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DISPERSAL DENSITY ESTIMATION ACROSS SCALES

By MARC HOFFMANNI AND MaTHIAS TrABSE

UNIVERSITE PARIS-DAUPHINE AND KARLSRUHE INSTITUTE OF TECHNOLOGY

‘We consider a space structured population model generated by
two point clouds: a homogeneous Poisson process M with intensity
n — oo as a model for a parent generation together with a Cox point
process N as offspring generation, with conditional intensity given
by the convolution of M with a scaled dispersal density o' f(-/a).
Based on a realisation of M and N, we study the nonparametric
estimation of f and the estimation of the physical scale parameter
o > 0 simultaneously for all regimes o = o,,. We establish that the
optimal rates of convergence do not depend monotonously on the
scale and we construct minimax estimators accordingly whether o is
known or considered as a nuisance, in which case we can estimate it
and achieve asymptotic minimaxity by plug-in. The statistical recons-
truction exhibits a competition between a direct and a deconvolution
problem. Our study reveals in particular the existence of a least
favourable intermediate inference scale, a phenomenon that seems
to be new.

1. Introduction.

1.1. Statistical inference across scales. Data may behave differently at different scales.
Depending on the interplay between the information parameter (the number of observations,
the inverse of a noise level or the time length of measurement) and the physical scale of the
data, the structure of the underlying statistical model may exhibit different properties. We
may encode this idea by viewing rather a statistical experiment as family

(1) £€={P},: [0}

n>1,0>0

where the probability measures P;{ , are simultaneously indexed by the information parameter
n > 1 and a physical scale ¢ > 0, and that we shall refer to as a (family of) statistical
experiment(s) across scales. Depending on the choice of the scale ¢ = o, varying with
the information n, the statistical geometrical properties of £ (such as LAN type conditions
or asymptotic equivalence features Le Cam| (2012)); van der Vaart| (2002)) may differ. In
particular, the choice of an optimal procedure may be dictated by different regimes governed
by o,.

It is therefore desirable to understand the larger picture given by simultaneously for all
subsequences o,. In an asymptotic setting, we may attempt to realise the following program:
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o Identify the optimal estimation for f (in an asymptotic minimax sense for a given loss
function) for an arbitrary (but known) o = oy,.

e Considering 0 = ¢, as unknown, estimate simultaneously ¢ and f and achieve optimality
for f in this setting.

In this paper, we build a family of statistical experiments across spatial scales that exhibit
nontrivial behaviours at certain critical levels and for which different estimation procedures
with different rates of convergence enter into competition as the scale varies. This can be of
crucial importance in practice, and is in stark contrast with the results in Duval and Hoffmann
(2011); Nickl et al.| (2016); |Chorowski (2018]) where some robustness of estimation methods
and of the minimax rates of convergence is observed across time scales for Lévy and diffusion
processes.

1.2. A model for dispersal estimation.

Informal description. We start with two random points X,Y € R? where X € O for
some domain @ C R? represents the trait of a parent in a spatially structured population,
and Y € R? is the location of (one of) its children. We are interested in recovering the dispersal
distribution of Y — X. This means that Y — X has a density function

(2) folz) =07 f(2/0), 2 €RY,
with a physical (dispersal) scale parameter o > 0 which determines the order of E[|Y — X [2]'/2,
where | - | denotes the Euclidean distance. The parameter of interest is the density function

f. If we observe an n-sample (X;, Y;)1<i<n, the Y; — X; have common distribution f,, and we
are in a classical density estimation framework; the scale o is irrelevant. Assume now that we
are rather given two point clouds X and Y in R%, with

X={X;:i=1,...,n} and Y={Y;:j=1,...n},

i.e. we do not know the match between a parent and its offspring, hence we do not observe
the variables Y; — X; anymore. This is the topic of the paper.

The scale parameter o now becomes crucial. Heuristically, if o < n=/%, j.e. the dispersal
scale is small with respect to the typical distance between the locations of the parents
population X, then we may guess the parents-offspring match by a nearest distance procedure,
i.e. take X ;) solution to

IY; = Xyl = min {|Y; — X3 i =1,...,n},

and proceed as if the Y; — X ;) were an n-sample with distribution fs, up to controlling the
mismatch error. However, if o > n~/¢, the mismatch error explodes and alternative methods
need to be found. For instance, in dimension d = 1, for a child trait Y; with parent trait X;_,
writing Y; = X;; + o D;, we see that D; has density f, therefore, if the parent distribution p
is known, then the Y; have common distribution p * f,, where * denotes convolution. We may
then implement a deconvolution approach to recover f and ignore the potential information
given by the point cloud of the parent traits X. This has some price, namely the ill-posedness

of an inverse problem, and has to be assessed with some care. Our objective is to formalise
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this model and these approaches in order to encompass potential applications as described
in Section below. In particular, we need not impose that X and ) have the same size,
allowing for a random number of parents and children. To provide a complete and transparent
picture, we will greatly simplify our approach by restricting ourselves to the one-dimensional
case d = 1, with O = [0, 1]. Extensions to more general domains O for the state space of the
parents as well as in higher dimension d > 1 are available and discussed in Section [

Formal construction of the model. Random point clouds are equivalently represented by
random finite point measures. The location traits of the parent generation, i.e. the point cloud
X C O =10,1] is represented by the realisation of a homogeneous Poisson point process

M(dz) = 6x,(dx)
J

on the unit interval [0, 1] with intensity measure m(dz) = nAdz, where n — oo and A > 0 is
fixed. Note that the size |X| is random, with E[|X|] = n\. Given a realisation of M, the point
cloud Y C R that represent the traits of the offspring is generated by a Cox point process

N(dy) =3 ov;(dy)

with (conditional) intensity measure

p(M = fr) (y)dy = Z 1fs(y — Xi)dy,

where the dispersal density is f, = o~ f(-/o) as in () with dispersal scale parameter o > 0.
The parameter p > 0 represents the average number of an offspring given one parent. Hence,
fo describes the distribution of the random variable Y; — X;. (when the child j has parent i;).
The distance between the traits of the children and the trait of their parent is of order o. The
expected size of the offspring population (i.e. the average size of )) is thus nAu. In Figure
we simulate a realisation of the (M, N) process, for different values of o = o, depending on n.

Keeping up with Section we study a statistical experiment of the form , generated
by the observation of (X,)) or equivalently (M, N), with information n and scale o. The
unknown parameter is f and, for simplicity, A, u are assumed to be known. Our aim is to
reconstruct f asymptotically in a minimax sense as n — oo, for all scaling regimes o = o,.

1.3. Dispersal inference in applications. We briefly present some specific application dom-
ains compatible with the approach of dispersal inference as described in Section [I.2} Admit-
tedly, further adjustments may be needed in order to be directly applicable in a given
application; in particular, there might be a natural one-to-one correspondence between parents
and children or not.

Ezample 1: Service time estimation in M/G/co queuing models. Dating back to [Brown
(1970), certain M/G /oo queuing models are embedded in our approach, see in particular the
recents results of |Goldenshluger| (2016|, 2018)); |Goldenshluger and Koops (2019). Here, the
state space of the parents O C R represents time. The parent location trait is identified with
an input arrival of a request to a server, according to Poisson arrivals at rate A. Once the
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FiG 1. A realisation of (M, N) for different values of o0 = 05, = n~%, with a = 0,0.5,1,1.5. The match between
parents traits (blue points) and their offspring traits (red diamonds) is graphically obvious for small oy, = n~td
but becomes more difficult if not impossible as oy, increases. In the statistical experiment generated by (M, N),
we are only given one horizontal line at a scale oy,.

(random) service time of the request is fullfilled, an output is observed, that corresponds to
the location trait of an offspring. See for instance Baccelli et al.| (2009) where the emphasis is
put on queueing systems where the service time cannot be observed. A small ¢ compared to
1/X indicates that the service time is small compared to the order of magnitude of a typical
interarrival between two queries, in which case one may take the time between an input and
an output as a proxy for the service time. Otherwise, this is no longer true and alternative
methods must be sought. Most aforementioned studies assume o\ = 1. The case where o is
larger than 1/)\ has been adressed by Blanghaps et al. (2013)) where it is still required that
Ao is bounded.

The goal is to estimate the density of service time, that matches exactly with the dispersal
density f of our model. However, in the M/G /oo, model, to an incoming call, one associate
one output exactly, which is slightly more stringent than having ; = 1 only. See also |Hall and
Park| (2004)) and Section for a more specific discussion in that direction.

Ezample 2: Poisson random convolution in functional genomics. This is actually the
application that originated our approach, following informal discussions with our colleague
Marie Doumic, that are formulated in |[Hunt et al.| (2018]). See also the recent work by |Bonnet
et al. (2022)). The objective is to propose a model of distance interaction between motifs
(or occurences of transcription regulatory elements) along DNA sequences. Related literature
using point processes alternatives is developed for instance in |Gusto and Schbath| (2005);
Carstensen et al.| (2010]).

Dispersal inference proposes an alternative approach compatible with Hunt et al.| (2018), at
least at a conceptual level: along the DNA sequence, transcription binding sites are observed
according to a Poisson rate A and serve as a parent generation model. Conditional to their
parent location, transcription start sites (T'SS) along the sequence are drawn via a random
distribution f that we wish to infer, the dispersal distribution. Depending on the dispersal
scale o, we are back to our original problem and we obtain a continuous nonparametric
alternative to the model described in Hunt et al.| (2018)).
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Ezxzample 3: Dispersal distance in plants genetics. Introgression from cultivated to wild
plants is a challenging problem for evolutionary ecology, especially in the context of genetically
engineered crops. The study of gene flow from crops to wild relatives starts with understanding
the typical dispersal distribution — in a spatial sense — between plants and their offspring.
Although our model is too simple to account for various heterogeneity in natural environment,
we emphasise some encouraging similarities: in the study of |Arnaud et al.| (2003), plants of
interest and their offspring are distributed along a river bank. This accounts for a dispersal
density a state space understood as a one-dimensional manifold (a curve), which is similar
(and rate equivalent) to estimating a one-dimensional density, cf. Berenfeld and Hoffmann
(2021)).

Beyond the specific case of measuring dispersal along such idealised geometric features,
the problem of estimating the distance between parents and saplings (accounting for seed
dispersal from maternal or paternal parents plus pollen movement) is explicitly addressed in
Isagi et al.| (2000) via microsatellite analysis. Other plant based dispersal issues such as seed
versus pollen dispersal from spatial genetic structure are discussed in Heuertz et al.| (2003,
see also |Lavorel et al.| (1995) and the references therein.

Example 4: Estimating diffusivity based on counting occupation numbers of particles. In a
suspension of particles in a fluid, a Poissonian number of particles is recorded as they enter
a fixed domain A and likewise when they leave A. Applications in fluctuation spectroscopy
enables one to infer the diffusivity (or other parameters) from such counting data, assuming
that the particles have velocity (V;);>0 with random dynamics governed by a diffusion process

AV, = —BV,dt + /2BDAW,

where (W;)¢>0 is a Wiener process and 5 > 0 is a thermal relaxation parameter. There exist
explicit formulae that relate the sojourn time of a particle within A and the diffusivity D,
when the process is at equilibrium, see in particular Bingham and Dunham (1997). We thus
have a typical dispersal inference problem, where the dispersal density corresponds here to
the sojourn time of the particles. See also the recent paper by [Goldenshluger and Jacobovic
(2021)).

1.4. Results and organisation of the paper. We first analyse the interaction between parents
X and children ) via the correlation structure between the measures M (dz) and N(dy). In
Proposition (1| in Section below, building on the approach of |Goldenshluger| (2018)), we
establish the formula

(3)

1 E [M(dx)N(dy)

dzdy | = mAfr 5 2) W) + folw =),

nAL

where p = 1jg 1) denotes the density function of the parent distribution. Formula reveals
the competition between a direct approach and a convolution problem, as mentioned above.
From the observation of (M, N), we have access to empirical averages of the form

%: p(Xi,Y) = /[O,”X]R o(z,y) M (dz)N (dy),

for test functions ¢. We can take advantage of the information given by the first term in
the right-hand side of by picking ¢ of the form ¢(z,y) = ¥(y) and thus ignoring the
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information given by the parents generation. For the second integral, we pick ¢ of the form
o(z,y) = Y((x —y)/o)) and we can take benefit from the interplay between the parent
generation and its offspring. This results in generic estimators of the form

(4) > ¢ (Y, (Xi = Yj) o)

for a specific choice of ¢*. Whereas these heuristics give an overall flavour of the statistical
model structure, the general situation is more subtle. In Section [2.1] we elaborate on the
properties of the point process (M, N) to obtain an estimator of f(zp) for an arbitrary point
zo € R. It takes the form

1 -
N thl,hg(zo)y for large scales,
Thine(z0) = ¢ T4
h:f hi ko (20) — ONA, for small scales

where

N _ ol Yy YimX
fh17h2(20)_71)\/«60'h1i2j¢(h2 O‘hz)w(hl ohy )

is inspired by for a suitable kernel ¢ (and ¢ its derivative). For a suitable choice of the
bandwidths k1 and hg, we prove in Theorem [6] that
N 971/2
supE[(F, 1 (0) = 1))’ S

where the notation A < B is equivalent to the Landau notation A = O(B), the supremum is
taken over Holder balls of regularity s > 0 locally around zg, and

nfs/(Qerl)’ if o < n-1
5 B Us/(2s+1)’ ifoe [n—17n—(25+1)/(25+2))’
(5) Ty = oy if o € [/ (2542) [ —(s43)/(6546))

(na)—s/(23+3)7 ifoe [n—(4s+3)/(6s+6), 1]'
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The shape of the rate of convergence r, = r,(0) as ¢ = o, varies is illustrated in Figure
We prove in Theorem [7] that this result is indeed optimal:

~ 1/2
lim inf inf supr,, 'E; {(19 - f(zo))g} >0,
9 f

n—oo

where the infimum is taken over all estimators 9 buil upon the point clouds X and ), and
the supremum is taken over Hoélder balls of regularity s > 0 locally around zj.

As illustrated in Figure |3 a direct estimation regime with minimax rate r, = n~—5/(2st1)
dominates for ¢ < n~! (the far left side of the picture), whereas for fixed o, we have
rn = n %/ (25%3) i e the minimax rate of convergence of an inverse problem of order one (the
far right side of the picture). However, when o, slowly goes to 0, the inverse problem minimax
rates deteriorates to (nan)*s/ (25+3) Surprisingly, other regimes appear in the intermediate
regime o, € [n~',n~(4s+3)/(6s+6)] In particular, we find a worst case region, around the
scale o, ~ n~(4513)/(6s+6) that yields the exotic minimax rate n~5/(65t6) We discuss this
phenomenon in detail in Section 2.2} In Section [3] we consider the case of an unknown
scale ¢ = o,. We first show that it is possible to estimate ¢ so that we can ultimately
decide whether no is sufficiently large to apply the no — oo asymptotics. We establish in
particular in Section [3.1]a bound for the relative error (¢ —c)/o of our estimator &. This is the
gateway for a plug-in strategy to estimate f optimally when o is unknown and considered as a
nuisance parameter as we demonstrate in Section The sensitivity of the plug-in estimator
ﬁfth (20) = ffthhz (20)(@) is controlled via the smoothness of the process o +— ﬁfth (20)(0)
via a chaining argument based on Kolmogorov-Chentsov criterion. We show that the optimal
rates are achievable in probability.

The rest of the paper is organised as follows: In Section [2.1] we construct an estimator of
f(20) that takes X and Y as inputs and that adjusts to the scale o = o,,. Convergence rates for
the estimator and matching minimax lower bounds are given in Section and Section [2.3
respectively. The estimation of o is studied in Section [3.1] while the estimation of f when o is
unknown via plug-in is undertaken in Section A discussion with possible extensions is the
content of Section [d A short numerical simulation study is proposed in Section [5] All proofs
are postponed to Section [6]

2. Main results.
2.1. Construction of estimators across scales.

The correlation structure of (M, N). The starting point of our estimation approach lies
in the analysis of the correlation structure between M and N, that builds upon the approach
by |Goldenshluger| (2018). In our study, the fact that the parent data X are distributed on a
bounded interval has a considerable impact on the correlation structure.

PROPOSITION 1. Let (A;)i<i<r and (Bj)i<j<; be two families of disjoint subsets of [0,1]
and R, respectively. Then for any (n1,...,n7) € RT and (&1,...,&7) € RY we have

I J
(6)  logE[exp (D n;M(A)+ > &N(By))]
j=1

i=1
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1 J

=AY (€% — 1) Ai] + A /01 (exp (D5 = 1) /B foly = x)dy) —1)da

s - les,
+nA ;(em —1) /A (exp (u;(e 1) /Bj foly — 2)dy) —1)da,

where |A| denotes the Lebesgue measure of A C R.

The proof relies on Campbell’s exponential formula and is given in Section[6.1] Differentiating
the result of Proposition [T, we obtain the following explicit representation of the correlation
structure of M and N.

COROLLARY 2. For any A C [0,1] and any bounded B C R we have
1
EMANB)] =Xl [ [ faly=a)dydo o [ [ oy =) dyde.
o /B B

Corollary [2| reveals the infinitesimal correlation structure

E[M (dz)N(dy)] = nAu(nA(fs * p)(y) + fo(y — 2))dy da,
with p = 19 1;. Applied to a well-behaved test function ¢: [0,1] x R — R we obtain

nELL )M @) N )

= n)\/Ol/Rgo(x,y)(fg * p)(y)dydz + /Ol/Rtp(x,x +o0z)f(z)dzdz.

In order to obtain information on f from the first integral, ¢(z,y) should depend on y solely,
while in the second integral, ¢(z,y) should rather depend on (y — x)/o. We therefore pick a
test function of the form

o (2,y) = Y1(y)v2((y — 2)/0).
In the limit n — co, we expect the empirical mean to be close to its expectation so that the
approximation

> o' (X, Y) R E[D> ¢ (X5, Y))]

¥ ¥
is valid. Hence, we asymptotically have access to

1
O Bl W = )/ 0) M@R)N @) = omA Uy (F £p) + V().
where
UnlF ) = [ 910) (02 # Lioajo)) /) for + D) W)Vl
and
Valf) = [ % 11 10)(02)a(2) f ()1

It is noteworthy that

Us (f # )| < [[Ynllprlldall and Vo (H < [ flloollallpr izl L1,

showing that 1) the functionals U, and V, are not sensitive to the order of magnitude of
o, and 2) the influence of the test functions 1); is bounded in L'-norm, hence they can be
subsequently chosen as kernels that weakly converge to a Dirac mass as n — oc.
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The deconvolution approach via U,(f * p). Pick 1)y = 1 as a constant function in (7)) to
obtain

B S 01 05)] = 0¥ [ @) )dy 0 [ [ nle+ 02) (e

— n2A2M(/R¢1 (W)(f +p) (w)dy + O 1)),

where |X| = M([0,1]) = An 4+ Op(n'/?) is the total (random) number of parents. Ignoring
remainder terms and using the fact that |Y| = N(R) = n\u + Op(n'/?) we also have the
approximation

(8) Dl, )~ [ o) s p) )y

The empirical estimate is transparent: each child with trait Y; has a parent with trait
Xi; such that Y; = X;. + oDj, where D; is distributed according to the dispersal density
J. With X;; ~ p, we obtain Y; ~ f, * p. However, the parent trait distribution p is uniform

n [0,1], its Fourier transform oscillates and vanishes on a discrete set, hence a classical
deconvolution estimators based on spectral approaches cannot be readily applied. While there
are some general constructions in the literature to overcome this problem (see e.g. |[Meister
(2007)); Delaigle and Meister| (2011)); |Belomestny and Goldenshluger (2021) and the references
therein), we take a more explict route.

We elaborate on the approach of|Groeneboom and Jongbloed (2003), relying on the specific
structure of a uniform p = 1 ;). (The case of more general parent trait distribution is
discussed in Section . Denoting by F' the cumulative distribution of D;; and writing
9o = fo * p, we have

:/IR{ H[O,l](y - z)fo(z)dz = /R]l[y—ly](z)fa(z)dz = F(%) - F(%l)
Hence, the representation

9 FE) =9+ F(E) =go) + 9oy -1+ F(L2) = =D go(y—0)
>0

is valid for all y € R. Based on the observation ), the density g, can be estimated at zg € R
by a kernel density estimator with kernel K and bandwidth A > 0

Go.n(20) |y| Z (0’20 Y)

and then use representation @ to obtain an estimator of F'(zp) via

(10) W (20) =5 ZZ (M)

7 Z>0

Note that for compactly supported kernels the sum in £ is finite. For simplicity, we further
consider the case where f is compactly supported and will adjust our assumptions accordingly.
With no loss of generality, we assume

Supp f C {— %%}



10 MARC HOFFMANN AND MATHIAS TRABS

so that only the term for £ = 0 appears in the above sum.

Finally, we obtain a nonparametric estimator of f(zg) by taking the derivative of l?’h(zo) in
. We take a bandwidth h = ohj that scales with o that will prove technically convenient.
We obtain a deconvolution estimator of f(zo) by setting

Y;

fl?fc D;‘ Z 0h2 (7 B 7)

ohy

We recover the representation with

1 20 .
11 = K'(Z2 - —).
(11) V1= re (hl o—h1>

Note that the convolution term in @ is uninformative if M is a homogeneous Poisson point
process on whole real line as in |Goldenshluger| (2018)) or on the torus as in Hunt et al.| (2018)).

The interaction approach via V,(f). While the deconvolution approach ignores the information

of the parents, an estimator based on the interaction of parents and their offspring can be
constructed via 19, taking now ¥; = 1 to be constant. From , we obtain

5[ Cua(5)]
:W/wg () +n2oXu [ (o x Lo /op) (/) fo * D) (W)l
= nwu( [ va)f(:)dz +O(no).

The bias is small only if no is small, a result which is consistent with the heuristics of Section
Beyond that scale, as soon as ¢ ~ n~! the situation is a bit more involved.

More specifically, when ¢ < n~!, the offspring traits concentrate around their parents:
we expect roughly to have noh parental traits in a oh-neighbourhood of the trait of a child
Y; = X, +0D;. With overwhelming probability only the true parent trait X;, of Y; is actually
present in this neighbourhood. Then the sum in 7 over all parents in vanishes and we expect

the approximation
Z@bz Y; — X;)/o) Z%

7]
to be valid, while the sum is of order nAu. More plre(jlsely7 we expect

1
(12 37 2 el = X0/0) ~ [ ()i

Applying kernel density estimator with kernel K with bandwidth he > 0, we obtain an
interaction estimator of f(zp) by setting

1nt 20
13 fia"(0) = I35 Z ha (* -

Y, — X;
JO‘hQ )

We obtain the representation with

(14) b = thK(ZZ - h:)
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Whenever no 2 1, the relevance of a procedure like is less obvious. In particular, it is not
clear whether the parent traits in the neighbourhood of an offsping can be used to estimate
f. For no =1 (and A = p = 1) |Brown, (1970) constructed an estimator based on an explicit
formula that relates f to the distribution function of the distance of an offspring to its nearest
parents. An interaction estimator was also applied by (Goldenshluger (2018) in a setting where
the intensity measure of NV is the Lebesgue measure on whole real line and which corresponds
to no = 1. As we will see below the interaction estimator is still applicable if o > 1/n as
long as ¢ is not too large. However, the interaction estimator then requires to incorporate a
non-trivial kernel ¢; and a bias correction. A naive estimator could rely on simply counting
the number of parents in a neighbourhood of the trait of a children, as already mentioned in

Section [[.21

An estimator across scales. Thanks to the heuristics developed for the construction of
fdeC (z0) and f mt( 0), we are ready to implement an estimator across all scales o, when the
scale o is known. We will treat the case of an unknown o in Section [B] below. We first define

S o Yy Y- X
fhl,h2<20) _n)\MO']M;K(hl Uhl)K(h2 ohy )’

where K is a smooth compactly supported kernel with derlvatlve K'. We formally retrleve

the precedlng representation fhl hy(20) = ’;1)\};2 > (Y] )1/}2( ) with 1)1 defined in
and g in . Next, we elaborate on the properties we require for the kernel function K

ASSUMPTION 3.  The function K: R — R is differentiable, symmetric, bounded and satisfies

Supp(K) € [-1,1], K(z) =1 for|z| <1,

/ 2K (2)dz = Lyp—gy for £=0,... 0k
[-1.1]
for some Ly > 0 (the order of the kernel K ).

For £ = 0 or 1, which is generally sufficient in practice, Assumption |3|is simply obtained
from any suitably dilated and translated compactly supported symmetric (even) density
function, see Section [5l Finally we define the appropriate normalisations and bias corrections
that need to be tuned depending on which scale we work. This is done as follows:

DEFINITION 4.  Let K be a kernel satisfying Assumption[3. We define the following estimators
across scales:

(i) (Deconvolution or large scales.) For hy € [(on)~%,1] and hy = 8/0 set

1 -~
I (z0) = thl,g/a@o)

Y; 1 ozg  Yj—X;
(15) B Jn)\,uh2 Z (7 a 7> (ﬁ ;K(SO a 8 >)

ohy

(ii) (direct or small scales.) Let o < 1/8, hy = 1/(20). We set for hs € (0,1]:

o~

J?}(i)(zo) = Efl/(2a),h2(20) —onA

Z2K' (020 — Y]))K(Z—Z - YZ;QXZ) —on.

16
(16) n/\,uhg
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For the deconvolution estimator f}(i)(zo) we could also set 13 = 1. In this case the second

factor in the right-hand side of equals % ~ 1 and we recover A}‘Lilec(zo) from above. A

similar simplication for ]?,(3 (z0) is not possible across all scales. As soon as on — oo, the small
scales estimator crucially profits from the specific structure of 1, which excludes all offspring
traits Y; outside of an annulus with radius of order 1/, see Proposition ( it) for details.

2.2. Rates of convergence. Recall that, given some neighbourhood U,, of zp € R, the
function f: R — R belongs to the local Holder class H®(z9) with s > 0 if f is |s] times
continuously differentiable for every z, 2z’ € U, and

(17) |F D) = D < Oz = 2/

where |s| is the largest integer stricty smaller than s, and f(™ denotes n-fold derivation
(with f(© = f). The definition depends on U,,, further omitted in the notation. We obtain
a semi-norm | f|ys(.,) by taking the smallest constant C' for which holds. Moreover, as
explained in Section [2.1] we assume for technical convenience that f is bounded and supported

in [—3, 3] which yields the following nonparametric class of densitieﬂ

G* (20, 1) i= { £ R = 0,00) : [{ sy < L 1o < LeSupp(f) €[4, 3], [ £(2)dz =1},

We first exhibit rates of convergence for f}(i)(zo) and f}(zz)(ZO) of Definition (4| built upon

ﬁll,h2 (ZO)'

PROPOSITION 5.

(i) If hy <1< on, then we have for any zy € (—%, %)

—-1/2

1/2
1Sk (nohd) T,

(18) sup  E[(f,)(20) — f(20))
f€G3(z0,L)

up to a constant that depends on L, s, K and zy. Choosing h1 = (na)_l/(25+3),

obtain the optimised rate

we

5 (nO_)—s/(25+3) ]

E[(7i (20) = £(20))°]
(ii) Let o < 1/8. For any hy € (0,1] and z € (—3,3), we have

1

2
(19) sup E[(f}gz)(zo) — f(zo))ﬂ / < hj + max ((nhg)_l/z, 01/2h2_1/2,n1/2a),

fegS(ZO’L)

up to a constant that depends on L, s, K and zy. Choosing hy = (n/\a‘l)_l/(QSH), we
obtain the optimised rate

E{(ﬁ(zz)(zﬂ) - f(Zo))Q} i < max ((n A 0—1)—5/(2é>’+1)7 nl/za)_

"We omit a slight ambiguity in our definition: the neighbourhood U, in the definition of |f |25 (20) 18
implicitly taken independently of f.



DISPERSAL DENSITY ESTIMATION ACROSS SCALES 13

Some remarks are in order: 1) The rate (no)2/(2+3) in (j) reflects the ill-posedness of

degree one due to the convolution with the indicator function. Moreover, we see that the rate is
determined by no instead of n solely: the information about f is concentrated at the boundary
[—5,$]U[l = §,1+ §] of the support of the parent distribution since in the interior we have
Loy * fo(y) = Lforall y € (§,1—%). Since the number of children in this boundary is of order
no, the latter can be understood as effective sample size. In particular, the convergence rate
deteriorates for ¢ — 0 and the deconvolution estimator is only consistent as long as no — oco.
2) In (ii) we obtain the classical rate of convergence n~2%(25+1) for nonparametric density
estimation as long as on < 1. For large scaling factors the bias correction —on\ becomes
crucial and the rate gets slower, i.e. the local interaction between parents and children becomes
less informative. We obtain the rate o25/(2s+1) v/ (no?). In particular, the interaction approach
is only consistent as long as o = o(n~'/2). This limitation is a consequence of the non-
negligible correlations between two different offspring traits in a o-neighborhood of a parent.
3) Interestingly, there is an intermediate regime o € [n~!, n~t 2] where both approaches are
applicable and we can choose the estimator with the faster rate.

We wrap together the results of Proposition [5| to obtain our main result:

o~

THEOREM 6. Let s > 0. For any zy € (—1/2,1/2), there exists an estimator f(zg)
depending on o, A\, and s, explicitly obtained from Proposition [5 above such that

~

sup E[(Flz0) = FG0))] " S 7
f€Gs(zo0,L)

up to a constant that depends on L, s, K and y, and with rate of convergence from .

Some remarks again: 1) The graph of logr, as a function of 7 for o = n~7 is illustrated in
Figure |3 Quite surprisingly, the dependence of the convergence rate on the scaling parameter
o is not monotonic which is a consequence of : The information on f in the deconvolution
term decreases if o gets smaller, while the second information based on interaction decreases
if o gets larger. The elbows between the regimes correspond to the points where

o= n7(28+1)/(28+2) 1.e. \/ﬁg — 08/(25+1)

and
o= n7(4s+3)/(65+6) ie. \/ﬁO’ _ (no,)fs/(25+3).

In particular, the best estimator uses the deconvolution approach if o > n~(4s+3)/(6s+6) 459

the interaction approach otherwise. 2) For the construction of the estimator, we need to know
A, pand 0. A canonical estimator for A is given by A = n=|X| = n =M ([0, 1]) ~ n~'Poiss(An)
satisfying E[[A/A — 1]2] = (n\)~L. Hence, it should not be a problem to replace A by A in the
weighting of fhth. Similarly, we can estimate p. The scaling parameter ¢ is more critical,
because even the parametric accuracy is not sufficient to construct an estimator which is
adaptive in o: We have to decide whether ¢ > n~(4s73)/(65+6) op not and the boundary
n~(4s+3)/(65+6) s o(n~1/2) as soon as s > 2 (additionally the boundary dependence on
the typically unknown regularity s). Since the usual construction principles for adaptive
estimators rely on a monotonic dependence of the rate, more precisely of an upper bound
for the stochastic error, the observed dependence on ¢ might complicate the construction of
an adaptive estimator considerably.
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2.3. Minimax optimality. For o < 1/n the rate n~5/(2st1) ig optimal: a lower bound is
obtained by noting that it is more informative to observe the point cloud of the parent
traits ) and the dispersal realisation (D;) via a Poisson point process with intensity nAuf.
The offspring point N process can then the be constructed via uniformly distributing the
children around the parents. Observing (D;), the classical minimax rate for estimating f(zo)
is n=%/(25%1) Less obviously, for no — oo, the rate r, is optimal too:

THEOREM 7. Let zg € (—1/2,1/2), s > 0 and L > 0. Suppose on|logo|~! — oo for
o=o0, € (0,1) as n — oo. Then we have
. 1/2
liminfinf sup leEf[(ﬁ—f(zo))ﬂ

>0,
N0 g FeGs(zo,L)

where the infimum is taken over all estimators 9 built upon X and Y, with r, given by (@

Hence, r,, is the minimax rate of convergence in squared pointwise error for nonparametric
dispersal estimation. In order to prove a sharp lower bound, we have to show that the parents
indeed become uninformative if no — oo such that ignoring the Xj; is then the best we can do.
This argument is based on the following insight: Given a number of parents |X'| ~ Poiss(An)
the distribution of a child trait Y, conditional on the parents satisfies:

X
P(YGdy |X1, X|X| ’X‘ ng

X

—/ foly dxdy+(,X,ng X))~ Elfoly — X1)])dy,

where, conditional on |X|,

Var (m;my X;) e M2

Since E[|X|] = An, the influence of the parent traits becomes uninformative if no — co. See
Section [6.3] for a rigorous proof.

)= mwr(ﬁ,(y - X)) <

3. The case of unknown scale parameter o. In practice, it well may be the case that
the scale o is unknown itself. We address this issue in a two-steps strategy: first, we study
the estimation of o as a statistical problem in its own right. In particular, we need to be able
to distinguish from the data in which regime we stand (no — oo versus no bounded). Also,
we need an accurate estimator & of o with respect to the relative error /o — 1 since o itself
may vanish as n — co. This is done in Section below. Second, we use the estimator & and
the associated decision rules to determine the underlying scale to cook-up a o-adaptive and
final estimator ]?(zo) by plug-in that proves to be optimal in all regimes (in probability, for
simplicity). This is done in Section below.

3.1. Estimation of o. In view of the different regimes for the estimation procedure the
first question to settle is how to decide whether no is sufficiently large to apply no — oo
asymptotics or not. To quantify no empirically, we define

T := N(R\ [0,1]).
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Since the support of the offspring pointA process N is given by [-%,1 4 §] and the intensity
of N is of the order n, we expect that T is indeed of order no.

LEMMA 8. Let Supp f C [—1,3] and set Iy := [ |z|f(z)dz. For any o € (0,1] andn € N
we have R R
E[T] = noAuls and Var(T) < noX(p + u?).

In particular, Chebychev’s inequality shows for any x > 0 that

0, if no — oo,

Pfg —
(T'< ) 1,  ifno<

K
22l *

We cannot use T to estimate o since the quantity Iy is unknown, but we can further exploit
the support [—§, 1+ 5] of the offspring location traits Y;. Namely, we can construct a boundary
type estimator for 0. We focus on left boundary, but the method can be easily modified to the
right boundary or a combination of both. For I € {1,...,|Y|} the order statistics are denoted
by Y(;). A naive estimator for o is thus —2Y{;) = —2min; Y;. We actually need to improve
this estimator by taking the parent location traits near the left boundary into account. The
resulting estimator is defined as

_ 1< N ~
) .— —2Y(1) + QXUA with X(l = 7 ZX () l:= /ﬁ}n\/;.
j=1

If f is bounded away from zero on its support [—%, %}, the corresponding c.d.f. F' admits at
least a linear growth at the boundary.

PROPOSITION 9.  Suppose the dispersal c.d.f. F satisfies

(20) F(z—é))(vz)\/o for z <1

for some constant v > 0. If on — co and V) is specified with some sequence ki, — oo that
can be taken arbitrarily slowly diverging, then

) K
— 1= .
(o2 OP(\/O’?’L)

While for constant o we obtain the typical parametric rate, the error bound is considerably

1) _5 .
7 "—9 js small as soon as

improved if ¢ — 0. Most importantly, the relative estimation error
on — 0.

The estimator &) works well for large scale parameters. On the other side, when o < n™1,
we almost can guess the relationship Y; = X;; + 0D; between an offspring trait Y; and its
parent trait X; such that we can estimate o by a local boundary estimation approach around

the distinct parent traits. To use this local information we specifically use the kernel

= (1= Jz)4 = Lzjo1)2) * Li—1/2,1/2)

and write

zw Yj — Xi)/h) = P(0|D1| < 5) + nAh +&(h),

| >

u)\n
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where the stochastic noise term £(h) defined via the last display satisfies

E[¢(h)] = [M)\n Zqﬂ Y; — X; )/h)} P(o|D1| < g) —n\h

= O(nh(oc + h) + h),

cf. Step 1 in the proof of Lemma [24] Due to Proposition [20] we moreover have for h < o

Var (£(h)) < = ! ((no +nc?)— h + (no + 1)ﬁ)

~n o? o

h2 2 h 2
(21) <% a2 en+ L <nr?+
o no

Since h + P(co|D;| < %) is increasing and equals one as soon as h reaches o, we define for
some sequence K, > 0:

@ :=min{h >0 Zw Yj = Xi)/h) = ndh 41— Vnh? + 0Tk,

PROPOSITION 10. Suppose no3/?2 — 0 and . Then we have for some Kk, — o0
(arbitrarily slowly) that

— —1=0p(knVno? +n71).

Note that the condition no3/? — 0 exactly characterises the regime where the rate of 5(?)
is faster than the rate of (). Combining the estimators (1) and ) with the decision rule
{f > Kp} that enables us to decide whether we are in the regime no — oo or not, we define
our final estimator for o as:

(22)

5. { @ on {T > k,} N {eM) > n=2/3}

532 otherwise.

We conclude:

THEOREM 11. Under the boundary condition the estimator & defined above with
Kkn = logn satisfies

SRS

1
-1=0 (10 n)(Vno?+n"t A — )
P ( g )( \/%)
The performance of & in terms of its fluctuations in relative error are shown in Figure
They will be sufficient to implement an optimal scale adaptive plug-in strategy for the
estimation of f, as developed in the next section.

3.2. Estimation of f when o is unknown. Recall that the optimal rate of convergence is
achieved by the interaction estimator or the deconvolution estimator depending whether

< nf(4s+3)/(65+6) —(4s+3)/(6s+6)

o or o>n
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2 5@
N =(2) (1)
2s+1 \\\\
g NS
< ~<
s _s o
%D 25+2
- S
_.--"7 2s+3
4 e
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S N7
6516
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-1 T 2542 T 6546 0
log,, on

FIG 3. The rates of convergence of ¢ = ¢ or @ depending on the decision rule , as a function the
dispersal rate o on a log-log plot (in solid red). The minimaz rate rn in a log-log plot (in dashed black). The
red curve always dominates the black one.

respectively. Theoremllmphes that gn(4s+3)/(65+6) — (14 0p(1))on(4s+3)/(65+6) in all regimes
for o. In turn, we can decide for the best estimator in a data-driven way by setting

ﬂl)(z()) on {Gn(4s+3)/(6546) > 1}
fn(ZO) =
fg) (z0) otherwise.

where & is specified in Theorem and we use the plug-in counterparts to the deconvolution
estimator from and the interaction estimator from , respectively, given by

71 1 (20 Y 1 o Y —X;
zo) - K= - 21— K(22 25 ’
I (o) = S 2 G o) (2505 - =57)
specified by hy = (n&)_l/(25+3), and
~(2 20 Y} — XZ N
(620 —Y;)K(= — ——) — 7|X]|,
= 0—Yj)) (h2 -~ ) | X]

specified by hg = (n Ag—1)~1/@s+1),

THEOREM 12. Let s,L > 0,z9 € (— 2, 2) and suppose K fulfills Assumptzon@ with order
Ui > |s]. The following holds uniformly for f € G*(zo, L) with property .

(i) If no/(logn)? — oo, we have
PV (20) = f(20) = Op(un),  with u, = (on)~*/?+3),
(i) If no? — 0 and s > 3/2, we have

j-}?)(z’o) — f(ZO) = OP(Un), with Uy, = (n A 0.*1)78/(254»1) + \/EO'.
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In particular, we achieve o-adaptation in the following sense:

Fu(z0) = f(20) = Op(ry),

where 1y, is the minimaz rate for the estimation of f(zo) in squared error loss, given in ,
according to Theorems [6] and [7.

Our final Theorem [I2] shows that under our set of assumptions, it is possible to achieve
optimality for the pointwise estimation of the dispersal density f(zg) across scales without
any prior knowledge of the scale . The proof is based upon the study of the smoothness
of the interaction and convolution estimators as random processes indexed by o together
with sharp estimation rates for ¢ provided by Theorem For technical reason, we have the
additional restriction s > 3/2 for the smoothness of f locally around zy and our bounds are
in the probability and not expectation.

4. Discussion.

4.1. One-to-one correspondence between parents and children. In some applications, e.g.
Example 1 in Section [1.3] it is desirable to impose a one-to-one correspondence between
parents and their children. Each parent has exactly one child and in particular |X'| = |Y|. The
point process N of the offspring generation should be modified as follows. For M = >, dx,
as parent generating process, the offspring of a specific parent trait X; is given by

(23) Yj:Xj+UDj

for independent random variables (D;);>1 distributed according to the dispersal density f
and with the scaling parameter o € (0, 1]. The offspring point process is then simply given by

N(dy) => 6y,(dy) =D _ 0x,+op,(dy).
J J

Let us compare this one-to-one model with the original model of Section Here, we have
an urn model without replacement and a fixed number |X| of draws while in Section we
have an urn model with replacement and random number of draws. In this modified case we
can proceed analogously to Goldenshluger| (2018, Proposition 1) and we obtain the following
counterpart to Proposition [T] with u = 1:

PROPOSITION 13.  Let (A;)i<i<r and (Bj)i<j<g be two families of disjoint subsets of [0,1]
and R, respectively. Then for any (n1,...,n7) € R and (&1,...,&7) € RY we have

I J
logE{eXp (anM(Al) + Zng(Bj))}
i=1 =1
I ’ J I J
=nAY (" = DA +nAd (e = 1)Qu([0,1], B) + 1A Y > (e" —1)(e% — 1)Qq(As, By),
i=1 j=1 i=1 j=1

where |A| denotes the Lebesque measure of A and Qx(A,B) = [4 [5 fo(y — x) dy dz.
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Note that this modified exponential formula coincides with the result of Proposition [I]if we
apply a first order approximation of the exponential functions on the right-hand side of @
and set ;4 = 1. As a consequence, differentiation yields the same form of the intensity measure

1 [M(dx)N(dy)

SE ] = A # A ) ) + foly = 2)

as in Proposition [I| while second order properties differ. In fact, higher order integrals in the
one-to-one setting are a bit simpler, see Remark [I7] below. We can thus apply exactly the
same estimator as before and Theorem [6] remains true in the one-to-one setting.

COROLLARY 14. Let 29 € (—1/2,1/2), and s,L > 0. Based on the observations M
>il0x;, and N = 3 : 0y, = >0;0x,40p; with Dj from there is an estimator f(zo
depending on \,o and s such that

~—

sup E[(f(ZO) - f(Zo))QT/2 N
ngS(ZO,L)

where the rate of convergence is given by (@

4.2. The multidimensional case with arbitrary parent distributions. We investigate briefly
in this section two essential extensions of our approach and the results of Theorem [6}

1) How will the rate change in the deconvolution regime if we consider multidimensional
observations, i.e. when X C O C R% and Y C R? with d > 1?
2) How does the parent distribution affects the problem when p is not uniform over O7

For the first question, we argue that Theorem [ and [7] generalise to a parent point process
in R? with intensity measure Al for a rectangular set @ C R%. In general, the smoothing
properties of a convolution with p = |O|7'1p for a bounded set O C R? considerably
depends on the geometry of O and its boundary 0O in particular, see e.g. [Randol| (1969).
More specifically, a more regular boundary results in a faster decay of the characteristic
function of the uniform distribution on O. As a consequence, the statistical deconvolution
problems depends on the geometry, too. To investigate the impact of the regularity properties
of the parent distribution p, we assume in this section that the characteristic function of the
parent distribution is bounded away from zero. In this case the classical spectral approach
is applicable and allows for a transparent analysis of statistical estimation, even in the
multidimensional case d > 1.

Let M = Y,6x,(dx) be Poisson point process with intensity Anp(z)dz on R? where
p: RY — [0,00) is a bounded probability density function. As before the point process N
on RY of offspring traits has conditional intensity u(M * f,(y))dy with f, from . The
decomposition generalises to

1

ey

B[ [ o1w)a(y - 0)/o) MAn)N(dy)] = 0nATo(f +1) + Vo(£),
OxR4

with

Us(f *p) = /Rd U1(y) (2 * p(o-)) (y/ o) (fo * P)(y)dy
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and

Vald) = [, (15 p(=)) (02)al:)f ()

To deconvolve f, * p in U, (f * p), we denote the characteristic function of p by p,(u) =

Flpl(u) = [a e 7p(zx)dz, u € RY, and assume that @p(u) # 0 for all u € RY. Then we can
choose the spectral deconvolution kernel

fK(hlu)

v =T o)

|Go=/o),  weR:

with inverse Fourier transform F~1[h(u)](z) = (27)™¢ [pa e~ 2 h(u)du for any h € L'(RY)
and where K : R? — R is a band limited kernel with bandwidth h; > 0. Plancherel’s identity
and F[(f * p)(0-)](u) = o4 F[f](v)pp(u/o) indeed yields

ot T2 FK (hiu) e (oM (20)du
L O e R R CATCON (O
1 —iu z _
(25) = 7 o @ F R P )k = (i, = £)(2).

Using 11 from above and 2 = 1, we define the following spectral deconvolution estimator on

R<:
~d 1 [ FK(hu Y;
it = o 2 [T (- 2)

If the parent distribution is unknown, then we can profit from the observations X by
replacing ¢, with its empirical counterpart @,(u) = |X|™1 > ¢ ¥ as demonstrated in the
classical (univariate) deconvolution literature, see e.g. Neumann| (2007); Comte and Lacour
(2011); Dattner et al.| (2016]).

The rate of convergence will be determined by the decay of ¢,(u). Note that ¢,(u) should
decay at least as |u|~? in order to allow for a bounded density h = F~1¢,. In the multivariate
case, the extensions Hjj(zo) and Gjj(zo, L) of the local Holder classes H*(zo) and the class of
Holder regular, bounded densities G*(z, L), respectively, from the univariate case to R? is
straightfroward by considering partial derivatives. A kernel K of order £x > |s| in dimension
d can be constructed, for instance by tensorisation of the one dimensional case. We keep-up
with the notation | - | to denote the Euclidean norm on R

THEOREM 15. Let z € R? and f € G5(z0,L) for some s > 0 and let p be a bounded
probability density on RY with ¢p(u) # 0 for all u € RY. If K is a kernel or order {x > |s]
that satisfies Supp FK C {u € R? : |u| < 1}, then we have

1/2 o
sup  E[|f;?(20) — f(20)”] T S0+ i

B 1/2
o ()| 2du) .
f€G5(20,L)

(/{ueRd;|u|<1/(gh)}
In the mildly ill-posed case with |p,(w)| > (14 |u|?)~#2 for some t > d, we obtain

e E“ﬁ?(%) - f(20)|2} < (no?t=d)=2s/(2s+2t4d)
f€g2(ZO,L)

for the choice hy = (ng?—4)1/(2s+2t+d)
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In the severely ill-posed case |¢p(u)| 2 e for some v, 8> 0, we obtain

1/2

sup E[|fi7(20) = F)] T S 0 (logn) /"

f€Gi(zo0,L)
for the choice hy = 0*1(% logn)~Y/5.

Several remarks are in order: 1) for d = 1, the uniform distribution corresponds to the
degree of ill-posedness t = 1 for which we indeed recover the rate (no)?s/(53). 2) For more
regular distributions with ¢ > 1 the dependence of the deconvolution rate on the scaling
parameter o is even more severe. For ¢ = %d the deconvolution estimator is only consistent if
no?? — co. Since the analysis of the variance of an interaction approach in the general setting
reveals a term of order no??, cf. Remark we conjecture that there is a regime where f
cannot be estimated consistently if ¢ > %d.

To discuss the behaviour of an interaction estimator similiar to , we note first that
our variance estimates in Section [6.2] can be generalised to other parent distributions with
bounded densities and to higher dimensions, see in particular Remark [22]at the end of Section
. A soon as the bias due to Uy(f * p) in the interaction regime can be controlled, one can

in principle build an estimator fi**(zy) with mean squared-error of order

1 od/2

/2 s
S b7+ max (nl/Zhd/Q’ naz "

E[(£"(20) — f(x0))”] 1/241)

for f € G5(20, L). An optimised choice of h = (n A ¢=%)~1/(2574) then yields

1/2 SJ max ((n A de)fs/(Qerd)?nl/Qo_d)‘

E[(i™(20) = f(20))"]
However, the analysis of the bias due to U, (f * p) is quite delicate and we do not have a clear
understanding of its behaviour at the moment. Note also that the analysis of the interaction
estimator is applicable to a generating parent trait point process with intensity Anle(z)dx
for any Borel set O C R? without additional difficulties.

5. A numerical example. In order to illustrate the main results, we will apply the
estimators from Definition [d]together with the pure deconvolution estimator and the interaction
estimator from and , respectively, on simulated observations.

We choose n = 1000, A =y = 1 and consider the Beta(2, 3)-distribution (shifted by —1/2)
for the dispersal, i.e.

f(Z) = %(% + Z) (% — 2)21[,1/2,1/2](2’), z € R.

For the estimators we choose the kernel

1, 2] < 1,
2 2
K(z) = ((F(l2l = )" = 1), |2 € (1, 3],
0, otherwise,

which is continuously differentiable, non-negative and satisfies Assumption [3| with order fx =
1. The bandwidths are chosen as hy = 0.7(no)~"7 and hy = 0.7min(n,oc')~"/* according
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FIG 4. Logarithmic plot of the root mean squared error of ﬂl? (purple), J/‘:}(Li) (green) as well as fﬁfc (purple,

dashed), ]/‘;‘gt (green, dashed) at zo = 0 depending on oy based on a Monte Carlo simulation.

to Proposition [5} In the numerical experiments we note a considerable sensitivity of the small
scale estimator j?f(é) to the choice of hy. While the estimator achieves the optimal rate with
h1 = 1/(20), the proofs reveal that the conditions hy +hy < 0~ and h; > 4 are sufficient for
the bias analysis and the variance grows by the factor (ohy)~!. Hence, h; should be as large
as possible and we choose h; = max (4,0~ ! — 1.1 hy) for f,(lz)

A Monte Carlo simulation confirms our theoretical findings. Figure [4] shows the root mean
squared error at point zg = 0 based on a Monte Carlo simulation with 500 Monte Carlo
iterations. In each of these iterations the same random variables are drawn to define the point
clouds X and Y along a grid of scaling parameters o, = n", 7 € {-2,—1.8,...,—-0.2,0}.

We see that ]?,(Li) is much better for large scales, but its error increases as o decreases. For
o < n"96 2 0.016 the direct estimator ﬁ(j) is better and its error improves when o decreases
F(1)
h1

further. As we can see in this figure and f:‘}fc behave similarly. In contrast, there is a

. 2 N . . . o
notable difference between f,(m) and f;;;t More precisely, our numerical experiments indicate

that the stochastic error of ﬁgt is smaller across all scales, but even before ¢ = n~! the bias
effect drastically kicks in.
For a more detailed impression on the behaviour of our main estimators Figure |5 shows

20 realisations of the estimators A}(i) A,(lz) for two different choices the scaling parameter

and
o € {n=1/20 n=19/201 While the deconvolution estimator f}(i) fluctuates around the true
density for the rather large scale o = n~1/29 ~ 0.71, its result is completely useless at the

small scale o = n~19/20 ~ 0.0014. The direct estimator f}g) reveals the opposite behaviour. At

the small scale ﬁg) concentrates around f, but its shape is unrelated to the dispersal density
if o is large.

6. Proofs.

6.1. The covariance structure of (M, N).
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Fi1G 5. 20 realisations of f}(i) (left) and J?}(Li) (right) and true density (dashed) in the point process model with

parameters n = 1000, A = p = 1 and scaling parameters o = n~ /2 ~ 0.71 (top) and o = n~ 1920 ~ 0.0014
(bottom).

PRrROOF OF PROPOSITION [Il Conditional on M we obtain from Campbell’s formula
J K
E[exp (Yo miM(47) + - &N (B)|(X))]
j=1 k=1
J K
= exp (3 m;M(4)))E[exp (3 &N (Bi))|(X;)]
j=1 k=1

:exp(

n;M(4;)) exp (/(ezk@““k W 1)y foly — Xi)dy)
l

-
[y

J

; K«

= exp (Yo mM(4) + Y /B (¢ = )Y foly — Xi)dy) = exp (/ng)
j=1 k=17"k l

for

J K
(@) =S i, (@) +hx),  h(z)=pY (e —1) /B oy — 2)dy.
j=1 &

k=1

Applying again Campbell’s formula yields
J K 1
10gE[eXP (anM(Aj) + ka(Bk)ﬂ = ”)\/O () —1)da.
j=1 k=1

If we plug in g(z), we obtain
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J J 1
— A (e — 1)/ (@) — 1)dz +nA Y (e — 1)| 4] + n)\/ ("® —1)dz.
=1 Aj j=1 0

We conclude by differentiating the previous exponential formula. O
PROOF OF COROLLARY [2 Tt suffices to note that
W(n, &) =K [enM(A)Jr&N(B)}
1
=exp (n)\(e" - 1)|Al + n)\/ (e¥B&2) _ 1)da + nA(e” — 1)/ (e¥B&m) 1)da:>,
0 A

where ¥ (&, 2) := (et — 1) [5 fo(y — x)dy, satisfies

0, €) = ¥, ) (mh [ 09wl 2)dx + nA(@ 1) [ 5O (€, e)
and
0,06¥ (1. €) = W(n.) (nA|A] + nAe” [ (926 ~ 1)da)
1
X (n/\/o ewB(g’x)aézpB({,x)dx—i—n)\(e" - I)AewB(g’x)ang(f,x)dx)
+ U(n,E)re" / VB & geipp (€, x)da.
A

Hence, due to ¥(0,0) = 1

, ¥(0,2) = 0 and 0:¥p(0,2) = u [ fo(y — x)dy, the claimed
formula is given by 9,0:¥(0,0).

O]

The previous proof also shows that

(26) E[N(B)] = n\u /0 1 /B fo(y—z)dydz, BCR,

by calculating 0¢W(0,0). While Corollary [2 determines the mean of linear functionals of M
and N the following lemma investigates the covariance structure.

LEMMA 16. For
QA8 = [ [ foly-a)ayde, @A BLE) = [ [ [ fn-o)falpes) dpdyda
AJB AJB1 /B2
we have:
(i) If By, Ba C R are intervals such that By N By = (), then

E[N(Bl)N(BQ)] = n2)‘2Q0([07 1]7 BI)QU([07 1]7 BQ) + n)‘N2Q¢27([07 1]7 B17 B2)
(27) = E[N(B)IE[N (By)] + nAu?Q5(10,1], By, Ba).

(ii) If A1, As C[0,1] and B C R are intervals such that Ay N Ay =0, then

E[M (A1) M(A2)N(B)] = n® X p|A1|| A2|Qs ([0, 1], B) + n*A* 1| A2|Qo (A1, B)
(28) +n2\2u|A1|Qy(As, B)
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(iii) If A C[0,1] and By, Ba C R are intervals such that By N By = 0, then

(29)
E[M(A)N (B1)N(B2)] = n*\*1*| A|Qo ([0, 1], B1)Q4 ([0, 1], Ba)
+ n2)\2N2QU(Av BI)QU([Oa 1]’ B2) + 712)\2#2@0([0, 1]7 Bl)QU(A¢ BQ)
+n* N | A1 Q2 ([0, 1], By, Ba) + nAp*Q2(A, By, By).
(iv) For Ay, As C [0,1] and By, B, C R with Ay N A2 =0 and By N By = () we have
E[M(A;)M(A2)N(B1)N(B2)]
= E[M (A1)N(B1)|E[M (A2)N(B>)]
+ 12N 122 (| 41| Qo (As, B1)Qo ([0, 1], Ba) + | A2|Q0 ([0, 1], B1)Qo (A1, Bo)
(
(

+14111421Q2((0,1], B1, B2))

+ 12N (Qo (A2, B1)Qo (A1, Ba) + [A1|Q2(As, By, By) + |A2|Q2 (A1, B, By) ).

The proof is similiar to the proof of Corollary [2| but using forth order partial derivatives
@. We postpone the details to the appendix.

REMARK 17. A modified proof shows that in the one-to-one case the formulas in Lemmal[I6|
remain true if we set Q2(A) = 0.

6.2. Bias and variance bounds. The two integrals Uy, (f+p) and V,(f) from (/7)) are analysed
in the following two propositions.

PROPOSITION 18.  For s,L > 0 let f € G*(z9,L). Suppose that 1 and 1o are given by
and @, respectively, with K satisfying Assumptz'on@ with L > |s].

(i) If ohe > 8 for o € (0,1], then we have for all zo € (—1/2,1/2), and hy € (0, %]

Uolf #p) = 1= (a0) + O(IE).

(ii) If hy € [4,07Y) for o € (0,1/4), then we have for all y € (—1/2,1/2), and hy €
(O¢G_1 - hl]

Us(f *p) = +—

PROOF. (i) Noting that (f, * 1j1)(y) = F(£) — F(Z1) for the cumulative distribution
function F' of f, we plug in the choice of ¥; and substitute z = zp — £ to obtain

T T r—1

Us(f *p) = th%/(% * Lpp, 1/"])(56/0)1(,(171 - UTH)(F(;) — F( . ))d
(30) = 12 [ Loy o = VK (F (o —2) — Fleo =2 = )

Moreover, we have

(1#2*]1[0%])(20—2 hg/K )ﬂ[ol](zo—z—x)dm— h2/K T [7;}(x—z)dx.
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Denoting the anti-derivative of K by K(~V(2) := [*_ K(z)dz, we obtain

1, ? 1 1, 2
(31) (Y2 % Vppaje)) (20 — ) = KOV (- + —) = KOV ().

On the assumptions that K(x) = 1 for |z| < 4, h1 < —2 and ohs > 8, we have zt;/g, ,52 c

[—1, 3] for any |2| < hy and thus (2% 1j0,1/01) (20 —2) = 53,7~ Since the boundary terms vanish
by the compact support of K, we conclude from (30| . together with integration by parts

uo(f *p) - Uhih% /RK/(hil)(F(ZO - Z) — F(ZO — 0.—1))dz
1 p _
" ohihy /RK(hl)(f(Zo —2) = flzo—2z—0"Y))dz
(R D)~ (K = Do)
oha s

where the last bound is due to the usual bias estimate based on the Holder regularity of f.
Note that f(zo —o~') = 0 since o < 1 and |2p| < 1/2 and, especially, f has arbitrary Holder
regularity in a small neighborhood arround zpz — o~ 1.

(ii) If hy + hg < 1, then i %,12 > 1 for any |z| < hy and thus |D reads as

z

(b2 ]1[0,1/01)(20 - z) =1-— K(_l)(h:)'

If o < 1/2, we moreover have F(zg—z—o0"1) =0 for all zg € (—1/2,1/2) and 2 € [~hy,h1] C
[—(20)7%, (2 )_ ]. Using that K(x) =1 for |z| < 1/4 and using F(z) = 0 for x < —1/2 and
F(x) =1 for z > 1/2, we obtain from (30) for hy >4

hl%/|z>h1/4 (1- K(_l)(z/hQ))K/(hil)F(zo —z)dz

1 /4 z
== 1— KCY(z/hg))K'(—)d
wl. (x/ha)) I ()

Us(f xp) =

_ hl% / Ooo (1= K0/ K ()2
0 z z
= (=K OIKO) + 5 [ KK (G)az)

z

LI /0 K(Z)K(Z)d
= — = —)dz
2h2 h1h2 —o0 hl h2

where we have used integration by parts and symmetry of K. Since K (-/h1) is constant one

on [—%, 7], the last line simplifies for hy < hl to

1 1 0 z 1
K(—)dz = . ]
Us(f*p) = 50 hlhg/m G =4

PROPOSITION 19. For s,L > 0 let f € G*(z9,L). Suppose that 1 and 1o are given by
and , respectively, with K satisfying Assumptz’on@ with L > |s]. Let o € (0,1].
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(i) If hy < Il and hy + hy < 1/0, then
Vo(f) = hy' f(20) + O(hi ' h3).
(ii) We have for all o,hi,ha >0
Vo ()| < Ry IE N 1K | ol £lloo-

PROOF. (i) We use

(Y1 % Ly g)(02) = . / K22 Ly

ah2 hi Uhl
1 /0 20 — 1 20— 2 20— % 1
= — K’ © L )dt = K -K ——)).
hy /—1/(Jh1) (G hy ) h1< ( hy ) ( hy 0h1)>
Noting that z € [z9 — ha, 20 + hz2| by the support of ¥ and using hy + hy < 1/0, we have
|20—z—2| > L —hy > hy and thus K (2= Z—m) = 0. Since K (25—*) = 1 for [%—=] < h2 <1,
we obtain
1 20— 2 20— 2
J@ 1)) () = 1o [ KK () f)dz
hiho Jr ha ho
1 20— %
32 = /K z)dz.
32 i LR

Applying again the usual bias estimates on (hy 'K (-/hg) * f)(20), we conclude

[ @ 1) @n() )z = b £ (o) + O 1)
(ii) The second bound easily follows form Young’s inequality:
| [ 1 ) 0221 1(2)2] < = 1 oilollll e

< lallze 2l llf oo < AT K 20 flloo- O

The next step is to investigate the variance based on Lemma [16]

PROPOSITION 20. If f is bounded and @*(z,y) = ¥1(y)2(5) for some kernels ¢y €
L'N L% 4y € L2, then there is some C > 0 such that

Var (Zw Yi)) < CrAu(LV [ £ll)

x ((u+ 1) (g + 022202 [al3: + (Ao + g+ 1) 22) 96122
PrOOF. We decompose

Var (3¢ (5, ) =E[( 3¢, %) | ~ B[ X ¢t (% 1)

Jik gk gk

=E[3 ¢ (X, % +E[ Y 0 (X, Yo (X, Vi)

J.k jl#j27
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+E[ Z ©*( Ykl (Xj’YkQ):|

Jik1#k2
+ (E[ Z ‘P*(XJ'MYM)SO*(X]'Q’ Yk2)} - E[Z (‘O*(Xj’ Yk)}2>
2k sk

= J1+ o+ J3+ J4.

Due to @ and Young’s inequality we have

=2 [ [ DR e+ o) Widude - nvn [ [ G0+ 02)f(2)dzda
= 12\ [ (3 Lo o) 0/ VU3 () o L)) )y

F [ (05 1) (0203 () ()

<N po |93 Lo o loolVnlIZ2 1 fo * Loy lloe + nAntlleF * 1y gilloo 17211 fll o
< u(n® N0+ | flloo) 19117290217 -

From Lemma [16{(ii) and (iii), we deduce for z1 # x2 in [0,1] and y € R
E[dM (z1)dM (z2)dN(y)] = HQAZM(M(J% * L) (y) + foly —21) + foly — mz))dy dayday
as well as for z € [0,1] and y1 # y2

E[dM (2)dN (y1)dN (y2)] = n? X222 (nA(fo * Lio,1) (1) (fo * Lo 1)) (32)
+ fo(yr — o) (fo * Ljo1))(y2) + fo(y2 — o) (fo * Ljo,1)) (1)

1
+/0 folyr — ) foly2 — O)dt + N fo(y1 — ) fo(y2 — :v))dmdyzd:c.

Therefore,

/ / /90 r1,Y)"(22,y )ﬂ{xl;ém}M(dxl)M(dm)N(dy)} = u(Jo1 +2J92)

with

1 r1 —_ —
Jax =N [ (00 (P20 )y + 1))y dasday
= n'\%0? [ (o Lo1/a)) (/e WRW) o * o))y

<nPNo®|[YnZalv2)7: and
1 41 _ _
Jop = n2>\2/0 /0 /R¢2(y le)%(y O_x2)¢%(?/)fa(y—xl)dydxldl‘z
242 ! L1y 9
=n°\ a/ / P2 x 1jp1/0)) (2 + f)wl(ml + 02)2(2) f(2)dz dxy
2>\20'||1!12||L1||¢1||L2/ |92 (2) £ (2)|dz = n® N0 [[7a 12|71 flloo-
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For the third term we have

1
T3 = E[/o /R/RSO*CU, e (e, 3/2)ﬂ{y#yz}M(dx)N(dyl)N(dyz)} = 2 (J3142J32+J33+J34),
where

J31 i=n’A\? /[o,anz o (2 U_ x)%(yza_ DY (1) (y2) (fr # Lio,11) (y1) (fo * Ljo,17) (y2)dy1dyadz

1
— 33 /O (o= o)+ (W1 (fo + To1)))) () 2d
<3N (/o) |2 I3 = nP N30 bt |2 llein 3

J32 = n’\? /[0 . o (L ; x)d}z(w; DY (1)1 (9) fo (91 — ) (fir # L1jo,1)(y2)dy1dyzdz

= n?\? /0 1 ((a(= - Jo) fo) 1) (2) (ha(— - Jo) * (1(fo * Ljg 1)) () da

< N2 (= - [o) foll vl Zallve(= - /o)l
= 0220 ||¢a(=) flla 2l llvalze < 2220l flloollvn 72 12l12s,

J33 = n2/\2/ Do (LYo (=LY (1)1 (w2) fo (1 — £) f (92 — )iy dbdr

[0,1]2x R2 o o

= 712)\2/ Pa(z1 + t_J)ﬂ)z (22 + u)@bl(mﬁ +t)1(oze + 1) f(21) f(22)d2z1d2zo dtde
[0,1]2 X R2 o o

<n?)\o /R4 12 (21 + 2)1b2 (20 + 2)ab1 (021 + t)h1 (020 + )| f(21) f(22)d21d zg dadt

=n’No /RQ(|¢2| * [P2) (21 — 22) ([ * []) (0 (21 — 22)) f(21) f(22)d21d 22

< N0 yull7 /RQ(WzI # [12])(21) f (21 + 22) f (22)dzrdzz < N0 |[n|7 62|70 1 f oo,

Yyr—x
2
[0,1]xR2 o

J34 =1\ )Tﬂz(yQU_ m)?/)l(yl)@bl (y2) fo(y1 — 2) fo (y2 — x)dy1dys dz

- /o1 ((foto2(-/0)) *41) (x)*dx

< nA|r || 22| forba (- /)] 2
<A 32 F lloo [l ne 12l 32 < nA flloo i 132 ][ 213 2

Finally, we have due to Lemma [T6{iv) for 21 # 25 and y; # y» that
E[dM (1)dM (2)AN (y1)dN (1)) — E[dM (z1)dN (y1)] E[dM (2)AN (32)]
= 2020 (A fo (31— 22) (fo * Ljo.)(92) + nAfo(y2 — 20) (o % L) (1)
sd [ folun = 0ol — 0+ foln — 22 o2 — )
+ folyr — 21) fo(y2 — 1) + folyr — 22) fo(y2 — $2))dy1dy2dw1dx2

and thus Jy = ,u2(2J4,1 + Juo+ Ju3+2J44) with

Jug = n3>\3/ Yo () (P2 ; P2 (1) ()

[0,1]2 xR2 o
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X fo(y1 — 22)(fo * Ljo,17) (y2)dy1dyzdzida:

=n’\3 /[O,I]XR (¢2(;) * ]1[0,1])(91)(1#2(—;) # ((fo * L)) (w2)1 (y1) fo(yr — x2)dy1da,
1

= ”3)‘3/0 (fo x ((2(-/a) * Ljo 1)¥01) ) (w2) (Y2(- /) * ((fo * Ljo,1))%1)) (w2)dw2

<A [l /o)1 70

=’ No? g |22l 70,

— X — X
Juo = 713)\3/ ?/Jz(yl ! )¢2(y2 2)¢1(y1)¢1(y2)fa(y1 — 1) fo(y2 — t)dy1dyadtdrdas
[0,1]3 X R2 o o

— 13352 /[0 - (¢2 * ]1[071/0})(21 + t/U) (¢2 * ]1[071/0})(22 + t/O’)?,bl(UZl + t)¢1(022 + t)
X f(zl)f(ZQ)dzleth
1
= ”3)\302/0 (2 Lo a/6))w1(07)) * f(=)) (t/0)?dt

nP N0 || (W2 * o170 1 () 172
< PN |72 217

Jig = n2)\2/ ?/)2(y1 — wl)%(y2 ; $2)¢1(y1)¢1(92)

[0,1]2 xR2 o

X fo(yr — x2) fo(y2 — x1)dy1dyadaidas
212 x1 1
<neA /R4 |2 (21 — ;)1/)2(732 + ;)
X Y1 (@)1 (21 + 22 + 0 (22 — 21)) | f(21) f(22)dz1dzodz  dg
= 712)\2/ (f * |¢2|)(ﬂ - Z1)|¢2|(ﬂ)(|¢1| x| 11]) (021 — x1) f(21)dz1day
R2 o o

=2 [ (% ((F * W)l [0 () o) ol o s
< X0l nl|Za [ $all7 ) £lloos

— X — X
Jaa = ”2/\2/ ¢2(y1 1)1/}2(3/2 )01 (1)1 (y2) fo (1 — 21) for (g2 — 21)dyrdyzda da
[0,1]2xR2 o g

N

=n*No /01 (W2 f) * 1)) (=21 /) (f * (2 * Ljo,1/0))¥1(0+))) (=21 /o)

<2 N0?|| (2 f ) * r(o0)l| 2| f * (W2 * Lo, 1/01)001(07)) | 2
< 2 X% ||y | Zallv2 )7 ] flloo-

Combining all estimates yields for some C' > 0

Var (37 ¢*(X5,3)) <Cndu(1+ [ flloo) 1132
3,kEZ

x (1 + 1) (nAo +n2220?)[[ga] 31 + (nAo + 1+ w)l|a]32). O
If the test function only depends on Y}, we obtain the following simplified version:

LEMMA 21. We have Var (Z]‘ ¢1(Yj)) <A+ 12| )12
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Proor. We decompose

Var(Z%bl ) =E [ZW Pl +E[ 3w, jz)}_E[Zwl(Yj)r

J1#52

= nAu/ U1 (9)* (o * L) (w)dly
+ n)\lf/o /R/R¢1(yl)1/’1(3/2)fa<yl — ) fo(y2 — z)dy1dyada
=:J1+ Jo.
These terms can be bounded by

J1
Jo

nAull¢r)|7.  and
|| fo x 1][32 < nAEE ][ [ O

nAul[v1 |72 fo * Loy lloo

<
nAE (| (fo +01)* o 1yl 1 <

<
<

REMARK 22. With only minor modifications the same proofs applies to point processes
M and N in R? where M has intensity n\p with bounded probability density function p
on R? and where N has conditional intensity u(N * f,) as before. In this case all indicator
functions IL[O 1] have to be replaced by p, all integrals of the type fol .dx have to be replaced

by Jga...p(z)dz and the factors o in the above estimates have to be replaced by . We
obtain the followmg variance bounds:

Var(Z@ Ye)) SCrd(1+ || lloo) (lIplloo + 1p1%)

(33) % ((u+ D (Ao + W0 [4a]]3: + (Ao + 1+ w)l[wal3 ) 3.

Var (3¢ (Vi) ) <nd( + 12 [plloll1 32
k

6.3. Proof of upper and lower bounds. Based on the previous bounds, we can prove our
main results.

Proof of Theorem[f The theorem is an immediate consequence of Proposition

PROOF OF PROPOSITION [5l From and Propositions |18 and we conclude

nA
(34) :f(z)+0(hs)+o(ﬂ) for hy < ™2 ohy 28,0 < 1
0 1 ’I’th s 1 X Pl 2=606,0x 4,

1 - h
B[ Tna(20)] = ohallo () 4 -2 Vo(f)

1 ~
E 5 T (20)] = maVolf) + ondhaUo(f %)
1 1 1
(35) = f(z0) + O(h3) + onX, for he < min(1, . hi),h1 € [4, ;],a <1
Since the kernels from and satisfy

lillz2 = O™ hy?), el = 0(1), W]z = O(hy),
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Proposition [20] yields with a constant u

1 - hso 1 1 1
- < 2 —
Var (n)\hl T e (zo)) ~ noh3 <1 * no * hono + hg(na)z)7

Var (h12fh1,h2 (zo)) S — (1 +no + hano + hQ(TlO’)Q) L

h2 O'hl

with the constants depending on || f|lec, A and p. Combining these bounds, we conclude:

(i) If no > 1 > hy and hg = 8/0 we obtain

E[(F) () = £(:0)?] = E[( o Fu siole0) = £(:0)’]

hoo)?  (hgo)? 1
< h2s ( < h25 -
S (nohy)? * noh? ( * hgna) S noh?

(7i) We have for hy = 5> and hy € (0,1] and 0 < 1/8

E[(ﬁi?(m) - f(ZO)ﬂ = E[(Eﬁl,h2(20) — f(z0) — on)) } h3® + nlh2 VsV no®. O

PROOF OF THEOREM [7. Without loss of generality let zg = 0. Consider the density fo(z) =
6(5 — 25 1Li_1/2,1/9(2) € G°(0,L). Let K € C*™ N C*(R) be a function with Supp K C
[—1/2,1/2] and K'(0) > 0. Set for some &,h > 0

f1(2) :== fo(z) + eh*K'(z/h), z € R,

where K’ denotes the derivative of K. Since the compact support of K implies [ K'(z)dz =0
and because K’ is uniformly bounded, the function f; is a density supported on [—1/2,1/2]
if h is small enough. Due to

Ifilles < llfolles + el |K (z/h)lles = Ol folles + el K'llcs) = Ol follos + el Kl s+1),

we also conclude | f1|’Hs(0) L. Therefore, we have constructed two alternatives fy, f1 €
G*(0, L) satisfying

fo(0) = f1(0) = R*K'(0) 2 h°.
Hence, the lower bounds on the point-wise loss follow from Tsybakov| (2009, Thm. 2.2), if
the total variation distance of the corresponding observations laws remains bounded for the
choices

Jl/(23+1), if no(2s+2)/(2s+1) <1,

(36) h — (J\/ﬁ)l/s’ if na(25+2)/(28+1) >1and o < n—(4s+3)/(65+6)’

We denote by Py, and P, the joint distribution of the point processes M and N where
the coniditional intensity measure of N is given by M x fy, and M * f1,, respectively. By
conditioning on the number n, = M([0, 1]) ~ Poiss(An) of parents, the number n, = N(R) ~
Poiss(png)|ng of children and the location of the parents traits (X;)i=1,.. » S U([0,1])|ns
we obtain

(37)
n\)"e n _
IP1n —Ponlzy = <7 Ay (una)™ e M d(Py n, Pon|na,my)  where

nx Ny >0

z

ng>1
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Y1, Yy [ X1=21,., X0y =Tngy IP)Y1,...,Yny | X1=21,...,. Xng =Tng
1,n 0,n

P dz,

d(Pl,n7P0,n’na§7ny) ::/ ™V

[0,1]7=

taking into account that on the event {M([0,1]) = 0} the conditional distributions coincide.
Conditional on X; = x;,j = 1,...,n,, the offspring (Y;) are ii.d. Estimating the total
variation distance by the y?-distance, we thus have

Y, ,Yn X 5. ,an— nge Y, 7Yn Xi1= 7"~7X’ﬂz: ng |2
d(]P)l,nv]PO,n|nx7ny)2</[0 . ||]P, 1 y| 1=2x1 T Poln y| 1=2x1 T HTVd$
/ Yl, 7Yny|X1 =Z1,.. 7an—znx ]P)Yh 7Y7’Ly|X1 =I1,.. ’an_xnr)/\ldﬁ
o <
_ _ _ _ n
(R g )
\ /[0 1} (nyx (]P)ifl’,le L1y 7anfl'nl IP)Y1|X1 Ty 1XnL*CUnL)) /\ldx
Under }P’Y”Xl Py Kng =Tng , k €{0,1}, Y is distributed according to the density
gn’,€ y|a: kaa
Therefore,
1
(PYl‘Xl T1,...,.Xng =%ng ]P)Y1|X1 T1,.. ,Xnm—fﬂnz) _ (gT(lvg'(y|x) n};(y|x)) d
I AQ (0) y
4 In,o(ylz)
e L&y wy? . dy
B o2 /(0) (n Z (gh o gh)) (0) )
In,o>0 M iy gno(y|x)

In order to estimate the previous integral, we need a lower bound for the denominator gﬁf),
on the support

SuppZK’(U—yh—%) [—ah/2 1+Uh/2]

Defining the event A := {Vy € [-oh/2,1+ ch/2] : gn(,) (y|X) > ¢}, we obtain

d(Py , P r|m,n)? < eE"K (PY1IX1, A Xn PYlle, ,Xn)> A 1}

272s n
< SB[ /(i;”(cfyﬁ = 2)) ay] + epo(4).

where X1,..., X, i U([0,1]) under P,, and E,, denotes the expectation with respect to P,,.
Applying Lemma [23| from below, we have eP, (A¢) < C loga =: r,. Hence,

(38) d(Py z,

< G [l G o= ) e



34 MARC HOFFMANN AND MATHIAS TRABS

To obtain a sharp upper bound, we will use two different approaches to estimate the previous
display. While the first one will use a stochastic integral approximation of [ 1/ (oh) e (y—x)dz,
the second approach relies on a numerical approximation.

In the first case we represent via

d(]P)m,]P)onlnz,ny) g% nthS“/E ZK,( )}2

(39) —I—Varn( ZK'( ))dy+rn

B[ LS (- S < B[k (s~ )] <o [T Ky - g

Ny o]

the first term is bounded by

h25+1 /E ZK, (y B 7)} dy = ny0h2s+3/ </01/(ah) K’ (y — z)dm)zdy

— o2t / (K(y— —) = K(y)’dy

oh
(40) < 20, a3 K |3,

The variance term in can be estimated by

S Xj 1 X 1 X\ 2
Vo (1 SR T)) = Ve (6o Z)) < Bl G 20)')

Therefore,

n h25+1 h25+1

A e (S o2 o< 2 (o2 o] = 2

Together with and we conclude for some constant C' > 0.

h23+1

41 d2 Plna]P)Onn s Ny < 052 n O'h25+3—|— + 7.
’ 5 Yy Y

Ng O

In the second and third regime we need a different bound. Applying a Riemann sum
motivated approximation, we decompose

1 &= X Ng Ng k/ne
=Y K(y—=2) = n,nnx/ K’ d
”%21 (v-57) JZMZl (=0 /mask/m)(X) (vy- Jh) z
Nz Nz k/ng
:ZZH[(k—l)/nz,k/nz)(Xj)// K'(y——)da
=1 k=1 (k=1)/nz oh
Ne Mg k/ne

+ 22D L /medyma) (X5) /(“)/m (K" (v~ %) Ky ;)

j=1k=1
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=: I1(y) + L2(y).
Therefore, we obtain an alternative bound for :
(42)
2 66 ny h23+1 66 n h2s+1
A(P1n, Ponlng, na)” < /IE [L(y)?] dy + = = /IE [()?] dy + 7.

For the first term, we calculate

B0 =S X R e [ )X [ 0)

3’ ko Ne Mo

=n—2 if j#5' and =n—1 if j=j/ k=K’

k/ng k' /ng !
% /(kl)/nz /(kll)/nl K'(y - E)K’( - %)dx'daz

2 _ o opgy ke R /ne ,
- ko k' (%”%n " %x) /(k—l)/nz /(k/—l)/nz K (y - E)K/< - %)dx/dx

<2omP( [ Ky - a)dn) =202 (K() - Ky - 1/(oh))”
Hence,

2s+1
nyh

/En [11(y)?]dy < 2n ah25+3/(K(y) — K(y —1/(ch)))’dy < 4| K||%2n,oh?T3.

The second term in can be bounded as follows:

B[ ()] =B [(g ki::l Lk ) (X) /( :ﬁ)/n (5 (s = 29) ~ &/ (y— 2 ))ar) ]
. [(anl :21 Htmabne) () /<:i:/n /Kamxj)/<oh>,(azvxj>/<ah>] =) ’dde)Q}

S En [(Jn; :Z_:l Y(h—1) fra b /) (X5) (:ZL) . /( :ii/?:)o_h) |K" (y — z)ldzdx)Z]

= En [( ;Zlkil L(k—1)/na b /na) (X5) /(k/(t;?:joh) K" (y — z)|dz)2].

With an analogous calculation as for E[I;(x)?] we obtain

n, h2st+1 n. h2st1 1/(oh) 2
2 B[Py < 2™ (] |K%y—@macm
o nio 0

h2s +1
<" [ 1l aga < 2,

n2o

2s
2 ”yh

Therefore, we conclude from for some constant C’ > 0

d(Pl,n,PO,n|ny,nz)2 < Clg(ny0h28+3 LI
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In combination with (41)) we obtain for some constant C” > 0

2s+1 2s -1,1/2
2 "o 25+3 | Ny L 2543, Tyh log o
d(P1,n, Pon|ny, ) < C” min (nyah + P oh + n202 ) + C( oo ) .

If we plug this estimate into and we deduce :

h23+1

N(R
()}a’
)

)
M([0,1]
N(R h2s
M([é, 1) Leamqpo 1])>0}} ?)

D
el o))

P10 = Ponldy < C"emin (B[N (R)|oh®*+* + E|

E[N (R)joh?+* + |

+o

g

Using that E[N(R)|M([0,1])] = M ([0, 1]), the remaining expectations are given by

N(R
E[N(R)] = g, E[M] — 4
N(R) o Lgoap>0y) s A 20 - AT 2
E[M([O, 1])21{M<[0»11>>0}] - “E[ M([0,1]) ] - He n; nonl SAC Z(n+1)! T An
Therefore,
h25+1 h2s 1 -1 1/2
Py, — Py < C"e? min (on)\uh23+3 + MT’ onAph®%3 4 ;\Ln02> + C””( Oi?a )

where the last term is o(1) by assumption. Based on this estimate, the theorem follows by
verifying that this upper bound remains bounded for h from . O

LEMMA 23.  For gﬁg)y(ym) =1 i1 foo(y — ;) and fo(z) = 6(3 — 221 _1/9,1/2)(2) there

is some C' > 0 such that the event A := {Vy € [-oh/2,1+ oh/2] : gn?(),(y|X) > 1/14} for

zzd

X1,y X "R U([0,1]) satisfies P(A) > 1— O/ 1252,

PROOF. We first bound the expectation
(0) ! Vo oy Yy
Elgn,»(y|X)]) = /0 fooly —x)dz = /0 fo(; —z)dz = fo* ﬂ[o,l/a](;)

uniformly from below: For any h € (0,1/2) we have

. Y . 1/2 2 Y
f 1 LA f 6 S Y d
ye[fah}g,lJrah/Q] Jox [0’1/”](0) ye[fah>121,1+ah/2} /1/2 (4 Z) [0,1/01(0 2)dz

172 1 1
:6/ S —2)dz > =,
h/2(4 z%)dz -

By continuity of fy we deduce

1
P(A) = P f g (y|X) < —
( ) <y€[ Uh/21rll+crh/2]ﬂ@ (y| ) < 14)
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<P s fz ol = X,)/9) ~ Elfol(y - X,)/0)])| > =)

yE[—oh/2,1+oh/2]NQ ' O
14

TN L WY Y \@Zl folly = X5)/o) ~Elfo(y = Xp/o))

To bound the previous expectation we will apply an entropy bound: Since fy is of bounded
variation, the transition class
F=A{[0,1] 3z fol(ly —x)/o)|y € [-oh/2,1+ ch/2] N Q}

is of Vapnik-Cervonenkis type satisfying the covering number bound N (F, L2(W), e) < (A/e)?*
for any probability measure W, any w > 3 and some constant A which does not depend on

the dialation parameter o (Giné and Nickl, [2016, Proposition 3.6.12). Moreover, F admits

the envelope F, ]l[ 1,2)(+/o) since sup, fo(z/0) = 3 and Supp fo((y — z)/0) C Supp F,

for any y € [— O'h/2 1 + oh/2|. Theorem 3.5.4 and Remark 3.5.5 by Giné and Nickl (2016)

thus yield for some C' > 0

E[ye[-ah/??fah/m Uﬁ; folly = X;)/0) = E[fol(y - X;)/0)])]

1
< 8\/5||F0HL2([P>X1)/0 S\l\/lvp \/logQN(}", L2(W)7THFUHL2(IPX1))dT
1/2

< CHFU”L2(IPX1)‘ IOg(HFa”LQ(le)”

Since || Fy HL2 BX1) = 1 fo 1j_19(x/0)dz < %o, we conclude P(A%) < C logo=! O

no

PRrROOF OF THEOREM [I5l Due to and (25]), we have E[f,if(zo)] = Kp,*f(20). Together
with the bias-variance decomposition and a standard bias estimate, we obtain

E[| /i (20) = f(20)[*] < hi* + Var (fi{(20)).
A bound for the variance of fhl(ZO) = (nAp)~1 Y25 91(Y;) is given in Remark Applying

Plancherel’s identity we have
= 1 1
Var (o)) S lnll3 = - 14l
< o / e Y F K (hu)
Ton Jral o pp(u/o)
We conlcude the first inequality in Theorem [I5]

In the mildly ill-posed case |, (u)] = (14 |u|?)~/? we have Jiuera:u)<1/(om)} lop(u)|2du S
(oh)~%~4, Therefore,

o2d
du < K|? / u)| " 2du
Maus Tk, oo 2]

2d
2 2 g 2 1
E[| lh(ZO) fo)lF] Sh S+W:h S+w-
For h = (no?+d=2)1/(2s+264d) \e thus obtain the asserted rate of convergence. In the severely
ill-posed case |pp(u)| 2 e 1u” we obtain
R 52 »
E[|fa(z0) = f(20)"] S B** + ——e?)

nho

which yields the claimed rate for h = a‘l(% logn)~1/#, O
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6.4. Proofs for the scaling estimators.

PROOF OF LEMMA [8l We denote the c.d.f. corresponding to f, by F,. Using and
integration by parts, we obtain for some random variable D ~ f

E[7] = EIN(R\ [0,1))] = ndu( / / Iy — a)dyder +/ / Joy — 2)dydz)
:n)\u(/ o(— )dx—i—l—/F l—x)dx)
— no 01/0 F(—a)de + /0 Y F(x))de)

1/o
= nou P(D < —x)+P(D > z)dx
0

1/o

= nax\,u/ P(|D| > x)dx
0

= no AuE[| D]

where the last equality exploits that P(|D| > x) = 0 for any x > 1/2 and 1/0 > 1/2. The
bound for the variance of T' follows from Lemma [21| with Y1 =1 _6/2,00 + Li1,140/2)- O

PROOF OF PROPOSITION [@ First we note, that [ — Y(l) is increasing. Indeed, we have

I+1 !
+1
Xayy 2 Xy <~ E Xy = —l E — Xy 2 72 X

l 1 T 1T
P ) =P(|— — —|l—+1
(‘K E[T]1/2 ‘ 2) OE[T] ‘> 21E| ]+ D
T 1 T) _ 4
g[@(‘—A—l‘ > ) oY) 4,
E[T] 2 E[T] "~ no
Consequently,
A={I<I<3l}  with 1= %E[ﬂlﬂ
satisfies P(A) — 1 and [ is of order kp+/on.
For some large C' > 0 set
l _
e:=C— and R := X(l+1) - X(l) € [0,1]

P(|6M — o] > 2¢) = P(6Y — 5 > 2¢) + P(o — 5 > 2¢)
<P@EW — 0> 2) +P(o — 51V > 2R) + P(R > ¢)
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We will consider all three terms separately. For T} we write on the event A

¢ = —2(minY; — X)) —2X1y+2X 5 <o

j J 1 (l) - 2X(1) + 2?(3[)

Since conditional on [X| = n; it holds Xy ~ Beta(l,n, + 1 — 1), we obtain

T =PEY — 0 > 2) <P(—2X) +2X (3 > 20%) +P(A°)

n_ — 1—}—3[}

n_r1aL
< — =B :
< B +olh) = ZE|5 2 |2(|+1]+ o) < CzE[\ 751l Tew

Due to |X| ~ Poiss(An), T} is arbitrarily small for sufficiently large C.
To bound T3, we note that R is a random variable depending only on X. Conditional on
X, the offspring trait Y1 has the distribution function Fyx(2) := ﬁ > Fo(z — X;) where

F, = F(-/o) is the c.d.f. corresponding to the scaled dispersal density f,. Therefore, we write
Ty as

T, =P@EY < 0 —2R) <P(minY; > R — % +X () + P(A)
J
(

:PV3W>XMQ—§+4U
=E[P(Yj : ¥j > X(41) - |X,|y|)} +o(1)
= E[P(Y1 > X(41) - 5| )‘y‘} +o(1)
= E[(1 = o (Xasn) — 5))] +o(0).
The boundary assumption on F' yields
Foa (Xga1) — m > Fo (X — % - Xi)

2 m; 0V (X@t1) — Xi))

g
g ’L"X'<X(l+1)

Z o ):ﬂ.
am )~ X0) = 513

We conclude for some C7 > 0

T < E[(l B (Zf)lj')wq

G
X

< exp(—yC3) + P(1Y] < €7 3n) + P(1X] > C1/Pn) + PUIR < Ci0)

] + PR < C1o)
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using (1—k)"™ < exp(ny, log(1—k)) < exp(—nyk) for K = yC?/3 /0 — 0. Since | X| ~ Poiss(An)
and conditional on |X| we have |)| ~ Poiss(u|X|), we conclude for an arbitrary small § and
sufficiently large C1 = C1(0, A, i, y) that

T, <0+ P(R < Cho).
We bound T3 + P(IR < Cy0) in the same line of arguments, having
T3 +P(IR < Ci0) = P(R > &) + P(R < 01%).

= 'E[R] + B(R ~ E[R| |X]] < O] ~E[R| |X])

Var(R| |X]) ]
(B[R[|X[] — C19)?

e 'E[R] + E|

Note that P(|X| = 0) — 0 as n — oo. For ny > 1 we calculate

E[R| [X| = n.] = E[X(11) — X |X] = na
I+1 1 5
_n$+2_l;nm+l
[+1  (I+1)
ng+2 2(ng+1)

= e ( ,—).
2(ng + 1)(ng + 2) 12n, " ng

The properties of order statistics under the uniform distribution yield Cov(X;y, Xl |X| =
Ng) = % < H'l for 1<j<k<l+1. Weinfer
Var(R| |X| = n,) = Var(X 4| [X]| = - - ZCOV () X+l 1X] = ng)
[+1
Z COV X(j2)| |X| == nx) S 5 -
n
J1,J2 1 z
Therefore,
l . o\ 2
T =z
s+ BIR<C1o) S — + (24 Clz>
1 1 1 no 2 1 1
- Ci— — +0
- C t7 l (24 12 ) + (/fm/an)
This upper bound is arbitrary small for sufficiently large C and n. O

PROOF OF PROPOSITION [I0l We decompose for some ¢ € (0, 1)

5(2)
BT 12 ) =B(5? ~ o] > 02)

N

IP’(&(Q) —o>o0e)+P(o— 72 > oe)
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<PGEY > 0(1+¢) +Plo(1—¢) =25 > co) + PGP < co)
=P+ P+ Ps.

In the following we will prove that all three probabilities tend to zero. To this end, note that

we can write (2 as

>

72 = min{h > 0:P(c|D1| <

) +E(h) =1 = Vnh? + 0Tk, ).

2
For the first term Pj, we set h® = o such that the support of D; implies P(o|D1| < %) =
P(|Dy| < ) = 1. Therefore,

o

h
Py <PE? > 1) SPE(R) +P(o]Di| < ) < 1= y/n(h)? +n~thn)

P(—&(R°) > \/n(h°)? +n~1ky)
<P(ES) =0

with the good event Z from Lemma
To bound the second probability P», we set h* = o(1 —¢) € (0,1/2) and estimate on
En{h* >5? > co}

h* ~(2)
P(o| D] < %) + \/n(h*)2 + i > P(o]D1] < To) + /n(G@)2 + 0
52)
> P(o|Dy| < 02 ) +£(6@)

Since Supp f C [~1/2,1/2] and f is bounded from below, we conclude on ZN{h* > 2 > co},

h* 1—-¢
* 1 _ —) > i .
n(h*)? + n1k, = P(c|D1| > 5 ) =P(|D1] > 5 ) =€ |x1‘r%11n/2f(:n)

Hence, for & = 3(minj, <12 f(2)) " Vno? + n=1k, > 2(ming, <)o f(2)71/n(h*)? + 0Tk,

we have
P, <P(E°) — 0.

It remains to prove P3 — 0. Since ¢ is a triangle kernel, the function A ~— vT(2/h) is non
decreasing, and 80 is h — ﬁ > YT ((Y; — X;)/h). Therefore, on the event {h > 72 > hn}
for any 0 < h < h < o that

uAnZw ((Y; = X)/R) > Zw* Y; - X;)/5%)

nAo? ) +1—4/n(@@)2 4+ n-lk,

>
>n v+ 1—Vno?+n1k,.
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Therefore, assuming k, is such that vno? +n=1k, = o(1), a choice which is always possible
and under the condition and nA(h — h) < P(|D1| > £), Markov’s inequality yields

P(h>5® > h) < IP( Zw Y; = X;)/h) = nAh+1-o(1))
= P(¢(R) > nA(A—h) +1 - P(o|Di| < Z) ~o(1))
<P(¢() > P(Di] > 5o) — nA(— ) — o(1)
< Var (£(h)))
(B(|D1| > h/(20)) = nA(h — h) — E[E(h)] — o(1))’
nﬁz +n_1

(43) = = — 29
(P(ID1] > h/(20)) = nA(h — L) + o(1))

where we used for the last estimate. In the case no < ¢ := P(|Dy] > 1/4)/A, we can
choose h = 0,h = /2 and conclude

( (2)\7> < no® +n”l 5 — 0.
2 (P(|D1| > 1/4) — noA/2 + o(1))

g

If no > ¢1, we first note that with b = 0,h = 1/(2n) yields

1 n”!
P( @ < ) < 2
T 20/ Y (P(IDy| > 1/(4n0)) — oA/2 + o(1))

n—l

(B(|D1| > 1/(4e1)) + o(1))?

To improve this bound in the case o > 1, we choose h; := & + 4L e [L L 4+ 2] for
0<i< = (%(0 — lﬂ = O(on) and estimate using

n

AN

— 0.

I

52 ¢ O 5@ 1 5@ <
P(5 <2)<]P>(a gzn)—i—i;}?(h,_1<a < hy)
I 2 -1
<Z nh; +n _ 4 o(1)
i=1 (P(|D1| > hi/(20)) —nA(h — k) +o(1))
2 —1
<Z nhi +n 4 o(1)
i=1 (P(|D1]| > 1/(40n) 1) —aA/2+0(1))
I 2 _
<Z nh; +n ~ 4 o(1)
=1 (B(ID1] > )/2 + o(1))
I 1
<4 ;2 1
Nn+ ;z +o(1)
3
§£+I—+0(1)§0+n203 O
n
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LEMMA 24. Let c € (0,1) and \/no = O(1). There is for all e > 0 some k > 0 such that

- = k)l
(44) P(E°) <e for == {hesgag] TR T S < H}

PROOF. Step 1: We first bound E[¢(h)]. For o = IL[_%é] * IL[_%,%} and D ~ f, we have
Y ~ fcr *p

[MMZW (v = X)/m)] = [l G/m otz dz+nA/ [0t +p)y)dyda

— B[yi (0D /h)] + nAh /0 [y} (Y + 2)]de

— E[¢f(6D/h)] + nAh — n\h E[) (Y + )]dz,
R\[0,1]

using fRIE[i/J;g(Y + z)|dzx = fi/J;rL(a:)da: = 1. Since || fo * p|loc < 1 we have

/R o E[} (Y + 2)]dz = E[ /( e z/;,t(a:)dx]
<A Y B [L_pey—13 (R A (Y = 1) + h) + Ly apy (b — (=R VY))]
<29 P{Y > 1—h}U{Y < h})
<2/ (2h + ).

With the notation K = ]l[_%,%] we have ¥T(z/h) = 1i_pn/2,n/2) * Kn(2) and since f has a
bounded density, we obtain

E[(6D/h)] = P(o|D:| < g) + (F + Kj — F)(%) — (Fx K, —F)(— %)
= P(o]D1| < g) +O(h).
Therefore,
E[¢(h)] = [Mn Z 112 j0.02(Y; — X2)] = P(o|D1| < g) —nAh = O(nh(h+ o) + h).

In particular, since o < no? +n~! always, we have for all h € (0, 0)
[E[E(R)]| nh(o + h)

< h < 3vno

vVnh? +n-1 Vnh +vn v

which is uniformly bounded.
Step 2: It remains to prove tightness of

w160~ ElEm)]
h€co,o]  V nh? +n=1 .

To this end, we apply the Kolmogorov-Chentsov criterion to the process

§(he) — E[E(hy)]

Vii=

hi :==to,t € (¢, 1].
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Due to , we have V., = Op(1). For 0 < s <t < 1 we decompose increments into

1
Vi— V= i 2 (B (Y; = Xi) = E[Ass(Y; = X3)]),

Agsi(z) == !

’ /nh2+n 1 N

Proposition 20| with 19 = A (o) and 1 = 1|_y g yields

Wl (z/he) — W1 (z/hs).

1
Var (TI)\M

(45) = (o7 + ) AsillTr + A+ (n0) DA 72

We can bound the above L!'-norm by

1
2 f(
[Astllzr < 2<\/nh2+n_1 \/nhQ—{—n /W (2/hs) |dz>

2
_ 2 2
N m /W #fhe) = (Z/hs)ldz) = 272 4 2T,
Usmg Va \[ f(li}a Vo) <!t \fby a+b>2vaband s < t, we estimate
2h2(h2
(e +n)I7 < (o +n)(nht2+n—1) nh2+n |1 (2)| z
2 — 52)2
S0 +n) o*(t - 5°)

(no?t? + n=1)2(no?s2 +n-1)
< nc (tQ—:) (t+s)? n305(t—s)(t+s)? < oAt - 5)?
n205¢352 n3obt4s2

For T5 the mean value theorem yields

~1
(0~ +n)T2 < Wﬁéﬂﬂ] (/ ‘hT _ 7“ (W |dz)
=iz ) (e )’
2
S )
G < et

Similarly we proceed with the L2-norm in (45)):

1 1
/nh? +n-1 Vv/nh? +n=1

2 2 . 2 2
+ W/W(z/ht) — T (2/hy)2dz = 282 4 283,

120l < 2( ) [ WG moas

1
3 (Aaalts = X)) 5 (-4 )0 Avll o+ (n + ) Awe)
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with
1 1 2
1+ (no)™1)S? < +7 h -
( (no)™)51 N< ) t<\/nh2—|—n 1 \/nhg—f—n_l)
1 n2 2 12)2
< (14 L) = 1)
(nh? +n=1)2(nh2 +n-1)
1 2ot (t +5)%(t — )
S (1""7) 2n20 ( —1 i (2 28) —1
no/ (no?t? + n=1)(no?s? +n-1)
204 (t 4 5)? 9 o3(t +s)? 9 o 2
S et T Toapg (s et
and

1+ (no)
1 “1y @2 < / ty
(1+ (no) >szwnh2+n sup [ 1wy

1 1 3
<1—{—(n0) sup by t

~ nhg +n-t rels,t]

hy  hpy\2 _
G ) < . (t—s)?Se?(t—s)*

he hi/ ~ no2s24n—1¢2s52

These calculations verify

E[(V; — V;)?] = Var (niu Z (A5 (Y5 — Xz)) S (t—s)”
i.j

Hence, (V;) has an a-Holder regular modification for any « € (0,1/2) implying tightness. [
6.5. Proofs for the plug-in estimators.

ProOOF OF THEOREM [12 (i) We analyse the deconvolution estimator in four steps.
Step 1: Prefactor. Defining

(1>< 0) = 1

Y\, 1 G Y- X,
ahz)\unZK/(g(i_AAj)(mzi:K(Ugo_ j9 ))’

ohy

we have

(1) ~ts Aun wn — ; Apn An ;
fg (ZO) f( 0) ‘y‘ ’X‘(f ( ) f( 0))+ ( |y’ ‘X| 1>f( 0)

For 7,, — oo the event

Y n X n
dem {1l < ol 1 < )

satisfies

P(A®) < P (m 1\>%)+p(\‘§j_1\>%)

< ﬁ [Var (13| | |X1)] + Var(|Y|)
1
= WE[N‘X” +

_n
72(An)?

T2\
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RS
T2A\ T2

n

— 0,

due to |V|||X| ~ Poiss(u|X|) and |X| ~ Poiss(An). On A we have for 7,,//n < 1/2 that
Aun An Aun An An
AERAT (282 )22 AT
VI |X] (Iyl )\Xl |
:( 1= [VI/(Apn) )ﬁJr 1 —[X[/(An)
L= =/ Aun)/ [X] 1= (1= [X[/An)

—-1/2

67 /v/n.

Since 1y, is always slower than n , we conclude

ra 1B (20) = £(20)] = Op (1 75 (20) — £(20)]) + 0(1).

Step 2: From ¢ to o. Consider the event

~ logn
E:: 1_ njs 1 n 9 n —
{Gefo(l—en),o0(l+en)]} 5 Jon
satisfying
R ol logn
P(X€) =P(|lo — no) =P(]——1 0
(55) = B(5 - o] > £00) = (1% — 1] > 2E0)

due to Theorem Writing hy = (na)~1/(2+3) for any 7 > 0, we have on ¥

75 0) — fo)l < sup r |7 (20) — BIFS (20)] — (f(20) — E[FS (20))]

G:lc—o|<eno

\Jonh, - Ry ° _
< swp L7 o) ~ B (o)l [+ sup = [(f(20) — T (20)))|
oilo—0o|<eno - /anhl o:|lo—0|<eno Tnhl

(16)
< sup onhl[F0 (o) BP0+ swp By (F(20) — B (20))]

G:|o—0|<eno G:|lo—0|<eno

using in the last step that the minimax rate satisfies r, = (h1)® = (na(h1)3)71/2 and thus

3 s/(2s
1 . on(hy) _ (%>2 /(25+3) <( _5n)_28/(28+3)7

r%ﬁnﬁi Enﬁ?
=)
rohy hi

Subsequently, we will bound both terms in separately. To this end, we proceed similarly
to the proof of Proposition (1) To incorporate & we set

(47) D) = alth/(fZL? - E—El) and Uy = iK(i‘) -=).

_ (g)s/(25+3) < (1 + gn)s/(28+3)‘

g

where hy := 9/7.
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Step 3: Bias. The analog to decomposition leads to

Uo(f20) = [ 1) arbioam)0/0) Frp) )y, Vo) = [ (Bre1a0)(02)0() f()0z

where o is the true data-generating parameter. Along the lines of the proof of Propositions (1)
and [19[(ii) we obtain

BU(f ) = = foya(0) +O()  and VL) Sh*
Note that
foratan) = 1(a0) = Z(5(@20/o) = Feo) + (£ = 1)5(e0) & (PELD) O
Therefore, we obtain the following modification of ([34):
B[ o)] = aallo(f + ) + 2255(7)
= o)+ Oy + (B ey

We conclude

log(an))(lm‘)/2 -1y rt <1

sup | (f(z0) ~ B[ (o)) | S 1+ ( RS

g:lo—o|<eno on
Step 4: Stochastic error term. Define
o :=o0(1l —ep + 2ept), hy = (noy) Y/ @5+3), t €10,1],

as well as

Vi i= Jomh3 (7 (z0) — BT (20)])

We thus have to prove tightness of the process (V;);c[o,1) that is sup,cjg 1) [Vi| = Op(1). As in
the proof of Proposition [I0] we apply the Kolmogorov-Chentsov criterion. Writing

1

v Oy vy _mADx. v

Vi — Vi YO EM (Ag 7 (X4,Y)) —E[A [ (X4, Y5)])
I @y, vy mA@ v v
MYNCIET EM (A7 (X:,Y)) — E[A7 (X, Y))])

1 1 _
Aglt)(a:,y) :( MKI(% B Uiyh) a asth/(fZTZ a ths) ) K(% - 9 x)’

— AU () =AM (y-2)/0)
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st = Ak (- ) (6550 K (5 *5)

— A2 () =A% (y-2)/0)

Proposition [20] yields

o o 1
E((V — Vi)’ S(C + A3+ C + HA ) 1AL I

g g
(48) F(C+AAZI N2+ + DIAZ|L) ARV,
1 1 1,1) 2
N(f+1+n+f)|m£t”!|m
0'
+(C+MAZ2, + 4+ Ia%?)1)

We have to bound the norms in the previous line. We have

NGRS <3(¢%— &) [ ))
2
ash *_@)_K/(%_oj/hs)) W

2
t s / KI fTS B o‘ths> - K/(;ZTZ B gSth» dy
=: 3Ty + 315 + 3T15.

Using K’ € L?, we have

o\ 2 (s4+1)/(25+3)\ 2 -
75 (1- V22 = (1 (2) ) S s -9
Vogshg Os Os
Moreover, for some intermediate point r € [s,t] we have
2
Ty — (x'( K'(L / y_ 4 K” LR
h/ (o) =5 G)) =5 ) <G )
T hr hT 2 2 71 2
< — (=== K d
rsel[lsl,)t} hs(ht hs> /y (y)"dy

N (t - 5)27

~

e A ) R G ¥ L R O

2
< sup ﬁ(ﬁ - Q) /yQK"(@ —y)*dy



DISPERSAL DENSITY ESTIMATION ACROSS SCALES 49

22) We have similarly

71 = 5 < 5) R 5 e

9
81/|0t20 U““"K(JTZO )‘ ‘<|t |,

because €/ h — 0. For A

and

A%, = / (1(%0 - 72— pe(%20 7)o
= L (0= o) K (720 TN £ P

It follows that E[(V; — VS)Q} < (t—s)? and (V}) has an a-Holder regular modification for any
a € (0,1/2) implying tightness. We have shown (i).

(ii) We verify the convergence rate for the direct estimator similiarly to (i).
Step 1: Reduction. We define

—+(2) 1 /o~ 20 Yi—Xi o .
< (z0) = = 2K'(2(0z9g — Y;)) K| = — — —ol|X]|.
) = o T2 20z W))K (52— ) 1]

Exactly as in Step 1 of the proof of (i), we see that
152 (20) = £(20)] = Op (1 [T (20) — £(20)]) + 0 (1).
For o = o(n™%/3) we have P(X¢) — 0 for ¥ := {6 € [0(1 — &,),0(1 + &,)]} with

1
En:fin( na2+n_1/\ﬁ), kn = logn
due to Theorem Writing by = (n Aa1)"Y@+D) for 7 € [0(1 — £,),0(1 + &,)] we note
that

> ((n A oY@ 4 Ving?)hy® >1 and

~

r((n A a‘l)—l/QE;1/2 + Vn02)_1 >1

TS
Trnho

Hence, as in Step 2 of the proof of (i) we have on X

i T20) ~ f)| S swp  y/min(uha, 0T, (n02) )| FE (20) — EFS ()]
o:|lo—0o|<eno
(49) + s by |(F(20) — LAY (20)))|

o:|lo—0o|<eno

Step 2: Bias. We will use the notation 1; and 1, from and the resulting U, (f * p)
and V,(f). Note that h; = 1/(27) in this case. With minor modifications in the proofs of
Propositions [L§[ii) and [L9|i) we obtain

BE,(f+p) = — and  E[T,(f)] = by f(z0) + O(hi 1h3).



50 MARC HOFFMANN AND MATHIAS TRABS

Therefore, we obtain the following modification of :
— 2 —_ . — . s
E[7S) (20)] = MaVo(f) +Tn Ny Uy (f  p) = TE[X]] = f(20) + O(h3).

We conclude B o
sup By | (f(z0) — E[FS (z0)))| S 1.

G:|lo—0o|<eno

Step 3: Stochastic error term. First note that due to the bias correction we have the
additional stochastic error term:

sup \/min(na, 0V, (no?)1)[a1¥] ~7nA| < - 2 20]|X] — nA| = Ox(1),

oilo—o|<eno

where we used |X| ~ Poiss(n)). To bound the stochastic error due to the terms involving ),
and v, we use again the Kolmogorov-Chentsov criterion for the process

Vi = (75 (20) = EIFy, (20)] + ou(| ] — )

with

w 1= \/min(nht, O'_lhtu (nUZ)_l)’
Ot 1= (7(1 — &En -+ 2€nt>1 ht = (n A 0;1)_1/(25+1)’ te [07 1]

We decompose

_ 1 (1) A (D)
Vi Ve = 2 (AL Y) ~ EIAG (X 1))
1 2) (2)
/\,u\/ﬁ E :(As,t (XZ’YVJ) E[Ast(Xl’YvJ)])

with

\/@;ltK(ZO yUt_hf>

=AM (y=a) /o)

AL (@, y) = 2K (20520 — y) (— K(ZZ yat_hf) - \/YZhK(? - ya_hx) ).

=A% (y-2)/0)

AL (@, y) =(2K' (2(0120 — 9)) — 2K (2(0520 — 9) )

With these definitions, the bound remains valid up to a factor n? (coming from the
missing factor % in V; — V;) and we obtain

1 1,1)
E[(V; = Vo)) S @0+ no® + - +E)HA( I
+ (on + o?n?)[|A%? ||L1 2213,
(on + (on))[AZY 2, + (on + 1)[AEY|2,.

7

(on+1 HAg

S 1A% +
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Next, we have

2
188V =4 [ (K (o120 — ) = 2K (2020~ 1)) dy

= 8(0 = 020 [ K26~ ) dy S olt =57 S (4 -5

Moreover, the term HA )H 11 is bounded above by

‘\th % Utht)‘dz

\Fh /’ Utht)_K(ZZ othg )’dz

22 K2 - S

o2hs, o o
sup |

O'tzh2 Ws
_|._ —
sl Vnhs,eisy 0% oths  0shs

sup Z| 7 7

+ =
\/’Ehs TE[st] O'2 O'tht

ot — 05|
(h |t s|—|—7a ).

<’ w
= \/ﬁht

Since hs and h, are of the same order in terms of n and ¢ both minima in the above difference
are obtained at the same argument. Separate upper bounds in all three cases yield

(on + 02n2)||Ag72£2)Hil < onh2(h71? — ht_1/2)2ﬂg<n—(25+1)/(2s+2) +h2(ht — h_l)2

S

on 1
+ (f]lg<n @s+1)/@s+2) + 75 Lo, - (2s+1)/(25+2))(h +e )|t ]
hs h?

5 |t - S|2,

noting that nohy < 1 as well as - TNy o (2-25)/25+2 < 1for o < n~@sHD)/(2542) gapd s > 1
g

while 22 = f, mm( 126551 p, 1/2(, 4212) < kpn(3-29)/(12546) < | for 5 > p—(2s+1)/(25+2)

and s > 3/2. Similarly, ||A87£2)||L2 is less than

‘\th Utht)‘ az
2
nm/\ QMYJW%—QZ nm/\ e e Sl WIS
ws |2 w? oPh3| o o odhs| o o |2
‘\fht /nhs +n7h§rsel[lsl,)t] o3 Utht \Fhs rsel[ls%] o3 Jths_gs s
N ‘\/%H \fh (h |t — 8\2+|0t0,;hi8‘2)

and thus we conclude

ht _ —1\2
E(ht b hs 1) ]].U>n7(2s+1)/(2s+2)
min(nhg, o Lhg, (no?)™1) g2 9 9
h Y — < |t —
- (ho S5l —f? S 1t o

(on+ V| AGY |2, S h(B7Y2 = b2+

)

+ (on+1)
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by distinguishing the three different cases where the minima can be attained. In particular,
we have for the last term:

K2

in(nh. hs 1 222 = k2p s/ Qs Hl) o < n_l,
min(nhg, 2, — s
(J?”L—l— 1) ( S;L; ) 7w2)6,21 S nfgjn < :“\772177, (371)/(s+1)7 leg<n gsié
nhg 2o
};13” K2 (25=2)/(2s+1) otherwise,
which is uniformly bounded if s > 1. O

APPENDIX A: REMAINING PROOFS
A.1. Proof of the covariance structure of (M, N).

PRrROOF OF LEMMA [I6l (4) to (i4i): For Ay, Ay C [—1,1] and By, Bo C R with A1 N Ay =)
and By N By = () we write in view of Proposition l

\11(7717 o, €1, 52) {6771M(A1)+772M(A2)+§1N(Bl)+$2N(32)}

1
=exp (n)\(em — 1)]A1| + nA(e™ — 1)|A2| + n)\/o (e¥r(Em)+v2(822) _ 1)qy
2
+aAS (e —1) / (V1612 +0al6em) _ 1)dg).
— A;

where

U6 = plef = 1) [ faly—a)dy
'
We moreover abbreviate
h(z) = (ePr (o) ta(&) _ 1) hi(z) := Og,h(x) = e¢l(fl,$)+¢2(f2yx)a§jwj(é'j,x).
h”(m) — a& a§2h($) _ 61/11(51758)-%11)2(52,96)8& U (fl: 1‘)(9521@(52, x)

Then the first order partial derivatives are given by:

O V(15 m2, €1, &2) = W, m2, &1, &2) nAe™ (|A1\ + /A h(m)dx),

1 2
O, W o, 1,62) = WO o, 0.62) mA( [ hi(@)do+ Yo = 1) [ b (a)de).
i=1 i
‘We moreover need the second order derivatives

Oy Oy W (11,72, &1, &2) = W(n1, 2, &1, Eo)n? N2 72 (|A1’ + /A h(:p)dw) (’A2| + /A h(x)dx),
X 12 2
651852\11(7717 12, 517 62) = \11(771, n2, 517 52)7’12)\2(/ hll(x)dx + Z(em - 1) / hll (I‘)dl’)
0 i=1 Ai
1 2
x (/0 By (z)de + ;(em _1) /A ()

1 2
n "(z)dx el — "(z)dx).
(50) F U6, @oA( [ () 3 1) [, Wiaar)
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Therefore,

a”]l 8772851 \Ij(nh 2, 517 52)
\11(7717 72, 517 52)

:n3/\36”1+”2(\A1] —l—/A h(x)dx) (]A2| —i—/A h(a:)da:)
x </01 B (2)dz + i(em - 1)/A’ I () de)
i=1 i
+n2)\2em+nz</Al h’l(:n)d:r) <|A2| + /A2 h(x)dm)
(51) +n2)\26"1+’72<]141\+/A h(x)dx)( B hﬁ(x)dx)

and

8771 afl 652\1](7717 72, 517 62)
\11(7717 72, §17 52)

1 2
= n8X%m (A4 +/Al h(a:)dx)(/o h’l(g;)dw;(em - 1)/Ai My ()
1 2
X (/0 hY(z)dx + Z':Zl(em — 1)/Ai h’z(:c)dx)

2
+ n?\Zem /A R (z)dx (/01 h(z)dx + Z(em —1) /A h’z(:c)dx)
1 i=1 7

1 2
+n2A%em / Wy (w)da + S (e — 1) / W(@)de) [ (a)de
0 = Ay A

+ n2\2em (|A1| + /A1 h(w)dx) (/01 h'(z)dx + i(em -1) /Ai h"(a:)d:v)

i=1

(52) + nie™ B (x)dw.
Ay

Evaluating (50), and at m = ny = & = & = 0 yields (i), (ii) and (iii), respectively.
(iv) It remains to calculate 0y, Oy, O¢, Oc, ¥ (11,12, £1,&2) which can be deduced straightfroward
from the previous formulas:

8771 a7]2 a{l 652\11(7717 n2, 517 52)
(1,2, &1, €2)

S (VS /A h(a)de) (|Az] + /A h(x)de)
1 2 1 2
X (/0 b (x)dz + ;(e’?i —1) /Ai h&(:c)dx) (/0 hy(x)dz + ;(em -1) /Ai h’z(x)dx)

N (VY /A h(x)dz) | I () da /0 1 h’z(x)deri(e’“ _1) /A () de)
1 2 i=1 g

N (VY /A h(x)dz) ( /0 1 h’l(m)dx+§2j(em —1) /A i (z)dz) [ @)
1 i—1 i 2
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1 2
S x3 e (| Ay 4 / h(x)dz) / I () de / By (@)da + (e — 1) / Iy (w)de)
As A 0 = A,
+n2)\26’71+’72/ h’l(ac)dw/ hy(x)dz
Aq As

S X3em e (| Ay 4 /A () ) ( /0 1 h/l(:c)da:—{—i(em _1) /A My(a)da) [ By(a)da
2 i—1 i 1

+n2)\2em+”2/ Py (z)dx | hy(z)dx
A2 Al

+n3)\3e’71+’72(]141\ + /A h(ac)dac) (\Ag] + /A h(:r)dx)

1 2
X B (z)dz + em—l/ B (z)dx
(f, ¥as+ e 1) [ W)
+n2)\26m+”2<(]A1|+/ h(x)dx)/ B (z)dz + (]A2|-|-/ h(x)d:c)/ h”(x)da:).
A1 A2 A2 Al
Evaluating this partial derivative at 0 yields

E[M (A1)M(A2)N (B1)N (Bs)]

= 0!\ 2| A1 | A2| Q4 ([0, 1], B1) Qo ([0, 1], Ba)
+ 1A% (| A1 Qo (A2, B1)Qx ([0, 1], B2) + [ A1|Qx ([0, 1], B1) Qo (A2, B1))
+ P32 (| A2 Qo (A1, B1)Qo ([0, 1], Ba) + |A2|Qx([0, 1], B1) Qo (A1, Ba))
+ 0P AP Ay | A2|Q5 ([0, 1])
+ 122202 (Qy (A1, B1)Qo(Az, B) + Qu(As, By)Qq (A1, By))
+ 12020 (| A1|Q2(A2) + |A2|Q2(A1)).

Combining this formula with Corollary [2] yields the assertion. O

REFERENCES

Arnaud, J.-F., Viard, F., Delescluse, M., and Cuguen, J. (2003). Evidence for gene flow via seed dispersal
from crop to wild relatives in Beta vulgaris (Chenopodiaceae): consequences for the release of genetically
modified crop species with weedy lineages. Proceedings of the Royal Society of London. Series B: Biological
Sciences, 270(1524):1565-1571.

Baccelli, F., Kauffmann, B., and Veitch, D. (2009). Inverse problems in queueing theory and Internet probing.
Queueing Systems, 63(1):59-107.

Belomestny, D. and Goldenshluger, A. (2021). Density deconvolution under general assumptions on the
distribution of measurement errors. The Annals of Statistics, 49(2):615-649.

Berenfeld, C. and Hoffmann, M. (2021). Density estimation on an unknown submanifold. Electronic Journal
of Statistics, 15(1):2179-2223.

Bingham, N. H. and Dunham, B. (1997). Estimating diffusion coefficients from count data: Einstein-
smoluchowski theory revisited. Annals of the Institute of Statistical Mathematics, 49(4):667-679.

Blanghaps, N., Nov, Y., and Weiss, G. (2013). Sojourn time estimation in an M/G/co queue with partial
information. Journal of Applied Probability, 50(4):1044-1056.

Bonnet, A., Lacour, C., Picard, F., and Rivoirard, V. (2022). Uniform deconvolution for poisson point processes.
Journal of Machine Learning Research, 23(194):1-36.

Brown, M. (1970). An M/G/co estimation problem. The Annals of Mathematical Statistics, pages 651-654.

Carstensen, L., Sandelin, A., Winther, O., and Hansen, N. R. (2010). Multivariate Hawkes process models of
the occurrence of regulatory elements. BMC' bioinformatics, 11(1):1-19.



DISPERSAL DENSITY ESTIMATION ACROSS SCALES 95

Chorowski, J. (2018). Nonparametric volatility estimation in scalar diffusions: Optimality across observation
frequencies. Bernoulli, 24(4A):2934-2990.

Comte, F. and Lacour, C. (2011). Data-driven density estimation in the presence of additive noise with unknown
distribution. Journal of the Royal Statistical Society. Series B. Statistical Methodology, 73(4):601-627.

Dattner, 1., Reif}, M., and Trabs, M. (2016). Adaptive quantile estimation in deconvolution with unknown
error distribution. Bernoulli, 22(1):143-192.

Delaigle, A. and Meister, A. (2011). Nonparametric function estimation under Fourier-oscillating noise. Statist.
Sinica, 21(3):1065-1092.

Duval, C. and Hoffmann, M. (2011). Statistical inference across time scales. FElectronic Journal of Statistics,
5:2004-2030.

Giné, E. and Nickl, R. (2016). Mathematical foundations of infinite-dimensional statistical models. Cambridge
Series in Statistical and Probabilistic Mathematics, [40]. Cambridge University Press, New York.

Goldenshluger, A. (2016). Nonparametric estimation of service time distribution in the M/G/oo queue.
Advances in Applied Probability, 48:1117-1138.

Goldenshluger, A. (2018). The M/G /oo estimation problem revisited. Bernoulli, 24:2531-2568.

Goldenshluger, A. and Jacobovic, R. (2021). Smoluchowski processes and nonparametric estimation of
functionals of particle displacement distributions from count data. arXiv preprint arXiv:2108.06954.

Goldenshluger, A. and Koops, D. T. (2019). Nonparametric estimation of service time characteristics in
infinite-server queues with nonstationary Poisson input. Stochastic Systems, 9(3):183-207.

Groeneboom, P. and Jongbloed, G. (2003). Density estimation in the uniform deconvolution model. Statistica
Neerlandica, 57(1):136-157.

Gusto, G. and Schbath, S. (2005). FADO: a statistical method to detect favored or avoided distances between
occurrences of motifs using the Hawkes models. Statistical Applications in Genetics and Molecular Biology,
4(1).

Hall, P. and Park, J. (2004). Nonparametric inference about service time distribution from indirect
measurements. Journal of the Royal Statistical Society: Series B (Statistical Methodology), 66(4):861-875.

Heuertz, M., Vekemans, X., Hausman, J.-F., Palada, M., and Hardy, O. J. (2003). Estimating seed vs. pollen
dispersal from spatial genetic structure in the common ash. Molecular Ecology, 12(9):2483-2495.

Hunt, X. J., Reynaud-Bouret, P., Rivoirard, V., Sansonnet, L., and Willett, R. (2018). A data-dependent
weighted LASSO under Poisson noise. IEEE Transactions on Information Theory, 65(3):1589-1613.

Isagi, Y., Kanazashi, T., Suzuki, W., Tanaka, H., and Abe, T. (2000). Microsatellite analysis of the regeneration
process of Magnolia obovata Thunb. Heredity, 84(2):143-151.

Lavorel, S., Gardner, R. H., and O’Neill, R. V. (1995). Dispersal of annual plants in hierarchically structured
landscapes. Landscape Ecology, 10(5):277—-289.

Le Cam, L. (2012). Asymptotic methods in statistical decision theory. Springer Science & Business Media.

Meister, A. (2007). Deconvolution from Fourier-oscillating error densities under decay and smoothness
restrictions. Inverse Problems, 24(1):015003.

Neumann, M. H. (2007). Deconvolution from panel data with unknown error distribution. Journal of
Multivariate Analysis, 98(10):1955-1968.

Nickl, R., Rei3, M., S6hl, J., and Trabs, M. (2016). High-frequency Donsker theorems for Lévy measures.
Probability Theory and Related Fields, 164(1-2):61-108.

Randol, B. (1969). On the asymptotic behavior of the Fourier transform of the indicator function of a convex
set. Transactions of the American Mathematical Society, 139:279-285.

Tsybakov, A. B. (2009). Introduction to nonparametric estimation. Springer Series in Statistics. Springer, New
York. Revised and extended from the 2004 French original, Translated by Vladimir Zaiats.

van der Vaart, A. (2002). The statistical work of Lucien Le Cam. The Annals of Statistics, 30(3):631-682.

MARC HOFFMANN, MaTHIAS TRABS,

UNIVERSITE PARIS-DAUPHINE PSL, KARLSRUHE INSTITUTE OF TECHNOLOGY,
PLACE DU MARECHAL DE LATTRE DE TASSIGNY, INSTITUT FUR STOCHASTIK

75016 PARIS, FRANCE, ENGLERSTR. 2,

E-MAIL: hoffmann@ceremade.dauphine.fr 76131 KARLSRUHE, GERMANY

E-MAIL: trabs@kit.edu:


mailto:hoffmann@ceremade.dauphine.fr
mailto:trabs@kit.edu

	Introduction
	Statistical inference across scales
	A model for dispersal estimation
	Dispersal inference in applications
	Results and organisation of the paper

	Main results
	Construction of estimators across scales
	Rates of convergence
	Minimax optimality

	The case of unknown scale parameter 
	Estimation of 
	Estimation of f when  is unknown

	Discussion
	One-to-one correspondence between parents and children
	The multidimensional case with arbitrary parent distributions

	A numerical example
	Proofs
	The covariance structure of (M,N)
	Bias and variance bounds
	Proof of upper and lower bounds
	Proofs for the scaling estimators
	Proofs for the plug-in estimators

	Remaining proofs
	Proof of the covariance structure of (M,N)

	References
	Author's addresses

