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Abstract

We consider a ferromagnetic nanowire, with an energy functional £ with easy-axis in the direction e;, and
which takes into account the Dzyaloshinskii-Moriya interaction. We consider configurations of the magnetization
which are perturbations of two well separated domain wall, and study their evolution under the Landau-Lifshitz-
Gilbert flow associated to E.

Our main result is that, if the two walls have opposite speed, these configurations are asymptotically stable,
up to gauges intrinsic to the invariances of the energy E. Our analysis builds on the framework developed in [4],
taking advantage that it is amenable to space localisation.
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1. INTRODUCTION

1.1. A model for a ferromagnetic nanowire

We model a ferromagnetic nanowire by a straight line Re; C R (of infinite length) where

1 0 0
€1 = 0 5 €y = 1 5 €3 = 0
0 0 1

is the canonical basis of R3. The magnetization m = (m1, ma, m3) : R — S? of this nanowire takes its values into the unit
sphere S? C R?, and we associate to it the energy functional

1
E,(m) = 3 /R |0zm|* 4+ 270,m - (e1 Am) + (1 — m?) da, (1.1)

where x is the variable in direction e; of the nanowire and v € R is a given constant with || < 1; it will be convenient to denote
[i=+/1-—72

Here, - and A are the scalar and cross product in R, The term with « accounts for the Dzyaloshinskii-Moriya interaction. We
refer to [4] where this model was derived from the full 3D system by I'-convergence in a special regime.

We are interested in the evolution of the magnetization under the Landau-Lifshitz-Gilbert flow associated to E., that is the
equation:
ogm =m A H(m) —am A (m A H(m)), (LLG)

where now m : I x R — S? is the time dependent magnetization (I is interval of time of R), o > 0 is the damping coefficient,
and the magnetic field H is given by
H(m) = —6E,(m) + h(t)e.
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dE.,(m) is the variation of the energy, which writes
SE,(m) = —02,m — 2ve1 A Opm + maea + maes.

(recall that m? + m3 + m3 = 1). Finally, the function i : I — R is the (given) intensity of an applied external field, which we
stress that it depends solely on the time variable ¢, and is oriented on the axis e;.
The (CLG) flow is equivariant under the following set of transformations:

e translations in space 7,m(z) = m(z — y) fory € R, and

1 0 0
e rotations Ry = (0 cos¢ —sing¢ | about the axis e; and angle ¢ € R.
0 sing cos¢

There is another symmetry: if m solves (LLG) with parameter +y, then #m(t, z) := m(t, —z) solves (LLG) with parameter —v.
We nonetheless leave this last symmetry aside (it does not play any role in modulation theory for example), and we are lead to
define the group

G=RxR/27Z

which naturally acts on function w : R — R? as follows: if ¢ = (y,¢) € G, g.w := Rg7,w. The action of G preserves S?
valued functions, and so acts on magnetizations; it also extends naturally to functions of space and time, for which it preserves
solutions to (CLG). Also, we endow G with the natural quotient distance over R?:

Vg=(y,¢) € G, |g|= |yl +inf{|¢ + 2kn|, k € Z}.

Our main object of interest here are (precessing) domain walls. These are explicit solutions studied in [4] (to which we refer
for further details): given o = (01, 02) € {#1}? (we equivalently use the notation =+ instead of +1), denote

cos(0«(o1))
Ve eR, wi(z):=| ogsin(f.(o12))cos(yx) with 0, (z) = 2arctan(e '), (1.2)
o109 sin(f.(o12)) sin(yx)
and
97 := (01Y«, ¢3?) where (1.3)
a [* ayy [*
fort >0, y.(t):= ——/ h(s)ds and ¢F(t) = (—1 + —) / h(s)ds (1.4)
L' Jo '/ Jo
Then
(t,) > g2 (t).0 (2) 1.5)
is a solution to (LLG), which we call a domain wall.
Recall that w? are the only solutions, up to a gauge in G, to the static equation
wAJE,(w) =0.
Moreover, they satisfy d F(w?) = S.w? where
B, = 2I'"%sin?0,. (1.6)

They connect —oqe1 at —oo to g e; at +00. The case v = 0 (i.e., absence of DMI) corresponds to (in-plane) static domain walls
where a rotation in 6, of 180° takes place along the nanowire axis ej; these transitions are called Bloch walls (see e.g. [3][8]).
For future reference, we note that 6, : R — (0, 7) solves the first order ODE

0.0, = —T'sinf,, 0.(—00) =, 0,(+00) =0, 1.7
and w satisfies the system of first order ODEs:
O, wl = o1Twl A (e1 ANw?) — ver Aw?. (1.8)

Note also that formulas (L.3), (I2) and (L4) make sense for all @ € R; however the condition o > 0 is the physically relevant
one, and will be required in all the following analysis.



1.2. Functional spaces and Cauchy problem

We denote H* (and LP) for the Sobolev space H*(R,R?) with s > 0 (and the Lebesgue space L?(R,R?) with p € [1, oc],
respectively). We also denote H® for the homogeneous Sobolev space whose seminorm is given via Fourier transform:

1 ~ s ~ —ix
Il = 5 [ (Pl de. where ) = [ e (e de (19)
T JR R
(In particular, ||m|| 72 = ||0zzm||12). We define for s > 1, the spaces
H® = {m = (m1, ma,m3) € C(R,S?) : |m||s < +oo} (1.10)
with [lml|3ge == [[mal[z> + [msllz> + [[mll ..

The H* spaces are modelled on the usual Sobolev spaces H*, but adapted to the geometry of the target manifold S? and to the
energy functional E: the main point is that |mq| — 1 at oo so that m; ¢ L2. H' corresponds to the set of finite energy
configurations E(m) < +oo in which case, the energy gradient 6 F(m) € H~!. Also if m,m € H' with m(do00) = m(+o0),
then m — m € H'. Moreover, if w, is a domain wall (I.2)), then every configuration m € H! with ||[m — w, |4 small enough
is actually close to w, in H' with Lipschitz bounds, i.e., |[m — w.| g1 < ||m — w. |41 (we refer to [4] for details and proofs).

Note that all the derivates of w? of order & > 1 are exponentially localised, so that w? € H* forall k > 1.

We use the following well posedness result, quoted from [4]: see section 4 there, and the reference therein for more com-
ments.

Theorem 1.1 (Local well-posedness in H®). Let a« > 0, v € (—1,1) and h € L*°([0,+00),R). Assume s > 1 and my € H?®.
Then there exist a maximal time T’y = T'y (mg) € (0, +00] and a unique solution m € C([0,T4.), H*®) to (LLG) with initial data
mo.

Moreover,

1. if Ty < 400, then ||m(t)||gn — +ocast Ty,

2. forT < Ty (with T4 finite or infinite), the map mo € H* — m € C([0,T], H?) is continuous in a small H® neighbour-
hood of myg (for every initial data my in that neighborhood, the maximal time of the corresponding solution m satisfies
Ty (mo) > T);

3. if s > 2, one has the energy dissipation identity : t — E(m(t)) is a locally Lipschitz function in [0, T.) (even C! provided
h is continuous) and for all t € [0,T%),

%E(m) = foz/(|5E(m)|2 —|m-6E(m)|*) dx + ah(t) /(m Aer) - (mASE(m))d. (L.11D)

1.3. Statement of the main result

In [4], the flow of (LLG) around the domains wall (I.3)) was studied: for small H' perturbation, and under a small applied
field h (in L$°((0, +00)), domains walls were proved to be (exponentially) asymptotically stable, up to a gauge. This work thus
extended previous results in two directions: in the absence of Dzyaloshinskii-Moriya interaction (case v = 0), precessing domain
walls were reported in [6], and their linear asymptotic stability was proved in [5] (it however completely disregards the gauge
involved); nonlinear stability was also checked numerically in [5]. We can also mention earlier studies of stability for Bloch
or Walker wall (which are travelling fronts, not precessing) under some variant of (LLG) (the DMI interaction is not taken into
account in the energy F): we refer for example to 3, [7, [1} 2} [11]].

In the present paper, we are further interested to study the dynamics of solutions to (LLG) in the presence of several domain
walls. This question is not only academically relevant for the long time dynamics, but also motivated by application of this model
to data storage: domain walls encode information, and their stability property is important for the persistence of this storage over
time.

The simplest case to tackle is the interaction of domain walls decoupling with time: in view of y,, there is essentially one such
configuration, where the speeds are opposite (the transition of these domains wall are centered at .. (¢) and —y.(t) respectively,
up to a fixed translation). This corresponds to studying the evolution of a perturbation of

o2 71,0'; _
g7 (0).wd (2) + o (1) () (1.12)
(given o9, 0 € {+1}), where w} = w7 and wo = w{™172) We will also note now g == ¢" and g7 = gi_l’oé)

In the decomposition of a S? magnetisation around two decoupled domain walls, it is interesting to consider gauges in G
with large translation parameter, which motivate the notation, given L > 0,

Gsr={(y,¢) € G:y> L}, Ger={(y,9) €G:y<—L}.



Theorem 1.2. There exist Lo, dg > 0 and C, A > 0 such that the following holds. Assume that h satisfies

121l ¢ ((0,00)) < o0, (1.13)

and that -
/ Va(2y.(t))dt < +oo  where, forr € R, q(r) = (1 + |r])e”"". (1.14)
0

Denote fort > 0,

t 1/2
R(t) = e T | ( / e”<t5>q<2y*<s>>ds) . (1.15)
0

Let mqo € H! such that that there exist L > Lo and (*, (™ € G~ with
5= Hmo 7 (g+.wj FCwl + 61) HH < bo. (1.16)
Then the solution m to (CLG) is global for forward times and there exist 2 gauges g*, g~ € W1 (R, G), such that,

< OS5 ++/q(2L))e ™ + C\/q(2L))k(1). (1.17)

vt > 0, Hm(t) - (ng.w:r +9g w, —i—el)H )
H

Moreover; there exist two gauges gfo € G such that

+oo
vt > 0, Z lg“(t) — (g (t) + g-)| < C(6 + /q(2L))e ™ + C’«/q(QL)/t K(s)ds. (1.18)

ve{%}

As it will be seen from Lemmal[l.3] x — 0 as ¢ — +oo and is integrable in time, so that the estimates (L17)-(T.18) yield
convergence results. Notice that x depends on & alone, whereas ) is essentially a coercivity constant, which depends on -y (it is
related to the closeness of || to 1). The decay functions e~** and (#) are therefore unrelated, even though in most cases (for
example, as soon as h — 0), x(t) > e,

Theorem[I.2] therefore quantifies how and under which condition the structure made of two decoupled domain walls persists
over time. Assumption (I.13)) ensure that the external magnetic field is not too strong: this is required even for configuration with
one domain wall not to be destroyed. Our second assumption (I.14) states that the free evolution of the center of the domain wall
should separate them indefinitely: in order to have asymptotic stability (that is convergence of the gauge g¥), a requirement of
the type y. — o0 is in order. It turns out that, for our analysis to work, we need a somewhat stronger integrability condition,
which however remains rather mild (see Lemma [L.3).

This result is a stability statement for well prepared data, which bear some resemblance with the stability of the sum of
decoupled solitons for non linear dispersive model: we refer for example to [9] for the generalised Korteweg-de Vries equation,
or to [[10] for the nonlinear Schrodinger equation. An important difference though, is that in these settings, each soliton bears its
own dynamic, which is leading order (solitons are assumed to have distinct speeds), whereas in the present context, the dynamics
is determined by the external magnetic field represented by h.

Our analysis relies on the framework developed in [4], which combines modulation techniques to split the evolution be-
tween some geometric parameters (the gauge) and a remainder term; energy estimates to control the remainder; and dynamical
arguments (consequence of energy dissipation) for the gauge.

An important point of this paper, and a novelty with respect to [4], is that this framework is amenable to space localization,
and is therefore suitable to study the interactions of domain walls: we believe that is much less so for earlier methods and results
(referred to at the beginning of this paragraph), which relied on spectral properties of the linearized (CLG) flow around domain
walls. We localize the coercivity properties of the energy around each domain walls, as well as the energy dissipation equality.
For these two results to make sense, one must first modulate around a sum of two domain walls. These three results are stated at
the beginning of section[2] and proven in sections 4l 3] and [fl respectively. Section[3lgives some preliminary results, in particular
about a frame adapted to the domain wall and the control of the nonlinearity, and first introduced in [4].

The proof of stability is done in section2] and consists in a bootstrap argument: on a time interval on which one can modulate
the magnetization around two domain walls, and one has sufficient control on the gauges involved and the remainder terms, we
combine the localized energy dissipation and coercivity to improve these controls. We give a special attention to the decay
of the remainder term in order to make the assumption on the external field i as mild as possible: this is a delicate part of the
analysis. Before going to the proof of the main results, we conclude this section by giving some consequences of the assumptions
(L 17)-{@18) for h, on the behavior of .



1.4. On the assumptions on the external field /

We recall that the distance between the two domains walls is essentially 2y, (), and it will turn out that ¢(2y.(¢)) measures
correctly the interaction between them.

The assumptions on h are relatively mild: apart from uniform smallness (required to ensure stability, even for one domain
wall), some oscillation and decay are allowed as long as the external field still pushes the domain walls away, so that their
interaction enjoys some integrability in time. This is quantified in the simple computation below.

Lemma 1.3. 1) Assume that h satisfies (L13) and (L14). Then if t,7 > 0 are such that [t — 7| < 1, |y« (7) — y«(t)| < 1. As a
consequence, Y, (t) — 400 as t — ~+o0, and there exists C' > 0 such that for all t,7 > Qwith |t — 7| < 1,

q(2y«(1)) < Cq(2y4(1)). (1.19)

«(t 1 . 1
yl ®) > = then (L14) is fulfilled. This is in particular the case if limsup th(t) < ——.
a

2) If lim inf
)ftlglﬁgo nt r t—+oo

Proof. 1) Recall that 69 < 1, so that the first bound is immediate from the mean value theorem. Assume that for some, R > 1,
there exists ¢, — 400 such that y,.(¢,) < R. We can assume that R > 1/T is so large that ¢ is decreasing on [R — 1, +00),
and that ¢,,41 > t, + 1 for all n. Then, in view of the Lipschitz bound on y. induced by (LI3), y.(t) € [R — 1, R + 1] for all

t € [tn,tn + 1] so that
| o=y
0

n>0

| dtna = Satr ) =+,

a contradiction with (L14). Hence y.(t) — 400 as t — +o0.
Now forany r > 1and h € [-1,1],
lg(r +h) — q(r)| = |(r + h)e TTTR) — e )| < pe=TTelll 4 he =D < C|h|q(r).
In particular,

sup q(r+h) < Cq(r).
he[—1,1]

Together with the fact that for |t — 7| < 1, |y.(t) — y«(7)] < 4, yields (LI9).
2) The assumption on ¥, writes that for some a > 1, and some T" > 2,

VE>T, yu(t) > %mt.

As g is eventually decreasing to 0,

+oo +oo dt
V@ @) dt < / VTS < oo,
T

T

The condition on h implies that on y, by direct integration. |

Lemma 1.4. The function k defined in (L13) has the properties:
+oo
k() —0 as t— 4oo and / K(T)dT < +00.
0

Proof. We already saw that 35, — 00 so that e~ 1¥+() — 0 and is integrable on [0, +00). For the integral term, this is merely a
convolution: as we made the hypothesis that 1/¢(2y. ) is integrable, convergence to zero is straightforward:

. t/2 t
/0 e 22 =9 g (29, (s))ds < |Q(2y*)||L°°([O,+oo))/0 P //2 1Cu.(=))ds
t

+oo
< e g2 o (o400 + VAol L (1t/2.400)) //2 4(2y+(s))ds = 0.
t

For the integrability, we need an extra ingredient: the previous Lemmal[I.3lallows to relate to a series. To avoid side effect, first
observe that there is no integrability issue on [0, 1]:

1 t
/ \/ / e=2\t=9)g 2y, (5))dsdt < || /2@yl (0.1)-
0 0

5



If t € [n,n + 1) for some integer n > 1, using (LI9) there hold

+ n+1 n
/ e\ E=9) (24 (s))ds < C / e A g(2y.(s))ds < C Y e MR g(2y. (k)
0 0 k=0

Hence, using that v/a + b < \/a + v/b, we infer

\/ / e=(=9g(2y.(s))ds < C Y e B /g2y, (k) < © / e =)\ /q(2y.(5))ds.

k=0

(We used again (I.T9) on each interval [k, k+1] for k < n—2, and one last time on [n—1, ¢] which is of lengtht—n+1 < 2 < 2t;
this is where ¢ > 1 is useful). Therefore,

—+o0 t
/ \// e 2Mt=5)q(2y,(s))dsdt < C’/ / e =9 /4(2y.(s))dsdt.
1 0 t>1Jo<s<t

For this last integral we split the integration domain

{(5,8) 1t >1,0< s <t} ={(5,8) : 0< s <1<t}U{(s,t) : 1 <s <t}

In both subdomains, we integrate first in ¢: there hold

1 1
/ / M /g2y (5))dsdt = / e 079\ /{2y, (s))ds < +oo,
0<s<1<t 0

and

1 [+
// e NE=9) | [a(2y(s))dsdt = X/ Vq(2y.(s))ds < +oo,
1<s<t 1

by assumption. O

2. PROOF OF THE STABILITY

2.1. Preliminary results

Lemma 2.1 (Decomposition of the magnetization). There exist 61 > 0, L1 > 1 and Cy > 0 such that the following holds. Let
T >0,heL>®((0,T)) and m € €([0,T),H?) solution to (LLG), assume that for all t € [0,T), and for some L > L,

0= inf

(teGsrpy1,¢"€Ga 1

m(t) — (CJr.wf + (T awy +61)HH1 <

Then there exists three functions :
e g7 =(y*,¢7) :[0,T] — G>, Lipschitz,
e g =(y,¢7):[0,T) = G<_y, Lipschitz,
e £:[0,T) — H? continuous,

such that, for wt = gT.w} and w™ = g~ Wy,

e m=wr4+w +e +¢

* ¢ satisfies for . € {£1}

/5-8zwbdz:/€~(el/\wb)d:c:(), @2.1)

« the following bounds hold for all t € [0,T] and 1 € {+£}:
19°8) = 3201 < Ca (@)l + 0l — 7)), 22)
Il < C1 (6 4+t —y7)). 23)

6



Remark 2.2. This decomposition also holds with T' = 400, mutatis mutandis.

This result will be proved in Section [6]
The proof of the stability relies on two main estimates. The first one shows an equivalence between the energy £ and the
norm of & which will be defined thanks to Lemma[2.1] For this, we recall that £, (w;") = E, (w} ), denoted by F'(w..) hereafter.

Proposition 2.3 (Coercivity of the energy). There exists 0 < d3 < 01/3, Lo > L1, Co > 0 and Ao > 0 such that the following
holds. Under the assumptions (and notations) of Lemma2. 1] assuming further § < 89, L > Lo, there hold, forany0 < R < L/2
and for all t € [0,T]

Og(HsHi,l + (e2T@-T) 4 e2F<R+y’>)) > E(m) — 2E(w,)
02 2 3 QF(Rf + -
> _ L L ) vh) 2Ny ) (o
> (430 = 25 llelin = Ca(lleld + (e +e ). @4

The second result is an estimate of the evolution of the energy. It shows that, up to some quantities which are negligible
enough in some sense, the energy is almost decreasing.

Proposition 2.4 (Localised energy dissipation). There exists 0 < d3 < 61/3, L3 > L1, C3 > 0 and A3 such that the following

holds. Under the same assumptions and notations as Proposition[2.3] assuming further 6 < 63, L > L3 and forany 0 < R <
L /2, there holds, for allt € [0,T]

d C3 2 _t -
aﬁmm(m&—ﬁ)MWS@ﬁw+ﬂRM+J%yMM%+me&J

Lo (egr<my+> b 2R gyt y*)) 2.5)

Proof of Theorem[[.2lassuming Lemma 2. 1land Propositions 2.3 and We assume in the following that mg € H?, so that all
the computations are justified. When mg € H!, one can use a limiting argument as in [4]; we will not develop it further here.

Step 1. Main boostrap

Let 7'y (m) be the maximum time of existence of the solution m to (LLG). Let dy, Lo > 0, and M > 2 be an extra large
parameter to be fixed later. Assume already that My < min(dz,d3), and Ly > L; so large that ¢(2Lg) < 1 and ¢ is non
increasing on [Lg, +00). Define T as the supremum of

{Te (0, T4 (m)) : vVt € [0,T7, inf |m(t) = (¢t w + ¢ ws +er)| <Z\4(5—i—\/q(2L))}7

CteG>r42, (" €G<c—2

By continuity of the flow of (LLG) and the assumption on the initial data as M > 1 and L > Lg > L1, the above set is non
empty and Tj > 0. We aim at proving that T} = Ty (m) = +o0.

As Moy < 61, m satisfies the assumptions of Lemma 2. on [0, T for any T' € (0,7}): it provides us with the functions
gt =(y",¢7), g7 = (y~,¢~) and ¢ satisfying its conclusions, on the interval [0, 7}). Also, at time 0, we have the improved
bound:

1(0)]]e < C1(5 +q(2L), 2.6)

We recall that the domain walls with initial data g* (0).w have center yF () = £y.(t) + y=(0) where

Let T be the supremum of
(T € (0,T1) : V¢ € [0, T,V € {£), [y*(t) — (¥"(0) + 1y, ()] < 1}

By continuity of y, and y*, we know that 75 > 0 (we will show that T» = T} as well). We choose T' € (0, T3], and we work on
the interval [0, T7].

Step 2. Deriving convenient bounds on € and g*.
First observe that for t € [0, 7], yT(t) > L + y.(t) and y~ (t) < —L — y.(¢) so that
6—21“1/+ < 6—2F(L+y*), 2TV < 6—2F(L+y*), 2.7)

aly™ —y7) < q(2y. +2L) < e q(2y.) + q(2Lo)e Y < 2q(2L)q(2y.). (2.8)



This allows to take care of the terms in y in the estimates.
We now choose R so that we gain some coercivity in (2.4) and (2.3). For this we impose that

and R=—, 2.9)

1 1 1
0o < 64 := mi ,
0= o (4\/ )\2 02 4\/ Oé)\gCg ) 254

so that % < aAz and % < Ao.
Hence for Cy = max(Ca, C’g)RQeQFR (which depends only on Cs, C5 and A9, A3), for all ¢ € [0, T7] there hold

E(m) = 2E(w.) > 2)‘2”5”?11 - C4(HE||§{1 + 6_2FL6_2Fy*),

E(m) = 2B(w.) < Cs ([l + e~ Fe20),

d 2
7 2m) +3axslelze < CallhlllellZ + llell s llllZe) + Q(QL)Q(QZJ*))-

We also want to make use of the smallness of / and ¢ to get rid of terms which are cubic or higher in (¢, h). We therefore
assume that

5o < 8 (2.10)

— )

3

so that for all t > 0, Cs|h(t)| < aAs. Recall that y,, — 400, so that inf y, > —oo: we choose Ly such that
Ly > —2inf y,.
Thenon [0, 7],y —y~ > 2(L + y.) > L > L¢ and as ¢ is decreasing on [Lg, +00), ¢(y* — y~) < ¢(L). Thus, due to (2.3)
lellm < CYM(3 +V/q(2L)) + Cra(L).

We therefore assume that 69 < d5 and Lo > L5 where 65 > 0 and L5 > 0 are such that

min(Ag, aAs)

) Ls) < 2.11
5 +4q(Ls) < ML O, (2.11)
and we infer that on [0, T']
Cyllell gy < min(Ag, az).
Therefore, we obtained that
E(m) — 2B(w.) > \ole||3 — Cye 2 L2y (2.12)
E(m) — 2E(w,) < Cy (llellip + e*me*my*) 2.13)
d
T E(m) + adz ]y < Cag(2L)q(2y.). (2.14)
Step 3. Decay of €.
Let 7,t € [0, 7] such that 7 < t. Integrating (2.14) on [, ¢], we infer
t 9 t
E(n(t) + ada [ el < Bon(r) + Cia(2L) [ a(2y.(s))ds.
From there, together with (Z.12) and 2.13)), we infer
t t
Aalle(®)ll3 + 04)\3/ e ()] 72ds < C4 (lE(T)lip + e (e Y= () 72w (1)) 4 Q(QL)/ Q(Q?J*(S))dS)
<2C4(|le(n)1 7 + a(2L) ko (7, 1)). (2.15)
where for 7 < t, .
ol ) = 200 0y (o, ().
In particular, with 7 = 0, we obtain a uniform bound:
t
Aalle)l 7 + OMB/ lle(s)l172ds < 2C4 (Il(0) I3 + q(2L) ko0 (0, +00)) , (2.16)
0
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+oo
where #0(0,+o00) =1 +/ q(2y4(s))ds < +o0. (2.17)
0
Going back to (2.13), fixing for now ¢ and seeing 7 as a variable, we have

0 axg o [* s (ads [*
2 (B [ letepas) = (G2 [ leolnds - el )

as
< 204607437(1(2L)n0(7, t).
Now integrate this estimate on [0, 7] (for 7 < ¢) to get

A

ax t T T &
B[ s < [ () nds + 20592L) [T o(s. s,
T 0 0

Assume for now that ¢ > 1. In view of (2.16) with 7 = ¢ — 1, we infer that for A = %,

t ¢
1
/ lle(s)]|%ds < e*WX(HE(O)n%p + q(2L0o) ko (0, +00)) + 204q(2L)/ e 2 E=8) (s, t)ds.
-1 0
Let 7 € [t — 1, t] such that
t
I < [ et
tf
(we use the mean value theorem). Then (2.13) now writes
2 2 tC4 2 ‘ 2X(t
Aolle@lln < e = (lle(0) I + a(2L)ro(0, +00)) +2C4q(2L)/ e M=) gy (s, t)ds. (2.18)
4 0

Observe that

t t t
/ e 2= ko (s, t)ds :/ e~ 2 (=) (e_QFy*(S) + e 2T +/ q(2y*(u)du) ds

0 0 s

1 t
< —e W) —|—/ e 22 =94 (29, (s))ds + // e~ 220942y, (u))duds
2 0 0<s<u<t

After integrating in s, notice that the last double integral is bounded by

1
o [ e
We can therefore simplify (Z.I8): recall the initial estimate (2Z.6) on £(0), we also use that v/a + b < \/a 4+ v/b for a,b > 0, and
C C 1
Cy >1,q(2L) <1.ForCs = \/i max (}\—4(1 + ko(0,4+00)), Cy(1 + X))’ we obtain the bound
2 4
vVt e [0,T), |let)lm < Cse 6+ Csv/q(2L) (e + K(t)), (2.19)

where £ is defined in (LI3). Let us also recall at this point that due to Lemmal[l4] £ — 0 at co and is integrable on [0, +00). In
particular, ~ is bounded.

Step 4. Ty =Ty = +00.

Let us first define M and choose § and L. For this, we recall Z.2)) and (Z.8): there hold for ¢ € {£} and ¢ € [0, T}]

ly () = (4(0) + (1)) < 01/0 lle(s)lmrds + 201!1(2L)/0 q(2y.(s))ds. (2.20)

Define N N
1 oo o0
M, = 2C1C5s <X +/ q(2y.(t))dt +/ Ii(t)dt) , (2.21)
0 0

and
M =2C5(1 + ||| Lo ([0,400)))-
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Now that M has been determined, choose dg and L so as to satisfies the constraints in the previous steps, namely 2.9), @.10)
and (2.11), and also so that
6o < 1/(4My) and +/2q(Lo) < 1/(4M).

From (2Z.20) and the definition of M; (2.21)), we obtain ¢ € [0, T
1
ly™(t) = (y=(0) £y ()| < C1M1 (5 + \/2q(L)) < 5 <L

Using a continuity argument, this last bound implies that 7% = T}. Now, from (2Z.19) and the definition of M, we get that

M
vee[0,T], [le®lla < 5 (6 + Va(2L)).
Again, a continuity argument yields that 7} = +oo.
Step 5. Convergence of m and g.

The bound 2.19) now holds for all ¢ > 0, and (together with the estimate on ||€(0)]| 1) gives a rate of convergence of ¢ — 0,

which is precisely (I.17).
Finally, 2.2)) writes _
V6,20, |9 = ) < Crllle®llan + a(2Lo)a(29. (1))
so that as ||e|| ;1 and ¢(2y,) are integrable in time, gl (t) — gl (t) admits a limit g ast — 400, and

199 (t) — (g + gP (1) < &y /t (le(s)llr + a(2L)q(2yx(s)))ds

< A% 54 Ly
+oo
+ CCo(1+ VDIV 10,00 VaEE) [ w(5)ds.
t
and (as ¢ is bounded) this gives (L.I8). O

3. LOCALISATION AND ASSOCIATED BASIS

In order to prove Propositions 23] and [2.4] we need to introduce a localisation function i and the basis related to w;
and w; . This is the content of this section, along with several miscellaneous notations and results. From now on, C' will be a
universal positive constant which may change from line to line.

3.1. Interaction of domain walls

From the explicit formula of the domain walls, there holds the following.

Lemma 3.1. There exists C > 0 which does not depend on~ € (—1,1) such that, for all j € {0,1,2}

8%(11)5}’02) - 61)(:6)‘ <Ce ' ifx >0,

6%(109’62) + 61)(1‘)’ < Ce Tl ifx <0.

Similar estimates for w{ follow, mutatis mutandis.

Corollary 3.2. There exists C' > 0 such that for all g7 € Gso and g~ € G, forall x € Rand j € {0, 1,2}, there holds

9 (g" w7 — 61)}

ai(g_.wifl’aé) + 61)} < Ce—F(Qac—y+—y7) ifx > y+,

9 (gt 61)’

(g~ wl ™) 61)’ <Ce Ty <a <yt

’aﬂjﬁ'(ng_wiLUz) + 61)H8£(97.w§<_1’0;) _ 61)‘ < L=yt +y7) ifz <y,

10



(’8m(g+.w£l’g2))’ + ‘el A g+.w£1’62) ) (’51(9_.wi71’6é))‘ + ’61 A (g_.wffl’aé))D
672F(ac7y+) lf.CC > er
< Ce T v x g ifrxely,yt].
eQF(z—yf) lf.’L' < Yy~
e*QF(znyr) leL' Z er
‘az(g+-wi1’”))‘ : ‘gf-wﬁ_l’aé) - 61‘ < Ce T =) 5 {1 frely,y].
el—‘(z—yi) U(:E S y_
6—2F(m—y+) ifx > y-i-
’g+-w§<1"’2) +el ‘g*-(ﬂ*wi_l"’é))‘ < CeTWT=v7) 5 { e T(e=v7) ifv ey, ut]

e?l‘(zfy’) lf.’L' < Y~

Lemma 3.3 ([4, Lemma 3.2]). There holds
2
[0xw? 72 = ller Al = &,
2
/(61 Aw?) - Opw? da = f—ry,
T
/(wf A (wg Ney)) - Opgwd do = —207.
Lemma 3.4. Forall g € G, there holds
lg-w —will g < Clgl,
and, forany x € R, ify > 0and j = 0,1,
e~ T(z—y) ifx >y
‘afbgwf(x) - afbwf(x)‘ < Cmax(|g],1) x ¢ 1 ifx €[0,y],
el® ifr <0

and similarly when y < 0. Moreover there exists 0y > 0 independent of g such that, ifllg.wl —wl|| 5 < b0, then
lgl < Cllgws = wlll -

Proof. The third point is [4, Claim 4.12]. The first point was also proved in [4], see (4.6) in there. For the second point, we can
refine the latter:

gl (z) = w (w) = 7, Ryw? (¢) — Ryw? (z) + Row? () = w? (2),
jgew? (2) = w? (2] < |y Ryw? () = Row? ()] + |Rouf (2) — ] (2)
< fol max |907] 410l Jer A (z),

and the conclusion comes from Lemma[3.1l On the other hand, one can also estimate in another way for z > 0:
gl (x) —wl (x) = gl (x) — orer — (w () — ore1),
and we can estimate thanks to Lemma[3.J] A similar computation can be done for z < —y. Finally, we also have
lg-wS (@) — wf (@) g < gl + f0fll e < 2,
which gives the estimate for 2 € [—y, 0]. Similar arguments for the derivative give the conclusion. (|

3.2. Localisation
We fix some function v which satisfies the following assumptions :
* ¢y =0o0n(—o0,—1],9 =1on|l,+00),
e <Y <lonR,
e Vz e R, 1—1¢(x) =¢(—x)
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* Vi € W3(R).

Then, we take some R > 1 large to be fixed later and we define a localisation function ¢ g(x) == v ( %) and a localised scalar

- / F(@)g()dn(z) dz,

defined for all f,g € L?(¢g(z)dz) == {h € L} .(suppvr), Hh”i?(wR(I)dz) = (h,h)y, < oco}. We can also define, in a
classical way, H* (1g(x) dz) for all k € N. Moreover, observe that for all R > 1 and integer k,there holds

s, -

We also show a result with respect to the localised H' and H? norms.

product:

3.1

ol |

1
[ p——

Lemma 3.5. There exists C > 0 such that, for any f € H'(R) and any yo with 1o := Ty, ¢, there holds for k = 0,1,2

2 C
‘H\/ 1/JofHHk_ - Hf”i]k(wo(z)dz) <

2
ﬁ ||fHL2(supp O0z%0)"

Proof. First, it is easy to see that

2
» = 12 (o (@) az)-

As for the homogeneous H I (semi-)norm, we compute :

0 (VoS ) = V/9o0sf + f0:\/bu.

Therefore,

0. (Viur ), = 10:7 13 g0y + 2 [ V0wt - 10 /Bnda + [[10.1/]
= 102 ey + 5 [ sl POcvindo + / P (0v/%0) da
= 100 3 eran + [ 1 (0i0) = 5020 o

2
The conclusion easily follows from the estimate of the L>° norm of <8z \/1/)0) — ;851 1o with (B.I). Morover, there holds

02, (Vi f ) = V02, f + 20\ b0 + f02\ V.

so that

(82, (V01) ) = vol@2, ) = 25002, 1 (20u7/Bode f + [02/¥0) + (20ev/Tod ] + FO2, /i) -

Expanding the first term of the right-hand side and integrating, we get
[ V2.1 ios da = [ g2 (0200~ (0:/50) ) da (2
= [@ (0200~ (2:/00) ) da
- [ so.12, (aimo - (ama%f) dr
/\/%mfa\/iafd:cf /amoa (O f) dsz—/ 0(0a f)? (33)

and the conclusion follows from obvious estimation. O
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3.3. Localized multilinear estimates in Sobolev spaces

Definition 3.6. For k > 0 and { > 1, and given a (possibly vector valued) function f = (f;)1<;<J, we use the notation

for a (possibly vector valued) function g if each component of g is an homogeneous polynomial of degree { in the components
of f and their derivatives such that the total number of derivatives in each term is at most k, and whose coefficients are 6° (R)
functions. g is then the sum of terms of the form

J k

o H H((’);fj)ém, where Zﬂj,ﬁ =/¢, and le,,m <k, and aec%”.

j=1 k=0 3k Ik
Lemma3.7. 1. Ifk' >k, then OL(f) = OL,(f).
2. Ifa € 6, then aOL(f) = OL(f).
- OL(M)OL (f2) = O (1, fo).
- 0:0(f) = O 1 (f),
- O(f1 + f2) = Ok (f1, f2)-

This notation has been used in [4] to express pointwise bounds that turn into Sobolev bounds with linear dependence in the
highest term. We will generalize these estimates for localised integrations :

[ N Y

Lemma 3.8. 1. Assume g = O%(f). Then there holds if k > 2

-1
HQHN(SUPWIJR) S Hf”H’“(Suppr)Hf|‘Hk*1(suppr)'

Ifk =1, ,
”g”LZ(Suppr) N Hf”Hl(suppr)'
2. If f € HY, we have for { > 2,

y4
5 HfHHl(suppr)5

\ [ o8 inteaa

and, ifg € H,

S ”fHHl(wppr)”gHHl(Suppr)'

\ [ odngwnt)da

3. If f € H? we have for { > 2

-1
5 ||fHH1(supp1/JR)||f||H2(5upp'¢;R)a

[ Orrnta)as

-2 2
5 ||fHH1(suppr)||f||H2(supp¢R)'

\ [ i ntarda

The proof of all these estimates is similar to that of [4], and we refer to it. We emphasize that all the integrals involved
are indeed on the support of g, but also that for all j > 1, H?(suppvr) — L*°(suppr) with uniform constant since
supp ¥ g = (—R, 00) is an unbounded interval.

3.4. Coercivity of a Schrodinger operator

We also define the following operator for I' = /1 — 72 which was already used in [4] :
Lrv = —02,v + I'*(cos? 0, — sin® 0, )v.

We recall the main properties of this operator.
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Lemma 3.9 ([4, Lemma 4.10]). Lr is a self-adjoint operator on L*(R) with dense domain H?(R). It admits 0 as a simple
eigenvalue with eigenfunction sin 0., and its spectrum is [['2,+00). As a consequence, there exists \o > 0 such that, for all
v e H'(R), (Lrv,v) < 2|[v||%: and

1 2
(Lrv,v) > 4Xo|v] ;o — —(/vsin(ﬁ*)dz) ,
Ao

and for allv € HZ,
1 , 2
1Lroll 2 = Sholloll e — )\—(/vsm(e*)dx) .
0

However, we will not be able to apply directly this lemma on the same functions as in [4]. Indeed, the localisation function
needs to be taken into account, as follows.

Lemma 3.10. There exists C > 0 such that, for any f € H?(R) and any yo with 1o = Ty, R,

c

2 2

20572 (po ey ) T T2 1 N2 supp o2 0) 2 (Lff’ f)w
0

1 . 2 C
> 4>\0Hf”?111(1/)0(z) dr) 30 (/ Viof Sm(e*)dx) - ﬁ”f”;(suppamwo)’

and

2 2 1 ST 2 C
Proof. First, remark that we constructed 1 g so that /10y f € H? as soon as f € H2. Then, we also have
(LFf7 < V LFfv V f)

From the definition of L, there holds

v (Vbof) = VioLef = =02, (VoS ) + /0002, = 2,3/ +20:7/Uds . (3.4)
Thus,

(L1 Pvo = (L (Vi) VTt ) = = (82Tt it ) = 2( 0/ Tu0u1. /T
(ViR it £) = 2( Vo Tuonr. 1 ).
Therefore, after an integration by parts in the last term,

(Lt foo = (20 (VBaF) Vs ) = = (Va2 /Tut. ) + (0. (Vi0s /i) 1.5

- (o) '1.1).

Therefore, we get

R2 ||f||L2(supp8 o) *

(rer.5) ~ (me(vior).vios)| <

The conclusion follows by applying Lemma [3.9] to <LF (\/1/)0 f ) Ao f > and with Lemma[3.3] As for the second estimate,
from (3.4), we also get

(20 (V£)) = (08) o+ 2/ FoLf (32, v/Bof +20u /ot f ) + (02, v/Bof +20u/Todef)

For the second term, expanding L f, we obtain by integrating the following terms
2
[ V.13 bos da = [ 32 (0200~ (0:/00) ) da 65
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=~ [(@u17(3Rvn - (2:v/h0) ) do
- [ so.52, ( (a Vi) ) da.
/\/% o000, f dz = = /amoa (8 f) dsz—/ o(02f)? (3.6)
e / VBT (cos 0. — sin® 0,)0% \/Tof2dz  and % / T2(cos2 0. — sin? 0,)dytbo fOu f da.

From straightforward estimates thanks to (3.1), we get

2

C
2 +
HLFfHL?(qp]{; dz) — HLF< 7/JRf) ;

2
= E”fHHl(supp@zd)%)'

2

The estimate then comes by applying Lemma[3.9]to and Lemma[3.3]again. O

Lr(y/vir)

L2

3.5. Expansion in the associated basis

The computations made in [4] shows that the following frame is better adapted to a S?-valued magnetisation m close to a
domain wall w? for some o = (01, 02) € {£1}?. Define

nd = ———wl A(ex ANw?), P = wd A n..
sin 0,

(ws (z), n4(2), p« (2)) is thus an orthonormal basis in R? for all z € R.
One important observation, which motivates the introduction of this basis, is the following. Let m = w +n € S? with n
small: if one decomposes
1 = pWsx + VNs + PP,

then p is quadratic in 1, whose norm is thus equivalent to that of v and p. This is a pointwise in z, and is can be globalized or
localized.
The precise statement is as follows.

Lemma 3.11. There exists 63 > 0 and Cy > 0 such that the following holds. Let w, = w? for some o = (01,02) € {il}2 be
a domain wall. Let m = w, + 1 : R = S? and xq > 0 be such that

171l £ (= 26,00)) < T3-
We decompose 1 in the (w., n., p.) basis pointwise in x:
N = PWs + Ny + ppx Where =10 Wy, V=0N-Ng, pP=1"DPx.

Then p, v, p € H'((—x¢,00)), with

1
2
HH”Hl((_zo,oo)) < CZHUHHI((_%,OO))v C_2H77HH1((—10,00)) <, P)HHI((_ZO,OO)) < CZHUHHI((_%,OO))- (3.7)

Moreover, as soon as to > R, there also holds

1
e az) < Collnlin @ amlills @uppny G 1M @n am) < WPl @ any < Collnlln o any B8

In particular, p = %|77|2 = OZ%(n). If furthermore n € H?, then p,v,p € H? and

1@, )12 (=z0.00) < C2lllzr2((—a0.,00)

Last, there also hold )
psinf, =n- (ex Awy), o1 sinf,v = ﬁn-amw* — 0 - (e1 A wy) (3.9)
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Proof. The proof is similar to the first step of the proof of [4, Proposition 4.16]. First, the relations between p, v, p and 1 along
with Lemma[3.8] give

el £z (0,001 T IV 2zt ((—0,00)) F 1P e ((=0,00)) Nl ((—0,00) -
On the other side, 7 = pw. + vn. + pp. and therefore

71 £ ((—a0,00)) S NE a5 (= 20,00)) T 1T E ((9,00)) T 12125 (= 0,00))-

= %|77|2 comes from the expansion of |w, +n|> = 1, which gives the first inequality of (37) with Lemma 3.8l As soon as
[I7]] H1((—z0,00)) 18 small enough the second inequality is then straightforward. In a similar way, we also get 00 = 7 - 05, and
the first inequality of (3.8) is then easily proved. If suppr C (—x0, 00), then ||7]| HY( ) < 63 from the assumption and
the second inequality of (3.8)) is proved similarly.

Eventually, the last equalities comes from the formulas (see (I.8) for the first one)

Supp ¥'r

Dpws = I?sin 0, (014 + V04, e1 A w, = sin0,p,. O

With this result, the magnetization can be decomposed in a similar way when it is close to a 2-domain wall structure (with
the two domain walls far away enough).

Lemma 3.12. There exists 65 > 0 and Lo > R such that the following holds. Let L > Lq, g* = (y*, ¢%) such that g* € G~ 1,

and g~ € Ge_1. Let m = wt +w™ + ey + ¢ for some wt = g+.wl™? and w= = gf.wgfl’%), with ¢ € H* and

m € HY(R,S?). Define also
= (—gF)m —wi = (—gF)(wT +erte).

£ £ .
-

*

nT can be decomposed in the (w ni,pi) basis associated to w
W=t v 4 ptpl
Finally, define V3 (x) = Yr(£x — y*). Then, if ||e|| ;1 < &b, there hold

HniHHk(w; dz) = HniHHk(suppwl{;) < lell ge + Cel(BEy™), (3.10)

el e < Hn-‘rHH’“(TﬁE(I) daz) T Hn_HHk(w,;(x)dz) + C(er(R_yﬂ + eF(Rer*)). (3.11)

Moreover, there also holds

< cf|o*, (3.12)

1
EH(V:t’pi)HHk(suppqp%) < HniHHk‘(suppwﬁ) pi)HH’e(suppw%)’

Remark 3.13. This lemma shows that, as soon as ||| ;: is small enough, estimating ||e||;: is equivalent to estimating both

%, 0 ik (supp %) and eP(B+y™) for j = 1,2. This property will be intensively used in the following.

Proof. The first inequality of (3.10) comes from the fact that 0 < wﬁ < 1. The second one can be easily deduced from the
following computation :

7 ey = 18- + €15 iy
= ||’LU7 +e1+ EHH’V(suppr)
<l + el el

(supp¥r) (supp ¥ r)

< g™z + el g —gooyy T+ el zs

< Hw; + elHHk((,R,yfyoo)) + HEHH’W
and the conclusion with Lemma[3.1] The computations for 1~ are similar. We also have

2 2 2
el = ||5||H’€(wR(z)dz) + HEHHk(wR(fz)dz)’

and, similarly,

€l % 4 () da) = H9+'77+ —(w™ + el)HHk(wR(z)dz)

< Hng'nJrHHk‘(wR(z) az) T Jw™ + elHHk‘(wR(z) de)
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< Hn-i_HH’@(qu(z)dz + H’LU_ +€1HH’€(suppr)
< H”JrHHk(w;(m)dm) + el v,

Once again, the computation for ||| u (s, (—4) dz) 18 similar and symmetric. Eventually, (3.12) comes from Lemma[3.11]and the
fact that supp 1/1;5 C[-R—y",00)and supp ¥ C (—oo0, R —y~]. O

The goal is to use the previous lemma with the decomposition provided by Lemma[2.Il However, the localisation function
will still remain in the integrals we compute. Therefore, we won’t be able to get the same vanishing integrals as in [4] when we
apply Lemma[3.91 However, the integrals we will obtain are still small enough : the reminiscence of the localisation function
gives only negligible terms, as shown in the following lemma.

Lemma 3.14 (Almost orthogonality). With the same assumptions and notations as in Lemma 2] define n*, u*, vt, p* and
w}% as in Lemmal|3.12] Then there holds
+ ‘/\/ iuisine*dx

‘/\/ ﬁpisine*dx

Proof. From (3.9), we get

/ Ijépisin&dxf/ (e1 A wy )dx,
01/\/ ﬁuisinH*dx:f/ Rn -Gmwfdx—v/\/ Ij-tfni-(el AwE)de.

On the other hand, by the expression of n*,

/ i 61/\’LU dx—/\/wgix grawl +e1)- (el/\g w d.Z‘-i—/\/’L/JRj:.Z' el/\giwi)dx

For the first term, we can estimate by using the fact that R < L < min (yT, —y~) and with Corollary 3.2

[ Vanta s e e ngtat) as

_ +
< Caly™ —y) + el e )

o0
< / ‘gf.w; + €1||€1 /\gfwf‘ dx
—R
<Oyt -y )e T,

For the second term, by using the orthogonality conditions (2.1]), we get

‘/ Vre - (ex Agtawd)de

= ’/(\/1/1_3—1)5-(@1 AgTawl)dz

R
< / lel|lex A gt )| da
—00

< Cllel o B0,

Similar estimates hold for [ /0~ - (e1 A w; ) dz and for [ }%ni - Opw dz, and thus the conclusion O

4. LOCALISED ENERGIES

In this section, we prove Proposition[2.3] For this, we localise the energy thanks to the localisation 1)z, which is a classical
technique for to study multi-solitons for nonlinear dispersive equations.
We define the localised energies :

ET(m) = % /(|8Zm|2 +27y9,m - (e1 Am) + (1 — m%))z/}pb(x) dz,
E~(m) = %/(|8zm|2 +290;m - (e1 Am) + (1 — m%))z/}pb(—x) dz
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By the properties of ¢z, we know that E* + E~ = E.,.. Then, we define the following modified energies :
B (m) = B (ryem) = 5 [ (10l 4 2900m - (ex nm) + (1= ) )05 (0) o
where o}, = 7_,+ g = ¢Yr(z +yT), and
E~(m)=E"(1,-m) = % /(|8zm|2 —2v0,m - (e; Am) + (1 — m%))z/};i(x) dz

where ¢ = 7_,-Yp(—x) = Yr(—x +y7).

4.1. First estimate on the localised energies

First, we want to expand the localised energies defined previously. For this, we define n*, and then x*, v* and p* like in
Lemma[3.12] With similar computations as in [4], we show that, up to some additional negligible terms, the expansion of the
localised energies gives no term of order 1 and nice terms of order 0 and 2.

Proposition 4.1. Let the assumptions of Lemma[3.12]be satisfied. Then,

) = [0 5 () + (B o))

< C|:HE||§—II + + €2F(R—y+) + 62F(R+y7)},

1
el

Proof. The pointwise estimate of steps 2 and 3 of the proof of [4] Proposition 4.16] still hold, both for + and 5. In particular,
we have :

SE, (") = O5(n*) £ 2(02,0.v™ + 8,0.0,v w4 (=07, + Tvh)ng + (=97,p" + Tp™ )y,

nE 0B s (wE) = Bua* = ——6*! =, 4.1)
nt 6B+ (nF) = O3 (n*) — vFoZ vt + FQ(V )2 — pto2,p* +T%(p*)? 4.2)

Moreover, even if ET consists only in quadratic terms of m, it is not invariant under translation due to the localisation term
Yr(£x), and one should also take care about the integrations by part, so that the relations of the step 4 of the proof of [4]
Proposition 4.11] are different :

E*(m) = B (n* + )
= B wd) 4 [0t 0B (k@) do + 5 [0 0B, () ) da
- [ dutoviyde - 5 [ o o) da
- v/ni <(e1 A wf)@mz/}?;(x) dx
Using both (£4.1)) and (£.2) along with Lemma[3.8] we get

Ei(m) — Ei(wf) = O(Hninifl(suppwﬁ))

— 5 [t e+ g [((O2t + T2t 4 (0 + 1240t uh(a) da
—/ni-azwfasz dx—v/ni e1 Aw; ) zz/ﬁ_%(x)dx
41 [ PeR vk do
We now use the fact that
I[P = ()2 + ()2 + (05)2 = (V) + (pF)* + i|ni|4.

Then we also use the fact that
— By =T?(cos? 0, — sin? 0.), 4.3)
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so that
1 2 1
-3 /ﬁ*fni! Vi(w)dz+ 5 /((—aixvi + D25 4 (=02, 0" + F%i)pi)wﬁ(f@dw

1
25((Lrvi,v )y i+(LF/) pT - = i\ Vi (z

Moreover, using (3.1)), we get

C
‘/ni ’ 8zwf811/)§(:c) da < EHUZ‘:HLQ(suppaxwﬁ)Hamwit LZ(suppBId)I:g)’
C
[ (e e ) e] < G s 11+ 0 Do,

o

~ 1
e e R (e PR |

2
z| < ﬁ”niHLz(suppazﬂ’ﬁ)'

Therefore, there holds

3 1
S C["niHHl(suppwi) + _||77iHL2(supp6mw§)||axw*i||L2(suppamw§)
+ EHniHLQ(suppame)Hel + Wy ||L2(supp6m’l/)R)
1 + 2
+ 5 7 | upponty )
and the conclusion comes from (3.10) and Lemma[3.1] |

4.2. Localised energy of the domain wall

However, in the previous lemma, Ei( F) is not a constant : it still depends on the localisation vt - and therefore on y*.

The following lemma estimates how far this quantity is from the constant E(w,) = E, (wi).

Lemma 4.2. There exists C' > 0 such that, for any y* such that y* — R > 0 for i = 1 and 2, there holds

‘Ei(wf) — B(w,)| < ¢ &Ry,

Proof. By the properties of w* and wlﬁé, we have

E*(w%) — E(w,)

B/(\azwfmmzw (er AwE) +sin® 0.) (1 = V5 () de

+ 2
< Oflwi + elHHl(Ii)’
where Iy == (—oo, R —y*)and I_ .= (—R — y~, c0), and the conclusion follows from Lemma[3.]] O

4.3. Estimates on the quadratic terms

As for the quadratic terms in Proposition 4.1l we can estimate them by applying Lemma[3.10to v* and p*. Applying also
Lemma[3.12] the following estimates hold.

Corollary 4.3. Under the assumptions of Proposition 4.1} there holds

/ C
(Lrui,ui) >4)\0HuiHH1 (Wi (2)da) " / ﬁu sin(6 ) _ﬁ(”g”;_,_eﬁ(f%iy*))’
U
+ 412 2 c 2 2I'(R+y™T)
Lrp™,p i24>‘0HP ||H1(w]i;(z)dz) 7P sin( )dz) *ﬁ(HEHLHe )7
L
Lev*,v* <2||vi||2 ¢ ooy g (lel2a + 2700
’ wE - H'(Yp(z)dz) ~ R2 L ’
+ + +112 C 2 gp(Riyqi)
Leo*.p*) <20 sy any T g (ellze e ).
Y
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4.4. Equivalence between localised energy and /! norm

Putting everything together, we get bounds by below and above for E* (m).

Corollary 4.4. Under the assumptions of Lemma 2.1l and assuming L1 > R, there exists C > 0 such that the following holds.
With same notations as in the conclusion of Lemma2.1) for all t € [0,T),

2 o+ —
2637 31 (g amy + € (el + 2D 4 2R > B (m) — B(w,)

2)\0 3 1 2 _ B —
> S I o o amy = C (Il + Tz llelfn + €720 4 2,

Proof. We use Proposition [.Jl whose assumptions are satisfied thanks to the conclusion of Lemma 2.l Thus, we get for all
te[0,T]

1 3 1 2 gt -
> < ((@ov®, v5) g + Lrp®,p%) 2 )| = C[lelli + el + 2B 4 200,

From this inequality, we can substitute £+ (w) into E(w, ) thanks to LemmaB.2] Then, both (Lrv®, vF) »+and (Lr ot pt) wE
R R
can be estimated by below by using Corollary[ﬂl Moreover, the terms

(o)’ i ([ G amsos)

are controlled by the "almost-orthogonality" estimates of Lemma[3.14] From this estimate, we have
+_ )2 < o T —y7) « 20yt | 2ry”
qy" —y ) <e <e +et?

and thus the conclusion. The estimate by above is obtained with similar computations. O

Proposition2.3lfollows by taking the sum of the two estimates and applying (3.11)) from Lemma (3.12)).

5. EVOLUTION OF THE ENERGY
In this section, we prove Proposition2.4l The evolution of the energy is already known from [4]]. We recall it here.

Lemma 5.1 ([4) Theorem 4.1]). There holds

%Ev(m) - —a/(|6E7(m)|2 — m - 6B, (m)|?) dz + ah(t) /(m Aer)- (m ASE, (m)) dz.

From this result, we define the so-called dissipation term
2 2
D= /(|5E,Y(m)| —|m-S6E,(m)|") dz,

and the forcing term
F = /(m Ner) - (mASE,(m))de.

In particular, there holds
d

&E,Y(m) = —aD + ah(t)F.

5.1. Localisation

Like previously, we will localise each of these terms :
D*(m) == /(|5E7(m)|2 — |m - 0By (m)[*)r(+x) dx
F%(m) = /(m Ner) - (mASE,(m))yYr(tr)de
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Therefore, we have F' = F* + F~ and D = D™ + D~. We also define, in a similar way as previously,
~ 2 2
D*(m) = D*(ryem) = /(|5Ew(m)| = [m - 6By ()" )¢5 (z) da
Fok + +
F*(m) = F*(1,+m) = /(m/\el) “(mAOE,(m))g (x) d

5.2. Estimates on the localised terms

5.2.1. Dissipation term. First, we show that the dissipation term is positive and can be estimated up to some negligible terms.

Lemma 5.2. Under the assumptions of Propositiond.1] there exists C > 0 such that, if ||| j» < 1,
+ £|? =2 2 T'(R+y™ 30(Rty™T
D% m) = (1L (ot gy + 1200 [y any )| £ C (el el + " FED) 4 FEED) 5.1y

Proof. First, we recall that
=g (" +wl)=97.(n" +wy),
so that ~
D*(m) = D*(r* + w)

Once again, the pointwise estimate of the steps 3 and 5 of the proof of [4, Proposition 4.16] still holds here, so that we get:

6B, (7 + w)[* = |6E, (w¥)[” = 28w - 6B, (nF) + |6 E, ()|,

2 2
| +w) - 6B, (n* +wi)|” — [wF - 0B, (wF)|” = 2824™ + 2B.wF - 6E,(n™) + 2B.n* - 6B, (n™)
2
+ Wi OB, ()| + 03 (™) + O4(n™),
w8, (n*)[ = (207,0u0" +20:0.0:0*)” + OF(n*) + OF(n*),
(6B, ()] = (202,0.0% +20,0.0,0) + (=0%,v* + T°v*)’ + (=02,p" + T%0%)” + O3 (™) + 01 (n*).
We also recall that i = —1((v%)% + (p*)?) — %|ni|4 and that |6 E.,+ (w})| = wE - 6E, = (wE) = B,. Therefore:
Di(m) = /[(*am’/i + 2% — ﬂ*Vi)2 + (*amcyi + 2% — ﬂ*Vi)2 + OE(Hi) + Oi(ﬁi)} 7/}315(50) dz
Using (@3) and Lemma[3.8] we get
+ +2 +|2],,%
D (m)f/[|pr |* + | Lo | 0 (o) da
— + +12 +1)2 +1)2
70(”” HHl(supp'L/J;g)H?7 "Hz(suppwg))+0("n HHl(suppwﬁ)Hn HHQ(suppw]:%))'

The conclusion follows from (3.10) and the fact that both ||| ;;; < 1 and e"(B=¥") < 1. O

Once again, the localisation remains in the quadratic terms of the left-hand side. Applying Lemma[3.10/to both v* and p™,
along with Lemma(3.12] we obtain the following estimates:

Corollary 5.3. Under the assumptions of Propositionld.1) there exists C, A5 > 0 such that, fori = 1,2and j =3 —iand R > 1,

1
C(llellz el s + €™ 4 =) + 2 (REVT))

L Vo) A ot )

_ 1 _
D 2 Xslellzre = O (lela lell s + ™0™ 4 PO g 2y 4 2T 4 2P0 )

_ )\10 Z(/ \/%yb sin(ﬁ*)d:c) (/ \/7/) sin(6 dz) . (52

2
DF 2 X[l [ o gt awy —
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5.2.2. Forcing term. In a second step, we show that the forcing term is negligible enough with respect to the dissipation term.

Proposition 5.4. Under the assumptions of Proposition d_1} there exists C > 0 such that, for i = 1,2 and j = 3 — i, and if
lellm <1

|[F*(m)] < C(lle][3n + € =0 T)
Proof. Similarly, we have ~
F¥(m) = F*(i* +w})
Again, we will take advantage of the pointwise computations of [4].
(" +wi) Aer) - (7 + wi) ASE, (0" +wih)) = (wi Aer) - (wif ASE,(wi)) + (1" Aer) - (wi ASE,(w)))
+ (Wi Aex) - (05 ASEy (i) +wi ASE, (7)) + 03(n™) + O3 (™).
Since w A SE,+ (wE) = 0, the first two terms are 0. Then, observe that w A eq = sin(6,)pE and nf A wE = —pE, thus
(Wi Aer) - (" ASEy=(wy)) = sin(0.)py - (" A Buw) = =By sin6.v™,
(wE Aer) - (wE AOE, = (%)) = sin b, (—02,0% —420%) + O3(n*).
Using @3), we obtain
(" +wi) Aer) - (7 +wi) ASE, (" +wih)) = sin b (Lrv™) + O3 (n™) + O3 (n™).

Moreover, we know that L (sin 8,) = 0, therefore
/sin 0. LrvEyf(z)de = 2/8z(sin 0.)v 0, 0% (x) dx + /sin 0,002, (z) do

Estimating these terms by using the fact that supp (’)ﬂ/}ﬁ C [-y* - R, —yt + R] (and the same for ngw}%), we get

. 10l e
\ / O (sin 0., )1 * 0,05 () dx] < 00510 0l oyt g 1 | Lyt Ry

< CTLeF(Riﬁ)HViHL? (—y*—R,—y*+R))’

w =
’/Sme vED g (x) ’ |2 HL [[sin 6| 72 yifR,fyiJrR))HyiHHl((*yifRﬁyiJrR))
I MH -
<C = L eF(Riﬁ)HyiHHl bRyt
Thus, we obtain

C
= ﬁ(”l’iHHl<<—yi—m—yi+R>

‘/ sin H*Lrl/i’lp;% (x)dx

and the conclusion follows in the same way, using again Lemma[3.8] |

: n ezr(Riﬁ))’

By summing for = +£1, we get an estimate for F'.

Corollary 5.5. Under the assumptions of Propositiond.1) there exists C > 0 such that, if ||e|| ;1 < 1,
|F(m)] < C(lell + X RV 4 2N EH)) (5.3)

5.3. Dissipation estimate

Now, we prove Proposition2.4] thanks to the previous lemmas.
By definition, we have - E., (m) = —aD + ah(t)F. From the estimates of CorollariesS.3land[5.5lon D and F respectively,
we get

d

ot - 1
S () + Xsllels < Callelf (el o + ) P 4 ) o)l

+ Ca|h(t)| (62F(R—y*) + €2F(R+y*))

/\/Ez/ sin(6 / RP sin(¢ )dx)Q'

The conclusion follows by applying Lemma[3.14]to the last terms of the right-hand side.
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6. PROOF OF THE DECOMPOSITION OF THE MAGNETIZATION

In this section, we prove Lemma IHI which decomposes the magnetization with two nice gauges. For g* € G such that
+y* >0, we deﬁpe the profile Py+ - =g Tawf+g7.w; +er. Wealsocall P, 9~ = F0,0),4— - First, we prove an intermediate
result for P+ ;- in the same context as Lemma@

Lemma 6.1. For all g1, g2, gB1, gl4 € G, there holds

H gt g2l — 131, gl4] HHI = (‘g[l] - 9[3]‘ + ’9[2] - 9[4]’)

Moreover, there exists Ymin > 0 such that, if(—l)iym > Yo > Ymin for all i for some yo, there also holds

o) 8] 4y [4 _w;

HP [ gl2l — Pg[3]7g[4] ||§1,1 + Cy0672Fy“.

2 2, -
! s

(PRETE

Proof. By using Lemma[3.4]and the fact that
Pg[1]7g[2] — Pg[3]7g[4] = (g[l].w*Jr — g[g].’wf) + (9[2].11); — g[4].w;),

we get the first estimate. As for the second one, we expand

+ Hg[2]_w — g

H g1l g2 g[31 gl4l HH1 = H!] Hi

+2(gMwi — gPlwt, gPlws — gl ).
From Lemma[3.4] assuming for instance yt <yl and y1 < y[2!, we have for j € {0,1}

3yl —z)
)

Olg1)w (@) - dlgh (x)| < CemTmx O

’8%9[2]10; (:C) . ai'g[él]w; (:C)‘ < CeiF max (O,mfy[Z]_’y[‘l]fm)'

Then, we can show that

olgM wt (@) — O3 gP it ()|

019wy (~a) - o9y (~a)|

e_F(Z—y[l]) if Z y[l]
< Ce T =) o 1 if z € [~y 9] .
el@—yP) if o < —yl2

Therefore, we are able to prove that
_ _ Ty
(g[”.wj _ 9[3]_w*+, (g[Q]_w* _ 9[4].10* Y(=x)) | < C(y[l] _ y[Q]) ryM—y < Cyoe™ 2Fyo
and the conclusion follows. O

6.1. Definition and properties of the functional
Define -
F:(L*+L>®)xG* - R
Jm-(g" 8 w T)dx
)

(m,g",97) = f?m 61 A )d):cdx

Jm- 61/\ g w*))dx

and
F: H'xG?>—>R?
Je-( +8w+)dx

(m;g+ag_)'_> f‘}eel/\ g w-;)d)xdx ’

Je-(er A (9~ .wy))dz

where H! := H'+ey,e :=m—Py+ ,- € H',sothat F(m,g",97) = F(m—Py+ 4,-,g", g7 ). Remark also that F(-, g™, g7)
is linear. Then we also define M := H! N L>=(R, S?).
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Proposition 6.2. There exists C' > 0 such that there holds for allm € X and all g%, g~ € G

|?(mag+7gi)} S CHm”Xa
for X = L? or L.

Proof. The result easily follows the fact that both d,w?¥ and e; A w¥ are bounded and decay exponentially at infinity (for
1 = 1, 2) thanks to Lemma[3.1]

O
Corollary 6.3. There exists C > 0 such that there holds for allm,m’ € X and all g* € G

| F(m,g*,g7) = F(m', g%, g7)| < Cllm—m'| ,

|F(m,g*,97)| < Cllm = Pyr 4|
for X = L? or L™,

Proof. Those estimates can be easily deduced from Proposition[6.2]and the definition of ', which gives in particular 7 (m, g%, g~ )—
F(m!,gt,g7)=Fm—-m',g",g7). -
Similarly, we prove a similar property for Dg+ ;- F.

Lemma 6.4. There exists C' > 0 such that there holds for all m,m’ € X and all g* € G

HDng,g*?(mvngag_)H < CHmHX’
for X = L? or L*°.

Proof. From the definition of F, we see that

m - (¢".0%,w}) dx
_ _ . + +
Oy+ F(m,g",97) Jm (elAég Dew))dr |
0

Og+ F(m,g*,97) = Jm-ter n(e

Therefore, since 92w;", e1 A ,w; and e; A w; decay exponentially at infinity thanks to Lemma[3.I] we get the conclusion for
these two differentiates. As for 0, F and 04 F, the same arguments give the conclusion. O

Let also define Fo(¢*,(™,97,97) = F(Pr+ ¢-,g9",g~) forany ¢*,¢* € G, and

1 ¥ 0 0
2 _~ _
e ¥ 1 0 0
Y

0 0 — -1
We point out that A is invertible as soon as 2 < 1.
Lemma 6.5. For all g* € G such that y* — y~ > yumin, there holds
1Der - Folg™.g7,g%97) + Al < Cly* —y)e 070,
Proof. From the definition of Fy and by noting ¢* = (z*, o), we know that
D+ Fo(¢H, ¢ 9%, 97) = F(0+ (Pev - ), 97,97 ) = —=F(CH.0.wf, 9%, 97).

Therefore, taking (™ = g* and applying Lemma[3.3] we get

1 0
2 —
g gtg ) =—= | 7| =
0:+Fol9", 97,9797 ) =—F | o [ gt duwt (—z) - (g .Opw]) dz
0 JgT.0,wi(—) - (ex A (g~ wy)) da
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The last term can be estimated thanks to Corollary Then, there also holds
Oat Fo(CT,¢,9%,97) = F(O4+ (Pev - )97 ,97) = Fles ACTwl g%, 97).

Thus, applying Lemma[3.3]again,

¥ 0
21 -1 0
+ g gt gy 2 _
8a+.7:0(9 9 59 9 )_ T 0 fel/\ngwj(ix)(gfazw*—)dz )
0 Jer Agtat(—z) - (ex A (g~ wy)) dz

and the last term can be estimated again with Corollary[3.2] Similar computations for 9,- Fo(9*, 97,9, 97 ) and dy- Fo(97, 9,97, 97)
give the conclusion. g

Lemma 6.6. For any m € M and any g* € G such that y© — y~ > Ymin, there holds
_ N Dyt —y—
1Dgrg- Flm.g*.a7) = A < C([lm = Pys g |y + (0 7)™ )
Proof. From the definition of F and , there holds
F(m,g*,g7) =F(m,g*,97) = F(Pyr g-97,97)
Therefore, using the fact that 7 (-, g™, g~) is linear and then so is D+ ,- F(-,g*, g~ ), we obtain

Dg*,gf]:(mvg-i_ag_) = Dg*,gff(mvg-i_ag_) - Dg*,gff(Pg+,g*7g+7g_) - D(*,{*J:O(g-i_ag_vg-i_ag_)
= Dng,g*‘F(m - Pg*,g*vg-‘rvg_) - DC*,(*‘FO(ngag_vngag_)'

The conclusion is reached by applying Lemmal6.4lto the first term of the right-hand side and Lemmal[6.3]to the second term. [

6.2. Implicit function theorem

Lemma 6.7. 1. There exists C' > 0, Ymin > 0 and dg > 0 such that, for all m € M and gg € G satisfying yo < —Ymin and
6 := [|m — Po,gq | g1 < o,

there exists unique G= € G such that

g~ —go| < Cdand|gH| < 5,
o |l = €5,
« F(m,g"g7)=0.

[m — Py+

2. Moreover; up to taking 6o > 0 smaller and ywin larger, (g, G~ ) does not depend on go.

3. The application
{m ce;+ H1| inf Hm — P0790||H1 < 60} — G?
Y0 > Ymin

m > (g, g") satisfying the previous properties
is € with respect to the H' topology

Proof. 1st step : Existence and uniqueness

First, remark that F(m,g",g~) = 0 is equivalentto p = p — A~*F(m,p) where p = (g",g~). We define G(m,p) =
p — A71F(m,p) for any p € R* and we look for a fixed point for this function. Moreover, there holds D,G(m,p) = I, —
A~1D,F(m,p). Therefore, by applying Lemmal[6.6] there holds

| DpG(m, p)|| < ||A7H||[|DpF (m,p) — Al
<A (atw* — )+ 1= Py L)
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Therefore, if we take p € By, (§) (where po == ((0,0), go)) for some £ > 0 to be defined later and assuming £ < 1 < Ypmin, We
get thanks to Lemmal6.1k

1,6, p)l| < Cll A7 (alyo) + 6+ |g*| + |9~ = 90])

< cfla) (atwo) +5+¢).

Hence,

D,G(m,p)|| < 1 as soon as
— 1
Clla™ | (atwo) +6+¢) < 5. ©.1)
On the other hand, we know that | F(m, pg)| < C||m — P, || ;. thanks to Lemmal6.2] Thus,
|G(m.po) — pol < [[A7H|[IF(m, po)| < C[|ATH|s.

Moreover, by assuming (6.) so that || D,G(m,.)|| < & on By, (£), we get for all p € By, (€),

1
|G(m,p) — G(m,po)| < §|p*p0| < g

which yields
G0m.p) —pol < 47" |5+ 5.
This means that G(m, p) € By, (§) as soon as C’HA*H(S + % <¢ ie.
cllas< s 6.2)

From the previous computations, we conclude that G(m, -) is a contraction on By, (§) as soon as (6.I) and (6.2) hold. Taking
&= 2CHA’1| J, (€.2)) is thus satisfied and (6.1 is then also satisfied as soon as yq is large enough and § small enough: to be
more precise, as soon as

N =

Cl(yo + 1)e ¥ +4) <

The conclusion then follows from the fixed point theorem for a contraction. Remark that we could have also taken £ =
QCHA’l H50 with 6o > 0 small enough, which also gives that the solution is unique in B, (QCHA’1 Hég).

2nd step : Dependence on gg
Let 0; > 0 and /., > 0 and assume that there exists go and g(, in G such that yo > —y/. and ||m — Py 4| < d, and the
same for g(,. Then, there holds

HY + Hm - P0790||H1 < 256

|| Po,g, — P0790HH1 < |lm — P g

On the other hand,
PO,g{) —Fog = 90wy — go-w, ,

therefore, as soon as d(, is small enough, we can apply Lemma[3.4and get
96 — g0l < Cdy.

Moreover, using Step 1, we get
7%+ [77 — 90| < O,
and the same for g*’ with gj. At the end, we get

7'+ 57"~ 90| < O

Thus, taking do’ > 0 small enough, we get that (g%, g~") € By, (2C||A~!||do). By uniqueness of (g*, g™) in this ball, we get
(9797 =(gT,97)

3rd step : Regularity of the application

In Step 1, we only considered p such that

1
. 2[|A-|
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and thus D, F(m, p) is invertible since
AT'DpF(m,p) = Is — (Is — A~ Dy F(m, p)),
with 1
|5 = AL D, F(n,p)l| s < (|47 I1D,Fm.p) - Al < .
This is in particular true for (g*, g~ ). Therefore, the regularity of the application at m can be deduced from the implicit function
theorem applied on F (which is a "> function since 9w’ and e; A w; are H) at the point (m, g+, g7 ). ([l
6.3. Decomposition near a 2-domain wall

For any T > 0 possibly infinite, define I7 := [0, T]if T' < oo or I = [0,00) if T = o0
Lemma 6.8. There exist 6 > 0 and ymin > 0 such that for all T > 0 possibly infinite and all m € € (I7,H") satisfying

=t )= P <
yE>yo

for some yo > Ymin, there exists §* = (@L,ab) It — Gfori=1,2and e € € (Ir, H?) such that, for all t € I,
() = Yo — 12> Ymin — 1,
« m(t) =g ()l +7(t)ws +er+e(t),
« F(m(t),g%,57) = F(e(t),g".97) =0,
el < C(6+alyt —y7)).

Moreover, if m is €' (Ip, H') (resp. W, (Ip, HY)), then both §* are €* (Ir) (resp. locally Lipschitz).

loc

Proof. Asm € € (I7,H'), m is uniformly continuous on I if ' < oo or on every [0, 7] for T" < oo if T = co. We assume
T < o0, since the proof can be easily adapted for the case 7' = co. We can thus find 0 =ty < t; < --- <ty = T such that, for
all0 <0< N —1landt € [tg,tgs1], there holds ||m(t) — m(ty)| ;1 < d. Then, for any k, we can find g, € G (v = £1) such
that y; > yo and

< 26.

) =Pz

- P 9t .9
In particular, for all &,

< 54.
Hl

P. _ —P. _
H Ie+19k+1 Ik 19k

From Lemmal6.1] we thus get

| <2562 + Cyge 2o,

Hngrl wl — gl H1 + Hgk_ﬂ.w = g, -w

Therefore, if we assume that ¢ is small enough and y, large enough, we can apply [4, Claim 4.12] and get integers nﬁ 4 and
N1 such that, by noting = 6 + Yoe LYo

m < Cu.

|Ghs1 + (0,275 1 1) — gk | < C|\ghyr-wh —
We can then change every ¢}, by adding 27n}’ for some well chosen n}," € Z such that, for all k,
|9k1 — gk| < Cp.

Consider now g affine on each segment [ty t1] such that g{ (t) = g}, for k = 0,..., N, and then consider smooth functions
go such that [|g6 — gill(;,.) < p- Thus we get for any ¢ € [ty, tx+1] by applying Lemma[3.4]

91 (8)-w = g1 (t) - willgn < Clgi(t) — gi(te)| < Clgi(trr1) — g1 (te)| < Cp,

and therefore, by using Lemmal[6.1]

Hm( P§0 (t),go (t)HHl S Hm(t - m(tk)HHl + Hm(tk P +(tk)7g1 (tk)

+HP Fenar o ~ Farwar o

H roare ~ Dirwar o,

27



<3+20+Cu+Cu<Cu.
By assuming i small enough, i.e. § small enough and yg large enough, we can assume

<50

H1

H(*@T(t))-m(t) = Boaywag | = Hm(t) = Pir.a5 0

H1

where 8 comes from Lemma[6.7]and i = (77, G;(J)r) gives (55) = (47, —q}f{). Moreover, for any ¢ € [ty,txs+1], we have
|35(t) — gt| < Cp, which gives
£ (t) > 2yt —Cu>yo—Cu and G (t) — G5 (t) > 2y0 — Cpu > 2ymin — 1,

for y small enough. Therefore, we can apply Lemmal6.7]to (—gg ()).m(t), which gives some g (¢), g, (t) € G forany t € I
such that

70 (0 = (@) ® +3 ®)| < Cpand |75 1)] < O,

» g erme - 5| <o

* F((=go (t).m(t),95 .95 ) = 0.
Then, define

9 =00+, 7 =75 —(%)"
These gauges satisfy F(m(t), gt (t),g (t)) = 0, and also [g*(t) — g4(t)| < Cu, which means that
75 295 —Cp >y —Cp>yo — 1,

for 1 small enough and where g* = (7", Eb) Moreover, since g0+ is smooth, (— g0+ ).m has the same regularity as m. Therefore,
if m is €' (Ir, H'), then the regularity result of Lemma[6.7] gives that g, € €' (Ir) and so are g*. Similar arguments when
m € Whoo(Ip, H') give the conclusion. O

6.4. Decomposition under LLG flow

Lemma 6.9. If m € € (Ir,H?) is a solution of (LLG), then both ' given by Lemma [6.8 are Lipschitz and satisfy, for a.e.
t e IT,

70— 0] < C(le®lln + @) 7 () T@ O ),

Proof. Let assume first that m € € (I, H?). From (CLG), we get 9ym € € (Ir, H'). Therefore, both g* given by Lemma[6.8]
are ¢ (I7). Then, we can compute using the fact that ¢ € € (I, H'):

Oym = Ohe — T+t Ot + 8 el NGt — TG O+ €1 Ao
Then, 0 E, is linear and § ., (w¥) = B.wi, so
H(m) = ~g".(Bsw™) =7 .(Bew) — 6B, (e) + h(t)er,
with 6., (¢) = OJ(e). Then, we also have
m A H(m) = h(t) [§+.wjf ANer+7 w, A 61}
= [(7wr +ea) gt (Bewd) + (@ w! +en) A (97 (Buw))]
+h(t)e Aer — e A[gh(Bewd) + 57 (Bow))| = Py g ASE, () — 2 A OB, ()
= h()[7"wt Aer+ 7wl Aer| + O(fyr 5 (@) + O3(e) + O3(2),

by using Corollary[3.2]and where

e—Tz—y™) ife >yt
forg- () = TOT=¥) x {1 ifyely,y7].
oTay™) ifr <y
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Last, there also holds

m A (m A H(m)) = h(t) [y+.(w: At Aey) + g (wD A (wD A el))}
+O(fz+7- (%)) + O3() + O3(e) + O3 (¢).

Hence,
e =g 00wl — 3 (e ATH ) +T (T 00ws) — B er AT wy)
+ h(t) [g*.wj ANel +7 .w; Aey
— ah(®)[F*.(wF A i Ae)) + 7 (w5 A (T Aer))] 63
+ O(fz+ 7 (x)) + O3(e) + O3(e) + O3 (e).

From this equation, we can derive the first order of jL. First, recall that f(s, 97,97 ) = 0. By differentiating with respect to ¢,
we thus get for example

/&6 (gt.0pwl)dz = — /5 - O0y(gT.0,wl) da
. -+
= y+/€ (gT.02wh)dr — ¢ /5~ (ex A gT.0,wl)da

-+
= M (e) (Z) ,
&

where the 2 x 2 matrix M, (¢) satisfies | M1 (¢)|| < C||e]| 1. More generally, we obtain

F(0re,gt.97) = Mo(e) (6.4)

with a 4 x 4 matrix Mo (e) such that || Mo(e)|| < C|l€|| ;1. On the other hand, we can also compute F(d:c,g+,g~) with the
relation (6.3)), and use Lemma[3.3lfor the zeroth order terms, Corollary 3.2for the terms involving both w; and w;, Proposition
6.2l for the terms in O( f+ 5~ (x)) and [4l Claim 4.9] for O%(e). For example, one of the terms involving both w} and w; is

/(gf.amw;) (gt.0,w]) dz,
and from Corollary[3.2] we can estimate
} / (G Oewy) - (§F.0pwi)dz| < Cq(y™ —77).

From this, we obtain

-+
% —y+al
— .2 b 2h(t) 1
0 + = —(B+ B L —
‘7:( t€,9 ,4 ) F( + 0) g + T 777041—‘
- 1
5
+0((@" =7)e T T £ O(lell ) + O(elFn), (6.5)
where
1 ¥ 0 0
|- -1 0 0| _(By 02 (1 ¥
B=10o 0o 1 4 _(02 B, P= 4
0 0 —v 1



and By is a 4 x 4 matrix which satisfies || Bo|| < C(7+ — 7 )e T# ¥ Hence, (&4) and (&3) imply

-+
EJF -y +al’
- 6 1 _ Uy
(B+Bo) | & | ==h() | _, _ op | +O(@" =5 )+ Ollellp) + Ol
R 1
¢

with B L
HBOH < C((y+ —g e T H5||H1) < C(y06_2ry° + 5).

We know that B, is invertible because 72 < 1, with inverse F_QBW, and thus B is also invertible. Therefore, as soon as
yoe 2T% 4 § is small enough, B 4 By is invertible with inverse

_ 1 /B. 0 e
B+By) = L7 O(@ —77)e " 7)) +0 .
BBt = (0 g )o@ -7 )+ Ol

which leads to

3,5~ 6550 = 0(@ =5 T T ) + O(el ) + OCelre),

hence the conclusion for the H? case. We point out that this estimate only depends on the H' norm of €. Therefore, for the
general case m € € (I, H?), we can use a limiting argument. See [4] for further details. O
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