven by the
[t6 measure of positive excursions of Brownian motion. The process (X, W) is then a
measurable function of ( and M by [t6’s reconstruction theory of Brownian motion from
its excursions.

Definition 29. The Brownian half-plane, generically denoted by BHP, is the 1-marked
2-measured metric space Slx w considered under Half, endowed with the mark 0BHP = f3,
its area measure |1 and its base measure v.

There is only one mark here, the base; there is no maximal geodesic nor shuttle since
the interval of definition is R. The name comes from the fact that BHP is homeomorphic
to the half-plane R x R, ; its boundary as a topological manifold being equal to the base;
see [BMR19, Corollary 3.8].

"This means that ((,/v/3,2 > 0) and ((_,/v/3,2 > 0) are independent (one-dimensional) standard
Brownian motions issued from 0.
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In the light of Proposition 26, the Brownian half-plane can be seen to have a natural
Markov property. First, let 6, : f +— f(t + ) — f(t) be the translation operator on C. We
claim that Half is invariant under 0p, , since its action simply consists in translating by L
the time in process (, and the first coordinate of M, which leaves their laws invariant.
For similar reasons, for every L € R, the processes (X5, W(OL) (X (=000) pp(=oe.0))
and (07, XL+) g W (E+)) are independent under Half, since they are respectively
functionals of the independent random elements

((2,0< 2z < L),M((0,L] xCxC), (Ceyx <0), M((—00,0] xC xC),
and  ((pye — (x> 0), M((L,00) x C xC).

Free slices. Note that, under Half, the process X () is simply a standard Brownian
motion killed at its first hitting time of — L, while the process (W}S’L)/ V3,0<x<L)is
a standard Brownian motion killed at time L. For this reason, the law of (X (5 17(0.L))
under Half is the mixture

FSliceL :/ qL(A)dA/ng(A)dA SliceA’LvA, (30)
0 R

where p;(z) = e **/?"/\/2xt is the Gaussian density, and ¢, (t) = (x/t) pe(x) 10y is the
(stable 1/2) density for the hitting time of level —x by standard Brownian motion. In what
follows, a random metric space with same law as SI“%) under FSlice; will be referred
to as a free (composite) slice of width L. This, together with Proposition 26, yields the
following result.

Proposition 30. Fiz L < L' < L” in the extended line. Then, under Half, it holds
that SIELY = G(SIEL) SIELED. e(Lol) ~(ELLM)Y yphere the spaces SIEED | SIEHED gre
independent. Moreover, if L and L' are finite, then SIEL) s g free slice of width L' — L.

Recall that this result is illustrated in Figure 13, which can be completed by extending
the brown segment into a line, letting the half-plane above be BHP, the line being its base
B = =) This also suggests that SIE) is the bounded connected component of the
complement of 4(&L) U ¢(BL) in BHP. More precisely, the following holds.

Proposition 31. For every L < L' in R, almost surely under Half, the geodesics v&*)

and £ meet only at the apex ML), and meet the base B only at their respective
origins px.w(T5) and pxw (TL). Moreover, S\ s the closure of the bounded connected
component of the complement of the union of these two paths in BHP. [t is therefore
homeomorphic to the closed unit disk, with boundary given by the union of the three sets
BUELD ALY gnd €L which meet only at pxw(TL), pxw(TL) and (L),

Proof. This proposition is proved in the same way as Lemma 6.15 in [BMR19]. Let us
recall briefly the ideas. For any point ¢ € R, we let

Su(r) =inf{s >t: X, = X, —r} for 0<r<X;—Xy,
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so that the range of px o ¥, is the geodesic path [px(t), px(T-x,)]x in Tx. Its image
by mx defines a path o; starting at pxw(t) and ending at the point pxw(7-x,) of
the base. Moreover, almost surely, any path o, t € R, do not intersect a geodesic 7s,
s € R, except possibly at the starting point of either px w(s) or pxw(t). This implies
that any point px.w(t) of SI®L) that is not in the union =) U &-E) can be linked
to the bounded segment S(-E) of the base of BHP by the path o, without intersecting
A B L) except perhaps at its endpoint. This latest possibility can be discarded by
noting that, with probability 1, we have T_x, ¢ {7, Ty }. Similarly, a point px w(t) of
BHP outside of SI**") is linked to the unbounded set /3 \ BEL) of the base of BHP by the
path oy, which does not intersect 4“2 U ¢ This means that SIL) is the closure
of the bounded connected component of BHP minus ~5) U L), O

The above discussion shows that the Brownian half-plane contains a natural “flow” of
free slices. We can also link directly the slices of Section 5.2 with the Brownian half-plane
via an absolute continuity argument. Recall the definitions of p, and ¢, after (30).

Lemma 32. Fiz 0 < K < L, as well as A > 0 and A € R. For every nonnegative
function G that is measurable with respect to the o-algebra generated by (X(O’K), W(O’K)),
we have

SliceAJ;A [G] = Half [SOA,L,A (TK, K, WTK) . G} 3
where

1 (A— A (A= A
QOA,L,A(A/, L/7 A/) _ qr-r ( )pg(L L)( )
4z (A) psc(A)
Proof. This comes from similar statements for Brownian bridges and first-passage bridges;

see for instance [Bet10, Equations (18) and (19)]. For bounded measurable functions f,
gonC,for0< A <Aand 0< K < L,

(31)

Slice A [f (X]0.47) -g(C|[o,K})}

x (A A k) (A —
:Half[f (XJ0r1) ™ XQL((A> >1{XA/>—L}~9(CI[O,K1)p3(L ZL((A) . @)

Here, the factor 3 in the index of the Gaussian density function comes from the fact that
¢/V/3 is a bridge of standard Brownian motion. We replace A’ with Tk by a standard
argument, writing

f(X(D’K)) = n11_{{)1o Z lii-1)2-n<Ti<io—n} f(X’[O,iQ*"})a

120

using dominated convergence and applying the above equality (32) to A" =27, noting
that 1y_1)2-neme<io—n} f(X’[QiQ*'ﬂ}) is a function of X‘[QiQ*ﬂ].

The result follows by noting that W) is built in the same way from X (%) and ¢ |[0,K]
under Slices ;A as from X (@) and ¢ |10,) under Half. O
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We may now prove the statement about the topology and Hausdorff dimension of a
slice.

Proof of Lemma 25 for slices. First, almost surely, the Brownian half-plane is homeomor-
phic to the half-plane [BMR19, Corollary 3.8], is locally of Hausdorff dimension 4 and its
boundary is locally of Hausdorff dimension 2. The latter facts are obtained from similar
statements for Brownian disks [Bet15] thanks to [BMR19, Theorem 3.7] allowing to couple
arbitrary balls of BHP centered at the root px w(0) with balls of large enough Brownian
disks, centered at a point on the boundary.

Consequently, under the probability distribution Half, for any L < L', by Lemma 27,
the metric space SIEL) is a.s. locally of Hausdorff dimension 4 and its base 35X is locally
of Hausdorff dimension 2. Furthermore, it is homeomorphic to the disk by Proposition 31
and its boundary is the union of its three marks (XL, A(BL) and ¢(L) | whose pairwise
intersections are identified singletons.

Now, arguing under Slices A, we use the fact from Proposition 26 that SIOL) —
G(SI(O’L/Q),SI(L/2’L);f(O’L/Q),W(L/Q’L)). Lemma 32 entails that, almost surely, under this
probability distribution, the law of SI®*/? is absolutely continuous with respect to that
of the same random variable under Half, and so is homeomorphic to a disk. Now, we
observe that, under Slice, 1, A, the process OTL/Q(X(L/Q’L), W /L)) has same distribution
as (X(OL/2) W O.L/2)) which we leave as an exercise to the reader. Therefore, under this
law, SIE/2E) hag same distribution as SI®%/?) and both are homeomorphic to a disk. We
conclude that the same is true for SI®® since it is obtained by gluing two topological
disks along two segments of their boundaries. The identification of the marks given in
Proposition 26 easily yields the desired property on the marks of SIOL) | The facts on the
local Hausdorff dimension are obtained similarly. O]

5.4 The uniform infinite half-planar quadrangulation

The UIHPQ. We now define a slight variant of the classical UTHPQ [CM15, CC18,
BMR19, BR18], the half-planar version of the uniform infinite random planar quadrangu-
lation, in the following way. Let F, = (T*, k € Z) be a two-sided sequence of independent
Bienaymé—Galton—Watson trees with a geometric offspring distribution of parameter 1/2.
Conditionally on F,,, we let A\’ be a uniformly chosen well labeling function, meaning
that every tree T* is assigned a well labeling function giving label 0 to its root vertex,
independently, uniformly at random. Lastly, and independently of F,, and A%, we let
(b, k € Z) be a doubly-infinite walk with shifted geometric steps, meaning that by = 0
a.s., and that by — bi_1, k € Z, are independent and identically distributed random vari-
ables with P(b; = r) = 27772 for every r € {—1,0,1,2,...}. For a vertex v € T* we let
Aoo(V) = b + A2 (v), and call (Fiy, As) the infinite random well-labeled forest. We then
embed F, in the plane in such a way that all trees are contained in the upper half-plane,
and the oot p* of T¥ is located at the point (k,0) € R2. We also link consecutive roots p*,
"1 by a line segment. We then let (c;,i € Z) be the sequence of corners of the upper
half-plane part of the resulting map, in contour order from left to right, with origin the
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first corner ¢ incident to p°. The uniform infinite half-planar quadrangulation (UITHPQ
for short) is then the infinite map (), obtained by applying the CVS construction to
(Fo, Ao ), that is, by linking every corner to its successor as defined in Section 2.1, and
removing all edges of the forest afterward. The root of (), is defined as the corner pre-
ceding the arc from c¢g to its successor. Note that, in this case, there is no need to add an
extra vertex with a corner c..

Remark 33. The difference between this definition of the UIHP(Q and the one appearing
in the mentioned references is a slight rooting bias. Indeed, the simplest way to obtain the
usual definition is to consider a two-sided simple random walk (z;,i € Z) and construct
the sequence (by, k € Z) from it as follows. Let S* ={i € Z : z1 — z; = —1} be the set
of descending steps of (2,1 € Z) and iy = sup(S*¥ N Z_) the index of the descending step
preceding 0. Then we define the sequence (by, k € Z) by reindexing (z; — zi,,1 € S¥) with Z
in such a way that iy corresponds to the index 0. The UIHPQ is then constructed as above
with this bridge but rooted at the corner preceding the arc linking s~ (co) to its successor
st (¢y) instead of the convention we presented. Apart from this slight root shift, the
resulting law of (by,k € Z) is not exactly that of a doubly-infinite bridge with shifted
geometric steps. The first step gets a size-biased distribution P(by = r) = (r + 2)27773,
r > —1, whereas all other steps get the desired shifted geometric distribution. See the
discussion in [BMR19, Section 4.5.2] for more information.

The construction we use here has the advantage of making the law of the slices invariant
by translation.

Convergence toward the Brownian half-plane. Denoting by v; the vertex of F.,
incident to ¢; and by Y(i) € Z the index of the tree to which v; belongs, we define the
contour and label processes on R by

C(i) = dpre (vi,pr(i)) — 1 (7) and A7) = Ao (vy) €L,

and by linear interpolation between integer values; see Figure 14. As is well known, the
part of the contour process corresponding to T* (counting the edge linking p* to p*+1)
has the same distribution as a simple random walk started at —k and killed when first
hitting —k — 1. Finally, for £ > 1, we denote by 7 the hitting time of —k by C'; its value
is thus also equal to k plus twice the number of edges in the first & trees T, ..., TF1,

As the vertices of the encoding objects are preserved through the CVS bijection, the
vertex v; can also be seen as a vertex of (). Let us define

Doo<i7j):onc(Uiavj)a ZaJEZ

We extend D, to a continuous function on R? by “bilinear interpolation,” writing {s} =
s — | s] for the fractional part of s and then setting

Doo(s,t) = (1 = {s})(1 = {t}) Doo(Ls], [t]) + {s}(1 = {t}) Dac([s] + 1, [t])
+ (L= {sPH{} Do), [t] + 1) + {s}{t} Doo([s] + 1, [1] +1). (33)
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SHS

Figure 14: Contour and label processes associated with (Fx, Ao). The edges of the floor are
represented with dashed lines. The tree T? and the corresponding part of the encoding processes
are highlighted (the corresponding floor edge and the final descending step of the contour function
are also highlighted). For instance, 73 = 17 on this example. The contour process can be thought
of as recording the height of a particle moving at speed one around the forest. In this point of
view, the root pF should be at height —k for each k € Z; this can be achieved for instance by
vertically translating each tree in such a way that p* is mapped to location (k,—k) instead of
(k,0).

We then define the renormalized versions of C, A, and D, : for every s, t € R, we set

C(2ns) (s) A(2ns)

— n(8) = o517
NI ") (8n/9)1/4

The next result can be seen as a reformulation of [GM17, Theorem 1.11] or [BMR19,
Theorem 3.6], proving the convergence of the UIHPQ to the Brownian half-plane defined
in Section 5.3.

Do (2ns, 2nt)

Can(s) = (8n/9)1/4

D(“)(‘S’ t) = (34)

Proposition 34. On C x C x C?, it holds that

(Cluy Ay D)~ (X, W, D) (35)

n—o0

where the limiting triple is understood under Half.

This statement does not appear in this exact form in the aforementioned references,
which do not explicitly focus on the processes C(y), Ay, X, W. In [BMR19, Remark 6.16],
it was however mentioned how to extend the results therein in order to take into account
these processes, so we will follow the line of reasoning sketched in that work.

Proof. The proof proceeds via established convergence results for random quadrangula-
tions with one external face to Brownian disks. Fix some number K > 0. We will sample
a quadrangulation with one external face, whose areas and perimeters are so large that, in
a neighborhood of 0 of amplitude K, this rescaled large quadrangulation and its limit, a
Brownian disk of large area and perimeter, are indistinguishable from the rescaled UTHPQ
and the Brownian half-plane, in a sense to be made precise. In the following, we will use
for all the objects related to the quadrangulation with one external face or the limiting
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Brownian disk a similar notation as for those related to the UTHPQ or the Brownian
half-plane, only with a superscript prime symbol /.

Fix L > 0, which should be thought of as being large. For n > 1, we sample the
aforementioned quadrangulation @)/, with one external face as follows. First, consider a
uniform random element (M, /) of 1\7[([1071’([71), where a, = |nL] and I, = |Lv2n]. We
can view this as a labeled forest (F!, X)) with [, trees arranged in a circle, and rooted
at p°, ..., p»~1 where p° is the root of the tree containing the root corner of f,. We let
C!, Al be the contour and label process of this forest, defined as above, starting from the
tree rooted at p°. We let Q! = CVS(M/, \.; f.) be the rooted quadrangulation encoded

n’ n’
by (M, \,,), and we let D, (i,j) = dq (vj,vj) for 0 < 4,5 < 2a, + I, where v} is the
i-th visited vertex of F in contour order, viewed as a vertex of ()/,. As usual, we extend
D!, into a continuous function on [0, 2a, + [,]*. Finally, we extend the definition of these

processes to the interval [—2a,, — l,,, 2a,, + [,,] by the simple translation formulas
Ch(t) =Cl(t+2an+ 1) + 1, A(t)=A,({t+2a,+1,), te[-2a,—1,,0], (36)
and
Di (s,t) = Dy (s+(2an+1,)1is<op, t+ (200 +10)1p<oy) . St € [—2a,—1,, 2a,+1,] . (37)

The idea behind this extension is that we are going to consider these processes in neigh-
borhoods of 0, so that we are really interested in the behavior of these processes when
the argument is close from 0 or from 2a,, + [,,.

Define their rescaled versions: for s, t € [—2a,, — 1, 2a, + 1,,],

C!(2ns) Al (2ns) D! (2ns, 2nt)
! — I\ 2 / — =) ! — Inm\Ey 2
Then by [BM17, Equation (26) and Theorem 20], one has the joint convergence
(4)
(Cloys My Diy) — (X, W', D) (39)

n—o0

in distribution in C([0, L]) x C([0, L]) x C([0, L]?), where (X', W’ D') is an explicit limiting
process, which is the encoding process of the Brownian disk of area L and width v/L.
In particular, the process D’ is a measurable function of the pair (X’,W’). Due to
the formulas in (36) and (37), this easily implies the convergence of these processes on
C([-L,L]) x C([-L, L)) x C([-L, L]?), where (X’,W’ , D') are extended to functions on
[—L, L) or [-L, L}? in a similar way as above. Note that we choose to omit the dependence
of (X', W', D) on L for lighter notation, but we will need later to choose L appropriately.

Now recall that K > 0 is a fixed number. The first crucial observation is that we
may choose L large enough, so that with high probability, the laws of the restrictions
of (X', W', D") and (X, W, Dx w) to the interval [—K, K] are very close. More precisely,
given € € (0,1), fix > 0 and A > 0 such that

P <_1r<n<%}<{KDX’W(O’t) > r) <e/3, PT_a<—-K<K<Ty>1—¢/3.
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Then [BMR19, Proposition 6.6] and its proof (Lemmas 6.7 and 6.8) show that there exists
Ly > 0 such that, for L > Ly, the two processes (X, W) and (X', W’) can be coupled in
such a way that on some event F of probability P(F) > 1 —¢/3, we have

X, =X,, Wi=W/, Dxwl(s,t)=D(st)), (40)

for every s, t € [1_4,T4] such that max(Dx w(0,t), Dxw(0,s)) < r. Given our choice
of r, A, we see that with probability at least 1 — ¢, (40) holds for every s,t € [—K, K].
Our second important observation is that, still with K and ¢ fixed, and possibly up
to choosing L even larger than the above, albeit in a way that does not depend on n, the
laws of (Cn), Ay, Diny) and (C(,y, Af,,), Df,,)) in restriction to the interval [— K, K] are also
close, in the sense that they can be coupled in such a way that these restrictions coincide
with probability at least 1 — . This follows from the proof of [BMR19, Theorem 3.6], a
minor difference being that this proposition establishes that the balls of radius (8n/9)Y/4r
centered at the root in Q and ], are isometric, rather than giving a statement on D)
and Dgn). Therefore, in order to show that the latter coincide on [—K, K|, one again has
to choose in the first place a radius r > 0 so that uniformly over n, with probability at
least 1 — ¢/3, the vertices v} for integers ¢ lying in [-2Kn,2Kn]| (where we naturally let

V; = V5, 41, for i <0), all belong to this ball. The existence of such an r is guaranteed

by the convergence (39) and the continuity of D’. Finally, we see that both sides of (39)
can be coupled in such a way that with probability at least 1 — ¢, they coincide with both
sides of (35). Since € was arbitrary, we conclude that (35) holds in restriction to [— K, K.

Since K was arbitrary, this concludes the proof. m

Seeing a slice as part of the UIHPQ. We consider a fixed L > 0 and a sequence
(1,) € N¥ such that
ln

Van
and, for each n, we let (F,,, A,) be the random well-labeled forest obtained by keeping only
the labeled trees T, ..., T!»~! of the infinite random well-labeled forest (Fi, s ), as well
as the root p of the tree T!». In particular, the forest F, has [,, independent Bienaymé-
Galton-Watson trees with Geometric(1/2) offspring distribution, and the labels of the
root vertices of the trees (including p™) follow a random walk of length I, whose step
distribution is a shifted Geometric(1/2) given by P(- =1r) =272 for r > —1.

Recall that (¢;,i € Z) denotes the sequence of corners of the infinite random well-
labeled forest (F.o, Ao) and that v; is the vertex of Fl, incident to ¢;. According to the
construction of Section 2.3, (F),, A\,) encodes a slice @,,, which is part of the UIHPQ Q
constructed from the whole infinite forest (Fi,, Ao ). More precisely, the maximal geodesic
(resp. shuttle) can be read inside the UTHPQ as the chain of arcs linking ¢y (resp. ¢, ) to
its subsequent successors'? and the edges of the slice are given by the arcs from ¢; to s(¢;),
for 0 < i < 7,. As a consequence, the vertex v; can be seen both as a vertex of (J, and
as a vertex of @, for 0 <7 <7, .

L

12Recall Section 2.1.
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Furthermore, we can check that @, is in fact isometrically embedded in ), in the
sense that, whenever 0 <, 5 <7, it holds that dg, (v;,v;) = D (7, ). Indeed, similarly
to Proposition 26, ), can be obtained as the gluing of the infinite quadrangulation
corresponding to the trees T* k < 0, of (Fy, A\s), With @Q,, and then with the infinite
quadrangulation corresponding to the trees T* k > [,, of (Fy, \s) along the proper
shuttles and maximal geodesics. Alternatively, one may also argue that there are no
shortcuts outside @), : for 0 <14, j < 7,, any path linking v; to v; in () may be shorten
to a path that stays within ),, since the maximal geodesic and shuttle are geodesics and
since the path ¢y — s(cy) — s*(co) — ... is a geodesic ray that disconnects Q.

The contour function, label function and pseudometric corresponding to (), are thus
obtained by restricting to [0, 7;, | the analog functions corresponding to Q. After rescal-
ing, their joint limit is a direct consequence of Proposition 34.

Corollary 35. On C x C x C®, it holds that

(d) 0,L 0,L 0,L
(Cwy |10.m, 720> M) 0,72, 7200 Doy 0,70, j2012) — (X( ), WL Dl ))> (41)

n—o0

where we used the notation of Section 5.1, that is,

(a) the pair (X OF) WL js the restriction to the interval [0,Ty) of (X, W) distributed
under Half,

(b) D) = D01y o is the random pseudometric on R defined by (25).

Proof. By the Skorokhod representation theorem, we may and will assume that the con-
vergence (35) holds almost surely. Classically, the a.s. path properties of X at time T},
namely, the fact that X immediately visits the interval (L —e, L) after time 77, yield that
7,,/2n a.s. converges to Tr. Proposition 35 and Corollary 27 then yield the result. O]

5.5 Scaling limit of conditioned slices

We now derive Theorem 12 from the results of the previous section by standard condi-
tioning arguments.

Convergence of the encoding processes. First, without loss of generality, we may
assume that the contour and label processes (C,A) of the infinite random well-labeled
forest defined in Section 5.4 are the canonical processes, considered under the probability
distribution P, on the canonical space. Next, for a, [ € N and € Z, we denote by
P,.s the distribution of (C’|[072a+l],/\|[0,2a+l]) where (C,A) is distributed under Py[ - |
7 = 2a + [, A(7;) = 0]. The corresponding forest encoded by this random process is thus
composed of I Bienaymé-Galton—Watson trees with Geometric(1/2) offspring distribution
and uniform admissible labels, conditioned on the fact that the total number of edges in
the trees is a and the label of the root of the last vertex-tree is §. Similarly to the slice it
encodes, we will say that the forest has tilt §.
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For every measurable nonnegative functional G, it thus holds that
Ea16[G] = Bos [G((C(K), A(K)),0 <k <m) | m=2a+1, A(n) = 0]

Let (Fk,k > 0) be the natural filtration associated with the canonical process (C,A).
Note that ((C'(k),A(k)),0 < k < 7) is the pair of contour and label processes of the first
trees in the forest, and that F;, is the o-algebra generated by these first [ trees (with their
labels and that of the root p'). Recall from Proposition 9 the definitions of Q;, P.

Lemma 36. Fiz 0 < k < I, as well as a € N and § € Z. For every nonnegative
functional G that is F;,_-measurable, we have

Ea,l,&[G] =Ey [(I)a,l,5<7_kv ku A(Tk>> ’ G} )

where

;o Qur(2a+1—1t) P_y(6 — j)
Yot =0 Bar  BB)

Proof. 1t suffices to prove the result when G is the indicator of the contour and label
processes of a given well-labeled forest with I trees, (¢t —1’)/2 edges, and tilt j. In this
case, E,; 5[G] is equal to the number of ways in which one can complete this labeled forest
into a well-labeled forest with [ trees, a edges and tilt 9, which is the number of forests
with [ — 1’ trees, a + (I' — t)/2 edges and tilt § — j, divided by the number of well-labeled
forests with [ trees, a edges and tilt . We conclude by Proposition 9. [

In addition to the already fixed sequence (l,,), we consider two more sequences (a,),
(0,,) satisfying (8). We will need the following direct consequence of the local limit theo-
rem [BGT89, Theorem 8.4.1]. Recall the definition of ¢4 A given in (31).

Lemma 37. If the integer-valued sequence () satisfies I/, /v/2n — L' € (0, L), it holds
that
— 0. (42)

n—oo

' ¢ 9\1i.
up [t 0) — para (o2 () )
0<t<an,jEZ " Bn

We start with the following conditioned version of Corollary 35.

Proposition 38. On C x C x C?, the triple (C(n),/\(n), D(n)|[0,nn/2n]2) considered under
P, 1.6, converges in distribution to (X, W, DX,W), considered under Slice 1 a.

Proof. The joint convergence of the first two coordinates is standard; see e.g. [Bet10,
Corollary 16]. Let us fix € € (0, L), define I = [,, — |ev/2n], so that I5/v2n — L — &,
and set

) = Dowong 2oz and Dy = Dw|jo.n, /20)2 -

By the usual bound (5), for every i, j € [0,7,],

|Doo (i A1, § ATie) — Doo(1,5)] < Doo(t,5 ATie) + Doo(J, J A Tie)
< 4(W(An>7_ln - Tl%) + 1) )
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where w(f;-) denotes the modulus of continuity of f. This implies that

77712;775 + 4w(A(n), (m, — Tlg)/2n) i O(n’l/‘*) .

diste) (Dfn), D?n)) < -

From the joint convergence of the first two coordinates, we have, for every n > 0,

limsup Py, 1,5, (distc<2> (D(En), D?n)) > 17>

n—0o0

< Sliceapa(A—Tp-c +4w(W; A =T ) > 1),

which tends to 0 as ¢ — 0 since T;,_. — T, = A a.s. under Slicey ; A. We next show
that Df,, under Py, 4,5, converges in distribution to D©L=9) under Slices s a, and use
the principle of accompanying laws [Str11, Theorem 9.1.13] to conclude that, jointly with
the convergence of (C,y, An)) to (X, W), the process D?n) converges to the distributional

limit of D(£=9) as ¢ — 0, which is none other than D% due to Corollary 27.

To prove the claimed convergence of D*(gn) to DOL=2) we denote by C(en) and Afn) the
restrictions of C,y and Ay, to [0, 7j: /2n]| and let F' be a nonnegative bounded continuous
function. Using Lemma 36, then Corollary 35 (for the choice of L — ¢ instead of L) and
Lemma 37 gives

Eoapinidn [F(Chuys Ay Diy) ] = B [Cbamlm(sn (2, 15, A(mi2) ) F(Cloys Al Dfn)):|
— Half [papa(Tp o, L —, Wy, )F(XOF9 WwOl-9) pOL-a)]

n—o0

the latter being equal to Slices a[F (X(O’L_a), WL DOL=))] by Lemma 32. O

GHP convergence. We infer from Proposition 38 the GHP convergence of Theorem 12
by a standard method. First, by Skorokhod’s representation theorem, we may assume that
we are working on a probability space on which the convergence of Proposition 38 is almost
sure. We let Sl4 1 A be the continuum slice coded by the limiting process, and Sl,, be the
slice encoded by the forest whose rescaled contour and label processes make up the pair
(Ctn), Amy)- As mentioned before Corollary 35, Sl,, is isometrically embedded in Q, so
that the process D(n)|j0,7,, j2nj2 under Py, ;, 5, projects into the metric of 0, (S1,).

Then, from this almost sure convergence, we easily deduce that the distortion of the
correspondence R,, given by

Rn = {(UL(Qaan)sj,PX,W(AS)) s E [07 1]} (43)

between €,(Sl,) minus its shuttle and Sly ;A tends to 0 as n — oo. Forgetting the
marks and measures, this already gives the desired convergence in the 0-marked Gromov—
Hausdorff topology.

In order to include the marking and measures, we use the technique of enlargement of
correspondences already used in the proof of Lemma 23. Namely, we fix ¢ > 0 and let R,
be the set of points of the form (v,z) in Sl, x Sl4 1 A such that there exists (w,y) € R,
satisfying dgy, (v, w) < (8n/9)"% and D(x,y) < e. As before, the distortion of R is at
most dis(R,,) + 4e. Let us start with the marks.
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Marks. For a function f € C defined over the interval I, we say that s € I is a left-
minimum of f if f(t) > f(s) for every t < s in I, and we call it strict if f(t) > f(s)
for t < s in I. Note that the points of the form v; and px w(s) where i and s are left-
minimums of A, and W respectively belong to the maximal geodesics of Sl,, and Sl 1 A,
and that all points in these sets are in fact of this form, where we can even require the
stronger property that ¢ and s are strict left-minimums.

By the uniform convergence of A,y to W, for every n > 0, the following holds provided
n > ng for some ng : every strict left-minimum of A, is at distance at most 77/2 from some
(not necessarily strict) left-minimum of W, and vice-versa, exchanging the roles of A,
and W. Up to increasing ng, we furthermore assume that |(2a, + 1,,)/2n — A| < n/2 as
soon as n > ng. Choosing 7 small enough so that | D, (s,t) — Dn)(s', )| < € for every n
and [s—s'| <mn, [t—t'| <n, we deduce that the extended correspondence R, is compatible
with the maximal geodesics for n > ny.

The argument is similar for the shuttles. This time, we note that elements of the
shuttle of Sl4 1 A are of the form px w(s) where s is a right-minimum of the function W
(with an obvious definition), while elements of the shuttle of Sl,, are at distance 1 away
from points of the form v; where ¢ is a right-minimum of the function A,,.

The mark corresponding to the base is also treated similarly. Recall from Section 2.3
that vertices of the base are at distance at most B,, = maxj<;<;, |[An(p") — An(p™)| + 1
from some element of the floor {p°, ..., p} of the forest coding the slice. The process of
labels (A, (p"),0 < i < 1,) forms a random walk with shifted geometric(1/2) increments
conditioned to be equal to §,, at time [,, so, under our assumptions, it converges, after
rescaling by v/2n in time and (8n,/9)"/* in space, to a continuous process (which is easily
checked to be the Brownian bridge ¢ = (Wr,,0 < o < L)), so that B, = o(n'/*) a.s.
Therefore, the base of Sl, is at Hausdorff distance o(n'/*) from the floor {p?,0 < i < 1,,}.
In turn, these vertices are exactly those of the form v; where ¢ is a left-minimum of the
contour process C,. Moreover, by definition, the base of Sls ; A consists of the points
px.w(s) where s is a left-minimum of the process X. Therefore, the same argument as
for the maximal geodesic — replacing the processes A,, and W by C,, and X — shows that,
a.s., for every n large enough, the correspondence R: is also compatible with the bases
of Sl,, and of Slg 1 A.

Measures. Finally, let us deal with the convergence of the measures, starting with the
area measure. To this end, note that, for ¢ in [0, 2a,,+1,], the contour process C,, at time ¢
has either a left derivative equal to +1 or to —1. Letting i} = [¢] in the former case and
iy = |t] in the latter case, the image of Leby (24, +1,)/2n) Dy t = vin ~is the counting
measure on the set of all non-floor vertices of the encoding forest, divided by n. Since the
number of floor vertices is O(y/n), the counting measure on all vertices of Sl,, (except on
the shuttle) divided by n is at vanishing Prokhorov distance from the counting measure
on non-floor vertices of the forest, divided by n. Let w, be the image of the Lebesgue
measure on [0, AA((2a,+1,)/2n)] by the mapping ¢ +— (v ,px,w(t)). Then w, is carried
by the correspondence R;, for every n large enough, and its image measures on Sl,, and
Slara by the coordinate projections are at vanishing Prokhorov distances from pug, /n
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and (08 respectively.

For the base measure, we let w/, be the image of the Lebesgue measure on [0, L A
l,/v/2n] by the mapping t (qu” ,Px.w(Tt)). Then w), is carried by R:,, by the above
discussion on the mark corresponding to the base. Moreover, the coordinate projections
of w!, are at vanishing Prokhorov distance, respectively, from the counting measure on
{p°,...,p"} divided by v/2n, and v(®%). We now observe that, in turn, the counting
measure on {p, ..., p'»} divided by v/2n, is at vanishing Prokhorov distance from the
renormalized counting measure (with multiplicities) v, /v/8n of the base. To justify this,
observe from Section 2.3 and the definition of the interval CVS bijection that the sequence
Ay (wo), - .., Ap(we,1s,) of labels of the vertices wy, ..., wy, s, of the base, taken in
contour order, forms a simple random walk starting with a —1 step, and conditioned on
hitting 0,, at time 2[,, + J,,. Moreover, if we write the set {; € {0,...,2l, + 0, — 1} :
Ap(wjs1) — Ap(w;) = —1} of down steps of this walk as {Jjo, j1,...,ji,—1} with 0 = jp <
g1 < jo < -++ < ji._1, then the i-th root p' is equal to wj, for 0 <7 < l,. Now consider a
uniform random variable U in [0,1). Then wy, , is a uniformly chosen forest root, while
W (21,+5,)U| 18 a vertex of the base chosen with probability proportional to its multiplicity
(and excluding p™ in both cases). Moreover, a standard large deviation estimate entails
that maxo<x<i, |7x — 2k| = O(logn) in probability. In turn, this easily implies that
ds, (W), 0> W@n+s,v]) = O(logn) in probability, showing that the uniform measure on
the I, ~ Lv/2n elements of {p°, ..., p' '} is at vanishing Prokhorov distance from the law
of the vertex incident to a corner uniformly chosen among the 2l,, + &, ~ L+/8n corners
incident to the base.

Conclusion. By Lemma 17, we finally obtain that

lim sup A5 (Q2(SL), Slaz.a) <e.

n—oo

Since € > 0 was arbitrary, this concludes the proof of Theorem 12.

6 Convergence of quadrilaterals with geodesic sides

The general method to prove Theorem 14 is the same as for slices. We start by seeing a
discrete quadrilateral as part of a discrete map that is known to converge to a Brownian
surface, which in this case is the Brownian plane rather than the Brownian half-plane.
However, the lack of an analog of Corollary 27, namely that quadrilaterals are only locally
isometrically embedded in the Brownian plane, makes matters considerably more delicate.
For this reason, we adapt the strategy we used in [BM17, Section 4] when treating the
case of noncomposite slices. Beware that, in this section, part of the notation we will be
using is slightly conflicting with that of Section 5: in particular, the random times 7, will
be re-defined.
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6.1 Quadrilaterals coded by two functions

In contrast with slices, which were coded by a pair of functions defined on a common
interval I, a quadrilateral will be coded by a pair of functions defined on a common union
of two intervals I_ U I, each interval accounting for one “half” of the quadrilateral. This
leads to similar but slightly more intricate definitions. We start with the most convenient
setting, asking that sup/_ =inf I, = 0.

Recall the notation of Section 5.1.1. We adapt Section 5.1.2 to quadrilaterals instead
of slices as follows. We now say that a pair (f,g) € C? of functions with common closed
interval of definition I is a quadrilateral trajectory if they satisfy (26) and the following:

o the interval I contains 0 in its interior and is either bounded or equal to the whole
real line R, and, letting I, = INR, and I_ =TNR_,

o we have inf; f =inf; f, and,

o if I =R, then inf;>¢ f(t) = infi<o f(t) = infy> g(t) = infi< g(t) = —0c0.

We may observe that (f 10, 9|r ) is a slice trajectory, a fact that will not be used here.
For a quadrilateral trajectory (f,g), we set

~ d,(s,t) fi tel tel_
dg(s,t):{g(57 ) for s,tel;ors,te | (44)
00 for st <0
and R R
Dyg =dg/{d; = 0}. (45)

Note that Eg is the disjoint union pseudometric of the two R-tree pseudometrics d
and d
induced by D f.g> still denoted by the same symbol. We call the metric space

Qdsg = (Mygy,Dyy)

9|1y

o Let (]\/Zf,g, Efyg) be the quotient space I/{lA)f,g = 0} equipped with the metric

the quadrilateral coded by (f,g).

We extend the above constructions to unions of two closed intervals [ = I_ U, where
I C R_and I, C Ry, as follows. First, a pair of functions (f,g) defined on [ is a
quadrilateral trajectory if the pair (f’,¢’') defined by

£t = f(t+infl,) forte I, —infl,
f(t+supl_) fortel_ —supl_ ’

and similarly for ¢/, is a quadrilateral trajectory as defined above. Note that the continuity
hypothesis on f’ implies in particular that f(sup/_) = f(inf I, ), and similarly for g. We
then define the quadrilateral coded by (f,g) using the exact same definitions as above.
Note that the mapping t +— (t —inf I )1;cs, + (¢t —sup /_)1,c;_ induces an isometry from
(Mg, Dyg) onto (Mg, Dy gr).

From now on, we work in this extended framework and consider a fixed quadrilateral
trajectory (f,g).
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Geodesic sides and area measure. For every t € I\ {0}, welet [, =1_if t <0 or
Iy =1,itt >0, and set
i(r) =inf{s >t :g(s) = g(t) —r} for r € R such that £r>1£ g(s) <g(t) —r;
s€l;
Ei(r) =sup{s <t:g(s)=g(t)—r}  forr € R, such that 1512 g(s) < g(t)—r.
s€l;
If 0 € I, we also define I'y and =y with the same definition, using Iy = I in the definition
of Iy, while using Iy = I_ in the definition of =;. Observe that, in contrast with the
definition for slices, the infimum of ¢ is now taken on a subset of I;. In particular, this
implies that the ranges of I';, Z; are included in /;. From the same discussion as the one
around (27), we see that I';, Z; are geodesics for the pseudometrics d and D fg- In the
case where sup I, = oo, then, for every ¢ € I, the range of the path Ft is a geodesic ray,

and, in the case where inf /. = —o0, then the same goes for =; for every t € I_. This
allows to define geodesic paths in Qdy, by the formulas
Vt(r) - ﬁf,g(rt(r» ) 0 S r S g(t> - (t,sup It)ﬂ re R,

(inf]t,t), r e R,

g
&i(r) =Drg(Ee(r)), 0<r<gt)—yg

where psg: [ — ]/\Zﬁg is the canonical projection and, as above, if 0 € I, Iy = I in the
definition of 79 and Iy = I_ in that of &. Note that the geodesics v;, & share a common
initial part.

The quadrilateral Qdy, comes with four or two geodesic sides, defined as follows. If I
is bounded, the particular geodesics v = vinrr, and y = 7iuer_ are called the mazimal
geodesics of Qd;,, while & = &upr, and € = &upr are called the shuttles of Qds,. In
this case, v, & (resp. 7, ) have a common endpoint z, = Py 4(s.) (resp. Z. = Py ,4(5.))
where s, € I, is such that g(s) = inf;, g (resp. 5, € I_ is such that ¢(5,) = inf;_g).
The points ., Z, are called the apexes of Qdy . If I is unbounded, then Qd;, has one
mazximal geodesic ¥ = ~yine ., and one shuttle €= Esup1_; We set (oo = Voo = .

Finally, the area measure is defined as u = (py,).Leby.

Gluing quadrilaterals. For x € R, we let

T,=inf{t e I, : f(t) = -z} € R U{+o0},
T,=sup{t € I_: f(t) = —z} € R_U{—o0},

as well as Too = —T» = o0o. Note that, here again, there is a slight difference with
the definition of Section 5 since, now, R_ and R, play different roles. Recall that
inf; f=inf; f=inf; f,andlet H, H € R U{oo} besuchthat 0 < H < H' < —inf; f.
We may define the restrictions f(H ") - gUH) of f and ¢ to the union of intervals
T — [Ty, Ty U [Ty, Ty), which is a subset of I. The pair () gHHDY is another
quadrilateral trajectory. The associated quadrilateral is defined as

QAU = (MU, DU = Qd pnr) goarawy -
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We let pUHH") - JHHY MHH" be the canonical projection, ") be the area measure
of Qd(H’H,), and, whenever they exist, v(H) | 5(FH) be the maximal geodesics, &HH),
€UHH) he the shuttles.

We refer to Figure 15 for an illustration of the following proposition in the upcoming
context of random quadrilaterals in the Brownian plane.

Proposition 39. Let 0 < H < H' < H" < —inf; f be in the extended positive real line.
Then

Qd(Hﬂ”) — G(G(Qd(H’H/), Qd(H/’H”); £(H,H/)7V(H’,H”));f—y(H:H’)7E(HCH”)) ’ (46)
and it holds that
’Y(H’Hﬁ) — fy(H,H’) U (’V(H,’HN) \f(H,H’)) 7
gUELH) — ¢(HLHY) | (f(H,H’) \’Y(H/’H”))
S(HH") _ ~(H\H") | (7(H,H’) \E(H’,H”))

v =7 g
g(HvH”) f— g(H7H/) U (g(HlvHH) \W(Hle)) .

Y

Y

Observe that, after the first gluing operation is performed, the marks 4 and € remain
geodesic, as observed in Section 3.3. Note also that the order of the gluings in (46) is not
important, due to (12).

Proof. The proof is similar to that of Proposition 26, and we only sketch the argument.
Again, we view IH:H") ag a disjoint union I L THH) (denoting elements of these
sets with superscripts 0, 1 respectively) where the extremities 7%, T4, and TS, T4, are
identified. We then observe that the pseudometric 89 can be viewed as a quotient d/Ry,
where d is the disjoint union metric on IUHH) 1 JHH") whose restriction to each interval
composing this set equals the restriction of d, to that interval, and R; is the coarsest
equivalence relation containing

{(Er,, ()", T1, (1)'), 0 <7 < g(T) — g(Tat, Tar) V g(Trr, Tiar) §
and { (Tr,, (1), Z5,, (1)), 0 < 7 < 9(Tu) = 9(Tia. TV 9(Toa, T}
Moreover, the equivalence relation {d; = 0} factorizes in the sense that, if d¢(s,t) = 0
with s, t € IHH") then it must hold that s, ¢ belong either both to I#:#") or both to

THSHY) - Therefore, setting R, as the equivalence relation on I 1y THH") defined by
s' Ry t7 if and only if ds(s,t) =0 and i = j € {0, 1}, we obtain

DU = (d/Ry)/ Ry = (d/Ry)/ Ry .

We now recognize that d/Rj is the pseudometric of the disjoint union of (I DUHH")

and (IHH") DH'H") while Ry can be seen as the coarsest equivalence relation obtained
by first gluing £H) with "#") "and then 3 with ¢HH"), O
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Due to the fact that the second gluing operation in Proposition 39 involves two
geodesics belonging to the same space, there is no direct analog of Corollary 27. However,
we have the following alternative, which is an immediate consequence of Lemma 21 and
a crude estimate of the length of the path £ H"),

Proposition 40. Under the same assumptions as in Proposition 39, it holds that for
every s, t € JTULH")

DU (s,1) < DU (s,8) < DU (s,1) + (g 1HH).

Finally, we observe that the metric space (M;4, Dy,,) obtained by metric gluing of the
pseudometric d, along the relation {d; = 0}, rather than using d, as in the definition
of Qdy 4, is related to the latter by a final gluing operation. The proof is analog to that of

Proposition 39, noting that d, is the gluing of Eg along the coarsest equivalence relation
containing {(To(r), Zo(r)),r > 0}.

Lemma 41. One has (Mf,g, Df,g) = G(Qdf,g;%g).

6.2 Random continuum quadrilaterals

Let us now describe the limiting continuum quadrilaterals that appear in Theorem 14, by
suitably randomizing the quadrilateral trajectory (f,g). We let (X, W) be the canonical
process defined on quadrilateral trajectories. We introduce, for any process Y defined on
an interval containing 0, the piece of notation Y, =Y (0 At,0V t).

Let us fix A, A, H € (0,00) and A € R. We let Quad, ; ;o be the probability
distribution under which

e (X;,0 <t < A)and (X_;,0 <t < A) are independent first-passage bridges of
standard Brownian motion from 0 to —H, with durations A and A;

o conditionally given X, the process W has same law as (Z; + (_x,, —~A <t <A,
where Z is the random snake driven by X — X, and ( is a standard Brownian bridge
of duration H and terminal value A, independent of X and Z.

In this way, the probability distribution Quad, z y A is carried by quadrilateral tra-
jectories on the interval [~A, A]. We remark that, in fact, we can view W more directly
as the random snake driven by X, conditioned on the event {W, = A}, a fact that we
leave to the interested reader.

Definition 42. The quadrilateral with half-areas A, A, width H and tilt A, generi-
cally denote by Qda 4 g A, is the 6-marked 1-measured metric space Qdx y under the law
Quad, 5 4 A, endowed with its area measure pi, as well as the marking

anA,A,H,A = (fy? 57 v é) )

where vy, 7 are geodesic marks as usual, while £, & are seen as (nonoriented) geodesic
segments, that is, given without their origins.
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As for slices, the piece of notation dQd4 4 A comes from the result of Lemma 25: the
boundary of the topological disk Qd4 4 5 A is the union of 7, &, 7, &, which intersect only

at the points 7(0) = £(0) = By, (0), 2+, 7(0) = £(0) = Prg(A) = Br4(—A), and ..

6.3 The Brownian plane, and its embedded quadrilaterals

Similarly to the fact that (free) slices can be found in the Brownian half-plane, one can
obtain quadrilaterals from the Brownian plane, as we now explain. We let Plane be the
probability distribution on C? under which

« the process X is a two-sided standard Brownian motion'?, and
e the process W is the random snake driven by X.
The measure Plane is carried by quadrilateral trajectories defined over R.

Definition 43. The Brownian plane, generically denoted by BP, is the metric space
(Mx.w,Dxw) defined by (25), considered under Plane. Letting p : R — BP be the
canonical projection, it is endowed with the area measure j = p.Lebg.

In this definition, beware that the metric is indeed defined by (25) rather than (45),

~

which would produce the metric space Qdx 1 = Qd(®>) = (]\/;[X,W, Dx w). Observe that,
by Lemma 41, )

see Figure 15 below for an illustration. Alternatively, the space Qd®> can be seen as
cutting the Brownian plane along the geodesic ray 79 = &; we do not go into further
details as we will not explicitly need this property.

Note also that, despite the similarity between this definition and that of the Brownian
half-plane, there is no marking now because, as its name suggests, the Brownian plane is
homeomorphic to R? and therefore has an empty boundary as a topological surface.

One should finally mind that this definition is different from the original one given
in [CLG14], which will be recalled in Appendix A; in a nutshell, one goes from a definition
to the other by changing X into the process obtained by taking its Pitman transform both
on R, and on R_.

Free quadrilaterals. Similarly to the discussion of Section 5.3, the Brownian plane sat-
isfies a Markov property which can be interpreted as a “flow” of continuum quadrilaterals.
Fixing 0 < H < H' < 0o, and denoting by

Ot € [Ty — Ty, T — Ty = (t+ Th)lico + (t+ Th) >0,

we see that the process (XHH) o 9y + H WHHA) o 9y — Wy, ) is independent of
(X OH) W OH)) (X (H+o0) 17 (H'+09)) “and has same distribution as (X '~ W (H =),

13This means that (X;,t > 0) and (X_¢, ¢ > 0) are independent standard Brownian motions.
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This can be proved by excursion theory of (X, W) separately in positive and negative
times; we omit the details, which are similar to those presented in Section 5.3.

Under Plane, the process (X)) is a two-sided Brownian motion killed at its first
hitting times Ty, Ty of —H respectively in positive and negative times, while the process
(W}S’H), 0<zx<H ) is a standard Brownian motion killed at time H. This implies that
the law of (X @) W(OH)) under Plane equals

qu(A)qy(A)dAdA / pu(A)dAQuady, ;44

R

FQuad, = /

(0,00)2

where the densities p;, ¢, are defined after (30). A random metric space with same
law as Qd®) under FQuad g will be referred to as a free (continuum) quadrilateral of
width H. From these considerations and Proposition 39, we obtain the following result.

Proposition 44. Let 0 < H < H' < H” < 0o. Then, under Plane, it holds that
Qd(H’HN) - G(G(Qd(H’Hl), Qd(H’vH"); 5(H,H’)) ,y(H’,H”));,—y(H,H’)’ E(HCH")) ’

where the glued spaces Qd(H’H/) and Qd(H/’H“) are independent. Moreover, Qd(H’H/) s a
free continuum quadrilateral of width H' — H.

5(H7H’)

QdUHH) g H)

Figure 15: Seeing free quadrilaterals in the Brownian plane. The union of the dark yellow
regions forms QdYTH") . The dotted brown line is {p(Th) : h > 0}. Note how BP itself is
obtained by gluing Qd (0 along the geodesics 49 and £9°°) | resulting in the geodesic vy = &o.
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We refer to Figure 15 for an illustration, which suggests, as is proved in the following
proposition, that quadrilaterals are topological disks bounded by their geodesic sides. In
contrast with our treatment of slices, a difficulty arises from the fact that the quadri-
laterals Q") are not isometrically embedded in BP, and, in general, not even locally
isometrically embedded (think of a point of BP lying on the geodesic ).

Proposition 45. For every H € (0,00), almost surely under FQuady, the quadrilateral
Qd(o’{l) is a topological disk with boundary given by the geodesics AOH) - ¢(OH) = 7(0.H)
and €O which pairwise meet only at the points v(0) = £(0), £(0) = 5(0), and the
apezes 200 and (0.

*

In order to prove this proposition and for later use, it will be important to characterize
the set {Dxw = 0}.

Lemma 46. The following holds almost surely under Plane. For every s, t € R such
that s # t, it holds that Dx w(s,t) = 0 if and only if either dx(s,t) =0 or dw(s,t) =0,
these two cases being mutually exclusive.

Proof. By [CLG14, Proposition 11], it holds that Dx w(s,t) = 0 implies that dx(s,t) =0
or dy(s,t) = 0. The fact that these two properties are mutually exclusive is a consequence
of the fact from Lemma 2.2 in [LGO7] that almost surely, if s is a point such that X, > X
for every u € [s,s + €] for some ¢ > 0, then it must hold that infy s s45) Wo < Wi for
every d € (0,¢). In fact, [LGO7, Lemma 2.2] is proved when the process X is distributed
as a standard Brownian excursion, and W as a random snake Z driven by this excursion.
However, being a local property of the processes at hand, it extends easily to our setting
by an absolute continuity argument. Details are left to the reader. O]

To the terminology of Section 5.1.1, we add the piece of notation [a, b[; = [a, b];\ {0}
for a, b € T;. The important consequence of this lemma for our purposes is the following.
Almost surely, if a, b € Tx and ¢, d € Ty, then the paths 7x([a, b] x) and mw ([c, d]w) are
simple paths. Furthermore, 7x([a, b]y) may intersect my ([c, d[,;,) only if mx (a) = 7w (c),
in which case these paths intersect at this point only. In particular, if we denote the
geodesic ray px({s >t : Xy = X(t,s)}) of Tx by [px(t),00[y, then mx([px(t),o0[y)
is a simple path in BP. For instance, in Figure 15, we represented the simple path
Tx([px(0),00[y) with a dotted brown line.

Proof of Proposition /5. Let us depart slightly from the setting of the statement and fix
for now two numbers 0 < H < H' < o0.

Claim. We assume that the geodesics YY) and EHH) do not intersect vy in BP. Then
the following holds.

(i) The geodesics yH) - ¢ULH") 5 (HH') - ¢(HH') intersect only at the points g (FH)
FULH) () = UL (0), 2D gnd A (0) = XL (0) in this cyclic order, and
their union forms a Jordan curve C'.

(ii) The set p(ITH)) C BP is the closure of the bounded connected component of BP\C.
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Indeed, note that px(Ty) and px(Tx) are two distinct points of [px(0), co[y, so that
their images by mx are distinct in BP. Then the paths 4#) and ¢#H") are the images
by T of the two geodesic paths [pw (T ), a (WA and [pw (Tar), ax(WHEHN ]y,
in Ty, which by definition meet only at a, (W' )), and their union is the geodesic
Ipw (Tw), pw (Th)]w in Tw, which is thus projected via my to a simple path in BP.
Therefore, v™H) and ¢HH) meet only at xH) = 1y (a,(WHHD)). The same rea-
soning shows that ¥y H) and £HH) intersect only at (") and gives that the points
2 HD) and zUH) are distinct points (because they are distinct points in Tyy lying inside
two geodesms).

Next, if the path v##") does not intersect 7o = mw ([pw(0), 0o[};), then necessarily

the path [pw (Tw), a. (W) ]y must be disjoint from [pw (0), 0o}y, which means that
W(Ty, Tr) > W(0,Ty)  and  W(Tpr, Tyy) > W(Ty,0).

This implies that [[pW(TH/),a*(W(H’H/))[[W is also disjoint from [pw(0), co[y;,, and by
projecting by my, that € is disjoint from ~o. A similar argument applies to 7¥7H") and
U - Therefore, under the conditions of the claim, the paths [pyw (Ts), a.(WEHN ]y
and [pw(Tw), a*(W( N]w are disjoint paths in Ty, and their projections v and
EHH) via my intersect, if at all, only at their extremities. It is indeed the case that
p(Ty) = p(Ty), while, as we already saw, 2" =£ zULH) | This proves (7).

The argument for (77) is similar to that in the proof of Lemma 31, where the role of
the base is now played by the infinite path 7x([px(0), 00[y) = {p(7%) : h > 0}. For any
t e R, we let

Y(ry=inf{s>t: X, =X; —r} for 0<r<X,— Xy,

where we recall that X; = X(0A¢,0V t). The range of px o X is the geodesic path
Ipx(t),px(T_x,)]x in Tx and its image by mx defines a path o, = p o 3, from p(t)
to p(T_x,). Moreover, by Lemma 46, the paths o,, t € R, do not intersect any of the
geodesics 7,5, s € R, except possibly at their starting points. There are now the following
possibilities.

o If t € I'M:H) then o, ends on the path (p(7}), H < h < H'). This means that,
if p(t) does not belong to the four geodesics v ¢ULH")  FUHLHY) C(HH) then we
may connect it to, say, the point p(T{s4rry/2) of the bounded set QdH) | without
crossing the four mentioned geodesics.

o Ift ¢ IULH)  we distinguish two cases.

— If t ¢ [Ty, Twy], then o, ends on the unbounded path {p(7}) : h > H}.
— If t € (T, Ty), then o, ends on {p(T}) : 0 < h < H}.

If p(t) does not belong to the four geodesics of interest, then it may be joined
without crossing the four geodesics either to the unbounded path {p(7}) : h > H}
or to the unbounded path {p(7},) : 0 < h < H} U "o, by the assumption that
does not intersect the four geodesics.
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This completes the proof of the claim.

Now fix H > 0, and consider another positive number Hy to be thought of as large.
Since we know that Qd(HO’H°+H) under Plane has same distribution as Qd(O’H), we may
work with the former space rather than with the latter. For every € > 0 it holds
that there exists some H, large enough such that with probability at least 1 — e, the
geodesics y(HoHotH) and ¢(HoHotH) qo not intersect 7y. Indeed, this happens whenever
W(Tuy, Thy+n) > W(0,Ty,) or, equivalently,

WTHD - w<0, THO) > VVTH0 - W(THO7 THo-l-H) ) (48>

and similarly in negative times. The two sides of (48) are independent by the Markov
property stated above; the right-hand side has a distribution that depends only on H,
while the left-hand side, which has same distribution as —W (0,Ty,) by a simple time-
reversal argument, converges to oo in probability as Hy — oo.

By the claim, we obtain that on an event happening with probability at least 1 — ¢,
the set p(I(Ho-Ho+H)) is the closure of the connected component of the complement in BP
of the paths

,y(H(),H[)JFH)’ é-(H(),Ho-‘rH)’ /V(HO7HO+H)7 E(HU,H(H-H) ’

which all together form a Jordan curve. On this event, the identity mapping on I#o:
induces, by precomposition with the projection mappings p and pHo-Ho+H) 5 bijective
mapping ¢ from the compact space QdUHoHoHH) o p([(Ho.HotH)) which is 1-Lipschitz
since Dxw < D(Ho,Ho+H) by Lemma 21, (47) and Proposition 44. This shows that ¢ is
a homeomorphism, and therefore, with probability at least 1 — , the space QdHo-Ho+H)
has the properties claimed in the statement. Using the fact that QdHo-Ho+H) hag same
distribution as Qd(o’H ) and that £ was arbitrary, we conclude. ]

Ho+H)

The continuum quadrilaterals of the preceding section can be linked to the free quadri-
laterals embedded in the Brownian plane by an absolute continuity argument, whose proof
is similar to that of Lemma 32 and is omitted.

Lemma 47. Fizr 0 < K < H, as well as A > 0, A > 0, and A € R. Then, for
every nonnegative function G that is measurable with respect to the o-algebra generated
by (XK WOK)) “one has

Quad, ; 5 A[G] = Plane (¢4 5 y ATk, =Tk, K, Wr, ) - G] ,

where

7! ! / QH,H/(A—A,) QHfH’(A—A,) pH,H/(A—A,)
(AL A H LAY = :
,QDA,A,H,A( ) QH(A) qH(A) pH(A)

This allows to obtain, as stated in Lemma 25, the topology of quadrilaterals.
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Proof of Lemma 25 for quadrilaterals. The proof is similar to that for slices. We use the
fact that the Brownian plane is topologically a plane [CLG14, Proposition 13], as well
as [CLG14, Proposition 4] to obtain that it is locally of Hausdorff dimension 4 from
the analog result about the Brownian sphere [LG06]. We deduce from there the desired
properties for a free quadrilateral. To extend this result to quadrilaterals Qd4 i g A, which
we view as Qd®?) under the law Quad AAHA, We use the fact from Proposition 39 that
it can be seen as the gluing of Qd®#/? and Qd#/%#) along the boundaries £€©#/2) and
~H/2H) on the one hand, and 7*H/2) and £H/2H) on the other hand. By the absolute
continuity relation stated in Lemma 47, we see that the law of Qd®#/? is absolutely
continuous with respect to that of a free quadrilateral with width H/2, and the same is
true for QdH/%H) Using Proposition 45, we obtain that Qd®#) is obtained by gluing two
topological disks, both locally of Hausdorff dimension 4, along part of their boundaries,
which allows to conclude. O

6.4 The uniform infinite planar quadrangulation

The UIPQ is the whole plane pendant of the UIHPQ defined in Section 5.4. It is simpler
to describe and was introduced earlier [CD06, Kri05, CMM13]. Let (T*, k € Z) be a two-
sided sequence of independent Bienaymé-Galton—Watson trees with a geometric offspring
distribution of parameter 1/2. We construct an infinite tree T, embedded in the plane
by mapping the roots of T* and of T~* to the point p* = (k,0) for every k > 0, in such
a way that, except for these roots, the trees T*, k > 0 are embedded in the open upper
half-plane and the trees T*, k < 0 are embedded in the open lower half-plane, without
intersection. Lastly, we link the roots p*, p**! with a horizontal segment for every k& > 0.

Conditionally on T, we assign to the edges random numbers, independent and uni-
formly distributed in {—1,0,1}, and let Ay : V(Tw) — Z be the labeling function whose
increments along the edges are given by these numbers. Note that this uniquely de-
fines Ao, up to the usual addition of a constant. We call (Tw,, As) the infinite random
well-labeled tree. We then let (¢;,i € Z) be the sequence of corners of T, in contour order,
with origin the corner ¢y corresponding to the root of T°. The uniform infinite planar
quadrangulation (UIP() for short) is then the infinite map (), obtained by applying the
CVS construction to (T, Ax), that is, by linking every corner to its successor as defined
in Section 2.1, and removing all edges of the tree afterward. The root of Q) is defined
as the corner preceding the arc from ¢y to its successor. As with the UTHPQ, there is no
need to add an extra vertex with a corner c.

Similarly as before, we denote by v; the vertex of T, incident to ¢; and by Y (i) € Z
the index of the tree to which v; belongs. We then define the contour and label processes
on R by

C(’l) = dTT(i) (v’upl’r(l)‘) - |T(2)‘ and A(Z) = )\OO(U’L) - >‘OO(UO) ) (&S Za

and by linear interpolation between integer values; see Figure 16. Observe that, in contrast
with the definition of Section 5.4 for an infinite forest, there is an absolute value in the
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definition of C'. In fact, changing the — into a 4+ amounts to taking the so-called Pitman
transform, which is a one-to-one mapping, so this is just a matter of convention. We will
come back to this in Appendix A. We can easily check that C' is distributed as a two-sided
random walk conditioned'* on C(—1) = —1.

Figure 16: Contour and label processes associated with (Too,Aso). The infinite dashed line
is the so-called spine of the tree. The tree TO and the corresponding encoding processes are
highlighted. Similarly as on Figure 14, one might see the contour process as recording the height
of a particle moving at speed one around the infinite tree obtained by now letting p* be located
at (0, —k) with TF grafted on its right and T=F on its left (both upright), for k > 0; see the left
of Figure 18 for an illustration.

As before, we extend C' and A to functions on R by linear interpolation between integer
values. For k£ > 0, we set

Fr=max{i<0:C@{)=-k} and 7=min{i>0:C(i)=—k}.

Note that, for a fixed & > 0, the process (k+ C(s+ 7%),0 < s < 7441 — 7¢) is the contour
process of T%, while, for k > 1, (k+ C(s+ 741+ 1),0 < s < 7 — Tpy1 — 1) is the contour
process of T~* without the last descending step. Therefore, in this notation, the forest
composed of the k leftmost trees in the upper half-plane is coded by the interval [0, 73],
while the forest composed of the k leftmost trees in the lower half-plane is coded by the
interval [T11 + 1,0]. This slightly annoying shift will appear later on, in particular in the
statement of Lemma 56.

Remark 48. As with the UIHPQ, the above definition gives a slight variant of the usual
UIPQ, which is similarly defined by adding a further tree rooted at p° embedded in the
lower half-plane, or equivalently, by removing the conditioning by {C(—1) = —1}. This
bias is similar to the one we had for the UIHPQ. Here again, the reason for using this
definition is that it will give the natural semigroup property for the discrete quadrilaterals.

We set
DOO<Z,j) = ono (’Ui, Uj) y ’l,j S Z, (49)

14See Remark 48 for the explanation of this conditioning.
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and extend it to a function on R? by bilinear interpolation between integer values, as
in (33). We define the renormalized versions C(), Ay, Dy of C, A, Dy, by (34). The
following proposition builds on the convergence obtained in [CLG14] of the UIPQ to
the Brownian plane. As was the case for the UITHPQ), it does not appear in this exact
form in [CLG14] and calls for a proof, which is postponed to Appendix A. Recall from
Section 6.3 the definition of the distribution Plane.

Proposition 49. The following convergence in distribution holds on C x C x C?):

(@
(Cnys Ay, Diny) = (X, W, Dxw)

n—o0

where the limiting triple is understood under Plane.

6.5 Discrete quadrilaterals in the UIPQ

We proceed as in the last paragraph of Section 5.4. But, here, the lack of an analog of
Corollary 27 makes matter substantially more intricate. We consider a sequence (h,,) € NY
such that

h
. 5 H>0.

\/2n n—oo

For each n, we let F}, be the random forest consisting of the h,, trees TY, T, ..., Th»=1,
and p", as well as I, be the random forest consisting of the h,, trees T~/n T=hatl
T~ and p°. The pair (F,, F},) is a double forest in the terminology of Section 2.4 and the
map F, U F, is well labeled by the restriction of Ao,. We denote by @,, the corresponding
quadrilateral and by v,, v, its apexes; similarly to the previous section, we see it as part
of the UIPQ Q.

For each 7 € Z, the vertex v; of T incident to ¢; can still be seen as a vertex of @),
when 7, 1+ 1 <1< 75,. We set

~

Dn(®7]) :dQn(Uiavj)a 7_—hn+1+1 SZ?] SThn?

extend it to a function on [7y,, 11 + 1, 75, )% by bilinear interpolation between integer values
as in (33), and define its renormalized version

D, (2ns, 2nt) Tho+1+ 1 < st < T (50)

D(n)(5>t): (8%/9)1/4 ) o =85S o0

This section is devoted to the proof of the following result, which essentially amounts to
stating that, jointly with the convergence of €2,,(Q ) to the Brownian plane, the properly
rescaled quadrilateral Q,(Q,,) converges to Qd®H).

Theorem 50. The following convergence in distribution holds in C x C x C? x C?:

(C(")’A(”)’D(”)’ﬁ(”)) — (X, W, DX,W,ZA?(O’H)) ;

n—oo

where the limiting quadruple is understood under Plane.
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The first step in the proof is the following tightness statement.

Lemma 51. From every increasing sequence of integers, one may extract a subsequence
along which the following convergence holds in C®, jointly with the convergence of Propo-
sition 49:

D % D, (51)
n—oo

where D is a random pseudometric on [Ty, Ty).

Proof. The classical tightness argument from [LGO7, Proposition 3.2] implies that the
laws of ﬁ(n), n > 1, are tight in c@, Together with Proposition 49, this yields the tight-
ness of the laws of the sequence of the quadruples (C(y), Ay, D(n), ZAD(H)), and therefore, by
Prokhorov’s theorem, their joint convergence in distribution, at least along some subse-
quence, to a limiting process (X, W, Dx w, D), where the law of the first three components
is determined by Proposition 49. Since ZA)(n) is a pseudometric on [(74,+1+1)/2n, 7, /2n),
and because of the convergence of C,) to X implying the joint convergence of the bounds
of this interval to Ty, Ty, it is straightforward to check that all subsequential limits of
these laws are carried by functions that are pseudometrics on the interval [Ty, Ty]. O

From now on, we fix a subsequence along which (51) holds, and only consider for the
time being values of n that belong to this particular subsequence. By the Skorokhod
representation theorem, we may and will assume that this convergence furthermore holds
almost surely. B B

We define Qd as the set [Ty, Ty]/{D = 0}, endowed with the metric D. Beware that
it is not clear at all that de = Qd*H ), and this is precisely what we want to prove. More
precisely, we aim at showing that, almost surely, for every s, t € [Ty, Ty, it holds that
D(s,t) = ﬁ(O’H)(s, t), which will entail Theorem 50.

Since the real number H is fixed once and for all, we will use in the remainder of this
section the shorthand pieces of notation

~ ~

D = D) as well as D = Dxw.

We let p: R — BP and p : [Ty, Ty] — QH be the canonical projections, which are

continuous since D and D are continuous functions. Note that, clearly, for every n, it
holds that Dy, < D,, on |7, 11 + 1,74,]%, so that D < D on [Ty, Ty|. As a result, there
exists a unique continuous (even 1-Lipschitz) projection 7 : Qd — p([Ty, Ty)) such that
p=mopon [Ty, Tyl

The inequality D < D follows from the usual following arguments. First we come back
to discrete maps and observe that, for integers i, j € [T, 41 + 1, 7, ], we have d¢(4,7) = 0
if and only if v; and v; are the same vertex of F,, U F,,, which implies that lA)n(z, j)=0.
Next, by considering the so-called maximal wedge path consisting of the concatenation of
the two geodesics from ¢; and from ¢; obtained by following subsequent successors up to
the point where they coalesce, we obtain the classical upper bound similar to (5):

~

Du(i,j) < dn(i.j)+2,  i,j € [Tnsr +1,m,] with ij > 0. (52)
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Passing to the limit yields that {dy = 0} € {D = 0} and that D < dyy, which imply the
inequality D < D. The converse inequality is harder and is the focus of what follows.

Let us start with some key properties of the pseudometrics D, D, and D. The following
lemma is proved in the exact same way as [BM17, Lemma 14].

Lemma 52. The spaces de and QdO) gre compact geodesic metric spaces.
We will need the following identification of the set {D = 0}, analog to Lemma 46.

Lemma 53. The following holds almost surely. For every s, t € [Ty, Ty] with s # t, it
holds that D(s,t) = 0 if and only if either dx(s,t) = 0 or dw(s,t) = 0, these two cases
being mutually exclusive.

Proof. It follows very similar lines to that of Proposition 3.1 in [LG13], and we will only
sketch the main arguments. The fact that dx(s,¢) =0 or dW(s t) = 0 implies D(s,t) = 0
is immediate from the inequality D < D. Conversely, assume that D(s t) = 0 for some
s # t in [Ty, Ty]. Then, in particular, since D < D, it holds that D(s,t) = 0, so that
either dy (s,t) = 0 or dx(s,t) = 0, and these two cases are exclusive. If we are in the case
that s, t are of the same sign and that dy (s,t) = 0, this trivially implies dW(s t) =0, as
wanted. And since dy > dyy, it cannot hold that dW(s t) = dx(s,t) = 0 at the same time.
Hence, the proof will be complete if we can show that the situation where dyy (s,t) = 0
necessarily implies that s and ¢ are of the same sign.

For this, we argue by contradiction, assuming that ¢ < 0 < s and dy(s,t) = 0.
Note that this implies in particular that s, ¢ lie on some point of the geodesics I’y
and Zy, respectively, meaning that W, = inf,cj0q W, and W; = inf,cy o W, Then,
by the convergence of A, to W, there exist i, € [0,75,] and j, € [Th,11 + 1,0] such
that i,/2n — s and j,/2n — t, with the property that A, (i,) = mingcp,,] An(k) and
A (jn) = mingep;, o) An(k). This means that v;, lies on the maximal geodesic v, of @y,
and vj, lies at distance 1 from the shuttle &, of Q.

Now any geodesic path in @), from v;, to v;, will necessarily intersect the spine of the
tree Ty, at some tree root p'» with 0 <, < h,,. Let k, € [Ts, 41 + 1,74,] be an integer
such that v, = p'». In terms of the contour process C,,, this means that C,(k,) < C,(I)
for every [ € [0Ak,, 0V k,]. Up to extracting along a further subsequence, we may assume
that k,/2n — u € [Ty, Ty] as n — oo, and we observe that u must be such that X, < X;
for every t € [0 Au,0V u], and in particular, we observe that dx (u, Tg:) = dx (u, Tg) = 0
where H' = —X,,. We may exclude the case where H' = 0 by noting that, necessarily,
Ws=W, =W, <0.

On the other hand, since vy, lies on a geodesm path from v;_ to ) Vs which has length
o(n'/*) because of our assumption that D(s,t) = 0, it holds that D(s,u) = D(u,t) = 0.
We arrive at the wanted contradiction since we have found four points s # t, T # Tr
that are all identified by D but such that dy(s,t) = 0 and dx (T, Tx) = 0. O

As D §~ZA) < dy and {dx =0} C {D = 0}, Lemma 53 implies that the equivalence
relations {D = 0} and {D = 0} coincide, and that p = p®). For this reason we may, and
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will, systematically identify points of Qd with points of Qd®H). Moreover, the identity
mapping Qd®H) — Qd is continuous, and by compactness of these spaces, we conclude
that Qd is homeomorphic to Qd(o’H ).

Theorem 50 will be obtained by compactness and continuity arguments from the fol-
lowing local version, stating that, locally and away either from both maximal geodesics
or from both shuttles, the three distances under consideration are equal. The proof of the
following lemma can straightforwardly be adapted from [BM17, Lemma 15], so that we
only sketch it and refer the reader to the latter reference for the details. In an arbitrary
pseudometric space (M, d), we denote by d(x, A) = inf{d(x,y) : y € A} the distance from
a point x € M to a subset A C M.

Lemma 54. The following holds almost surely. Fize > 0, and let s, t € [Ty, Ty| be such
that D(s,t) < e and

o cither f)(s, I'yu FTH) A b(t, I'yu FTH) > €

e OT b(S,EO U ETH) A b(t,Eo U ETH) > €.
Then, it holds that D(s,t) = D(s,t) = lA)(s,t).
Proof. Let iy, j, be integers in [T, 4+1 + 1,73,] such that i,,/2n — s and j,/2n — t as
n — oo. From the assumption that l~7(s,t) < ¢ and the convergence of D, toward D,
we deduce that dg, (vi,,v;,) < £(8n/9)Y/* for every n large enough.

Next, keeping the same notation, assume that we are in the first alternative of the
statement. Then we claim that for every n large enough, v;, and v;, must be at dg,-
distance at least £(8n/9)'/* from the maximal geodesics v, and 7, of @Q,. Indeed, if we
assume otherwise, then up to taking an extraction along a further subsequence, we would
find a point k,, € [T, 11 + 1, 7,] such that for every n, vy, belongs to (the same) one of
these maximal geodesics, and is at dg,-distance at most (8n/9)*/* from (the same) one
of two points v;, or v; . To fix the ideas, assume that vy, is on 7, and is close to v;, in
the latter sense, the discussion being similar in the other cases. Up to taking yet another
subsequence if necessary, we may assume that k,, /2n converges to some u € [Ty, Tx]. Note
that k,, being a time of visit of the maximal geodesic ~,, must be a left-minimum for
the label process A, restricted to nonnegative times, and, by passing to the limit, v must
be a left-minimum of W restricted to nonnegative times, entailing that D(u,I'y) = 0.
Therefore, by passing to the limit in the inequality D) (in/2n, k,/2n) < e, we would
obtain that 13(3, ['g) < e, a contradiction with our assumption.

Now observe that () is obtained by the following two gluing operations, from ,, and
the infinite quadrangulation @), encoded by the labeled double forest with trees grafted
above p»*i i >0, and below phn*? i > 1.

« First, by gluing the geodesic sides &, and ¥, of @, to the (unique) maximal geodesic
and shuttle of )5,. Note that the resulting infinite quadrangulation is also obtained
by performing the interval CVS construction on T, with the intervals {¢;, ¢ < 0}
and {¢;, i > 0}.
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 Second, by gluing together the (unique) maximal geodesic and shuttle of the infinite
quadrangulation obtained at the first step. Note that the geodesic sides of this
infinite map are prolongations of v, and &,.

Therefore, Lemma 21.(7i) applied twice (once for each gluing operation) shows that if v,
w € V(Q,) are such that dg, (v, w) < K and either

° dQn (/U’ ’Y’I’L) /\ dQn (w7 /yn) > K’
« ordg, (v, %) ANdg, (0, %) > K,

then dg, (v, w) = dg. (v,w). Applying this to v = v;,, w = v;,, and K = (8n/9)/%e
yields, after passing to the limit, that b(s,t) = D(s,t). Since D<D< D, this yields
the result in the first alternative of the statement. The second case, with shuttles instead
of maximal geodesics, is similar. O]

We may finally prove Theorem 50.

Proof of Theorem 50. We follow the same lines as in the proof of [BM17, Theorem 11]. As
we observed before, the metric spaces de and Qd*") are homeomorphic. Therefore, since
the geodesics v and 7 do not intersect in Qd®) the same is true in Qd, and similarly,
the geodesics € and & do not intersect in these spaces. Moreover, as we know, these four
geodesics intersect only at v(0) = £(0), £(0) = 5(0), %) and z(>H). Therefore, for every
z€Qd\ {7(0),7(0), 25 O} “there exists € > 0 such that the open ball Bx(z,¢) of
radius € around  for the metric D intersects neither v U7 nor £ UE. By Lemma 54, this
implies that the balls By(x,¢), and Bg(x,¢) are isometric. Hence, Qd and Qd®H) are
two compact geodesic metric spaces that are locally isometric except possibly around four
points. Therefore, the lengths of paths that do not go through these four points must be
the same in both spaces. It is then easy to see that the same is true for all paths that
visit each of these four points at most once, by splitting into subpaths, and by standard
properties of lengths of paths. One concludes by observing that, given a path in Qd, one
may construct another path of length smaller than or equal to that of the initial path, and
that visits each of the four distinguished points at most once. Since a geodesic space is a
length space [BBIO1], the distance between two points is given by the infimum of length

of paths between these points. Therefore, de and Qd(O’H ) are isometric. O]

6.6 Scaling limit of conditioned quadrilaterals

In this section, we finally prove Theorem 14. As a preliminary result, we will need a simple
estimate on distances in quadrilaterals. We invite the reader to recall the combinatorial
setting of Section 2.4 and to consult Figure 17. Let ((f,f),\) be a well-labeled double
forest and let q be the corresponding quadrilateral. For k € {1,2,...,h — 1}, keeping
only the first k trees in f and the last k trees in f yields a submap of f U f, well labeled
by the restriction of A\. We let qi be the corresponding quadrilateral, which we naturally
see as a submap of q. We will need the following coarse comparison between distances
in q and qg.



6.6 Scaling limit of conditioned quadrilaterals 87

Figure 17: Here, h =5 and k = 3. On the left, a schematic picture of a double forest (f,f),
assumed to be well labeled, and its “truncation” obtained after removing the dashed elements. On
the right, a schematic picture of the corresponding quadrilaterals: the quadrilateral q is obtained
by gluing qi (in light yellow) along its sides & and 4 with the quadrilateral (in orange) coded by
the dashed elements along its sides v and & (only these four geodesic sides of interest are named
in the picture).

Lemma 55. Let w =2+ max{A\(u) : u € V(q)\V(qx)} —min{A(u) : v € V(q) \ V(qr)}-
Then, for any v, w € V(qx), one has

dq(v,w) < dg, (v,w) < dg(v,w) + .

Proof. Observe that q may be obtained by gluing q, along its sides ¢ and 4 with the
quadrilateral coded by the double forest obtained by taking the last h — k trees in f and
the first h — k trees in f, well labeled by the restriction of A, along its sides v and £. The
lemma is then a straightforward consequence of Lemma 21.(7) since the lengths of the
glued geodesics are bounded by the quantity w. O

We now prove Theorem 14 by proceeding similarly as in Section 5.5. Recall the
notation (C'(t),A(t),t € R), 7, T from Section 6.4. Let P, be the law of (C,A) and
assume without loss of generality that the latter is the canonical process. Although we
use the same notation P, as in Section 5.5, we believe that there is little risk of confusion.
For j > 1, let F; be the o-algebra generated by (C(i), A(7),0 < i < j), and let G; be the
one generated by (C(i), A(i+1),—j < i < —1). Note that F,, is the o-algebra generated
by the h leftmost trees of T, in the upper half-plane, together with their labels, as well
as the label of the root p". Similarly, G -, ., is the o-algebra generated by the h leftmost
trees of T, in the lower half-plane, together with their labels, as well as the label of
the root p°: the meaning of the shift by +1 in the process A is that we do not want to
incorporate the information of the label of the root p"*' in G_», .

Next, for a, a, h € N and ¢ € Z, we denote by P, ;5 s the distribution of

(C\ (~2a—h,2a+h], | [72a7h,2a+h])

under Poo[ - | 7 = 2a + h, Thy1 + 1 = —2a — h, A(7,) = 6]. The corresponding double
forest encoded by this random process is thus composed of a spine p°, ..., p" of length h,
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on which are grafted 2h Bienaymé-Galton—Watson trees with Geometric(1/2) offspring
distribution and uniform admissible labels, conditioned on the fact that the total number
of edges in the upper half-plane h trees is a, the number of edges in the lower half-
plane A trees is @, and the label of the last root p" is §. The following lemma gives an
absolute continuity relation between the laws P, ;s and Py,. Its proof, which we omit,
is similar to that of Lemma 36, using the enumeration results of Proposition 11. Recall
from Propositions 9 and 11 the definitions of ), and M,.

Lemma 56. Fiz the integers 0 < k < h, as well as positive integers a, a € N and § € 7Z.

For every nonnegative functional G that is F;, V G_z,  -measurable, we have

Foa1.5G) = Eoo [Yaans(Tk, = (Tri1 + 1), k, A(mi)) - G,
where

_ Qh,h/(2a + h — S) Qh,h/(QC_L + h — t) Mh—h’<5 — j)

\Ija,a,hﬁ(sﬁ t, h/a ]) Qh(2a + h) Qh(QC_l -+ h) Mh(5)

From now on, in addition to the sequence (h,,), we fix three sequences (a,), (@), (0n)
as in (9). The following is a tedious but straightforward consequence of the local limit
theorem [BGT89, Theorem 8.4.1].

Lemma 57. If the integer-valued sequence (hl,) satisfies h, //2n — H' € (0, H), then

s t 9\ 1
/ . ! .
sup \Ijan,&n,hn,ﬁn(sa ta h‘n?]) - ’QDA,/_X,H’,A <_a g H ) <_> ]) > 0.
0<s<an . nn 8n n—»00
0<t<an'’

We proceed to the conditioned version of Theorem 50. Recall the definition of IA)(n)
given in (50).

Proposition 58. On CxCxC®, the triple (C(n), Ay, ZA?(n)) considered under Pg, a, h., ..
converges in distribution to (X, W,Dxw = D(O’H)), considered under Quady z y A-

Proof. The arguments are very close to those used in the proof of Proposition 38 in
Section 5.5, adding Lemma 55 and Proposition 40 to cover the additional difficulty. The
joint convergence of the first two coordinates is also standard. Then, fix e € (0, H) and
set he = h, — |ev/2n]. Let D: and Bfn) be defined as in (50) and above, but with A,
instead of h,,. For simplicity, for every i € R, let

1° = (’T'h%_t,_l + 1) \/Z/\Th%

and define j¢ similarly for any j € R. Define also &, = (74, — The ) + (The 11 — Tho+1)-
From (52), we obtain

o~

1Do(i, §) — Du(i,5°)| < D, i) + Di(j, 5°) < 4(w(An;w5) + 1) .
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Using Lemma 55, we have for every 4, j € [The 41 + 1, The ],
|Dalis §) = D3 (i5)] < w(Mns ;) + 2.

These two facts together then imply that

: Ne A K“fz € —
dlStC(z) (D(n), D(n)) S % + Sw (A(n), mn/2n) + (’)(n 1/4) .

We now use the convergence of the first two coordinates, implying, for every n > 0,

limsup Py, a, hn.6, (distcm (l/ifn), B(H)) > 77) < Quady, s (FLE + bw(W; k%) > 77), (53)

n—o0

where k¥ = A — Ty .+ Ty_. + A. Since a.s. under Quad, 5 gy A, the quantity x° tends
to 0 as € — 0, we deduce that the left-hand side in (53) also converges to 0. It remains to

(0,H—¢

show that f)fn) under P, 5, 1.4, converges to D ) under Quad A4 to conclude,

by the principle of accompanying laws, that lA)(n) converges to the distributional limit
of DOH=2) a5 ¢ — 0, which is D) by Proposition 40. To this end, we consider the
restrictions Cf ), A7) of Cn), A@m) to the intervals [(7hs 11 +1)/2n, T4 /2n] and, letting F
be a nonnegative bounded continuous function, we observe that, using Lemma 56, then
Theorem 50 (for the choice of H — ¢ instead of H) and Lemma 57, and finally Lemma 47,
we have

B i [ (Gl Ay Do)
= IEc>o [\Dan,an,hn,én (Thga —1-— 7_'h%+1, A(Th%)) G(c«(sn)7 A?n)’ Dfn))]
— Plane WA,A,H,A(TH—a, ~Tg_o,H—2,Wr,_.) G(X(O,H—a)’ W OH=e) B(O,H—a))}

n—oo

= Quady 5 44 [G (X(O’H_E), WO H=2) 13(071{_5))] .
This concludes the proof. 0

From there, we easily obtain the wanted GHP convergence by arguments similar as
those developed in the proof of Theorem 12 at the end of Section 5.5.

7 Construction from a continuous unicellular map

Our proof of Theorem 1 gives a description of the limiting Brownian surfaces as gluings
of elementary pieces, which appear either in the Brownian plane or in the Brownian
half-plane. Although this construction has a clear geometric content, it can be arguably
cumbersome to work with, having in mind, for instance, the universal character that the
spaces S[j:ﬂ are expected to bear.

Indeed, we believe that Brownian surfaces arise as universal limits for many more
classes of maps satisfying mild conditions (for instance uniformly distributed maps) and a
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more direct description seems to be useful in order to show such results. In particular, we
believe that the Brownian torus is the scaling limit of essentially simple triangulations,
as considered in [BHL19]. In fact, most of the known results of convergence toward the
Brownian sphere use a re-rooting technique due to Le Gall [LG13], which, very roughly
speaking, says that, if maps in a given class are properly encoded by discrete objects
converging to the random snake driven by a normalized Brownian excursion and if these
maps and the limiting object exhibit a property of invariance under uniform re-rooting,
then the limiting space is the Brownian sphere. We expect this approach to be general-
izable to our context and we now give a description of Brownian surfaces that is a direct
generalization of the classical definition of the Brownian sphere. This can be thought of
a continuum version of the Cori—Vauquelin—Schaeffer bijection, building on a continuum
version of a unicellular map (a map with only one internal face).
For a function f € C and s, t € I(f) with ¢t < s, we extend (21) by setting
fls,8) f(ﬁ)ri[fm
and we set, for s, t € I(f),

dp(s,t) = f(s) + f(t) = 2max {f(s,), f(t,5)} . (54)
The difference with (22) is that we now take into account the minimum of f on the
“interval” from sVt to s At on the “circle” I(f)/{7(f) =7(f)}.

The Brownian sphere. As a warm-up, let us first recall the definition of the Brownian
sphere. It is the metric space S = (0, 1], CZZ) /{de = 0}, where Z is the random snake
driven by a normalized Brownian excursion e.

Recall that the Continuum Random Tree (CRT) introduced by Aldous [Ald91, Ald93]
is the R-tree'® T, = ([0,1]/{de = 0}, de), so that the Brownian sphere S may actually
be seen as a quotient of the CRT. In fact, Le Gall [LG07] showed that the pseudometric
dy/{de = 0}(s,t) = 0 if and only if dy(s,t) = 0 or de(s,t) = 0, so that the topological
space S[g] is obtained by a continuous analog to the Cori—Vauquelin—Schaeffer bijection.

The Brownian disk. Let us turn to the Brownian disk with perimeter L € (0, 00). It
is the metric space SEOL]) = ([0, 1],JW)/{dX = 0}, where (X, W) is the pair encoding a
slice with area 1, width L and tilt 0, that is, distributed according to Slice; 1o (defined
in Section 5.2).

The most natural continuous object generalizing the CRT in the case of the disk is
the gluing ///([2]) = ([0,1],dx)/R where R is the coarsest equivalence relation containing
{dx =0} and {(0,1)}. As dy(0,1) = 0, the Brownian disk is also ([0, 1], dy)/R and can
be seen as a quotient of //([2]). Visually, //l([g]) is obtained by taking a circle of length L
and gluing a Brownian forest of mass 1 and length L on it. The random snake W then
assigns Brownian labels to it (with a Brownian bridge multiplied by v/3 on the circle and
standard Brownian motions everywhere else).

15See Section 5.1.1.
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The general case. The CRT and the structure //{([2] are the continuous equivalent to
the encoding objects of Section 2.2 in the particular cases of the sphere and the disk. In
general, we have a similar yet even more intricate construction, which we now describe.
Let g > 0 be fixed and L = (L!,..., L’) be a b-tuple of positive real numbers. Let then
(S, (A%) ey » (H) eeris) » (L)eeisy » (A )vevis) ) be a random vector distributed accord-
ing to the distribution Paramp,, defined around (18). Conditionally given this vector, we
consider the following collection of processes. For each e € E (S),

o the process X°€ is a first-passage bridge of standard Brownian motion from 0 to —H*¢
with duration A¢;

o the process Z¢ is a random snake driven by the reflected process X¢ — X¢;

the processes (X¢, Z¢), e € E(S), being independent. Independently, the process (¢ is a
Brownian bridge

« of duration H¢ from A¢" to A°", with variance 1 if e € I(S);

« of duration L¢ from A¢" to A°", with variance 3 if e € B(S).

-

Furthermore, for e € I(.5), the bridges are linked through the relation
C(s) = C(H —s),  0<s<H,
and, except for these relations, are independent. We then set, for each e € E (),
Wi =2y + Cxe, 0<t<A°.

In the end, we obtain a collection of processes (X¢ W¢), e € E(S), which are linked
through the relations linking (¢ with (¢, translating the fact that the labels of the floors of
forests grafted on both sides of the same internal edge of the scheme should correspond.

We arrange the half-edges ey, ..., e, incident to the internal face of S according to
the contour order, starting from the root, and we define the concatenation

(Ws)0§s§1 =Wl e...0 W ’

which is a continuous process. We define dy by (54) as above and now define the equiv-
alence relation along which to glue.

Roughly speaking, we glue together Brownian forests coded by the X¢’s according to
the scheme structure. For s € [0,1), we denote by [s] the integer in {1,...,x} such that

[s]-1 [s] [s]-1

Z A% < s < ZA“ and (s) =s— Z A% e [0, A1) .

i=1 i=1 i=1
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By convention, we also set [1] = 1 and (1) = 0. We define the relation R on [0, 1] as the
coarsest equivalence relation for which s R ¢ if one of the following occurs:

[s]=1[t] and  dye((s), (1)) = 0; (55a)
el = e, X(s) = XPUs), XU(t) = XV(t) and XPU(s) = H0 — XV(t); (55b)

where we wrote X [*/(s) instead of X®¢((s)) for short. Equation (55a) identifies numbers
coding the same point in one of the Brownian forests, while Equation (55b) identifies the
floors of forests “facing each other”: the numbers s and t should code floor points (second
and third equalities) of forests facing each other (first equality) and correspond to the
same point (fourth equality).

Proposition 59. The Brownian surface S[jiﬂ has the same distribution as ([0,1], dw)/R.

Let us give a similar interpretation as in the case of the disk. Let first (X;)o<s<1 be
the continuous process obtained by shifting and concatenating X**, , X% . Then S[g]
may be seen as a quotient of .47} ) — ([0,1], dx)/R, which can be plctured as follows.
Starting from the random vector (S (A ehs) » (H) eris) » (L)eeh(s) ), we first construct
the metric graph obtained from S by assigning either the length H® or L°¢ to the edge
corresponding to e. For every half-edge e incident to the internal face of S, we then glue
a Brownian forest of mass A° and length H® or L on e. We equip this space .Z; 91 with

Brownian labels (with variance v/3 on the boundary edges) and define S[fj from there by
the same process as in the case of the Brownian disk.

Proof of Proposition 59. First of all, recall from Section 4.2 that the Brownian surface S[If]
is defined as the gluing along geodesic sides of a collection of continuum elementary pieces
distributed as follows. Conditionally given

(S’ <A€)eEE(S) ) (He)eef(S) ’ (Le>eeB(S (Av)veV(S) ) )

the elementary pieces EP¢, e € E (S), are only dependent through the relation linking EP¢
with EP® and, setting A® = A¢" — A",

o ifec E(S), then EP¢ is a slice with area A¢, width L¢ and tilt A®;

« if e € I(S), then EP® is a quadrilateral with half-areas A° and A°, width H¢ and
tilt A°.
Furthermore, it is straightforward from the definition of the pairs (X¢, W¢), e € E(S),
that, if e € B(S), then the pair (X°¢ W — A° ) is distributed as Slice4e rc ae. When
e € I(S), we denote by

(Xe)We) = ( §+A5 2Xs+Ae He? Se—l-Ae)—AeSsSO

the process obtained by shifting the Pitman transform of X¢ in order to obtain a process
from —H* to 0, as well as changing the time range to [—A¢ 0]. By standard results on
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Brownian motion and random snakes, the pair obtained by concatenating (X¢, W —A¢")
with (X¢ W€ — A®") has the law of a process distributed as Quad 4 4e ge ac-
As a result, we may assume that the elementary piece EP¢ is encoded by

e the pair (X¢,W¢— A ) if e € B(S):
« the concatenation of (X¢, W — A®) with (X¢,W¢ — A°) if e € I(S5).

This yields a collection of elementary pieces with the proper laws and dependencies; the
fact that, for e € 1(S), EP® and EP® are the same with exchanged shuttles and maximal
geodesics is a simple application of the Pitman transform.

For s € [0, 1], we denote by 7(s) the projection in the gluing S[g] of the point (s) of the
elementary piece EP“l. We claim that = : [0, 1] — S[E] is onto. Indeed, for each half-edge
¢ € E(S), recall that the elementary piece EP is defined as a quotient of [0, A9 and
observe that {(s) : s such that ey = ¢} = [0, A°); furthermore, the “missing point” A
of EP* is glued to a point 0 of some elementary piece, which is 7r(s) for some s satisfying

(s) = 0. Writing ds the distance in S[}Jﬂ and dp = dy /R, it is sufficient to show that, for
s, t €[0,1],
d(s.1) = ds ((s), 7(1)).
As the pseudometric dy defined in (22) is unchanged by the addition of an additive
constant, setting
4 = dyye if e € B(S)
© \dipeawe ifecI(S)
¢
the quantity ds(7(s), 7 (t)) is the infimum of sums of the form Z de, (i, t;) where
i=1

o €1 = ¢y, S1=(5), & = e, s¢ = (t);

[0, A<] if ¢, € B(S)

o for all 7, it holds that s;, t; € _ - ;
[—A% AS]  ife; € I(9)

o for all 7,

a) either ¢; = €41 € E(S) and dye< (t;,8i41) = 0;

b) Or €; = €41 € I(S) and dXEi.Xei (ti, Si+1> =0;
c¢) or the point t; of EP is glued to the point s;; of EP“**.

As d.(u,v) = oo whenever uv < 0, we may furthermore assume that, for all i, s;t; > 0.
Now, for each i, we set

[ei]—1 [&]
§i:ZAej+3i if s; >0, §i:ZAej+3i if s; <0,

J=1 Jj=1
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where we wrote [¢] the index of the half-edge € in the ordering ey, ..., e, of E(S). We
define t; similarly. It is easy to check that §, = s, t, = t and that, for each i, we have
de, (si,t;) = dw(3;,1;). Furthermore, for each 4, we have the following.

a) Iif e, = €41 € E(S) and dye« (t;, s;11) = 0, then, unless ¢; = s;,1 = A% (in which case
t; = 8i41), it holds that s; < A% and t; < A%, which yields that ¢; R 5,1, by (55a).
b) If € = €41 € f(S) and d)?éi.Xei (tz, SZ‘+1) = O, then,
— if t;8;41 > 0, then #; R ;11 by (55a) as above;

— if tiSiv1 < 0, then t~z R §i+1 by (55b)

c) If the point t; of EP® is glued to the point s;;; of EP“*', then it implies that
dw (ti, Si11) = 0 (recall the situation depicted in Figure 11).

As a result, since dyy < dyy, it holds that dg(s,t) < ds (w(s),m(t)). The converse in-
equality is very similar, noting that R identifies points in the elementary piece EP as
does dxe = 0 or dgeex. = 0, and that dy encodes all the functions d., together with
the gluings of the elementary pieces. The use of dy and not dy takes into account the
gluings of shuttles with maximal geodesics of elementary pieces “overflying” the root,
as EP'* with EP* or EP®? with EP®" in Figure 11 for instance. The details are left to
the reader. O

A Technical lemmas on the Brownian plane

We now recall the definition of the Brownian plane from [CLG14], then show that it is
equivalent to the one we gave in Section 6.3, and we finally prove Proposition 49.

A.1 Equivalence of definitions of the Brownian plane

The original definition goes as follows. Let (X;,¢ € R) be such that (X;,t > 0) and
(X_4,t > 0) are two independent three-dimensional Bessel processes. Since the overall
minimum of ¥ is reached at 0, the maximum in the definition of dx — given in (54) — is
equal to

inf{X,,ue[sAt,sVt]} ifst>0
inf{X,,u¢[sAt,sVt]} ifst<0

max (i(s,t),i(t, 3)) = {

Next, define (2;,t € R) to be a centered Gaussian process conditionally given X, with
covariance function specified by

E[|20, — 20, | X] = dx(s, ).
The Brownian plane was defined in [CLG14] as

(]/\7[%7%, b_‘{’m) = (R/{bx’m = O}, b_‘{’m) Where lﬂjx’m} = dm/{gf = O} .
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The following proposition shows that the definition given in Section 6.3 is equivalent
to the one above. Recall the piece of notation X; = X(0A¢,0V ¢) and define the process
(II; = X; — 2X,,t € R) by taking the Pitman transform of X on R, and on R_.

Proposition 60. The process (II, W) considered under Plane has same distribution as
(X,20) defined above. Moreover, (MHW, Dnw = dW/{dH = 0}) and (Mxw,Dxw) are
a.s. equal as metric spaces.

Proof. We claim that di = dy. This entails that, conditionally given X, the process W
is also Gaussian with E[(W, — W;)? | X] = du(s,t) and, since IT has same distribution
as X by Pitman’s 2M — X theorem [Pit75, Theorem 1.3], we see that (II, W) and (X, 20)
have same distribution. We then have

Duw = dw/{dn =0} = dw/{dx = 0} = Dxw .
Checking that dn = dx is a classical exercise, based on the fact that, for 0 < s < t,

(s, t) = X(s,t) = X5 — Xy, and litr>1£Hu:—)=(s. (56)
The right equation is obtained from the left one by letting ¢ — oo, noting that, for ¢ large
enough, X(s,t) = X;. The left equation comes from a straightforward case analysis. If
X, = X, then, for all u € [s,t], X, = X, = X, and so II, = X, — X, — X;; taking the
infimum on u € [s,t] gives the result. If X, > X, then X(s,t) = X, so the right-hand
side is —X. Let r € [s,t] be such that X, = X, = X,. We have II, = X, — 2X, = - X,
and, for v > s, I, = X, —2X, > - X, > - X,.

For 0 < s < t, the left equation of (56) entails

dp(t,s) = I, + II, — 20I(s, 1)
=X, —2X,+ X, —2X, - 2(X(s,t) — X, — X)) = dx(s,1).

For s < 0 < t, we have that

and we conclude as above. The remaining case s < t < 0 is treated similarly. [

A.2 Convergence of the UIPQ to the Brownian plane

We use here the setting of Section 6.4. The proof of Proposition 49 will follow similar
lines as that of Proposition 34, using the coupling results of [CLG14]. As the law of X
is obtained from that of X by taking the Pitman transform on R, and on R_, the same
should be done for the contour process C' of the tree T,. We thus define the process
(€(t) =C(t) —2C(t),t € R).

Note that this gives an alternate natural contour process since, for i € Z, it holds that

(i) = dpra (vi, PN + | T(4)] = drr (v, p°) -
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Figure 18: Left. Representation of the infinite tree from Figure 16 after moving the trees in
such a way that, for k > 0, p¥ is located at (0,—k) with T% grafted on its right and T on
its left. Top right. Taking the Pitman transform of the contour process on Ry and on R_
yields an alternate contour process. The differing parts are represented with dot-dashed lines;
they correspond to the edges of the infinite spine of the tree. Visually, the process C' records the
height of a particle moving at speed one around the tree when represented as on the left. Bottom
right. Representation of the tree from Figure 16 where the root of T* is now located at (k,|k|)
for each k € 7. Note that, in this representation, the roots of T=% and T* differ so that the
spine is duplicated. The process € records the height of a particle moving at speed one around
this bi-infinite tree.

In this setting of discrete trees, the Pitman transform on the contour process is very
visual: it merely consists of going from reading the trees while moving down between
trees to reading them while moving up between trees; see Figure 18 for an illustration.
We may now proceed to the proof of the convergence of the UIPQ to the Brownian plane.

Proof of Proposition /9. Similarly as in the proof of Proposition 34, we fix some number
K > 0 and will sample a large plane quadrangulation such that, its properly scaled version
and its limit, the Brownian sphere, are indistinguishable from the rescaled UIPQ and the
Brownian plane, in a neighborhood of 0 of amplitude K. We use again a superscript prime
symbol / for the objects related to the plane quadrangulation and its limit. Here, some
care will also be needed when taking an inverse Pitman transform, since this operation a
priori involves more than just a neighborhood of 0.

We fix L > 0 and n > 1, and consider a uniform random element (M), \]) of Mﬁfj,@,
where a,, = |nL|, that is, M/ is a uniform rooted plane tree with a,, edges, which we view
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as a map with a unique face f,, and X, is a labeling function uniformly distributed among
those yielding a well-labeled tree. We let (€7, £!) be the contour and label function of
this tree, we let !, = CVS(M], A ; f.) be the quadrangulation encoded by (M), Al), and
we set D7 (i, ) = dg: (v, v;) for 0 < i, j < 2a,, where v; is the i-th visited vertex in M,
in contour order, starting from the root corner, and viewed as a vertex of ). We extend
D! into a continuous function on [0, 2a,]* by bilinearity, and all processes €/, £/ D’ to
[—2a,,, 2a,] by the same formulas as (36) and (37) but with /,, = 0. We also define the

rescaled versions Q’(n), 2’(n), @’(n) exactly as in (38). The joint convergence

(€loys Lo D) 2 (¥, 20,9) (57)
on the space C([—L, L]) x C([—L, L]) x C([~L, L]?) is then a consequence of [Miel3, The-
orem 3], where the limit is as follows. Restricted to [0, L], the process X’ is a Brownian
excursion of duration L and 20’ is the random snake driven by X', while ®’ is a random
pseudometric, which is an explicit function of (X',20"). Moreover, all these processes are
extended to [—L, L] by a simple translation of their argument by L.

Let us now recall the relevant aspects of the coupling results of [CLG14], between the
pairs (X,20) and (X',20). It will be convenient to let

T, =inf{t <0: %, =2}, Te=sup{t >0: %X, =xz}.

Fix r > 0 and € > 0. Then by [CLG14, Lemmas 5 and 6], it is possible to find A > 1
and then o > 0 and Ly > 0 large, such that for L > Lg the two processes (X,20) and
(X',20), can be coupled in such a way that on some event F of probability P(F) > 1 —¢,
the following properties hold.

o For every s, t € [—«, a], one has

e It holds that B
—a < T and T <a. (59)

o For every s, t € [T4,% 4], the two conditions max (bm(o,t), lN)x;m(O, s)) < r and
max(D’'(0,t),D'(0,s)) < r are equivalent, and, if these are satisfied, one has

D'(s,t) = Dxan(s,t).

This choice of coupling being fixed, let us now define (X;,¢ € R) as the unique process
such that X; = X; —2X, is the Pitman transform of X on R, and on R_; more explicitly

X, — %t—Qinfszt%s 1ft20
X - 2info, X, ift<0
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Let us also define W = 20. Then X indeed has the law of a two-sided Brownian motion,
and W is the random snake driven by X, so that (X, W) has law Plane. Note that,
in this particular coupling, we have T, =%, and T, = T, for every z > 0, and also
Dxw = Dxgy, by the observation in the proof of Proposition 60. Moreover, on the
event F, the restriction X (7427 2] 18 actually a function of X'|[_4 4. Indeed, by (58)
and (59),
X %2 - Qinftgsga x; if 0 S t S TA2
X - 2inf qeie X, if Ty <t <0’

since, for 0 <t < T2, one has X(t,00) = X(t,T42) = X(t, ), and similarly in negative
times.

By choosing appropriately the values of r, and enlarging the values of A and « if
necessary, then, similarly to the proof of Proposition 34, we obtain that (58) holds on
[— K, K], and that the restrictions to [—K, K]* of ®" and Dx y coincide with probability
at least 1 —e.

Next, keeping K, € fixed, and possibly up to choosing L even larger, we need to couple
the processes (Cn), Am), D)) and (Qﬁ?n), ?ny@/(n)) appropriately. To this end, we use
the techniques of [CLG14, Proposition 9]. The latter states that for € > 0, there exists
a > 0 (independent of the choice of L arising in the definition of the scaling constant a,,)
such that for every n large enough, one may couple the quadrangulations @)/, and Q
in such a way that, with probability at least 1 — ¢, the balls of radius aay* around the
root of @), and (), are isometric. The proof proceeds by coupling the encoding labeled
trees (M/, ), and (Tw, Aso) in such a way that, with even larger probability, the first
Léa}/ QJ generations of these trees coincide, for some § > 0, and the minimal value of A\
taken on the vertices p%, p', ..., pL‘Sa}/2J of T is less than —4aal/". By choosing R and
then L large enough in the first place, for our choice of K, we may also require that with
probability at least 1 — ¢,

« the contour and label processes €, £ of (M, ,\,) and €, £ of (T, As) on the

n’’'n

interval [—2n K, 2nK] involve only vertices of generations less than | Rn'/2|, and

« the most recent common ancestor of the vertices at generation Léa}/ 2J has generation
at least | Rn'/?].

In particular, on this event, the restriction of the process C! to [-2nK,2nK] is equal to
the restriction of the process C' on this same event — in words, the second itemized event
means that the spine of T, is determined by the data of M’ up to generation Rn'/2.
Since the process C' is the inverse Pitman transform of €, it is then a simple exercise to
conclude that (C’én),A’(n),DEn)), which coincides with (C(n), Ay, Dny) on [—K, K] with
high probability, converges to some (X', W’ , D'), which coincides with (X, W, Dx ) on
[— K, K| with high probability. O
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B Scaling limit of size parameters in labeled maps

B.1 Preliminaries

In this appendix, we prove Proposition 24, following the method of [Bet10, Proposition 7]
and [Betl5, Proposition 7]. In the meantime, we obtain an asymptotic enumeration
result for Qgi]ln in Proposition 61 below, which will also allow us to deduce Theorem 5
and Corollary 6 from Theorem 1.

Recall that (g, k) ¢ {(0,0),(0,1)}, that L = (L', ..., L¥) is a fixed k-tuple such that
L', ..., L»> 0, while L', ..., L* = 0, and that we consider a fixed sequence of k-tuples
L,=(I},...,1¥) € (Z,)*, n > 1, such that I/ /v/2n — L' as n — oo, for 1 < i < k.

We furthermore assume that n sufficiently large so that I, > 1 for each i < b. We
denote by S the set of rooted genus g schemes with k holes, such that A, ..., fi, are
faces. Note that our assumption on n ensures that S, € S

“Free” parameters and notation. For every scheme s € §, not necessarily dominant,
we arbitrarily fix, once and for all, half-edges ¢, € I(s), and ¢; € Bi(s), for 1 <i < b. We
fix an orientation I(s) of I(s) that contains ey and we set I'(s) = I(s) \ {e}. We also
let vy be the root vertex of s, and V'(s) = V(s) \ {vo}, as in Section 4.2. Finally, we set

EO(S) = |_| éi(s>> §+(S) = |_| §¢<S),

b+1<i<k 1<i<b
Bi(s) = Bi(s)\ {&}, for 1 <i<b, B.(s)= | | Bis).
1<i<b

The motivation for introducing §+ and By is that we need a different treatment depending
whether the hole perimeters are in the scale \/n or o(y/n). The sets with a prime symbol
should be thought of as the sets containing the parameters on which there is a “degree of
freedom.” (The reason for removing one element from I will become clear in a moment.
We will not need a 56 since the corresponding perimeters are all asymptotically null in
the scale \/n of interest.).

From now on, we use the shorthand piece of notation x* for a family (27);c¢ indexed
by a set £. For any subset F C &, we also denote by &7 = (27);cx the subfamily
indexed by F, and, in the case of real nonnegative numbers, by || = >_,cr2’ (note in
particular that ||x||z = 0).

Counting scheme-rooted labeled maps with given size parameters. For the time
being, we do not take the areas parameters into account. We fix a rooted scheme s € §,

and size parameters R ) 12®) and AVE . We say that a labeled map is scheme-rooted
on s if its scheme carries an extra root and the scheme rooted at this extra root is s. We
consider the elements of M! }l scheme-rooted on s whose size parameters are R1 1Pe)

and AV®). Reasoning as in Lemmas 9 and 11, we can express the number of such elements
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as
HhH

1202 2Py 2n + 1) [T 3" Mae(8v) T 22 Pe()),

ecl(s) ecB(s)

the products over I(s) and B(s) respectively counting the number of ways to label the
vertices along the edges of I(s) and B(s), and the remaining term counting the labeled

forests, which can be seen as one big labeled forest obtained by concatenating all the
labeled forests indexed by the half-edges of E(s). After recalling that >° 5 N\ =0

and that ||l 5, = [" for every i € {1,2,..., k} corresponding to an external face of s, we
may recast this quantity as

12" 81 Qg @n + 1) [T Mae(x) T Pe(ox).
e€l(s) ecB(s)
Consequently, the number of elements of M[g]l scheme-rooted on s (these labeled maps
are thus rooted twice) whose size parameters are Rl lB ®) and AV® is equal to

S5 (1, A) = 20+ 1) 12781 Qg2+ 112) T Mae () [ Pe(), (60)
e€l(s) ecB(s)

since there are 2n + ||I|| possible rootings of the map.

Counting rooted labeled maps. Next, forn, h € N, s € § we set
Z5(h,n) ZINMWH&W (61)
Ts(h,n) e€l(s eeB (s)

where the sum is taken over the set 7;(h, n) of all size parameters from labeled maps
in Mglg}ln scheme-rooted on s, having h edges in total on the internal edges of s. More
precisely, it is the set of tuples

(hf<s>7 156). AV(s)) e NIG®) « NBG) « 7V ()

such that
[h]| = 2h, « Uz = i, for 1 <i<k,
« hE=he forallee I(s), o AW =0.

n

the sense that i = 0 <= B;(s) = @ for all i. As a result, T5(h,n) = @ and thus
Z%(h,n) = 0 whenever l,, is not compatible with s.

Note that the conditions Hl||§i(s) = I' may only be satisfied if I,, is compatible with s in

By double counting the elements of IVI[Q] scheme-rooted on s, we thus obtain that

. 2n+||l [ ,
ML =128 S 2 Qe Wl 230m), (62

since we sum over Use§,heN{S} x Ts(h, n) the number S5 (h,1,,\) given by (60), divided
by the number 2 |E(s)| of possible extra rootings on the scheme.
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B.2 Asymptotics of the scheme

When we work with a fixed scheme, which will be the case in all but the fourth paragraph,
we drop the argument from the sets in the notation in order to ease the reading, thus
writing [ instead of I(s) for instance.

Law of the scheme. Recall that the triple (M, \,,S,) is a rooted, scheme-rooted,
labeled map, where (M, \,) is uniformly distributed over 1\7[5}[", while, conditionally
given it, S, is rooted by uniformly choosing its root among {e, €:e€ f(Sn) U §+(Sn)}
Let us fix a rooted scheme s € S whose root or its reverse belongs to IU §+. Writing s the

nonrooted scheme corresponding to s, observe that the set of rooted labeled maps in 1\71,[19’]%

with scheme s is in bijection with the set of rooted labeled maps in 1\7I£f]ln scheme-rooted
on s. Then,

P(S,=s)= >  P((My\)=(m,N),S,=s)

(m,)\)elvlgf]

n
with scheme s

= 3 P((My ) = M N)P(S, = 5| (Mo, Ay) = (m, )

v
(m,A)GMan
scheme-rooted on s

. 1 1 Z5(n)
=2 2 SN e e T B
heN Ta(hn) ’Mn,ln| 11| +2]By] 1

where

1
- - oh+ |t (2n L.) Zi(h,n 63
](S)|+2|B+(S>|%Q a1 20+ |2,]]) 25 (R, 1) (63)

and Z(n) = Y ,.g Zi(n) is the proper normalization constant.

Z3(n) = |

Schemes with tadpoles. Here, we fix a scheme s whose external faces among #;,
b+ 1 <1<k, are all tadpoles. Equivalently, each B;, b+ 1 <1 < k, is either empty or a
singleton. In this case, by the Euler characteristic formula,

V| = 1| = |B}| = ~2g, (64)
since s has || + |B?jr\ + b+ |By| edges and 1+ b + | By| faces.

Assuming that I, is compatible with s, we write the sum over Tg(h,n) in (61) as an
integral under the Lebesgue measure

dLs = dh” @ It @ dAY' over  (R) x (Ry)P+ x RV
and obtain
25(hn) = [ P(0) / dLe T Mue (@) T P, (65)
e€By ecl e€§+

where [¢ = [! if e is the unique element of B:-, for ¢ > b, and
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o bf=[he], for e € I, « b =h— Y I,
ecl’

o I°=1TI], for e € B, e 15 =1 — S I for1<i<b,
eEBZ’.

o« AV =1[N"], forveV’, e A0 =0.

(Note that the ceiling function is superfluous for integer parameters; we kept it for nota-
tional simplicity.) In order to deal with the cases where h® < 0 or [“ < 0, we simply
declare’® M,(j) = P,(j) = 0 whenever ¢ < 0.

Observe that I,, compatible with s means that By corresponds to {i>b:1)>1}. We
then make the changes of variables in the natural scales to obtain

Zi(hn) = 357927 50y T T Py (0)

i>b:14>1
« / dL, (8—”)‘1‘1\4 @) [ (8—”)% (), (66)
; g ) =/ L Tg ) TEE
eel ecBy
where
o b =1[v2nht], foreel’, e h=h— > b,
ecl’
. f:(\/ine],foreeB?;, o l=1— > I°for1<i<b,
eeéé
« A =[(%)1 i\Y], for v eV, o« A0 =0.

We finally use the same method to treat the summation over A € N in (63), that is,
we see it as an integral and do the proper change of variables. We write [,, < s to mean
“l,, compatible with s”:

S 1ln S S
Zi(n) = = \/>/ dh nQyp a1 (20 + 1La1) 27 (V21 h1,n). (67)
7]+ |B.|
Setting h® =h—>" _, he, 19 =L =3 _51°for 1 <i<b, and \* = 0, by the local
limit theorem [Pet75, Theorem VII.1.6], it holds that, when h ~ v/2n h,

&n 8n\ 1
(G - ) My () — pre(BX°) (5> Pre(@X) — pge(X),  (68)
and
1Qar vzt (27 + [Lall) — gonryzy(1) - (69)

Y6This is just a convenience. Note that we set My(0) = Py(0) = 0 here, although it would be more
natural from a combinatorial point of view to set both these quantities to 1.
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Consequently, provided the domination hypothesis obtained in the following paragraph,
we get the following equivalent:

Z5(n) ~ GD) L = 4750 T RL(0) (70)

n—00 .
i>b:1i>1

where the constant ¢§(L) is given by

s 1
A(L) = =———=—
1] +2[By]

b_ WV _g_ 3y, 1 e e
312) 9972 g ib+2 /+dh q2h+HL”(1) /dLS the((S)\ ) H p31e<(5)\ )
R

ecl ecBy

Domination hypothesis. In order to show that the convergence is dominated, we use
the bounds of Petrov [Pet75, Theorem VII.3.16], stating that there exist a constant C
such that, forany / € N, j € Z, 71 € N, and r € N,
1 i 1
M,(j)V P(j) <C— d ) <C . 71
Z(]) E(]) = \/Z an Q ( ) = /3/2 1 + (ZQ/K)T ( )

We fix an arbitrary spanning tree of s, that is, a tree with vertex-set V' and edge-set
a subset of E. We associate with any vertex v # vy the first edge of the unique path in
the tree from v to vy and we denote by e, the unique half-edge of I U B that corresponds
to this edge.

We bound the integrand in (66) as follows. First, by (71), we have, for e € I,

() e <(3) T < (5) v - Vivm <

For h = [v/2nh] and h® =h — > ccp h¢, a similar bound holds for e = €y, up to possibly
enlarging the constant. Indeed, it suffices to show that h® is bounded from below by
a constant times v/2n h® in order to complete the computation. We may assume that
h® > 1 as otherwise the left-hand side is null. Then, if v/2n h® < 2|I’|, it immediately
holds that h > —L_\/2n he. Otherwise,

2|1
1
h® =h=> h*>V2nh® —|I'| > SV2nhe.
ecl’

In conclusion, up to changing the constant C, it holds that, for all e € I,
C
Vhe
Similarly, up to enlarging the constant C even more, setting [% = L' — Y i 1¢ for
1 < i < b, it holds that, for e € B,

() reta) < =

() a1 <
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We use these bounds whenever e ¢ £ = {e, : v € V\ {v}} and then, we operate
the integral with respect to d\Y" vertices by vertices, starting from a leaf of the fixed
spanning tree, then from a leaf of the tree remaining after removing the first vertex, and
so on until only vy remains. Since, for any ¢ € N,

[ (5 mtretan =1,

and similarly with P, instead of M,, we obtain that, for n sufficiently large and after
integration with respect to dA"", the integrand in (66) is bounded by

= R P=T A 11 \/— 11 \/z_e (72)

GGI\EV €€B+\EV

This is integrable with respect to dh’ '@ dlP+ and is bounded, after integration, by some
constant times some power of h. Taking r sufficiently large in (71) yields that this quantity
multiplied by nQyryzmm 1. (27 + [[Lal]) is integrable with respect to dh. The claimed
dominated convergence follows.

Dominant schemes. We will now see which schemes are such that Zf(n) has the
highest possible order in n. The exponent of n in the equivalent (70) is maximal when
|V (s)] is the largest; in this case,

V(s)| =229+ k—1).

This equality is obtained as in the proof of Lemma 7, since |V (s)| being the largest means
that the vertices have the lowest possible degrees, namely 3 for the internal vertices and 1
for the external vertices. More precisely, denoting by v, e, f the numbers of vertices,
edges and faces of s, as well as t the number of tadpoles among fi,,1, ..., iy, we obtain
f=b+t+1,2e=3v—k+b+t)+k—b—t, and the result from the Euler characteristic
formula v — e+ f =2 — 2g.

Next, the local limit theorem [Pet75, Theorem VII.1.6] yields the existence of a com-
pact set K C (0,00) such that, for all £ € N, v/ P,(0) € K. Finally, for any s € S,
we denote by s° the scheme obtained by shrinking every tadpole among fApiq, ..., Ag
into a vertex. For any fixed dominant scheme d € §*, observe that there exist exactly
one scheme among {s € S s = = d} that is compatible with I,,, namely the one whose
tadpoles among fipy 1, .. ﬁk are the holes indexed by {i > b: [’ > 1}. Furthermore, if
s € S is such that s° € §* then the external faces among f;, b+ 1 < 1 < k, of s are
all tadpoles. We may thus use the equivalent (70) for these schemes. Consequently, as

n — 00,
2; 25 (n)=6 (n ma i | >%) (73)
sSOE:d i>b:1E>1

In particular, if s has only tadpoles among its external faces indexed by b+1 <i¢ < k
but is such that s° is not dominant, then Z§(n) is negligible with respect to this sum.
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Nondominant schemes. We will now see that the above is the highest order in n and
that it is only obtained for the schemes that are dominant after the tadpoles shrinkage. To
this end, we fix an arbitrary scheme s € S. As above, we consider an arbitrary spanning
tree of s and still denote by e, € I U B the half-edge corresponding to v € V', as well as
E, = {e,:veV'}.

In (61), we bound M- (0\) or Pe(0\°) thanks to (71) if e ¢ Ey and we operate the
sum over A" leaf by leaf as we did in the previous paragraph. Since, for any ¢ € N,
> jen Me(j) = >_jez Pe(j) = 1, we obtain the bound

znm< Y I1 = 11

hl 1B eeI\EV ee B\Ey

where the sum is over the tuples hf & satisfying the conditions of T5(h,n). Seeing the
sums as integrals under the simplex Lebesgue measures A?, and A%i whenever B; #* O
yields, after renormahzatlon by h or I}, integrals of Dirichlet distributions (with parameter
vectors containing only 's and 1’s). As a result,

Z5(h,n) < BHI-1-2l\Ev] H (11)|Bil=1=3|B:\Ev]
1<i<k
éﬁﬁ@
1 1 il . 11 11 nl
:h2|1\+2|ImEv\ 1 H (l;)2|Bl|+2|BmEV| 1,
1<i<k

where we used the symbol < to mean bounded up to a constant independent!” of s, h,
and n. Since [’ is in the scale \/n for ¢ < b, the part of the product concerning these
indices is bounded by a constant times

NEY:ATET: My

Recall that B; # @ <= [’ > 1 when [, is compatible with s. Using (67), which is valid
for any scheme, as well as the bound (71) as above to get integrability, we obtain

s L(I1+|B )+ 3 (TUB)NEy |- -1 iNL|B; |+ BinEy|—1
Z5(n) < 1y, n i (B )+ (TUB)NEY | H (Z”>2| I+3] vl
i>b:1i>1
I+ B/ |+|V']) -2 -1 i\ +|Bi|—-1
<1y e TUIHBY V') H (17 )z1Bil=1
i>b:15>1

since IL = O(y/n) for all i, and |(I U B, U By) N Ey| = |V'|. Using again the Euler
characteristic formula, as well as the bound |V| < 2(2g + k — 1), we obtain

(5

1"Recall from Lemma 7 that the number of edges in the schemes from S is bounded.

Z3(n) S L 2 0 T ()

i>b:15>1

[SIE
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which gives an order lower than that of (73) as soon as there exists i > b such that | B;| > 2
since I!, = o(y/n). As a result, the normalization constant Z(n) is of the order appearing
in (73) and Z5(n) = o(Z,(n)) whenever s° ¢ S*. In particular, P(S° € S*) — 1 asn — oo
and we obtain the first statement of Proposition 24: with asymptotic probability 1, every
vanishing face of M,, induces a tadpole in 5,,.

B.3 Asymptotics of the size parameters

Limiting distribution of the size parameters. Given a bounded continuous func-
tion ¢ on the set
U {s}x x (R4)P® x RV,
s€S :s°=s
we set, for n, h € N, s € §,

R B
Z5(h,n) = qu( SV TR 8n/91/4)HMhe(5)\ I 2@,

Ts(h,n) ecl eEB (s)

and

1
- - >~ Qo (20 + (|1 Z5 (B ) |
[1(s)| +2|B1(s)| jex

w o (s g% Lf(s;z) AV 1 S 25(0)
no /— /—Qn 7(8n/9>1/4 o Zl(n) ~ 1o} .

Conducting with Z§(n) exactly the same computations as the ones we did with Z§(n),
we obtain the same domination (up to sup|¢|) when s° is not dominant and a similar
equivalent when s° is dominant, namely (70) where ¢§(L) is replaced with

Z3(n) =

so that

1

(L) = I
[1(s)| +2[B(s)]
% [ dh 1) [ dL, (s°,hf<8°>,l§<5°>,)\v<s ) (5X°) (BN
/R+ Q2h+||L||( )/ o) H Ph H D3l ( )

e€l(s e€B(s)

From the Euler characteristic formula, we obtain that |I(s)] + 2 |B.(s)] = 2|E(s°)| =
2(6g + 2p + b — 3) does not depend on s, and we remind that |V'(s)| = 4g + 2p — 3 does
not either. Let us consider a dominant scheme d € S* and an integer n € N. We let
d, € S be the unique scheme compatible with [,, and such that d; = d. Recall that this
is the scheme obtained from d by making into tadpoles the external vertices indexed by
{i > b: I} > 1}. Since the above integral only involves s°, we have c§"(L) = c$(L), and

then
n) =Y Zn) ~ Y Zlm) ~n T T Pu0) Y (L),

seS deS* i>b:li>1 deS*
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and

e Va9 1/4>]m P Py

> (). (74)

¢< HI(S ) LE(SO) AV (S9)

In passing, we obtain the following asymptotic formula for the cardinality of leg,]lw

which readily yields Proposition 4 (corresponding to the case k = b), the unrooting giving
a factor 1/4n coming from (2). We define the continuous function in L € (0, 00)®

tQ<L) = Zg: C(li(L)u

and we add the excluded cases (g, k) = (0,0) and (g,k,b) = (0,1, 1), which are needed in
Section 1.5: we set

t0(9) = —= and to(L) = ez .

2y

Proposition 61. As n — oo, it holds that

*
QU7 |~ dty(L) 127 glnll ™ok bm II 2.,

i>b:14>1

where e* = 6g + 2p + b — 3 is the common number of edges of all dominant schemes, and
pS = |{i > b: 1% > 1}| is the number of external faces among hyy1, ..., Ky, in the maps
of Mgi]ln'

In the excluded cases (g,k) = (0,0) and (g,k,b) = (0,1,1), a similar formula holds:

7

[Qus| ~ (@) 12075 and Q)| ~ 4to(L) 12" 8"

for L>0 andl, ~+/2nL as n — 0.

Proof. Recall from Section 2.2 that M[g] is in one-to-two correspondence with in 05
and that (62) gives its cardinality. Usmg (3) then (62) and (63), we obtain that

9 | _ 2 Nl
|inn} n+||ln||—|—2—29—k{ n,lnl
2n + [|L ] |+2!B+( )|
1278l Z
nt )l +2—29—k Z 2|E(s) i(n)

E(d)]
~ 4 x 12" gl | Z"(n)
dg;* |E(dn)| !

~ 4 x 12n glinll k=g © 5 H P (0) Y (L),
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which gives the desired first statement.
The excluded cases (g,k) = (0,0) and (g,k,b) = (0,1,1) are standard; they are

obtained similarly, by computing |17I£?}@| and |1\_>/I£2](ln){. More precisely, it is well known

that
n!(n +1) T

In order to compute the remaining cardinality, we proceed as in Section B.1 and obtain

(SIS

|—>[O}

n,(ln)‘

2 L,
”l+ 1278 Q. (2n + 1,) P, (0)

n

the division by [,, taking into account the fact that seeing an element of IV)/IE?]U”) as a forest
amounts to choose a first tree among [,,. From the equivalents (68) and (69), this yields

which gives the desired result. O

Limiting distribution of the areas. We finally take into account the areas. To this
end, observe that, conditionally given

-

(Sna Hi(s"), LE(S")> :

the area vector Aj E(Sn) is distributed as follows. We arrange the half-edges eq, ..., ex
incident to the internal face of S,, according to the contour order, starting arbitrarily, and
let z; = Z;Zlﬁj, where (; = Hy? if e; € I(S,) or £; = Ly7 if e; € B(S,). Then, A%,
Act+ A2 A+ A2+ A ... are distributed as the hitting times of the successive levels
—Ty1, —T1 — Ty, —T] — Ty — X3, ..., by a simple random walk conditioned on hitting the

final level —> "% | x; = —|[H, | — [|L.[ at time 2n + [|I,||. The desired convergence (19)

easily follows from this together with (74), as well as the fact that, for every e € Bo(S,),
we have A¢ + L¢ = O((L%)?) in probability.
B.4 Boltzmann quadrangulations

We finally prove Theorem 5; in its setting,

W(F@n@gy,) = 3 W(Qhe) WIF((Q) | Qo]
“ n€la~l/K,a=1K|NZ+
. ala™'K| .
—a /L k) dAW (Q,)1.00) WIF(21(Q) | Q4 aysoor]

By Theorem 1 and the definition of sld) Az 1t holds that

WIF (@ +(Q) | Qo] 2 EIF(000)].
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while Proposition 4 yields that

59—17

w (Q[ﬁjl/aj,lam) a’l’o lg (L/\/Z> (A/a) 2 +34p

Hence, Theorem 5 will be proved if we can show that the convergence in the last integral
expression is dominated. However, this is a direct consequence of the discussion of the
domination hypothesis around (72). Corollary 6 is proved is a very similar way, this time
summing over all possible values of the perimeters, which results in the integral with
respect to dL on (0, 00)®.
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