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HARMONIC FUNCTIONS FOR SINGULAR QUADRANT WALKS

VIET HUNG HOANG, KILIAN RASCHEL, AND PIERRE TARRAGO

ABSTRACT. We consider discrete (time and space) random walks confined to the quarter
plane, with jumps only in directions (4,j) with ¢ + j > 0 and small negative jumps,
ie., 4,7 =2 —1. These walks are called singular, and were recently intensively studied
from a combinatorial point of view. In this paper, we show how the compensation
approach introduced in the 90ies by Adan, Wessels and Zijm may be applied to compute
positive harmonic functions with Dirichlet boundary conditions. In particular, in case
the random walks have a drift with positive coordinates, we derive an explicit formula
for the escape probability, which is the probability to tend to infinity without reaching
the boundary axes. These formulas typically involve famous recurrent sequences, such
as the Fibonacci numbers. As a second step, we propose a probabilistic interpretation
of the previously constructed harmonic functions and prove that they allow to compute
all positive harmonic functions of these singular walks. To that purpose, we derive the
asymptotics of the Green functions in all directions of the quarter plane and use Martin
boundary theory.

1. INTRODUCTION

Espace probability for random walks in cones. Consider a multidimensional lattice random
walk {S(n)}ns1, ie., S(n) = X(1)+---+ X (n) for all n. > 1. Given a cone C C R, d > 1,
introduce the associated first exit time

T =1nf{n > 0: 2+ S(n) ¢ C} < oc.

If the drift of the increment distribution belongs to the cone, then (ignoring pathological
behaviours) for z interior to C, the escape probability (also called survival probability)

(1) P(1y = 00) =P(Vn > 0,2+ S(n) € C)

is strictly positive, and defines a discrete harmonic function with Dirichlet boundary
conditions.
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FIGURE 1. Various step sets. From left to right: the simplest singular
random walk; an arbitrary small step singular random walk; an example of
singular walk with bigger jumps.

The question at the origin of the present work is the following: does this natural
harmonic function admit an expression in closed form? The harmonicity property is
equivalent to a recurrence relation, which in dimension 1 may be easily solved, at least in
the bounded jump case. On the other hand, it is known that the behaviour of solutions to
multivariate recurrences is much harder and vast [5, 6], a fortiori with boundary conditions
depending on a cone; there is no hope, in general, to compute explicitly the escape
probability (1).

A glimpse of our results (Part 1). We may now state the contributions of our paper, which
consists of two parts. We will introduce a class of singular random walks in dimension 2
(see the next subsection for a precise definition, see also Figure 1), and look at the case of
the cone C' being the positive quarter plane. In Part 1, we will produce explicit expressions
for the escape probability (1). To that purpose, we will use the compensation approach, as
introduced in [2, 1, 3] by Adan, Wessels and Zijm. Before giving more details both on the
random walks considered and on the techniques used, let us present an explicit example.

Consider in this paragraph the model p_11 = p11 =p1,—1 = %, as on Figure 1 (left). To
that example, our main result will entail that the escape probability starting at x = (i, )
equals

(2) B( )=1 t 1, 1.1 ! L, .1
(@.4) 2i 27 ' 2i5i ' 2i5i 5137 5130 | 131347 ' 137341

The integers appearing in the denominators in (2), namely 1,2,5,13, 34,89, 233,610, ...
are directly related to Fibonacci sequence (A000045), as the n-th term in the sequence is
equal to Fy,_1. For i = j = 1, this result is derived in [24, Prop. 9], using a functional
equation approach.

In this paper, we will prove similar formulas for other singular random walks; in
particular, we will see how to define the sequence of denominators in general (providing
a nice interplay between probabilistic and arithmetic properties of these singular random
walks). As a second step, we will prove that similar expressions hold for infinitely many
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positive harmonic functions, of the form

(3) h(i,5) = enclh B3,

n>0

where the a,, B, ¢, are real constants (to be specified).

A glimpse of our results (Part 2). The main objective of our second part is to propose a
probabilistic interpretation of the harmonic functions (3) constructed via the compensation
approach. Our central result is to prove that the previous harmonic functions actually
allow to construct all positive harmonic functions. In other words, the compensation
approach yields an exhaustive description of positive harmonic functions for singular
random walks. In concrete terms, this means that there is a correspondence between
minimal positive harmonic functions and the yellow domain on the left display on Figure 4,
exactly the same phenomenon as in the non-singular case [20]. This result is properly
stated in Corollary 20.

Among all positive harmonic functions, there is a unique bounded positive harmonic
function, which is the escape probability. It corresponds asymptotically by looking at the
Green function

(4) G(z,y) =) Plx+S(n) =y, >n)
n>1
along the drift direction.

To prove these results, we use Martin boundary theory, and we believe that several
intermediate results are of independent interest. The key idea is to compute the
asymptotics of the Green function (4) as z is fixed and y goes to infinity in any direction of
the cone. See Theorem 11 for the main statement. While such results have been recently
derived in a close context (zero drift random walks [15], irreducible non-zero drift random
walks [20]), there was no version in the literature applying to our context. The case of a
boundary direction needs a particular attention, due to the interaction with the axes.

From a technical point of view, Part 2 is inspired by the work [20], [11] and [15].

Singular random walks in the quadrant. Throughout the paper, we assume that the
distribution of the increments X (i) of the random walk have transition probabilities p; ;
in Z? such that (see Figure 1):
(i) >2;;pij =1 (normalization);
(ii) pij =0 for all i < —2 or j < —2 (small negative jumps);
(iii) p—1,—1 = p—1,0 = po,—1 = 0 (singular walks);
(iv) p—11p1,—1 # 0;
(v) There exists (¢,7) with 4 4+ j > 0 such that p; ; > 0 (non-degeneracy);
(vi) The p; ; admit exponential moments in the following sense: the Laplace transform
doij pi.;€* 1Y is finite in a neighborhood of any point of the curve (11) (moment
assumption,).
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By definition, the kernel of the model is the bivariate polynomial

(5) K(a,p)=aB | > pijo'p -1

i1

Compensation approach. This technique has been developed in the probabilistic context
of stationary distributions for random walks, see [2, 1, 3]. It does not aim directly at
obtaining a solution for a generating function (as it is usual for quadrant walk problems),
but rather tries to find a solution for its coefficients, in our case the escape probability
h(i,j) = P(T(i,j) =

As a discrete harmonic function, h(i,j) satisfies certain recursion relations (coming

o0) starting from (i, j).

from harmonicity in our case), which differ depending on whether the state (7, ) lies on
the boundary or not:

(6) hii,j)= > preh(i+kj+0),  Vij=1,
kl>—1

(7) h(i,0) =0,  Vi>0,

(8) h(0,5) =0,  Vj=0.

The idea is then to express h(i,j) as a linear combination of products o‘3’, for pairs
(c, B) such that the recursion relations (6) in the interior of the quarter plane hold. This
is equivalent to choosing the parameters such that K(«, ) = 0, with K as in (5). The
products have to be chosen such that the recursion relations on the boundaries (7) and (8)
are satisfied as well. As it turns out, this can be done by alternatingly compensating for
the errors on the two boundaries, which eventually leads to an infinite series of product
forms. The typical outcome of the compensation approach is an expression of the form
(3). This clearly formally contains the series presented in (2).

As a side note, our work proposes a new example of applicability of the compensation
approach, in relation with potential theory and discrete harmonic functions.

Related literature on explicit formulas for escape probabilities. In the quarter plane,
the few known formulas concern non-singular walks with certain finite reflection groups
(for which an algebraic version of the reflection principle applies); see Figure 2 for three
examples. For instance, for the simple random walk (leftmost display on the figure), the
escape probability equals [21, Cor. §]

P(7() = 00) = <1 - (1;100)1> (1 - <];0(;,_11)j> ’

which interestingly corresponds to a finite (four terms) sum in (3). Similar expressions
hold for the other two models on Figure 2, with a sum involving six and eight terms,
respectively.
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FIGURE 2. Three non-singular step sets with finite reflection groups. The
rightmost example is assumed to satisfy p_11p1,—1 = p—1,0P1,0-

Still in the non-singular case, other approaches based on complex analysis techniques
(boundary value problems) allow to compute the generating functions
> hli, j)a'y’
i1
of harmonic functions in terms of certain conformal mappings, see [19] (zero drift case)
and [22] (non-zero drift case).
In the continuous setting (Brownian motion in cones), there is a unified formula [18,
Thm C] for the probability of escape from arbitrary cones C C R%, d > 1. More precisely,
if the drift d is interior to the cone, then

P(r, = o0) = (27r)d/2 exp(‘x - ﬂZ)pC(l,x,@,

where p© denotes the heat kernel of the cone. The question of finding explicit expressions
is then reduced to computing in closed-form the heat kernel, which is more classical. For
example, if the cone is a Weyl chamber of type A, the determinantal Karlin-McGregor
formula holds, and the survival probability is a finite sum of product forms, as in (3).

Applications and refinements of our results. We conclude the introduction by mentioning
related open questions and potential applications of our results.

e One advantage of the compensation approach is that it is not based on generating
functions. However, it would be interesting to understand how the compensation
approach is related to Cohen and Boxma techniques [9, 8], which we developed in
the paper [19] to study harmonic functions for non-singular random walks.

e In principle, the compensation approach could be applied as well to harmonic
functions for reflected random walks in the quarter plane (with Neumann
boundary conditions). It should also provide explicit expressions for t-harmonic
functions (Dirichlet or Neumann boundary conditions).

e Formulas of the type of (3) hold for singular random walks (our main result)
and for a few other (finite group) models, as those represented on Figure 2. This
clearly suggests the question of determining the class of models for which harmonic
functions may be expressed as in (3), via the pattern:
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model — curve — sequence of numbers — harmonic function (via Ansatz (3)).

e Isit possible to study more generally the Martin boundary and the Green functions
asymptotics of singular random walks in arbitrary cones? What is the exact
applicability of the compensation approach? For instance, can it be applied to
harmonic functions of higher dimensional models?

e The compensation formula (15) that we find in the context of harmonic functions
for singular random walks in the quarter plane is reminiscent of the alternating
formula for the harmonic function of a space-time Brownian motion (¢, By)i>0
conditioned to stay in the cone {(¢,y),0 < y < t}, see [10]. This suggests a
relation between the singular walks we are considering and stochastic processes
conditioned to stay in affine Weyl chambers.

Part 1. Constructing harmonic functions via the compensation approach
2. PROPERTIES OF THE LAPLACE TRANSFORM AND CONVERGENCE OF THE SERIES

This section aims at constructing harmonic functions as series taking the form of (3),
by using the compensation approach. We first introduce a curve K € R? such that o?/3’
is a solution of (6) for any («, ) € K, see Section 2.1. In Section 2.2, we then construct
sequences (u,, fn)n>0 C K such that their series satisfies the boundary conditions (7)—(8).
We then prove that these series converge and do not depend on the initial starting point
of the sequence, see Section 2.3. Finally, in Section 2.4, we study a particular case, where
we should renormalize the harmonic function to get a non-zero quantity.

2.1. Level sets of the Laplace transform. We first observe that the product form o347 is
solution to (6) if and only if

) aB=> preat
kot

or equivalently, using the kernel notation (5), if and only if K(«,3) = 0. We therefore
introduce the algebraic curve

(10) K :={(a,8) € R:;: K(a, B) = 0}.

See Figure 3 for an example.
To take advantage of some convexity properties, we mainly investigate K through an
alternative exponential scaling as follows:

(11) G :={(z,y) € R?: K(e%¢¥) = 0}.

See Figures 3 and 4 for examples of curves G. Let us further denote

(12)  G':={(z,y) €R?: K(e",e¥) <0} and G :={(z,y) € R*: K(e%,¢e¥) > 0}.
The following lemma presents some crucial properties of the curve G.

Lemma 1. Under Assumptions (i)—(vi), we have the following assertions:
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(i) GT is an unbounded conver domain and includes the ray {t(1,1) : t < 0};
(ii) G passes through (0,0) and the two tails of G lie in the third quadrant R? ;
(iii) G admits a tangent at (0,0) satisfying the equation

D kpre |+ | D tore |y =0.
kot kot

Proof. We first prove (i). K(e*,e¥) can be factorized as
K(e®,e¥) = " VG (x,y),
where G(x,y) is defined as

(13) G(x,y) =Y pree™ ™ —1.
[,

Since ), épkﬁgek'x“y is a moment-generating function of a random variable in Z?2, it is
convex in R?. The domain G is thus convex. By letting z = y < 0, we then have:

Gz,2) = Y pree™™ =1< ) pre—1=0,
k.t k.t

since py¢ = 0 if k + ¢ < 0. Thus, G is unbounded and includes the ray {¢(1,1) : ¢ < 0}.
We now prove (ii). Since G(0,0) = 0, then (0,0) € G. By letting x = 0 > y with |y|
large enough, we have

G(0,y) = pree? —1>p1_1e7¥ > 0.
kot

Similarly, for all y = 0 > = with |z| large enough, we have
G(QE,O) = thgekz —1> p,1,16_$ > 0.
Kt
It implies that both tails of G lie in R2 .
Finally, (iii) is easily seen from the equation of the tangent at (0,0), which is

0K (€2, e%)z + 9, K (e, %)y = 0. O

Although G* is always convex, the bounded domain delimited by K is not necessarily
convex (see Figure 3). This is the main reason for us to use the curve G rather than K.

We now parametrize the curve G by functions. Define f : R¢y — R such that for all
r <0, K(e%,e/®) = 0 and f(z) > x. Similarly, we define g : Reg — R such that
K(e9W) e¥) = 0 and g(y) > y for all y < 0. The following lemma describes key properties
of f and g.

Lemma 2. Under Assumptions (i)—(vi), we have the following assertions:

(i) f and g are well defined, concave, and infinitely differentiable on R_;
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FIGURE 3. The model p13 = 5/6, p1,—1 = p—1,1 = 1/12: the interior of K
(left) is not convex, while the interior of G (right) is convex.

(ii) maxg<o f(x) > f(0) = 0 and arg max,<o f(z) includes a unique point, denoted by
xo. Further, f(x) is strictly increasing on (—oo, zg), strictly decreasing on (zo,0),
and lim,_,_ f(x) = —o0;

(ili) maxy<og(y) > g(0) = 0 and argmaxy<o g(y) includes a unique point, denoted by
yo. Further, g(y) is strictly increasing on (—o0,yo), strictly decreasing on (yo,0),
and limy_, o g(y) = —oo.

Proof. We first prove Item (i). By the convexity of G, the slope of G at (0,0), and the
tails’ position of G (see Lemma 1), it is easily seen that f and g are well defined and
concave on Reg. Since any point (z,y) € G is not the minimiser of the convex function G
defined in (13), then 0,G and 0,G cannot vanish simultaneously for any =,y € G. By the
construction of f and g, we then have

8xG(33, f(ﬂj)) 75 O and 8yG(g(y)’?/) 75 0

for all z,y < 0. Thus,
() = ~ 0:G(z, f(x)) _0,G(9(y),y)
9yG(z, f(x)) 9G(9(y),v)
are well defined for all z,y < 0, and so are all the higher orders derivatives of f and g.

and ¢'(y) =

We now prove Item (ii). Since

0. K

k
F(0) =~ 2K (00, 0y — kTt
Y

B Zkye lpk.e
then maxz<o f(x) > f(0) = 0. If arg max,<o f(z) includes at least two distinct points, then
it also contains the segment between these points by the concavity of f. This implies that

<0,

K (exp(x), exp(maxz<o f(x))) is a constant function of z, which does not hold true. Hence,
arg max;<o f(z) includes a unique point xg. The strict monotonicity of f on (oo, z) and
(z0,0) then follows. By letting 1 < x¢ such that f(x1) =0, we have for all z < x4,

@) < f(x0)

o — X1

T—r—00
(x —x)  — —o0.
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FIGURE 4. Left: an example of curve G (blue color) and the subpart
(yellow) Gy corresponding to the Martin boundary. Right: an example
of the compensation approach procedure.

Thus, f(x) - —oo0 as x — —o0.
Item (iii) is proven similarly to (ii). The proof is then complete. O

2.2. Construction of the product forms. Our main objective here is to prove Lemma 3
below, i.e., to construct sequences {(ay,b,)}nez C G such that, setting

(14) (aun, Br) = (e“”,eb"> e,

the associated series

(15) h(i,§) =Y (a},B) — b1 3))
nez

is well defined, positive and satisfies (6)—(8).
To that purpose, we introduce a few useful notations. We first define

(16) Go = {(x, f(2)) : @ € (20,01} U{(9(v),9) - y € (90,01} C G,

which corresponds to the yellow part on Figure 4. We first set
1

Fim (o) and - Fi= (floa)

Since f is concave, strictly increasing on (—oo, xo|, then f is a well-defined function, convex

and strictly increasing on (—oo, f(z¢)]. Similarly, the function g := (g|(,m7y0])*1 is convex,
strictly increasing on (—o0, g(yo)].
We construct a sequence {(an, by) }nez contained in G as follows:
(17) (CLOvbO) € g07
(18) (an,bu) := (Fo @0 ko), G0 P1*(bo)) n>1,
(19)  (acwbw) = ((Fod) ™ (a0). 5o (Fod)* " an)) n>1
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Lemma 3. Let {(an,byn)}nez be any sequence defined by (17), (18) and (19), and set
(en, Bn) = (e, €b) as in (14). Then the series given by (15) converges absolutely for any
i,7 = 1 and satisfies Eq. (6)—(8). Furthermore, h(i,j) = 0 for any i,j > 1.

Proof. We start by proving the convergence of the series. To that aim, we construct an
auxiliary sequence (@n, by),,c7 as follows:

(6’07/[;0) = (aoabO) € g07

(an,Zn) = (bp —ncy — (n— 1)ea, by — nep — nea) n>1,
(a_n,E_n) = (ap — ncy — neg,ap — (n— 1)cg — nea) n>l1,

where we have set ¢; = f(z¢) —xo > 0 and c2 = g(yo) —yo > 0, with x, yo as in Lemma 2.
Let us also put, for any n € Z,

(@, Bn) = (7, €b).

Since GT (see (12)) is convex and contains the ray {t(1,1) : t < 0}, it should also contain
the rays {(zo, f(zo)) +¢(1,1) : t < 0} and {(g9(v0),y0) + t(1,1) : t < 0}. This implies that

(20) fy)<y—ea and Glz) <z —co
for all y < f(xg) and z < g(yo). Thanks to the above inequalities and the monotonicity
of g, we first have

a; <a; and by =g(a1) <g(ay) < by.

By induction argument, we then have

~ ~

an = fbn-1) < flbp—1) <@p and by = Glan—1) < §(@n-1) < bn,

for any n > 2. Similarly, a_,, < a_, and b_, < B_n for any n > 1. We now have

D (B +ah1Bh) < Y (@45 + @ Bh) = @B, + @By + ai s+
nezZ neEZ
S (e 4+ el)af (et ) SR el emien gt (o (i)
n=1 n>1
The last sums are finite for any 4, j > 1. Hence h(i, j) converges absolutely for any 4, j > 1.
We now prove that the series h(i, j) satisfies Eq. (6)—(8). Firstly, all the terms a%ﬁ%
and aﬁLHﬁﬁ satisfy Eq. (6) (since (an,fn) and (ap+1,0n) € K), then h(i,j) should also
satisfy Eq. (6). Secondly, since
h(i,0) =) (—op+ap)=0 and h(0,5) = (8- 5)=0
nez neZ
then h(i,j) satisfies Eq. (7) and (8).
We now prove that h(i,5) > 0 for all values of i,j > 1, by rewriting

Ao () (2] B sy

n>1 n>1
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The first term is positive for any ¢, j > 1 such that i+ j is large enough, whereas the second
and third terms are positive since a—p > B_(,41) > @_(ny1) and By > apy1 > Py for
any n > 0. Hence, there exists ng > 0 such that h(i,j) > 0 for all 4,5 > 1 and i + j > ny.
Thus,
h(i,§) = preh(i+k,j+1¢) >0,
k0

for any 4,5 > 1 and i + j = ng — 1. By induction argument, we have h(i,j) > 0 for all
1,7 = 1. The proof is then complete. Il

The sign of harmonic funtions A(i, j) can be asserted more specifically.

Remark 4. If the walk has jumps inside the positive quadrant, i.e., there exist k, ¢ > 0 such
that k+¢ >0 and pye > 0, then h(i,j) > 0 for alli,j > 1. On the other hand, if the walk
does not have any jumps inside the positive quadrant, i.e., pye = 0 for all k,£ > 0, then
h(i,j) > 0 fori,j > 1 and i+ j large enough, but h(i,j) can vanish for some small i, j.

2.3. Dependency on the starting point. In Lemma 3, we assumed that the starting point
(ao, bp) belongs to Gy. In this subsection, we prove that we do not obtain more harmonic
functions with starting points in G \ Go.

We construct a sequence {(ay, by) }nez as follows:

(21) (ao,bo) € G,

(22) an # ap—1 s.t. (an,bp—1) €G, by # bp_1 s.t. (an,by) € G,

(23) bon #b_(n—1) st (a_(n—1),bn) €G, a—n# a_(n_1yst. (a—p,bpn) €G, n=>1
Let us define

O(Go) = {{(an, bn) }nez satisfying (21)-(23) s.t. (ag,bo) € Go}-
In other words, O(Gy) is the set of orbits formed by the sequences {(ay, by) }nez satisfying
(21)—(23) and initiated from a point in Gy.
We have the following lemma.

Lemma 5. Any sequence {(an, bn) tnez satisfying (21)—(23) belongs to the set O(Gyp). As a
result, the series h(i,j) defined in (15) does not depend on the initial value (v, Bo), but
only depends on the orbits in O(Go).

Proof. Assume that {(an, by)}nez satisfies (21)—(23) with (ag, bo) ¢ Go. It is sufficient to
show that there always exists ng € Z such that (an,,bn,) € Go or (any, bng—1) € Go.

If 0 < ap < g(yo), then (ag,b-1) = (ao, (glgye,0) *(a0)) € Go. Similarly, if 0 < by <
(o), then (a1,b0) = ((flo.0) " (b0)) € Go-

If zg < ag < 0, then (ao,b_l) = (ao,f(ao)) € Gp. If Yo < by < 0, (al,bo) = (g(bo),bo) S
Go-

If ag < xg and by < yo, without loss of generality, we will further assume that by = f(ap).
Since

fl)zax+e and g(y) =y +ca,
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for all x < zp and y < yp, then there exists ng > 1 such that a,, = (go f)O(”)(ao) > T Or
bp, = fo(go f)o(")(ao) > 1. Hence, ay,, or by, falls into the preceding cases. The rest of
the proof then follows trivially. O

2.4. Behavior on the boundary. We will show that the harmonic functions defined in (15),
considered as a function of (ag, by) € Go, will converge (after normalization) to a non-trivial
positive harmonic function as (ag,bp) tends to the boundary of Gy, which consists of the
points (xq, f(xg)) and (g(yo), yo), with z¢ and yp introduced in Lemma 2.

For that matter, let us re-introduce the sequence {(an, by) }nez in (17)—(19) as functions
of one variable y:

~

bo(y) =y € (¥0,0), ao(y) =9g(y), b-1(y) =gog(y),

(an(®),ba(®)) = (Fo G0 /D), G0 ™). n>1,
(a-n(®):b-uiny®) = (Fo @o /I oboa(y). G0 I 0bay)),  n>1

Z an 571 - an—l—l(y)iﬂn(y)ja

n=>0

for all i,5 > 0, y € (yo,0). Following the above construction, we remark that

(afn(y)y b—(n+1)(y>) = (an © bfl(y)’ bn © bfl(y))

for any n > 1. Then, putting for any i,7 > 0 and y € (yo,0)
tm Z an(y Bn — ang1(y )Zﬁn(y)j7
n>0
one has
hy (i, 5) = i3 (y) — tij(0-1(y)).
The following proposition shows the convergence of harmonic functions hy (i, j) as y — yar .

Proposition 6. For any i,5 > 0,
hrn hy(i,j) = 0.

y_>y()
Moreover, for any i,j >0, t; ;(y) is differentiable on [yo,0) and
(i
hm y(%])
yaygL Y —%Yo

Furthermore, t”( 0) =0 foralli,j >

The remainder of this section is devoted to proving Proposition 6. We first study the
derivatives of some important functions.

Lemma 7. We have:
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(i) lim, _, + b_1(y) = yo and b"_;(yo) = —1;

(ii) ¥ is strictly positive and strictly increasing on (=00, f(x0)). Furthermore,

lim f'(y) = 1;

y——00
(iii) g’ is strictly positive and strictly increasing on (—oo, g(yo)). Furthermore,

lim ¢'(z) = 1.

T—r—00

Proof. We first prove Item (i). Since g(y) is strictly concave on (—o00,0) and admits its
maximum value at g, then ¢'(yo) = 0 and

q" (o)
2

9(y) = g(yo) + (y —0)* + ol(y — y0)?)

as y — yo, where ¢”(yo) < 0. Hence,

. (b_l(y) —yo>2 iy 90-1®) — 9(w)
vy \ bo(y) — vo vt 9(00(y)) — g(vo)

This implies b_1(y) — o as bo(y) =y — yg . Since b_1(y) < yo < bo(y) for all y € (yo,0),
then b (yo) = —1. R
We move to the proof of Item (ii) (Item (iii) would be proven similarly). Since f is

=1.

strictly convex and strictly increasing on (—oo, f(z¢)), then ' is strictly increasing and
positive on (—oo, f(z¢)). Putting

a(f) =e/s?) 5>,

we first study the behavior of o/(8) as 8 — 0. Since a(p) satisfies K(a(f), ) = 0, one
may differentiate once and twice the equation and evaluate them at 8 = 0 as follows:
02K (0,0)a(0) + 93K (0,0) = 0,
Daa K (0,0)0/(0)? + 20,3K(0,0)/(0) + 938K (0,0) + 9, K(0,0)a” (0) = 0.

While the value of o/(0) cannot be deduced from the first equation, o/(0) can be solved
explicitly from the second:

I L V(1 = poo)? —4p1,—1p-11
2p1,-1

Ck/<0) 7é 07 o0

These solutions correspond to the behavior of the two branches (e/®), e¥) and (e9®), e¥)
as y — —oo. This implies that

—~ Y _ 1
7 — (oY € Yy——00 4 _
fy) =d(e )ef(y) — a'(0) 2 (0) 1. O

The following lemma shows the convergence of t; ;(y).
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Lemma 8. For any i,j > 1 and y € [yo,0), the series
té,j(y) - Z( ( )ﬁn( ) - an+1( )iﬁn(y)j)/
n=>0

converges absolutely.

Proof. By Lemma 7, the derivatives of oy, (y) and S, (y) are well defined on [y, 0) for all
n > 0. Since f(y),g(x) | 1 as x,y — —oo, then

n—1
ap(y) = fobu1(y) [ oar(y) - f obrr(y) = o(r™),
k=1
H Fobe1(y) = o(r™),

as n — oo, for any r > 1. Let us now fix 4,7 > 1. Recall from the proof of Lemma 3 that

an(y)' Bnly)) <y e (e*@ﬂ)(qm)) -0 <€*(1+J)(01+02)>n
as n — 0o, where ¢ and ¢y are positive constants. Hence,

| (an () Ba(v)?)'] = | (iap(y) + 58, (1)) an () Bu ()| < o(r™),
as n — oo, for any y € [yp,0) and r > 0. Similarly, we also have
’(O‘n—&-l( )Bn ) ‘<O )
as n — oo, for any y € [yp,0) and r > 0. Thus, the series
ti(y) =Y (ian(y) + b, () on () Bu(y)’ — (ia)y 1 (y) + 36, (1)) @ng1 (1) Ba(y)?
n=0

converges absolutely for any ¢,j > 1. O
We now prove Proposition 6.
Proof of Proposition 6. Since b_1(y) — yo as y — yg by Lemma 7(i), then
hy(i,5) = tij(y) — ti,j(b-1(y)) = 0,
as y — yar . By L’Hopital’s rule, we now deduce

hy(i,§) vovt
yy(_yjo) = ti (o) — i ;(b-1(y0))b 1 (y0) = 2t; ;(v0)-

Since hy (i, j) is harmonic and non-negative for all y € (yo,0), this guarantees that t;’ j(yg)
is harmonic and non-negative for all 4,5 > 1.

We now prove that t’ (yo) > 0 for all 4,5 > 1 and 7 + j large enough. Since for any
n = 0 one has ay,(yo) > an+1(yo) then
(24) 5bn (40)en (30) Bu(y0)” = b7, (Y0) nt1(30)" B (40)” > 0,

for any n > 0 and ¢,j > 1. We then show that

(25) ian(ZJO)an(QO)iﬁn(:’/O)j - ia;H—l(3/0)an+1(3/0)i6n(y0)j >0,
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or equivalently,
an(0)' > cns1(y0)' (F 0 baly0) - (7' © anlmo)).

for any n > 0, j > 1 and ¢ large enough. Indeed, recall that

n(¥0)  _ an(yo)—ans1(s0) 5 of (z0)—z0Hg(u0) w0 ~
an+l(y0)

~

for any n > 0, and (f' o b,(yo)) - (¢’ 0 an(yo)) } 1 as n — oo. Hence, for any n > 0 and i
large enough,

<a<y0)>> > (f 0 bulyo)) - (7 © anlwo)),

an11(Yo
which is equivalent to Inequality (25). Both (24) and (25) imply that there exists ng > 1
such that #; ;(yo) > 0 for any j > 1 and i@ > ng. The harmonicity then implies that
ti;(yo) >0 foranyd,j >1andi+j>no+1. O

We want to point out that Remark 4 also holds true for the harmonic function t; ;(yo),
that is, t; j(yo) > 0 for all 4,j > 1 if there exist k,¢ > 0 such that £+ ¢ > 1 and py¢ > 0.

3. EXPLICIT EXPRESSION FOR WALKS WITH SMALL STEPS

This section aims at giving an explicit expression for all terms appearing in the harmonic
functions (15), in the case where the random walks only have small jumps, that is, the
positive transition probabilities can only be in the set {p_i1,p1,—1,P1,0,P0,1,P1,1}, see
Figure 1.

The following lemma presents a uniformization of the zero set of K(«, f3).

Lemma 9. One has

{(a,8) € C*: K(a, B) = 0} = {(a(s), (s)) : s € C},

where
b2 — ac 1 b b2 — ac 1 b
-1 -1
= - - d = — -
a(s) 5 <s + S) +o an B(s) 5 (ps + ps) +
and a:=1—4p_11p1,—1, p:= i%, and finally
b:=po1+ 2p-11p10, ci=pgy —4p-11p11,
b:=pio+2p1,-1po1, ¢:=ply—4p1,—1p1.1.

We further have the involutions a(s) = a(1/s) and B(s) = B(1/(p?s)).

Proof. We will find a rational uniformization of the algebraic curve

oo (1 1Y
(26) 22K (a’ﬂ) =0.
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We first rewrite
11
aQBQK (, —

5 5) =p11 +p1oB+poia+pi 1% +p_110* —ap

= (p1,-1) 8% + (—a+p1o) B+ (p-110> + poja +pi,1) -

The above polynomial admits the discriminant

é(a) = (~a +P1,0)2 —4p1,—1 (10—1,1042 + poc+pia)

2 N 2
:aa2—2ba—|—c:b ac[<2 aa b) —4],
4a b2 —ac

where a, b, ¢ are defined in Lemma 9, and

b* — ac = 4p1—1((1 = 4p_1.1p1,—1)p1,1 + P} oP—1,1 + Po1P1,—1 + PoaP1,0) > 0.
By setting
—b 1 b2 — 1 b
2L:s—|—7, that is, 0427@0 s+—-)+—-, seC,
b2 — ac s 2a
one can easily find 3 satisfying Eq. (26) as follows:

:a(s)—p0,1+m:m< 1>+§’

2p1,—1 2a Pt ps

B

where /b\, ¢, p are defined in Lemma 9. The proof is then complete. U

By the above lemma, one can describe the curve K in (10) as
K ={(a(s),B(s)) : s > 0}.

We remark that at s = 1, the discriminant 6 o (1) = 0, then (1) is the double root of
Eq. (26) as an equation of 8. Similarly, at s = 1/p, a(1/p) is a double root of Eq. (26) as
an equation of a. Thus, defining Ky as the analogue of Gy (see (16)) before the exponential
change of variable, one easily deduces the description

Ko ={(a(s),5(s)) : s € (1/p, 1)}

Proposition 10. Any sequence {(aun, Bn) tnez satisfying (21)—(23) and (14), with (ag, Bo) €
Ko, can be described explicitly as

{(an, Bn) tnez = {(O‘(P%S)v 5(/12”3)) }neZ )

with s € (1/p,1). As a consequence, the harmonic function formed by (cn, Bn)nez in (15)
becomes

h(i,j) =Y a(p™s)' B(p™s)) — alp®2s)'B(p™"s),  ij>1.
keZ
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Proof. We will prove the proposition by induction argument. Since (ay, o) € Ko, then

(a0, Bo) = (a(s), B(s)),

with s € (1/p,1). Now assume that (ayn,8,) = (a(p?"s), B(p*"s)) with n € Z. Since
Bn = B(p*"s) = B (1/(p*"s)) by the involution and (an+1, Bs) is a root of K (a, ), then

_ 1 (22
apt1 =« <p2”+25> = a(p ™).

Since (a1, Pni1) is also a root of K(a,f), then Bhi1 = B(p*"2s). Similarly, the

involutions of Lemma 9 also imply that a,_1 = a(p?**2s) and B,_1 = B(p*"2s). The
proof is then complete. O

A concrete example. We now return to our simplest walk with the transition probabilities
P11 =Pp1,—1 = p—1, = 1/3 and provide a full proof of the formula (2). The zero set of the

associated kernel )
K(a,f) = 5%y + 2% +y°) — 2y

admits the uniformization presented in Lemma 9, with

V5 V5 3+5
a(s):rl/s, 5(3):m and p= 5

The sequence {(ay, Bn) fnez in Proposition 10 can be expressed as functions of s € (1/p, 1):

V5 V5 ), n € 7.

pPrs +1/(p*"s)" pPr s + 1/ (p*rHls)

(an(s), Bn(s)) = (
Consequently, this leads to harmonic functions depending on s, denoted by
hs(i, j) == Z an(s)iﬁn(s)j - an+1(3)iﬂn(5)j-
nez

Let us look at two specific examples. Firstly, the survival probability (2) is the harmonic
function associated to the initial point

(Oéo (ﬁ; 1) , Bo <\/52_ 1)) =(1,1) € Ko,

and can be expressed explicitly as

1 n 1 1 n 1 1 n 1 1
5113/~ 5123 1927 1i19 2015 257 1357

P(r(ig) = 00) = hysr (i) = ¥

In this formula, the sequence

pts + ﬁ
e =1{1,1,2,5,13,34, 89,233,610, 1597, ...}
V5
n=0
is a bisection of Fibonacci numbers.
We now give the expression for the normalized positive harmonic function constructed
in Proposition 6. Recall that such a function is obtained by differentiating the harmonic
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function hs(i,7) with respect to the variable log 5p(s) and evaluating as by — log fBo(1).
(The logarithms appear in our computation because Proposition 6 was stated under
(log av, log )-coordinates instead of («, 3)-coordinates.) We have:

hs(%]) 8—)_1; dhs('laj) ds
log Bo(s) — log Bo(1) ds  d(logBo(s)) |y’
where
dS o ﬁo(l) - _i
d(logfo(s)) =y Bo(1) V5
dhs (i, j)
ds s=1

=2 i (@ (Man()™" =l (Dansa (1)) Ba(1)? 4 (an(1)" = ansa (1)) B (1)Ba(1)7

nel

(an(1), Bu(1)) = (

Vb V5

an 4 /)2%7 p2n+1 + p27}+1 )

oy [ 5 B

(an(l)aﬁn(l)) e ) y ) 5 , me.
oA )

In these formulas, we want to point out that the sequence

1
{p” + pn} = {2,3,7,18,47,123,322,843,2207, ...} = {Lop}n>0
n=0

=

is a bisection of Lucas numbers {L,, },>0:
LO = 27 Ll = 17 Ln = Ln,1 + Ln727 n = 27

see A005248. Moreover, the sequence

1
{0 = {\/5 <p" - p">} = {0,5, 15,40, 105, 275, 720, 1885, 4935, .. .}
n=0

>

satisfies the recurrence relation (see A201157):

up =0, wu; =95, up,=3Up1— U2, N =2

Part 2. Green functions and Martin boundary for singular random walks in the quadrant

In this part, we describe the Martin boundary inside the cone and prove that it coincides
with the set of harmonic functions constructed in Part 1.


https://oeis.org/A005248
https://oeis.org/A201157
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4. PRESENTATION OF THE RESULTS

4.1. A brief account on Green functions and Martin boundary theory. Let us first recall

the definition of the Green function of the random walk inside the cone Z2>0, which plays

2
>0

G(z,y) =Y Plx+S(n)=y,m>n) and G(z,y)=> P(x+S(n)=y),
n>1 n>1
where 7, = inf{n > 0: 2+ S(n) € Z%,} < oo, and set zp = (1,1). The Martin kernel
associated to the reference point zq is then defined as
G(z,y)
G(.%'(), y)

2
The Martin boundary 8]%05 of the random walk S killed outside of Z2>0 is the boundary in
the topological space {f : Z2, — R} (with the topology of point-wise convergence) of the

an important role in the construction of the Martin boundary. For z,y € Z%, set

(27) KM(xay) =

2
set of maps {K m(-,y) 1y € Z2>0}- The space 8]%05 is a compact measurable subspace

2
>0

which is harmonic with respect to S killed outside Z2>0, there exists a positive measure pp,

Z2
on 0,;°8 such that

of the set of real functions on Z2%, see [13], and for any non-negative function h on Z2

h() = /822>OSKM(',W)th(w).

One sees from (27) that a convenient way to compute the asymptotics of Kp/(-,y) as y
goes to infinity is to first study the behavior of G(z,y) when y goes to infinity in the cone.
We set X2 = Rio NSS!, and for u € ¥, denote by ¢(u) the unique solution of

(28) E(exp(¢(u),S(1))) =1 and E(S(1)exp(s(u),S(1))) = ryu = pu"

for some r, > 0. Remark that ¢ is bijective from ¥ to Gy (whose definition may be found
in (16)), with
_ VK(a,b)
¢~ (a,b) = o
VK (a,b)]|
for (a,b) € Go. For u € ¥, we then write P, for the probability measure on {S(n)},>1

=

given by the transition probabilities

P,(S(1) € A) = E(exp((u), S(1))1s(1)en)

for A C Z?, and we denote by E, the corresponding expectation. We then write X% for the
covariance matrix of S(1) under P, (recall that we denote by u* the drift of S(1) under
Py, see (28)).

4.2. Statement of the main result. The main result of this section is the following theorem,
which gives an asymptotics of G(x,y) when y goes to infinity along any direction in the
quarter plane. Denote by e; = (1,0) and ey = (0,1) the two standard basis vectors.

n—oo

Theorem 11. For any x € Z2, and {y(n)}n,>1 with |y(n)| —— oo,
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o if ‘ZEZ = Un with limu,, 1= ug € X\ {e1,e2}, then

lim_+/fy(n) e~ CmGmDT=v0) Gz, y(n)) = Aluo)Puy (7 = 00);

n—oo

o if ‘y(n| = u, with limu,, = e;, i € {1,2}, then, with 1 =3 — i,

3/2—(o(u(y(n))),z—y(n))
]
1m

n—300 V(yz( )
with u — A(u) a continuous, positive function on ¥ and V introduced in Proposition 15.

G(CL’, y(n)) = A(ez)(xi - Eei (335 + SE(TJJ)))7

The proof of this theorem is postponed to Section 6. The main difficulty concerns the
case of an asymptotic direction along the boundary axes, where the survival probability
vanishes. The latter case is solved by first studying the Green function of the random walk
in the half-planes Hy := Z X Z~¢ and Hs := Z~q X Z. We achieve the latter in Section 5.
To conclude this section, we collect a few useful estimates on the classical random walk
on Z2.

4.3. Preliminary estimates, and the Ney and Spitzer theorem. For all u € ¥, we introduce
the modified Green kernels
y):ZIP’u(x+S(n):y,Tx>n) and Gy ZIP’ (x4 S(n) =y).

n>1 n>1

For all z,y € Z2, we have
(29) Gu(z,y) = eV 0G(,y) and  Gu(w,y) = VTG a,y).

We recall the following result from Ney and Spitzer [25, Thm 2], using our notation
i = Ey(S(1)).

Theorem 12. There exists a continuous function A : ¥ — Rsg such that, as t — oo,
uniformly on u € ¥ and x € Z* with |z| = o(t'/?),

ViGu(a, [tn"]) = A(u).

We should emphasize that the initial proof of Ney and Spitzer requires the random walk
{S(n)}n>1 to be irreducible, and is valid only for fixed z € Z2. However, the only reason
for the first requirement is the use of the local large deviation limit theorem [25, Thm 2.1],
which has since been proven for any random walk with finite generating function and
whose support generates Z2, see [27, Ch. 7, P10]. Likewise, the hypothesis of a fixed x
can be relaxed to the condition |z| = o(t'/?) (see the proof of Proposition 19 for a similar
computation).

We will apply several times the following lemma, which gives a large deviation bound
which is uniform on Py, u € 3.

Lemma 13. There exist constants n,n’ > 0 such that for allu € ¥, n > 1,
e forallt e (0,1),

Py (1S(n) — nu| > tn) < 4 exp(—nt®n);
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o forallt>1,

Py (|S(n) — nut| > tn) < dexp(—n'tn).

Proof. Using Markov inequality, we get (denoting S(n) = (S1(n), S2(n)))
P (1S1(n) — nped] > tn) < 2exp(—nALy (1)),
where A}, is the Legendre transform of the function
a €R— logE, (ea(&(l)—ui‘)) — 1OgE(e(a+¢(U)1)51(1)) — ol
An easy computation yields that
w1 () = A (t+pf) — d(u)i(t + py),

where A; is the Legendre transform of o +— logE(eaSl(l)). Since u — pf and u — ¢(u);
are C?, u — A} (t) is C*. Since for all u € ¥, we have A} ;(0) = (A} ;)'(0) = 0, and by
convexity (Ay ;)'(t) > 0 for all (u,t) € ¥ x R, we deduce the existence of n > 0 such that
for all w € ¥ and all £ < 1,

wa(t) > nt?.
Hence, uniformly on u € 3, for ¢t < 1,
Py (|S1(n) — nuf| > tn) < 2 exp(—nnt?).

Doing the same for Sa(n) yields the result.
Likewise, by strict convexity there exists 7 > 0 such that

wa(t) >t
for ¢t > 1, independently of u. The second result is then deduced as the first one. O

Finally, we will use a uniform bound on the Green function G on 72, namely, there
exists C' > 0 such that for all z,y € Z?,

(30) G(z,y) < C.

The existence of such a bound is just a consequence of the transience of the walk {S(n)},>1.

5. ASYMPTOTICS OF THE GREEN FUNCTION ON THE HALF-SPACE

The most delicate part of the description of the Martin boundary is related to the
behavior of the Green function along the half-axes Rsge; and Ryges. This situation is
dealt by first giving an asymptotics of the Green function on the half-planes H; and H.

For x,y € H;, denote by

(31) i =inf{n > 0: 2+ S(n) ¢ H;}
and introduce the Green kernels on the half-plane

@i(:c,y) = ZIP(QC +8(n) =y, 7. >n) and C:”u(a:,y) = ZIP’U(J:—i- S(n) =y, 7. > n).

n=>1 n=1
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The goal of this section is to prove the following result. For z € R?, denote by z; (resp.
z9) its first (resp. second) coordinate.

Proposition 14. Let e,n > 0 be small enough and i € {1,2}. As y goes to oo with
ly:| = o(|y|*/?%), then uniformly on x € H; with |z| = o(|y|*/?>~"),

B(u(y))z:

WiE V (y) el z=y)

G'(w,y) ~
where u(y) = %, u+— B(u) is a continuous, positive function on ¥ and V will be introduced
i Proposition 15.

We only prove it for ¢ = 1, the other case being similar. The proof of Proposition 14
is decomposed in three cases, depending on the distance of the endpoint to the horizontal
axis. To prove this result, we need two local limit theorems for the walk = + S(n)
conditioned to stay in Hj.

The first local limit theorem concerns the case where the distance of the endpoint
x+ S(n) to the horizontal axis is similar to the fluctuation scale \/n. The equivalence part
of this result is given by [15, Lem. 3.2] when z2 = o(y/n) and by [15, Lem. 3.1 (c)] when
x9 = c¢y/n for some ¢ > 0, whereas the uniform bound is given by [15, Lem. 2.3].

Proposition 15. There exists k > 0 such that for all A > 0, as n goes to infinity, uniformly
on x,y € Hy with |x| = o(y/n) and |z — nu| < Ay/n,

weaVlp) <_ lCe (y - nw)n?)

2m/det(2€1)n? 2n

where V' is a positive harmonic function with respect to {—Sa(n)}n>1 killed at the boundary.
Moreover, there exists C' > 0 such that for all x,y € H;y with |z| = o(y/n),

u _ e1\|l2
Pe1(x+5n:y,7—x>n)<cw <eXp (_HC (y —np)|| >+0(n_2)>.

Pe,(x 4+ S(n) =y, 7 >n) ~

n2 2n

Remark that in the latter proposition, C only depends on the behavior of % By [11,
Lem. 13 (a)], we also have as z goes to oo

(32) V(z) ~ z.

The second local limit theorem deals with the case where the distance of the endpoint
x + S(n) to the horizontal axis is large compared to the fluctuation scale \/n.

Proposition 16. For n small enough, as n goes to infinity, uniformly on x,y € Hy with
|z| = o(y/n) and u € ¥ with n=1/2 = o(uz2) and ug < n—/2+n,

clwaoap <_ IC* (y — nu")H2> o <x2u§‘>
¥ 2mn,/det(X4) 2n n )’

Pu(x 4+ S(n) =y, 7. >n) =
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with o(-) uniform on u and x,y € Hy. Moreover, there exists C > 0 such that for all
x,y € Hy with |z| = o(y/n),

u u o u\ |12
Pu(ﬂﬁ + S, =y, T > n) < CxQH—Q (exp (_ |C*(y anﬂ il ) +o (n_2)> )

t

The proof of the latter proposition is very similar to the one of Proposition 15 and is
given in Appendix A.

5.1. Asymptotics at mesoscopic distance. Since the support of the random walk S is
{(i,j) € Z* :i,j > —1} by our assumptions (ii), we have almost surely Sz(1) > —1. Such
a random variable is called skip-free in the literature [7] and has interesting properties
allowing to explicitly compute the survival probability.

For z > 0, denote by 7, = inf{n > 0 : z + S3(n) = 0}, and remark that 7, = 7/, for
x € Hy, see (31). Then, the skip-free assumption yields that

(SF1) if pg > 0, Py(7], < 00) = Py(1] < 00)** = ¢}2, where ¢, € (0,1) is the unique
real in (0,1) such that E,(c¥2(1) = L
(SF2) as p¥% goes to 0, one has 1 — ¢, ~ 2&2-

Eé‘z'
We have the following first asymptotic result for the Green function on Hy, when the
endpoint remains far from the horizontal axis.

Lemma 17. Let € > 0. For any x € H;, as t — oo, uniformly on u € ¥ with pg > /24
ViGy(x, [tp®]) ~ A(u)Py (7! = 00) ~ B(u)zaus.

Proof. For x € Hy, we have 7} = inf{n > 0 : 2o + Sa2(n) < 0}, see (31). Set t, = |tu"].
Then, for ny = [t17¢],

(x,ty) ZIF’ .TU—I—S tu,T; > n) +Eu(Gu(:p+S(nt),t ), 7o Ty > nt)

= ZPU($+ S(n) = ty,7,, >n) +]Eu(éu(:v+ S(ne), tu), 7, > 1)

— Eu(éu(l‘ + S(Tm)atu)7nt < 7-42 < OO)
=: 51+ 5 + Ss.

By Lemma 13,

1< 2P (150 — sl > llin') —a ) < 3P ('SW -l > ’52”)
— n=1
|t,u |2 |ty
< — .
428}(}) < X Nt €Xp (2nt)2

: l1—e
Hence, since n; <t ¢,

S = O(exp(—ct25))
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for some ¢ > 0. Then, set o = t1/27¢/4 and write

Sy =E, (éu(x + S(ne), tu),|S(ne) — gt < o, 7L > nt>
+E, (éu(x + S(ne), ), 1S(ne) — mept| > a, 7L > nt> =: So1 + Soa.
First, by (30) and Lemma 13,
(33) S < CPu(|S(ns) — nup"| > @) < 4C exp(—n(ar/ne)*ng) = O(exp(—nt*/?)).

Then, on the event {|S(n;) — niu"| < a}, as t goes to infinity w = o(t'/?7¢).

Hence, by Theorem 12, uniformly on x 4+ S(n;) on the event {|S(n;)| < a},
VG (2 + S(ng), te) 222 A(u).
Hence, S31 ~t—o0 %PUGS(m) —mpt| < o, 7k > nt) as t goes to co. Split the latter
probability as
Pu(1S(ne) — nep) < o, 7y > my) =Py (S(ne) — mep®| < a,me < 7, < 00)
+Pu(7’§ = oo) — Pu(\S(nt) — | > a, T = oo)

First,
Py (1S(n) — nep”| > 0, 72 = 00) < Py (|S(ne) — nape”] > @) = Oexp(—nt*/2)
as in (33). Then, on the event {|S(n¢) — nip"| < o, 73 > ne}, v :=x + S(ng) satisfies
Vo = To + nypy — a0 = ctl_aug — 12/ 5 412
for some constant ¢ > 0, thanks to the condition pf§ > t=1/2+¢. Hence, by (SF1) and
(SF2), on the event {|S(n;) — nyu*| < o, 7} > ny}, we have
qu cotl/2
(34)  P(rl g0y < 00l [S(n0) = mup] < a7 > my) < (1 - ) < exp(—ct?)

for some constant ¢ > 0, where we used again that uy > t~1/2+¢ in the last inequality.
This implies that Py, (|S(n¢) —nep®| < a,ny < 71 < 00) = O(exp(—ct®)). Finally, by (SF1)
and (SF2) with p% = o(1), u% >t~ /2t

Py(r, =00)=1—-¢2>1—(1- ct’l/ﬂs):ﬁ2 > gt/

)

for some constants ¢, ¢’ depending on z, and we finally have So1 ~¢_ 00 %Pu(r
and then

:oo)
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Note that the latter term will be the main contribution to the asymptotics of @u(x,tu).
Finally, by (30),

S5 = By (G + S(72), tu),me < 72 < 00)
< C’]P’u(nt < T; < oo)
< C (Pu(|S(ne) — mep"| < aymy < 7p < 00) + Py (|S(ng) — mep| > @) .

By (34), the first term is bounded by exp(—ct®) and by Lemma 13 the second term is
bounded by exp(—nt</?). Hence,

Sy = o(exp(—nts/Q)).

Putting together the results on Sy, S2 and S3 yields then

~ Au

Gu(z,ty) ~t—00 \(/i)IP’u(T% = 0)
uniformly on w such that us > ¢t~1/2t¢. The second equivalence in Lemma 17 is a
consequence of (SF1) and (SF2). O

5.2. Asymptotics of the Green function at microscopic distance. The proof essentially
follows the original proof of Ney and Spitzer [25].

Proposition 18. Let (0;)i=0 a positive function going to zero at oo and € > 0. Forn > 0
small enough, ast goes to co, uniformly on u € ¥ with % Sup <t7V2 gnd 2 € H,
with |z| = o(t'/?7°),

VIG,(z, [tp"]) ~ B(u)zaus.

Proof. Write y = [tu*| and split Gy (z, [tu*]) as

[t—AVE|—1 [t+AVE|
Gulz, [tu"]) = Z Py(z+ S(n) =y, 73 >n) + Z Py(z+ S(n) =y, 73 >n)
n=1 n=[t—AV1|

+ Z Py(z + S(n) =y,7; > n)
n=t+AVt|+1
=51 + 59 4+ S5.

First, by the assumption on uy, n~ %2 = o(uy) and uy < Cn~ /247 for [t — AVt] <
n < [t + AVt], with o(-) and C only depending on A and ;. Hence, by Proposition 16,
uniformly for x,y € Hy with |z| = o(y/n) and [t — AVt] < n < [t+ AVt] and u € ¥ with
t—1/2 < Uus < t71/2+6

0
c(u)zapl ( HC“(y—nu“)H2> <w2u5>
Py(x+Sn)=y,7. >n) = exp | — +o|l —=|.
( () =y ) XY 2mny/det(Xv) P 2n n
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Applying the latter to S yields
> cwoops (_!C (y —np )!2> o (xzuz>
et AV XY 2mny/det(Xv)

[t+AVE| 2
o 1 CU(y — nu® "
_JfCuzhy 3 exp (_II (y 2nnﬂ )l > + aapto(1).

Ny 2mny/det(3%)

VitSy =Vt

By [25, Eq. (2.20)],
[t+AV?]

iy 1 exp (_ 1C" (y — nu“)P) t-s00, 1 o)
Sy 2mn./det(X%) 2n V2m det (X4 ||Cupt |
uniformly in u € ¥, with ¢(A) A2 0 and |z| = t'/27¢. Hence, we also have
CuCL’QMQ
35 VtSs ~
(35) 2%1\/277'(1613 (Xu)||Cupe ||( =(4)-
Then, for 0 < § < 1, split Sy as
|6t lt—AVE]—1
S| = ZIPU(QC +S(n) =y, 7, >n)+ Z Py(z + S(n) =y, 75 > n) =: S11 + Sia.
n=1 n=|5t]+1

By Lemma 13, the first term is bounded above as

L6¢]
\[ t—o00
ol —S11 <Vt E Py(z 4+ S(n) = y) <Ct3/2exp(—c(1—5)t) LEENY|

uniformly in |z| < t1/2_€7 A>0and u € X (see [25, Eq. (2.22)]). By Proposition 16 with
r = 3, the second term is bounded as

\[ [t—AVE]—1 Caapi
512 \[ Z ( ; 2 exp (—Ctu—n/LuHQ) +0(n_2)>

n=|dt|+1
L=Vt Czop 1
22 W w2 =
<Vt Z ( - exp (—c"[ly — np ||)>+o<t>.
n=|8t|+1
By [25, Eq. (2.26)],
[t—AVE] -1
lim sup v/t Z —exp (—c*|ly — nu"|I*) = €'(A)
t—00 n
n=|dt|+1

uniformly on u € ¥, with ’(A) going to 0 when A going to oo. Hence,
[t—AVE] -1

lim sup —— Z Pu(z + S(n) =y, 7} >n) =<' (A).
t—oo T2Mg n=0t]+1




HARMONIC FUNCTIONS FOR SINGULAR QUADRANT WALKS 27

Finally,

t
(36) lim sup \[u Sy = €'(A),

t—oo L2y

uniformly on u € ¥ and z € H; with |z| < t'/27¢. One proves similarly that

(37) lim sup ﬂu Sy = £'(A),

t—oo T2y

uniformly on u € ¥ and = € H; with |z| < t'/27¢. Putting (35), (36) and (37) together,
we get

€ WU /2 Su U U
|~ e(4) - 26(A) < liming VECu(®: [t )21 /27 det (T O]

Cuo [ty
tG tpt )3/ 2m det(X@) || CH* ™
timsup VIO DT IRARENC oy
CyuZ2g
for all A > 0. Letting A go to oo, we thus get
lim \/%GU(% [tp"]) _ Cu
t—o0 Ty XU/ 2m det(X4) ||Cup|
uniformly on u € ¥ and z € H; with |z| = o(t'/>79). O

We give a similar asymptotic result along the horizontal axis.

Proposition 19. Let B > 0. Uniformly on x € Hy with |z| = o(t'/?7¢), y = tu* +t'ey with
0<t' < BV,

~

1 bl (e
Ge,(z,y) ~ WB(el)V(yé)xQ@ (B(u(y))—o( 1),y)’
with V' introduced in (32) and B(ey) > 0.

Proof. The proof follows the lines of the one of Proposition 18, using Proposition 15 instead
of Proposition 16. The only different step is the computation of

al 3 (~lertlor - nu“)ll2>
u 2
ne i AV 27n+/det(3%) n
which has to be replaced by
[t+AVE]

Vil X

n=|t—AV/t|

1 el el / _ el 2
o (LLC s ol i IPY)
27n2/det(Xe1) 2n

As t goes to infinity and for |t — Avt] < n < [t + AVt]|, n ~t, and thus

1 1 Co([tp +tea] —np)|?
eXp(_II ([tut +t'ea] —np )II)

Vit nztg\/ﬂ 27 /det(3€1) 2n

lt+AVE]
Sp ~
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By [25], uniformly on #' < BV/t,

[t+AVE]

- 1 [C ([tpe +tea] — nﬂel)||2>
lim ———exp (
e nugm 2mn./det(2) o

~ A(u(y)) exp(—(¢(u(y)) — ¢(e1),y)) + €(A),
with €(A) going to 0 as A goes to infinity. Hence,

lim lim ViS4 = A(u(y)) exp(—(d(u(y)) - dler), v)).

A—oo t—00
Concluding the proof as the one of Proposition 18, we get

éez (7,y) ~tsoo |B§§/22)V(y2)x26<¢(“(y))¢>(61),y) :
Yy

with B(es) = rA(e). O

Proof of Proposition 1. When +/|y| = o(y2), the statement of Proposition 14 is obtained

by putting together Lemma 17 and Proposition 18 with v = u(y) and ¢t = IML?{L”I’ using
that ug(y) ~ |y?2| and V(z) ~ z as z goes to infinity. When yo < Bly;1|'/? for some B > 0,
use Proposition 19 with ¢t = |Mye1l| ~ “‘félll to get

~ B é1 ) V y e _ ”
Gz, y) ~ W (6(e1) ) —(S(u(w)) )

with B(e;) > 0. The result is deduced provided we prove that
(0(er),y) = (¢(u(y)), z) +o(1)

uniformly on y = o(|z|'/27¢). As y goes to infinity, u(y) = e; + %‘62 + O(ﬁTZ\)' Since ¢ is
C?, K(¢(u)) =1 and VK o ¢(u) € Ru. For § > 0 small enough with u + ¢ € %, we have
d(u+8) = ¢(u) + uthy(8) + O(|6]?) for some linear functional h,,. Hence,

2
= ¢(e a2e 2
(1) = 6(e1) +a ey + 0 <‘y|)

Therefore, for = = o(|y|'/27¢),

(D)) = (ol +0 (5 ) = (6e0).) +ol0)
The result is then deduced. [l

6. IDENTIFICATION OF THE MARTIN BOUNDARY

We can now describe the Martin boundary 8% S. We first prove Theorem 11, and then
>0

deduce from the latter the following description:
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2
Corollary 20. The Martin boundary 81%;05 of {S(n) }n>o killed outside of the quarter plane
Z2>0 is homeomorphic to Gy through the map

— P(ag,bo) 72
ao,bp) € Go = ——2 20— € 9,7°S.
(a0, bo) Pagboy(1,1) — M

. . VK b
More precisely, for (ap,bo) € Go, writing u = M%,

h(ao bO) (;L‘) e €<(a0’b0)’x>Pu(Tx — OO) — e<(a07b0)7x> — ]E (e((a07b0)>m+s(7—r)>’ T < OO)
and if (ag, by) € 0Gy, with e; = %, ie€{1,2},

h(ao,bo)(x) = xie«ao,bo):x) —E (e((ao,bo),erS(Tz))(xf + Sg(Tx))) .

Proof of Theorem 11. We only prove the first statement and sketch the proof of the second
one, which is similar to the first proof.

Let V(ug) be a neighborhood of ug € ¥ such that d(V (ug),9%) > 0. Set t,, = %

and u, = é%\ Then, for m,, > 1 to adjust later,

Gu, (z,y(n))

Zn Py, (x + S(m) =y(n), 7 > m) + Ey, (Gu, (x + S(my),y(n)), 72 > my,)
m=1

= Zn Py, (x+ S(m)=y(n), 7 >m)+E,, (Gu(x + S(mn),y(n)), 7 > mn)
m=0

(38) _E., (éu(x S(72),y(n)), My < Tp < oo)
:S1+ 52 + Ss.

By the second part of Lemma 13, as long as m,, < t,/3 and for |y(n)| large enough

)

mn

$1< > P, (IS0m) = mp ™| > |t | = & — mp
n=1

Mn tn u(n)
<> P, <|S<m> ] > ""m)
n=1

2m
Mn / u(n) / u(n)
n'[tp™| 0 [t
< —— | < - .
NS ; exXp ( 2m ) X My €XP ( an

Hence, as m,, = o( 711/4),

(39) S1 = o(exp(—V/tn)).
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Then, write
S2 =Eu, (G, (2 + S(ma), y(0),1S(m1a) — mat™)] < 200, 7, > 1)

+E,, (éun (z 4+ S(mn),y(n)), [S(mn) — mpp™™| > 2my,, 7, > mn)
=591 + Sa2.
First, by (30) and Lemma 13,
S22 < CPu, (IS (M) = mpp" ™| > 2m,,) < C exp(—21'my,).

Then, set u = % € S!. There exists to such that on the event {|S(m,) —

nut| < 2my,}, for t, > to, w € V(up). Then, by Theorem 12, as t,, goes to infinity with
my, = o(t}L/4), uniformly on x + S(m,,) on the event {|S(my)| < 2my,} and using the fact
that u, — ug,

t—o0

VIGy, (x4 S(my), y(n)) =225 A(ug).

Hence,
A(UO)
521 ~ E n <1 _ u(n)
n—oo Ly \/72 [S(mn) —mpn (™) |<2mp, 7o >mp
A(u
_ &%) Pu, (1S0m) — ma ™| < 2mi, 70 > m ).
Since

]P)’Ltn <|S(mn) - mnﬂu(n)’ < 2my, Ty > mn)
=Py, (12 > my) — Py, <|S(mn) - mnﬂu(n)| > 2Miyp, Ty > mn) )
with
Pun (TCE > mn) ~n—oo ]P)un (7—93 = OO) ~n—o0 Puo (Tz = OO)
and P, (|S(my,) — mnu“(”)\ > 2My,, Tx > My) < exp(—2n'my,) by Lemma 13,
A(u)Pyy (T = 00)

521 ~n—oo \/t» ’
n

and as long as m, = 0(t}/4), and log(t,) = o(my),

A(ug)Py, (12 = 00)
i )

As in the proof of Lemma 17, the latter term will be the main contribution to the

(40) S92 ~t oo

asymptotics of G, (z,y(n)). Finally, by (30),
S3 =E,, [éun(m + S:,,y(n)),my, < 1y < oo]
< CPy, [my, < 7 < 9]

<C (Pun (|S(mn) — M ™™ < emy,my < T < oo) + Py, (|S(myn) — mpu| > cmn)) )
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for ¢ small enough so that inf,cy () d(p*™) OR2 ) := d > c¢. On the one hand, it follows
from Lemma 13 that there exists 7’ such that

Py, (1S(mn) — mnﬂu(n)’ > emy) < exp(—1'my)
for all my, > 1 and u € V(up). On the other hand,

Py, (1S (my) — mn,u“(”)] < emp, My, < 7 < 00) < sup Py, (1y < 00)
yEB(erS(mn),cmn)

< sup P.,, (T,; < 00),
yeB(z+5(mn),cmy,)

for i € {1,2}, where 7} = inf{n > 0 : 2; + Sij(n) < 0}. Since S is skip-free and there
exists p; > 0 such p > p; for all u € V(up), by (SF1) and (SF2) there exists ¢,, > 0
independent of u € V' (ug) such that P, (7'?3 < o0) < cb,y. Hence, by the choice of ¢ we have

(41) sup Py, (1y < 00) < exp(—cyy(d — c)my,).
yEB(x+5S(mn),cmy,)

Finally, there exists ¢ > 0 independent of u € V(u) such that Sg < exp(—cm,,), and as
long as log(t,) = o(my,),

(42) S5 = o(v/tn).
Putting (39), (40) and (42) together yields
VG, (z,y(n)) P A(uo)Puy (T2 = 00),

and setting B(up) = A(ug)|u"0| yields the desired limit for G,,,, since ¢, = ol

|pen |
||Z(£))||. Using (29) yields then the final result.

The proof of the second statement is similar. The unique change is to use Proposition 14

instead of Theorem 12, and the renewal relation
G(z,y) = Gi(e,y) —E(G(e + 5(1), ), 7 < 77)
in (38). The main term Sp; is then asymptotically equivalent to

Ale)V (y2(n) f (va/ V1))

ly(n)|3/2

Then, using that z; is harmonic for S killed at 7¢ under P,, (because S is skip-free),

e (@i + Si(my), To > my,).

Ee, (z7 + Si(my,), T > my)

=E., (x; + Sg(mn),T; > my,) — Ee, (27 + Si(my), Ti >my =T

= X7 — ]Eei (Eei («Tf + S{(TE) + gi(mn - Ti)a 7—;4_3(

1) > M — Ti) JTE S My, T < T;)) )
where S has the same law of S and is independent of 7. By harmonicity of z; for S killed

at 7%, we get
E., (azz + Si(7Y)e + §5(mn -7, 7‘;#3{( ) > My — T;) = 7+ Si(7h),

7
Tz
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so that

Ee, (7 + Si(my), 7 > my) = 27 — Ee, (a:g + S (), Tt < My, TL < T;) .
Since P(m,, < 7% < 00) = o(exp(—t5)) for some € > 0 as in (41), we have

Ee, (7 + Sz(my), 7 > my,) ~ a7 — Ee, (:1:; + SZ(T;), 7'; < 7';) = x; — Ee, (7 + Si(72))
= —Ee, (5:(72)) ,

where we used that z; + S;(72) = 0 because S is skip-free. O

Proof of Corollary 20. By Theorem 11, if {y(n)},>o is such that |y(n)] — oo with
|§EZ§| — u €3, then if u & {e1, ea}, for z € Z2; we have

Py, (12 = 00)

K(m, y(n)) — e<¢>(u),x7$0> — C(u)e<¢(u),x>lp)un (Tx _ OO)

Py, (T2, = 00)

(43) = C(u) (e902) —E (e#0+50) 7 < o))
= Ry (@),

for some C(u) > 0 and if u = ¢;, i € {1, 2},

z; — Ee, (2 + Si(12))
z0; — Ee, (z0; + Si(7a))

(44) = C(e) (xi€<¢(ei)’x> —E <€<¢(ei)’x+s(7)>(9«°z‘ + Sz‘(Tx)))) = hy(e) (2),

K(:’Ua y(n)) — e<¢(ei),{£7m0>

for some C(e;) > 0. Remark that as d(z,0Z-¢) — oo, Py, (7 = o0) — 1 and
Ee, (27 + Sz(72), 72 > 71) — Ee, (27 + Si(72)) = x4, so that if u & {e1, ea},

Py () ~d(e02o0) 00 €00

and if u = e;, i € {1,2},

hes(en) (T) ~d(070) 00 Tie' D)

Since u — ¢(u) is injective, we deduce that u — ﬁ¢(u) is injective. Hence, ® : u — 71¢(u)

ZQ
is a bijection from ¥ to 0,;7°S. Remark that ® is continuous: this is clear from (43) on
Y\ {e1,ea}, and (44) for e; is obtained as a limit of (43) as u goes to e; (the derivative
appearing because of the term C(u)). Since ¥ is compact and @ is a continuous bijection,

. . 72
® is a homeomorphism from ¥ to 9,;°S.

% = f%(u). Let us first suppose that u € 3\ {e1,ea}.

It remains to prove that ot
The function hg,) is harmonic in 72, so that how) = Js; B¢(w)dmu(w) for some positive
measure m,, on Y. We have hg,(x) ~ elPW) as d(x,0Zg) — oco. Hence, since

B¢(w) (z) ~ e} (resp. hg(e) () ~ 27?7} as d(z,0Z-0) — oo for w € ¥\ {e1,ea}
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(resp. w = ¢;, i € {1,2}) we must have m, = cd, for come constant c. Since
hqb(u)(l?l) 1 _ _
W = h¢(u)(1, 1) = 1, ¢ =1 and thus

g u)

_tew g
h(b(u) (la 1) o)
Then for i € {1,2}, by continuity of ® and Proposition 6,

hoeo T _
hd)(ei)(la 1) uoe h¢(u)(1v 1) u—e

Since ¢ is a homeomorphism from ¥ to Gy with ¢~ !(ag,by) = %, we get the

statement of the corollary.

APPENDIX A. PROOF OF PROPOSITION 16

The proof of Proposition 16 is very similar to the one of Theorem 5 in [11] which provides
a local limit theorem for zero-drift random walks in cones (the cone being a half-space for
us) : the two differences are the presence of a small drift in our case and the fact that we
are dealing with walks with small negative jumps in the vertical direction, which greatly
simplifies the proof. The first step is to get good estimates on the heat kernel of the
Brownian motion with drift inside R x Ry.

Lemma 21. Let (By)i>0 be a Brownian motion with drift p and covariance ¥. Denote by
75 the exit time from R x Rsq for  + By. Then, writing C = X2 and KB(z,y)dy =
dP (:L'+Bt =y, 8> t), we have for x,y € R x Rxg

(_ IIC(y—;ct—tu)H?)

27t det(X)

B _2:62y2 eXp
Kt (1“73/): I—e ®n

In particular, for all x,y € R x Ry

_ IIC(y—w—tu)ll2)
KE(2,y) < 22222 eXP( -
B t21 2t det(X) ’
and as %ff < Ot with 6, going to zero,
_ IIC(y—w—tu)IIQ)
KB (z,y) ~ 2wy P ( 2t
b t21 2t det(X) ’

with ~ only depending on 6;.

Proof. This lemma is a consequence of Girsanov theorem and the reflection formula. For

v € R?, denote by s, the orthogonal symmetry with respect to a one-dimensional vector
1

space generated by v, so that s,(z) = z — Q%UJ‘ for any v+ # 0 with (v!,v) = 0.
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Recall that if W is a standard two-dimensional Brownian motion with zero drift and
= inf{t > 0: x + W; € Ru}, the reflection formula yields

dP(x + W, =y, 70 > t)
~ 1 (e Hy—wII2 = exp (M) =2l
2t 21 2t
! ly — 2 IIy*xf2<f,L Sty vl
ot \ TP\ )T 21
_ 2 _ <y7I7UL>'<yzvl> <y7UL>2
[ (Y ly — 2l - 4y A
2t 2 2t

2yl (zoh)

l—e 070D ( !y—:v|!2>
= exp| ——— .

2rt 2t

Write Et = CB; and Et = Et — tCu, so that B is a Brownian motion with covariance
identity and drift C'u and B is a standard Brownian motion. Using the change of variable
u +— Cu and Girsanov theorem applied to B, we get
KP(z,y) =dP(z + B, =y, 72 > t)
= (det C)dP(Cz + By = Cy, 75 > 1)

y))— tncmF

= (det 0)e!CnCla= dP(Cx + B, = Cy, 75 > 1).

Then, since (El/ 2e5,Ce1) = 0, we can apply the previous computation to get

_ 2(Cy,0 " reg)(@,0 " Ley)

21— tel'seq Cu— Czll?
KB (2, y) =(det C)eCr@n-HG= 27 ¢ 27#1 exp <—H Y 5 all >
_ 2ygx9
1—e ™u ( |Cy — Ca|* - 2¢(C(y — x), Cu) + t*(Cp, Cu))
= exp| —
27t/ det & 2t
2y x
1-e e ( HC<y—x—tu)H2>
27Tt\/det P 2t '
The rest of the lemma is deduced by using the formula 1 — e ™ < u for u € R and
1—e™™ ~w as u goes to 0. 0

We next turn to the proof of Proposition 16.

Proof of Proposition 16. The proof of this proposition is exactly the same as the one of
[11, Thm 5] and [15, Prop. 2.4]. We introduce the main steps without proving them in
details, since there are exactly the same as in the aforementioned references.
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Conditioned central limit theorem starting away from the boundary. Since S(n) has all
moments uniformly bounded with respect to u, by [16], for all » > 3, > 0 there exists
~ > 0 small enough and a coupling between S,, — nu and a Brownian motion B* with
variance " such that
P(sup S|y —tp— By >n'?77) <Cn”",
o<t<n

with C independent of u € ¥. As in [11, Lem. 20] we deduce from this by choosing
v = 1/4 + 2¢ and using Lemma 21 that for any A C R? compact with non-empty interior,

1/4 €

uniformly on x € Hy with z9 > with € small (only depending on v,r) ,

Pu(z + S(n) € nu+ /nA, 1} >n)~/ KB (z,y)dy
TL,LL+\/EAORXR>O
c(u)xapy < ||C“y|!2>
45 ~ exp | — dy,
(45) 2¥Y /det(X%) Ja P 2 Y

(remark that we use the fact that nu + /nA € R x Ry for n large enough, due to the

~1/2 = o(uy)) and

condition n
(46) P,(|S(n)| > t,7} > n) < Caaus exp (—ctQ) dy+0(n™"),

for some C, ¢ > 0 and r large enough.

Conditioned central limit theorem starting close the boundary. Introduce the stopping
times v = inf(m > 1,29 + So(m) > n'/47). Then, as in [I1, Lemma 14] P(v, >
n'/?=¢) = O(e=“") and by Lemma 13,

!

P(vn < %7818 (vn) — vpp®| < 04754 > 1 — exp(=Cn™)
for some &’ > 0. Hence, we have by (45)

Pu(z + S(n) € nu + v/nA, 7} > n)
E(<x+s<>ex+s<> T (n— V)4 V(A + Y2 (02— SR)),
T;JFS(U%) >n— Vﬁ),yﬁ < T;)
:E( <.TU—|—S( vy ex+ Svy) + (n—uﬁ)u—i—\/E(A+0(n—1/2—i)),7;+s(yg)>n—1/fb>,

vp <02 T < T;) +o (exp (—Cn_e/))

U, |12
1Y

~ c(W)E (za + So(VE), vy <0505 < 7))

27m«/211 det (X / <
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uniformly on v € ¥ and x € Hj,z = o(y/n). Then, using that P(|za + Sa(n)|, vy, >
n'/?7¢) = O(e=“"" ) as in [11, Lem. 16] and the fact that Sy(k) — ku% is a martingale,
v A7) is a stopping time and xo + So(7}) = 0 (because S is skip-free), we get

E (xz + So(vi),vp < nt/2-¢, vy < 7'%) =E (5(32 + So(vy A n1/2*5), vy < T;) + O(efcngl)
=E <a:2 + So(VEATEA n1/2_5)> + O(e_C”E/)
= 29 + PSEWE AT An27%) 4 0(e7 ™).
Since pgy < n~1/241 for 1 small enough we have
PSEWEATEA n1/2_5) <~ Vpl/2-e = o(1),

uniformly on u € ¥ in the range of the Lemma. Finally, uniformly on such v and x € Hjy,

|z = o(v/n),

c(u)wopio HC“yH2>
Pu(z + S(n) € nu + nA,T;>n ~n—s 00 ex (— dy.
( (n) € nu+v/n ) ~ns 2enzts aet ) Ja P 5 y

Similarly, we get for z € H; and ¢t > 0,

Py (|S(n) — nu®| = v/nt, 7y > n) < Caapsexp (—c"t?) dy + o(n™").

Local limit theorem starting close the boundary. Using the same proof as the one of [11,
Thm 5] with the local limit theorem from Spitzer [27, Ch. 7 P10] which is valid for any
random walk whose steps set generates Z2, we deduce

u — u 2 u
Pula-+ S > ) = =S (IO | (452)

¥ 2mny/det(3) 2n

with o(+) uniform on v and z,y € Hy with |z| < v/n, and

Bule+ S(n) = .72 > m) < T2 o (et — i) dy 0 (=) D
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