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Abstract

In this paper, we consider a system of fully non linear second order parabolic par-
tial differential equations with interconnected obstacles and boundary conditions on
non smooth time dependent domains. We prove existence and uniqueness of a con-
tinuous viscosity solution. This system is the Hamilton-Jacobi-Bellman system of
equations associated with a m-switching problem in finite horizon, when the state pro-
cess is the solution of an obliquely reflected stochastic differential equation in non
smooth time-dependent domain. Our approach is based on the study of related sys-
tem of reflected generalized backward stochastic differential equations with oblique
reflection. We show that this system has a unique solution which is the optimal payoff
and provides the optimal strategy for the switching problem. Methods of the theory of
generalized BSDEs and their connection with PDEs with boundary condition are then
used to give a probabilistic representation for the solution of the PDEs system.

Keywords:Viscosity solution, Fully nonlinear partial differential equations, Obliquely re-
flected diffusion, non-smooth time-dependent domain, Generalized Backward stochastic
differential systems, Optimal switching

MSC Classification: 491.25, 60J50, 60H30, 60J60

1 Introduction

Letd > 1, T > 0 and define the time-dependent domain D = D' N ([0,T] x R?), given D/,
a bounded open connected subset of R'*¢. For each ¢ € [0,T], we define the time sections
of D as D, = {x: (t,x) € D}. The aim of this paper is to investigate the existence and
uniqueness of a solution of the following PDEs system with interconnected obstacles and
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oblique derivative boundary conditions: VT > 0, Vi=1,...,m,

min{(1,5) — max(v(.3) — g3 (.2)): =9 (1.0) — 2V (1)
J#i
—fi(t,x, (vj(t,x))jzlwm, o' (t,x)Dn/(t,x))} =0, (t,x) € D%
. (1.1)
aa‘;(t,x) + yi(t,x, (W (2,x)) j=1,...m) = 0, (t,x) € ID;

VI(T,x) = hi(x), x € Dr.

The set Dr is the adherence of Dy and D°, dD are defined by:

D°=D'n((0,T)xRY),
oD = (D'\D')N((0,T) xRY).

The operator . is given by .Z = 1Tr{(66 ")Dx(.)} +b"D,(.) and at a boundary point

(t,x) € dD, the quantity a‘)—y is referred to as the oblique derivative along a given direction .

The system (1.1) is the Hamilton-Jacobi-Bellman (H-J-B) system of equations associ-
ated with a multidimensional switching problem when the diffusion is reflected in the non
smooth time-dependent domain D. Switching problems are used in many applied fields like
energy storage and finance. This has been investigated in several works (see e.g., [2, 3, 4],
etc.). In its general form, when the state process is the solution of a standard SDE which
takes its values in R¢, the m-switching problem is given by the solution of a system of
reflected BSDEs with oblique reflection. We mention the paper by Hamadene and Zhang
[13] that solves a system of reflected BSDEs under a specific monotonicity condition on the
driver function f = ( ﬁ)i:17__,7m, where each component f; depends on the whole solution.
Based on the latter results, the study of the related H-J-B system of equations was carried on
by Hamadene and Morlais [12]. The authors proved that under the monotonicity condition,
there exists a unique continuous viscosity solution of the system of PDEs with intercon-
nected obstacles. Later on, Chassagneux, Elie and Kharroubi [5] proved the existence of a
unique solution for the system of reflected BSDEs without the monotonicity assumption on
the function f. Then, the related PDEs system with interconnected obstacles has been inves-
tigated by Hamadene, Mnif and Neffati [1 1], where a unique continuous viscosity solution
has been provided without the monotonicity condition. Afterwards, when the diffusion is
required to stay in a bounded time-independent domain, the switching problem has been
considered by Boufoussi, Hamadene and Jakani [1]. The existence and uniqueness of an
optimal strategy and optimal yield are provided by the unique solution of the associated sys-
tem of reflected generalized BSDE with oblique reflection. We underline that in this work
the results were obtained under monotonicity conditions on both f and the driver function
v in the generalized integral with respect to an increasing continuous process. This requires
that for each i = 1,...,m, f; is non-decreasing with respect to the i-th component of ¥ when
the other components are fixed. The second assumption on y;, which is allowed to depend
only on the i-th component of ¥, requires that y; is non-increasing. The studies conducted
on standard generalized BSDEs given in Pardoux and Zhang [22] and the results on reflected
generalized BSDEs established in Ren and Xia [23], the solution of the reflected general-
ized BSDEs system with interconnected obstacles is obtained as the increasing limit of a se-
quence of reflected generalized BSDEs. In these two papers, when randomness comes from



a normally reflected diffusion in a bounded time-independent domain, probabilistic repre-
sentations for solutions of semilinear partial differential equations with Neumann boundary
conditions are obtained. This is the key tool to solve the H-J-B system of equations consid-
ered in [1]. In the same framework, Lundstrom and Olofsson [19] deal with similar system
of PDEs. The authors prove the existence of a unique viscosity solution of fully nonlinear
parabolic partial differential equations system with interconnected obstacles and Neumann
boundary conditions using Perron’s method.

The main goal of this work is to consider a new class of reflected diffusions in which
we allow the domain to vary along time. More precisely, we consider the following type
of obliquely reflected SDE in the time-dependent domain D along the oblique direction ¥:
Vs e [t,T],

X =t DX 0 (X)W, + (X5 A

(1.2)

Xshx e Ds, ‘At,x’S — f(;x d‘/\t’x’r.

{x~*capy}

This type of reflected SDEs has been first introduced by Costantini,Gobet and El Karoui
[6] for smooth time-dependent domains when the direction of reflection is normal. Exis-
tence and uniqueness of the solution is then established. This result has been generalized by
Lundsrtom and Onskog in [20], where the authors have showed the existence and unique-
ness of the solution of the reflected SDE (1.2) in non smooth time dependent domain with
oblique reflection. In addition, using a pure PDE approach the authors proved existence and
uniqueness of a unique viscosity solution of a system of fully non linear PDEs with bound-
ary conditions on time-dependent domain. In the same geometric setting, we consider a
more general system that involves interconnected obstacles.

The purpose of this paper is to solve the system of variational inequalities (1.1) and
to give a probabilistic representation for its solution using systems of reflected generalized
BSDEs with oblique reflection. The approach used in this paper is different from the one
used in [1]. The main tool to tackle the PDEs system (1.1) is to establish first the link be-
tween standard generalized BSDEs in the case where the state process is a reflected SDE
in a time-dependent domain and some PDEs system with boundary conditions as will be
stated in section 2. This step requires that the time sections of D should be increasing in
time, in other words, D; C D,/, whenever t <t'.

Under the above-mentioned geometric setting, let (X, A) be the solution of the reflected
SDE (1.2). An example of application is the production of electricity in a hydro-power plant
that has several working modes. The water is collected in the reservoir, then it is released
into turbines, each of them has its mode of production of electricity. This installation raises
two concerns:

- The water in the reservoir should be sustained at a certain level.

- The choice of most profitable mode of production.

Let X; be the level of water in the reservoir at time s. For safety reasons, the level of water
should not exceed the capacity of the reservoir that will be denoted /5. On the other hand,
the water level should remain above a threshold level i, (s), which itself is likely to drop
off at each time s. Therefore, at each time s, actions should be made in order to satisfy the
condition X; € Dy := [iin (), Imax] and to cope with the demand of the power at each time
s. As a consequence, the working mode of the station is chosen according to parameters
which include the level of water X in the dam which is a reflected stochastic process in the



bounded time dependent domain D. More precisely, let ¢ be a strategy of management of
the hydro-power station, then its yield from s to T is given by:

/ fa(r,X) dr+/ Vo (r, XV d|N), — G+ ha (X7 | (1.3)

The quantity /4 (X;") is the terminal profit, [, ST fo(r, X/ )dr is the running payoff, whereas
[ wa (r, X7)d|AT|, stands for the cost of maintaining the level of the dam in the appro-
priate zone. Finally, the power plan manager aims maximising I';(ot) by switching between
modes at some stopping times. This, induces the total switching cost G¥.

The switching problem is related to system of reflected GBSDE:s of the following form:
Vi<s<T,i=1,...m

Y) = (X) + [ XY Zdr+ [Ty X ) d A,

+Ki —Ki— [ Zidw,,

Y’>mix(Y — gij(5, X)), 1.4
JF#i

Jo {¥i - maX( — 8ij(5,X7) }dK{ = 0.

This system is different from the one studied in [1]. We allow the generator y to depend
on the whole solution. Moreover, without assuming any assumption on neither f nor y, we
establish the existence of unique solution for the generalized reflected BSDEs system which
provides the optimal strategy and the optimal yield as well as the solution of the PDEs sys-
tem (1.1).

This paper is organized as follows. In the next section, we present the assumptions we
need on the time-dependent domain D and the direction of reflection y. We collect also
some results on the reflected SDE in the time dependent domain (1.2) and we give some
estimates for the solution. Then we make the link between standard generalized BSDEs in
the markovian setting i.e., when randomness comes from X solution of (1.2), and systems
of fully non linear PDEs and boundary conditions on time-dependent domains. In section 3,
we establish existence and uniqueness of the solution for the reflected generalized BSDEs
with oblique reflection. We also give a representation of the solution as the value function
of our switching problem. Section 4 is devoted to the study of the system of PDEs with
interconnected obstacles and boundary conditions on time dependent domain. First, we
establish a comparison principle for a particular system of PDEs. Then we make use of the
results of sections 2 and 3 to prove the existence of a viscosity solution. Finally, we prove
the existence and uniqueness in the general case by a Picard iteration argument.

2 Preliminaries and notations

2.1 Geometry

We consider a non-smooth time-dependent domain as defined in [20]. More precisely, given
d > 1, T > 0 and a bounded open connected set D’ C R'*¢. We will refer to



D=D'N([0,T] x RY), as a time-dependent domain. Given D and € [0,T], we define the
time sections of D as D, = {x: (¢,x) € D}. We assume that:

D, # @, and that D, is open connected for every ¢ € [0, T]. 2.1

In order to establish the link between generalized BSDEs and PDEs when the state pro-
cess is a reflected diffusion in some time-dependent domain, we assume that the following
assumption holds throughout this paper:

D, C Dy, whenevert <t', t,t' € [0,T]. 2.2)

Let dD; for t € [0,T] denote the boundary of Dy, the direction of reflection 7 is oblique at
each boundary point x € dD, for ¢ € [0,T] and we assume that Y satisfies:

ye €, * (R4 B(0,1)). (2.3)

and y(¢,x) € S(0,1), V(¢,x) € V where V is an open subset such that Df C V, Vr € [0,T].
Moreover, there exists a constant p € (0,1) such that the exterior condition holds: V¢ €
[0,T],x € dDy,

U B(x_éy(tvx)aép)CDtca (24)
0<é<p

then 7y points into the domain.
Finally, regarding the temporal variation of the domain, we define d(z,x) := ing ly — x|,
yeby

vt € 10,T], x € R? that is assumed to satisfy for some p € (1,00), Vx € RY
d(.,x) € w'2([0,T],[0,c]), (2.5)

where #17([0,T],[0,c0]) denotes the Sobolev space of functions whose first order weak
derivatives belong to L”(]0,7]) with Sobolev norm uniformly bounded in space and such
that d,d(z,x) the first weak derivative in the sense of distribution is jointly measurable in
(t,x). Taking into account (2.4), we can deduce that the interior cone condition is satisfied
as well:

U B(x+&y(t,x),Ep) C Dy, Vt € [0,T], x € ID;. (2.6)

0<é<p

Then similarly to Remark 2.1 in [20], we deduce that for all @ € (0, 1), such that 82 > 1 —p?,
there exists & > 0 such that

{y—x,¥(t,x)) > —0|y—x|,Vx € dD;,y € D;,t € [0,T], (2.7)

for x,y satisfying |x —y| < 8.
Moreover, by Remark 2.2 in [20], there exists @ =1 —1/p € (0,1) and K € (0, ) such that
for all 5, € [0,T], x € R,

|d(s,x) —d(t,x)| < Kl|s—1|%. (2.8)
Then, if we consider the function /(r) = sup sup inf |s — y| introduced in [6], then by
5,€[0,T]xeDYED:
[s—t|<r

recalling Remark 2.4 in [20], the condition (2.8) is equivalent to /(r) < Kr%.



2.2 Reflected SDEs in time-dependent domain

Let (Q,.%#,P) be a fixed probability space on which is defined an n-dimensional Brownian
motion W = (W;)o<i<r, Where . = (.%;)o<i<r is the completed filtration of (o (W;,0 <
s < t))i<r with all P—null sets of . Let b:[0,T] x RY — R¢ and ¢ : [0,T] x RY —
R? x R" be continuous functions. Let us now introduce the notion of reflected SDEs in
time-dependent domain that we will adopt throughout our work as it has been considered in
[20]. We start by giving a definition which is borrowed from the same work:

Definition 2.1 A strong solution to the reflected SDEs in D driven by W and with coef-
ficients b and ©, direction of reflection along y and initial condition (t,x) € Dy is a .%;-
adapted stochastic process X, which satisfies P-almost surely, whenever t € [0,T],

X, =x+ [ob(r,X,)dr + [ 0(r,X,)dW, + Ay;

Xt € Dt7 ’A‘l‘ = f(; %{x,gapr}d’A‘r < oo (29)
A= [y y(rXo)d|Al.

We introduce the following assumptions:

(a) The functions b and o are Lipschitz continuous with respect to x, i.e., there exists a
positive constant C such that

b(t,x) — b(t,x)| + |o(t,x) — o (t,x)| < Clx— x|, V(t,x,x") €[0,T] xR x R,
(2.10)

(b) The functions b and o are of linear growth in (¢, x), i.e., there exists a positive constant
C such that

b(t,2)| + |0 (t,0)] < C(1+|x), ¥(t,x) € [0,T] x R, @.11)
Next, we recall the following result on existence and uniqueness of solution for the reflected

SDE (2.9):

Theorem 2.1 Let D be a time-dependent domain satisfying (2.1),(2.2) and (2.5). If assump-
tion (2.10) holds. Then, the reflected SDE (2.9) has a unique strong solution.

The next proposition states some crucial properties of the reflected SDE (2.9) that will be
needed in the study of our generalized BSDE and PDEs system:

Proposition 2.1 For eacht € [0,T], there exists a constant C such that for all x,x' € Dy,

E[ sup [ X7 =X []<Clx—x*,
0<s<T

E[ sup ||A%s—|AY|s | <Clx=x|*. (2.12)
0<s<T

Moreover, for each i > 0, s € [0, T], there exists C(W,s) such that for all x € D,

E(eHMl) < C(u,s). (2.13)



The proof of Proposition 2.1 relies on the following two lemmas. The first one estab-
lishes the existence of a class of test functions that interact with ¥ in a suitable way. The
second lemma provides the existence of a non negative test function ¢’'>(D,R) with a gra-
dient aligned with 7 at the boundary.

Lemma 2.1 Forany 6 € (0, 1), there exist a family {wgq } o0 of functions wy € €12 ([0,T] x
RY x RY,R) and positive constants & ,C such that for all (t,x,y) € [0,T] x R x R,

wa(t,x,y) > Ealx—y|%, (2.14)
1
we(t,x,y) <C(a—|—a|x—y|2). (2.15)
If x € dD;, we have:

(Dawa(t,2,y),7(t,x)) < Calx—y|, whenever (y—x,¥(t,x)) > =8|y —x|,  (2.16)

and
(Dywq (t,x,y),7(t,x)) <0, whenever x € dDy, (x —y,¥(t,x)) > —6|y—x|. (2.17)
If‘y € aDl:
(Dywa(t,x,y),(t,y)) < Calx—y[*, whenever (x—y,¥(1,y)) > —6ly—x|.  (2.18)
Moreover,
[Owa(t,x,3)] < Calr—yI?, 2.19)
|Dywe(t,x,y)| < Cotlx—y|, (2.20)
[Dawa(t,x,y) + Dywa(t,x,y)| < Colx—y|*. (2.21)
Finally,
I - L (1 0
< —
Dywe(t,x,y) < Ca <I I ) +Calx—y| <0 I> . (2.22)

Lemma 2.2 There exists a nonnegative function a € €'*(D,R) such that for x € D,
t€1[0,T],
(Dea(t,x),y(t,x)) > 1. (2.23)

PROOF.[Proof of Theorem 2.1] The proof of (2.12) is a result of Lemma 5.1 in [20]. To
prove (2.13), let a € €'?(D,R) be the positive function defined in the previous lemma,
then by applying It6 formula to o(s,X;) we get:

a(t,X,) = a(0,X0) + /O ' dy0u(s, X, )ds + /0 (Dear(s, X,), b(s,X,))ds
n / (Dear(s, X), 7(s, X))l Al + / (Deat(s,X,), 0 (5, X, )dW,)
0 0

1 t
+3 /0 Dect(s, X,)5 (s, X, )ds.



This implies that,

t t
| Drox(s. ), 75, X)L < 0. X) = [ dr(s Xo)ds
0 0
t t
- / (Dyax(s,X,), b(s, X;))ds — / (Deat(s,X,), 0 (s, X,)dW,)
0 0
1 t
- / Duct(s, X,) 5 (s, X, )ds.
2Jo
Note that thanks to Lemma 2.2, we have:

/ (Dea(s,X,), 7(5, X))l ALy > [AlL- (2.24)
0

Since a € €'?(D,R) and thanks to assumption (2.11) together with the compactness of D,
we have:

t
(1, X,) —/ 10+ L) au(s, X, )ds < c(1+1),
0
where c is a positive constant depending only on ¢, b, ¢ and D. It follows that,
t
Al < c(141) — / (Dyax(s,X,), 5 (s, X, )dW,). (2.25)
0

Then, by denoting M, = — [§ (D 0(s,X;), 0 (s, X;)dW;) we have: Vi > 0

t t
MM — 1 —/ ,ue“MA'dMS—/ petMsd (M),
0 0
1
gt [ D,(s,X,), 0 (s, X)W + 126 1D, X,) (s, X, ds
0

By the boundedness of &, o and D, on D, the process [;e*s (D, o(s,X;), 0 (s, X;)dWs) is
a local martingale and we have:

E(e!M) < 14 cu? /OZE(e“M”)ds.
Using Gronwall’s lemma we deduce that
E(eMM) < &4 vt > 0.
Then, back to (2.25) and by taking the exponential on both hand sides, we obtain: Vu > 0,
E(e“wf) < eeH (1) Fept <cur,Vt=0.
Hence, fort =T and p > 1, we can see that:
E|A]Y <E(ePIAr) <.
Next, let (¢,x) € D be fixed, we define (X;™, A"),;<s<r as the unique solution of:
Xt =x+ [Tbo(r, X )dr+ [P o (X0 ) dW, + [ y(n X )d| A
(2.26)

Xy € Dy, |NFs= [3 X 0

{x\"*cop,}

A,



2.3 Associated generalized BSDE and PDE

Let (XSI’X,AQ’X),@Q be the unique solution of the reflected SDE (2.26). Then, consider the
following functions:

fi(tx,y,2) € [0,T) x RU™H* —; f(t,x,y,2) € R™,
v (t,x,y) €[0,T] x R — w(r,x,y) € R,
h:xeRY—s h(x) e R™.

We should emphasize that each component f; of the function f may depend only on the i-th
row of Z, then assume that:

(Hp) The function 4 is continuous.

(Hy) (i) (t,x) — f(t,x,¥,2z) and (t,x) — y(t,x,y) are uniformly continuous with re-
spect to (¥,z) and ¥ respectively.

(ii) f and y are lipschitz continuous with respect to (¥,z) and y respectively.

(”l) Elﬁ < 0 such that <y_)77 W([7x7y> - W(tvxvy» S B ‘ y_)_) ’2'
Then, thanks to [22], the following generalized BSDE: Vr < s < 7T,

T T
VI =BG+ [ P2+ [ X YA,
S S
T
- / Z5dW,, (2.27)
JS

has a unique solution. Moreover, taking into account Lemma (2.1), the following estimates
hold: ; ,
E [ sup | ¥ P +/ |y d\A"f"I,Jr/ |]Z£’x|2d,} < oo, (2.28)
t t

t<s<T

Now, we define:
u(t,x) =Y. (2.29)

This quantity is deterministic since (¥{™),<s<7 is measurable with respect to the c-algebra
o(W, —W,,t <r<s). Next, let D be the time-dependent domain defined in paragraph 2.1.
and set D =D’ N ([0,7] x RY). It holds that the function u is continuous on D. Then it is
bounded on D.

Remark 2.1 The continuity of u is proven using similar arguments to the case of standard
reflected SDEs. Indeed, under the assumptions that we have made on the domain D and the
reflection v, it turns out that the pair of processes (X', A'"*) has the similar properties of the
solutions of SDEs with reflection in bounded connected closed time-independent domains
(we refer the reader to [2]] for further details).



In order to study the associated PDE system, we introduce some spaces following the nota-
tions of [20]:

D°=D'n((0,T)xRY),
oD = (D'\D')n((0,T) xRY). (2.30)
Then, we consider the following system of PDEs: Vi=1,...,m,

Ut (t,x) + Lul (t,x) + fi(t,x,u(t,x),o " (t,x)Dyu (t,x)) =0, (t,x) € D%

auyi(t,x) + y;(t,x,u(t,x)) =0, (t,x) € ID; (2.31)
u(T,x) = h(x), x € Dr,

where the operator . is defined by .# = Tr(66 ")D2(.) + b D,(.) and at a point (¢,x) €

D we set 3 = (¥(t,x),Dx(.)).

Definition 2.2 (i) A function u € USC(D) is a viscosity subsolution of (2.31) if for any
ic{l,...m}and ¢ € €"*([0,T] x RY), whenever (t,x) € D is a local maximum of u' — @,
then:Vi=1,...m

—39(t,x) — Lo(t,x) — fi(t,x,u(t,x),0 " (t,x)Dy@(t,x)) <0, (t,x) € D°,
min{—a,0(t,x) — L ¢(t,x) — fi(t,x,u(t,x),c " (t,x)D:@(t,x));

—(¥(t,x), Dx(t,x)) — yi(t, x,u(t,x)) } <0, (1,x) € ID,
u;(T,x) < hi(x),x € Dr.

(2.32)

\

(ii) A function u € LSC(D) is a viscosity supersolution of (2.31) if for any i € {1,...,m}
and for any @ € €%(]0,T] x RY) whenever (t,x) € D is a local minimum of u' — @, then:
Vi=1,...m

—0,0(t,x) — ZLo(t,x) — fi(t,x,u(t,x),o" (t,x)Dy(t,x)) >0, (t,x) € D°,
max{—d,¢(t,x) — Lo(t,x) — fi(t,x,u(t,x),c " (t,x)Dy@(t,x));

—((t,%), D@ (t,x)) — Wi(t,x,u(t,x)) } > 0, (1,x) € ID,
u;i(T,x) > hi(x),x € Dr.

(2.33)

\

(iii) Finally, u is a viscosity solution if and only if it is a viscosity supersolution and a
subsolution of the system of PDEs (2.31).

Theorem 2.2 The function defined by (2.29) is a viscosity solution of the system of PDEs
(2.31) in the sense of Definition 2.2.

PROOF. Step: 1 In the first step, we show that the function u is a viscosity subsolution
of (2.31). Let (tg,x9) € D and ¢ € €1%([0,T] x R?) such that ¢(t,xy) = u(t9,x0) and
@(t,x) > u'(t,x) for any (¢,x) € D.

1* case: We consider the case (79, xp) € D° and such that the following holds:

—9,9(t0,%0) — L (to,x0) — fi(to, X0, u(to, X0),0 " (t0,%0)Dx@(t0,X0)) > 0.

10



We then will find a contradiction. Note that by continuity of the data we can find € > 0 and
o > 0 such that for each (¢,x) € {t: |t — 19| < o} x {x: |[x—xo| < a} C D°, we have:

—0i(t,x) — L (t,x) — fi(t,x,u(t,x),6" (1,x)D,¢(t,x)) > €. (2.34)
Define
T=inf{s >19: X" & D, } ANinf{s > 1o : | X[ —x0| > a} A (to+ @),

then thanks to assumption (2.2) we have Dy, C Dy C Dy 4o Which implies that d|A*|; =0
over [, 7]. Then, for all 7y < s < 7, we have:

. T T
to.Xo,i __ y10,X0,1 10X 10 X 10,X0,1 10,X0,1
yhooi — y! +/ fi(r, X100, yloo_ 700 )dr—/ Z00igW,.
s s

On the other hand, by applying Itd’s to @(s,X;"™), we get:

O(e.X0) = 95, X000+ [ 00X )dr+ [ 29X )dr
s 5
— / TGT(r,X;°7x°)Dx(p(r,Xﬁ°7x0)dWr.
s
By inequality (2.34), we deduce that,
(009 + L) XI) — fi(R X, (X, (Dpo) (X)) >

Note that @ (7, X2™) > ui(7,X0") = Y0 Then, since ¢(f9,x0) > @ (1o, X™) — (T —10)
and

T T T
oo Xt~ [ edr=p(ext™) = [[edr— [ {00+ Zol(X0) +edar
S N S
T
_/ GT(r,XrIO7xo)Dx(P(r>XrIO7xo)dWra
N
we deduce from comparison theorem 1.4 in [22] that:

QD(ZQ,X()) — £<T—l0) > ui(lo,)c0> = ui(t(),X()).

This means that ¢ (t,x0) > u'(to, xo) which is a contradiction.
254 case: If (fy,x0) € @D and if we assume that the following holds,

min{—a,9(t0,x0) — L ¢(t0,%0) — fi(to, %0, u(to,%0), &' (t0,%0)Dx®(t0,%0));
— (¥(to,x0), Dx9(t0,%0)) — Wi(to, X0, u(to,x0)) } > 0.

Then on a neighborhood of (7, xp), there exists € > 0 and o > 0 such that for each (z,x) €
{t:|t—1] <o} x{x:|x—x0| < a} C dD, we have:

min{—d,¢(t,x) — L ¢(t,x) ff,-(t,x,u(t,x),GT(t,x)Dx(p(t,x));
_<Y(t7x)an(p(tvx)>_llji(tvxvu(t’x))} 2 €. (2-35)

Next, we set:

T=inf{s > 19 : [ X —xo| > ot} A (to + @).

11



Then, for all 7y < s < 7, we have:
. P T .
YSto,xo.,l — YTOJCO,! +/ fi(", Xrto’xo,YrIO’XO,ZiO’XO’l)dr
N

T T )
+ / Wi (r, X100 Y100 g| Alo¥o] / ZI050i qW,.
s

s
Again, by applying Itd’s for ¢(s,X"™) we get:
0l X0) = p(eX2™) — [ 00X dr— [ Lo X0 )dr
s Js
+ [ X0, DX dl A,
s
- / TGT(r,Xﬁo’XO)Dx(p(r,Xﬁo’x(’)dWr.
s
It follows from (2.35) that for any 75 < s < 7,

min{—[&r(p +°%(p](r7X£07xo) - ﬁ(antO’xovu(r?XrtO’xo)? (quoa)(r,xﬁmxo );
- <Y(r7X£O7xo)7Dx(p(r7X;07xo)> - Wi(r?X;O’xovyrtmxo)} ZE.

Similarly, as in the first case it suffices to use the comparison for GBSDE [22] to obtain:
(p(to,xo) > QD(IQ,X()) — 8(T—t()) = I/ti(t(),X,t(?’xO) = l/ti(l‘o,xO),

which is contradictory.
Step: 2 By the same reasoning, we can show that  is a viscosity supersolution of the PDEs
system (2.31).

3 System of reflected GBSDEs with oblique reflection

In this section we study a system of reflected GBSDEs with interconnected obstacles. We
establish existence and uniqueness of the solution. Our main tool is the relation between
reflected generalized BSDEs and optimal m-states switching problem which enables us to
write the solution as its value function. A fact that we will often use throughout this paper.
Let us introduce the following spaces:

T
2% = { (W) o<i<T F-progressively measurable/E[/ | v |? dt] < oo}
0

% = {(W)o<i<t F:-progressively measurable/E[ sup | y; [*] < oo};
0<t<T

% = {(K;)o<si<t F:-adapted continuous increasing/Ky = 0, E[K7] < oo}.

We will work within a Markovian setting, and we assume that randomness stems from
(X:*, A");<s<7 the solution of the reflected SDE (2.26). Let us introduce the following
assumptions: Vi € J := {1,...,m},

(Ho) h; : RY — R is continuous such that
hi(x) anﬁg((hj(x)—g,-j(T,x)), Vx € RY, 3.1

12



(Hy) Let f;:[0,T] x R&mxk y Rdxmxk and y; - [0, T] x R¥™ — R be such that

(i) (t,x) — fi(t,x,¥,z) and (t,x) — y;(t,x,¥) are continuous uniformly w.r.t.
(¥,z) and ¥ respectively;

(ii) fi and y; are Lipschitz continuous with respect to (¥,z) and ¥ respectively;
(Hp) Forany j € {l,...,m}, we have:

(i) gij:[0,T] x R? — R is continuous, non-negative such that g;; = 0;

(ii) gi; satisfies the non-free loop property, i.e..¥(¢,x) € [0,T] x R4, Viy, ..., i such
that i} # ip, i} = i and card{iy,...,i; } = k— 1, we have:

8ivi, (1,%) + oo+ g3, (2,x) > 0. (3.2)
The system of interest is of the following type: Vi < s < T,i=1,....m
'Yi,t,x € .F2 KX ¢ o7 Zitx ¢ pp2d.
Yo = m (XY + [T fi(n XY ZEYdr + [T wi(n X0 YY) d A,
_'_K;‘:t,x - K;‘,t,x o fsT fo’t’xdWr, (3 3)

Y, > m;él?((ysj’t’x - gij(s,Xé’x));
J7FL

Jo L = max (5 — g (5, X57)) YAK; ™ = 0.
JFl

Theorem 3.1 Assume that the data (hi)icy, (fi)ies, (Wi)ies and (8ij) i jyes> satisfy the as-
sumptions (Hy), (Hy) and (Hy). There exists a unique solution of the system of generalized
reflected BSDEs (3.3).

PROOF. The proof consists in several steps.
Step 1: Let 4 > 0 and A > 0 be fixed and let //li/l(|At’x|) denote the set of progressively
measurable processes (ps)s<s<7 such that the following norm is finite:

T tx T t.x
o1z, ars ::E( / TN [ |2 ds+ / st | p yzd\A""|S). (34
’ t t

Let  be fixed in (.2)™. It follows from Proposition 2.1 that &' € .# ﬁ 5 (JA™]), for every
i =1,...,m. Then, we consider the following system: Vt < s < T,Vi=1,....m,

ywie 92 zic %4 KWie o,

Y = m(X) + [T i X, 20 dr + [T wi(n X0 i) d | AV,

+KY K [Tz aw,, (3.5)
Y > max(e — gij(s, X)),
J#i
Jo v = mi?‘(fv"’j — 8ij(5, X)) JdK = 0.
\ JF#i
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Note that the data in the above system does no longer depend on the solution. Then under
assumptions (Hy), (Hy)(ii) — (iii) and (H>), and since i € (//[ix(]A”x\))m we deduce from
Theorem 2.1 in [ 1] that there exists a triple of processes (Y*,K",Z") which is a solution of
the system (3.5). Now, let us introduce the following mapping:

7777

Our goal is to show that ® is a strict contraction on the space .#, ﬁ 5 (JA™]) equipped with the
norm ||.|| .2, (). The presence of the obstacles does not allow to proceed in a classical
H,

way. To handle this, we represent Y'* as the value function of our switching problem. This
is related to the solution of a specific standard generalized BSDE which will be given in the
next step.

Step 2: Switching problem

First, let us give some notations and definitions related to our optimal switching problem.
To begin with, we recall that a switching control « is a pair of subsequences (7, 6,),>0,
where 7, are stopping times such that 7, < 7,11 and 6, is a random variable with values in
{1,...,m}. If P[1, < T,¥n > 0] = 0, we say that ¢ is admissible.

Let i € {1,...,m} and s € [t,T], we define the following class of admissible switching
controls:

2= {0 = ((Ta)n=0,(On)n=0) € Z, 60 =i, 7 = 0,7 > s and E(G§)* < oo},

where & denotes the set of admissible switching controls and G¥ is the cumulative switch-
ing costs up to time s, expressed by:

G;‘x = denfl,en(fn)%[rngs]a s < T and G% = YIL}H}G;Z = denfl-,en(rn)x[fn<T]'

n>1 n>1

Let & = ((T1)n>0, (6n)n>0) € Z!. Then, we introduce hq (x), fo(s,Xs™) and y (s, Xs™) that
stand for the reward received at time 7', the running reward received on D; and the additional
reward once the boundary dDj is reached under the strategy o.

ha(x) = Z 3 9"%[1n§T<r,,+1 [,

n>0
f(x (S>x7 77 Z) = Zf@,, (S,X, 77 Z)X[Tn§s<’b’n+1 [,
n>0
W(X(Saxa7) :Z‘lfen (s77)%[rn§s<rn+1[‘ (36)
n>0

Next, let us introduce the following switching equation:
P% cadlag, E( sup | P*|?) < o0 and Q% € 2%k,
t<s<T

P = ha(X5) + [T fo(r, X0 i, Q2)dr + [T Wo(r, X2 i, )d| A, (3.7)

N
— [T 0%aw, — (G% —G%), 1 <s < T.
By setting F;x := P% — G¥%, we see that the equation (3.7) is a standard Generalized BSDE.

In fact, the terminal value satisfies E[(h%(X;") — G¥)?] < e and G* is {.%,} — adapted, then
there exists a unique solution (P%, Q%) for (3.7) thanks to [22].

14



Our aim is to get a representation of Y%/ in terms of P*. To this end, we recall system (3.5)
and (3.6) to write the equation of Y*' between s and 7;:

. ; T
vl v [Tz ds + [ XA,
. ' . T .
+Kg' — K" — / Z AW
S
. . T T1
:Y’LI'?ZX[HZT]+Y‘L€i71%[T1<T]+/ fa(rﬂﬁﬁzg)dr—’_/ WOC r7X£ YU )d’AwCL’
JS§ N
. . T
+Kg' — K — / Z%dW;,
A
where Z% = Z1% Xiw<r<n| = Zr * on [s,71]. Besides, observe that

u,0;

YT] >m£lx( T1 gl](TlaX )) >Y g191(717X x)'

Thus, Vs € [t,11],Vi=1,...,m,
T H O o+ [ S X T2+ [ el XN,
:
O = gia, (61 X)) )+ KE — K= [ 200w,
SO X )+ Y T+ [ Sl X 2
[ Wl X TIN5, X5 ) + (R = K

2
(KL K - / Z8aW,.
S

The last inequality follows from the definition of Y*% between [71,7,]. By (3.6) and by
repeating the same procedure as many times as necessary, we obtain:

. T T
YO RO [P 28 [ el X ) d A,
A A
T
—G%+1€%—/ Z%dW,.
S

By letting K¥ := K7,' — K" 4 Z (Ky"—Kp) On ") which is non negative, we deduce that

T +1
, T
R ) [ X2 [ vl X N,
o ST a
—GY - / Z%dw,.
N
Hence, if (P%, Q%) is the solution of the GBSDE (3.7), we have:
_ T
Vo (PG = [ [faln X, Z8) — ful XE i, O] dr
N

- [ o,
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Under assumptions (H)(ii) and (iii) and by Girsanov’s Theorem there exists a probability

measure [P such that dP = £(M)7dP, where £(M); = eMs=2(M)s and M, is defined by
s< T,

M, = /O X{ZE‘#Q;"}[fa(raXrt7xaﬁr7Z;x) _foc<rert’xvﬁr’Q;x)](Zg - Q?)fldWr.

This implies that the process defined by:Vt < s < T,

A
VVS = WS‘ - /(; X{Zr“#Q‘rx} [fa(r7X){7x7 ﬁrazg) - fa(r7X}€7x7 ﬁh Q?)](Z;x - Q;(fx)ildn
is a Brownian motion under . Therefore, the following inequality holds:

YMJ_(Psa_Gg)Z/ (Z;("X_Q;x)dWr

s
Then by taking the conditional expectation, we obtain: V¢ < s < T,
Y4 > p* — G% P-as. Vo € .
Finally, let o* = (1,,6,),, be the switching strategy defined as follows:
T =0, 6y =1,
Ti,, =inf{s > ¢}, vi"% = %§(K“’j — 80, (5, X)) IAT,

* u,j * tx
6, = argmax(Y_. | — 80, (T, X 1))
]7&6,1* n+ n+

V<

(3.8)

We can show that o* by showing that P[t} < T, ¥n > 0] =0 and E(G¥ )? < o. This follows
easily from the non-free loop property (consult [1]). Moreover, the following representation

holds true
Yo' =esssup(PY — GY) = P* —GY .
IS

Therefore, the solution of system of reflected GBSDEs (3.5) is unique.

(3.9)

Step 3: Using the last representation, we give estimates for Y/ in terms of P% — G%. In fact,

for i and V fixed in ///i/lﬂA”x]) we set:

Fi(s,X{™",2) = fils, X id, 2) V fi(s, X5, V5, 2),
Wi (s, X) = wi(s, X5 ul) Vg (s, X5 0.

s 7S b A

Next, we introduce the following system of generalized BSDEs with oblique reflection:

Vi<s<T,Vi=1,...m,

(7 = h(X) + [T R X0 Zi)dr+ [ XA, + R — R

s r & r s
_fstédWV7

v > Hjlglx(ﬁj — 8ij(5, X)),

Jo [7{ — max (¥ — gij(s,.X;™))]dK: = 0.

J#
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Thanks to the previous step, the system (3.10) has unique solution. Then, consider the
associated switching equation with the same data, namely:

P% cadlag, E( sup | P* |2) < oo and Q% € J#7>*;

1<s<
=ha(Xp") + [ Fa(n X0, 0F)dr + [ Wa(rn X/ )N, — [T OFaw,  C1D
—(G¥—-G%), 1 <s<T.
By relying on (3.9), we have similar representation for ¥: V¢ <s < 7,

7! = esssup(P* — G*) = B* — G¥, (3.12)
oED!
where &* is the optimal strategy associated with the switching equation (3.11). We now
recall the comparison theorem for system of generalized reflected BSDEs with oblique re-
flection (see Proposition 2.1 [1]). It should be pointed out that the result is applicable in our
case since the generators do not depend on the solution. Therefore, the following inequali-
ties hold:

Y <Y
yvi<yl. (3.13)

Then by letting (P'*,Q'*) be the unique solution of the switching equation (3.7) with data
(ha (X7, fulr, X/ ¥, 0%), o (r, X, %,)) and taking into account (3.9) and (3.12), we ob-
tain: Vi=1...m,Vt <s<T,

PY —GY <YM <V =P -G
Py —GY <y) <¥l=P% - G¥. (3.14)
Ityields,Vi=1...m,Vt <s<T,
< PE P | B P (3.15)
Step 4: @ is a contraction
To start with, note that (P* — P¥ Q0% — Q%) is the unique solution for the following

generalized BSDE: Vr < s < T.
- / [Fa (1 X, 0% ) — foe (1, X1, 1y, Q% Y] dr

T ~ ~ %
+ / [P (1, X) — Wi (1, X%, )| d| A, — / (0% — 0% )aw,.  (3.16)
N A
Then we apply Itd’s formula with e#+AA™ls | P&° _ p&™ |2 e have: Vr <s < T,
tx ~ K s T tx ~ ¥ *
eus+l|A' |s |Psoc _Psoc ’2 +H/ epr+)L|A |r ’Proc _Proc ’2 dr
N
T AL ~ % * 9 ¢ T LAY ~ &t 112
A [ e N P P alA o [ e RN OF - O Py
N S
T tx ~ Ak A * ~ K
=2 [ (B P P (X OF )~ far (R XS, OF dr
) r 7

+2/ Mt HINTI (PE— PE) W (r X)) = Yo (r X[, )] A,

2 / MMl (B paT (0% — 0" ) aw,
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Since | xVy—y|<|x—y|forx,y € R, we obtain: Vt <s < T,

T
t.x ~ Sk Ak tx ~ ¥ *
e,U,S+A.|A |x |Pva PY(Z |2 ‘LL/ e/,tr+MA ‘r |Pr(X Pr(X |2 dr
N

T
eur+7L|A’*x|,||Qﬁc* -
r

T
1x ~ ok
—I—)L/ oM AN |,<|Proc _
A

T tx ~ K ~ % ~ X% ~ %
<2 [ NP B f (X, O ) — fa (X, O
42 [ AN B B |y (1 X0, Vi (5 XL BN
2 [ (BP0~ 0

Recall the Lipschitz continuity of f, and y, with respect to (¥,z) and y respectively. Then
as2|ab|<%|a|2+q|b|2,q>0,weget: Vi <s<T,Vq>4m,

T
FAA | pat _ pat (2 AN | pat_ pat
eHsTAINT | poT _ p |+u/ HIHANT | pat _ pat 12 gy
S

T
1, ~ ¥
+7L/ eHr AN pat
S

T tx ~ 3k Ak
HHHNT |0 — O |Pr
s
T 1x ~ Xk Ay * 1 T t.x
< (¢C}+2C3) / M HANT P& _ O 2y 4 — / M AN G 5, )12 dr
K qJs
1 T tx ~ Sk Ak T tx ~ K ~ %
+f/ MO — o szr+q02/ MNP P Pa|AT,
s [ e N gy [P a2 [ e N B B — 0 Ya

where Cy := rrllax Crand Cy := r?ax Cy, and for each i = 1,...,m the positive constants
i= =

Cy, and Cy, stand for the Lipschitz constants of f; and y; respectively. Then by taking the
expectation we have: Vr <s < T,

1.x ~ &% v * T tx ~ ¥ *
B[l Nl | PO PE P ] 4 (= qCh —2CRE] [ e HNY | B P 2 ar]

/]

T 1.x ~ K
+(A—qC5,)E[/ M AN pot

S
1 T tx ~ % %
4B [ AN O — o Pa]
1 T tx
< fE[/ M AN g g, 1 dr]
q s

1 r I,
+qE[/ eur+/l\/\ |r H i — 7, H2 d’/\t’x‘r].

N
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Then the following estimate holds: Vr <s < T,

T 1x ~ *
(L —qc}—zc})E[/ AN, | o pa

N

T tx ~ ¥ *
+ (= gCRIE[ [ AN | B P 2 an,]

N

2 a'r]

T
< (B[ [ e Y |77, | ]
q s
T
—l—E[/ eﬂrHL\A"‘\r H i —v, H2 d]At’x\r]).
N

We can derive an identical estimate for | P* — P’ f‘* | using the same reasoning. Hence by
(3.15), we deduce that: Vi < s < T,Vi=1,...,m,

r t.x . .
(u _qC% - ZC%)E[/ eur+l|A, Ir ’ Yruﬂ _Yrv,t ’2 dl"]
s

T tx : :
+(R—gCYE] [ et i P aln )

N

4 TN g 2
QL
N
T
E[/ M G 5 |12 A ]).
S

Then by taking the sum over {1,...,m}, we get: Vt <s < T,

m

T 1 . :
([.L — qC% — ZCJ%)E[/ el»‘r-i—MA‘ | Z | Yru.,l _ Yrv,l |2 dl”]

s i=1

T o m . .
F (= gCRIE] [ b AN Y iy P dA
i=1

N

4 Tour A, o =2
qu(E[/ et o | iy =V, || dr]

N
T 1.x = N
FE[ [ N -5, | dIA]).
N

Consequently, by choosing ut = o =1 "‘qCch +2CJ20 and A = Ag = 1+¢qC2, we have: Vt < T,

T tx e H ;
E[ / oY | (i) — (v 2 d]
! i=1

T ] e : :
FE[ [ oo 3 () —(r) P ala )
! i=1
4 T ortdolA =, = = 2
Smf(E[/ eto o i =V, || dr]
q t

T 1x 5 .
+E[/ e[,L()r-'rl(ﬂAr |r || i — v, HZ d’AI7x|r:|).
t

Finally, we deduce that @ is a strict contraction on ./# 20_ 2, (IA”"]). Hence, it has a unique
fixed point which gives the uniqueness of the solution for the system of generalized reflected
BSDEs (3.3).
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4 System of variational inequalities with inter-connected obsta-
cles and nonlinear boundary conditions in time-dependent do-
mains

4.1 Definitions and notations

In this section, we turn our attention to a system of fully non linear PDEs with intercon-
nected obstacles. Let D°, D and dD be the sets defined by (2.30). Then, consider the PDEs
system below: Vi =1,...,m,

min{v(¢,x) — rﬂ_lix(vf(t,x) —gij(t,%)); = (t,x) — LV (t,x)
—filt,x, (vj(t,x)).,-zlwwm, GT(t,x)vaj(t,x))} =0, (t,x) € D%

i

a—y(t,x) + yi(t,x, (vj(t,x))jzl _____ m) =0, (t,x) € dD;

.1

vi(T,x) = hi(x), x € Dr.

We are concerned with the question of existence and uniqueness of a solution in viscosity
sense of the system (4.1). We first evoke some notations and definitions that will be used
frequently in the sequel.

Definition 4.1 For a locally bounded function u : D — R, we define its lower semicontinu-
ous envelope u, and its upper semicontinuous envelope u* as follows:

u(t,x) = lim  u(t,X)andu*(t,x)= Tlim u(¢',x).
(t' ) — (%) (") — (%)
(' x')eD (' x')eD

The viscosity solution will be studied in terms of parabolic superjet and subjet which in the
context of time-dependent domains have been defined in [20]:

Definition 4.2 Let E C R be arbitrary and u : E — R, then the parabolic superjet
9§’+u(s,z) contains all triplets (p,q,M) € R x R? x S such that if (s,z) € E, then

u(t,x) < u(s,Z)er(t—S)+<61,x—2>+%<X—Z>M(X—Z)>+0(| t—s|+[x=z),

as (t,x) € E — (s,2).

The parabolic subjet is defined as P~ u(s,z) = — Py u(s,z). The closures @?E’Jr(s,z)
and @i—’u(s,z) are defined in analogy with (2.6) and (2.9) in [7].

Definition 4.3 (i) A function u:= (u',...,u™) : D — R™ such that for any i = 1,...,m, u'
is usc, is a viscosity subsolution of (4.1) if foranyi=1,...,m, (t,x) € D and (p,q,M) €
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@lfui(t,x), we have:

min{u'(t,x) — max(u/(t,x) — g;;(t,x)); —p — b(t,x) "¢ — 3Tr[c0 " (t,x)M]

JF
7.]“!'(1‘7)‘:7 (Mj(t’x))j:L...,mvGT(tax)Q)} < 07 (t,x) € D07

min{min{u(¢,x) — r?i‘f‘(u] (t,x) —gij(t,x));

4.2)
-p _b(tv)C)Tq_ %TF[GGT(I,)C)M] _fl'(taxv (uj(tvx))j:l,...7ma GT(I,)C)Q)};
—<')/(I,X),q> - I)Ui(t?-xa (uj(tyx)>j:1,...,l11)} S 07 (I,X) < 8D7
u'(T,x) < hi(x), x€Dr.
\
(i) A function (u',...,u™) : D — R™ such that for any i = 1,...,m, u' is lsc, is a viscosity

supersolution of (4.1) if for any i =1,...,m, (t,x) € D and (p,q,M) € @%Uti(t,x), we
have:

min{ui(t>x) —II]}Q?((M“Z,X) _gij(tvx)); —p—b(t,x)Tq— %TI’[GGT(I,X)M]

_fi(taxv (Mj(tax))jil,.-.,ma GT(tax)Q)} >0, (tvx) € DO»

max{min{e (1)~ max(u(13) — g11.4)):
7 (4.3)
iy 2 b(tax)Tq - %TF[GGT(IVC)M] _fi(tvxv (uj(tvx))j:hwm? O-T(tvx)Q)};

u'(T,x) > hi(x), x¢€Dr.

(ii) A locally bounded function u : (u',...,u™)D — R™ is called a viscosity solution of the
PDEs system (4.1), if (u'*,...,u™) (resp. (u'*,...,u™)) is a viscosity subsolution (resp.
supersolution) of the system of PDEs (4.1).

The solution of the PDEs system (4.1) will be obtained mainly thanks to the connection
between the PDEs system (4.1) and the system of reflected generalized BSDEs (3.3). First,
we recall the solution of the generalized reflected BSDEs system (3.3). We aim to provide
a unique representation of its solution (¥ i“) i—1...m 1In terms of continuous deterministic
function (u');—...
unique continuous deterministic function which solves the system of PDEs (2.31) in a par-
ticular case. Then we extend the result to the general case using a Picard iteration argument.
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4.1.1 Results of existence and uniqueness in a particular setting

In this part, we are going to look at a reflected GBSDEs system with interconnected ob-
stacles and its associated PDEs system when the generators take the following form f; :
[0,T] x Rk s REm<k and y; : [0,T] x R — R, Vi = 1,...,m. Then, under the
same assumptions of section 3, we introduce the following system of reflected GBSDEs
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with interconnected obstacles: Vt < s < T,Vi=1,...,m,
ff/i,t,x e P2 Ritx ¢ g2 Fitx ¢ pp2d.
VO = h(Xp) + f] A XPN T 20 dr + [ i (n XEd AT,
+[Z§it’x o [Z;',t,x - fsT Z;'J,xdW” (4 4)

A r?;x(ﬁj”’x — 8ij(5, X)),

fOT{?Si,t,x _ mgx(i}sj,t,x —gij (S,X;’x))}dkg’t’x —0.
J#i
Thanks to Theorem 3.1 the above system has a unique solution (f” X KX 7% ).

Now, we consider the PDEs system of the following type: Vi =1,...,m

min{v'(t,x) - mgx(vj(f,X) —8ij(t,%)); =9 (t,x) — LV (1,x)
JFI
—fit,x,V(1,x), 07 (t,x)Dv'(t,x))} = 0, (,x) € D
; (4.5)
a—y(t,x) +yi(t,x) =0, (t,x) € ID;

\v"(T,x) = hi(x), x € Dr.

Theorem 4.1 There exists a unique family of continuous deterministic functions (ii') i=1,..m
that solves the PDEs system (4.5). Moreover, (@')i=1,...m is bounded on the compact set D
and we have: Yi=1,....,m,

YEr =it (5, X1), Ve < s < T. (4.6)

The proof of the above theorem is divided into two parts. In the first, we treat the problem
of uniqueness that will be stated in the subsequent proposition and its corollary. Then,
we make use of some penalized scheme of generalized BSDEs and PDEs to obtain the
existence.

Uniqueness In this paragraph, we establish the uniqueness of the solution for system
(4.1). A standard tool in the theory of PDE:s is to show the comparison principle. We rely
essentially on Lemma 6.1 in [20] which is a version of Ishii’s Lemma in time-dependent
domains.

Proposition 4.1 Let (u');—y _, and (V')i=1 ... m be an usc subsolution and a lsc supersolu-
tion of system (4.5). Then: Vi=1,...,m,

u' <V, onD. 4.7)
PROOF. Step 1: We first assume that there exists a constant v < — nllax ci, (C;} being the
i=1,....m .
Lipschitz constant of f; fori=1,...,m)suchthatVi=1,... m, Vt,x,y,y,z, if y > y then
ﬁ(t7x7y7z)_ﬁ(t7-x7yﬂz)Sv(y_y)' (48)
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Let (u')i=1, m and (v))i—1,_n be respectively an usc subsolution and a lsc supersolution of

system (4.5). Let i =1,...,m be fixed and recall Lemma 2.2, then there exists a positive
function @ € ¢'1?(R4*!) defined on an open neighborhood of D with ¢ > 0 and such that
(y(t,x),Dx@(t,x)) > 1,¥x € dD;, ¥Vt € [0,T]. Then put:

ul (t,x) = u'(t,x) — e(t,x) — ; —Ce and Vi(r,x) =V (t,x)+€@(t,x) +Ce,

where Cy is a positive constant that will be chosen later on.
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solution and supersolution of two PDEs systems that will be given explicitly. We start with
the family (u.,);—1. _n. First, note that if x € Dy, then ui(T,x) < u'(T,x) < h;(x).

Now, let (t,x) € dD and (pk, g4, MY) € ﬁ%ﬁué(t,x). Note that (p" := plt + d,¢(t,x) —
£.q" = qt+ €D, @(t,x),M" := M{ + €D, ¢(1,x)) € @%Jru"(t,x) and we have:

min{u (¢,x) — g@;}(ué(uw — 8ij(1,%));

_p.Lel _b(t’x)qu - %Tr[GGT(tvx)Mz] _fi(tvx’ uic,(t’x)’ GT(t,x)qZ.)} (49)

:min{ui(t’x) *I?i;((”j(tvx) *gij(tvx));

_pu _b(trx)—rqu - %TF[GGTO"X)MM] _fl'(laxa ui(tvx)7GT(t7x)qu) - t%
+eb(1,x) Deg(t,x) + gTr[GGT(t,x)Dxx(p(t,x)]
+ fit x5 ui(t,x), 07 (1,0)q") — fi(t,x,ul(1,%), 0 (,x)q2) }. (4.10)

Then using the continuity of b, 5, D¢ and D,, and the compactness of D, we deduce that
there exists 17; > 0 such that:

eb(t,x) Dyo(t,x) + gn[oowwnxma,xn <en. (4.11)
Using the the Lipschitz continuity of f; and assumption (4.8), we get:
Siltox,ui(t,x), 0" (1,0)6") — filt,x,ug (1,%), 0 (1,0)45)
& .
< v(? +£¢(x)) + VCe + £Cl|0 ' Dy@(t,x)|.

Since ¢ is positive and |6 " D,¢| is bounded on the compact set D, there exists 1, > 0 such
that,

it x,ui(t,0), 61 (8,2)¢") = it x,u (1,%), 0 (1,x)gf) < — max CiCetem.  (4.12)

yeees

Then, by combining (4.11) and (4.12) we can find 13 > 0 such that:

eb(t,x) ' Dag(t,x) + STr[06 T (1,)De(r, )] ~ 5

+ fi(t, x,ui(t,x), 0" (t,x)q) — fi(t,x,ul(t,x), 0" (1,x)¢°) < —i:n117?1.§mc;Cg +en;. (4.13)

23



Set Ce = p— the constant C; is positive and tends to zero when € — 0. By (4.9) we

deduce that:

min{u (t,x) — H,lg?i(ué (t,x) —gij(t,x));
] l

1 .
—pt—b(t,x) g - ETr[GGT(t,x)Mg] — filt,x,ul(t,x), 0" (t,x)g")}  (4.14)

< min{u'(1,%) — mgx(u" (1,%) — 8ij(1,%));
J#i

—p"=b(t,x) ¢" — %TF[GGT(I,X)MM] — filt,x,u'(t,x),6 " (t,x)g")}.  (4.15)

For the inequalities on the boundary dD, we recall that (y(z,x), Dx¢(t,x)) > 1 which implies
that:

—(V(t,x),q¢) — Wilt,x) = —(¥(t,%), ") — yi(t,x) — €(¥(t,x), Dx(t,x))
< —(y(t,x),q) — yi(t,x) — €. (4.16)

Then, if (u');—1, _n is a subsolution of (4.5), it follows from (4.14) and (4.16) that ()= _m
satisfies the followmg system of PDEs:

min{ué(t,X)—r?gi(ué(tw)—gij(t,X));—pﬁ—b( x) gt —3Trloo’ (1,x)MY]

—fit.x,ug(t,x),0 ' (1,x)q¢)} <0, (t,x) € D°,
min{min {u(1.x) — max(uc(1.) — g (1.3)):
_pg_b(v ) CIE_fTr[GG (t7x)Mé‘l]_fi(tﬂx’ui‘(l’x)vGT(tvx)qlg)};
—(Y(t,%),q") — wit,x) + €} <0, (t,x) € D,

ub(T,x) < hi(x), x€Dr.

\

4.17)
Similarly, since (v")i:L___,m is a supersolution of (4.5), we obtain using the same tech-
niques a system of inequalities for (vé)izlwm. Indeed, for any i = 1,...,m, (t,x) € D
and (p},qy,MY) € @%7\/20#), we have:
min{ (1) ~ max(v(0.) = 1 (1.3))s —pt ~b(0.) g = 4Trio0T (1))
JFi
—fi(t,x,v(1,x),6 7 (1,x)g2)} > 0, (t,x) € D°,
max {min{vi (1,x) — max(vi(r,x) - gi;(1.2));
i# (4.18)

—pi—b(t,x)"ql — 3Trloc T (t,x)MY] — fi(t,x,vi(t,x),0 " (t,x)g%) };
—(y(t,x),q%) — wi(t,x)} >0, (1,x) € ID,
vi(T,x) > hi(x), x € Dr.

Consequently, we next show that . < vi on D which helps to avoid the conditions on the
boundary dD. Then, we can take the limit with respect to € to get the comparison principle
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for u' and V'.
Now, note that u — v is usc then it is bounded from above on D, then we assume to the

contrary that max max (ul. —vi) > 0. There exists (7,X)€ D such that
D i=1,..m

max (uf(7,X) —vL(7,%)) > 0. (4.19)

i=1,....m

Asin [12], thanks to the non-free loop property there exists k € J:={j € {1,...,m}, ul(7,%) —

ve(f,X) = max (ug(7,%) —ve(7,%))} such that

ulé (f,X) > m;«?lz((ué (f,f) - gkj (faj)) . (420)
J
Now, in order to avoid the conditions involving the obstacles, we fix j € J satisfying (4.20),
then taking into account the value of u% (7T, x) and vi(T,x) it turns out that the maximum of
‘max (ul —vi) over D is achieved in D° or dD.
.,m

i=1,...,
First, we consider the case where the maximum is achieved on dD. Then, taking into
account the definition of u., and the terminal values (T, x) and v (T,x) there exists (7,X) €
oD forf € (0,T). Let & > 0 and wg € €'?(RY*!) be the function defined in Lemma 2.1
and set:

(1)7(1‘7)(37))) = ug‘(tvx) _Vé(tvy) _T?(t7x7y)7
W (1, x,3) = waalt,3,3) — Wy (E5) (V) x— )+ [ x—F [+ [1—F

Recall that thanks to Lemma 2.1, there exist £, C > 0 such that:
1
Ealy =y <walt,xy) <C( +alx—yI). (4.21)

Let (fq,Xq,Ya) be the maximum point of @ (z,x,y) for t € [0,T] and (x,y) € 9D, x dD;.
Then, we can see that,
- C o o C

H;%X(ué —V'é) - a = ué(l,f) —V'é(l,)?) - a

The inequality (4.21) implies that w (7,%,%) < % Then,

max (uz — vl) — = < DL(T,%,5) < Pt X Va)- (4.22)
D

RIA

Thus,

®é£(t0h-x0t7y0£> < ué(ta,xa) - Vg(toca)hx) —&alxq _}’a’2 + (£, %) (Y(£,X), X0 — Yar)
— | xq =% " = |ta—1|*.
This implies that
otlxq = ya|* — 0,
o—so00
o = yal* — 0, (4.23)

a—oo
(tocyxoca)’a) o;)o (237%)'
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Moreover, from (4.22), we deduce that,

wh(te,xq) — ul(7,%),
; ave (4.24)
Vs(laa)’a) :lve(t)x)'

Now, we go back to systems of inequalities (4.17) and (4.18). It turns out that the conditions
on the boundary in these system can be reduced to the condition in the interior. In fact, note
that if (7q,x4) € dD, we have:

<7([ocaxoc)7Dle?(fayxm)’a» —Vj(ta:Xa) = —(Y(ta,Xa), Dxwa(ta: Xa — Ya))
+ ‘I/j(@fx?’(fﬁ)’?’(xa,)’a)) —4‘)605 _j|2<’}/(x067y06)ax06 —)?,> - ll/j(tOthC)' (425)
Again, from Lemma 2.1, we have:
IDawa(ta, Xa; Yo )| < CoU|xXq — Y| + X —)’a‘2>- (4.26)
This implies that,
_<Y(ta7xa)7DX\P;Z(IOHX(X?))O!)> - ll/j(ta,Xa)

> —CalY(ta,Xa)|(Xa — Yol + [¥a —yal*) + ¥ (6, %) (V({,%), Y(xa, ya))
_4‘xa_f|2<'}’(xaa}’a) Xq —X,) — V/J(tayxa) (4.27)

Therefore, by (4.23) and since y and y; are continuous, we deduce that the right hand side
of (??) tends to zero as ¢ — oo. Then, for ¢ large enough we have: Ve > 0,

_<7(tocaxa)7Dx‘P?(fa,Xou)’a)> — Yj(ta,Xa) > €. (4.28)
If (tq,ya) € D, we observe that:
—(V(ta,ya), =Dy¥§ (tas Xa, Ya)) — Wj(ta, Ya) = —(V(tasYa), —DyWa(ta, ¥a: Vo))
+ lllj(fvx)@/(t’x) (xOhy(X) Yj (tlxvxd)

) —
< [Dawa(tas Xa, o) | + W (1, %) (V(7,X), V(X Ya)) — Vj(ta; Ya)
gCOC\xa—ya|+1//j(f,X)<}/(f7 X), Y(Xa,Ya)) 7‘/’1’(’%}’&)- (4.29)

The last line is obtained thanks to (4.26) and taking into account (4.23) it converges to zero.
This implies that, Ve > 0

—(Y(ta,ya)s _Dy\P?(tman’a» - Wj(touya) <e&. (4.30)

On the other hand, by recalling (4.20) with the use of (4.24), we deduce that for o large
enough we have:

b (fe, %) > Ti?(ug(za,xa) — gitlta, Xa)- 4.31)

If the maximum of nllax (ul. —vi) over D is achieved in D°, we observe that (t4,x¢) and
i=1,...,

(o, Y ) are in D°, since (7,X) € D°. In this case, only the inequalities in the interior hold.
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Now, we are in a position to apply Lemma 6.1 in [20], which ensures the existence of
—2 4 —2— i
(Pe, g4 My) € Py ue(ta,xq) and (py,qe,My) € P Vi(ta,ye) that satisfy:
Pe—DPe = 81T7(ta,xa7ya),
Ge = DX‘P?‘(ta,xa,ya),

qt = (=DyP¥ (ta, %, Yar)), (4.32)

MY 0
( 08 Mv> <Dxxlpy(taaxa,)’a)"‘éDxle?(fmana)z-
€

Therefore, by taking into account (4.28), (4.30) and (4.31), we deduce from (4.17) and
(4.18) that for a large enough, we have:

— 0¥ (ta, X, o) — b(tha)TDle?(tocaan’a) - %Tr[GGT(ta,xa)Mg]
—fi(ta,xa,ufg(ta,xa),GT(ta,xa)Dx‘P?‘(ta,xa,ya)) <0,
— 1S (1) — bltas ) (~DH ) — 3 T7100 (v M)
— filtas Yo, Ve (tasYar), 0 ' (ta, Yoo ) (= Dy WG (1o, X, Yar))) = 0. (4.33)
Hence,
—(fi(tasXa b (tasXe), 0 (tars Xa)qe) = £iltasYa Ve (te:Ya), 0 ' (tasYa)qe))
< (pt— p¥) + (blta,xa) T g — blta, ya) " 4)

Tr(o0 " (ta,Xa)M{ — 60 (1o, ya) M),

1
2

Using the assumptions (4.8) and the Lipschitz continuity of f; with respect to z, we obtain:

_V(”é(fmxa) - Vé(’m)’d) < (Pt —ph)+ (blta,xa) g% — blta.ya) ' qb)
1
+ ET’”[GGT (tor; X ) Mg — oo’ (ta,ya)My] +C’6T (ta,Xa)qe — GT(faJ’a)q;‘
+ (fj(hX?xOhvé(tOhyO()?GT(I(XaxO()qz) _fj(laayayvé(fa7J’oc>a GT(tarx(X)qg))'

Besides, the convergences (4.23) imply that the term on the right hand side converges to
zero as ¢ — oo. Then, passing to the limit it follows from (4.24) that,

—v(ul(7,x) —vi(7,%)) <0.

This contradicts assumption (4.19), since Vv is assumed to be strictly negative. We conclude
that i, <vi forany i = 1,...,m. It suffices to take the limit with respect to € to get u’ < v/,
i =1,...,m. This ends the proof of the first case since i is arbitrary in {1,...,m}.

Step 2: For v arbitrary in R, let (it') ie{1,...,my and ) ic{1,....m) be respectively a subsolution
and a supersolution of sytem (4.5). Then the families defined by (@' (t,x) = €""it' (t,X))i=1,..m

and (¥(t,x) = e""Vi(t,x))i=1...m are respectively subsolution and supersolution of the fol-
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lowing system: Vi € {1,...,m}

min{@ (¢,x) — max(ﬁj(t,x) —evgii(t,x)); —0,it' (t,x) — Lt (t,x) + Vii' (t,x)

J#
—eV fi(t,x,e Vil (t,x),e Vo T (x)Dyiii (t,x))} =0, (t,x) € D°
P (4.34)
7([,)6) —|—ewl;/,-(t,x) =0, (tax) € dD;

Iy
@(T,x) = e"Thi(x), x € Dr.

By choosing v negative, the functions F; defined by: Vi € {1,...,m}
Fi(t,x,y,2) = —vyi+ fi(t,x,ey,e”'z),
satisfy assumption (4.8) and the result follows thanks to the first step.

Corollary 4.1 Ifthe solution of the system of PDEs (4.1) exists, it is unique and continuous,
then it is bounded on D.

Existence In this paragraph we establish the existence of a viscosity solution of the PDEs
system (4.5). This is obtained mainly thanks to the connection between the latter system
and the system of reflected generalized BSDEs (4.4).

Proposition 4.2 There exists a unique viscosity solution of the PDEs system (2.31) that we
denote (1/7[),-:17”,7,,,. The function (&)1 ... m is continuous and bounded on D. Moreover, we
have: Vi <s<T,Vi=1,....,m,

V=i (s, X!7). (4.35)

N

PROOF. Let (¥,K,Z) be the unique solution of the reflected GBSDEs system (4.4). Next,
define the following sequence of reflected GBSDEs, fori = 1,...,mandn =0 set Y0 :=Y
given by

(Y € 72, 2 € 424,

s L&y

Y, = min h,-(X;*x)—l—fST.nllin fi(r XY, Z,)dr
i=1,...m

i=1,..m (4.36)
+ min g (r,X;)d| A, - 17z,aw, Vi <s<T.
i=1,...m
\

Then, forn > 1,Vi<s<T,i=1,...,m,

yin ¢ o2 Rin ¢ g2 Fin o gp2d.

V" = hi(Xp) + [T X002 dr + [T i (n X )d A,

+Ky" — K" =[] Z7"aw, 4.37)

Ysl"n > r?ilx(ysj,n—l _ gij(S’X;‘,x))’

Jo L = max(F" 1 — gy (5, X57)) YR = 0.
\ J7t
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Finally, consider:
(Y € 92,7 € 224,

Y, = max hi(X:)+ [T max fi(n X\, Z,)dr
1=1,...m

i=1,...m

(4.38)
+ I max wi(n XV dIA ], — [T Z,dw,, Ve <s < T.
1=1,...m

It has been shown in [ 1], that Y satisfies the following inequality: Vi = 1,...,m, Vn > 1,

Yy=70<yin<y. (4.39)

Moreover, for any i = 1,...,m, the sequence (¥’"),~1 converges increasingly to ¥’ the
solution of (3.3). Then by taking the limit with respect to n, we get: Vi=1,...,m,

Yy=70<yi<y. (4.40)

Besides, Y and Y are solutions of standard GBSDEs then by formula (2.29) there exit u and
u two deterministic continuous functions defined by: V¢ < s < T,

Y =u(s,X!™) and ¥ =1(s, X!). (4.41)

Now, we introduce the following sequence of standard GBSDEs, forany k > 0, Vi <s < T,
i=1,...m,

( ~ . ~ .
vike 2, Zik e 2,

0 = m(Xp) + [ AT 2 dr+ [ wi(n X0 )d| A, (4.42)

+ fsT k(f/,i’k — mjélx(f/,j’k — g,-j(s,Xrt’x)))fdr — jsT Zikaw..
J#i

It has been shown in [16] that (Y*K),~; is an increasing sequence that converges to ¥/ for
each i = 1,...,m. Therefore, it follows from (4.40) that

Yy <70 <yik<y. (4.43)

Again, from (2.29) there exists a sequence of deterministic functions (ﬂi*k)k>1 that are con-
tinuous and bounded on D such that Vt < s < T, Vi = 1,...,m we have:

Yk = gk (s, X1, (4.44)
Moreover, for any k > 1, (ﬁ“‘) i=1,...m satisfies the following system of PDEs: Vi =1, ...,m,
(9 (1,x) + LT (1,x) + fi(t x, @ (1,x), 67 (1,x) Dy (1,x))

+k(ﬁi7k(t7x) —mi?((ﬁj,k(t,x) _gij(t7x)))7 =0, (t7x) € D°;
JFEi
i (4.45)

a,}/ (t¢x)+ ll/i(t?x) =0, (t¢x) € dD;

ﬁi’k(T,X) = h,-(x), X e ET.
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Recall (4.40) and (4.41), then for any i = 1,...,m the sequence (i#"*);> is increasing and

satisfies u < i#F < 7. Hence, there exists a family of deterministic functions (ﬁ’) i=1,...,m such
that Vi = 1,...,m, we have:
@ = lim i~
k—yeo (4.46)
u<iat<u

Consequently, the family (ﬁi )i=1....m 18 Isc and bounded on D. Note that this result has been
proved in more general case (for more details see [16] page 9-10), we shall precise that in
this part and for this case we do not assume any monotonicity condition neither on f nor on
v since the generators do not depend on the other components of the solution.

Next, we rely on the above results in order to show that the family (ui )i=1,...,m 18 @ ViScos-
ity solution of the PDEs system (4.5). To this end, we show that it satisfies the subsolution
property and the supersolution property in the sense of Definition 4.3.

Supersolution property: First, recall that (#*);~ converges increasingly to @@, i = 1,...,m.

.....

then let (t,x) € D and (p,q,M) € @é’iﬁi(t,x), we need to show that:

min{i (t,x) — Ti?((ﬁj(t,x) —gij(t,x));—p—b(t,x) g— 3Trloc " (t,x)M]

—fit,x, @ (t,x),0 T (1,x)q)} > 0, (1,x) € D°,

max{min{i (t,x) — njlilx(ﬁj(t,x) —gij(t,x));—p—b(t,x) " g— 3Trloc T (t,x)M]

_fi(tvxv ﬁi(t,x),GT(t,x)q)}; _<Y(t7x)7Q> - Wi(t7x)} > 07
(t,x) € ID,

ﬂi(T,x) Zhi(x), XEET.

4.47)
This is obtained using the fact that (ﬂ"’k)/@l is solution of the PDEs system (4.45). In-
deed, thanks to Lemma 6.1 in [7] there exist a subsequence [y — oo, (f;,x1);>1 € D and

(p1,qi,M;) € @Izj’iﬁ"’l (t7,x;) such that the following convergence holds:

(l‘],xl,ﬁi’l(ll,XZ),p],(,Il,M[) — (I,X, ﬁi(t’x)apaQaM)' (448)

[—o0 (

1% case: If (¢,x) € D°, then (#7,x;);>1 can be chosen in D°, then we obtain from (4.45):

1 .
—pi—b(tr,x) q — ETF[GGT(U,XI)MZ] — filtr,x, @ (1,x0), 0T (t1,5%1) 1)
— k(@ (t1,31) — rg;x(ﬁf’lm,xz) —gij(t,x)))” >0.  (4.49)
On the one hand, the last inequality implies that:
1 .
—pi—b(t1,x) g — ETF[GGT(U,XJ)MZ] — filt,x, i@ (4,x0), 0 (t1,%0)q1) > 0.

Then by taking the limit as [ — oo, we get:

—p— b(t,x)Tq — %Tr[O'GT(t,x)M] — fi(t,x, i(t,x), GT(t,x)q) > 0. (4.50)
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On the other hand, recall that u(t;,x;) < i@ (;,x;) <#(t;,x;). Since u and @ are continuous
on the compact D, then (i7" (;,x;));>1 is uniformly bounded on D and we can find a sub-
sequence of (k;);>1 for which we have kept the same notation such that (i (;,x;));>1 is
convergent. Moreover, it follows from (4.49) and (4.50) that we have necessarily:

(ﬁi’l(l‘l,xl) — max(ﬁj’l(tl,xl) —gij(tl,xl)))_ —0. 4.51)
J#i [—eo
Therefore, there exists I > 1 such that VI > [, we have:

i@ (t,x) + (@ (1, %) —mgx(ﬁj’l(flm) —gij(t,x))) = m;l?i(ﬁj’l(fzm) —&ij(t,x1))-
J7t JFl

Using the fact that (#");> is increasing we deduce that:
i (1,x) + (@ (11,2;) — I?ix(ﬁj’l(tl,xl) —gij(t,x1)))”
1

> HJ.I;X(WO (t1,31) — gi(t1,31)).
1

-----

we get:

ﬁi(t’x) > mi),((ﬁon(tvx) _gij(tvx))'
J#i

Finally, by taking the limit as [y — oo, we obtain:

i@(t,x) > mix(ﬂj(t,x) —gij(t,x)). (4.52)
JFEi

It follows from (4.50) and (4.52) that (ﬁi),-:17__,7m is a supersolution of (4.5) on D°.

2¢ case: If (t,x) € dD, then we can assume that the subsequence (#,x;);>; lies in dD.
Otherwise, it will be similar to the 1* case. That being said, we get back to (4.45) and we
suppose that

1 B
max{—p; — b(t,x1) " q — ET’”[GGT(IIJCI)MI] — filty,x, @ (11,x1), 0" (t1,%1)q1)

—ky (" (t1,21) — Ig.l;}(ﬂj’l (t1,%1) — &ij(t,x1))) s = (¥(t.x),q1) — Witr, )} > 0. (4.53)
We assume that

1 y
—pi—b(t,x) g1 — ETF[GGT(U,XI)MI] — filtr,x, @ (t1,x0), 0 (t1,51)q1)
~ k(@ a,x0) = max (@ 1,30) 3 (1,2))” <0,
Otherwise the supersolution property is obtained by repeating the same calculus as above.

Then, if the second term in (4.53) is positive, it suffices to take the limit since the data are
continuous. Then, we obtain:

—<'}/(I,X),q> - %(Z,X) > 0. (454)

To complete this step we recall that if x € Dy, we have @@ (T,x) = ]}im @"*(T,x). Therefore,
—>00

the function (ﬂi )i=1....m 1S a viscosity supersolution of the PDEs system (4.5).

[RRES)
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Subsolution property: Let (#"*);—; . be the upper semicontinuous envelope of (#);—1. -
Then, fixi=1,...,m and let (t,x) € D and (p,q,M) € @%‘Jrﬁ"’*(t,x), we need to show that:

min{u (1,2) ~ max(* (1.2) ~ gi,(1.5)): ~p ~ b(t.x) g~ 4Trlo0” (1.5)M]
JFi

—fi(t,x,u"*(t,x),0 " (t,x)q)} <0, (t,x) € D°,

min{min{*(1x) = max(i" (1) = i, (1.3))i ~p = b(1.) g = 3T{o0 ()M
] 1

_fi(tvxv ui’*(t7x)7 GT(I’X)Q)};_<Y(t’x)vQ> - ll/i(tvx)} <0,
(1,x) € OD,

u*(T,x) < hi(x), x€Dr.

(4.55)
By Lemma 6.1 in [7] there exist a subsequence [y — oo, (f7,X/);>1 € D and (p1,qi, M) €

—2+ e
95+ﬁ’71(z‘1,x1) satisfying:

(tlaxlvI”ZiVI(tl,xl)aplaq1aM1) — (taxa ﬁi7*(t?x)apvan)' (456)

[—o0
1 case: If (t,x) € D°, we assume (f;,%;);>1 € D°. Then using the fact that (#");>; is a
subsolution of (4.45), we obtain:
1 ~i
—pi—b(t1,x) " g — ETF[GGT(U,XI)MI] — filtr,x, @ (1,x0), 0 (t1,5%1) 1)

— kl (ﬁi’l(l‘l,xl) — mix(ﬁj’l(tl,xl) — g,-j(tl,xl)))7 < 0. (457)
jAi

As a first step, we assume that there exists € > 0 such that

@ (1,%) > m;‘?‘(ﬁj’*(t,x) —8ij(t,x)) + €,
JF1

otherwise the subsolution property is satisfied. Moreover, there exists /[y > O such that
VI > Iy we have:

l’zi’l(trx) > m;l?((ﬁj’[(t’x) _gij(t7x)) +é&,
JFi

which holds on a neighborhood V; of (t,x) thanks to the continuity of (#/X);_;
(8ij)i,j=1,..,m- This implies that,

7777

(ﬁi’l(tvx) - r?g?(ﬁj’l(nx) _giJ'(t?x)))i =0, V(t,x) €Vi.

Note that (#;,x;) can be chosen in V; so that we get:
(@ (1, %)) — maf(ﬂj’l (t1,51) = gij(t1,31))) = 0.

J#

Hence, from (4.57) we get:

1 B
—p1—b(t1,x1) " q — ETV[GGT(lz,Xz)Ml] — filty,xp, i@ (1,%1), 6 (t1,%1)q1) < 0.
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Then the result is obtained by passing to the limit as [ — oo.
2%¢ case: If (t,x) € D, then we can assume that the subsequence (#;,x;);1 lies in dD. Then
we suppose that

min{ﬁL* (trx) - Il]'li.lX(ﬁJ* (tv'x) — &ij (tvx));

1 .
—P— b(I,X)TC] - ETF[O-GT(tvx)M] _fl'(t7x7 ﬁIV*(Zax% GT(I,X)C])} > 0.
In this case, we have necessarily

_<Y(t7x)7q> - V’i(tvx) < 0.

Then it suffices to take the limit to obtain the second inequality in (4.55).
3" case: If x € Dr, we need to prove that #*(T,x) < h;(x). This will be obtained by
showing:

min{@"* (T, x) — h;(x); @ (T, x) — max (@ (T,x) — g:;(T,x))} = 0.

i
Leti € {l,...,m} and x, € Dr. Then, we have:
i (T,x,) = lim  w(,x)> Iim W X)) =" (T, x,) > hix,).
(T) =, ) ) =k (T) > )
(t' +")eD (' A")eD

Moreover i (T,x, ) > m;;x(ﬂj (T,x) — gij(T,x,)). Then by taking the upper semicontinuous
J#i

envelope we get it"* (T, x, ) = mix(ﬁj’*(T,xT) —gij(T,x,)). Hence, Vx, € Dr,
JFi

min{@"*(T,x, ) — hi(x, )" (T,x,) — max (@ (T,x;) — gij(T,x,))} > 0.

J#i
We assume to the contrary that for x, € Dr, there exists € > 0 such that:

min{ﬁi’*(T,xT) - hi('xT);ﬁL*(T?xT) - I?Q?((ﬁj’*(T,XT) —g,-j(T,xT))} = €.

Let (t;,x);>1 be a sequence in D satisfying (;,x;) p—~ (T,x,) such that i (;,x;) P (T, x, ).
—>00 —00

Now, recall (4.46), by taking the upper semicontinuous envelope and since u and u are

continuous on D, we deduce that u"* is also bounded on D. Therefore, using the upper

semicontinuity of i#"* we can find (Q"),> in €?(D) such that Q" — ii*. Therefore, by
n—oo

considering %, (T,x,) a neighborhood of (7', x, ), we have:
min{ Q" (t,x) — hi(x); Q" (¢,x) —n_lix(ﬁj’*(t,x) —gij(t,x))} > €,V(t,x) € ¥4(T,x,). (4.58)
JFi
We can assume that (4.58) holds on:
Yt x) =, T) x{xeDy,/|x—x/| < sty

where 8" € (0,1) and such that ¥, (t;,x;) C ¥4(T,x,). Once again as u** is bounded on
D, there exists ¢ > 0 such that |u"*| < c on ¥%,(T,x,). Then we can assume that Q" > —2c.
Next, define

~ declx — xr 2
01 (1.%) ZQ"(t,X)JrCWJF\/T—I-

33



Note that Q7 > Q" and (u* — QF)(t,x) < —c for (t,x) € [t;,T] x dB(x;,8""). On the other
hand, we have:
—{9,0}(t,x) + L0} (t,x)} = —{0,Q"(t,x) + VT —t +D.b(t,x)

X {DXQ”(Z‘,X) T W} + %GGT(LX){DXXQH(LX) * (5?2)2}}

delx—x;|?

(872 and Q" belong to €>(D), then the term on the right hand side is bounded,
then 0, (v/T —1t) > it suffices to choose [ large enough in order to get:
t—

Since

—{8,@7(z,x) +$Q;‘(t,x)} >0,V(t,x) € ¥ (t;,x1).
Next, recall the reflected SDE (2.26) and set:
T,ll =inf{s > 1;; (S,X?’xl) € “//,,(tl,xl)c} AT,

T =inf{s >3 o' (s, X)) = mi?i(“j(saXst”x’) —8ij(s, X))} AT.
J71

Then we can apply Ito’s formula to (., X"*) stopped at time 7 A 7; and taking into account
the fact that d|A"*| = 0 on [t;, T\ A ;]. The remaining of the proof is similar to the proof of
Theorem 3.2 in [ 1], we omit any further details. To sum up, we have showed that the family
of functions (ui) i=1,...,m 18 a viscosity solution of the PDEs system (4.5). Then, thanks to the
comparison principle stated in Proposition 4.7, we know that (u');,—;__,, is continuous and
bounded on D.

.....

4.1.2 General case

Theorem 4.2 Assume that assumptions (Ho), (H1) and (H,) are satisfied. Then the system
of PDEs (4.1) has a unique viscosity solution (u');—y . Moreover, the function (u');—
is continuous and bounded on D and it is given by Vit < s<T,Vi=1,...m

.....

Y=l (s,X17). (4.59)

PROOF. Let i = 1,...,m be fixed and define the following sequence, (Y0 K0 7i0) =
(0,0,0) and for £ > 1 we set: Vi <s< 7,

(Y = miXE) + [T £ X0 @ (X)) i, 22 )dr

+J§T‘l’i(ﬂXrt’x,(Mi’f’l(r,Xr"x))i 1,...m)d| Wk — [Tz aw,

Y > max(¥i — gii(s, X0)), (4.60)

J#

| Jo 0 = max (¥ = gij(s, X)) JKS =0

Note that this system has a unique solution thanks Theorem 3.1. Moreover, by Proposition

.....
—Lyeeey

yit = ul,é(s7XSt7x)_ (4.61)
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Next we show the uniform convergence of (u/);>1, Vi =1,...,m. This will be done by
means of the switching representation of the solution Y’ given by the switching represen-
tation (3.9). Then, consider the following switching equation: Vt < s < T

P%! cadlag, B( sup | P! 2) < o0 and Q%! € 24,
t<s<T

P = ha (XY + [T fo(r X0, (N (1 X)) izt o, OF ) (4.62)
+ [T o (n X5, (N (R X)) it o)A A — [T Q3 AW, — (G% — G,

and we have: Vi <s < T,Vi=1,...,m,

Y = esssup(P** — G%). (4.63)
ac:
Now, for fixedi=1,...,m, and /,x > 1, we set:

Y4 i /— i K—
F; 7K(st;JC Z) = fi(S’X;J’(”l’Z 1(S7X;"x))i:1,...,maz) vﬁ(SaX§7x7(”l7K I(S’X;x))i:l,...,maz)a

1
0 i P e
W (s, X0) = s, X0 (1 (5, X)) it V W (s, X0 (P (5, X07) )it
Then, we consider the associated system of generalized BSDEs with oblique reflection:
Vi=1,...,m,

(V08 = (XY + [T EDS (X0, 205 dr + [T @0 (r, X0 d | A,

i,l,x i,l,x T il K
+K KOS — [T zpt R aw,

| | 4.64
YLK S m;x(m“’“’( —ij(5, X)), -
JF

J'OT{YSI',K,K o miX(YSL&K _ gij(s7X§7x))}dK;.’&K —0.
\ J#i

Again, by Theorem 3.1 the solution of the above system exists and is unique. Moreover, the
following representation holds:

Y/ 0K = esssup(P*0K — G¥) = P* 0K _ GY (4.65)

ac;
The pair (P%%*, Q%) denotes the unique solution of the switching equation (4.62) when
the data are replaced with (hq(X7"), Fg’K(s,XSt ’x,z),‘Pf’;;K(s,Xé ™)). Besides, since the gener-

ators Fl-e’K, ‘Pf"( do not depend on ¥, we can use the comparison result for the solutions of
reflected GBSDEs system given by Proposition 2.1 in [1] and we have:

i\ il,k _ po* L, .
Y'l7 SYI K'_PSOC K'_G;X’
YiJC S Yi,K,K — PSOZ*.[,K o G;Zx7 (466)
where o* is the optimal strategy provided by Y“©¥.

Therefore, by repeating the same calculus as in the proof of Theorem 3.1 (step 4). It follows
that for ¢ > 0 and by setting g = 1 —i—qC]% +2CJ% and Ag = 1 +¢C2, we have: Vt < s < T,

4

E[ | u" (s, X;) —u" (s, X{) [P < —
q
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This implies that for s = ¢, we get:

. . 4 T I
‘ Ml'[(l',x) *MI’K(Z',X) |2§ 7E[/ eﬂoT+%\A F
q t

groey

Recall that X" is the solution of the reflected SDE (2.26), this implies that (s, X"*) belongs
to the bounded domain D which is a subset of D for any t < s < 7. Then, thanks to the
boundedness of (uivg*l) i=1,....m» We obtain:

. . T rx
[ u”z(t,x) —u”K(t,x) |2§ 4}3[/ eHoT+0| A7
q t
m

< (Y sup [ub M (t,x) —ub* N (,x) P ) (dr+d|A)].
i=1(t,x)eD

It follows that:

. , 4 rx
[ (10) —u(0,x) [P R[N (T A

m
x Y sup [ut (e x) —u T (1) P
i=1(t,x)eD

Next, we take the supremum over D and the sum over i, then we have:

m
Y sup | (1,x) — ¥ (2,x) |?< mie“OTE[eMAt’X‘T(T—i— |A|7)]
i=1 (t,x)eD q
1 . .
x Y sup | u (e, x) — i (1, x) |
i=1(tx)eD

Finally, we choose g > 4me*TE [%/A™I7 (T + |A"|7)] which yields the following estimate:
lLx>1,

m m
Y sup | Ut (t,x) —u¥(t,x) 2< @) sup | u e, x) — u K (1,x) P
i=1(t,x)eD i=1(t,x)eD

where @ < 1. Thus, the following convergence holds:
m . .
lim sup | u(1,x) —u¥(t,x) P=0.
Lr= T (1 x)eD

Therefore, there exists (u');—1,__, a family of functions such that (u");>; converges uni-
formly on D to ' for any i = 1,...,m. Moreover, (u');—1_, is continuous and bounded
on D. Then, we have necessarily Y/ := u(s,X;™). To conclude, it remains to consider the
system of PDEs below:Vi=1,...,m
({1 (rx) ~ max(v () — g {1,2)): 00 (1,2) — 2 (1)
J#i
—fi(t,x, (u'(t,%))i=1, .m0 (t,x)Dv/(2,x))} =0, (t,x) € D°;
; 4.67)

-----

vi(T,x) = h,'(x), x € Dr.
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Then, consider the associated system of reflected GBSDEs:Vt <s < T,Vi=1,...,m,

Ysi ( tx)+.f fl( V 7( i(raXil"’x))i:l,‘..,myzi)dr

T X G (1 X)) ) AN, + K — K — [ ZidW,,
(4.68)

Y! > max(¥{ — gi;(s, X)),
J#

Jo ¥ = max< —gij(5, X)) }dKi =0

It follows from Theorem 4.1 that (u' ) —1,...,m 18 solution of the PDEs system (4.67).

It remains to show that (ui)i 1,...,m 18 the unique solution of the PDEs system (4.67). For
this, we assume that there exists (i ), 1,.,m a continuous function on D which is solution
of the system of PDEs (4.67). Then, leti = 1,...,m and ¥’ € .#? such that ¥/ = i’ (s, X;™),
Vt < s < T. Then recall the contraction ® defined in section 3 and set:

)it = D(()icto).

This means that (Y,K,Z) is the unique solution of the following system of reflected GBS-
DEs with interconnected obstacles: Vit <s < T,Vi=1,...,m

Y e 72K € 52,7 ¢ 424,
Yy = hi(Xe) + [T A X0 @ (X)) e, Za)dr
+ fsT wi(n Xe ™, (i (r, Xrt’x))jzl,.‘.,m)d|At’x|r +K7 - F; - fyT Z,aw,, (4.69)

Y; > m;élx(Y —gij(5,X:7)),
J

Ji 7, = ma (7 g5, X)) R, =0.

Now, we rely on Theorem 4.1 which provides the existence of (#');—1, , a continuous
function on D such that Y, = @'(s,X;™), Vt < s < T. Moreover, (@),

viscosity solution of the following system of PDEs: Vi=1,...,m

.....

.m 1s the unique

min{% (¢,x) — r?ilx(uf(t X)) — gij(t,x)); — 0 (t,x) — L' (t,x)

—fi(t,x, (ﬁ/(t,x))j Ly O o' (t,x)Du/(t,x))} =0, (t,x) € D°;

P . 4.70)
W(I,X) + %(Zaxa (12] (t7x))j:1,...,m) = O; (I,X) S aD,
\ﬁ"(T,x) = hi(x), x € Dr.
But (i ) ,,,,, m 1s also solution of system (4.70). Therefore, for any i = 1,...,m we have

7 =i henceY =Y e, (Yl)izlmm = @((71),':1’““ ) On the other hand ( Dizt, .m
the unique fixed point of ®. This implies that we have necessarily (Y/);—1__» = (Y)i=1,
Thus, for any i = 1,...,m we have ' = ii’, which proves our claim.
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