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ABSTRACT. We consider nonparametric Bayesian inference in a multidimensional diffusion model
with reflecting boundary conditions based on discrete high-frequency observations. We prove a gen-
eral posterior contraction rate theorem in L2-loss, which is applied to Gaussian priors. The resulting
posteriors, as well as their posterior means, are shown to converge to the ground truth at the minimax
optimal rate over Holder smoothness classes in any dimension. Of independent interest and as part
of our proofs, we show that certain frequentist penalized least squares estimators are also minimax
optimal.
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1. INTRODUCTION

Let O C R? be a bounded convex domain with smooth boundary 0 and
f 0 — [fminuoo)

be a positive function with fini, > 0. Consider the multidimensional diffusion process (X;);>o on
O that is reflected upon hitting the boundary 0 and arises as the solution to the SDE:

Xt=X0+/ Vf(Xs)der/ V2f(X,)dB, + 4y,
0 0

t t
by = / n(Xs)d|€|Sa |€|t = / l{XSE('?O}d|€|Sv
0 0

where (B;);>0 a standard d-dimensional Brownian motion, (¢;);>¢ a bounded variation process
with ¢, = 0 that accounts for the boundary reflection and n(z) denotes the unit inward normal
to the boundary 00 at xz. We take X/ to be uniformly distributed on O, which is the invariant
measure of the SDE (1), and hence X is started at stationarity. If 90 and V f are continuously
differentiable, existence and uniqueness of the solution to (1) follows from [37]. These conditions,
together with the convexity of the domain O, can be relaxed, but will be sufficient for the level of
generality intended here.

Consider observations regularly collected at discrete time points, resulting in data of the form

(2) XN = (X0, Xp,..., XnD)

with sampling interval D > 0. We consider the high-frequency and long term sampling regime,
where D = Dy — 0 such that the time-horizon NDy — co. We study nonparametric Bayesian
estimation of f in model (1) using Gaussian process priors. In particular, we establish minimax
optimal frequentist contraction rates for the posterior for f about the ‘ground truth” fy generating
the data, thereby establishing theoretical guarantees for this method.

Diffusion models are widely used in applications, including in the physical and biological sci-
ences, economics and finance, as well as for particle filters and emulators amongst many others
purposes. Regarding the physical model underlying (1), let u(¢, z) denote the intensity of a quan-
tity that is diffusing, such as heat, in a closed system at time ¢ > 0 and location = € O. Fick’s laws
of diffusion state that this is governed by the evolution equation

© %V (V)
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where f > 0is the diffusivity of the possibly inhomogeneous medium O, with appropriate bound-
ary conditions. This describes the macroscopic behaviour of many particles in O governed by
Brownian dynamics, whose individual behaviour can then be modelled by (1). The statistical
problem at hand is thus to make inference on the diffusivity f based on discrete observations of
the location of a single particle.

A challenging feature of model (1) is that its generator £ y¢ = V-(fV¢) is a divergence form op-
erator, which implies that the invariant measure ji is simply the uniform measure on the domain
O forall f:

T
@) 1y (A) = lim ~ / La(X,)dt o vol(A),
T—oo T 0

for any measurable A C O, so that the average asymptotic time spent by the process X in different
regions does not provide any information about f. In particular, this contrasts with several other
well-studied diffusion models where one can identify the relevant model parameters from the
invariant measure 1y, and hence a natural statistical approach is for first estimate ;1 and then
derive plug-in estimates, see e.g. [18, 56, 30, 2]. In model (1), all information about f is thus
contained in the transitions X;_1)p = X;p, which motivates using a likelihood based approach,
such as the Bayesian one we pursue here.

To better understand our approach, it is helpful to consider the more general diffusion model,

(5) dX] = b(X))dt + o(X))dWy,

where b : R? — R? is the drift and o : RY — R? ® R? is the diffusion coefficient or matrix. In the
one-dimensional high frequency case where b and ¢ have the same smoothness, one can estimate
the diffusivity o at a faster rate than the drift b [33]. In model (1), where these parameters are
coupled, the diffusivity term is similarly more informative about f than the drift, which must be
exploited to obtain minimax optimal rates. While the Bayesian methodology does not explicitly
make this distinction, simply placing a prior on f as usual, our proofs themselves heavily rely on
this idea. One can therefore view sharp estimation of f in model (1) as qualitatively analogous to
estimation of ¢ in model (5), with the added difficulty that the invariant measure is uninforma-
tive. Our work is thus relevant to the literature on estimating the diffusion coefficient [33, 15, 54]
under high-frequency sampling, which is closely linked to volatility estimation, see [66, 8, 3] in
econometrics or [4]. Our results indicate that Bayesian methods can correctly pick up this feature
of the data via the likelihood.

We prove a general contraction rate theorem for f under approximation-theoretic conditions on
the prior following the classic testing approach of Bayesian nonparametrics [26], which requires:

(i) the integrated log-likelihood process is not too small with high probability;
(ii) the existence of suitable tests with exponentially decaying type-II errors.

Since the present high-frequency setting involves increasingly correlated observations, establish-
ing (i) is much more involved than in the ii.d. setting, where the log-likelihood tensorizes [25].
In particular, we must deal with the full dependent log-likelihood ratio process as a whole. Fol-
lowing the intuition from the continuous observation setting [63, 41, 30], we employ martingale
techniques to study an approximation of the log-likelihood which allows to deal with the depen-
dence structure of the Markov chain. Making this approximation both precise and uniform is a
key challenge, and the proof relies on refined small time expansions of the transition density or
heat kernel [6, 11, 13], which can also be viewed as quantitative LAN expansions. Turning to
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(ii), we construct suitable tests by establishing concentration inequalities for frequentist estima-
tors [27]. Given the above discussion regarding model (5), our estimators must draw information
from the diffusivity term to be minimax optimal. For this task, we follow the ideas of Comte et al.
[15] in the scalar case of using penalized least squares estimators. As a by-product, we obtain fre-
quentist estimators that we prove to be optimal in a minimax sense. To the best of our knowledge,
these are the first minimax results for estimating the diffusion coefficient in a multidimensional
setting. We finally apply our general contraction rate theorem to concrete Gaussian priors, such
as the Matérn process.

Regarding related works, theoretical properties of Bayesian nonparametric methods in the
scalar (d = 1) diffusion model (5) have been well-studied, see for instance [63, 46, 62, 65, 42, 1].
Much less is known is the multivariate setting, with contraction rates recently obtained under
continuous observations [41, 30] and only consistency for discrete observations [32, 40]. In partic-
ular, [40] extends the one-dimensional results of [31, 42] to establishes posterior consistency in the
same multidimensional model (1) in the low-frequency setting using completely different PDE
techniques, showing that Bayesian methods can in principle adapt to the sampling regime, see
[1] for further discussion. In the present high-frequency setup, we instead have access to refined
tools from stochastic analysis, which we leverage here to obtain minimax optimal contraction
rates in this regime.

Gaussian priors are widely used in practice [47] and have been applied in multiple ways to
diffusion models, see for instance [46, 52, 10]. While we do not discuss computational issues here,
note that posterior sampling based on discrete data is possible and is currently an active area of
research, see for example [12, 43, 14, 61, 53] and the references therein.

2. MAIN RESULTS

2.1. Preliminary setup for a reflected diffusion model in R¢. We now rigorously set up the sta-
tistical framework for our results in model (1). To account for the boundary behaviour, we assume
that f is known to be 1 in an open neighbourhood of 0O. More precisely, for X C O a known com-
pact set with dist(X, 90) > 0, define the parameter space

(6) i-TFO = SFO(Xadafmin) = {f € ea(o) : Helgf(‘r) > fmin and f((E) =1lforallz € O\:K}v

where 0 < fmin < 1 and the minimal smoothness equals
(7) a=aq=max(4,2[d/4+1/2]).

The minimal value «aq4 scales like d/2 for large dimension d and is needed to employ suitable
bounds on the transition densities of the diffusion [17]. In particular, since o« > 4, this implies
existence and uniqueness of the solution to (1). We consider the statistical experiment generated
by the discrete observations X N = (Xo,Xp,...,Xnp) from (1) with sampling rate Dy = D >
0. We work in the high-frequency and long-term sampling regime as stated in the following
assumption.

Assumption (Sampling regime). Suppose that D = Dy — 0 such that ND — oo, but ND? — 0 as
N — oo.

This is the minimal assumption for all our results and will be assumed throughout the paper
without further mention.
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Let Py (simply P when no confusion may arise) denote the unique law of the Markov process
(X¢)>0 arising from (1). Consider the corresponding generator

d
® £1(6) = V- (/99) = V- Vot fao =D 0 (1-0g),
j=1 J J

densely defined by its action on smooth functions ¢. For such a divergence form operator, the
unique invariant probability measure can be explicitly computed as the uniform measure on O as
in (4), see p. 46 of [7], so that the process (X;);>o in (1) is stationary. Without loss of generality, we
will assume that vol(Q) = 1. Let (Py,;):>0 denote the family of transition operators associated to
(X1)1>0, each of which admits a transition density ps;(x,y) on O x O, so that for every real-valued
and bounded function ¢ : 0 — R,

Prod(@) = By [6(X0) | Xo = o] = /o S(u)py.(x y)dy.

In particular py ; arises as the fundamental solution to the heat equation (3) with Neumann bound-
ary conditions. It can be shown that there exists A; > 0 such that || Py |2 < e=!||¢||2 for every
¢ : O — Rsuch that [, ¢duy = [, ¢dr = 0, where )y satisfies Ay > fiin/po > 0 with po > 0
the Poincaré constant for the domain O, see for example Section 3.1 of [40]. This implies that the

transition operator Py p of the discrete time Markov chain X4, Xp, Xop, ... has first non-trivial
eigenvalue
9) 1—e P >rD>0,

for some 7 = 7( fmin, o) > 0, namely the Markov chain has a spectral gap decreasing linearly in
the step size D — 0.
From the above, we obtain likelihood

GZN(f) (f Xo0,...XND) prD (i1 D7XiD)

based on observations X~ = (Xo, Xp, ..., Xnp). We consider a Bayesian approach by placing on

f apossibly N-dependent prior II = Ily, supported on some set F O F, leading to the posterior
distribution

J5 Iz P, (X—1yps Xan)dTI(f)
S+ 11 pr.o(X(im1yp, Xip)dII(f)

In the following, we will study frequentist contraction rates for the posterior for f about the
‘ground truth’ f, assumed to generate the data X in (1).

Additional notation and function spaces. Let | - | denote the usual Euclidean norm on R
For a multi-index j = (j1,...,Jj4) € N%, set || = j1 + - + ja and consider the resulting partial

8].13‘]!9]. —. For integer k > 0, let €¥(O) denote the space of k-times
1%

differentiable functions on O with uniformly continuous derivatives, while C(0) = €°(0) denotes
the space of continuous function equipped with the supremum norm | - ||». For non-integer
B8 >0, set

(Al Xo,Xp,...,XnND) = AC F measurable.

differential operator §7 =

e (0) = {fe o) sup "9%(?);'6‘%]@)' < oo forall [j| = Lm},

z,y€0:x#y
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where | 3| denotes the largest integer less than or equal to 3. For 8 > 0, C#(0) is equipped with
the usual norm

18] j j
) N f(x)—
I flles = I flleso) = Z 31618 |07 f ()| + Z sup | |{C(_)y|6L£J(y)|’

‘47":01 li]=18] z,y€O0:x#y

where the second sum is removed for integer 3. In particular, || f||o = || f||co, and the norms ||- ||es
are non-decreasing in /3.

Write (-, -)5 for the usual inner product for L? = L?(0). For integer s > 0, define the Sobolev
space on O by

H*(0) = {f € L*(0) : & f exists and &’ f € L*(0) for all |j| < s}
equipped with the inner product

<f7 g>H5(O) = Z <8jf7 8jg>2-

l71<s

For non-integer s > 0, one defines H*(0) by interpolation [36, 59]. When no confusion may arise,
we will often drop the explicit reference to the domain O in the notation.

We will repeatedly use positive quantities that do depend on some parameters of the model,
and that we informally call constants, and that may vary from line to line. These never depend on
N, but do usually depend on the dimension d of the ambient space. Other relevant dependences
may be emphasised by a subscript, such as Cy, Cyy|, or Cy,s,. The notation Ay < By means
An < CBy for every N > 1, where C is a “constant” according to our informal terminology. For
real numbers a, b, let a A band a V b denote the minimum and maximum of a and b, respectively.
We also sometimes write P(A, B) = P(A N B) to shorten notation.

2.2. Gaussian process priors. Gaussian priors are widely used in diffusion models and we in-
vestigate here their theoretical frequentist convergence rates. We assign to f a prior based on a
Gaussian process, which must be modified to account for the constrained parameter space ¥, in
(6), in particular that f > fun and f = 1 near the boundary. We therefore employ the common
approach of using a link function, which is standard for classification [47], density estimation
([26], Section 2.3.1) and inverse problems [57].

Definition 1 (Smooth link function). For a given lower bound fmin € (0,1), let ® : R — ( fmin, 00) be
an infinitely differentiable, strictly increasing bijective link function such that ®(0) = 1, ®'(w) > 0 for all
w € Rand || ¥ < oo forallk=1,2,....

It is not hard to construct such a function. Our proofs in fact permit weaker conditions on
®, requiring only that ® has ‘enough derivatives’ (roughly of the order of the prior), and that
these are bounded on any compact subset of R, for instance the exponential function ¢ — fuin +
(1 — fmin)e'. We refrain from these generalizations and consider smooth link functions for clarity
of exposition. We now detail our full prior construction, starting from an underlying Gaussian
process V. For definitions and background material on Gaussian processes and their associated
RKHS, see Chapter 11 of [26] or [47].

Condition 2. Let Iy = Ily,n be a mean-zero Gaussian Borel probability measure on the Banach space
C(O) that is supported on a separable measurable linear subspace of C*(0), and assume that its reproducing
kernel Hilbert space (RKHS) (Hy, || - ||m, ) embeds continuously into the Sobolev space H*(O) for some
s>4,ie H, — H*(O).
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FIGURE 1. A simple example of a suitable domain O (black), the region X (red)
where the ground truth f; € F; is not equal to 1, and a set Oy (blue) that J-
separates these sets as in (10). The §/2-enlargement 99 (dashed blue) of Oy given
in (19) is also plotted.

Recall that any fy € JFy satisfies {z € O : fo(z) # 1} C K by (6), where X C O is a known
compact set with dist(K,00) > 0. There thus exists § > 0 and an open set Oy having smooth
C*°-boundary 90, such that X C Oy C O and

(10) dist(X,000) > 6  and  dist(Og,d0) > 4,

see, e.g., the proof of Proposition 8.2.1 in [19]. A simple example showing the relationship be-
tween such sets is plotted in Figure 1.

Let x € C*(0) be a smooth cutoff function such that x = 1 on X and x = 0 outside Oy. We
take as prior distribution IT = Il for f the law of the random function

a (&) = B(@W (2), W(a) = e

It follows that W is again a mean-zero Gaussian process with the same support and RKHS as W,
but with rescaled covariance function. The cutoff function x ensures that f transitions smoothly
to take value 1 near the domain boundary. Since the sample paths of V are in €*(0) almost surely
under the prior by Condition 2, then II(F) = 1 for

(12) F={fecq0): iggf(:v) > fminand f(z) =1forallz € O\ Og}.

Note that Fy C F since KX C O, so that the prior lives on a larger parameter space than ¥, and
that for any fo € Fy N €*(0), the function wy = ®~1(fo) is also in €*(0) with supp(wp) C K.

The following is the main result of our paper, establishing contraction rates for these rescaled
Gaussian priors.

Theorem 3. Consider the sampling interval D = N~ for some a € (1/2,1) and suppose s > s}, ,, where

d 2—ad d(1+a)
1 P o= 148 .
(13 %d,a maX( +2’2a—1’2(1—a)>
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Let I = Il denote the prior (11) with mean-zero Gaussian process V' ~ Ily having RKHS Hy and
satisfying Condition 2 for this s. Let fo € Fo N €*(0), set wo = ®~1(fo) and suppose that there exists a
sequence of functions vo,ny € Hy in the RKHS of V such that
@) [lvo,n [, = O(1),
(ii) ||xvo,n|lee = O(1) for o = max (4,2 |d/4+ 1/2]),
s—k

(iii) [[wo — xvo,nllex = O(N™2%4) for k =0,1,2,3,

as N — oo. Then for M > 0 large enough, as N — oo,
EgpII(f : [If = foll2 > MNT77|Xo, Xp, ..., Xxp) = 0.

Since N~ 2+4 is the minimax estimation rate in the high-frequency sampling regime (see The-
orem 7 below for the corresponding lower bound), this result says that the posterior contracts
about the truth at the minimax-optimal rate in any dimension d. Given the invariant measure
is uninformative here, being the uniform distribution on O for all f € J, this confirms that the
Bayes method can indeed perform optimal inference by picking up sufficient information from
the transitions X(;_1)p = X;p via the likelihood.

The minimal smoothness condition s , in (13) can be rewritten as

max (4 + ¢, 2-ad, ggtg;) ifd=1,2anda € (1/2,1),ord =3and a € (1/2,2/3),
Sha = 4 max (4+ ¢, gg;fgg) ifd=3andac [2/3,1),
= ifd>4anda € (1/2,1).

This becomes more stringent as a — 1, namely the frequency D = N~% — N~! increases, since

the time horizon ND = N'~¢ then grows more slowly. The term ggfgg should be thought of
as the main condition, with the extra terms for d = 1,2,3 coming from minimal smoothness
assumptions needed to use various expansions and bounds.

Theorem 3 requires that the true wy = ®7!(fo) can be very well approximated by elements
vo,n of the RKHS Hy of V. Under Condition 2, an s-smooth truth almost lies in Hy as needed,
but this in turn implies that the Gaussian process V will typically have (s — d/2)-smooth sample
paths (e.g. Proposition 1.4 of [26] for the Matérn process), thereby undersmoothing the truth.
When the prior mismatches the true smoothness, suitably rescaling the prior as in (11) has been
shown to still yield optimal rates in several benchmark statistical models [64, 34]. This rescaling
has also recently been used in the Bayesian inverse problems literature, where it is typically used
to control stability estimates [29, 39].

We now consider two examples of Gaussian process priors satisfying the assumptions of The-
orem 3. Let V = {V(z) : « € O} denote a Matérn process on O with regularity parameter
s —d/2 >0, thatis V is a mean-zero stationary Gaussian process with covariance function

Ko = K=y = [ D0 +e) e ayeo,

The covariance function can alternatively be represented in terms of special functions, see e.g.
p-84 of [47]. While the Matérn process models (almost) (s — d/2)-smooth functions in a Holder
sense, its rescaled version W = V/N %/ (4s+2d) in (11) concentrates on s-smooth functions.

Corollary 4. Let D = N~ for some a € (1/2,1), and let 11 = Il denote the prior (11) with V a Matérn
process of regularity s — d/2 > O with s > s}, , for s}, asin (13). If fo € Fo N €*(0), then for M > 0
large enough,

B II(f - || f — folla > MN~=%a| X, Xp,...,Xnp) =0 as N — co.
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As a second example, we consider a truncated Gaussian wavelet series prior. Let {¢; : | >
Jo,r € Z%} denote an orthonormal basis of L?(R?) composed of sufficiently regular, compactly
supported Daubechies wavelets, where Jy € N is the base resolution level of the scaling functions,
which we also denote by {4, ,} to simplify notation (see Chapter 4 of [28] for details). Let R;
denote the set of indices r for which the support of v, intersects Oy. For .J, large enough (see
Section 3), consider the Gaussian series expansion

J
(14) V(‘T) = Z Z 2_lsglr1/]l7‘($)a gir Niid N(Oa 1)7

l=Jo Tr€ER;

where 27 ~ N772, Note we could extend the second index set from r € R, tor € Z¢ to cover all
of R? since wavelet functions 1, supported outside Oy ultimately play no role in the prior (11)
due to the cuffoff function y.

Corollary 5. Let D = N~¢ for some a € (1/2,1), and let Il = Iy denote the prior (11) with V a
Gaussian wavelet series as in (14) with s > s} , for s , asin (13). If fo € Fo N C*(0), then for M > 0
large enough,

B II(f - ||f — folla > MN~%F| X, Xp,...,Xnp) =0 as N — co.

Using a uniform integrability argument (e.g. Theorem 2.3.2 of [39]), this implies the same
convergence rate for the posterior mean.

Corollary 6. Let fy = E"[f| X0, Xp, ..., Xnp| denote the posterior mean based on the Matérn process
or Gaussian wavelet series prior. Under the conditions of Corollary 4 (Matérn) or Corollary 5 (Gaussian
wavelet series), there exists a constant M > 0 such that as N — oo,

Ps, (|fx — folla > MN~=%2) — 0.

We thus have two concrete examples of Gaussian priors for which the posterior (means) con-
verge to the true fy € FoNC® atrate N~ 772, The following lower bound shows that this is indeed
the minimax rate of convergence.

Theorem 7 (Minimax lower bound). Let D = N~ for some a € (1/2,1). For any s > «q (the
minimal smoothness (7)) and M > 0, the following frequentist lower bound holds:

l}éninfigf sup NﬁEf”J?N—fH%>O7
O fn fe€Fo|flles<M

where the infimum is taken among all estimators based on data (2).

In particular, we extend the univariate minimax lower bound of [33]. The proof is given in
Appendix 9.1.

3. A GENERAL CONTRACTION THEOREM

We now state and discuss the abstract contraction rate theorem used to derive the convergence
results for Gaussian process priors in Section 2.2 above. This is based on the general testing
approach of Bayesian nonparametrics [26], which requires (i) that the prior puts sufficient mass
on a neighbourhood of the truth and (ii) the existence of suitable tests with exponentially decaying
type-II errors.
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For0 <eny <e1n <e2.n < e3,ny — 0positive sequences, > 0 and « = oq as in (7), define the
following neighbourhood of fy:
Cn =Cn(fo,en,€1,N,E2,N,E3,N,T)
(15) —{F €T flex <7 1f = follow < en,If = foller < ey for kb = 1,23},

which can be related to the information theoretic distance of the model induced by the log-
likelihood ratio process. Further define

— 2 D , D> =, g2, £3,N 1)3/2
EN.—EN(1+5_|_¥+ ;?VND_'— j?VND—’_%VD/)
Vi = Ney + NeyD™' + N2} yD? + N?c5 yD? + N%e3 y D + N*D*.
The quantities N Ex and Vi control the expectation and variance, respectively, of the integrated
log-likelihood ratio process restricted to the small-ball €y, which is used to lower bound the

normalized denominator of the Bayes formula. This is the content of the next result, which is the
most technically involved part of our proof.

(16)

Theorem 8 (Evidence lower bound). Let fo € Fo and v be a probability measure supported on Cy as
in (15) with r > 0 and sequences 0 < en < e1,n < ea,n < €3, n — 0 satisfying Nex, — oo as N — oo.
Then the integrated log-likelihood ratio process

ps.0(X@i-1)p, XiD)
AN :/ .
’ Cn 11_[1 Pfo,0(X(i-1)D, XiD) v(df).

satisfies
Pso.0(Xo0, Xp)
sup E [log—
reew ps.0(Xo0, XD)

where En, Vi are defined in (16) and the constants depend only on fo,r,d, 0,9, fmin. This implies that
for every ¢ > 0,

Df.D X(z 1D, XiD) e—cNeX —CoNE Vi
17 d N—CoNEN | « "IV
17) (/@NH (df) < < aney

:| 5 En, Va‘rfo (AJ[\)[) 5 VN,

‘2 pso,0(X(i—1)p> XiD)
where Cy > 0 is a fixed constant dependzng only on fo,r,d, 0,0, fmin.

Theorem 8 shows that the Bayesian evidence is at least e~ ¢V N with P #,-probability tending to
one if

(18) Ex <e% and  Vy/(NZ%y) — 0.

To help the reader understand the technical conditions, which are rather intricate in their full
generality, we introduce the following concrete example with the “usual’ nonparametric choices
of sequences for a €*-smooth truth.

Assumption A. Let s > 4,1/2 < a < 1land J € N. Suppose that
D=N" ey=N"%7, g.n=N %%, k=123, 2/ ~Nwm.

Under Assumption A, all technical conditions reduce to conditions on «, s, d. In particular, (18)
is implied by

2a—1

- 2—ad ifd=1,2,a€(1/2,1), ord =3, a € (1/2,2/3],
S
0 ifd=3,a€[2/3,1),ord>4, ac(1/2,1).
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An overview of the proof of Theorem 8 is found in Section 4.

For comparison, consider the i.i.d model Y1, ..., Yy ~% P with P having density p, so that
(Y1,...,Yn) ~ PN = @N | P. The corresponding neighbourhood can then be expressed in terms
of the Kullback-Leibler divergence and its 2"?-variation [25],

Ba(po, En, V) = {p : PV log(p /p™) < NEw, Varps (log(pg /p") < VN}
= {p: Pylog(po/p) < En, Varp,(log(po/p)) < VN/N},

where the last equality follows from the densities tensorizing in the i.i.d. model. In this model,
one can take E,, ~ 5%, and Vy ~ N a?\, ([26], Lemma 8.10 with k& = 2), which gives some intuition
behind the roles of Ex and V. However, the present high-frequency diffusion model is far from
i.i.d., so that we must deal with the full dependent log-likelihood ratio process AY as a whole,
rendering this computation much more involved.

Our strategy is to use second-order small time expansions of the transition densities [6, 11, 13],
which heuristically corresponds to replacing py,p in AY with the corresponding Euler scheme
without drift, that is a Ng(x,2D f(z)1;) density. This reflects the property of model (1) that the
drift is of smaller order than the diffusivity, and hence does not affect the leading order terms in
AR as D — 0. Such expansions can also be viewed as a quantitative form of local asymptotic
normality (LAN) with uniform remainders over Cy. We then further approximate the resulting
process by a martingale difference, which allows us to deal with the dependence of the process.
Note that we require control of the derivatives of f — fy up to third order in Cy in (15) to ensure
the higher order terms of these expansions are negligible, uniformly over Cy.

Turning to the existence of tests with exponentially decreasing type-II errors, we employ plug-
in tests based on estimators satisfying suitable concentration inequalities as was done for i.i.d.
models in [27], see also [48, 42, 1, 38]. As estimators, we follow the ideas of Comte et al. [15] who
use penalized least squares estimators in the scalar case. We therefore extend the results of [15]
to the multidimensional setting with domain boundary, exploiting the structure of the L2-loss
function to obtain the required concentration inequalities.

Our proofs require certain wavelet-based approximations, which must be adapted to deal with
the boundary as we now make precise. Let

(19) 0) = {z € 0, dist(z, 0g) < §/2}

denote the §/2-enlargement of Oy, and note that 0§ C O since dist(Og, d0) > § by assumption
(10), see Figure 1 for an example. As in Section 2.2, let {¢;, : I > Jy,r € Zd} denote an orthonor-
mal basis of L?(R?) composed of sufficiently regular, compactly supported Daubechies wavelets,
where J € Nis the base resolution level of the scaling functions, which we also denote by {, ,}
to simplify notation. Let R; denote the set of indices r for which the support of v, intersects O,
in which case |R;| = O(2!¢) since Oy is a bounded domain in R?. Since dist(03,90) > §/2 > 0
and diam(supp(¢;)) = O(27!), we may take J; large enough such that no wavelet function v,
I > Jo, has support intersecting both Oy and (03)¢. Any function g € L?*(9) with supp(g) C Og
can then be uniquely represented as

(20) 9= > g Vi)atir

l=JoreR;

Even though the wavelets {¢, : | > Jo,7 € R;} do not form an orthonormal basis of L2(0) due to
their behaviour on O\ Op, any g as above can be extended to a function on R? (or any set containing
Oo) by setting it to zero outside Oy. In particular, the Sobolev and Holder norms on O and R
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coincide for such functions and we may therefore use all the usual wavelet characterizations and
embeddings for Sobolev and Hoélder norms. This fact will be used without mention in the proofs.
For J > Jy, set

1) V= Vy(0p) = {f Z mem}ce 0)

I=Jor€R;
to be the linear space of all functions in the wavelet projection space of resolution level J, re-
stricted to those wavelets with support intersecting O but not (0)°. Note that
(22) 9(z) = 9(2)1,e0p forevery g€ V;

since supp(g) C Of for g € V,;. We must slightly modify the usual notion of a wavelet projection to
account for the behaviour near the boundary in ¥ in (12). To that end, note that supp(f — 1) C O
for any f € ¥ and thus f — 1 has a wavelet expansion as in (20). Setting P; : L*(O) — V; to be
the L2?-projection operator onto V;, we define the projection operator P; : F — F by

(23) Pylfl(x) == 1+ Ps[f — =1+ Z S f = Ltu)atie(z), w€O.

l=Jo Tr€ER;

Since supp(f — 1) C Oo, Ps[f — 1](z) = Z{:JO > rer, f = 1,0 )2301r (%) coincides with the usual
wavelet projection of f — 1 on all of R?.
We are now ready to define our projection estimator following Comte et al. [15]. Let

N
. : 2
(24) gn € argmin E ((Yip =14, , —9(Xi—1)p))
9eVs o1
with A; p = {X(;_1)p € 09} and
2
Yip= 2dD|XiD — Xu-1pl*

Note that by (22), the sum in (24) actually spans over i such that X(;_1)p lies in Of. We then
consider the estimator

(25) fn(z) =1+gn(2), z€0.
The idea behind (24) is that for small D > 0, by It6’s formula, we have the signal plus noise
representation

Yip —1= f(X4-1)p) —1+€ip + 7D,
where ¢; p is a martingale error term with variance of order 1 and r; p is a small remainder
term combining stochastic expansions and boundary effects, see (38) in the proofs for a precise
definition. Thus gy is an estimate of f — 1, which has support contained in Q¢ for all f € &F.
Indeed, one needs only estimate f on Oy, since f = 1 is already known on O\ for all f € F.
This permits to separate estimation on the interior of O, where the function f is unknown, with
the behaviour near the boundary 00, where the reflecting boundary conditions alter the diffusion
dynamics. We next establish a concentration inequality for the estimator I

Theorem 9 (Exponential inequality). Let fN = fN (Xo,X1,...,XND) be the estimator (25). Let
en,én — 0,27 =2V — ooand R4, Ry oo be sequences such that Ne3, — oo as N — oo. Define the
sets

={feF:|\flle <r If =Psflla<C&w, If = Psflla < Ryu, |f = Psfllc < Rioo},
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where C,r > 0 and P f denotes the projection (23). Assume further that 27¢ = o(~/N D),
Rjaeh + Riscfivel S DER PHARNTY 4 2TARNT2 4 2741 4 ey S €,
as N — oo. Then there exist events By satisfying

supP¢(BY) — 0
feg

as N — oo, such that for every L > 0,
sup Ps (|5 — Psflla > Kén, By) < Cle  ENeN,
feFy

where K depends on L.

The proof can be found in Section 6. Theorem 9 says that if the underlying function f can be
well-enough approximated by its projection Pf as quantified by the conditions in F);, then the
estimator fy will concentrate about this projection with all but exponentially small P -probability.

As far as we are aware, this extension of [15] in Theorem 9 is the first frequentist estimator
of the diffusion function f in the multivariate setting and thus may be of independent interest.
Combined with the lower bound of Theorem 7, we obtain

Theorem 10. Let D = N~° for some a € (1/2,1), s > aq, and let M > 0. Define f]*\, = min(fN, M),
where f is as in (25) constructed with Daubechies wavelets with at least | s| — 1 vanishing moments, and
27 ~ N1/ (2std) Thep

sup Byl fy — flI3 S N72/Cstd),
Fe€Fo,llflles <M

Combined with Theorem 7, we obtain that the (normalised) rate N —/(2s+4) is asymptotically minimax for
estimating f over {f € Fo : || flle- < M}.

The proof of Theorem 10 is given in Appendix 9.2. We emphasize that while this estimator
plays a key role in our proof of minimax optimal posterior contraction rates using the Gaussian
prior (11), it is not actually involved in the prior construction or Bayesian method itself. Using
Theorems 8 and 9, we obtain the following general posterior contraction theorem for our setting.
The proof is found in Section 7.1.

Theorem 11 (General contraction theorem). Let II = Il be a sequence of prior distributions supported
on Fin (12), let v, Ko > 0 be fixed constants and 0 < ey < e1 vy < eanv < e3n — 0, v — O,
27 =27 — oo and Ry 4, Ry be sequences satisfying Ne3, — oo, 27% = o(v/ND) and
(26)  Rj,en + B3 Exex S DEx, 3JAR N1 4 9 A2 NTI2 4 974263 4 ey Sy,
as N — oo. Further suppose that En and Vi in (16) satisfy
En < Ko, and  Vy/(N?%y) — 0.
Let
e ={f €T fles <1, 1f = folloe < xS = folles < u fork =1,2,3}

be the set defined in (15),

IynC{feF:|fle <r If =Piflla SEén, 1f = Piflla < Rya, If = Piflloe < Ryoo},

where P ; denotes the projection (23), and Cy > 0 be the fixed constant in Theorem 8, which depends only
on fo,m,d, 0,8, fumin. Assume the true fo € Fo satisfies ||fo — Py foll2 S Ev and || fo — Pyfolly S Ry
for p € {4, c0}. Suppose that for some C, L > 0,
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(i) TI(FS,) < Le~ (C+CoKot2)Ney,
(i) TI(Cy) > e~ CNeN,

Then for M > 0 large enough, as N — oo,
EfII(f 2 [f = foll2 = ME&n[Xo, XD, ..., XnD) — 0.

To summarize, in order to apply Theorem 11 in examples, we must verify that the prior places
most of its mass on functions f € Fy that are well-approximable by their projections P f, and
also that the prior places at least an exponentially small amount of mass in a neighbourhood of
the truth in the sense of Cy, i.e. conditions (i) and (ii) of Theorem 11, respectively.

4. PROOF OF THEOREM 8: EXPECTATION AND VARIANCE OF THE INTEGRATED
LOG-LIKELIHOOD RESTRICTED TO Cx

The proof of the variance and expectation of the log-likelihood is split into several approxima-
tion steps employing different techniques. We provide here an overview of the proof, deferring
the detailed technical arguments to later in the paper to aid readability. We first prove the more
difficult variance bound for A% in Theorem 8.

4.1. Proof of the variance bound of Theorem 8. For an integer m > 1, real-valued random vari-
ables (Zyy : f € F,k > 1) and a probability measure v(df) with support A C F, we will repeat-
edly use the inequalities

27) Varfo(/gzmjzf,ku(df)) g/VarfU(Z Zs 1) v(df) <mZSupEf0[Zk Al
k=1

Step 1: Restricting observations away from the boundary. We first decompose the log-likelihood ac-
cording to whether X(;_1)p € Og or not. On the event A; p = {X;_1)p € 0%}, where O is
the d/2-enlargement of O defined in (19) above, the process does not hit the boundary during
[(i — 1)D,iD] with overwhelming probability, and hence we may use analytic approximation
techniques that ignore the boundary reflection. Since f = fy = 1 near the boundary for f, fo € J,
on (A; p)¢ the likelihood ratio is already close to one and thus makes a negligible contribution.
We quantify this last observation in the following result.

Lemma 12. Let ' = {f € F: || f|lee < 7} for & = max(4,2 |d/4+ 1/2]). Then for k = 1,2, any
f.fo€F andany v >0,

Pro, (ZC, )
log 7) pro(,y)da dy
/xecf)\os ) ( ps.o(T,y) fo
< C1D™Y2(1 4+ 4% (log N)¥)N —0* 4 0y NO* exp(—cD™ 1),
where the constants Cy — Cy, ¢ > 0 are uniform over (0, d, fmin,T,0).

The proof is based on explicit bounds for the heat kernel in small time, for instance Theorem
3.2.9 in [20] for the upper bound and Theorem 3.1 in [17] for the lower bound. It is delayed until
Section 8.1. Abbreviating X’ = (X(;_1)p, Xip) and applying Lemma 12 with k = 2 together with



HIGH FREQUENCY MULTIDIMENSIONAL DIFFUSIONS 15

(27) yields

Vaffo / Zl ng(XD)l(ADcI/(df))

Cn ;—1 fo,
< NQ/ (log 7p'f’D(x’y)) Pfo.0(,y)dxdy
9060\@6/2 yeo pfo-,D(Iay) Jo.
< D™2(log N)2N~C2# 4 N4t exp(—eD™Y)

for large enough 1. > 0 and constants uniform over Cy. In view of the statement of Theorem 8, it
remains to consider the variance of [, >7;", log ;;f 1; (XP)1a, ,v(df), ie. we may restrict to the
events A; p.

Step 2: Approximation by an unbounded diffusion model on R%. We can smoothly extend any f € F to
all of R? by setting f = 1 outside O. Consider a diffusion process (X;);>o taking values on all of
R? arising as the solution to the stochastic differential equation

(28) X, =x+ /t VF(X,)ds + /t (2£(X.))"/*dB,,
0 0

defined on the same probability space with the same driving Brownian motion (B;):>0 as (X¢)¢>o.
Thus in this section, Py denotes a probability measure defined on a rich enough probability space
to accommodate a Brownian motion (B;):>o (and therefore the strong solutions (X;);>¢ of (1) and

()? )t>0 of (28) driven by the parameter f).
The process (X;);>o in turn generates a family of transition densities p; p : R? x R? — [0, 00).
We may pick a smooth version of p¢ p so that in particular, for any « € O,

(29) Pr.o(z,y)dy =Py(Xp € dy| Xo = x).

Consider the decomposition

/ezlogp”(XD) w(df) = /@ S log 222 (XP) 10 v(df)

N j=1 pf()-,D N ;=1 ijvD
b D p
(30 + 5 log B2 4 1og DL ) (X P )1, v(d)
(CN pfo;

We have an analogous result to Lemma 12 for controlling the expectation and variance of the
approximation of log p,p by log py,p starting from = € 9.

Lemma 13. Let ' = {f € F : ||f|lee < 7} for « = max(4,2 [d/4+ 1/2]). Then for k = 1,2, any
g=1f,fo€F andany~y >0,

Pg.D(T,y)\*
lo gi) Do (2, y)dx dy
~/m605,u60 ( Pg.0(7,Y) Jo

< C,D~U2(1 + 4% (log N)F)N =7 4 03N exp(—cD™Y),

where the constants Cy — Cy, ¢ > 0 are uniform over (O, d, fmin,r,9). The same estimate holds replacing

Pg.D(T,¥)\k Pg.D(T,Y) \k
(logp p(z,y) ) by (log ;DQ,D(E-,YJ)) ’
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The proof uses similar tools as for Lemma 12 and is delayed until Section 8.3. Using (27) and
Lemma 13 with k = 2 and v > 0 large enough, the Py, -variance of the second term in the RHS of
(30) is bounded above by

2

N? sup Efo [(log (XO )+1 pfo (XO )) 1Ai,D:|
fe€CN f.D Pfo,D

< D™2(log N)2N~C2# 4 NC4# exp(—eD™Y),

for large enough ;1 > 0 and constants uniform over €. We have thus established that for any
large enough but fixed ;1 > 0,

P,
Vary, (AD) S Varfo / Zl LD (XD)]-J‘M pV (df))
Cn =1 pfo
+ D~ 2(log N)2N~C2+ 4 NCtt exp(—eD™H).

Step 3: Approximating py p by a Gaussian transition density in small-time. We approximate pr p by
the transition density of the corresponding Euler scheme Ny(x, 2D f(x)I;) without drift, namely

_ ly — 2/
4.0 9) = T O ( ADf(x) )
Note that while ¢ p is defined on R? x R¢, it will be evaluated at X” which lies in O x O, Py, -
almost surely. Define

(1)

Mo = [ s 252 (0P i),

N =1

again writing X = (X(;_1)p, Xip). The key estimate to prove Theorem 8 is the following result,
which quantifies this approximation.

Proposition 14. For fo € Fo and any probability measure v supported on Cn as in (15), it holds that

N ~
Varfo(/e ZIOg f]v?f—7D(XiD)1Ai,DV(df))
N =1

Pfo,D
< Varg, (AYp) + N?eX,D? + Nei y(D + ND?) + N?e5 yD? + N?e35 yD* + N?D*
+ N25%7ND exp(—eD ™),
where the constants are uniform over (O, d, fmin,T,0).

The proof of Proposition 14 relies on second-order small time expansions of the heat-kernel
and is deferred to Section 5.2.

Step 4: Variance of the proxy log-likelihood. It remains to control the final variance term in the RHS
of the last estimate. It involves the proxy density ¢ p but is evaluated at the points of the original
diffusion X given by (1) with reflection at the boundary.

Proposition 15. For fy € F and any probability measure v supported on Cp as in (15), it holds that
Vary, (Aé\{D) < NE?v(l +D+ ND?*+ D&% + Ne_c}o’:rl)7

where the constants are uniform over (0, d, fmin,T,0).
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The proof of Proposition 15 is given in Section 5.3 and relies on martingale arguments, which
are key to dealing with the dependence structure of the Markov chain. Combining the bounds
from Steps 1-4 and keeping track of the leading order terms establishes the desired variance
bound for AY in Theorem 8.

4.2. Proof of the expectation bound of Theorem 8. The proof follows along similar, though eas-
ier, lines as the variance bound. The expectation bounds will be proved uniformly over f € Cy,
which will sometimes be implied without explicit reference.

Step 1: Restricting observations away from the boundary. Applying Lemma 12 above with k = 1 gives
p p
Ey, | log o (XD)] < g, 108 2P, ]
+ D™ Y2(log N)N~C2# 4 O3 N4 exp(—eD ™)

for large enough p > 0, and where the constants C; — Cy, ¢ > 0 are uniform over Cy.

Step 2: Local approximation by an unbounded diffusion model on R:. Let pyp : R? x R — [0, 00)
denote the transition density defined in (29) above, corresponding to the unbounded diffusion
model over the whole space R%. Consider E,-expectation of the integrands in (minus) the de-
composition (30). Using Lemma 13 above with k& = 1 and large enough v > 0, the E ¢ -expectation
of (minus) the integrand in the second term in (30) is bounded above by

sup Ey, [log bf.D (XP)14, D] < D ¥2(log NYN 21  NCt exp(—cD™Y),
feex pf.p ’
for large enough p > 0. Arguing in the same way, an identical bound also holds for the Ey,-
expectation of the integrand of minus the third term in (30). Therefore,
Py, DPfo,
Ey, {bg ]:) (XO )1A1 Dj| S Ey, {bg fo.D (XO ) A Dj|
+ D~ d/2(1og N)N~r 4 N exp(—eD ™).

Step 3: Approximating py p by a Gaussian transition density in small-time. Recalling the definition
(31) of the proxy density g, p from above, we now approximate the expected log-likelihood. The
proof of the following proposition is deferred to Section 5.2.

Proposition 16. For fo € o and any probability measure v supported on Cy as in (15), it holds that

D.
sup IEfo |:10g Jo.D (XOD)]‘AI,D:|
felCn p.ﬂD
< sup Ej, | log 1oL (xP
sup fo | 108 —— ( 0 ) Ai1p
feCn 4f,D

+EN(% + 52 + €1, ND + €2, ND + €3 ND3/2 ElzéVNDl/Q eXp(—CDil)),
where the constants are uniform over (0, d, fmin,T,0).

Step 4: Expectation of the proxy log-likelihood. It finally remains to control the remaining expectation
in Proposition 16 involving the proxy density ¢; p. The proof of the following estimate can be
found in Section 5.3.
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Proposition 17. For fo € F and any probability measure v supported on C as in (15), it holds that
sup Ej, [log 0.0 (XP)1a,, D} < e +enD +enDY?exp(—eD™Y),
fetn
where the constants are umform over (0,d, fimin,7,0)
Combining the bounds from Steps 1-4 and keeping track of the leading order terms establishes
the expectation bound for A}.

It remains to show the evidence lower bound (17). By Jensen’s inequality, the desired probabil-
ity in (17) is upper bounded by

pf.,D(X(i—l)DaXiD) 9
v(df) < —cNey — NEN | .
</(:’N =1 pfo,D(X(z'—l)DaXiD) (@) N

Using the expectation bound just derived, the E -expectation of the left-hand side is lower
bounded by —NEy. Using Chebychev’s inequality and the variance bound just derived, the
last probability is then bounded by

Xi ,X Xz 7X
/ ( pf,D(X( 1D = ) R, {1 pf,D(X( 1D = )D V(df) < —cNE2,
CN 5/ pjo- ( (i—1)D> ) Pfo,D ( (i—1)D> )

ps,0(Xi-1)p, XiD) VN
———— Vi log d < —
= CQNQ 4 arf, </N; pfo, (X 1> Xip )’/( if) ] < 2N?eL)

which completes the proof of Theorem 8.

5. REMAINING PROOFS FOR THEOREM 8

5.1. Preliminary estimates. We first gather some technical bounds. Although classical, the sto-
chastic expansions we need require extra care due to the presence of a boundary. We start with a
standard variance estimate.

Lemma 18. For any real-valued function o,

Varfo(z¢ (i—1)D ) < CfoND_lvarfo(‘p(XO))a

where Cyy < 2/r < oo with r = r( fmin, 0).

Proof. Since (Xo,Xp,...,Xnp) is a stationary reversible Markov chain whose spectral gap is
lower bounded by 7D by (9), the result follows from Theorem 3.1 in [44].

We next need a moment bound for the increments of the diffusion.

Lemma 19. For every 7 > 0and p > 1, we have

(2 By sup [Xu— Xl |F.] <27 (1l = 5 + a2 F = 5)2),

s<u<t

where ¢, is a universal constant (arising in the Burkholder-Davis-Gundy inequality).

The proof is classical (see for instance Lions and Sznitman [37]) and is given in Appendix 9.3.
Let

(33) Ti,D = lnf{t > 0, Xt+(i71)D S 6@}
denote the hitting time of the boundary by the process X started at X(;_1)p.
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Lemma20. Let fo e F ={f € F: || fllex <r}for a = ayasin (7). Then
Py, (7'1-_,1) > D,ALD) < exp(—cD_l),
where the constants are uniform over (r, ).

The proof is given in Appendix 9.4. We will repeatedly use the decomposition

(34) Xip — X(i—1)p = bip +Xip + Li D,
with
iD iD iD
bivD :/ Vfo(Xs)dS, Ei.,D :/ V 2.f0(Xs)st; Li,D :/ n(Xs)d|€|sa
(i—1)D (i—-1)D (i—1)D

together with the following bounds, for every p > 1,
(35 |bipl S D, Ep[ISi0l"1Fa-1p] S D2, Ef[|Lipl*la, ] S DP?exp(—eD™Y),

which depend only on || fo| e:- The first bound is obvious, the second one stems from the Burckholder-
Davis-Gundy inequality. For the third one, we rely on the following facts: first, writing L; p =
(Xip — X(i—1)p) — bi,p — X; p and using the first two bounds of (35) together with Lemma 19, we
have

Eg, [|Li,pl’] S DP/2.
Second, on A; p N {7;,p > iD}, we have L; p = 0. Thus, by Cauchy-Schwarz’s inequality,

Ef, [ILi.pl"1a, 5] S DP?Pyy(1i,p = D, Aip)'/?

and the third estimate in (35) then follows from Lemma 20.

5.2. Proofs of Propositions 14 and 16: approximating transition densities in small-time. This
section is devoted to the approximation of small-time transition densities for diffusions in R%. We
use some Riemannian geometry to derive second-order small-time expansions of the heat kernel,
following results that date back to Azencott [6]. Recall that

fﬁf_’D, qf,D : Rd X Rd — [O, OO)

denote, respectively, (a smooth version of) the transition density of (X)i>0 defined in (28), and
the proxy transition density of an Euler scheme without drift defined in (31). The next result gives
an expansion of the log-likelihood ratio of the transition densities, uniformly over the domain O.

Lemma 21. There exist smooth functions: vy, s, : O — R with

supp(Vfo.r) € Oo,  s0.sllee SIS = foller,
where the constants in the inequality depend only on an upper bound for || f||e: and || fol| e, and such that
the following expansion holds:
log 2o:D ()
pr.o(E,y)

qf07D(x7y)
(Jf.,D(fF, Y)

1 _ _
+ 0, (2) - (Y = 2) + g5l = 2P VI = o) @) - (0 = 2 eop)
+ (If = follwD +IIf = follerly = =D+ ly = 2l*D + || f = follezly — a/?
+If = follesly — 2 + Iy — a|*)rp 4 (),

for a remainder term vy, ; : R x R? — R satisfying

Lizeos) = log Lizeogy

(36) sup 17 o1l < 00
[fllea+llfolleasr
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for every r > 0.

While only local to (z,y) € O x O, the stability property (36) is sufficient for our purpose:
the approximation is only needed for (z,y) = (X(—1)p, Xip) € O x O, a property that holds
P4, -almost surely. The proof of Lemma 21 is deferred to Appendix 8.4.

Proof of Proposition 14. We apply Lemma 21, establishing suitable bounds for the remainder terms.

Step 1: Consider first the term N ~f, (X(i—1yp) - (Xip — X(;-1)p) in the remainder of Lemma
21. It splits into three parts thanks to the decomposition (34) and we bound each term separately.
The drift term involving b; p is of order D by (35), hence the property ||vs,.7llo S €1,n5 yields the

~

crude variance bound N?¢?  D? for the first term. For the martingale term, we have

N N
Vaffo(ZWfo,f(X(Fl)D) : Ei,D) < o s 13 Es, [IZi01%] S Nef D
=1 i=1

by the second estimate in (35). For the third term involving L; p, using that v, ;(X;—1)p) van-
ishes on (A; p)¢, we have

N

N
Varfo (ZFon,f(X(i—l)D) : Li,D) S NZ HFYfO-,ngoEfo [L?,D]‘Ai,D} S NQE%,ND eXp(_CDil)
1=1 1=1

by the third estimate in (35). We have thus established

N
2 _
(37) Varfo(ZWfo,f(X(i—l)D)'(XiD_X(ifl)D)) SNE?V(EIEVN) (D+ND2+NDeXp(—CD 1))

€
=1

Step 2: We next consider the term ¢ SN Xip — X(i—1)p*¢so. 5 (Xi—1yp) - (Xip — X(i—1yp) 1A, s
where (s, s = V(f~' — fy ') satisfies ||Csy. flloo < €1, for f, fo € F'. Using Itd’s formula, it splits

~

into four parts according to the decomposition

(38) |Xip — X-1yp|* = 2d fo(X(;—1yp)D + bi,p + Zi,p + Lip,
with
_ iD
bp =2 /( XD = (X)) + (X = Xonyp) - VAo
1—1)D
1D
(39) Sip=2 / V2o (X.)(Xs — X_1yp) - dB,
(i—1)D

appended with the moment estimates

40) Ey, [[bi,plP] £ D*/2, Ey, |80l 1F4-1yp) S DP, Eg[|LiplPla, ] S DPexp(—cD™Y),
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as for (35). More precisely,

D

Ej, [[bip|"] < D! /(‘_1)[) Ej, [|d(fo(Xs) = fo(Xi-1)p)) + (Xs = X(i1yp) - Vfo(Xs)|]ds

< DY+ 1PN follEr | sup X, = Xypl?]
(i—1)D<s<iD
< (d+ 1)l follg: Cp.a. o D*P
by Jensen’s inequality and Lemma 19, with C,, ¢, the constant in (32). For the martingale part, the
Burkholder-Davies-Gundy inequality with constant C,, yields
iD

~ p/2
By (S50l W] < 627 B, ([ 221X, = Xoonyolds) " |-

(i-1)D

<G|l 2By, | sup |Xe = Xyl
(i—1)D<s<iD

< Cp22p|‘f0”?£/4c 7d,f0Dp7

where we last used Lemma 19. The last bound in (40) follows exactly the same lines as the last

estimate in (35), using now the bounds just established for b; p and ii, p instead of those for b; p
and ¥; p, respectively.

We are now ready to handle the term Zfil %fO(X(i—l)D>1Ai,DCfo,f(X(i—l)D) . (XiD — X(i—l)D)r
exactly as in Step 1, substituting (s, s(X;—1)p) by %fO(X(i—l)D)Cfo,f(X(i—l)D)]-Ai,D- It has the
same variance order as in (37). For the term involving the drift part b; p we have

N
1 _
Vary, (@ Z bi, 0o, £ (X(i—1)p) - (XiD — X(i—l)D)lAi,D)
i=1

N
SDNY I¢s £ I%Ey, {bzz,D|XiD - X(H)DP]
i=1
2
and this yields the order D"2N?c} yD* = N a?v(ag—éNNN D?) by Cauchy-Schwarz’s inequality com-
bined with (40) and Lemma 19 for controlling the term within the expectation. For the third term,
we use the decomposition

30.0Cs0.f(Xa1p) - (Xip — X_1)p)la,p = I+ 11 + 111,

with
I= ii,DCfo,f(X(i—l)D) “bi,pla, p,
11 = ii.,DCfo.,f(X(i—l)D) “Yipla; p,
11T = ii.,DCfo.,f(X(i—l)D) “Lipla;p-
For term I,

N

N
1 - B -
Varfo(_SD > Ei,Dﬁfo,f(X(ifl)D)'bi,DlAi,D) SDTNY ol [1Z6.0*1bi 0[]
i=1 =1
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and this yields the order D~>N?e} \ D* by Cauchy-Schwarz’s inequality combined with (40) and
Lemma 19 again. For term I1, by 1t6’s formula,

ii.,DCfmf(X(z'—l)D) - Yi.p = (o, f(Xi—1yp) - Mi.p
iD

(41) + 25 4 (X 1)) / (X, — Xoo1yp) fo(Xo)ds

(i—1)D

where M; p = f(l "D V2Fo(Xo) (B [Zi,0|Fs] +2E 5, [Si,p|Fs]- (Xs — X(s_1)p) ) dBs is a martingale
increment such that

Ef, [|Cto.r (Xi—1)p) - Ms p|*] S €1 D7,
by applying repeatedly Cauchy-Schwarz’s inequality together with (35), (40) and Lemma 19,
hence

N N
1 1
Var (8—D > Chos(X—1yp) - Mi,Dlﬂi,D) = G2 > By, (1o s (X—1)p) - Mipl*1a, ]
=1 =1

and this term is of order D™?Ne? y D? = Ne} (2:X)?D. Let G(x,y) = C,,7(2) - (y — ) foly). For
the second term in (41), by Itd’s formula,

iD
/(, Chour (Xo-1)) - (X = Xoyp) fo(Xo)ds = 5,.p(G) + Z.0(G) + L (G,

i—1)D
with
_ iD s
b D(G) :/ / LfOG(X(i,l)D,Xu)dudS,
i—1 (i—1)D
iD s
G :/ / VG( (i— l)Da \/2f0 dB dS
(i—1)D J(i-1)D
o D s
(42) Lin(G) =2 / / VG(X (i 1)ps Xu) - 1(X,)d|€]uds.
(i—=1)D J(i-1)D

In notation, the differential operators act on y — G(X(;_1)p, y) and L, is the generator associated
to the diffusion defined in (8). The expansion is appended with the moment estimates

Ef, [|bi,0(G)[?] SEf,NDQP, Es, [IZi0(G)P1Fi-1p] S Ef)ND?’p/Q,
Efo [[Li,p(G)P1a, 5] S E117.,ND3P/2 exp(—cD ™),

in the same way as before. The variance of the term (4D)~' 3>~ | b; p(G)1.4, , is of order D72N?et \D*.

Also, the Ei, p(G) are centred F; p-increments hence

N N
1 = 1 = -
Vary, (15 Y Sin(@) Lan ) = o755 O En[(Fin(G)*La, ] S DTN v D?
=1 i=1

and this term is of order Ne3,(Z:)?D. The variance of the term (4D)~! SN Tin(@)1g, , is
of order D>N?e}  D? exp(—cD~"), and the term I1 is controlled. For the term 171, we simply
have

N

N
1 - - _
Varfo(_SD > Ei,D<fo,f(X(i71)D)'Li,DlAi,D) SDNY el yEy, (|80 Linl* 1a, ]
i=1 1=1
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that yields the order N?e7 yD?exp(—cD™"). Gathering all these estimates, we obtain that the

variance of 8D lN:l |Xip — X(i—1)p|*Cfo.f(X(i—1)p) - (Xip — X(i—1)p) 14, ,, is nO bigger than the
order established in (37).

Step 3: We finally control the remainder term in the expansion of Lemma 21. Define
N

Ry ;=" (I = followD + IS = foller | Xip = Xi-1yp|D + 1 Xip = Xi-1yp|*D

i=1
+1If = folle2|Xip = Xi—1yp > + IIf — follez|Xip — Xi—1)p/*
+ | Xip — X(i—l)D|4)TfO,f(X(i—l)D, Xip).
By Lemma 19, the property f € €y and the fact that ||7¢, ||« < 1, we readily have
Varyg, (R} ;) S N? (e} D* + &7 yD® + D* + &5 yD* + &5 yD° + D*)
S Ney (ND? + (LE)’ND? + (ZX)2ND? 4 (222)°ND? + Nep* D).

Step 4: Putting together the estimates established in Steps 1-3, using Lemma 21 and (27), the
quantity in Proposition 14 is bounded by a multiple of

D. D qf,D
Vary, (A2p) + Var, | 5 [1og 22 (xP) — L2 (xP)] 1, ()
Cn i=1 pf07 qf(),D

— 1" ppy,p(XP) af0,0(XP)

S Varg, (ANp) + Ne& (ND? + (22)*(D + ND?) + (22)°ND? + (25

N _ I b
< Vary, (Aé\fD) + fseuep Vary, <Z {log pr.o(Xi") —log 45,0(X;”) })
N

)2 N D3

+N€N2D4 (

) NDexp(—cD™ )),
as required. O
Proof of Proposition 16. The proof follows similar, though easier, lines to that of Proposition 14. We

thus provide only a sketch of the main bounds, matching Steps 1-4 for convenience.

Step 1: Consider first the term vy, ;(Xo) - (Xp — Xo) in the expansion provided by Lemma 21, and
where we can insert the term 14, ;, due to the support of vy, . In the decomposition (34), the
term 7y, r(Xo)X0,p has Ef, -expectation zero and so does not contribute. It follows that

Efy [Vf0.£(X0)-(XD—X0)] < f0,£lloo (B, (b0, p ]+ B, [Lo,p1a, ,]) S 1,8 (D+D? exp(—cD 1)),
where we used the moment bounds (35).

Step 2: Write (s, s = V(f~! — f; ) as before. In a similar way to Step 2 of the proof of Proposition
14, we have the decompositions

_D|XD — Xo*1a, p, = 4f0(Xo) + g5b1,014, » + 55210141 + g5 L1,01as

Cfo.f (Xo) - (XD = Xo) = Cpo,1(X0) - b1, + (o, (X0) - 21,0 + (g0, (X0) - L1, D,

and note the term Ey, [g5|Xp — Xo[*C,.7(Xo) - (Xp — Xo)] is the sum of all expectations of
cross terms in the two expansions above. Using the bounds (35) and (40) and the martingale
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property of ¥ p that ensures Ey, [4 fo(X0)Cso,7(X0) - £1,0] = 0, we see by Cauchy-Schwarz’s
inequality for instance that all the expectations of the cross terms are of order at most (D +
D2 exp(eD™ )¢ty 1 loo = €18 (D + D2 exp(—cD™1)), except maybe for the term

s5E 5 [21,0850,7(Xo0) - Z1,p) -

By (41), this term exactly equals

D
5Ef [Cro.r(Xo) '/0 (X5 — Xo) fo(Xs)ds] = 35E, [b1,0(G) + L1,p(G)]

according to (42) with G(z,y) = (f,.7(x) - (y — ) fo(y), and this term finally has the right order

since Efo [lBLD(G)'] 5 817ND2 and Efo [lLl,D(G”lAl,D] 5 El)ND3/2 exp(—cD_l).

Step 3: With the notation in the proof of Proposition 14, Step 3, it suffices to bound Ef,[R}. (] By
Lemma 19, the property f € Cn and the fact that ||ry,, f||c < 1 again, we readily obtain

~

E, [R}o-,f] SenD+e1nD¥? + D* 469 D + 3 yD*? + D2

Step 4: Putting together the above bounds and keeping track of the leading order terms gives

sup Ey, [logpifo’[)( 9 )1ﬂ1,D]

feey pr.o(X9)
qfo-,D(X(?)
< sup Ey, [1og71 ]
feen qr.p(X3) "

+eh (B + B+ DV D+ YDV YD R exp(-eD ),
which completes the proof of Proposition 16. O

5.3. Proofs of Propositions 15 and 17: expectation and variance of the log-likelihood with proxy
density. Recall that the proxy ¢, p of the transition density py p is given by

- 1 ly —
qr.p(x,y) = (anDf(x))i2 P ( B W(I)>7

which is the density function of a Ny(z,2D f(x)I4) distribution, formally obtained by taking an
Euler scheme without drift. Note that while g p is defined on R? x R, it will be evaluated at
(X(i—1)p, Xip), which lies in O x O almost surely.

Proof of Proposition 15. Step 1: We look for a simple expansion of the approximate log-likelihood
with the proxy. Write

d
q7.0(z,9) 251 fo(x) 1 ( 1 1 )|y_$|2

log — ==
QfoyD('rvy)

%F@ " D\f@)  folw)
_d fo(x) 1 1|y —af?
- i(log fo(a:) N (fo(a:) N f(a:)) 24D )

Recall the expansion (38) in the proof of Proposition 14 that takes the form

|Xip — X(i—1yp|* = 2d fo(X(i—1)p)D +bip+%ip+Lip
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for appropriate drift, diffusion and boundary remainder terms ,51.7 D, f]l-_, p and Ei_, D, respectively.

Therefore, setting &y, ; =  — 7-, we obtain
2 (XD X X
2 g 92.0( ZD) ~ 1og f0XGnp) (fo( (i-yp) 1)
d " qp,p(X]7) f(Xu-1)p) f(Xu-1)p)
1 ~ ~ ~
(43) + %ffo,f(X(i—l)D)(bi,D +Xip+ Lip).

Since |log k — (k — 1)| < C(x — 1)? in a neighbourhood of x = 1, the property || f — follc < en and
f > fmin ensures

log 22 — (2 -1)) 5 4%

By Lemma 18, this entails

N

fo(X@-1yp)  fo(Xu-1)p) 14

Vary, lo - —1) )14, ,) SND ey
I (; ( . f(X(i—l)D) ( f(X(i—l)D) )) A ’D) N

Step 2: We next consider the term 37 | a5 fo.f (X (1) p)bipl A,.p and proceed similarly to Step

2 in the proof of Proposition 14 above. Define G; p(z) = dfo(x) + V fo(X(i—1)p) - v and

iD
bi,p = / (Gi,p(Xs) = Gip(X(i—1)p))ds + i,
(i—1)D

where the remainder term
1D
riD = /( : (Xs = X@—np) - (Vfo(Xs) = Vfo(X-1)p))ds
i—1)D

satisfies Ey, [|7; p|P] < D? by Jensen’s and Cauchy-Schwarz’s inequality together with Lemma
19, using that || fo|lez < 1. By It0’s formula and (42), we obtain

1D
/ Gi.p(X.)ds = 5:.0(@) + Tio(@) + Ton(@),
(i—1)D
where
Ey, [[5i,p(G)P] S D*, Ey, [[Ti,p(G)P|Fi-1yp] < D2,
IEfo [|Zi=D(é)|p1Ai,D] /S D3p/2 eXp(_CDil)

in the same way as before. Then, the variance of the term Zf\[: 1 535808 (X (i—1)p) (b, p(G) +
:,p) 1, ,, is of order D72N?2c3 D*. Also, the &; p (G) are centred F; p-increments hence

N N
1 — ~ 1 —
Vary, (m > &ho s (X(i—1yp) T, (G) 1A1,D) = P2 > By 1650 s (X—1yp)Ti 014, 5
=1 i=1

<D 2?Nej D?
and this term is of order Ne2, D. The variance of (2dD)~' S~ | €107 (X(i—1)p) - Li,p(G) La, ,, is of
order D~2N?2¢3, D3 exp(—cD™1!). Gathering all these estimates, we obtain
N

1
Vary, (Y ﬁgjb_,f(X(i_l)D)bw1Aw) < Ned (ND? + D + NDexp(—cD ™).

i=1
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Step 3: We now consider the martingale term vazl ﬁffo_,f(X(i_l)D)iin 14, ,- We have

N N
1 = 1 = 2
Var g, (% ;Efo,f(X(z'—l)D)Ez‘.,leu,D) = 1ED? ;Efo [(&40.5(X(i-1)D)%i,0) L, 5]
< D™2Ne3% D?
and this term has the right order Ne3,.

Step 4: We finally consider the remainder term vazl 515 f0. 7 (X(im1) p)Lipl A, p and conclude.
We have

N N
1 B _
Var g, (% Z§fo,f(X(i—l)D)Li,DlAi,D) SDTNDY s s % [LF pla o]
=1

i=1
< N2%e% exp(—eD™h).
Gathering the estimates from Steps 1-4 completes the proof of Proposition 15. O

Proof of Proposition 17. The proof follows similar, though easier, lines to that of the proof of Propo-
sition 15. We thus provide only a sketch of the main bounds, matching Steps 1-4 for convenience.

Step 1: We again use the expansion (43) that yields

P X’L‘f X,L',
210gM:10gf0( ( 1)D) _(fO( ( 1)D) _1)
d " a50,0(X7) f(X(-1p) f(Xi-1)p)
1 ~ ~ ~
+ ZdDgfo,f(X(ifl)D)(bi,D + Ei,D + Li,D)-

The main term is bounded above as before:

llog 22— (22 - 1|l s ek,

as follows from |logk — (k — 1)| < C(k — 1)? in a neighbourhood of x = 1, together with the
properties || f — follo < e and f > fuin.

Step 2: By using the refinement of Step 2 in the proof of Proposition 15, we have

bi,p =7i,p +bi,p(G) + X, p(G) + Li p(G),
where
Eyyllrip +bip(G)P) S D*,  Eyg, [[Lip(G)P1a, 5] S D/ exp(—eD™?),

and ¥; p(G) is a F;p-martingale increment. Therefore,

1 _
Efo [—gfo,f(X(ifl)D)bi,leh,D} S EN (D + D1/2 exp(—CD 1))
2dD

Step 3: Since ¥; p is a Fip-increment, we simply have

1 ~

Efo (575801 (Xi-1p)%i,01a:5] =0,
Step 4: We finally have
1

Eff) H 2dD€f07f(X(i—l)D)Li-,D]-Ai,D H S ENDI/2 exp(cD_l).
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Gathering the estimates from Steps 1-4 completes the proof of Proposition 17.

6. PROOF OF THEOREM 9: AN EXPONENTIAL INEQUALITY FOR A LEAST SQUARES TYPE
ESTIMATOR

6.1. Risk decomposition. Recall from (23) that P, f = 1 + P;[f — 1] for f € F, where P; is the
wavelet projection onto the space V; in (21) used to reconstruct functions with support in Oy, such

as f — 1 when f € F. We will decompose HJ? ~N — P f|2 into martingale, bias and remainder terms
that we control on the event

(44) By ={(1=n)llgllz < lgly < (1+r)llg|l5 forall g € Vi },

for some fixed 0 < x < 1, and where

N
1
lglh = N > 9(Xi-1yp)’1a,p,  Aip={Xu-1)p € Op},
=1

denotes a random empirical semi-norm for every continuous function on the §/2-enlargement 03
of 0. By classical concentration techniques, we prove in Appendix 9.6 the following result.

Lemma 22. Suppose that 27 — oo and 274 = o(v/ND) as N — oo. Then for every 0 < k < 1, as
N — oo,
sup P;(B%) — 0.
fes
By Lemma 22 we have sup .5 P;(Bf) — 0as N — oo for every 0 < x < 1 under the theorem
hypotheses, so that we may further restrict to working on B . We have under Py

(45) Yip = (2d)""D 7" X;p — X(;_1)p|* = f(Xi-1)p) + Ri,D,
with
(46) :Ri,D = (Qd)ilDil(l\)/i_’D + ii,D + E’i,D)v

where we recall the above decomposition from (38)-(39) but with fy replaced by f. Let

1 N

Inl9) =+ S (Yip —1-9(Xi-1)p)) 1a, 0

i=1
denote the normalized objective function defining our least squares estimator (24), using in par-
ticular that g(X;_1)p) = 0 on (A; p)© for all g € V. By (45), for any function g,

2 N
(47) In(g) —Tn(f-1)=1+g—fl} + N ;(f —1-9)(X4-1)p)Ri,pla, -

Since I'y (gn) = infgev, I'v(g) by construction, we have 'y (gn) — I'n(f — 1) < I'n(Py[f —1]) —
In(f — 1). Substituting (47) into both sides of this inequality with ¢ = gy and g = P,[f — 1],
respectively, then yields (with fy = gy + 1)

N
|Fv = f + 2N (= ) (X -1)p)Ripla, b
=1 N
<[4+ Py[f =1 = fI} +2N ") (f = 1= Py[f = 1)(X(i-1)p)Ri,p LA, o
=1
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or equivalently

N

@8) |fn—fIX <IPslf =1 =(f DR +2N"> (fn = 1= Pylf = 1)(X(-1)p)Ri,01a, -
i=1

Using that fn—1—=Py[f —1] € Vyand 2ab < pa® + p~1b? for any a, b, p > 0, on the event By, the

second term in the last display equals

N
2
N Z (gn = Pslf —1))(X(i—1)p)Ri,p1a,

<2lgy = Py[f =1l sup ZQ i-1)p)Ri,p1a, p
geViillgl=1 N

1 2
<pllgn = Polf =B+ (s > g(Xanp)Rinlas )
geViilgla<t N Z: oy i

2
< (1=r)"plgy — Pslf = 1)% + p_l( sup E 9(X@i-1)p)Ripla,, D) :
geVy: ||g||2<1

Substituting this last display into (48) then gives
v = f < 1P Lf =1 = (F = DI+ +- R) " plgn = Palf = 1

2
+p_1( sup Zg Xi- 1)D)RzD1AlD) :

geVs: HqH2<1
Using that v/a + b < v/a + Vb for a,b > 0, this implies
[Py =1 = Pslf = Uly < |y = flx + 1 = 1= Pslf =1l

<2/f —1=Ps[f —Unv + (1 —w)"V2p2| fy = 1= Pylf —1]|n

N
~1/2
+p 9(Xi—1yp)Ripla, |
gevoilslazt N ; = i

Collecting the |fx — 1= P;[f —1]| v terms on the left-hand side thus yields the risk decomposition

(1= /2 ) v =1=Pilr = 1lln

N
1
<2f—1-Psf—1n+p /2 sup  — > g(Xu—1)p)Ripla, |-
geVriligla<t N Z} v v

Taking p > 0 small enough that p/(1 — k) < 1 and using that fn—1=Ps[f =1]|x > VI =[x —
1 — Py[f — 1]||]2 on By, we then obtain that on By,

N
IR~ _ 1
CH iy —1=Pylf 1l <20f 1= Pylf — Uy +07]  swp > g(X 1p)Ripla,),
geVs:llgll2<1
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where C~! = 1 — k(1 — \/p/(1—K)) =V1—k—/p > 0. Recalling that P, f = 1+ P;[f — 1],
we finally obtain the following risk decomposition:

Pr(|fx — Psflla > Kén,By) <Ps(lf =1 = Py[f — 1]lvy > Kién, By)
N
(49) +P,.( sup > g(Xi1)p)Ripla, p = K2N§N,BN)
g€Vsiligll2<155

where the constants K; = C; K for constants C; depending only on « and p, which are henceforth
considered fixed. It therefore suffices to prove that each term on the right-hand side of (49) is

bounded by a multiple of e~ “N< for arbitrary fixed L > 0 and large enough K = K (L).

6.2. Bias term. We consider here the first term in (49), which is a bias term with the randomness
only entering from the design in the random empirical semi-norm |-| 5. Write gy = f—1—Py[f —1]
and

N
1
Zn(g0) = lgslx = llgsl5 = N > (95X -1)p)* = Elgs(X(-1)p)*),
=1

since E¢[g7(X(;—1)p)?*] = ||gs||3- The variance satisfies

Vars(9;(X—1yp)?) < Erlgs(Xa—1yp)*] = 19|74,

while |gs(2)? — Ef[gs(X—1)p)?]| < 2[lgs]|%- Since (Xo,Xp, ..., Xnp) is a stationary reversible
Markov chain whose spectral gap is lower bounded by rD by (9), Theorem of 3.3 of [44] (cf. (3.21))
yields

P¢(N|Zn(gs)] > t) < 2exp | — rDt
SAENI N =0 = =P\ “UNlg /T, + 20 g ]2t

for all t > 0. Setting t = M N3 then gives

rDM2NEL )

Ps(|Zn(gs) > MEY) < 2exp (_
: ) Al|gslI74 +20M||gs]12E5

By rearranging, one gets that the right-hand side is smaller than 2¢ =%V <V if and only if
AL|lgslLee +20LM |lgs ]38 ek < rDMEy.

Since r = 7( fmin, O) by (9), we have shown that for any L > 0, there exists M = M (L,r) > 0 large
enough such that

_ 2
sup Pr(lf =1 =Ps[f =% > If =1 = Ps[f = 1[5 + M&F) < 2™ FNew
FETf=Piflloo<Ryc0,
1f=Psfllpa<Rja

for any ey, &n, R4, Ryoo such that Ry 3, + R3 _&Xely S DEy, as assumed by the theorem
hypotheses.

6.3. Deviation of the remainder term. We now consider the second term in (49) involving R; p.
By a union bound, up to a modification of the constants, it suffices to prove the deviation for each
term in the decomposition (46).
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Step 1: We postpone the term involving the drift b;  to Step 3 and rather first control the term
involving ¥; p in (46). We will prove

(50) Pr( sup | Zx(g) = MNEw, By) <IN,

9€Vsillgl2<1
for sufficiently large M, where
N
Zn(g) =D ZQ(X(ifl)D)ii,Dlﬂi,D-
i=1
Define
Py r=Ps(:| By) =Pp(Bn)'Ps(- N By).
Since Pf(By) — 1 uniformly in f € F by Lemma 22, we have $P5, ; < Ps(-NBy) < Pg, s for
N large enough. It thus suffices to establish (50) with Pz, r instead of Py. We prove a Bernstein

inequality for the increments of the process (Zx(g) : g € V;) and conclude using a chaining
argument under P, ¢. To that end, we need the following result, see e.g. [45, 22].

Lemma 23. Let (M,,)n>0 be a (Sn)n>o-martingale with Mo = 0 and let (M), = > | E[|M; —
M;—11?| Gi—1] denotes its predictable quadratic variation. If for some ¢ > 0,

- P~ ?p!
ZEHMi —M;-1)P ] Gizq] < 5 (M), foreveryp > 2,
i=1
then for every t,y > 0,
2
PMn = t, (M) <y) < 5= )
(Mo > £, MO < y) < exp ( 2(y + ct))

We will apply Lemma 23 to the §,,-martingale M,, = Zx(g) = D' 321", g(X(i,l)D)ii,D 14, ,,
with §,, = o(X;p : 0 < i < n). First, applying the Burkholder-Davis-Gundy inequality with best
constant ¢2/2pP/2 (see e.g. [9]), we have for all p > 1:

IEf |:|D71§]'L.-,D1Ai,D |p | 5t(i—l)D]
1D
- D—PEf[ | V2F(X2)(Xs = X(_1)p) - B[ | Sf(i_l)D] 14,
D

(i—1

1D p/2

< D@l Es || [ X~ XenolPds”? o)
(i—l)D

< (D72||floocxp)?’? maXE'[ su Xs— X1l | Fue ]

<( | flloocsp) Jnax By (iil)D;SiDl @-1pl” 1 Fi-1p

< (2l fllooesp)?/ 22071 115 DP/2 + (cup)?/?(| £11%)

< (CIIFIIE2)Pp!,

for some C' > 0 that only depends on d, since D — 0 and where we used Lemma 19 to obtain the
second last inequality together with p? < (C’)Pp! for some universal constant C’ > 1. Next, we
claim that the following lower bound holds

(1) Ef[(D7'Ei0)*Lu, | Fanyp] = dfy]

min

— O(DY?).
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Assuming for now that (51) is true, for D — 0 small enough,

n

Z l9(Xi—1yp)IP < |\9||€522 |9(X(i—1)D)|2ﬁEf [($%i,0)*1a, 5 | Fi—1)p]

1=1 =1
= 25l 12> ).

It follows that

n

Z]E[HMz‘ —Mi1|P | Fi—nyp] = Z 19(X 1)) IPEf [|[ DS pLa, o P | Fio1)p)

=1 =1
3/2
< (CIFIEHP S l9(X mnyp) I
=1
3/2 _
< =25 (CIFIE2 g5 > (V)

for small enough D. The condition of Lemma 23 therefore holds with

1 3/2
= Chop e = max (L, AC?| f2:d™" £.2) ClF 122 Mgl
Moreover, recalling that g € V; in (49) and using the bound (40), on the event By,

N
1 N
M)y = D2 E 9(X(i—1)p)’Ef (33 plFi—1yplla, » < Cpo Ngld < Cppy, (14 £)Nlgll3.
=1

Applying Lemma 23 at n = N with y = Cjz_, (1 + #)N||g||5, we finally obtain for all ¢ > 0,

Poy £ (|Zn(g)] > t) < 24 (|Mn| >, By)
< 2P (|Mu| = t, M) < Cjpy, Nllgllz)
t2
2(Ci 1 NIgIE + Clslior  fumin g||oot))'
Using that ||g||e < C279/2||g||2 for g € V;, we have that for all g, ¢’ € V; and ¢ > 0,
Ct?
Nllg—g'll3 +2792|lg — g’||2t)'

We may therefore apply the generic chaining bound in Lemma 31 in Section 9.5 below with m =
dim(Vy) = O(27%), Ssll2 = sup, peg, lg—hll2 <2,a* =N, 3 = 274/2 to obtain that for all u > 1,

§4exp(—

Pry.s(1Zn(9) = Zn(g)| 2 1) < dexp -

]}»BNJ( sup | Zn(g)| = il fllon o (2894/2 4 9Jd/2\1/2 +2Jd/2u+N1/2\/a)) <e .

g€Vis:|lgll2<1

Setting u = LNe%, with L > 0 then gives

Pays( s |Zy(g) = MN&y) < e BN
9€Vs:llgll2<1

for any ey, £y, 27 satisfying
(52) 937d/2 N1 4 9Jd/2N-1/2 | 9l /22 L o<

upon taking M = M (L, || f|le1, fmin) large enough. This establishes (50), so that we have the re-
quired exponential inequality in (49) for the term (dD)™'%; p in R; p.
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It remains to prove (51). By Itd’s isometry,

s 8 iD
Ef[(D™'%:p)*1a: p | Fi-1)p] = Dl {/( o [ Xs — X(i-1)pl*f(Xs)ds | 5"(%1)[)] 1a,p

8fmin
D2

Y

(i*l)DJrTi’D/\D
Ef {/ |Xs — X(i—1)p|*ds| 5"(#1)[)} 14,5,
(i—1)D

where 7; p defined in (33) is the hitting time of the boundary 00 by the process X started at time
(i — 1)D. Furthermore,

(i—1)D+47i pAD
Ef [/( | Xs — X(—1)p|ds]| 5:(1‘—1)13}

i—1)D
(i—1)D+71y,pAD s
—E; { / / df (X,)duds | S"(i,l)D}
(i—1)D (i—1)D
(’L‘*l)DJrTi,D/\D s
(53) + 2K, [ / / (Xs = X(_1)p) - VF(X,)duds | ?(i,l)D]
(i—1)D (i—1)D

Lemma 19 applied to the second term of the right-hand side of (53) yields

(’L‘*l)DJrTi,D/\D s
‘2Ef[/ / (Xs — X(i—1)p) - Vf(Xu)duds | F;—1)p] ’ < D12
(i—1)D (i—1)D

3

up to a (deterministic) constant that depends only on || f||e1, while the first term of the right-hand
side of (53) times 14, , can bounded below by df i, times

2
Es[(7i,0 A D) 147, >0y | F-1yp]1asp = D*Py(7ip 2 D[ Fi-1yp) L
> D(1 - Cexp(—eD™)1a, ,
thanks to Lemma 20. We thus have

(i=1)D+7i,p AD
£y [/( ) [ Xs = X(j—l)D|2dS | S:(i—l)D} > dD? funin — O(D5/2)
i—1)D

and (51) readily follows.

Step 2: We next turn to the boundary term in (46). Set ZN(g) = D! Zij\il g(X(i_l)D)ZinIAi,D.
Since sup v, |g).<1 1913 < (14 &) on By, by Cauchy-Schwarz’s inequality,

N
Pr( sup [Lnlg) = CNew By ) <Br(A+0)D 2N Y L2 pla,, > Cch)

9€Vs,llgll2<1 i=1
N
< Z]P’f (ti,p = D, Aip) S Nexp(—eD ™)
i=1

using that Ei, p vanishes on {7; p < D} N A; p and Lemma 20.

Step 3: We finally consider the drift term in (46). Setting by (9) = D7t Zfil g(X(i_l)D)fl;i7D 14,5,
we will prove

(54) Pf( sup o ()| > MNgN,BN) < Cexp(~LNe2)
9V llglla<1



HIGH FREQUENCY MULTIDIMENSIONAL DIFFUSIONS 33

for arbitrary fixed L > 0 and M = M (L) large enough, under the assumption ND? — 0. By It0’s
formula, with H(z,y) = d(f(y) — f(z)) + (y — x) - Vf(y), similarly to (42) in Step 2 of the proof of
Proposition 14, we can decompose

iD
bip = / H(X(i—1p,Xs)ds = b; p(H) + %; p(H) + L; p(H),
(i-1)D

with
Bi,D(H) :/ / LfH(X(l,l)D,Xu)duds
(i—1)D J(i—1)D

iD s
p(H) = /( : /( : VH(Xi-1p, Xu)V2f(Xu) - dByds
i—1)D J(i—1)D

iD s
= / / VI{(‘X(i—l)DwXu) ’ n(Xu)d|é|u
(i—1)D J(i—1)D

We bound the deviation probability each contribution in the expansion of by(g) via a union
bound. Using Cauchy-Schwarz’s inequality and the bound

1D s
| / / L7 H(X(i-1)p, Xu)duds| < 5D?|[£ 1 H]joo < Co 515 D%,
i—1)D J (i—1)D

where the supremum is taken over (z,y) € O x O, we derive

Pr( sup 1|Zg G-1p)Bin (H)La, | > CNéw, By )
g€V,llgll2<1

< Pf(N_l Z(ELD(H))2 2 C2D2512V) = Nl{Co £l D >C£N}

where we used that sup,cy,, 1,<1 9% < (1+ &) on By. The assumptions ND? — 0 and N&3 —
oo together imply that for sufficiently large /N, we necessarily have CO,H Flles D? < C&% and the

above probability is thus zero. For the martingale term associated to 3; p(H), we proceed exactly
as in Step 1: define

n—D 129 (i— l)D (H)]‘Ai,D'

By Fubini’s theorem and the Burkholder—Dav1s—Gundy inequality:
E[|D7"Sip(H)1a, " | Fi-1)p]

1D
:DPEfU/( ) (u— (i = )D)VH(X(i-1)p, Xu)V/2f (Xu) - dBu|” | Fi-1)p }quds
1—1)D
1D
SDip(C*p)p/QEf“ ( )D(U—(’L—l)D)2|VH(X(Z_1)D, )| 2f dS’ ‘?(i—l)D:|1Ai,DdS
1—1

< DY eup)P 2| \VHP2f |52 By (D' Eip(H)1a, 5)° | Fi1)p)
< (DY2C) 4y )PP Ef (DTS p(H) 14, ) | Fio1)0)
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with Cj 4., > €' max(1, (2¢,]|f]ls)'/?||VH||s) and C” a universal constant such that p? < C’p!.
It follows that

ZE[HJ\/& ~M;1? | Fi—nypl = Z 9(X (1)) PE# [|D7'S5 p(H)La, [P | Fi-1)p]
i=1 =1
< (D20 445 1 9lloo) 2 pH{) n,

so that the condition of Lemma 23 holds with ¢ = D/ 2C’I’l fllea

lglloo for instance. Moreover,
JR— N _
)x = 3 0(X 0 ¢ [(D7'Zu p (H) 1, ) | Fy0] < CNIgl3 D < C(1+ w)|g 3N D
i=1
on the event B, so that applying Lemma 23 withn = N and y = C(1 + k)||g||3N D yields

Py (D7 9(X(i—1)p)Tip(H)la, , > t) < CPr(My > t,(M)n < C'ND|g||3)

=1

t2
< 2Cexp ( -C )
ND|gll3 + D*?||g]l
forall ¢ > 0. Setting Zn(g) = D' 3", 9(X(i—1)p)Xi,p(H)1a, ,, the process Zn = (Zn(g) :
g € {Vy :|lgllz < 1}) therefore satisfies the conditions of Lemma 31 with m = dim(V;) = O(279),
[S]l2 <2, 0% = ND, 8 = D'/?274/2, where we have also used the linearity of g — Zy(g) and that
9llo < C27/2|\g||o for g € V;. Lemma 31 thus implies that for all u > 1,

PBN,J"( V&”lp” <1|7N(g)| > CD1/2(23Jd/2+2Jd/2N1/2+\/EN1/2+U2J(1/2)) <e.
9eVr,liglla<

Returning to (54), we want a bound of the form
Pays( s [Zn(g)] = ONéx) < e V5,
9€Vr,ligll2<1
Setting u = LN¢%; in the second last display, this follows as soon as
D1/2(23Jd/2N—1 + 2](1/2]\]-1/2 + EN + 2](1/25?\]) 5 €N

But this is exactly condition (52) above with the left-side multiplied by the superoptimal factor
D'/2, and hence this condition is implied by (52). For the boundary term associated to L; p(H),
we proceed exactly as in Step 2, replacing L; p by L; p. The conclusion is the same.

7. PROOFS OF POSTERIOR CONTRACTION RESULTS

7.1. Proof of Theorem 11: a general contraction theorem. The proof follows the general testing
approach of [26] and the idea of using plug-in tests based on frequentist estimators satisfying
concentration inequalities [27], adapted to the present high-frequency multidimensional diffusion
setting. The next result follows by combining the proof of Theorem 8.9 in [26] for the i.i.d. case
with our evidence lower bound in Theorem 8.

Lemma 24. Suppose fo € Fo and let I1 = Il be a sequence of prior distributions supported on J in (12).
Furtherlet 0 < ey < e1ny < ean < esn — 0, En — 0 be positive sequences such that Ne% — oo, let
En and Vi be the corresponding quantities defined in (16), and let r > 0 be fixed. Set

ey = {f EF:|flle <mllf = follo <ens |If = foller < epn fork = 1,2,3}
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to be the set defined in (15) and Co > 0 to be the fixed constant in Theorem 8, which depends only on
fo,7,d, 0,6, fmin. Suppose that for some Ky > 0,

En < Koeh, Vn/(N?ey) =0,
as N — oo. Further suppose that for some C,L, M > 0, the prior II satisfies II(Cn) > e~ONeN, and

there exist sets Fy C F satisfying IL(F§;) < Le—(C+CoKo+2)NeY ovents By satisfying Py, (Bn) — 1
and a sequence of test functions U = U (X, Xp,...,Xnp) such that

Ef,[¥nlg,] — 0, sup Ef[(1 — Wy)lg,] < Le (CHCoKot2)Ney
FETN:|f—folla>MEn

Then as N — oo,
]EfOH(f : H.f_ f0H2 Z M€N|X07XD7" 7XND) — 0.

Proof. Writing Ay = {f : |f — foll2 > M¢&,} and XV = (X0, Xp,..., Xnp), we have
Es I(AN|XY) < Ep (AN [XY)(1 = Un)1ey] + Ep [On1E,y] + Pr,y (BR)-

Since the last two terms tend to zero by assumption, it remains to control the first term. We thus
need only prove convergence in Py -probability to zero of

N  p;p(Xu-1yp,XiD)
fAN Hi:l Pfo,D(X(i—l)D;XiD)dH('f)

N  p;p(Xi-1)p,XiD)
f’f Hi:l Pfo,0(X-1)p,XiD) dII(f)

(AN XM)(1 = UN)lg, = (1—Tn)lp,.

By Theorem 8, we have for any ¢ > 0 and any probability measure v supported on Cy,

N
' D(X(i—1)Ds Xi
]P)fo / pf=D( (i-1)D D) V(df) < echE?V*CONEN < 2V];7 T
ex =1 Pfo.0(X(i—1)p> XiD) c2N2e%,

Letv =II(-N€x)/II(Cx) be the prior distribution conditioned to the set Cy, and define the events

i 270X i-np, Xin) c 2 c+C 2
QN = / ’ dH(f) > H(GN)G_( 0Ko+1)Ney > 8_( +CoKo+1)Neg, 7
en 1 Pfo.0(X(i—1yp, XiD)

where we used I1(Cx) > e~ NN in the last inequality. Setting ¢ = 1 and since Ex < Koe2; by
assumption, the second last display implies Py, (2,) < Vi /(N?%e%;) — 0as N — oc. Thus for any
n>0,

Ps, (AN XN)(1 = Un)1py > 1)

N
- (Xi—1)p, Xi
AN =1 pf(),D( (i—1)Dy “Xi )

By Fubini’s theorem and since 0 <1 - ¥y <1,

E; / al Ps,0(Xi-1)p> XiD)
’ AN =1 pr7D(X(i_1)D) X’L )

dil(f)(1 = ¥N)1py

:/A E[(1— Wn)1p,]dII(f)

<TI(FY) + sup Ef[(1— Un)lp,] < 2Le (CHOoKot2)Ne}
FEFNlfToll> M.,
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using the assumptions on the tests ¥ and on Jy. Combining the last two displays and using
Markov’s inequality gives for any n > 0,

Py, (T(Ax|XN)(1 = Un)lg, > 1) <277 'Le NN 4Py, (Q%) = 0
since Ne%, — oo as N — oo. a

It therefore remains to show that the required tests in Lemma 24 exist under the conditions of
Theorem 11. Setting fy to be the projection estimator in (25), consider tests of the form

(55) Wy = Un(Xo, Xp, .. s Xnp) = {llfnv = foll2 > Mén},
where M > 0is a large enough constant. The required properties then follow from Theorem 9.

Lemma 25. Let ey, én — 0,27 =278 — coand Ry 4, Ry satisfy the conditions of of Theorem 9 and
define the sets

N=AfeF:\flles <r, |f=Psfll2<Cén, |f =Pisflla< Ry, |f —Pisflloc < Ryoc},

where C,r > 0 and P ; denotes the projection (23). Assume the true fo € Fy satisfies the same conditions
as Fy, possibly up to di]i’e/rent constants (e.g. || fo — Py foll2 < Mo&n for some My > 0). Then for any
R > 0, one can take M, M > 0 large enough (depending also on R) such that the tests U in (55) satisfy

Ef[¥nlpy] =0, sup Ef[(1—Un)lz,] < O/e—RNai,,
fETFN:Nf~Ffoll2>MEn

where the event By satisfies sup ;4 Py(BY) — 0as N — oo.

Proof. Consider the event By in (44) and used in Theorem 9, which by Lemma 22 satisfies Py, (Bx) —
las N — oosince fo € Fy C F. Using the definition (55) of the test ¥y, that || fo —Pifoll2 < Moén
and the triangle inequality,

Ef, [Unlsy] <Py ([[fx — Prfolla > (M — Mo)én, By).

Since the conditions of Theorem 9 are satisfied, applying that theorem with M >0 large enough
bounds the right-hand side by C’e=" N0, giving the first part of the lemma.

For the type-II errors, let f € F) satisfy ||f — foll2 > MEn for some M > 0 to be specified
below. Then, since ||f — P f|l2 < Cén,
Ef[(1— Un)1sy] = Pr(l|fn — foll2 < Mén, By)
<Ps(lfo— fll2 = lf5 = Psflla = If = Psfll2 < M&, By)
<Pi((M —M —CO)en < ||fx = Psfll2sBy) < Cle BN,

uniformly over such f, where the last inequality follows from Theorem 9 upon taking M =
M(R,M,C) > 0 large enough. O

Theorem 11 then follows from using the tests in Lemma 25 together with Lemma 24.
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7.2. Proof of Theorem 3: contraction rates for Gaussian priors. Let || - ||z, denote the RKHS
of W. Then xW in (11) is a mean-zero Gaussian process with RKHS H,w = {xw : w € Hwy}
and whose RKHS norm satisfies that for every w € Hyy, there exists some w* € Hy such that
xw = yw* and

Ixwllew = lw*|lew
(Exercise 2.6.5 of [28]). Furthermore, we have that Hy, = Hy with RKHS norm || - ||, = v Nen||-

HHV :

We require the following lemma about the concentration of Gaussian measures on suitable
sieve sets. The proof is similar to Theorem 2.2.2 of [39] (see also Lemma 5.2(i) in [30]) and is hence
omitted.

Lemma 26. For s, M > 0 and the sequence ey = N~ 2+4,, define the sets
(56) Wy ={W =W+ Wy : [Wi|e <en, [[Waln: <M, [W|es < M}

Let W = V/(\/Ney) for V ~ Ty a mean-zero Gaussian process satisfying Condition 2. Then for every
K > 0, there exists M > 0 large enough such that Iy, (W) < e~ KNex,

Proof of Theorem 3. We verify the assumptions of Theorem 11 with ey = N~ %+, ¢, y = N e,
k=1,2,3and 2/ ~ N2+ asin Assumption A.

Small-ball probability: consider the “small-ball condition” (ii) in Theorem 11. Recall that under
the prior IT in (11), f = ®(xW) with W = V/(y/Nen) for V a mean-zero Gaussian process and
a strictly increasing link function & satisfying || ®* |, < oo for k = 1,2,.... We first state some
useful inequalities regarding the smoothness of compositions of functions. By Theorem 4.3(ii)(3)
in [21], for any > 1,

(57) [®(@)ller < Crall®ller (1 + llglle-)-

Using the multivariate version of Faa di Bruno’s formula [16], one can show that for any g, go € C*
and integer k£ > 1,

(58) [®(g) — @(go)ller < Cha max @D o(1+ lgllx + llgoll&r)llg — gollex
1<j<k+1

(see e.g. Lemma 2 in [49] for the proof of a similar argument).

Since fy € C*, we have wy = ®71(fy) € € by (57) [applied with ®~! instead of ®]. Similarly,
since fo € Fy C €*(0) for &« = 4V (2|d/4 + 1/2]) in (7), we may find r > 0 large enough that
[lwollea < 7. Writing ITy for the law of W under the prior, (57) and (58) together imply that

H(Cn) =T(f € T : [[fllex <711 = Jolloo <en, [lf = foller < ex,n fork =1,2,3)
> Ty (W € €1(0) : 1+ W[ S 7, [V = wolloe S e,
(1 + Tk/a)”XW - ’LUO”G’c 5 €k,N for k = 15 27 3)7

where the < above depend only on @, d, . Under the theorem hypotheses, the last probability is
lower bounded by
Se N,

Iy (W € €4(0) :|xW — xvo,nlex S % IXW = xvo.nlloo <
IXW — xvon|ler S r_k/o‘skw fork=1,2,3),

possibly after replacing r > 0 by a larger constant and then ¢j, y by a multiple of itself. Since y W
is a mean-zero Gaussian process under the prior, and xvo,n € H,yy is in its RKHS, Lemma 1.27 of
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[26] lower bounds the last display by

2
e~ o I Ty (W € @4(0) < [xWlew S 7Y% (X W oo S ey X ler S 7 %y for k = 1,2,3).
Note that [[xvo,v[Ify,, < NeXllvon|fz, = O(Nek) using Exercise 2.6.5 of [28] and the assump-

tion on vy n. Using the last display, that x € €, W = V/ V/Ney and the Gaussian correlation
inequality [51] (see Lemma A.2 in [30] for the exact formulation we use), we have

(Cy) > e ONNITy (V € CH0) : |[V]en < rY/*VNey)
(59) 3
< [[ov(V € €40) : [Vler Sr "V Nenern),
k=0
for some C' > 0 and where above we have written g y = ey . It therefore suffices to lower bound
each of the prior probabilities in (59).

For Hy; and Hj the unit balls of the RKHS Hy and H?, respectively, we have under Condition
2 that for integer k& > 0,

.
log N(Hv,1, [| - llex, 7) <log N(cHY, | - [lex, ) S 77 5F.

where the last inequality follows by arguing as in the proof of Theorem 4.3.36 in [28] as soon as
s —k > d/2. Applying the small ball estimate in Theorem 1.2 of [35] (in particular, (1.3) in [35]
2d

with exponents o = ook =d and § = 0), we have for s — k > d/2,

Oy ([Vler <n) > exp (—07772“*221)“) asn — 0.

Using the last display with ny = 1/(log N) and k = « shows that the first prior probability in (59)
is greater than or equal to e=¢(°8)" > ¢=CONe\ for s > a + d/2, any fixed r > 0 and some x > 0.
In particular, it can be checked that the minimal smoothness s} , in (13) assumed in the present

theorem satisfies sj; , > a+d/2 for any dimension d € N, and hence this last condition is satisfied.
s—k—d/2

For the choice 5 y = N~35%4, we have VNeg yexrn = N~ T Ly 0fors > k+ d/2. Using the
last display with 1 = . x = cr*/*\/Neg yeg,n then yields

3 3 .

H My (|V]er SV Nenepn) > H exp (—cnk_fv(s'“)d) > exp (—cr @=6-aa Ns?v)
k=0 k=0 7

taking 7 > 1 and using that (v/Neg ey, y) TR = N5t = N . In particular, taking e

a large multiple of itself if necessary, the last display is lower bounded by e~V =N for any fixed

r > 1land s > k + d/2. Together with (59), this gives the required lower bound II(Cy) > e~V N,

which verifies the small-ball condition (ii) in Theorem 11.

Sieve sets: consider the condition (i) in Theorem 11. For s as in this theorem and M > 0, let
Wy be the set defined in (56). For any K > 0, we can find M = M (K) > 0 sufficiently large that
Oy (W) < e KN X by Lemma 26. In particular, let K > C + CoKy + 2 for C the constant in
Theorem 11 coming from the small-ball condition (ii) just proved. Define

Fn={f=2(xw) : we Wy},

so that II(F5,) < e XNV as required. Since w € Wy satisfies |[w||es < M, we have || ®(yw)|[er <
Call®|ler (1 + [[xller|w|ler) < Caa,x(1 + M) using (57). To verify the bias conditions, we invoke
Lemma 27 below with p = 2,4, oo to get that forall f € F,,,

If=Piflly Sen + €277 =d/24d/p=m) (Np 4 Aoy < 9= (s=d/2+d/p=n)
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for any n > 0 when p = 4 or oo, and 1 = 0 when p = 2. Therefore, since 278 ~ ¢, Fy satisfies
InC{fed:|fle SLIf=PifllaSen: If =Piflla SRias If —Piflloe S Rioo}

for Ry 4 o~ 27 7(s=d/4=m) ~ N~ 557 and Ryjoo o 277(s=d/27m) ~ N*%, i.e. condition (i) in
Theorem 11.

We lastly verify the numeric constraints on the sequence choices with also D = N7% a €
(1/2,1). Since fo € FoNE*(0), we have by similar arguments to the above that || fo — P fol2 < en
and || fo — P follp < Ry, for p € {4,00}. The condition 27¢ ~ N5 = o(y/ND) = o(N(1-9/2)

d(14+a)
2(1—a)

is equivalent to
these reduce to

< s. Turning to the quantitative conditions (26), for our sequence choices

a_3s/2-d/4-n

RJ N SDEy <= N =Hd SN

a_ 2s—d/2—n
§N5N D¢y = NI TmrT Sy

93Jd/2 N1 4 9 d/2N=1/2 | 2“%% tey<éy = NTEIT p N <gy
Since s > d/2 by assumption, we finally get rate

3s/2—d/4—n a 2s—d/2-n

gNszﬁ +N%7 Ss+d +N§7 Is+d

i.e. the largest of the three conditions above. One can check that N~ %+ is the largest term for

5> EiJrZ;r a € (1/2,1) and n > 0 small enough. 0

Lemma 27. For s > d/2V 1 and M > 0, let Wy be the set (56). Let & € C>*(R) be a link function,
X € €*(0) a smooth cutoff function such that x = 1 on K and x = 0 outside Oy, w € Wy and P be
the projection operator (23). Then for p € [2,00], any n > 0and w € Wy,

[@ 0 (xw) — Ps[® o (xw)]|l, < Cen + C277md/2Hd/p=n)(yf 4 Ar#),
where C depends only on @, x,p, s, d,vol(O), n and the wavelet basis. If p = 2, we may further take n = 0.

Proof. Let w € Wy and write w = w; + ws as in (56). Then for any z € O,
(60)
@0 (xw)(x) = 1= Ps[®o (xw) —1](z)] <[P o (xwr + xwa)(x) — P o (xwz)(x)]
+[® o (xwz)(x) = 1 = Py[®o (xwz) — 1](z)|
+ [Py[® o (xwz) = 1)(2) — Ps[® o (xwr + xw2) — 1](2)].
By the mean-value theorem, the first term in (60) is bounded by ||| oo || X || oo |1 || - Let Ky (x, y) =

2743, 7 0272 — k)¢(27y — k) denote the wavelet projection kernel on all of R¢, where ¢ is the
Daubechies father wavelet. By the localization property of wavelets, [, |K;(z,y)|dy < 1 for all

r € RZ Since the full L2-projection operator Py : L2(R%) — L2(R?) onto {ty, : | < J,r € Z}
satisfies P J[ fRd Kj(z,y)9(y)dy, and P; and P; coincide for functions whose support is
contained in Oo, the third term in (60) can be expanded as

|Py[® o (xws) = 1](z) = Ps[® o (xw1 + xw2) — 1](z)]|

\ / K (., 9) (@ (cy)un(y)) — S(cy)un (9) + x(w)wa(y)))dy

S ||‘1>’||oo||x||oo|\w1||oo/Rd (K (2, y)ldy S [lw oo
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Combining the bounds for (60), taking p'"-powers of everything and integrating over the bounded
domain O then yields

[@o (xw) =1 = Ps[®o (xw) = 1[I} S [willf + 10 (xwz) =1 = Ps[® o (xws) = 1][[7.

Note that (60) equals zero for z ¢ O, and hence the L”-norms in the last display can equivalently
be considered over either O or R?. Consider the latter, and let B, denote the usual Besov spaces
over R?%. Using the wavelet characterization of Besov spaces ([28], Chapter 4.3), the embedding
BY (R?) < LP(R?) ((4.93) in [28]) and the usual decay bounds for wavelet projections, the second
term in the last equation is bounded by a constant times

1€ 0 (xwz) =1 = P[® o (xwz) = 1lpo, S 2777 ® o (xw2) — U/,

for t > 0, with the obvious modifications if p = co. Using the embedding H*(R?%) = Bj,(RY) —
B Y*H/P for any p > 2 and 1 > 0 ([28], Proposition 4.3.10), we may set t = s — d/2 +d/p —
in the last display and replace the B};-norm by an H*-norm. Since ® € €*(R) and s > d/2V 1,
Theorem 4(i) of [55] yields [|® o (xw2) — 1|lg= < |Ixwallas + |Ixwall5e S lwellgs + |Jwa]/f.. In
summary, for p > 2 we have

1€ 0 (xw) =1 = Ps[® o (xw) = llp S lwnlloo + 27772270 (g | e + [[enl3s-)

for any > 0. The case p = 2 follows similarly, but more easily. In particular, since H* = B,
for t € R, we may avoid the use of embeddings and thus can obtain the same result with n = 0.
Substituting in the bounds for w; and ws coming from the definition (56) of Wy then gives the
result. O

7.3. Proof of Corollaries 4 and 5: examples of Gaussian process priors.

Proof of Corollary 4. The Matérn process on all of R? has RKHS norm equal to || - ||, = || - || zr= (ra)
([26], Chapter 11), and hence its restriction to O has RKHS norm equal to H*(0) by Exercise 2.6.5
of [28]. Moreover, by Proposition 1.4 of [26], V has a version who sample paths are in €"(0) II-
almost surely for any r < s — d/2. In particular, €"(0O) is a separable linear subspace of €*(0)
for any r > 4, a suitable choice of which exists as soon as s > d/2 + 4. The Matérn process thus
satisfies Condition 2 for s > d/2 + 4 since its RKHS norm equals the H*(0)-norm.

We may therefore apply Theorem 3 to the Matérn process when f, € €*(0). Indeed, since
wo = ®71(fo) € €5(0) by (57) (which applies also to ®~!) and supp(wy) C K, we may take the
constant sequence vo v = wy € H*(O) = Hy, which trivially satisfies the conditions (i)-(iii) in
Theorem 3. O

Proof of Corollary 5. The Gaussian wavelet series prior (14) has RKHS equal to

J J
Hy = {h =30 gty IBIE, =)0 > 2%hE < oo} :

l=Jor€ER; l=JoT€ER;

with ||h||m, = oo if h is not a truncated sum up to level J. Hence Hy — H*(0) by the wavelet
characterization of L2-Sobolev norms. Draws from the prior (14) are finite sums of wavelets (1),
hence V will almost surely have the same Holder smoothness as (¢4,). Thus taking a smooth
enough wavelet basis, we have that V is supported on a separable linear subspace of €*(0),
thereby satisfying Condition 2.
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We may therefore apply Theorem 3. For fy € C*(0), wg = &7 (fy) € €5(0) by (57) (which
applies also to @ !) and supp(wp) € K C Op. Set

J
von(@) =D (wo, i )atiir(x),

I=Jo r€R;

the wavelet projection at resolution level J. In particular, ||vo, v ||m, = ||vo,n||m: < [Jwollas < o0.
Moreover, using that wy = xwo and the standard Besov space embeddings B’ ., — C" — BL;
for all » > 0, we have

oo
lwo = xvo,nllex S llwo —vovllex S Y 2K+ max |(wo, Yur)2|
I=J+1 !

oo
B Y, 271TR) <l
J=J+1

eS27,](sfk) 5 N—;S;fd

S [lwol

since 27 ~ N7¥i, Together these verify conditions (i)-(iii) of Theorem 3, thereby giving the
desired result.

8. HEAT KERNEL ESTIMATES IN SMALL TIME

In this section, we use various estimates for the transition densities of diffusions to study the
expectation and variance of the integrated log-likelihood process A/, in Theorem 8. For terms
near the boundary (the events (A; p)€), it suffices to use upper and lower bounds of the same or-
der. Combining the upper bound from Theorem 3.2.9 of [20] with the lower bound from Theorem
3.1 of [17], one has that for z,y € O, the transition densities of (X;) generated by (1) satisfy:

2

o _ly—= _ y — z|?
6) e (07 ) <y ney) < 0o (- 0p BT,

D

where these estimates are uniform over f € Cn C {f : f > fmin, || flles < 7} for any positive
even integer o > d/2 — 1, see also the proof of Proposition 4 of [40]. In particular, the smallest
such integer is 2 |d/4 + 1/2], which is exactly the minimal smoothness assumption used to define
a = aq in (7). For the main terms in the interior of O (the events A; p)), we will require more
precise estimates, which are developed in Section 8.4 below.

8.1. Proof of Lemma 12. Using (61), we have

log i —(C7 — C+) ly — ‘le < log Pfo,0(T,Y) < log i _ (CJr —Cr) ly — CL‘|2
cf fo WIS D T P ppplry) T ¢ foo WIS D

which implies for k£ = 1, 2,

Kk 2k 2
Py p(T,y) ly — | —d/2 +|y—:c|
(log m) Pfo (37, y) < (Cfo-,f + Ofo,fT)D / exp ( - Cfo T)

for all z,y € O. Since all constants above are uniform over J’ by (61), so too are all constants
below, which will not be explicitly mentioned. For v > 0, the region of the integral such that
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ly — x| > v+/Dlog N thus satisfies

/ <1O pfo,D(xvy)
2€O\O0? |ly—a|>y/Dlog N ps.p(7,y)
(62) < Oy 5, D21 + 4% (log NYF )N~ %R,
Using that log(1 + z) < |z| for z > —1 and (61), for k =1,

pfo-,D(Ia y)
pf.0(T,Y)

k
) Pfo,0(x,y)dx dy

lo |pfo,D(x7y)

(z,y)
2

f,D\Z, Y

Jr

Cfo o O+ |y—IE
c—_lpf,D(x,y)—pfo.,D(I,y)lexp € =Cr)=p— )
;

Pso.0(x,y) < ps.p(,Y) — fo,0(T,Y)

IN

Similarly for k = 2,

Pro.n(,y)\?
(log pr.o(T,y) )
(ps,0(2,y) = Pro,(2,7))

~ min (pf,D(CC,y),pfo,D(«T7y))2

2
2 ., . y—x
(pr.o(2,9) — pso,0(,9)) min(c;, ¢y ) 2D exp (2max(C;f,C;;)| 5 | )

IN

2
y—x
= C}’f“ ’p-f’D(‘T’y) - pfoxD(xu y)‘de exp (C,ﬂfo | D | )

using the rough bound
2
(pr.0(x,y) = pgo,0(2,9))” < |pr.o(2,y) = pgo,0(2,y)|(Pr,0(2,Y) + Dgo,0(2,y))
with (61). Therefore, for y such that |y — x| < vv/Dlog N, we obtain
/ (1 pfo,D('rv y)
160\03/2,\y71\§'y\/D10gN pf,D(xvy)

< C(f-,fo]\70}*700’)12 /
z€0\0)/?

k
) Pfo,p (T, y)dx dy
(63)
lpy.o(x, ) = pro.0(x;")||Tvd,

where || - || denote total variation norm and py,p(z,.A) = [, ps.p(x,y)dy for any Borel A C O with
a slight abuse of notation. Thanks to Lemma 28 right below, the last display is then bounded by

Cy 100N Crso” exp(—csD~1), which completes the proof.

8.2. The behaviour of the transition density near the boundary. The following lemma shows
that the transition densities for different functions in F are similar for points near the boundary.

Lemma 28. Forx € O\ O and f, fo € F, it holds that

16 2
lps.o(z,) = pro.n(x, )TV < T5° 0°/Q8D),

Proof. Write P/ for the law of the solution X to (1) with conductivity f conditional on X, = z. Let
7 = inf{t > 0, X; € 900¢} denote the hitting time of the boundary of Oy. For a Borel set A C O, by
the strong Markov property,

pro(x,A) =E1ix ey lirany] +ELpsp—r (Xr, A< py].
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Since z € 9\ O3, we have

Bl xpeaylir>ny] = EL [1{x,ea1{r>0)]
since the functions f and fj coincide on O \ Oy. It follows that
(64) Ips.0(@, ) = pro,p(z,)|Tv < 2Ps(7 < D).

Here, for z € O\ Og, the hitting time 7 of the boundary of O by the process (z + V2B, + L)e>0
has law that does not depend on f nor fy. Introduce now the two stopping times 0 < .S <T"

S =inf{t >0, X; € 003}, T =inf{t > S, |X; — Xs| > d},

the first hitting time of the boundary 00§ and the first exit time of the ball of center X and radius
/2, respectively. Necessarily,

{TSD}C{

Moreover, the process (X (;4+s)a7 — X5)¢>0 has the same law as (\/ﬁBmT)tzo. It follows that

sup [ X(4s)ar — Xs| = 5/2} :
0<t<D

P.(r<D) <P, ( sup |Biar| > 5/23/2) <P, ( sup |By| > 5/23/2>
<t<D 0<t<D

0<
4 93/2 52
< >5/2%/%) < ——— _ 7
< 4P, (Bp 2 0/2%%) < =3 exp( 16D)’
where the third inequality follow from the reflection principle for Brownian motion and the last
inequality from the standard Gaussian tail bound. Combining (64) with the last display proves
the lemma.

8.3. Proof of Lemma 13. Let g = f or fj in the notation below. For p, p(x,y), an estimate of the
kind (61) is classical (see e.g. [5, 24] for diffusion processes over the whole space R¢. Using the
analogous estimate to (61), one can then argue exactly as in the proof of Lemma 12, again splitting
the integral according to whether |y — z| < v+/Dlog N or not. In particular, using the analogues
of (62) and (63), one gets for K = 1,2 and any v > 0,

k
DPg,D\T,Y
/ <logw> Pfo.0(,y)dx dy
z€08,y€0 pg-,D(fan)

_Ct A2 1 2 -
< Cg,foD_dm(l + 72k(10g N)k)N “i7 + C!Lfoj\/vog’foV / s ”pg,D(‘rv ) - p!LD(‘Tv ')HTVd‘Tv
z€0g

where the constants are uniform over ¥, || - |71 denotes total variation distance on R?, and we
implicitly extend p, p (7, -) into a probability measure on R¢ by setting p, p(x,A) = py p(z, ANO)
for any Borel set A in R?. We claim that

N . < Y T
(65) Ipg. () = By (. )Irv < 4dexp( 20d||g|ooD)

for z € 0 and any g € F with D < Dy (6, ||g||e:) small enough. By (65) the second last display is
then bounded by

Clyo o D™2(1 4+ 7 (log N)F YN0 4 0y 1, NO0207" exp (=i sD7) .
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which completes the proof. It thus remains to prove (65). Let z € 0 and 7 = inf{t > 0, X, € 90}
be the hitting time of the boundary 0. For any Borel set A in R?, by the strong Markov property,

pg,D(ac,.A) = Eg[l{XDeA}l{?>D} |X0 = QC] + Eg[pgyD,:,:(X:,:,.A n O)l{:,:SD} |X0 = ,T]
= ﬁq,p(ac,./l) — Eg[l{)}DeA}l{;gD} |X0 = .’L‘} + Eg[pg_’D,;(X;,.A N O)l{;SD} |X0 = x],
since X; and X, both started at z € O] at ¢ = 0 coincide until they hit the boundary 90. It follows
that
1Pg.p(2; ) = Pg,p (2, )llrv < 2Py (T < D[ Xo = ).
We conclude thanks to Lemma 20.

8.4. Proof of Lemma 21: approximating transition densities for small-time. We rely on a key
second-order estimate of the heat kernel in small time, associated to the metric tensor g;;(x) =
f(z)714;; induced by the diffusion matrix f(z)~'Id on R, viewed as a Riemannian manifold.
For z,y € RY, let

5
li(z,y) mf{ f| t1/2dt, 70::6,71:3/}

denote the Riemannian geodesic distance between x and y, where the infimum is taken over all
smooth paths v : [0, 1] — R¢ connecting z and y at times 0 and 1, and +; is the time derivative of
Yt

Lemma 29. The following small time expansion holds:

pyo(®,y) = m exp ( 41D€ (,y) ) (ar(z,y) + By (x,9)D + D’Ty.p(w,y)),

where
(66) ||0<f|\oo+|\ﬁf||oo+sup ITf.olleo S
and the || - || o-norm is taken for (z,y) € O and the estimates are uniform over f € Cn. Moreover, there
exist smooth functions
a,B:R—>R, of,f1:R? 5 R, o¥,87:R* 5 R, o¥F gik.R* 5 R,
for 1 <4i,j,k < d, independent off such that

os(a) = (50 + 3ol () 00" )
d - |
+ 3 0 (F(@),0: (), 03 £ (@) (& — ) (@’ — 1)
ij=1
d
+ Y A (f@). 0 (). 0% (), 08 f (@) (2 — )@l — y))(@* — o)
ij. k=1
(67) +lo = yltrs(@,y),
where x = (x1,...,2%),y = (y',...,y?) and the remainder term satisfies ||r¢||oo < 1, uniformly in

f € Cn with the supremum taken over (z,y) € O x O. Moreover,

(68) a(f(x) = flz)~2
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The same expansion holds for By (except for (68)) with functions (3, 3%, 39, BY* and a remainder term 7y
satisfying the same property as .

The existence of a small time expansion of the heat kernel in the first part of the lemma is
classical, see e.g. [11]. The robust estimates (66) follows from the main result of Azencott [6]. The
second part uses the strategy of Bilal [13] in order to mix small time and space expansions, which
is the key idea to control the density near the diagonal in small time.

Proof. Consider the Fokker-Planck equation

Oy + div(bsps) = Z afaj )ijPt)
1,j=1

with initial value po(dy) as a probability distribution. In our case, by = Vf and (o0} £ )ig = 2f6i,
yielding

Orpr = A(fpi) — div(Vfp) = Dypi,

where
d
Dyp = A(f$) = Y 0i(0ifd) = AP+ VIV,
i=1
Whenever existence and uniqueness hold, the solution is given by p;(y) = [, pr.:(x,y)po(dz),
where p;+(x,y) is the Markov transition density we are looking to expand Rewriting pr . (x,y) as

f(x)~4/2K,(x,y), this satisfies the Fokker-Planck equation if
6th((E, ) = 'DfKt(.’L', )

with K;(z,y) — f(2)%26,(dy) weakly as t — 0. Our ansatz for the heat kernel takes the form
Kt(ZC, y) ~ K?(Ia y) E?;O FT('rv y)trv where

1 ly(z,y)?
0 _ Y
Kt ('I?y) - (4.7Tt)d/2 exp <_ At >

and a; ~ > o, bst" means a; = Zf:o bt" + O(t*+1) Tt remains to find a formula for the so-
called De Witt coefficients F,(z,y) for r = 0,1 that is compatible with the expansion (67) via
the representation as(z,y) = f(2)~%%Fy(z,y) and By (x,y) = f(x)~%?F;(z,y), and we can then
conclude with Azencott’s result. Define now the operators
(69) App = (2fVI3) - Vo + (fALF —2d+ V[ -VIF)e,
(70) Brp = 4A¢ + 2dV fV .
Following Bilal [13], we have a recursion formula that gives F{ and F; as solutions of the follow-
ing system of differential equations (in the y variable)

ArFo =0, (Af+8)F1 = BsFy, Fy(zr,z)=1.
We further expand F,.(x,y), r = 0,1, via

d

Fr(2,y) :ar(x)'i'zb () 55 _y Z cijr(2) (2" _yi)(xj _yj)

i=1 3,7=1

d
+ Y i (@)@ —y) @ =)@ —y") + Ol —y|h),

i,4,k=1
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for smooth functions a,, b, ¢, and d,. An inspection of (69) and (70) shows that after a suitable
asymptotic expansion of V/% and A7 around z in the y variable, the symbols of A; and B only
involve smooth local functions of f(x), 9 f(x), 97 f (x) and 8% [ (z) with increasing differentiation
order. This implies

a(x) = G (f(2)), biw (@) = by (f(2), 8 f(2)),
cijr(t) = & (f(2),0: (2)), 0% F (@), dijer () = driji (f(2), 0i f (x), 03 f (), 0% f (2))

for smooth functions &T,ET, ¢, and Jr and proves the lemma. O

Completion of the proof of Lemma 21. Using Lemma 29, and a first-order Taylor’s expansion, write

5fo,D(Iay) _ 1 2 ) 2 Oéfo(I,y)
log m = —E(éfo (z,y)° = Ly(x,9)7) + log 7af(:c,y)
Bro(x,y)  Bi(z,y) ,
71) + (% o)~ oes) )D+ DT, 4 p(@,y),

where supce, suppsg |1, ;. pllec S 1, thanks to (66), (68) and f(y) > fmin > 0 on O. The linear
term in D can be rewritten as

Bfo<x7y) — Bf($7y) — ﬂff)(x’y) _ﬂf(ilf,y) as(x —ar (x
O‘fo(‘rvy) O‘f(xay) N afo(;[,'7y) +( j( ’y) fo( ay))

Using (67),
af(z,y) —ap(z,y) = a(f(z)) — alfo(z))

Br(z,y)
Afo (x7y)af(‘r7 y)

d
+ Z (ozi (f(x), alf(x)) —a (fo(l“)7 8zf0(17)))(xZ -y

i=1
+ |£L' - y|2r;"0,f(x7y)7
with HT}Ojnm < _C(|.|.f||@3, || folles). Using the same inequality for B¢(z,y) — By, (z,y) and that
a, B,a", " and o¥, 3% are smooth,
oy (2, y) = gy (@, 9)| + 185 (2, y) = Bro (@, )l S If = folloo + If = foller =yl + |z =y,

with the constant depending only on an upper bound for || f||es and || fo||ez. Using the expan-
sion for ay(z,y) in Lemma 29, (68) and that f > fumin, we have that a¢(z,y), az (x,y) > ¢ > 0,
uniformly over Cy. It follows that

72) ﬂfo(xvy) _ Bf(xvy)

aptry) ar@y| S W= ol +11f = follerl =yl + o =47, (2, 9),

withsupsce, 77 4 lo < 1.

Next, writing 6y (z,y) = f(y)*?ay(z,y) and &y, (z,y) = fo(y)"?as(z,y),

agp(ry) _d,  f(z)

(73) log = —log +logay, (z,y) — logar(x,y).
agley) 2R TR ot ny)
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Using the expansion (67),

d
=148 (f(@).0: @) (" ~ )

d:
+ > a9 (f(x),0if(x), 05 f(2)) (" — y") (@) — o)
ij=1
d
+ Y @R (f(2),0if(2), 07 f (), 0. f (@) (' = y') (2! —y?) (2" — o)
i,5,k=1

+ |.’II - y|47“/f(x,y)

where similarly a}(y) = f(y)??a*(y) for A = i,ij,ijk and a*(y) are the smooth functions given
in (67) that do not depend on f or fj. For notational simplicity, using only a subscript to indicate
the dependence on f and setting z = = — y, the above expansion can be concisely written as

&f:1+2a;zi+2&i 1ZJ+Z~”kzszzk+O(|z|4).
i ©j ijk
Expanding the logarithm around z = 0 to order 3,

10g04j Zozjz —l—zalj 1ZJ+Z"’“kZleZk+O(|Z|4)

ijk

1 o Y » 4 2
(S S+ St o)
3 ij

ijk

+ %(zl: w2+ Za” 22+ Z NUkZZZjZk + O(|Z|4))3 +0(|2|")

ijk

Keeping track of only the leading order terms, the quadratic term in the last display equals

Z z_] 12]+Z " z]k lZ]Z +O(|Z| )

©j ijk

with ()7 = & Jf andl( ”)“k = &J}&Jfk Likewise, the cubic term equals ), (of)7*2'27 2% +
O(|2|*) with (o})7* = a%.a}a%. Therefore,

logay = Zafz —|—Zalg zzﬂ+zawk 202k 4 O(|24),

ijk
with a’, = a, d}j = &Zf - —afaj and a”k = &?k — %a?fajﬁ + %a; ha Setnow

H
Ql

Vpo.r (@) = a5 (f(@ )—af (fo(@), 0 fo()).
V(@) = aj (f(x ), 05 f () — @ (folx), 0 fo(), 07 fo (),
SAED }’“(f()f)f( ), 02 f(x), 0%, f () — 6" (fo(@), 0 fo(x), 0F fo(x), O f(2)),
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where we recall a}(y) = f(y)?2a*(y). This gives the expansion

d d
Qaf, (I;y) i i i i i ; ) )
log oS = 3 A s @t =)+ 30 A7 @6~y — )
’ i=1 =

d
(74) + Y @@ -y @ =) =y + o=yl s (2, y),
ij,k=1

where [|77,. r]lco S 1is uniform over an upper bound for || f||es and || fo||es. By triangle inequality,

i d/2
Vo rlloe S 1542 = 6% loo + 1 = Foller S 1F = foller,
since f, fo > fmin and where the constants in the inequality depend only on fuin and an upper

bound for || f||e: and || fo||er- Using similar expressions for ||7% lloc and ||7% ’ff||oo, we infer

d d
| @ =) =)+ > A @)E -y - ) - )
i,j=1 1,4, k=1
(75) SIF = follez|z = yl> + 11 = follesl — I,
again uniformly over | f|es and | fo|e+. Hence, combining (71), (72), (73), (74) and (75), we obtain
lo @'O,D(Iay)
ps.p(T,y)

- ( - %(éfo (2,9)* = s (2,)%) - glog %)1@608}

{z€0f}

50 (2 (0= D)1 /2y
+(If = followD + 11 = follesly = 21D + y = 22D + £ — follexly — af?
11 = follesly = 2l + ly = |*)r gy (2. 9),

withsupgce, (70,7l < 1. With a slight abuse of notation, we may incorporate the term 1;,¢ s
into the definition of ~yy, (x). The final step is to expand the Riemannian metric ¢;.

Lemma 30. We have
1
2

2 _ |:17—y|2

ly(z,y) f@ © o = yPV @) - (@ = y) + | =yl (2, y),

where supyee, I7flle S 1.

~

Proof. This is textbook Riemannian geometry, see for instance in Appendix B in Bilal [13], the
uniformity in f € €y being straighforward. O

Combining Lemma 30 with the expansion just derived completes the proof of Lemma 21.

9. APPENDIX

9.1. Proof of Theorem 7: minimax lower bound. We go along a classical scheme via the usual
Assouad cube technique, see for instance Tsybakov [60].

Step 1: Pick a cube ¢y, cz]d C X and a smooth wavelet ¢ with compact support on R. Set ¢, =
27/2¢)(27 - —k) and denote by K ; C Z a maximal set of indices k such that supp(ts1.) C [c1, co] for
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allk € K, and supp(¢sx) N supp(¢ i) = O forevery k, k' € Ky withk # k'. For £ = (¢1,...,4q) €
(K )4, set

d
Vi (r,t) () = HU)J& ('), z=(z',...,2%) €0,
=1

so that supp(v e, ....e0)) C [c1,c2]? and supp(Yy, e, ....e0)) N SUPP (Va1 ....er)) = D for (La, ..., £g) #

1900

(0, ) in (Kp)% Fore = ((o, ) : L1y oy ba € Kg) € {—1, 11717 we set
fﬁ(x) =1+ Y Z 5(@1,...,€d)¢J(€1,~..,€d)(x)7 5(51,...,&1) € {_15 1}
(L1,..,0a)E(K )4

Taking v ~ N~'/2 and 2/ ~ N¥/(s+d) wehave f. € Fon{f : ||flles < M} by choosing prefactors
sufficiently small to accomodate constants.

Step 2: For an arbitrary estimator Fn, we repeat the classical argument to bound the maximal L?
risk. We have

sup Eflfv = flI3>  max  Epllfy - fe]3
JeFoN{S:lfles <M} ce{-11}15]

2w 2 > By |fu(a) - fo(o) P

(f1,...,éd)€(K1)d ae{—l,l}‘KJ‘d SuPP(ﬂU(ll ..... ed))

..........
..........

Z / EfJfN(UC) — fo(x)|]?dx

ce{—1,1}IKs1¢ supp(Y(eq,....04))

. n . 2
- Z /supp(ill‘l(/zl eg)) (Ef(i(/ﬁ ----- /fd)’“)'fN(x) f(s(el **** [d),+1)(5€)|

3 a_q Jsupp(Wuey, ...,
&y, e €{—1, 1K1

,,,,,

2
2% Z / |f(€(11 ..... ed)Hrl)(‘r)_f(é(el ..... ed)ﬁl)(x)‘ dx

. a_q /supp(Py(ey, ..., )
ey, ed)G{*Ll}‘KJ‘ 1 (€1 d)

—p _ (1 —eP)1 _
X e (1 (1 € ) ”Pf(s“([l YYYYY e Pf(i(ll YYYYY ey~ ”TV)

for any p > 0, as follows by triangle inequality and classical information bounds, see e.g. [31]
Section 5. From

yyyyyyyyyyy

we infer
sup Byl fy — flI3 2 270" = N7/ EED
feFon{f:llflles <M}
by taking p sufficiently large and using |K ;| > 27, provided the total variation is bounded away
from 1 uniformly in e.
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Step 3: Write g- = f(z,, o)) and h. = f( —1)- It remains to bound

dP Pg.,p(Xo, X D)}
P,. —Py_||2 < 2E,_|lo % | =2NE {10 e e
[Py, — Py < 2y, | log gpt | = 2N, |log Pl 2y
by Pinsker’s inequality and the fact that the diffusion is stationary for the last equality. We plan
to apply a slight modification of Theorem 8 having ey = N~!/2 for subsets C of the form || f —
follz <enand || f — folleo — O, the rest being unchanged. This is simply done by revisiting Step 1
in the proof of Proposition 17. Indeed, it suffices to notice that

fo(X@—nyp) 1 fo(Xi-1)p) 5

— —1) < -

T~ (e — 1)) s Mo - 113

for || f — folloo sufficiently small, using that X(;_;)p is uniformly distributed. This is the case for

fo = g and f = h.. In turn, we check that under the sampling assumption D = N~¢ with
1/2 <a < 1,wehave Exy < N~1. The result follows.

E(ty,tg)

,,,,,

Ey, [ log

9.2. Proof of Theorem 10. If f € Fy and || f||es < M, wehave 0 < f(z) < M for every x € O. By
construction, we also have 0 < f (z) < M for every = € O. It follows that
Efllfa — FI3 S Eflllfx — fl31s ]+ 2M°Ps(BY),

where By is the event in (44). A glance at the proof of Lemma 22 shows that we in fact have the
rate

sup P(B%) Se ¥ SN,
feg

hence the second term has a negligible order. Next, | % (z) — f(z)| = | min(fy (z), M), — f(z)] <
|fn(x) — f(z)| since 0 < f(x) < M. Therefore,

Effllfx — fIB1ey] S Efllfn — 1318, S I = Pofl2e + Eflllfx — Prfll2o1s,],

where P f denotes the projection (23). The first term is of order 272/ ~ N~25/(25+4) by wavelet
approximation since the Daubechies wavelet has at least | s| — 1 vanishing moments, and thus has
the right order. The second term also has the right order as a direct consequence of Theorem 9.

9.3. Proof of Lemma 19. Set

t t
Y; = X +/0 Vf(XS)der/O V2f(X,)dB,.

Then (X, ¢) is solution of the Skorokhod problem for (0, n,Y") since

t
&=n+/n@¢m,
0

and the Skorokhod mapping: I' : Y +— X = TI'Y is uniquely defined see e.g. Lions and Sznitman
[37]. Moreover, we have Q5(I'Y) < Q5(Y), where

Qs5(v) = sup () — ¥ (s)]

0<s,t<T,|[t—s|<d

denotes the modulus of continuity of ¢ : [0, 7] — R¢, so that it suffices to prove (32) for Y instead
of X. We bound the first term by

IR = sy

sup
s<u<t

| v
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For the second term, we apply the Burkholder-Davis-Gundy inequality to obtain

u P P/2
/ V2F(X,)dB,

Fs

E; [ sup

s<u<t

(Xy)du

CFS} < CpdP/?Ey l

< Cpall FIBEE(t = 5)P/2.

9.4. Proof of Lemma 20. Consider the process ()?t)tzo defined in (28). On A; p, the two paths
(Xt = X(i—1)p)t>(i—1)p and (X — X(;_1)p)s>(i—1)p coincide for t — (i — 1)D < 7; p. Using that
dist(03,00) > §/2, it follows that

Ps,(1i,p0 > D, Asp) < ]P)fo(oiup |X (—1)p+t — X—1ypl* > £, X—1)p € O )
t<

< sup ]P’fo( sup |Xt —z]? > g | Xo :x),
z€OY 0<t<D

by the Markov property. By Itd’s formula, we further have

2

1 2,
sup |Xt—x|2<2D2Z||fo||el+2 sup }/ 2fo(X /

0<t<D =
and hence
]P’fo( sup | Xy — x| > 16%| Xo = x) < ]P’fo( sup [My(g)|* > 16> — CyD? | Xo = x)
0<t<D 0<t<D
<Py ( s PG > 367 Xo =)
0<t<D
for small enough D, where M;(fy) = fo (2 fo ))'/2dB; is a d-dimensional martingale with pre-

dictable bracket (M fo, M7 (fo)): = 2 fo fo(X d55u < 2|/ folloot 6i5- It follows that for any € O:
- 2 o 152 _ , i 1 _
Py, ( sup |X—af > 16%| Xo = x) < ;PJO(OSED M (fo)| = =8| Xp =)

0<t<D
62
< 2dexp (- -0,
P\ 20d][ foll oD

where we have used Bernstein’s inequality for continuous local martingale (M, );>o:

]P( sup M, > x, (M), < y) < e~/ (2)

0<s<t

(see e.g. [50] p.154).

9.5. A generic chaining inequality and the event By. Inseveral places, we require the following
concentration inequality, which is based on a chaining argument for stochastic processes with
mixed tails, see Theorem 2.2.28 in [58] or Theorem 3.5 in [23].

Lemma 31. Let S C L?(0) be a finite-dimensional linear space with dimension dim(S) = m < oc. Let
Z = (Z(g) : g € ) be a stochastic process with index set G C S satisfying ||G|l2 = sup, peg lg — hll2 <
oo. Suppose that Z satisfies for all g,h € Gandt > 0,

ct?
P(1Z(g) - Z(h)] > 1) < C'exp (‘a2|g —hlZ+ Bllg - h|2t) ’
2




52 MARC HOFFMANN AND KOLYAN RAY

where C, c, o, f > 0. Then forany go € Gand all u > 1,
P <surg> 1Z(9) = Z(g0)] = K (mp + Vma + Bu + av/u) ||9||2> <e
ge
where K depends only on C and c.

Proof. Let (e : 1 < k < m) be an L?-orthonormal basis for S. After rearranging, the Bernstein
inequality implies that for C;, Cy > 0 large enough, depending only on C and ¢,

P (1Z(g) — Z(h)| > C1Bullg — hll2 + Caav/ullg — hll2) < 2e™*

holds for all u > 0. The process Z therefore has a mixed tail as in (3.8) of Dirksen [23] with respect
to the metrics

di(g,h) = C18|lg — hll2 = C18/{g — h, ex)2|rm,
da(g,h) = Caallg — hl|2 = Caal(g — h, ex)2|rm,

where the last equalities follow from Parseval’s theorem and | - [gm is the Euclidean norm on
R™. The dy- and do-diameters of G are therefore bounded by Ay, (5) < C16]/G]|2 and Ay, (G) <
C2a||G||2, respectively. Theorem 3.5 of [23] thus yields that for absolute constants C’, ¢’ > 0 and
any u > 1,

P (sup |Z(9) — Z(g0)| = C'1(S, d1) + C'v2(G, d2) + ¢ C18]|G||]2u + C’Cga|9|2\/ﬂ> <e™,
geS

where 1, ¥ are the ‘generic chaining functionals’ defined in [23]. In particular, (2.3) of [23] gives
the estimate 74(S,d;) < C(«) [, (log N(§,d;,€))"/*de, where N(§,d;, ) denotes the covering
number of the set G, i.e. the smallest number of d;-balls of radius € needed to cover G. Since § C S
and S is a finite-dimensional linear space, the second-last display implies that

N(S,dy,e) < N({z € R™ : |z|em < [|Sll2}, C18] - [rm, €),

and likewise for dy. Using for instance Proposition 4.3.34 in the textbook [28] to bound the log-
covering number of a ball in finite-dimensional Euclidean space,

(S dh) < / log N({z € R™ : |a|gn < |G|z}, C1B| - [a, €)de
0

A, (9) 1
< mlog 384,(5) de =mAg, (G) [ log(3/u)du < mC1B||9||2-
0 € 0

Similarly,

Adzd) A
(.05 [ V L) e = Vs 9) [ ViogBn < Vicaolgl

Substituting these bounds into the exponential inequality derived above then gives the result. O
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9.6. Proof of Lemma 22. We have
Pr(BY) <Pr(3g e Vi: (1—n)llgll3 > lglx) +Pr(3g € Vi : gk > (14 w)llgl3)
=Py (Eg eViiglla=1,1—k> |g|?\,) + Py (Eg eVyilgllz=1, |g|?\, >1+ Ii)

>I€N>

since Ef[g(Xip)?] = [, g(x)*dz = 1 by stationarity. Write §; = {g € V : ||gll2 = 1} and define
the process Zn = (Zn(g) : g € G) by

(76) §2Pf< sup \|g|?v—1|>ff>

geViillglla=1
N

‘ (9(Xip)? —Eflg(Xin)?])

= 2Py sup
9€Viiligll2=1

N
Zn(g) =) (9(Xip)* — Elg(Xip)*)).
i=1
For g,h € G, we have Ef[g(Xip)? — h(X;p)?] = 0 and Var(g(Xip)?> — h(Xip)?) = |lg*> — h?|)3.
Since (Xo,Xp,...,Xnp) is a stationary reversible Markov chain whose spectral gap is lower
bounded by rD by (9), Theorem 3.3 of [44] (cf. (3.21)) yields yields

)

N
Ps(1Zn(g) — Zn(h)| > t) =Py ( > 9(Xip)? = h(Xip)?
=1

< 2exp <— )\thQ >

- 4N ||g* — h2[|3 + 10[|g% — h?[|oot

< 2exp (— /\thQ >
- AN|lg+ hlZllg = hll3 +10]lg + hllssllg — hlleot

<2e ot
<p [ —
=P\ NYID Ty = hE+ 277D g — At
using that ||g|lec < C279/2||g||ls = C27%/2 for g € G, and where C depends on r, and hence fuin

and O by (9). Applying Lemma 31 with m = dim(V;) = O(27%), [|S,]l2 = sup, scq [lg — hll2 < 2,
a? = N274D~1, 3 =274D~1 and u = 277 thus gives

P, <sup 1Zn(9)| = C (22JdD—1 + 2JdN1/2D—1/2)> <e 2
9€5s

since 27 — oo as N — oo. Since 27 = by assumption, the right-hand side within the last proba-

bility is o(/N') as N — oo. Together with (76) this gives the result.

Acknowledgements: We are grateful to Richard Nickl for insightful discussions that motivated
the genesis of this project.
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