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Abstract

For finite size Markov chains, the Donsker-Varadhan theory fully describes the large de-
viations of the time averaged empirical measure. We are interested in the extension of the
Donsker-Varadhan theory for a large size non-equilibrium system: the one-dimensional sym-
metric simple exclusion process connected with reservoirs at different densities. The Donsker-
Varadhan functional encodes a variety of scales depending on the observable of interest. In
this paper, we focus on the time-averaged two point correlations and investigate the large
deviations from the steady state behaviour. To control two point correlations out of equilib-
rium, the key input is the construction of a simple approximation to the invariant measure.
This approximation is quantitative in time and space as estimated through relative entropy
bounds building on the work of Jara and Menezes |JM1§].

1 Introduction

For a fluid in thermal equilibrium, spatial correlations are expected to have fast decay, in such a
way that, roughly speaking, each macroscopic portion of the fluid is basically independent from
the rest. For fluids driven out of equilibrium, e.g. by contact with reservoirs at two different
temperatures, the picture is quite different: the fluid settles in a steady state where heat and/or
matter are transported at a macroscopic level. The transport induces long-range correlations,
which can be modelled by a variety of approaches and that have been observed experimentally,
see [Spo83||Gar+90| and references therein. These general predictions are part of the results of the
Macroscopic Fluctuation Theory (see the review |[Ber+-15]), which proposes a framework to study
out of equilibrium fluids at a macroscopic level.

The derivation, from a microscopic model, of the steady state correlations, which are of a gen-
uinely dynamical nature, is usually a difficult problem. Rigorous results are mostly obtained for
certain simple interacting particle systems on a lattice. The Symmetric Simple Exclusion Pro-
cess connected with reservoirs (henceforth open SSEP) is a paradigmatic example for which this
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correlation structure can be analysed [Der+05|[LMOO06|. In the open SSEP, defined in Section [2]
particles follow symmetric random walks interacting by an exclusion rule on a finite subdomain
of Z. Reservoirs pump particles in and out of the system, fixing a certain density of particles in
their vicinity. When reservoirs are at the same density, the open SSEP dynamics is reversible.
However, when connected with reservoirs which enforce a different density of particles, this dy-
namics settles in long time in a non-equilibrium steady state, characterised by a macroscopic
current of particles. The strength of this current is proportional to the density difference between
the reservoirs [Spo83||[ELS90|[FLM11]. Two-point correlations in the steady state are known ex-
actly [Spo83|, as well as all higher cumulants [DLS07][Der07||[DR13| in dimension one. The cor-
relation structure of the steady state of the open SSEP is conjectured to be representative of a
large class of out of equilibrium systems [Spo83||Ber-+15|. However, much less is known rigorously
about steady state correlations for general lattice gases.

Our goal is to estimate the asymptotic probability of observing a correlation structure that
is different from the one of the steady state, thereby also gaining information on this invariant
measure. When the value N of the scaling parameter is fixed, this question has already received
a comprehensive answer by Donsker and Varadhan |[DV75|. For a general, irreducible Markovian
dynamics on a finite state space 2y, they study the time empirical measure 77, defined for each
T > 0 as a probability measure on the configuration space {2y by:

1 T
vneQy, A= ?/0 Spdt. (1.1)

The quantity 77 (n) then corresponds to the proportion of time spent at a configuration n € Q.
A full large deviation principle with speed T and rate function I3, is then provided in [DV75|
for the time empirical measure 77, in the sense that, if 4V is a probability measure on Qy and P
denotes the probability associated with the dynamics:

.1 - N N (, N
Jim —log (7" &~ p) = —Ipy (1), (1.2)

where ~ means proximity in the weak topology of probability measures on 2. The rate func-

N

tion I8, vanishes only at the invariant measure 72 of the dynamics, and is defined through a

complicated variational problem involving the generator L of the Markov chain:

()= s ¥ (e(=Lyet), (13)

We are interested in the macroscopic behaviour of the system, i.e. the large N limit of the
probability in . To obtain these asymptotics, one possibility is to study the limit of when
N — oo. When the underlying dynamics is reversible, this can be carried out: the variational
problem (1.3)) can be solved, and I, is expressed in terms of the Dirichlet form of the dynamics
(see Section below). Such computations are carried out in Section [2.2] in the case of the open
SSEP with reversible dynamics (where the scaling parameter N is roughly the number of sites in
the model). These computations highlight an important fact: one cannot naively take the large N
limit in without losing information, because not all the information contained in a measure

u? is stored at the same scale in N. By this we mean e.g. that observing a macroscopic density



different from that of the steady state, or observing different two point-correlation but with the
same density, are not events that have the same scaling in terms of N. Informally, it is shown
in Section that observing a macroscopic density profile different from the one of the invariant
measure in the reversible open SSEP has a probability that scales like e=7N "> in the large T', then
large N limit, up to sub-exponential corrections. In contrast, changing the two-point correlation
structure only requires a cost of order e 7V ”. To study the scaling limit of (L.2), one therefore
has to choose a scale. Out of equilibrium, the rate function I5; is not known explicitly, and the
equilibrium heuristics cannot be used, but we prove in Theorem below that scales are still
separated in the same way.

In this article, we focus on the scale corresponding to two-point correlations, and quantify the
probability of observing anomalous two-point correlations in the one dimensional, out of equilib-
rium open SSEP in the large T, N limits. We establish a large deviation principle for the time-
averaged two-point correlation field, in Theorem below. We do not start from the Donsker-
Varadhan asymptotics, but instead provide quantitative estimates on the dynamics, as a function
of time and the system size. Note that density large deviations are well understood since the
seminal paper [KOV89| (see also Chapter 10 of |[KL99| for a review). The main difficulty of the
article is to generalise these ideas to the estimate of two-point correlations, that are objects living
on a much finer scale than the density. To illustrate this, recall that the two-point correlations
in the steady state of the open SSEP are long range, and scale like O(N '), compared to Ox(1)
for the density of particle at a given site. For this reason, and while model-dependent estimates
on correlations have been obtained e.g. in [Spo83||Der+05||[LMO06||Gon+-20], to our knowledge
there is no general method to study the out of equilibrium behaviour of the two-point correlation
field in the long-time, large N limits.

The proof of our result on two-point correlations, Theorem [2.3], builds upon a refinement of the
relative entropy method obtained by Jara and Menezes [JM18|-|[JM20|. This method, originally
introduced by Yau [Yau9l|, consists in quantifying, at each time and in terms of the relative
entropy, the proximity of the law of the Markovian dynamics in an interacting particle system
with a known reference measure. The idea behind the method is that, locally, the dynamics in
large microscopic boxes equilibrates much faster than the typical time-scale at which the system
evolves macroscopically. If one has an ansatz for the evolution of macroscopic variables of interest,
say, henceforth, the density in a lattice gas; one then expects that the corresponding microscopic
variables, when averaged over a sufficiently large microscopic box, are close to their macroscopic
counterpart. This property, known as local equilibrium, has recently been shown quantitatively
even for mesoscopic boxes, see |Gon+22].

From the local equilibrium heuristics, one can build a reference measure in terms of the evolution
of the macroscopic density only. If one is interested in the evolution of the macroscopic density or
its fluctuations, it can be shown that local equilibrium holds and this reference measure is indeed
a good enough approximation of the law of the dynamics, see Chapter 6 in [KL99|, [JM18| and
references therein. In particular, the reference measure does not need to contain any information
on correlations.

To study two point correlations, however, the reference measure has to also contain informa-
tion on the dynamical correlations. Adding such a correlation term in the reference measure is
our key input. In the case of the open SSEP, since density fluctuations around the typical density
profile at each time (and in the steady state [LMOO0G6|) are known to be Gaussian [JM18|, our



candidates for reference measures are discrete Gaussian measures, see . One expects that
a good choice of discrete Gaussian measure will contain all leading order information about two
point correlations. This statement is made precise in Theorem where we obtain, for a family of
exclusion dynamics that occur in the proof of the large deviation result of Theorem [2.3] a charac-
terisation of long time, large IV correlations as the solution of a certain partial differential equation.

The approach used in this paper is not restricted to the symmetric simple exclusion process.

Much like the usual relative entropy method, it can be used for a large class of one-dimensional
diffusive interacting particle systems satisfying the so-called gradient condition (see Section 8
in [JM18]). There are however some technical difficulties to be expected when generalising the
present approach. All these points are discussed further in Section [2.6]
Let us however mention that, at equilibrium, the behaviour of various n-point correlation fields
has come under much scrutiny in the past few years. In |Ass07], a two-point correlation field is
studied in the SSEP on Z. It is not the same object as in [GJ19|, where two point correlations
are studied on the one-dimensional torus as a means to defining squares of distributions arising
in certain ill-posed stochastic partial differential equations. In [ACR21] and |CS21], interacting
particle systems enjoying a self-duality property are investigated in all dimensions. In that context,
equilibrium fluctuation fields involving n-point functions are investigated for any n.

In the same direction but using different techniques, long time large deviations for the density
and the current have recently been considered in [BGL21|. Both the long diffusive time limit start-
ing from the dynamical large deviation functional, and the long time, then large N limits using
Donsker and Varadhan’s formula are investigated. This last limit is the same as the one studied in
the present article at the level of two point correlations. The approach is however different: here,
we provide a quantitative (i.e. non asymptotic) control on the dynamics at the microscopic level.
On the other hand, in the case of the density and the current, the microscopic model considered
in [BGL21| may have dynamical phase transitions. To capture this very subtle phenomenon, the
Donsker-Varadhan variational principle in [BGL21| is solved indirectly in the large N limit,
by looking at large deviations at process level (so-called level 3 large deviations), then using a
contraction argument. A related paper by the same authors [BGL22b| uses a similar approach in
the settings of diffusions with small noise. Note that different kind of asymptotics for the Donsker-
Varadhan functional have been considered, e.g. to study metastability [BGL22a; [Lan22].

The rest of the article is structured as follows. In Section [2] we present the model and results.
Section [3] gives the main microscopic tool for the study of two-point correlations: the relative
entropy estimate when the reference measure is a certain discrete Gaussian measure. Proper-
ties of these measures are established in Appendix [A] The relative entropy bounds allow for the
computation of the Radon-Nikodym derivative between the open SSEP and the tilted processes
introduced to estimate rare events. This requires sharp estimates collected in the appendices. The
large deviations are then established, in Section [4] for the upper bound, and [5| for the lower bound.
For the lower bound, control of the open SSEP dynamics in long-time is obtained via the study of
certain Poisson equations. Well-posedness of these equations is investigated in Appendix [F], while
Appendix [E] gathers useful topological facts.
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2 Notations and results

2.1 Notations and definition of the microscopic model
2.1.1 The microscopic model.

For N € N*, let Ay := {-N +1,..,N — 1} and Qy = {0,1}*¥~1. Elements of Qy, denoted by
the letter i, will be called configurations. We say that there is a particle at site i € Ay if n; = 1,
and no particle if n; = 0. The variable 7; is called the occupation number (of site 7). On Qy, we
consider the dynamics given by the Symmetric Simple Exclusion Process connected to reservoirs
at position =N (henceforth open SSEP), which we now describe. For a survey of particle systems
in contact with reservoirs, we refer to |[Der07; |Ber+15|.

Let p_ < py € (0,1) be the densities of the left (for p_) and the right (p, ) reservoirs. The
open SSEP is defined through its generator N?L := N?(Lo+ L_+ L. ). It is made up of two parts,
the bulk and boundary dynamics, corresponding to Ly and L4 respectively. The operators Ly and
Ly act on f: Qy — R as follows:

VneQy,  N°Lof(n) = — Z c(n,i,i+ 1) [f(n"™h) = f(n)], (2.1)
AﬂLifOﬁ==Q;COLiCN*—lﬁLﬂnﬂN”)—f@ﬁ] (2:2)

Above, the jump rates c are defined, for each n € Qy, by:
c(n, it +1) = mipr (1 — ;) + 0 (1 — M), i< N -1,
c(n,£(N = 1)) = (1 = px)nev-1) + p£(1 = nx@v-1)), (2.3)

and for 4, j € Ay and n € Qy, the configurations 1" and 7%/ read:

ne ¢ {i g},

i Ne if £ # 1, i, . )
Wz{l I A A 24
— if £ =1, ] )
i it =j.

We write P E" for the probability /expectation under this dynamics starting from 7 € Qy.

2.1.2 The invariant measure and the correlation field.

For each N € N*, let 7)Y, denote the unique invariant measure of the open SSEP. If p, = p_ =p €
(0,1), 7 is sunply the Bernoulli product measure on Ay with parameter p. If p_ < p, however,
the measure 72 is not product. The average occupation number at each site was computed
in [Spo83|: it is given in terms of an affine function p, with:

Vie Ay,  p(i/N):=E"w[n] = (1 - %) %‘ + (1 + i) br. (2.5)

5



Note that, as p is affine, = (p; — p_)/2 is a constant. As 7' is invariant, one has, for
F:Qy=R:

V>0, mh(F) =E [F(p)] = > 7l () Fn). (2:6)

neQN

In the following, the expectation E,[F] with respect to a measure y is abbreviated p(F).
The measure 7., exhibits long-range correlations. To make this statement precise, let us first
define the main object of interest in this article, the correlation field TIV. It is a distribution,
acting on test functions ¢ : (—1,1)*> — R according to:

ey, T =@ = o Yo AmeG/NGN), n=n—al/N).  (27)
i#jEAN
Note the scaling of with N: the sum contains N? terms, and the normalisation is only
proportional to N1 as IV (¢) measures fluctuations of a central limit order. Indeed the correlation
field IIV is strongly related to the fluctuation field YV defined for any bounded test function
Y [-1,1] — R by:

1
vneQy, YY) =—= ) au(i/N). (2.8)
N N EZAN
Restricting to product test functions ¢(z,y) = ¥ (x)s(y), we note that:
11 (6)(n) = 1YV ()Y (h2) — T S (1) 6/ N (i), (29

iEAN

The fluctuation field has been extensively studied in the hydrodynamic scaling and at each time t,
the fluctuation field Y,V (¢)) can be proven to converge to a Gaussian random variable (see Chapter
11 in |KL99] in the equilibrium case, or |[Der+05|[LMOO06|[JM18| when p_ # p,). The two-point
correlations Y;(¢1)Y:(12) are thus also of order 1 in N (see e.g. [GJ19| for the reversible SSEP on
the torus).

As mentioned in the introduction, the correlation field IIV is a natural quantity to study non
equilibrium properties. For SSEP, the average value of the correlation field under the invariant
measure was obtained in [Spo83||[DLS02| in the large N limit :

1
lim 7, (11 (6)) = 1 /( P ol )y (2.10)

N—o0 4

where the kernel kg is a symmetric continuous function on [—1, 1]* given by :

@y

V(l’,y) S (_17 1>27 kO('T?y) - - 2

(4 2)(1 = ) logy + (L4 91— 2) 1z | (211)
Thus when p' = (py —p_)/2 # 0, the system is driven out of equilibrium by the reservoirs and long
range correlations arise. These correlations come from the diffusive transport of particles and, as a

consequence, kg is obtained as the solution of the Laplace equation restricted to the triangle > =
{(x,y) € [-1,1]* : z < y} with fixed normal derivative on the diagonal D = {(x,z) : x € (—1,1)}:

V(z,y) € >, Aky(z,y) =0, with (O — D)ko(zs, ) = ()%, w € (—1,1), (2.12)
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with 0 Dirichlet boundary conditions on {x = —1} and {y = 1}. Above, we used the notation
Ty = limhw(a: + h)

In the next section, we provide further insight on the correlation field and explain how IIV is
related to the Donsker-Varadhan functional.

Notation. Throughout this paper, we write p; := p(i/N) for i € Ay. More generally, for a
function ¢ : [-1,1]7 — R, p € N*, we write ¢;,,.;, for ¢(i1/N,...,1,/N), (i1, ....,7) € AY. The
letters i, 7,L..., when used as indices, index elements of An; while x,y,z are used for continuous
variables.

More generally, when we speak of n-point correlations (n € N*), it will always mean products of
centred variables, the 7’s, of the form w;,...7;, for some (iy,...,1i,) € A%. When considering a
tragectory m; € Q. t > 0, we write 1Y for TIV(+)(n;).

2.2 Heuristic scaling of the Donsker-Varadhan functional

In this section, we consider the SSEP dynamics at equilibrium as given in (2.1)-(2.2), i.e. with
two reservoirs at equal densities p_ = py = p € (0,1). The dynamics is reversible with respect to
the Bernoulli product measure Vév with parameter p. In this setting, the Donsker-Varadhan rate
function is explicit and is given by the Dirichlet form of the dynamics [DV75|: if 4? is a probability
measure on the state space {2y, then one has for each fixed N:

1 17 du
Jim —log P ( / o dt 2 i) = =I5, () = = (VICNIWVE), 1= g, (23
where the ~ sign denotes proximity in the weak topology of measures on ).

In the next two sections, we use the explicit form of the Donsker-Varadhan functional to
derive its asymptotics as N — oo. We will show that the scalings in /V are different for the cost of
observing an anomalous macroscopic density (in Section or the cost of observing anomalous
macroscopic two-point correlations (in Section . Thus different types of information are in-
tertwined in the Donsker Varadhan functional and one has to zoom at the correct scaling to extract
the relevant physical information on a given observable. The exact computation of Section [2.2.2]
justifies our choice of focusing on the non-equilibrium large deviations of the two-point correlation

field TIV (see Section [2.4)).

2.2.1 Changing the macroscopic density

Consider a smooth density profile p : [—1,1] — (0, 1). For simplicity, assume that the density close
to the boundaries is unchanged, i.e. that p(z) = p for x in an open neighbourhood of +1. Define
then:

pN = ) Ber(p(i/N)). (2.14)

1EAN

For a function ¢ : (—1,1) — R, write for short ¢; := ¢(i/N) for i € Ay. Introduce the chemical
potential \ and its discrete derivative 9™V )\;, defined by:

Vee(=1,1),  Az):=log (1f<—:7(>$)) ONNi=N[p—A],  i<N—1  (215)
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Recall that p¥[-] (or uV(+)) denotes expectation under the measure ;. Elementary computations
using (2.13) then give, for each N € N*:

Iy (™) = _NTQMN { D i+ 1)<exp [— Waﬁi] - 1)2]. (2.16)

Note that there is no contribution from the boundary dynamics, since p is constant and equals to
p close to +1 by assumption. Expanding the right-hand side of ([2.16]), one finds, with the notation
o(r)=r(1—r)forr €l0,1]:

. 1 N 1 T ~ N\ _ 1 N .. N 2
N
iy o(p(@)[VA()]*dz + On(1), (2.17)
(_171)

where we used the smoothness of p, and p (c(n,i,i + 1)) = 20(p;) + O(N~!) for each i < N — 1,
with the O(N™') uniform on 4. It follows that a macroscopic change of density is observed with

probability of order e~ 7% in the large T, then large N limit.

As a remark, notice that, up to factors of NV, T, the right-hand side of is the same as
the one given by the dynamical rate functional obtained in diffusive time in |Ber+03]. To see it,
recall that the rate functional Igspp evaluated at the constant profile p on the time interval [0, 7]
for T' > 0 is given by:

R e R
Isser(pa)daher)) =5 [ [ 1Vh(t0)Potpla)dudt, 215)
0 J(-11)
where h is the bias such that h(t,£1) = 0 for each ¢t € [0, 77, and:
1
Op=0= §A,a — V- (a(p)Vh). (2.19)

In particular, integrating the divergence operator, there is a divergence-free function j on (—1,1)
(the current), i.e. a constant in our one-dimensional setting, such that:

(1/2)Vp + j T/ ((1/2)Vﬁ+j)2dm (2.20)
(—1,1)

Vh=—"—2 = | o(x)d =—
) sser{(ple)dnen) = e
In the present case, h(-,£1) = 0 and VA = Vp/o(p) implies that j = 0, with A defined in (2.15)).
As a result:

Vit >0,x € (—1,1), Vh(t,x) = VA(z)/2. (2.21)
Thus replacing h by VA/2 in (2.18)), the functional (2.17)) is recovered. In other words, the long
time, large N limit and the long diffusive time limits coincide :

| I o1 )
JimJim olog B (5 / Syt i) = Jimlim rlog B (i) cr 2 (pla)de st ).
(2.22)



It is not difficult to adapt the proof of [Ber+03|, derived in the hydrodynamic regime, to recover
, i.e. to take the long time limit first before taking N large. Indeed the large deviation
functional of the SSEP is convex, so that the optimal way to observe an averaged density profile in
the long diffusive time limit is obtained by a time-independent tilt : there is no dynamical phase
transitions. The exchange of limits then remains valid in non equilibrium in the absence of
a dynamical phase transition. The much more delicate proof that the two limits coincide even in
the presence of a dynamical phase transition is carried out in |[BGL21|, where the joint deviations
of the current and density are investigated.

2.2.2 Changing the macroscopic correlations

Consider again the open SSEP at equilibrium at density p € (0,1). Our aim is to consider the
large size asymptotics for a measure with the equilibrium density, but different correlations. Recall
the definition (2.7) of the (off diagonal) correlation field IV, acting on a bounded test function
¢ : [—1,1]* — R according to:

1 o T
vneQn, TY(¢) = N > Uiﬂjcb(N’ N) (2.23)
i#JEAN

In view of the above discussion, to find a measure that is close to Vév but with a different correlation
structure, it is reasonable to look at:

1
p = 1//% = 2N eQHN((b)l/FJ,V, Zé\,qu a normalisation factor. (2.24)
psb

Assume ||| is sufficiently small and ¢ is smooth, symmetric, i.e.:

V(z,y) € [FL17%  oz,y) = ¢y, ). (2.25)

Assume also that ¢(z, ) = 0 for z in an open neighbourhood of £1. Then the macroscopic density
is still given by p, but the measure p/¥ now features long-range correlations. Indeed, using the same
kind of arguments as in Appendix (see also [Dag22|), one can show that there is a limiting
kernel £ : 1 — R such that:

sup. [ (771,) — K(G/NG/N)| = oN 7). sup [uV (@) — o(p) = ow(1). (226)

i#£jEAN ieAn

The limiting covariance can therefore be described by an operator C' acting on 11, 1, € L2((—1,1))
according to (recall the definition (3.26)) of the fluctuation field YV):

]\P_I,r;o N (YN ()Y N (1)) = /(_1 ! () (Ciho) () dx, (2.27)
with:
Ve (L1, Cule) = olone) + [ ki) dy 2.29

The operator C' is obtained from ¢ as the inverse of the operator Uy, defined for ¢ € L?((—1,1))
by:

Voe (LY, Usl)i=o(e) wle) - [ dlen)ul)dy (2.20)

(_171)
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Intuitively, this relation means that for large N, the density under the measure pV in (2.24]
behaves as a Gaussian field of covariance C'. A similar structure will be derived out of equilibrium
and the proofs will be given then, see for instance Theorem [2.6] where it is stated that the out
of equilibrium SSEP dynamics stays very close to a measure of the form u at each time, in the
sense that it has the same two-point correlation structure. To summarise, the macroscopic density
is still given by p, but the measure "V has now long-range correlations parametrised by ¢. Let us
again compute the Donsker-Varadhan rate functional for the measure p¥ with large N.

Lemma 2.1. For ¢ and p as in (2.24), one has with the notation ([2.28) :

T
lim l1ogIP><1/ S dm,ﬂ) :—1/ (p)(010(2,-),CO19(2,-)) dz + on(1),  (2.30)
T T Jo (_1,1)

T—o00 8

where (-,-) is the scalar product in L*((—1,1)).

Proof. Plugging the expression (2.24) of the measure pV in the Donsker-Varadhan functional
(2.13]), we obtain a formula similar to (2.16]) where the variation of the chemical potential is now
replaced by the non local expression

1 (6) () - (o)) =~ P S v, (2.31)
je{i,i+1}

with 0 ¢; j = N[pi11,; — ¢4 ;] bounded uniformly in 7, j, N. Expanding the exponential, we get as
in (2.17)

L N
zll—{goTlogP / Oy, dt =~

[ Z (i + Ve O 65,08 60| +on(1). (232)
li|<N—-1
j,Eé{i,i—l—l}

16N2“

The limit (2.30) can be easily guessed from the above formula, as 20(p) arises from ¢(n,i,i +
1) and the correlations 7j;7j, are approximated by the limiting covariance (2.26]) of p. Similar
computations will be carried out numerous times in Section [3.2, so we give no details here. O

Compared with the asymptotics of the density large deviations , the cost of mod-
ifying only the correlations has a different scaling in N. Our aim is to derive similar results for
systems driven out of equilibrium by reservoirs when the Donsker-Varadhan rate function is no
longer given by the explicit formula but by the variational principle . The computations
in the reversible case highlight the fact that:

e the whole correlation structure of the invariant measure is not contained at the same scale
in N, and therefore:

e one has to focus on observables at a specific scale to get a non trivial limit when N is large.

In the following, we focus on the large deviations of the correlation field IV introduced in (2.7),
and generalise formula (2.30) to a non-equilibrium situation in Theorem [2.3]

10



2.3 The topology for correlations

Motivated by the heuristics of Section [2.2] we focus in this article on the next scale after the density,
and consider the two point correlation field IIV, defined in . Zooming at the level of correla-
tions amounts to rewriting the asymptotics of Lemma [2.1] as follows: compute the asymptotics of
observing a given correlation field II

1 T weak™*
P(T/ Y at < H) when 7" and then N are large. (2.33)
0

eak™

In ([2.33), "~ means proximity in the weak* topology. In this section, we start by defining the
functional space to which IV belongs and the associated weak* topology.

Let us start with a few observations. By definition , [TV can be seen as a linear form on
several function spaces. Let [J = (—1,1)? and notice that IV is symmetric in the following sense:

Vo:O—=R,  OV(¢) =1"(¢s), ¢s(z,y) = oz, 9)/2+ ¢y, x)/2, (z,y) 0. (2.34)

In other words, IV could really be defined on the triangle {z,y € (—1,1) : z < y}, but we work
on the square for symmetry reasons. Note also that any symmetric function ¢, i.e. ¢ = ¢,, that is
C'! on the whole of [, satisfies:

V(x,y) € O, ho(x,y) = d(y,r) = Vee (-1,1), (81 — 82)¢(xi,x) =0. (2.35)

,°1D

15| 7 <

Figure 1: The domain [J = (—1,1)? and the diagonal D (in dashed lines) are depicted, with 1:= 0\ D.
According to notation (2.37)), the lower part is <1 and the upper part >. The extremities of the diagonal

1p and —1p are defined in (2.43).

In view of (2.11)), the two-point correlations are symmetric functions with singularities on the
diagonal D of [J, defined by:

D:={(z,z):z € (-1,1)}. (2.36)

We therefore cannot only consider symmetric ¢ that are smooth on the whole of [J. Finally, to

account for the reservoirs, we require ¢ to be continuous on 9L as well, and set ¢joq = 0.
Let us now define the test functions IT" will act on. Split [J as follows (see Figure [1)) :

O=pbuUDU«, b>:={(r,y)el:z<y}, <:={(zr,y)eO:z>y}, B:=>UQ. (2.37)

For n € N and p > 1, let W*P(d) := W™P(>) N W™P(<) be the Sobolev space of functions
with distributional derivatives up to order n in L?(0J). Properties of these spaces are recalled in
Appendix [E] Note that L?(0) = LP(IJ) since the diagonal has vanishing two-dimensional Lebesgue
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measure. The difference between functions on [J and 1] arises in the integration by parts formula
defining their weak derivatives. If p = 2, we simply write H"(>) := W™?(>). Define then the set
T of test functions:

T = H*() = H?(>) N H?(<). (2.38)

The set T is a separable Hilbert space, and 7 C C°(>) N C°(<) by Sobolev embedding, see
Appendix [E] Denote then by 7 the set of bounded linear forms on 7, and by 7, C 7' the subset
of those forms that are symmetric (recall (2.34)):

T.={0eT :VoeT, ¢ =11} (2.39)

To keep topology-related issues as simple as possible, we equip 7] with the weak* topology, i.e.
(I,), C T] converges to II € T/ if and only if lim, ,o II,(¢) = II(¢) for each ¢ € T (or,
equivalently, each ¢ € T.). To avoid ambiguities, we write (7, *) when we explicitly refer to the
weak® topology.

As a bounded linear form on (a closed subset of) the Hilbert space H?(l7), the Riesz representation
theorem allows each II € T, to be written as:

(¢) := i(kn,@, peT. (2.40)

Above, <-, > denotes the standard scalar product on L?() and duality pairing between elements
of H*(J) and (H*(W))’, n € N. The norm on L*(0J) = L?(Y) is denoted by || - ||. We use both II
and kp indifferently in the following.

2.4 Large deviations for time-averaged correlations

Our main result concerns the large deviation behaviour of the probability in the large T,
then large N limits. To state it, we need more notations.

Compared with the techniques used for the large deviations of the density (see e.g. Chapter 10
in [KL99|), producing atypical correlations requires modifying the jump rates of the dynamics by
adding a long range interaction. Thus we consider the generator L, parametrised by a function
h:[—1,1]> — R which is a non-local bias, with the corresponding modified jump rates given by:

Vn e Qy,Vie {£(N -1},  eu(n,i) = c(n,i)exp [II¥(h)(n") — TV () (n)],
Vi<N-1,  ce(nj.j+1) =clnj,j+1) exp [IIN(h) (/) =TIV (h)(n)]. (2.41)

We write Py, E, for the probability /expectation under this dynamics, and IP”,iN,E’}fLN when starting
from the measure p”V on Q. The strategy is to find the correct bias h so that the rare event of
observing the correlation IT in (2.33]) becomes typical :

1 T weak™
IP’ZN <— N dt < H) =1 when 7T and then N are large. (2.42)
T Jo

Before stating our main Theorem [2.3] we have to introduce some restrictions, in particular on the
size of the bias h.
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Main assumption and characterisation of the biases. In theory, one could define the open
SSEP dynamics with any value of the reservoir densities p_, p, and consider any sufficiently regular
h € T and any Il € 7] in . In practice, to focus on the key ideas and avoid many technical
issues, we will restrict the range of p_, p; as well as the size of the biases h, see Theorems [2.3
below. This restriction is discussed in Section 2.6l Let us now define the set of biases.

Let £1. denote the two corners of the triangle > (see Figure [1|) corresponding to extremities of
the diagonal D, defined in ([2.36]):

1p=(1,1), —lp=(-1,-1). (2.43)
For € > 0, define:
S(e) = {h €T :he W (>) for some p > 2, h is symmetric,

Alloos 101h]l <, lim @r%muﬁm:o} (2.44)

The condition on (0, — 03)h at £1p is purely technical. Introduce also the set S(co0) of biases

without size constraints:
S(o0) = JS(e). (2.45)

e>0
The rate function. Introduce the bilinear mapping M from L2(I4)? to L?(I), defined for (u,v) €
L2 ()2 by:
o) €8 Muo)ey) = [ ulze (2.46)
(7171)
where ¢ is defined as
Vo e (—1,1), o(z) :=oc(p(x)) with o(r)=r(1—-r), rel0,1]. (2.47)

For ¢ > 0, let h belong to the set S(¢) defined in (2.44]). Introduce the functional Jj, defined
for IT € 7] N H' () by:

Jp(I) = —%H(Ah + M(01h,01h)) + i/ trp(kn)(z)(02 — O1)h(x 4, x)dx

(7171)

+

(P;)2 /(171) Wz, x)dx — é/z5($)5(y) [O1h(z, y)}zdxdy, (2.48)

and:
Jo() = +oo  if O ¢ T NH' (). (2.49)

In (2.48), trp(kn) is the trace of ky on the diagonal D (defined in (2.36)), with kp related to
IT via (2.40)). It is well defined for I in H'(IZ), see Theorem 1.5.1.3 in |Grill]. Moreover, II €
T, NH(Y) implies that &y is symmetric, thus its trace on either side of the diagonal is the same
and the notation trp(ky) is not ambiguous.

Define then the functionals Z., Z. : (T/,*) — R, (¢ > 0) as follows:

Z. = sup Jp, Zo = sup Jy, (2.50)
heS(e) heS(o0)
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where € > 0 stands for the restriction on the size of the biases. To demystify the expression ([2.48])
of Jy, let Il = 1(k,-) € T, with k € C3(5>) a regular kernel. The associated correlation operator
Cy = 0 + k is defined for any test function ¢ € L?((—1,1)?) by:

Chote) = o@)ote) + [ kr.)ol)dy, w11 2:51)

where the diagonal part o(x) corresponds to the variance at a single site, and k& encodes the long
range correlations. In comparison, in the steady state (corresponding to h = 0), the correlation
operator in the large size limit is Cy, = ¢ + ko, with the kernel £ introduced in (2.10]).

The following proposition connects the bias h and the correlation kernel k. It is a classical
result, proven in Appendix

Proposition 2.2 (Euler-Lagrange equation). Assume that the supremum in the definition (2.50)
is reached at some h € §(00). Then k satisfies the Euler-Lagrange equation: for each ¢ € T,

1

1 _
§/ZV(k—k0)(x,y)-V¢(w,y) d:cdy~|—§/(_171)a(z)<81h( ), Cedid(z,+)) dz = 0. (2.52)

The expression (2.50) of the rate function L, then simplifies for 11 = i<k, >

Zoo ((1/4)(K, -)) :%/(1 . 2)(01h(z,-), Crdih(z, ")) dz. (2.53)

This generalises the asymptotics of the Donsker-Varadhan functional of Lemma [2.T]in the re-
versible case. In addition, the expression ([2.53]) has the familiar form of an I.? norm of the gradient
of the bias in a suitable weighted space in terms of the target distribution (see [KL99, Chapter 10]).

The next theorem gives a large deviation result for the law of % fOT [N dt. A more general
claim is discussed in Section 2.6

Theorem 2.3. Let p_ € (0,1). There is then eg = ep(p_), defined in Theorem [2.6] below, such
that, if p' < ep, then the following holds. Let O,C C (T],*) respectively be an open, closed set.
Then:

lim sup lim sup — T log Q7 o C) < mf T (2.54)

€B)
N—o0 T—o0

The rate function correctly captures the behaviour of the correlation field for kernels close to the
kernel ko of the steady state, in the following sense. Let Cp C T be the set of correlation kernels
associated with a reqular bias h € S(ep):

Cp = {k: € T. : k solves the Euler-Lagrange equation (2.52)) for some h € 8(63)}. (2.55)
Then, for k € Cg, one has Ioo(}1<k, >) =7, (i(k, >), and:

lim inf lim 1nf—log(@ m“( )>— inf 7., = — inf T. (2.56)

N—oco T— ONCp ONCp
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The statement of Theorem and extensions (in particular a lower bound for non-regular
kernels) are discussed in Section [2.6f The fact that, for k& € Cp, the associated h is a global
optimiser and thus Z.,,Z., agree at %‘<k, > is proven in Section

Remark 2.4. Recall that the kernel ko of the steady state 7.\ of the open SSEP in the large N
limit, defined in (2.11)), was observed to be smooth away from the diagonal. As Theorem shows,
by definition of the rate function (see (2.49)) ), it is in fact a general property that the time-average

of TIY is much more reqular than an element of T when T, N are large: it belongs to H(). M

2.5 The relative entropy method

In this section, we explain the method used to establish Theorem [2.3] i.e. to study, for some
IT € T;, the probability:

1 /7
Prine <T/ Y dt =~ H> when 7', then N are large. (2.57)
0

Understanding correlations out of equilibrium (p_ # p,) is notoriously difficult. Existing results
in the literature deal either with the equilibrium case p_ = p; without bias (i.e h = 0), see
e.g. |GJ19]; or use methods particular to the h = 0 case, which cannot easily be generalised to
h # 0 |Gon+20]. The methods rely on explicit knowledge of the invariant measure of the dynamics.
However, for h # 0, the invariant measure Wﬁv’ , of the tilted dynamics P, defined in (2.41)) is not
known explicitly. Even for h = 0, where the invariant measure 7" is well understood [DLS02], its

complexity makes the study of the probability in (2.57) difficult. To study (2.57)) in full generality,

we therefore need a different approach.

The key idea is to find an approximation of the invariant measure, which is sufficiently close
to control the large time behaviour of correlations, yet simple enough to make explicit computa-
tions possible. The proximity of the law of the dynamics to this approximate invariant measure
is quantified through the relative entropy method, relying on the beautiful generalisation by Jara
and Menezes |[JM18| of the ideas of Yau [Yau91|. The relative entropy method is presented in
more mathematical terms in Section [3.1] and here we only describe it informally. In our con-
text, the relative entropy method consists in finding a measure u¥ on the state space Qy, that is
both sufficiently simple to perform explicit computations, and as close as possible to the invariant
measure 7y, . This closeness to the invariant measure aims at ensuring that, if the dynamics
P, starts from p? then, at time ¢ > 0, the law f,u’ of the dynamics is still close to u”. The
proximity to the invariant measure is quantified by the relative entropy H(f;u™|p’Y). The level of
precision needed on this relative entropy depends both on the quantity to study - e.g. the density,
the density fluctuations, or in our case the correlations; and on the time range one wishes to probe.

Here, we improve on the estimates of Jara and Menezes [JM18§|, obtaining sufficiently precise
relative entropy estimates to study the probability . To do so, for a bias h in the set S(ep),
defined in , we compare the law of the dynamics at each time with a discrete Gaussian
measure v}, of the following form:

Vn € Qu, l/gNh(n) = (Zé\’i)_l exp [2IT1Y (g,)] 7" (n), with 2N (p) := ® Ber(p;).  (2.58)

1EAN
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Above, for p € [0, 1], Ber(p) is the Bernoulli measure on {0, 1} with parameter p. The partition
function ZéX is a normalisation factor. The function g, : ¥4 — R, which solves a partial differential
equation depending on the dynamical bias h, is the function that allows us to minimise the entropy
production 0, H (fiv)) [v)), as stated in Theorem [2.6| below.

Let us first consider A = 0 and give a heuristic reason why the invariant measure 7}y, can be
approximated by a measure of the form for a well chosen function gg := gp—¢. Under the
product Bernoulli measure 7V (which has the same density profile as the steady state, but no
correlations), for each test function ¢ € C°([—1,1]), the fluctuation field Y¥(¢) = N=V2Y" i¢;
converges to a Gaussian field with covariance 6. Assuming for a moment that each #; is a continuous
variable, the law of fluctuations under Vév is thus close to a Gaussian field with covariance 671 — g.
This claim is made rigorous in the forthcoming paper [Dag22, Appendix A|. Thus, in order for V;V
to have the same correlations kqy (defined in (2.10)) as the steady state m,, when N is large, one
can take g = go to be the inverse correlation kernel of the steady state:

Cko =0 + ko = (5’71 — go)il = go ‘= 5'71 — (5' + ]{30)71. (259)

Note that Cy, is indeed invertible as, by construction, ky is a negative definite operator on L?(0J):
LN} [ oke o) drdy <0 (2.60)
—1,1)2

The fact that gy is indeed a kernel operator follows from goCy, = 7 ko, see the first theorem in
section 4.6.1 in [BKMO96|. This identity also implies that go is a negative definite kernel. Moreover,
as a function on [7; gq inherits the regularity of kg (smooth all the way up to the diagonal D, but
with normal derivative having a jump across D). The following proposition and theorem provide
a systematic way of approximating the invariant measure for a non-local bias h € S(¢) for small
enough ¢ > 0.

Proposition 2.5 (Main equation). Let 0 < p_, p; < 1, take a bias h € S(oc0) and consider the
following problem with unknown g, referred to as the main equation:

(Al 1))+ 2020~ W) + S0~ o) for (o) €

- /(_1 . 7(z) [(919(2,37)81(9 — h)(z,y) + 019(z,y)h (g — h)(z, a:)}dz —0,
g=>0 “on o0,
(82 - al)(h - g)(l'-f-, JJ) = ((91 — (92)(h _ g)(x_7$) =2

(2.61)

forx e (—1,1).
There is eg(p—) > 0 and a function §(-) with lim, o d(x) = 0 such that, for any ¢ € (0,e0(p-)],
p <eand h € §() implies that (2.61) has a unique solution g, € go + S((¢)).

Proposition [2.5] is proven in Appendix [F] The next theorem provides the key control on the
dynamics and determines the parameter €z mentionned in Theorem

Theorem 2.6. Let 0 < p_ < p, < 1. There is egp = ep(p_) such that, if p' < ep and h € S(ep),
then the measure I/é\; defined in (2.58) is a good approximation of the invariant measure of the
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dynamics Py, with bias h in the following sense. Let ftl/gNh denote the law of Py, at time t > 0.
There is then C, K > 0 depending on h, p+ such that:

C
N1/2°

vt >0, H(ftV;mV;\,i) < e_KtH(fOVgNh|1/gNh) + (2.62)

Theorem is proven in Section The conditions that the parameter e must satisfy are
summarised in Definition [E.10l

Remark 2.7. For each bias h € S(ep), we prove in Appendz'x that obtaining a solution g to
the main equation with the desired reqularity is equivalent to obtaining a classical solution ky
of the Euler-Lagrange with the same reqularity, with g, and ky, related through the following
wdentity of the associated operators:

G+ky=(G"—g) " (2.63)

In particular this validates the heuristics behind the choice (2.59) of go. The following diagram
summarises the relationships between h, k and g.

A 22 B
g

|
2.6 Conclusion and perspectives
2.6.1 Extensions of the large deviation principle
The large deviation result of Theorem is stated starting from the invariant measure 7y . In

fact any choice of initial condition is possible, with no change to the proof.

An advantage of our very precise, quantitative microscopic estimates is that Theorem also
holds if one takes a diverging sequence Ty of times.

Theorem gives large deviation bounds in the weak-x topology. In fact, the theorem also
holds in the strong dual topology. This can be seen to hold with no change to the proof for the
upper bound. For the lower bound, one needs to be more careful, so we chose to work in a weaker
topology to avoid technicalities. An extension of the lower bound to non-regular correlation fields
is also possible, and sketched in Section [5.3]

2.6.2 Restriction on the biases and reservoir densities

In Theorem [2.3] restrictions are imposed on both the biases h and the difference p; — p_ of the
reservoir densities.

e Some restriction has to be imposed on the bias size h, otherwise one expects that not only
the correlation structure, but also the typical density of the corresponding biased dynamics
changes. Nevertheless, the conditions in ([2.44)) are far from sharp.
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e The restriction on the slope p/ = (py — p—)/2 has two technical purposes. First, this is
convenient to prove existence of gy solving the main equation (2.61)) (even though it should
be possible to remove this assumption). Secondly, it is used in the derivation of the relative
entropy bound of Theorem to control the relative entropy uniformly in time: one has to
make sure that error terms are bounded by ¢/N uniformly on the state space for sufficiently
small ¢ in order to estimate their exponential moments, and ¢ depends on p’. Again, one
should be able to relax this assumption, for instance through a priori estimate on the size of
the error terms using large deviation results for the density. All other uses of the fact that
0’ is small can be relaxed without additional work, but at the cost of more technicalities.

Let us however stress again that the large deviation result of Theorem is sharp for correlation
kernels close to the kernel kg of the steady state (2.11)), as in that case the rate functions Z. ,, Z,

(recall (2.50)) coincide.

2.6.3 The relative entropy method

The relative entropy approach used to obtain large deviations can be applied to many other set-
tings, still in dimension one. Let us list a few.

A first direction is the study of more general diffusive gradient systems with the following
restrictions. For systems more complicated than the SSEP, the behaviour of correlations at the
boundary may be problematic, and it is unclear whether one could still get a relative entropy
estimate. However, results of the present paper should carry over to any diffusive gradient system
on the torus (see the discussion in Section 8.1. in [JM18]). Additional work would be needed, in
particular some large deviation estimates for the density to ensure that higher order correlations
on the diagonal cannot be very large. The relative entropy bound would then only be of size on(1),
instead of O(N~%/2) as in Theorem .

In a forthcoming paper |[Dag22|, we use the present refinement of the relative entropy method
to study fluctuations in the SSEP on the one-dimensional discrete torus, constrained to produce
a macroscopic current on the time interval [0, 7]. The presence of this current is known to create
a rich correlation structure. An expression of these correlations in the long time limit has been
conjectured in [Bod+08|. In [Dag22|, this conjecture is proved and the fluctuations of this process
are described. In a related manner, Derrida and Sadhu |[DS19| study the density large deviations
for a non equilibrium SSEP conditioned to have an atypical macroscopic current.

Another direction of inquiry concerns the extension of the relative entropy results to higher
dimensions. This seems to be a complicated problem. One major hurdle is the fact that, in higher
dimensions, correlations are not smooth on the diagonal (see e.g. [Spo83|), while the relative
entropy method requires smoothness.

3 Main ingredient: the entropic estimate
In this section, we provide the key microscopic estimates to study the long-time behaviour of the

process (IIV);>o, i.e. we prove Theorem 2.6 We follow the strategy of Jara and Menezes [JM18]-
[JM20] and improve the controls by tuning correlations of the reference measure. The same kind of
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computations give the expression of the Radon-Nikodym derivative D), = dP},/dP for h € S(ep),
stated in Proposition [3.18 at the end of the section.

3.1 The relative entropy method and Feynman-Kac inequality

Let us now recall the main features of the relative entropy method. Let (w¢)¢>0 be a Markov chain
on a state space (2, assumed to be finite for simplicity. Let P, [E denote the associated probability
and expectation. Let V' : Q — R. One would like to estimate quantities of the form:

E[V(w)], t>0. (3.1)

The entropy inequality provides a tool to estimate (3.1)). Let 1 be any probability measure on
and fiu be the law of wy, t > 0. Then, for any v > 0:

V>0,  E[V(w)] <y H(fiplp) + 4 og p( expyV]). (3.2)
Remark 3.1. The symbol E always denotes dynamical expectations. In contrast, static expectations
with respect to a measure pu are denoted by u[-] (or u(-)). |

Through , the dynamical estimate of V' in (3.1]) is reduced to a static problem: a relative
entropy estimate, and a concentration-of-measure result under p. The relative entropy method
aims at finding a measure p which satisfies the following two criteria: exponential moments must
be under control, and the relative entropy H(f;u|p), t > 0 must be sufficiently small, the size
depending on the kind of observables V' one is interested in.

The analysis in |[JM18]-[JM20| greatly improves the existing method to control H(fyu|u), t > 0.
As a starting point, Jara and Menezes revisit Yau’s entropy bounds in the following form.

Lemma 3.2 (Lemma A.1 in [JM18|). Let (wt)i>0 be a Markov chain on a finite state space €2,
with jump rates (c(w,w'))ww)eqz- Denote by L its generator and by T the corresponding carré du
champ operator:

VwEQVf Qo R, Tfw) =Y clww)[f) - fw)]" (3.3)

Let u be a probability measure on ) satisfying inf,ecq u(w) > 0. Let fiu be the law of the process
(ws)s>0 at time t > 0. Then:

Vt>0,  OH(fuulp) < —p(T(F)) + p(fiL1), (3-4)

where L* is the adjoint of L in L*(p) = {f : Q = R : u(f?) < oo}. It acts on f: Q — R according
to:

/
VweQ,  Lfw) =Y [c(w’,w) F@) ) f(w)] (3.5)
w’'eN
Since the adjoint L* is known explicitly in terms of u, provides a way to estimate
O H (fipe|p), t > 0. An estimate of H(f;u|p) follows by applying the entropy and Gronwall in-
equalities.

The same estimates used to bound the relative entropy will allow us, together with a log-Sobolev
inequality (see Lemma , to get estimates on exponential moments. This is a consequence of a

bound involving the Feynman-Kac formula, stated now for future reference.
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Lemma 3.3 (Feynman-Kac inequality, Lemma A.2. in [JM18]|). For V :Q — R and T > 0,

T

1 1,

logE“[exp </ V(w) dtﬂ <T sup {,u(fV) - §M(F(\/?)) + §u(fL 1)} (3.6)
0 f20:u(f)=1

The main difficulty to use (3.4)—(3.6) is to control the term L*1. Notice that L*1 = 0 if and

only if 4 = 7 is the invariant measure. The quantity L*1 thus appears as a way to quantify the

proximity of p to the invariant measure m. This serves as an informal guiding principle for the

choice of u:
for each f >0 with p(f) =1, p(fL*1) must be small. (3.7)

We are going to apply Lemma to the dynamics P, defined in , for h € S(ep). Let us
emphasize again that "small" must always be understood in comparison with the size of the Vs
one wishes to estimate as in . Typically, if one wants to study the hydrodynamic limit of the
density of particles in a d-dimensional open SSEP on a lattice of side-length N, related observables
are of the form ) .m¢; = N 4 for a test function ¢. The rule of thumb is then that one needs
o(N4) bounds on the relative entropy. These can be achieved if y is a product measure with the
same densities as those of the invariant measure at each site, i.e:

p=ro" = ® Ber(p;), (3.8)

i€EAN

with Ber(p) the Bernoulli measure on {0,1} with parameter p € (0,1), and p the steady state
density profile in the large N limit, see (2.5)). In contrast, consider the fluctuation field:

Vo1 (-L) SR %(6) = trg O wNOG/N). (39)

i€EAN

The typical observables to study Y. should be of the form N'/2Y'N(¢) which is typically of order
N'/2 50 one needs o(N'/2) bounds on the relative entropy (in fact o( N%?) bounds in dimension
d). Remarkably, while one could expect that some information on the correlation structure of the
invariant state should be necessary to study Y¥, Jara and Menezes [JM18] managed to obtain
such bounds on the relative entropy by still taking p product as in (3.8]). To do so, they set up
a general renormalisation scheme to bound u(fL*1), for a u-density f, in terms of the carré du
champ, and objects that can be estimated by the entropy inequality. Precisely, they manage to
prove bounds of the form:

N ifd=1
H(foup) < C(T)ag(N)N2  with  ag(N) =< logN  ifd=2 (3.10)
1 if d > 3.

This is enough to study fluctuations in dimension d < 4. They also argue that these bounds are
the best possible when p is product.

Let us come back to the study of the correlation process II"V in the (one-dimensional) open
SSEP. Observables, of the form IV (¢), should be bounded with N, so we need ox(1) bounds on
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the relative entropy at each time. The measure p therefore cannot be taken product: one needs to
include information on the correlations under the invariant measure in u. With in mind, we
look for p that has both the same density at each site, and the same two-point correlations as the
invariant measure - which are in general not known - when N is large. We tune these unknown
correlations in an indirect way, taking a smooth function g : 11— R, and looking for the optimal
choice of g such that the measure y = I/ satisfies , with:

1
I/év = ZN exp 211V (g)] 7", Zév a normalisation factor, and 7" as in (3.8)), (3.11)
For each bias h € S(e) for sufficiently small & > 0, the optimal g = g arises as the solution
of a certain partial differential equation, that we call the main equation (2.61f). For this g, the

method of [JM18§|, adapted to this context, and a logarithmic-Sobolev inequality yield the bound
of Theorem [2.6

A0, K >0,vt >0,  H(fw)|v)) <e ™ H(fov) |v))+ CN7V2 (3.12)

The exponent —1/2 improves on . It is related to the size of exponential moments of three-
point and four-point correlation functions for product measures (see Section |A.2] E It thus cannot
be improved without adding a correction to V . The proof of ( - is the main technical result
of the article. The precise statement of the result is the content of the next two lemmas, a more
comprehensive reformulation of Theorem 2.6 For h € S(co) (defined in (2.45)) and f : Qn — R4,
let T, (v/f) be the carré du champ operator associated with the generator L, biased by h, with

jump rates ¢, defined in (2.41)):

vn € Qu, Fh(\/?)(n) = i Z ch(n,i,i+ 1) [\/?(ni,i—&-l) _ \/?(77)]2
* i > )V - Vi) (3.13)
ie{£(N-1)}

Lemma 3.4 (Log-Sobolev inequality). Let 0 < p_ < p; < 1. There is a constant Crg = Crg(p+)
such that, for each e, € (0,1/4), each h € S(¢) and each g € gy + S(&'), the following inequality
holds. For any density f for uév:

YN eN,  H(fr)|w)) < CosNY (Th(VF)). (3.14)
The ep appearing in the next lemma is the same as the one of Theorems

Lemma 3.5 (Approximation of the invariant measure). Let 0 < p_ < p, < 1. Let h € §(0)
and assume that the main equation (2.61) has a solutz’on gn € go + S(00) (the set S(o0) is defined
m -) For N € N*, the reference measure V o, 18 defined by -

There is then ep = ep(p—) > 0 such that, if p' .= 252~ < ep and h € S(ep), then gy is a
negative kernel (as defined in ) and the following s true
e For any N € N*, there is a function € : Qx — R such that, for any VgNh-densz'ty f, the adjoint
Ly of Ly in L*(v))) satisfies:

2

U (TN L) < viN (7€) + v (/) (3.15)
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e There are constants v > 8Crg,C' > 0 depending on h and the reservoir densities p+, such that:

. _ C
YN eN, o 1logy£<exp hysﬂ) <~ (3.16)
e As a consequence, for any density f for Véi,
H(fvglvg) , C N
N (prx 2 N ) N
Yan (thl) — N7y, (Ph(\/ﬂ) = 809;;5 e N1/2 Tygh (Ph(\/ﬂ)
H(fuﬁ|uﬁ) C N?
S T NE T T (Tu (V1)) (3.17)
and if ftV;\; denotes the law of the dynamics at time t, then:
H(fvN N C
vt > 0,VN € N*, OH(ful vl < — g, V) (3.18)

8CLs N1/2

Let us now prove Theorem using Lemmas Let g, solve the main equation (2.61]).
Recalling (3.18)) and applying Gronwall inequality to t — H( ftl/év ’I/g]\[l ) yields Theorem :

h

Ve >0, H(fwl ) < H(forl [N )e 0™ 4 8%720 (1= e e, (3.19)
Lemma is proven in Appendix [A:3] The proof of the key ingredient, Lemma [3.5] takes up the
next four subsections. The fact that g, is a negative kernel if h € S(¢) and p’ < ¢ for small enough
e > 0 is a consequence of Proposition [F.5, where it is shown that ||g, — go||> vanishes with e.

A function h € S(c0) and a negative kernel g € gy + S(00) are fixed throughout the rest of
the section, and we highlight where we need to restrict the size of h and p’. Recall that h, g are
symmetric functions, and that their restrictions to > are in C3(>). We do not a priori assume
that g solves the main equation (2.61)), and explain along the proof where this comes into play.

3.2 Estimates on L;1

To prove Lemma [3.5] we need to compute L;1. The computation of Lj1 will give rise to many
different objects which, roughly speaking, will either contribute to leading order in N, or be sub-
leading order error terms. In this section, we define precisely how to estimate the size of a function
in terms of IV, and formulate criteria to identify which terms are error terms.

3.2.1 Size of error terms

Consider a density f for yév , and a function Xy : 2y — R. Our main tool to estimate the scaling
of X with N is the entropy inequality:

H(fvg'lvy')

V’}/>0, Vév(fXN)S ~

1
+ ;log V;V<exp [7|XNH>. (3.20)

Informally, we will say that Xy is small if its moment generating function under V;V vanishes with
N for 7 in a neighbourhood of 0. This is the kind of characterisation of smallness that is used to
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estimate the size of the function £ in Lemma [3.5] In some cases, typically when dealing with the
effect of the reservoirs, we will encounter an X that is not small, but can be transformed into
some Xy that is indeed small, up to a cost estimated by the carré du champ operator. The next
definition formalises these considerations, and examples are given in Lemma [3.9) below.

Definition 3.6. Let ay € R}, N € N*. A family Xy : Qn — R, N € N* of functions is said to
be:

e Controllable with size ay if there are v, K independent of N such that:
1
VN € N7, — log I/;V<exp [7|XN|]> < Kay. (3.21)
g

By convention, if an(p) depends on an additional parameter p, then the constant K in (3.21))
will not depend on p. By the entropy inequality (3.20)), (3.21) implies, for each density f for

e
H(fvNwN
VN eN,  uV(fIXn]) < Hifvy 1) + Kay. (3.22)
e [-controllable with size ax if one can transform Xy, using the carré du champ Ty, into a
controllable function with size ay. More precisely: Xy is I'-controllable with size ay if there
are controllable functions XY with size ay such that, for each § > 0, each N € N* and each

density f for v :

v (F(EXN)) < SN (Ca(£172) + o (PR, (323)

The entropy inequality (3.20) then again implies that there are v > 0, K > 0 independent of
0, N such that:

(fV;V|V;V> n KCEN'

H
vy (F(EX)) < SN (Ta(£17%)) + ——% 7

(3.24)

e An error term with size ay, or error term for short, if it is either controllable or I'-controllable
with size ay, and ay = on(1).

Remark 3.7. (I'-)controllability behaves well with respect to multiplication by a small constant in
the following sense. Assume that Xy is (I'-)controllable with size ay and let by € [0,1] (N € N*)
satisfy by = on(1). Then by Xy is (I'-) controllable with size byay by Jensen inequality. [ |

To illustrate the notion of controllability, the following proposition, proven in Appendix [C.2]
states its consequence on the dynamical behaviour of observables.

Proposition 3.8. Let h € S(ep) with e given by Lemma and let g, be the associated
solution of the main equation as in Lemma|3.8. Let EN : Qn — R be an error term with
size ay = on(1), and let FN be (T )-controllable with size 1. There are then v,C and v/,C" > 0
independent of N, T such that:

1 T
vT > 0, T logE”xl [exp "y/ EN(nt)dtH < Cay,
0

1

T
sup = log Eon [exp 'y’/ FN(nt)dtH <. (3.25)
N T 0
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Let ¢ : Ay — R. To determine whether a field is an error term or not, one must keep in mind
the following heuristics: the measures vV are discrete Gaussian measures, in the sense that the

g9
fluctuation field YV (¢), which reads:

Y¥(9) = ﬁ > mdli), (3.26)

1E€EAN

is close to a Gaussian random variable when N is large, provided ||¢]l» < oo. In particular,
A = v (exp[AYN(¢)]) is bounded uniformly in N in a neighbourhood [0,7(¢)) of 0 for some
7(¢) > 0. By (B.21)), this means that YN(¢) is controllable with size 1 (or size C(¢) for some
constant C'(¢) > 0 if we want to keep track of the dependence on ¢). In analogy with Gaussian
random variables, one can prove that Y (¢)? is controllable with size 1, but YV (¢)" for n > 3 is
not. Similarly, the quantity:

Z¥(¢) = ﬁ Nifli+19() (3.27)

I<N—1

should not have worse concentration properties than YV (¢). Contrary to genuine Gaussian random
variable, however, Y (¢) and ZV(¢) are bounded, by C/||#||oc N'/? for some C > 0. As a result, it
is always possible to find ay small enough such that ay (Y (¢))" is controllable with size 1. This
discussion is summarised in the next lemma.

Lemma 3.9. For n € N* let ¢, : A% — R satisfy supy ||¢nllec < 00. Define, for N € N* and
either J = {0} or J = {0, 1}, the functions (an empty product is by convention equal to 1):

vn € Qy, X = Y > dulio, ---,in1)<H]7_]io+j> (ﬁﬁia),
je a=

i0<N—|J|1,...,in—1E€EAN

Us(n) = lev—rys - Us() =Tev-ry Y (), ee{—+}.  (3.28)
i#e(N—1)

Then:

e the function U is I'-controllable with size N~', and Ui is T'-controllable with size ||¢1]|ooN .
Moreover, N~Y2X{1, is controllable with size ||¢1 /2.

e Forn > 2, there are constants v, > 0 that depend only on n, but not on ¢,, such that:

2

Tn —(n—1 bn 3
loguN<eXp [—N ( )Xn D < —. 3.29
5 L™ (15, - )=y (329

This implies (but is stronger) that N*("fl)X;ff] is controllable with size ||dp||soN~"2)/2,
In addition, if ¢,(ig,...,1n—1) vanishes whenever an index appears twice in the collection
io+ J. i1, ..., in—1, then one can replace ||¢n || by the weaker norm ||¢y,||2.n in (3.29), where:

N™

80yeeeslbn—

ulln = (5 32 Galiosnin)?) (3.30)
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e Forn=2and|J| >1, say J ={0,1}, the previous estimate can be improved: N~ 1X§’?{0 )y i
-controllable with size ||¢n|looN "2 (01 ||@nllan N2 if ¢po(i,i) = 0 = ¢o(i,i + 1) for each
i).
Remark 3.10. To help clarify the definition of Xfffj, take J = {0,1} and, for n € N*, let
an(iO, (XY in—l) = HZL;()l ¢1(ig). Then:

Xy = NN (@) 2N (60), (3.31)
with YN (¢), ZN(¢) defined in (3.26)-(3.27). Moreover, for any ¢o : A% — R with ¢o(i,1) = 0 for
i € Ay, then the correlation field (2.7) can be recovered: X2 T = = ANTIN (¢3). |

Lemma is proven in Appendix [A.2| for the variables X ¢". The statement for Uy, U i
proven in Appendlx [B.2 and the last item corresponds to Proposmon [C1]

3.2.2 Bounding the entropy

After classifying each term arising in the computation of L;1 according to the categories in Defi-
nition . we will obtain the estimate (3.15)): for a good choice g, depending on h and any density
f for v

A (FLR1) < 03 (18) + S (0 ). (3.32)

Above, € will be a controllable error term with size N~'/2: there is v, C' > 0 depending on py, h
such that

VN e N, log Vﬁ(exp [7|8H> (3.33)

C
N1 /2
To turn this estimate on the adjoint into the entropy estimate of Theorem [2.6] there is one more
step, which involves the log-Sobolev inequality of Lemma see . To apply the log-Sobolev
inequality, we need to ensure that the constant ~ in is sufficiently large compared to the
log-Sobolev constant C'g, in the sense that we want to have:

H(fvg,vg,)

2
Vo (FLL) = N2vg (Ta(f17%)) < + %bg var (exp [11€]]) - S ()

v 2
H(fvN v C N2
=" 80925 e+ ny1/2 - legh (Fh(fl/Q))7 (3.34)

where (8CLs)™! in the last line could be replaced by any smaller positive number. The last bound
requires 7 > 8CLg, and is the reason for the introduction of the following terminology.

Definition 3.11. o A (T'-)controllable error term Xy of size ay is said to be of vanishing
type if there is a sequence (yn)n of positive numbers such that imy vy = 0o, and yn Xy is
(I'-) controllable with size 1.

o A function Xy (error term or not) is said to be of large type if, for some v > 1 independent
of N, vXn has unbounded exponential moment as N — oo.

25



e A controllable function is said to be of LS type if one can take v > 21°Cpg in the defini-
tion of controllability (this is in particular always true for N large in the case of error
terms of vanishing type). A I'-controllable function is said to be of LS type if the controllable
functions Y associated via ([3.23)) are of LS type.

Remark 3.12. The constant 2'° is not at all optimal (any large enough constant would also work),
but is sometimes convenient later on. [

Let us clarify this notion by classifying the functions appearing in Lemma [3.9]
Lemma 3.13. Forn € N, J :ﬁ or {0,1} and ¢, : Ay — R with supy ||¢n||c, recall the

definitions of ijj,, UZ in Lemma .
o N'V2UFE N'V2UE are T-controllable with size 1, so both UE and UL are error terms of van-
ishing type. Similarly, for any sequence ey > 0 (N € N*) with ex = on(1), gNN_l/QXﬁf]
and 5NN_("_1)X;$;} form > 2 are error terms of vanishing type.

o Forn > 2, 'yN‘(”_l)XfffJ has exponential moment bounded with N only iof v > 0 is small
enough. Thus N*(”*l)Xf;’j, 18 of large type.

o Formn > 2, there is a numerical constant (, > 0 such that H¢i"“OON_(”_1)X1ff] is of LS type.
If in addition ¢, (ig, ..., in—1) vanishes whenever the same index appears twice in the collection

io + J,i1, ..., in—1, then the same statement is true replacing ||¢n|loe with ||¢nllan (defined

in (30))

e If a function Xy is of LS type and € € (0, 1), then e Xy is of LS type. Moreover, (1 + o)Xy
is of LS type for sufficiently small o € (0,1) independent of N.

Lemma [3.13] is obtained as a consequence of the proof of Lemma (3.9, carried out in Corol-
lary [A4]

To see why the claim of Lemma is reasonable, consider again YV (¢;) = N=V/2" 7;¢1(3)
(¢1 is bounded) as an approximately Gaussian random variable when N is large. Similarly, one
should see N _("_I)Xffj as approximately N~("=2/2 times a product of n Gaussian random variable

(n > 2) for bounded ¢,. For n > 3, the prefactor N~("~2/2 vanishes, thus N_(”_l)Xff, should
become an error term. Error terms, however, are defined in terms of smallness of exponential mo-
ments, and the moment generating function M, () of a product of n Gaussian random variables
is unbounded for v large enough (n = 2) of for any v > 0 if n > 3. For n > 3, the vanishing
prefactor N~("=2/2 when considering N _(”_I)Xf;f, as a product of n Gaussians is precisely right
to ensure that its exponential moments are bounded with N in a neighbourhood of 0.

For an error term of LS type, a straightforward adaptation of the proof of Proposition (see
Section |C.2) yields the following result.

Corollary 3.14. Let EVN be a (T'-)controllable function with size ay = Oy(1), and assume that
EN is of LS type. Then one can take v = 1 in Proposition i.e. there is C'= C(p+) > 0 such
that:

1 T
YNENWT>0  —logE" [exp ‘ / EN(nt)dtH < Cay. (3.35)
0
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In particular, this applies to BN = C2H¢2||2 NIN(@) with ax =1 for any bounded ¢ : A — R, with
(s the constant in item 3 of Lemma

Equipped with these notations, we now turn to computing L;1, in the next two subsections.
We split Lj into Lj, = Lj, + Lj ., the adjoint dynamics respectively in the bulk and at the
boundaries, and study each contribution separately.

3.3 Adjoint at the boundary

In this section, we compute Lj .1, the part of the adjoint Lj1 of L; with respect to V;V corre-
sponding to the dynamics at the boundary. By (3.5)), it reads:

N? L) .
NLiAm) == 3 el )25 — )
ie[£(N-1) v (1)
N? (P Y 2m
=5 Z {C("’”(Tﬁ-) [ Zm 29 — hzj]
ie{£(N-1)} ‘ j#i
. 2777,
— c(n,) exp[ > b | (3.36)
J#i

The jump rates ¢(n,i), i € {£(N — 1)} are defined in (2.3). To compute (3.36]), recall that both
h, g satisfy h(£1,-) = 0 = g(%1, ) by hypothesis. It follows that the arguments of the exponentials

in ([3.36) are bounded by O(N~!). Moreover, introduce:

Vie Ay={-N+1,...,N -1}, /\i::10g<1'0i_) as well as AiN:10g< P )

— P 1—ps
(3.37)
With this notation and by reversibility, one has for i € {£(N —1)}:
i . Psign(i) 2ni—1 (2772 - 1)
c(n', i) = c(n,i) (—) = exp [—)\Si (i N]. (3.38)
1 - Psign(i) N en(i)
As a result, with the notation ¥\, = N(A\py1 — A¢), we get :
» i\ 1% : 1 —2n,
C(nz, Z) (1 f ﬁ) = 0(77, ’L) exp [% (1i:_(N_1)8N)\,N — 11-:N,16N)\N,1)] . (339)
Write for short the boundary term as:
Bz‘ = li:_(N_l)ﬁN/\_N — ].i:N_laN)\N_l. (340)
Using (3.39)) and the existence of C, 55 = C(||h]lso, [|9lc0, [|2]]c) > 0 such that
e =1 —2%/2| < Cgplel’ for |z < 2(|[hll + 2llgllec + [Alloo), (3.41)
Equation (3.36)) can be expanded with an error term:
N 1
N,1 . * . =
oz (n) = NQLh,il(n) T2 Z c(n, i) (1 — 2m;) [N Z%’N(Q —h)ij+ Bz} (3.42)
ie{E£(N-1)} JFi
LY | (g N @y +B) (o SN,
1 P \on LS T i N L
1€{x(N-1)} J#i Jj#i
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and 0} satisfies |02 < Cp,5/N. To compute the two terms in the left-hand side of (3.42), let
i € {£(N — 1)} and let us first rewrite the jump rate in terms of 7; in two different ways. One
has:

c(n,9) := (1 — 7:) psign(i) + (1 — Psign(s) )i = Gsign(i) + i (1 — 2Psign(s))5 (3.43)
with:
Asign(i) = (1 = Pi) psign(i) + (1 — Psign(s) ) Pi- (3.44)
Moreover, it also holds that:

1

= —7; — N [1¢:—(N—1)3Nﬁ—zv — ]-i:N—laNﬁN—l}- (3.45)
Using (3.45) in the first sum in (3.42)), one finds:
N . 1 _
5 Z c(n, i) (1 — 2n;) [ﬁ Z niN(g—h)i;+ (11':—(N—1)3N>\7N — li:NflﬁN)\Nfl)}
ie{E(N-1)} J#i
NONVA_ oNp_ NON Ay _ N pn_
T L S T

N2 .
where 05 ° is an error term that reads:

1 N 1 _ _ _
02 (n) = D) Z (771' N 1m0V Py — 1i=N718NPN71]> Z miN(g —h)ij. (3.47)
ie{+(N-1)} j#i

Since N(g—h); ; is of order 1 for i close to the boundary, the term involving 7; above is of the same
form as Ui in Lemma and recall that U is T-controllable with size N~! and of vanishing
type (as defined in Lemma [3.13). The other term is of the form N~/2YN(¢) for a bounded ¢
(recall (3.26))), and Y™ (¢) is controllable with size 1, thus N~/2Y"V(¢) is also of vanishing type.
It follows that 632 is T-controllable with size N~* and of vanishing type.

Consider now the second sum in . Using and recalling the definition of ay, it

reads:

1 1 2
1 Z c(n, 1) {(ﬁ Z n;N (29 — h)ij + (1i:f(N71)8N)\—N — 1i:N—1aN)\N—1)>

i€{£(N-1)} j#i

1 ~ 2] a_(OVAn)? | ar(OMAN-1)? | Ns
- (W;njjvhi,j) ] = ; + 1 +0:7(n), (348)

N3 . . A
where 0, is an error term that contains all other contributions:

=g 8 ool Same-n)' - G S

ie{+(N=1)}
1 . _
+ N Z c(n, 1) [(L‘:—(N—l)aN/\—N — ]-i:N—laN)\N—l) ZU;’N(QQ — h)z’,j}
€{x(N-1)} VE

(ONA_N)?
4

(ONAN_1)?

+ 7-v-1(1 —2p-) + v-1(1 —2p4) 1 (3.49)
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With the notations of Lemma and bounding ¢(n, ) by 1, the first line of (5£’3 is bounded by
a term of the form N _2X§ T0y, thus N ~1 times a quantity controllable with size 1. Similarly, the
second line is bounded by a term of the form N~'/2|YN(¢)| (recall that YV is defined in (3.26))
for bounded ¢, and |YV(¢)| is controllable with size 1. Finally, the third line is of the form U,
and U(;—L is I'-controllable with size N=! and of vanishing type. The quantity 51’3 is therefore

I'-controllable with size N~/? and of vanishing type.

Putting together (3.46)) and (3.48)), we have obtained the following expression of the adjoint at
the boundary:

. NONX_NT_ oNp_ NONAN_1T_ ONpn_
NZLh,il(n) = —TN [77—(N—1) + N N] + 2 dll [?71\/71 — ]\va 1]
a_ (8N)\_N)2 a4 (6N)\N_1)2 3 N,g
+ ; + . +;5i (n). (3.50)

It remains to notice that the constant terms in the last equation compensate each other to obtain
the final expression for N>Lj . 1(n). Indeed, for each i € {£(N — 1)}, a Taylor expansion yields:

Gsign(i) = 20; + O(N™1), OV = 0 p +O(N™). (3.51)

g;

It follows that there is a configuration-independent error term 6V* with §¥* = O(N~1), such
that:

NONA_y NOMAN 1

4
N?Lyud(n) = ——— v + — 5 —in-+ 0y (), of =) 60(n).  (352)
q=1

The quantities 6%, 6% are, by definition, I-controllable with size N~! and of vanishing type.

3.4 Adjoint in the bulk

We now compute Lj 1. For each 1 < N — 1, define Bl CI, DI as follows:

Bl =gy Y aothy,  Diy=CPhw i gip sy
i¢{ii+1}

where, for u: A% — R:
ONu(i,7) = N[u(i +1,5) —u(i,j)], i<N—1,5€ Ay. (3.54)

With these definitions,
Vi< N-L IR V) ) = - B ) (3.59

Define similarly €9, and notice that, since h, g are regular:

sup sup sup (|1 (n)] +|C2n)]) < oc. (3.56)

NeN* neQy i<N—1
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By (3.5)), the adjoint Lj , in the bulk reads, by definition:

N2

2 il - Ve (0T o
N2Lj 01(n) = [ch(nl’w Jiyi+ 1) L——" —cp(n,i,1 + 1)} : (3.57)
2, vy (n)
I<N—-1 g
With the above notations, this becomes:
i+1 — i 0:(1 — piyq)mit1—mi
N2L: = i+ 1) { [_(n =) (cl - 20?)} [—[3 ( - }
ol z<2N:1 N pi+1(1 = pi)
_exp [ _ (772‘+1N— 1) C«Zh]:| _ (3.58)
To compute (3.58)), recall the definition of A:
Vi€ Ay, A o=log (1 f"p‘). (3.59)

Notice that C" — 2C9 = C"=29. Moreover, c(n,i,i + 1) = (9,41 — n;)? for each i < N — 1. With
these notations, (3.58|) reads:

N2L>;LO - Z 772+1 772 |: [W(Oh 2g 8N)\ >i|
i<N-—1
~exp [ - WO"H (3.60)

To compute (3.60)), we expand the above exponentials. Write (N 2Lj;ol)order p for the term of order
p € N. From the existence of C, ; = C(||h]|cc, [|g]lc0) > 0 such that e —1—z—22/2—23/6] < C), 2!
when [z] < 2([hlse + 20lgllo), One 1S |6 eess (1] < 2Ci o/, with:

N _
N?Ljo1(n) = D) Z (Miv1 — i) [QCZL I - aN)\ii| (3.61)

i<N—1
1

+1 D (=)’ [(qh—% —OVN) - (qﬁ)z} (3.62)

i<N—1

1 R h—2g ANy 13 h\3 N

+ 12N Z<N_1<77H'1 771) |:|:Cz a )\l} + (CZ ) :| + 50,order24(77>' (363>

The sum in the last line will later be found to be an error term, in Section m The
important terms are therefore the sums in —, which we will see impose conditions on
the choice of g.

To highlight the structure of Lj 41, let us rewrite the sums in - - 3.62)) by grouping together
terms involving n-point correlatlons n € N*. By - C' is the sum of B, which involves one-
point correlations (i.e. one 77); and of D, which is configuration-independent, hke A. Moreover, the
sum in (3.61)) will have to be 1ntegrated by parts to remove the N factor. To do so, write:

Vi< N —1, Nis1 — N = Tiv1 — Wi + Piv1 — Pi = Tiy1 — i + N0V . (3.64)
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The sum in (3.61]) therefore contains constant terms, fluctuations and two-point correlations. Let
us similarly analyse the second line (3.62). The jump rate (1,1 —1;)%, i < N — 1 can be expressed
in terms of 7; and 7;,, as follows:

Vi< N —1, (i1 — m)* = a;i + 0" (Pi) i1 + 0" (Pis1) s — 205741, (3.65)

where a; = pi1(1 — p;) + pi(1 — piz1), i < N — 1. The sum in therefore involves constant
terms and n-point correlations for each 1 < n < 4. In Section [3.4.3] we prove that three-point
and four-point correlations lead to an error term 5(])\7[3_4, while the sum in the third line (3.63)) is
an error term 0 e 3- The adjoint in the bulk thus reads:

N?L; o1 = Const + Fluct + Corr + 635_4 + 00, order 3 + O, orderss (3.66)

where Const, Fluct, Corr respectively denote the constant terms, the fluctuations and the correla-
tions. The expression of these terms is given in the next three sections. Informally, these are small
only when 1/ satisfies specific conditions. Namely, the fluctuations term Fluct is small because,
by deﬁmtlon I/N has the same average occupation number as the invariant measure in the large N
limit, see Section [3.4.1] On the other hand, the correlations Corr are small provided g solves the
partial differential equation , as shown in Section Finally, the constant Const is small
provided all other terms are, as established in Section [3.4.4] We will repeatedly use the following
estimates (recall the definition (3.53)) of D):
aiaN)\i 8Nﬁz

i

sup |D;] = O(N™), sup ADYE

i<N—1 i<N—1

—9"pi| =O(N™") = sup

i<N—1

(3.67)

3.4.1 The fluctuations

Here, we estimate the fluctuations term Fluct in (3.66)), which we recall accounts for all terms with

a single 77 in the two sums (3.61))-(3.62)). Recalling (3.65)), it reads:

1 _ e
I<N—1
+ 5 [2BI70(DI7 = 0¥ \) — 2BYDY]
1 _
+3 [0/ ()1 + 0" (i )] [(DF 72 = 0N N)* — (D)) | (3.68)

To estimate the size of each term above, recall from Lemma [3.9 E 9 that a term of the form YN(¢)

(defined in ({3.26])), with ¢ : (—1,1) — R bounded, is controllable with size 1. Using (3.67)), (3.68])
thus turns into:

1
Fluct = 3 Z [N(ﬁiﬂ _ ﬁi)(QDlh_g _ 5N)\i) + 201\7@]3?—9 _ aiaN)\iBlh—zg
i<N-1
(0N \)?

M

[ (pi)iis1 + ' (P )] | + 805 (), (3.69)
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where 5(]: H(n) reads:

1 _ _ o _ _
5(J)Yi1(77) = 2 Z [ai |:Bzh 2ngh 20— BfDﬂ + [U,(Pi)niﬂ + UI(Pz‘+1)77i}

<N-—1

x [(DI29)2 — 2D! 299N ), — (Df)ﬂ. (3.70)

(2

Recall from (3.53)) that each B; for i < N — 1 is of the form N~/ 2YN (¢) for a bounded function ¢,
and that sup, |D | = O(N~'). As a result, all terms composing &, are of the form N L2y N ()
or N=3/2Y'N (1)) for a bounded v, and YV (¢) is controllable with size 1 by Lemma [3.9} It follows
that 5(])\7/ il is controllable with size N~! and of vanishing type (recall Definitions .

Let us compute (3.69). We start by integrating its first term by parts. From (3.53) and the
regularity of h, g, one draws, for each i < N — 1:

. [(h 9)ii1 AN pi + N[(h = g)ii1 — (h—g)i_17i}aNﬁi_1], (3.71)

h— h—
Diflg - Di 7= 2N2

where:

ANp; = 0N(0N pi—1) = N?[pis1 + Pi-1 — 20i)- (3.72)
Remark 3.15. In the present case, AVp; = 0 and ONp; = p' for each i, which could be used to
simplify and several other expressions below. We chose not to use the properties of p until
the end of this section to highlight the structure of the Fluct term: it will contain a discrete PDE
involving p. Had we defined Vév in terms of a density function p : [—1,1] — [0, 1], this PDE would
determine the choice of density p in the measure I/;V i order to obtain an optimal bound on the
adjoint. [ ]

As a result, sup, ‘thg thg‘ = O(N™?). Moreover, g(+1,-) =0 = h(:l:l -), which implies

that DEZJ%—U =O(N?) = Dh %. An integration by parts therefore turns into:

1 N N
Fluct = 3 Z mAN N — EﬁN—laN)\N—Q + Eﬁf(Nfl)aNAf(Nfl) (3.73)
li|l<N—-1
2

Lo @O e, (0NN
+ > [é“vﬁiB? g—aTBih wy (OA) n ) o' (pi )m+1+0(m+1)m}] +> doi(m),

1<N—1 q=1
where 5(1)\’] 12 is a controllable error term with size N~! of vanishing type, as it reads:
1 _ - - _ _ _ _
Sot () = N > mN?[DI = D7) + iy 1 Dy — n-wv-n D" E . (3.74)
li|<N—-1

Using (3.67)) to express a.0M \. in terms of &V p. in the terms involving B in the second line, ([3.73))
becomes:

1 N N
Fluct = 3 Z HAYN — =10V Ao + = - (v-1) OV A (v-1

. 2 2
li|<N—-1
aN g (aN)\ ) ’ N,q
+ Y B P + 0" (i) | + D d0i (), (3.75)
i<N—1 q=1
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with 56? (1) of the form N~12YN(¢) (recall (3.26)) with ¢ bounded, thus controllable with size
N~! and of vanishing type. Indeed, recalling the estimates (3.67) and the definition (3.53)) of B,

N3
01 reads:

S (M) = —5x n; N IZN 1}N [ 5 ) pz](% (h—29)i; |, (3.76)
i¢{j—1,5,N—

JEAN

and the term between parenthesis is bounded uniformly in j € Ay and N € N*. Let us
now compute the term involving B in (3.75). Recall that ¢ € C3(>) and is symmetric, thus
Sup|jj<n—1 V|gj-1;—gj+1,] is bounded uniformly in N. Integrating by parts and using g(+1,-) = 0,
and the symmetry of ¢ in the last line below; we find:

PORARTE S LD SR T L D S AT

i<N—-1 i<N-—1 J¢{ii+1} JEAN  i¢{j—1,j,N—1}
1 _ _ _ _
=N > 77]{ > AVpigij+ 0Npj2(Ngjo1;) — 0V pira(Ngjsa )
JEAN li|<N—-1
li—i[>1

+ (9NﬁN—2(N9N—1,j) - 8NP—N+1(N9—N+LJ‘)]

1 B _
= —5n 2 D AVpigis+ 01

JEAN |i|<N—1
l7—i|>1

= =5 3 BN M)(Ap)() + B ), (377

where 635", d07 are of the form N~1/2YN(¢) (YN (¢) is defined in (3.26)) for bounded ¢, and there-
fore 5(])\7[ 4 5&7 i are controllable with size N~! and of vanishing type. M, is the matrix (g; ;) . e AZ,
and (Ap.) the vector (Ap;)icay, SO that (5(])\77 i accounts for the replacement of ANj by Ap (this

cost vanishes in our case since p is linear, but we do not use this fact at this point), as well as the
addition of missing terms in the sum on i:

5(])\75 = Z nj Z [ANPZ Apz 9ij — Z nj Z Apigig. (3.78)

jEAN —NT1<|Z><1N 1 JeAN ie{x£(N-1),5,j£1}
7=

Consider now the sums involving A. in (3.75)). Elementary computations give, for each i < N — 1:

ANp; 8N’i 25! 0;
ANN = N[OVA — VA ] = = - 0%7:) 7'(p) + e sup |eN|=O(N™Y.  (3.79)

o (0:)? v lil<N—1
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By (3.67), we also know sup, |0V \; — 0V p;/5;] = O(N~1). As a result:

% > mAVN + Z o A) [0 ()41 + 0" (P )]

li|<N—1 i<N-1
N N
—?771\1 APYS 2+E77 OV A
_Ap; N _ N N _ N N6
=5 ; L 57]N718 AN—2 + 5?)_(1\7_1)3 A_(v—1) + 001 (0), (3.80)
i€EAN
where 5&7 % reads:
N6 1 _[AN _ Ap;
W) =5 S0 AV L[OA 0 (i) + (0NN ()] — 2]
li|<N—1 t
N iN-1(0" Av—2)?0" (pn—2) n N-v-1) (0" A (v-1))*0’ (- (v-2))
4 4
Ap Ap
— NIN—-1 _pN L7 (N— 1)_p—. (3.81)
ON-1 T_(N-1)

The function 5(])\’7 i* involves terms of the form 7.(y_1yu(£(N — 1)) with u bounded (the last two
lines), and N~'/2YN(¢) for bounded ¢ : (—1,1) — R (the first line). It follows that 5(]]V s I-
controllable with size N~! and of vanishing type by Lemma |3.13] m Note that the last line actually
vanishes since Ap = 0. This last line is an error term anyway, so we do not need this fact.

Putting (3.75)), (3.77) and (3.80) together, we have computed the fluctuations term (3.68) in
N2L: 1:

1 N N_
Fluct = — E 771(_’1 N’lMg) (Aﬁ.)(z) — N1 Ao
2 2
1€EAN
N 6
+ ?ﬁ—(N—l)aN/\—(N—l) + E 8o (n)- (3.82)

Since p is the steady state profile satisfying Ap. = 0, the first sum vanishes, and:

6

N N

Fluct = ——-nn- 10N A2 + 5 - NN vy +05h (), G =D doi (3.83)
qg=1

By definition of error terms, see Definition [3.6] we have proven the following: for any 6,~ > 0,

there is C(f,v) > 0 such that, for any density f for )" and N larger than some N(7):
N
Vév (f : FIUCt) < 3’/;\[ (f[—ﬁN—laNAN_z + ﬁ_(N_l)ﬁN)\_(N_l)])
H(fvNwN C(o
FONEN (V) + Y : ) 90y

The expectation in the first line of ([3.84]) is not an error term, but it will cancel out with the
boundary term obtained in (3.52)). This cancellation will be proven in Section , where all
contributions to L;1 will be summed.

(3.84)

34



3.4.2 The correlations

In this section, we compute the Corr term in (3.66|) and obtain the partial differential equation that
an optimal g must solve. Recall that Corr corresponds to all terms in (3.61))-(3.62) that involve

products of two 7’s. It reads:

Corr = {N(ﬁHl — ;) B~ — a;B!B;™" — %ﬁz‘ﬁwl (D2 — 0 \)* — (D]
i<N—1
1
t3 [0/ (i)li1 + 0" (i) i) [ B2 (D727 — 0N \;) — BJ'D}] (3.85)

Recall from Lemma that terms of the form IV (u), or N‘1/2Xf,{071} = N2 > i N1 TiTli410i,
are controllable with size 1 as soon as the test functions u, v are bounded. Multiplying them by &
with ey = on(1) therefore turns them into controllable error terms with size ey, €% respectively
by Lemma [3.9] As in Section [3.4.1 we first use the estimate (3.67) on the size of D to remove

some terms from (|3.85)):

1
COI"I' == Z |:N(’F]z+1 — ﬁZ)BZh_g - (liBfBZh_g — éﬁiﬁi—H (8N)\Z)2
I<N—-1
1

= 5[0 (01 + 0" (i) 7] 8NAZ-B£“29} + 604 (n), (3.86)

with 5(]; él controllable with size N~! of vanishing type, defined by:

5(13\,[51(77) =TON ﬁz‘ﬁz‘ﬂN[(Dz]‘ng)Q - 2D?7293N)\i — (DDQ]
i<N-—1
1 g
+on D 0B + 0 ()] N[BT D — D] (3.87)
i<N-—1

Let us integrate by parts the term involving 7,41 — 7; in (3.86)), ¢ < N — 1. To do so, notice first
that, for each ¢ with |i]| < N — 1:

_ _ _ _ 1 _
N[B/Zf =B =N[B!™" - B/ = N > mAY(g - Ry
gili—il>1
1. _
+ 2 [ni—la{\](g - h)i,i—l - 77i+18{\](9 - h)i—l,i—&—l}? (3-88)

with ANu(i, j) = 0N (ONu(i — 1,5)) for u: Z* — R and (i, j) € Z*. As a result:

Z N (i1 — ) B ™ = Nijy 1 By % — Nﬁ—(N—l)Bﬁ(J{]]fl) + Z N[B! — B

I<N-—-1 li|l<N—-1
1 _
=dos )+ 55w Do D WLAY(g—h)iy
li|<N—1j:|j—i|>1
1 o _
+3 Z i [7i-101 (9 = R)iim1 — 4101 (9 — h)ic1,i11] (3.89)
li|<N—1
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where 5(])\7[ 52(77) =N ﬁN_lB]}i,__QQ — Nij_(n- 1)B ZN - 5(]; 52 involves correlations between the reservoir

and the bulk, of the same form as the function U;* defined in Lemma . 503 is thus T-controllable
with size N~1 and of vanishing type. On the other hand, the last line of (3.89) can be integrated
by parts once again:

Z ;i [771718{\[(9 —h)iio1 — Ni10r (9 — h)z‘fl,iJrl}

li|<N—-1
= Z NiNit1 [a{v(g —h)it1, — afv(g - h)ifl,i+1:| + 5(])\,753(77% (3.90)
—(N—-1)<i<N-2
with:
305" (0) = - (N—1)T—(N-201 (g — B)—(N—2)—~(N-1) — IN—2TIN-107 (g — h) N—3,N—1- (3.91)

The quantity 50 5 is again a I-controllable error term with size N~! of vanishing type, as it is of
the same form as the function U1 of Lemma . Equation - ) thus reads:

Z N 77@4_1 —’I]Z Z Z 77177] g h)

i<N-—1 ||<N 15:7—i|>1

1
5 D [0 (g = i — 07 (g — )iy +Z§Nq (3.92)

—(N-1)<i<N-2 q=2

The other terms in (3.86) are simpler. Indeed, recall that:

N p;
sup |a; — 26i] = O(N7Y),  sup |9V — =L = o(N ). (3.93)
i<N-—1 i<N—1 g;
Using these estimates in (3.86)), Corr becomes:
Corr = Z Z ;AN (g — h)i
\|<N 1 je]j—i[>1
1 - 0" pi)?
+3 Z NiMi+1 [O{V(Q —h)is1i — O (g — R)ivip1 — ( (5')2) }
—(N-1)<i<N-2 v
N p;
= 3 [ G + o i) S 7 C g 4 95, B9 B d +Z(5Nq (3.94)
i<N—1 q=1
where 5(1)\’7 5! reads:
W) = 5 S [0 (P + o' (pes )] [0 - - SR - Y N -2 BB
0,2 IN ' i) 141 i+1)i i 0'2 N ' i 7 i i
i<N—1 i<N—1
1 _ Ny e (OYp)?
TN Z 77z‘77i+1N[(a Ai)” = 522 }
—(N-1)<i<N-2
1
3 [ﬁ—(N—l)ﬁ—(N—z) (3N>\_(N_1))2 + 771\/_2771\/_1(3]\[)\1\/_2)2} . (3.95)
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The last line comes from the fact that the sum involving ﬁiﬁi+1 in (3.86) and in (3.92)) do not have
the same range. It is of the same form as U;" in Lemma [3.9| thus its multiplication by N 1/2 gives
a ['-controllable term with size 1. The first line above is of the form N~ 2X2¢ 2{0}, while the second

line reads N=/2X% - for bounded tensors ¢y, 2. As a result, 625" is [-controllable with size
1,{0,1} 0,2

N~1 and of vanishing type by Lemmas 3.13

To conclude on the expression of the correlations, it remains to take care of the two terms
involving B in (3.94)). Recalling the definition (3.53)) of B, using the regularity of h, g and p and

changing indices, one can write:

N pi

5 pz 771—1—1 +o (pz—i—l)nz] — B?g_h (396)
2<N 1 i
1 o' (p:)0" pi _
_ Loy SR S g - b+ B
lij<N—1 ‘ je¢{ii+1}

N5
where ;5 is an error term that reads:

sV () — 1 _ ‘- 10N Di ogn
05 (M) =5 Y mN[0 (i) —o (pi)}ﬁ—Bz

2N i

[i|l<N—-1

1 ONDii1 2 _ONDi g

aAnT zN[ i— B g ! ) —B'g
+2N Z n U(p 1) Gi 1 i—1 U(p) & i

[i|[<N—-1
"(prn—2)ON P I A I

+77N—10(pN 2)0" PN 2B2g h+77 v o' (p—(n-2))0" P 1)339(]_\[;,,_1)' (3.97)

20N_2 20_(N-1)

5(1)\77 3> is of the form N~ 1X§’ 2{0} for a bounded ¢, for the first two lines, and N~'U;" for the third

line. By Lemmas 3.13) 5oé is therefore I'-controllable with size N~! and of vanishing type.

Finally, recall that (7.)? = 7.+ 0'(p.)7.. Separating diagonal and off-diagonal contributions, the
term involving BYB"9 in (3.94]) reads:

_ - 1 _ _
~2 Y 6,BIB} '=onE Yoo > 0 g0 (9— h)ie

i<N—1 i<N—1  jeg{ii+1}
L (2 _ AN aN
T 9N 4 Mi'le (ﬁ Z 00y i ;01 (9 — h)i,@)
l7]<N—1 i¢{j—1,j,0—1,6,N—1}
f#]
tove 2. 2 000 g0 (9 Wi + 655 (), (3.98)

'L<N 1j¢{ii+1}

where 83 is the sum of error terms of the form N~Y/2YN(g) (recall (3.26)) and U, thus 63 is
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I'-controllable with size N=! and of vanishing type. It is given by :
1
N6 =\
o3 =5xz D Do 50 ()mdy 9500 (g — h)iy
i<N—1j¢{ii+1}

+ Z ZW( S adla o -h)  (399)

The correlations (3.85)) have so far been rewritten as follows:

__[ 1 _ o (pi
Corr = Y Wh‘{QN [1lz jis1AT (g = h)ig + Lz 0V py C(Tp )3fv(2g — h)i; (3.100)
lij<N—1 !
i
1 _
+ > 500y 9oy (9 — h)m]

e¢{i—1,i,j—1,j,N—1}

Np,
IR T [aN(g Biins— Mg — Wir it — ﬁ]} (3.101)

+— Y. > 5:5;0V9:,00 (g h)iy + 25 (). (3.102)

i<N—-1j¢{ii+1} q=1

We claim that the curly bracket is a discrete version of the partial differential equation (2.61)).
To see it, first use the symmetry of g,h and exchange 7,j5. Recall then that, by assumption,
h,g € W*s(1) for some s > 2. By Sobolev embedding, W**(Z) C C3(5>)NC?3(<), see Appendix [E]
As a result, approximating discrete derivatives by continuous ones and the Riemann sum in the
second line of by an integral, there is an error term 5&7 57, controllable with size N~! and of
vanishing type, of the form NIV (u) + N7'X} ¢y for bounded u, v, such that:

(3.100) + (3.101) = IV (A(g —h) + (?,81(29 — h) + 02(29 — h) (?/)

+ 1Y (M(019,01(g = 1)) + M(D1(g — ), Drg) )

=1\ 2
+ Z NiTli+1 {5’1 (g—=h)iyi—0i(g—h)i_i— (22) } + 5&7(7}), (3.103)

i<N-1 i
with M the bilinear operator defined in (2.46)) and the convention, for (x,y) € J:
wo(,y) = w@o(e,y), Gu(e,y) = d ), ¢ BoRw:(-L1) SR (3104)

If g is chosen as the solution g, of the main equation (2.61] - then the right-hand side of ( m
reduces to 50 5'(n), whence:

7
Corr = — Z Z 5:5;0Y (gn)i ;0N (gn — h)ij + 5gz(n), 552 = Z (5[%'1. (3.105)
q=1

2<N 1j5¢{ii+1}
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The first term is independent of the configuration, and will be estimated in Section [3.4.4, By
definition of error terms (see Definition [3.6), for any 6,~ > 0, there is thus C'(f,~) > 0 such that,
for any density f for I/éi and any N large enough depending on ~:

1
vp (f - Corr) < Nz Z Z 5500 (gn)i OV (gn — h)ij

i<N—1j¢{ii+1}

H(fvN N
+ONN (Th (V) + Y §h| ) + C(i;’y). (3.106)
Remark 3.16. The choice of g = gn cancelling the curly bracket f s optimal in the
following sense: for another g, the first two terms in the right-hand side of are not even
error terms, but only controllable with size 1. As a result, for g # g, can at best only be
true with vyN Y2, Cy respectively replacing g, CgN~Y2 in the right-hand side, which breaks the
on(1) bound on the entropy obtained in Section [3.5 [

3.4.3 Higher-order correlations

In this section, we again assume that g = g;, solves the main equation (2.61]), and we estimate
the third order term (N2L}1)oder 3 in the development (3.63)) of the exponentials making up the
adjoint in the bulk, as well as three-point and four-point correlations arising in (3.62]).

Consider first (N?L;1)orer 3, which by (3.63)) reads:
1 - 3 3
N (Mi+1 — i) [[C? o — NN+ (O] } (3.107)

i<N—1

(Nszl(n))order 3=

For i < N — 1, write ;41 — m; = 701 — 7 + N 10V p; as before, and recall from (3.56) that Ch—29n
C" are bounded with N. As a result:

1
12N

<N—-1

(Tip1 — i) [[Cih—zgh — VN [Cﬂ?’} ‘ < ¢ (3.108)

(NQthl(n))order 3 N

One need not even integrate by parts to find that the sum in (3.108)) is an error term. Indeed,
developing the cubes and recalling that C'= B + D (see (3.53))) with ND bounded, one finds:

1
TON (i1 — 1) “Ch 2 — 9N\ } ] Z N_"an{o} (3.109)

I<N-—1

for bounded ¢,, 1 < n < 4, depending on p.,h. By Lemmas 3.13 N~ "X¢’f{0} is controllable
with size N=%/2 at most for 1 < n < 4, and of vanishing type. This observation and (3.108) yield:

(3.110)

}(NQL;kll(n))Order 3 < 5(J)Vorder 3( _|_ ’ Z N_nX’i’?O}

and 0p qe; 3 i controllable with size N~' and of vanishing type.
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Consider now three-and four-point correlations arising in the terms (3.63)—(3.64)—(3.65]). They
read:

Sp—a(n) = Z [_ [0 (pi) i1 + U/(ﬁiﬂ)ﬁi]Bi%B?fgh + 75Ty 1 37" (thqgh —oN\)  (3.111)
i<N—1

+ il BI O (D79 4 8N>\,~)} +2 ) fma BB (3.112)
i<N—1
Recall that sup,; [D?| = O(N~') for any bounded ¢ : [-1,1]*> — R, and that sup, |0V )\, — 7//6,| =

O(N~1). There are then bounded functions ¢,, 1, : (—=1,1)" — R (n € {2,3}) such that, in the
notations of Lemma [3.9t

S° | = [0 Gi)ines + ' (P )in] BB = NT2X G (3.113)
i<N—1
Z Mg 1 |:B%9hDi2h*29h 4 BzhfghDi?gh] — N_2X22{071}, (3114)
i<N—1
Z ﬁiﬁiJrle‘hi%haN)\i =: N71X$?071}, (3.115)
i<N—1

2 Z il B{" Bl " = N_QX;b’?O’l}, (3.116)

i<N—1

so that 60's_, reads:

N  _ ar—2v9 —2yr —2 —1x¥
O03-4 =N Xo%oy + N "X T N X 00 N XoGoy

(3.117)
The first three terms are controllable error terms with size N~%/? at most, with the first term
of vanishing type. The second and third term, involving ¢3, 13 are of large type, and ¢3, 3 are
bounded as follows:

1
mac {1165 los 15l | < 5110198l (g1 = 1)l (3.118)

By taking p/ < e and h € S(¢) for sufficiently small ¢, the right-hand side can be made as small
as needed, see Appendix [F.5 Lemma |3.13| therefore ensures that N*QXff?f{O} and N*QX;??O 1 are
of LS type.

The last term in (3.117)) is N_IX;%?{OJ} given in (3.115)). 1) satisfies:

Cp'l|01(h — 2gn) |
- — 0. 3.119
min{p_(1 — p-), p+(1 — p4)} #-0 ( )

14200 <

At first glance, the second item of Lemma only yields that N ”X;ﬁ’ ?0 1} is controllable with size

|12]|c N2, The last item of Lemma in fact yields that N _1X§j 70y 1s I-controllable with size

N~='/2_ This improvement is obtained in Appendix [C.1] through the renormalisation scheme of
Jara and Menezes [JM18|. In view of the bound (3.119)), taking p’ < e and h € S(¢) for sufficiently

small € ensures that N*IX;’?{O 1} is of LS type. All terms in the decomposition (3.117)) have now
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been treated, and we conclude that, for small enough € > 0 such that p/ < e, h € S(e), 5(1)\7]3_4 is a
I'-controllable error term of LS type. Thus, for all large enough N and each 6 > 0:

H(fv)|v))  C'(g,h)

2 N
(f503 4) < ON"v, (Fh(ﬂ)) ™ 2100} o6 T N1/2§ - (3.120)
Remark 3.17. In addition to the boundary terms, the term N~ IX;b?{O 1} is the only one for which
a renormalisation scheme using the carre du champ is needed. ]

3.4.4 The constant terms

Here, we prove that the configuration-independent terms appearing in the full adjoint N2L;1 are
small when g = g, with g5 the solution of the main equation . The terms in question
correspond to various constant terms bounded by O(N™!) encountered in the previous subsections
and the computation of N?L% , 1, which already are error terms; and the sum of the constant term

n (3.105)), as well as the Const term of (B.66), which reads:

N )
Const := Z [8]\[,51' (D?fg — %) - % (D% — aN)\Z-)Q — (Df)QH (3.121)
i<N-1
By definition of N2L}1, one has:
v (N?Lp1) = v (N°Ly1) = 0. (3.122)

We can also estimate v\ (N?L;1) through the expression ([3.52) of the adjoint at the boundary
and the expansion (3.63]) of the adjoint in the bulk. Indeed, Lemma yields the estimates:

Vn>1,  sup V;X(H@) — O(N~"/?), (3.123)
JCAN jeJ
|J|=n

Vi g {£(N =1}, vy (few-ni) = O(NT?), vl (ev-n) = O(N*2). (3.124)

These bounds can be used on the error term ¢} involving the adjoint at the boundary , the
error term 0))4.,>3, defined in (3.110)), the error term 63, , accounting for three and four point
correlations defined in (3.111))(3.112)), the estimates of the fluctuations and of the
correlations. They yield:

* 1 J— —

Vé\’i (N?L;1) =0 = Const + INZ Z Z 5:5;07 i ;01 (9 — h)ij + O(N™h)
i<N—1jg{ii+1}

=: 60y + O(N7H). (3.125)

The configuration-independent terms (56\770 arising in N 2LZ’O1 are thus bounded by O(N™1).

3.5 Conclusion

Let us put together the estimates obtained so far to conclude the proof of Lemma [3.5] The
expression of the adjoint at the boundary was obtained in (3.52)) for general g, while the adjoint
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in the bulk has been estimated in the last three sections, provided one takes g = gy, with g the
solution of the main equation (2.61). One has therefore:

N?Ly1(n) = N?Lj .1(n) + N*L; ,1(n)

_ gﬁ (aNA, _ 8N>\_(N_1)> _ gﬁNl@N)\Nl . aNAN,Z) + ()
= 1= 2 D AN ’7N2‘1ANAN_1 + 0N (1), (3.126)
with 6V a I'-controllable error term with size N~/2, given by:
0% (1) = 03 (n) + 00 + F0.1 (1) + 832(n) + 0'5—4(n) + 05 xder 5(1) + 00, oxaer=a (). (3.127)
Since supy [AN Ay (nv_1)| < oo, the quantity:
I TED AN vy — B ANy (3.128)

is I'-controllable with size N~! by Lemma , and of vanishing type. It follows that N?L}1 is
I'-controllable with size N~*/2, and equal to a sum of terms of vanishing type, plus 6)s_, which
is of LS type. Thus, by Definition of I'-controllability and taking § = 1/2 there, there is a
controllable function £ with size N~'/2 and C(p, h) satisfying, for some v > 8Cps:

1 Clp+, h)
S log l/gNh<eXp [75]) < N—li/2, (3.129)

- N.
and for any density f for v :

2

N (TN L) < v (7E) + o) (mﬁ))

H(fv, gh) N C(p+,h)
= T80y 7’/% V) + =7 (3.130)
This concludes the proof of Lemma [3.5] -

3.6 The Radon-Nikodym derivative

The computations in the previous subsections can be used to obtain an expression of the Radon-
Nikodym derivative Dy = dPy,/dP (h € S(o0)) on each fixed time interval. By definition, for
trajectories up to time 7" > 0, Dy, reads (see Appendix A.7 in [KL99|):

T
log D ((ne)e<r) = Iy (h) — 115 (h) — NZ/ e I LM (M. (3.131)
0

The correlation field ITV is defined in ([2.7)).
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Proposition 3.18. Let h € S(ep), and recall that M(u,v)(x,y) = f(—1 0 u(z, x)a(z)u(z,y)dz for
u,v € L2(J) and (z,y) € A. Then, for eachn € Qy:

=1\2
N2 N0 Y () (n) = 1HN <Ah + M(01h, 01h)) — ﬂ/ hz,z)dx (3.132)
2 4 (7171)
1 1
+ 1 Z Miflis1 (Orhis s — Orhi_ ;) + 3 / o(z)o(y) [81h(a:,y)]2dxdy +eM(h),
i<N—1 4

where N (h) is a T-controllable error term with size N~/2 and of LS type. It thus satisfies by
Corollary for some C(h, p+) > 0, each large enough N and each T > 0:

En [exp [ /0 ngv (h)dt“ < exp [%] (3.133)

Remark 3.19. A bias h € S(ep) is a symmetric function by definition. As a result, for each
(z,y) € &

O1h(z,y) = hh(y,z) = Oh(ry,x) —01h(z_,z) = (01 — D)h(z4, ). (3.134)

The first term in the second line of (3.132|) thus corresponds to a contribution of the derivative of
h normal to the diagonal. [

The following corollary will be useful in the proof of lower bound large deviations.

Corollary 3.20. Consider the Pj,-martingale M™?, defined for T > 0 and ¢ € T (T is defined
in ([233)) by:
T
MO =1 ()~ 1 (o)~ [ NPL (@) (3.135)
0

If additionally ¢ is a symmetric function in C3(5>), there is a T'-controllable error term &N (h, ¢)
with size N~Y2 such that, for any T > 0:

T
My =TI) (¢) — I (¢) — %/0 Y (Acb + M(810,01h) + M(Dih, algb))dt
/\ 2
/ Z 771 771+1 )(81¢z+ i al¢z z)dt + (pi T/ ¢($,l‘) dx
<N—1 (=11
T
- %/Z&(@&(y)alﬁé(%y)alh(x, y) dx dy +/0 EN(h, ¢) dt. (3.136)

When ¢ = h, one has in particular:

N (M(dyh, 01h))dt — g / & (2)5(y) [hh(x, y)] *dedy

|

/ (3.137)

for a T-controllable error term &N (h) with size N~Y/2 of LS type.

N | —

M —log Dy((m)eer) = —
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4 Long-time behaviour: upper bound

In this section, we establish the upper bound in Theorem 2.3} for the ep of Theorem [2.6] and any
closed set F in (7, %),

N—o00 T—o00

. . 1 N2 N .
J— Tinv [ — < —
lim sup lim sup T log P <T/o I\ dt € F) < ﬁlelf;ZEB (IT), (4.1)

with 7., the functional defined in (2.50). A bound for compact sets is established in Section ,
relying on a regularity estimate in the space H'(I4), proven in Section Exponential tightness,
which yields the bound for closed sets, is obtained in Section [4.3]

Before we start, let us make some remarks and fix notations. For N € N*, T" > 0, a probability
measure u on the state space {0y and each measurable set B C T/, introduce the notation:

1 T
wayzwwf/Iﬂﬁeﬂ. (4.2)
0
For short, we will also write:
1 /7
B" = B = {—/ ny dt € B}, (4.3)
T Jo
Recall that, for N € N*, I/é\g is the discrete Gaussian measure (2.58) built from the inverse corre-

lation kernel gy of the steady state of the open SSEP. Changing initial condition from 7Y to the

measure vy (defined in (3.11)), with go given by (2.59)) has a cost independent of T":

YT > 0,YN € N* T (B) < max i) | o (B) (4.4)
Y I T —= nEQN 1/%(77) T . .

Upon taking T~ !log and the large T, then large N limit, the initial condition of the dynamics
does not change the value of the left-hand side in (4.1)). The dynamics will therefore be started
from the measure v .

4.1 Upper bound for open and compact sets

To estimate , we consider dynamics with tilted two-point correlations as in and use
the martingale method presented in Chapter 10 of |[KL99|. It relies on the computation of the
Radon-Nikodym derivatives Dy, = dP;,/dP, h € S(eg). In Section a first upper bound on
compact sets with a rate function Z., < 7., is established. The bound is then improved to Z., in
Section [4.1.2) with the help of the regularity estimate of Section [£.2]

4.1.1 A first upper bound

Here, we build a functional Z., : (77, %) — Ry such that, if K C (77, %) is a compact set,

1 v ~
lim sup lim SUp log Q@ (K) < —ir’éfIaB. (4.5)

N—o0 T—oo
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We first prove an upper bound for general Borel sets, then specify to compactn sets. Let h € S(ep).
In Proposition [3.18, we proved that, for any 7" > 0 and any trajectory (1(t));<7:

tog Dy (1) ) = T (h) — 11 (B) — /0 B (Ah+ M(@uh,0uh)) di
-l /0 ;N:_l B0 OO~ b )+ T /(_m Wz, 2)dr  (1.6)

_g /Z 5(2)a(y) [rh(z, y)] *dedy — /0 er (h)dt,

with eV (h) a I'-controllable error term with size N~'/2 of LS type (see Definitions 3.11)). For
any Borel set B in T/, one can thus write:

N

1% Z/N
Q7 (B) = B, [15r(Da) "], (4.7)
and the point is to build the functional Z., from D;* (h € S(ep)).

Closed expression. Up to the error term ¢ (h), the expression (4.6)) is nearly closed in terms
of the distribution fOT [N dt applied to regular test functions. The only problematic term is the
diagonal term involving the 7;7;11, i < N — 1. Call it W}e®:
eu 1 = =
Wilz\I (n) = 1 77i77i+1(afvhi+,i - afvhi_,i), n € Qy. (4.8)

i<N—1

In Appendix @, we estimate the cost of rewriting Wy in terms of the correlation field I applied
to a smooth test function supported in a small neighbourhood of the diagonal D. To state this

estimate, consider a function x* € C*(0J) with x* = 0 on 00, 0 < x* < 2/e, such that x*(z,-) is
supported on (z,z +¢) N (—1,1) for each z € (—1,1), and:

Ve <1-—e¢, / X (z,y)dy =1, Ve >1-—c¢, / X (z,y)dy < 1. (4.9)
(z,x+e) (@,x+¢)

Define then Nf(z,y) for (x,y) € [ as follows:
o(x
Ni(e,5) = 29 e, (B — Bo)ey ). (4.10)
(y)
Then N € T (defined in (2.38)), and we prove the following in Proposition [D.1] Let 6 > 0 and
e € (0,1) be smaller than some £¢(p+, h,8) > 0. There are constants C(p, h,0), Co(p+, h,e,0) > 0
such that, for each N large enough depending on ¢, A and each T" > 0:

N T T
E,’ {exp [9/0 (W () — 1Y (./\/Eh)]dtH < exp [C’l(h,pi,e)sl/QT + C2(h’]/\);/’;’0) ] (4.11)

The same bound is valid starting from I/;X up to an additional e€®=MN factor in the right-hand
side (in fact only a factor e“(#+") ie. bounded with NV, but this does not matter for our purposes).
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Since we take T large first, this =N multiplicative constant is not a problem.
Introduce then the following continuous functional J§ on (77, *):

VILET). Ui = —1(Ah 4 M@, 5ih)) — TI(A)

" q/m,n h{z, z)dz — %/Za'(m)&(y) [01h(x,y)] dudy. (4.12)

With this definition, the Radon-Nikodym derivative (4.6) becomes:

08 Dy ((1(8) p) = () =TI 1)+ T (5 [ 1Y)

—/0 [W;Te“(nt)—HiV(AQh)}dz_/o N (h)dt. (4.13)

Estimates on error terms. Let us estimate the contribution of e¥(h) + W} (i) — II)Y (N}).
By Proposition , e (h) will not contribute to the large deviations as it has small exponential
moment. Indeed, Proposition [3.18] together with the last item of Lemma [3.13] give that, for some
small enough a > 0:

1 T
lim sup lim sup T log P¥on [exp [(1 + a)/ eN(h) dt” = 0. (4.14)
N—o00 T—o0 0

Since a change of initial condition has no influence in the large 7" limit, the above estimate is also
valid starting from V;\g . Thus, by Holder inequality:

N T T
%log P, 0 {exp [/ (Wi (ne) — TIY (V)] dt +/ €£V(h)dt]
0 0

< ﬁlogpzﬁ) {exp [/OT @[Wgeu(m) — Hiv(/\/‘gh)]dtﬂ

1 N T
+ AtaT log P"s0 [exp [/0 (1+ oz)aiv(h)dt} (4.15)
Combining (4.11))—(4.14)), we find that there is a constant C' = C(h, p+,a) > 0 such that:
: : 1 v g N N{(Arh g N 1/2
lim sup lim sup T log P¥s0 [exp [ (Wt () — ILY (N ] dt + g (h) dt] < Ce’*.  (4.16)
0 0

N—o0 T—o00

We can now try to obtain the upper bound (4.5)). Take a Borel set 5. Starting from (4.7]), one has:

1 vN 1 v
~log Q" (B) = - log E;” [1BT(Dh)—l] (4.17)
N T T
< plogEy® exp [~ I + )+ [ (W3 — 1 () + [ <]
0 0

+gy—ﬁm»

< C(;)N + %log EZ‘% {exp [/OT (W () — TIY (MP)] dt + /OT giv(h)dtH . " )
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Taking the large T', then large N limits and estimating the error terms via (4.16)), one finds that,
for all € > 0 smaller than some gy = g¢(p+, h, ):

1 vl
lim sup lim sup T log @, (B) < C(h, p+)e*’? +sup (— Ji(II)). (4.18)

N—o0 T—o0 IIeB

Taking the infimum on € € (0,59) and h € S(ep) yields a first bound:

1 vV
lim sup lim sup — lo 9o(B) < inf inf sup( — J7(I)). 4.19
N—>oop T—>oopT gQT ( >_h€S(EB)5€(O,50)H€g( h( )) ( )

We now work out a way to exchange supremum and infima in (4.19)) when B is a compact set. The
argument is standard and relies on Lemmas 3.2 and 3.3 in Appendix 2 of [KL99|. Let K C (77, %)
be compact. We wish to prove:

1 vV
lim sup lim sup — lo () <sup inf liminf( — J;). 4.20
N—)oop T—>oop T gQT ( ) - ICp heS(ep) €—0 ( h) ( )

Since (Jf)ne is a family of continuous functionals on (7, %), Lemmas 3.2 and 3.3 in Appendix 2
of [KL99| allow for the exchange of the infima on h, e and the supremum on (open covers of) K:

1 N
1 —1 0 () < inf inf JE. 4.21
i sup 0g Q" (K) < sup dnf | inf (4.21)

Since inf. .., increases when ¢y shrinks, (4.21)) yields:

1 vV
lim sup lim sup — lo ) <sup inf liminf(—J:(I1)). 4.22
msuplmsup 7 log O (€) < sup inf i nf(~J5(11) (4.22)

This yields a first bound on compact sets and proves (4.5)):

Z.,= sup limsupJ;. (4.23)

1 vN ~
lim sup lim sup — log Q,°(K) < —inf Z, 5
T K heS(eg) -0

N—oo T—o00

4.1.2 Refinement of the upper bound to restrict to more regular correlations

To improve the expression for the functional 7:'53, we would like to take the limit in € in (4.23)).
This is however not possible in general. Indeed, recall that I € 7] is a distribution, and taking e
to 0 amounts to asking for II to have a well-defined trace on the diagonal D of the square 4. This
is possible only if II has some regularity.

In this section, we explain how to improve the upper bound so that it is finite only on
correlation fields II that have a well defined trace. More precisely, write II = i<kn, > e T]. we
prove that one can restrict to II's with kg € H!(J). Note that, as I € 7 N HY(Y), kg is a
symmetric function, and the traces on both sides of the diagonal coincide. We thus write trp (k)
for the trace of ki on the diagonal without ambiguity. By definition of the trace, one has then:

lim IT(N;) = lim l<kn,J\/',f> = l/ tr(kn)(z, x)(02 — O1)h(z4, x)dx. (4.24)
e—0 e—04 4 (=1,1)
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Thus, for IT € 7 N HY (D), limsup,_,, |J; (IT) — J,(IT)| = 0, with J;, the functional equal to +oo
outside of T/ NH!(I1), and:

1 1
VII € 7;/ N Hl(Z), Jh(H) = —§H<Ah + M(alh, (91h)> + 4_1/ trD(kH)(ag - 81)h(fl?+,$)dl’
(_171)

+

(i)Q /(_171)h(x,x)dx—é/zﬁ(x)ﬁ(y) [81h(x,y)}2dxdy. (4.25)

As a result, for IT € 7! NH' (), Z.,(II) = Z(II), with Z., defined in (&.23)), and Z., > 7., the
better rate function (recall its definition (2.50)). The goal of the section is summarised in the

following lemma.

Lemma 4.1. Let K C (T],*) be a compact set. Then:

1 v
lim sup lim sup T log Q" (K) < — iI]%fIgB. (4.26)

N—o0 T—o00

To prove Lemma [4.1] consider the functionals Q and Qy, defined for each ¢ # 0 in C2°(17), the
set of compactly supported, C* functions on 4, by:

Vil e T,, Qu(1I) = 1(019)

, 0= sup Q¢7 (427)
92 seC @)\ {0}

Note that Q is weak* lower semi-continuous on (7, ). Indeed, it is a supremum over the Q, for
¢ € C(D) \ {0}, and Q, is weak* continuous since ||¢||2Q4(II) is the evaluation of IT at 01 € T
for IT € 7.

It is classical that Q controls the regularity of elements of 7/, as stated in the next lemma.
Lemma 4.2. For Il € T, Il € HY (L) if and only if Q(IT) < cc.

Proof of Lemmal[{.1. We now begin the proof of the large deviation bound . Consider a
sequence ¢; € C°(10) \ {0}, € N*, dense for the norm of H*(IJ). Introduce then, for each ¢ € N*
and each A > 0:

U(l, A) = { max Q, < A}. (4.28)

1<j<t

In Proposition [4.3 we prove the existence of C' = C(py) > 0 such that, for A larger than some
Ap > 0 and each ¢ € N*:

lim sup lim sup % log Q;% (U(¢, A))) < —CA. (4.29)

N—oo T—o0

Notice also that, for IT € T/, if (¢;,) converges to ¢ € C*(L7) in the norm of H*(L2), then 9y ¢,
converges to d1¢ in T, so that lim, Q4 (II) = Qu(II), and:

Q1) = sup Q1) (430)

The regularity of the correlation fields can therefore be controlled through the Qg (j € N*). Let
¢ e N* and A > Ay. Recall the notation:

U, AT = {% /OT MLdt € U(C, A)}, (4.31)
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so that P(U(¢, A)T) = Qr(U(¢, A)). Let B C (T],*) be a Borel set. For ease of writing, let us
abbreviate limits in N, T as follows:

lim sup := lim sup lim sup . (4.32)

N, T—o0 N—o0 T—o00

N

We again estimate Q% (B), starting from the bound:

hmsup T log@ ( ) < max{limsup%log(@;% (B NU(Y, A)) hmsup T log@ ( (¢, A)C)}

N, T—o0 N, T—o0 N, T—o00
< max { lim sup — log QTQO (BNU(L, A)), C’A}, (4.33)
NT—o0 T

where (4.29) was used to obtain the second inequality. Proceeding as in (4.17)—(4.19) to estimate
the first probability, we find:

lim sup % log Q;% (B) < max {C’(h, pe)e+ sup (= Jp(ID)), —C’A}. (4.34)

N,T—00 TIeBNU(£,A)

For each admissible h, ¢, , A, let J; , 4 be equal to +oo in U({, A)°, and on U({, A):
T = max{Clh pa)e = Ji(I1), ~CA}. (4.35)

Minimising (4.34) on ¢ € (0,59), h € S(ep), £ € N* and A > Aj, we have therefore obtained the
upper bound:

< i J; :
lim sup — T log(@ ( ) A{?If,e s%p Jhoa (4.36)

N, T—o0
Let us obtain a bound on compact sets from (4.36)). Let K C (77, *) be compact. Since U(¢, A)
is weak* closed by continuity of each Qy, (1 < j < £), (J;,4)nera is a family of weak® upper
semi-continuous functionals. Lemmas A.2.3.2 and A.2.3.3 in [KL99] thus give as before:

1 vN
lim sup — lo 7 <sup inf inf J;, 4, 4.37
N,T_>0£)T g Q7 (K) KthS(aB)éAs ht,A ( )

with the infimum still taken on £ € N*; A > A; and € € (0, ¢p).
One can again bound the infimum on ¢ by a liminf:

_ 1.
ljifH%ilg T log Q° (K) < S%p helsrgB)lznj max { hm 1nf( Jioa), —CA}. (4.38)
Let A > Ag. AsU((,A) C U(l',A) if £ < ¢, the argument of the supremum on K in (4.38) is
equal to —oo when evaluated at any II ¢ (V,cy. U(4, A). By definition of U(/, A) in (4.28) and

using (4.30)), one has:

U4 ={Q<A4} (4.39)
eN*
Equation (4.38]) thus becomes:
lleII%iliE) T log@ ( ) < s%p h€1811(£B) Alilflo max { hm mf( Ji 1), —CA}, (4.40)
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with, for each h,e, A, J; 4 = +o0 on {Q > A}, and J; , = J; on {Q < A}. Consider again
A > Ap. For each Il € {Q < A}, the ky associated with IT via II(-) = 1 (kn, ) belongs to H'(J)
by Lemma [4.2] In particular, by ([£.24), if h € S(ep) and II € {Q < A},

lini)iglf(—JfL’A(H)) = —Jpa(II). (4.41)
Above, Jp 4 = Jy, on {Q < A}, Jp 4 = +oo outside, and Jj, is defined in (4.25). Equation (4.40))
thus becomes:

1 vl
li —1 90(K) < inf inf — Jpa, —CAYL. 4.42
Viop s Q) S gl ol mexd = e =CA) )

Finally, note that J, 4 > J, for A > Ay, since J;, may be finite on {Q > A} while Jj, 4 may not.
Lemma [£.1] is proven:

Z.. = sup Jy. (4.43)

1 v
lim sup lim supflog Q(K) < —i%fI v e
€B

EBY
N—o0 T—oo

]

4.2 Regularity estimate

In this section, we prove the energy estimate (4.29). The key argument is the following proposition.

Proposition 4.3. Let 0 < p_ < py < 1 and assume p' < ep, with 5 given by Theorem [2.6.
Let A > 0 be larger than some fized Ay > 0 and let ¢ € C*(0), where the subscript ¢ stands for
compactly supported. There are constants Ci(p+), Ca(p+) > 0 and Cs(p+, @) such that, for each
T >0, each A >0 and each N larger than some No(¢):

P (| [ Y O0] > Aloll) < 2050 [~ Culpa) (4 - Cup)7 + ST

7 i (4.44)

In particular,

1 vyl (T
lim suplim sup - log P |- / Y (@0)dt| > Agll2) < ~Cip=)(A = Calps)).  (4.45)

N—o0 T—o0 0

Assuming the proposition, (4.29)) immediately follows by a union bound and the appropriate
limits.

Proof of Proposition[{.3. Up to considering —¢, it is enough to prove the result without the ab-
solute value and the factor 2 in front of the probability. Up to taking N large enough depending
on ¢, we can assume that the support of ¢ is contained in {z € 4 : d(z,0 4) > 2/N}, so that
Giiv1 = 0 = 01941 for each i < N — 1. We may also assume without loss of generality that ¢
is symmetric owing to the identity IV (¢) = IV (¢), with ¢(z,y) = é(y, z) for x,y € . The idea
is to use Feynman-Kac inequality (Lemma and a microscopic integration by parts to rewrite,
for each density f for v}, the average v (fl¢ll; ' TIN (O1p)dt) as vl (FIIN(F(||g2ll;'¢))) plus a

90
term involving the carré du champ. The term F(||¢||;'¢) now involves only ¢3¢, and not its
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first partial derivative. The average v (fIIV(F(||¢2]|3"¢))) is then estimated through the entropy
inequality.

By Feynman-Kac inequality (3.6) together with the bound (3.17) on the adjoint, one has, for
some C' = C(p+) > 0 and some k > 0 to be chosen later:

1

vN 1 ’ —117N
—log P (— ol (Or9)dt > A)

_ N? Clpx)
< —Am+f>05§r(>f)1{m||¢||2 N(FIN(010) = <N (D) + S5 ) (446)

To estimate the right-hand side, let us write out ||¢[|5 IV (0,¢). Fix n € Qy.

R

_1 a

1
Z [ Z ﬁiﬁja{\[¢i,j +77i77i+181¢¢,i+1] + —HN(b)a (4.47)
Nl

i<N-1 Ljg(iit1}

where b = N[0,¢ — 0N ¢] is the discretisation error, which is bounded with N. By assumption on
the compact support of ¢ in 4, 01¢; ;11 = 0 for each i < N — 1, and (4.47)) becomes:

1
S>> oY e + 1Y (b). (4.48)

pll5 TN (016) =
i<N—1j¢{ii+1} N||¢||2

4||¢||2

By Lemma (3.9} as b is bounded, the second term in the right-hand side above is controllable with
size N ‘1, and of vanishing type. Let us rewrite the first term through an integration by parts:

Z Z 77177] ¢’L+lj ¢zg 4H¢H2 Z Z 771 njd)l]

1<N—1j¢{ii+1} [i|<N—1j:|j—i|>1

1
+ Ni—1(Mig1Piiv1 — Niii—1)
e 2

4||¢||z D > W= W)og =S, (449)

[i|<N—1j:|j—i|>1

4H¢Hz

where the first equality makes use of ¢4 (y_1). = 0, while the second equality follows from ¢; ;41 = 0
for each || < N — 1. To estimate the supremum in (4.46)), we see from (4.49) that we have to
estimate v (fS). This is done through the integration by parts Lemma [B.2l This lemma is
formulated Wlth the variables w; = 7;/a; for i € Ay, so we first rewrite (4.49) in terms of these
variables. For |i| < N — 1, using the identity:

Nie1 — T = 041 (wim1 — w;i) — (05 — G4—1)w;

R Ly U TR A U
N a— N<0 (7:) + N)wz (4.50)
and the convention:

qo(z,y) = q(x)p(z,y) for ¢:(—1,1) > Rand (z,y) €, (4.51)
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the right-hand side S of (4.49) can be rewritten as follows:

e b 1 vy oo, E’
o= 4||¢||2 ;N: 1J]Zz|>1o-z 1H(Wim1 — wi)Mdig — ol ( (a (p) + N>¢>

=/

o 0 O__ L P P
= S IV, YO = ||¢H2(_7(U(p)+N>¢. (4.52)

V(Y ) is of the form ||¢||5 'TIV (¢¢) with ¢ bounded independently of ¢, i.e. the kind of expression
we were after. It remains to estimate S’. Define, for |i| < N — 1, a function v; on Qp as follows:

1 i
‘v’n < QN, Uz(n) = — 7’]] i—1 ¢ :J (453)
i Ioll=
Recall also the notation C'% defined in (3.53)):
. . N ii+1\ _ TN . (Mit1 — mi) 90
Vn € Qn,Vi < N —1, 1% (g0)(n""") =17 (go) () = ———F—=C}". (4.54)

N

With these notations, we can apply the integration by parts Lemma to each |i| < N — 1 with
u = v;, and obtain the existence of C' > 0 such that, for each 6 > 0 and each density f for yé\of :

Vé\of(fS') < 5N2V;\£ (F(f1/2)) + 5—]6\;2 Z V;\g(f(vi)Q)

li|l<N—-1
_ Z (pi — ,52._1),/;\5 (wi_lwife_(”i_”i—l)cigEl/Nvi) (4.55)
li|<N—-1
li|<N—-1

We express each term appearing in (4.55)) as IV (G(¢)) plus error terms, for explicit G’s. Consider
first the second term on the first line. By definition (4.53)) of v and using (77.)*> = 7. + o/(p.)7., it
reads:

77]77£ _ ¢1]¢z£
T DI D DI

JlEAN || <N—1:
li—j]>1,]i—€|>1
_Lovimviyoyy 4 C  sins 2@ ) v

with Y the function recording the off-diagonal, ¢ # j contribution:

Viz,y)eld,  YW(z,y) = %/(_1 , &(2)2%@ (4.57)

02



The error term 6,7 (||¢||5'¢) in ([@.56) involves discretisation errors and the diagonal, ¢ = j con-
tributions. It is given for n € Qy by:

C b7
¢9N1 / 2¢xy) 7 _dxdy — _1_2
(ol o)n) = < ol e 2 P
l7—i|>1
C ¢ 1
(5 L, 1.58
" 165 "°<f|<ZN1" W) + ¥ -
lj—i[>1

where c is a discretisation error arising in the replacement of by Y. We write 6V:1(|| 6|5 ¢)
to emphasise the fact that # only depends on ||¢||;'¢ rather than ¢ itself. The first line of
ON1(||¢]l5" @) is configuration-independent, and bounded by C(¢)/N. The first sum on the second
line is of the form N=Y2Y¥(u) for u : (—1,1) — R bounded, with Y (u) the fluctuations defined
in (3:26). 6M1(||¢|l;"®) is therefore controllable with size N~ by Lemma and of vanishing
type by Lemma . For later use, note that the middle term in is bounded by C'/(2'6)
for all large enough N, as ¢ < 1/4.

Consider now line 2 of (4.57)). Using the identity e” = 1 + fol xe®dt for € R, there is C'(p+) > 0
such that:

i
Z (Pi — Pi-1)Vgy (Wi—wif@*(m*m*1)0591/NU1) - % Z Voo (wisawi fvy)

i <N—1 li|<N—1

A )

N2
lil<N—1

(4.59)

The second sum in the left-hand side already involves three point correlations. It is shown to be
I'-controllable with size N~'/2 in Proposition , and is of large type. The second term is of the

form N~ 2X;’2{0} in the notations of Lemma , and therefore controllable with size N~! and of

vanishing type. It follows that the first sum if a I'-controllable error term with size N~%/2 and of

large type, depending only on ||¢||; ¢ rather than ¢ itself. We rewrite it as follows:
(el o) = - Z (pi — ﬁi—l)yé\of (Wi—lwife_(m_m_l)cf(—)1/NUZ‘). (4.60)

li|[<N—-1

By Lemma [3.13 there is a numerical constant v, > 0 such that 7,0"2(||¢||5'¢) is of LS type.
Consider finally line 3 of (4.55)). Let C'(p) > 0 be such that:

Using this time the existence of ¢(go) > 0 such that [e* — 1 — x| < ¢(go)z? for all || < 2||go]|co,
one can write, for each n € Qy:

1
> (wi—wii)(1- e~ mm=CR Ny, < N D (wi = wist) (i = mim)CP vy

i <N-1 lij<N—1

+ C(QOEVO(p) Z ’;]\1[‘ (Olgol) ) (462)

[i|<N—-1
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The last term is an average over ¢ of terms of the form N 3| X}’ {0}| with the notations of Lemma ,

=3/2 and of

where the w} satisfy supy;sup A3, |wi| < oo. It is therefore controllable with size N
vanishing type. To estimate the first sum in the right-hand side of (4.62), we use the following

elementary identity, valid for each |i| < N — 1:
(wi —wi—1) (i —mim1) = [2 + (1 = pi — pic1)|wi + wie1] — (G4 + 51)%4%‘]- (4.63)
This identity can be obtained by making the following observation:

0; 0; i
Looking at (4.62), we see that the term C7°,v; already contains two-point correlations for each
lil < N — 1. We therefore claim that only the constant term in the identity (4.63) will give
something that is not an error term in (4.62)). More precisely, we claim that one can obtain the

following bound for line 3 of (4.62)):

3 V;X((wi —wig)(1— ef(mfmfl)CfBI/NﬁUi)

li|<N—-1

< v (FIIN(Y ) +i/za($)a( )d)ﬁ(b'b)algo (,y)dudy + v (FOV3 (|6l 6)),  (4.65)

where 0V3(||p||5 ) is controllable with size N~='/2, of large type, and again depends on ||¢[|5 ¢
only rather than on ¢. By Lemmal[3.13] there is thus 73 > 0 such that 6V3(||¢||;'¢) is of LS type.
There is C(go) = C(p+) > 0 independent of ¢ bounding the middle term in (4.65]), which comes
from the constant term in the identity (7.)?> = &. + o/(p.)7., and Y? is defined as:

Y(x,y) € y® (x,y) = /(1 . 7(2)01g0(z, x>¢||(¢||z> dz. (4.66)

To summarise, we have established the following. If, for § > 0, Vj is the quantity:
Vs =TV 'Y© £ y® 4 y®), (4.67)
then, for each N large enough depending on ¢:

Voo (1 ll2 TN (216)) < ONvgy (D(V/ ) + v (FVs) + Clps) + ¢ (9]l ). (4.68)

The quantity (¥ (||¢||;¢) is a [-controllable error term of size N~1/2 of large type. One can then

choose the k appearing in (4.46|) equal to some rg(p+) > 0 independent of ¢,d such that, for N
large enough depending on ¢:

ko(p+)G (I191l2"¢) is of LS type. (4.69)

To conclude the estimate of the right—hand side of (4.46)) using (4.68]), it remains to bound the
average of Vy. Fix 5 = 1/16. Recall that Y has 2-norm bounded by 4 and, by Cauchy—Schwarz
inequality, that Y* has 2-norm bounded by 27%67'C = C'/4 and Y® by \/_||Vgo|| /8. The Y
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(0 <4 < 2) thus have 2-norm bounded independently of ¢. Lemma then implies that there
is k((p+) > 0 independent of ¢ and a numerical constant C' such that s{(p+)Vi/16 is of LS type.
Taking r(ps) := min{ro(p+), ky(p+)}, there are then constants C'(p+), C(p+, #) > 0 such that, for
each N large enough depending on ¢:

oy (£ Via+ ol )] ) < T8 4 0pu + D0 L S0 (). a70

Injecting this bound in (4.46)) and using the log-Sobolev inequality of Lemma concludes the
proof:

1

1 /T
T logIP”’% (T/ llo|l5 ' TIN (010)dt > A) < —Ak(ps) + Clps) +
0

Cp+, P) _

Vi (4.71)

]

4.3 Exponential tightness

In this section, we prove that the upper bound (4.43) is also valid for closed sets. We refer to
Appendix [E| for a characterisation of compact sets in (7, %), and establish exponential tightness
in the next proposition.

Proposition 4.4. For each large enough A > 0, there is a compact set K4 C (T, *) such that:
, 1 A N .
sup lim sup — log P"90 (— 1L dt ¢ ICA> < —A. (4.72)
N Tooco T T Jo

Proof. In Appendix[E] we prove that there is a norm ||-||7,—2 on 7, such that the set {||-||7,—» < B}
is relatively weak-* compact for each B > 0. The norm ||-||1,_2 involves a certain family of functions
Um € T (m € N?), and reads:

=3 (%mwmn% e (T), (4.73)

2 T T)

Above, |m|? = m? +m3 for m = (my, my) € N2, It is therefore enough to prove the existence of
¢(+) > 0 with limp_,, ¢(B) = oo such that:

sup PV (H—/ HngtH > A) < AT (4.74)
NeN* T,—2

To prove ([4.74)), let € € (0,1) and define c. := Y, (1 + |m|*)'** < 0co. A union bound gives:

T
]P’”%(H%/O HivdthQ 2A> < %Pﬁ(‘%/ 11 (4, dt‘ 1/2( 42 ) (4.75)

The 1, are just restrictions to > of the eigenvectors of the torus Laplacian on [—2,2)% (see
Appendix [E]). In particular, ||¢),]|« < C' where C' does not depend on N,m. Each probability in
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the above sum is thus estimated by Corollary according to:

il [ e, =)< 5 o[- SACHO o

= A Yl
GA (1+|mf?)F
<) - :
Jper o [ 2P0 [¥mlle e C<pi)T] 7 (476)

where the parameter (, is a universal constant defined in item 3 of Lemma [3.13] The expression in
the right-hand side is summable for any £ < 1. It is moreover bounded by e~ with ¢(A) > 0
for A large enough and limp_,, ¢(B) = +00. This completes the proof. O

5 Lower bound for smooth trajectories

In this section, we give a lower bound on Q;g”’((’)) (defined in (4.2))) when O is an open subset of
(7],%), in terms of the kernels ky, h € S(ep), with ep the quantity appearing in Theorems
2.6] As for standard large deviations (see Chapter 10 in [KL99]), we consider the tilted dynamics
Py, h € S(ep) such that i<k,‘h, > € O, and obtain a lower bound by proving that the measure P,

concentrates on . In the following, let Qrj denote the law of % fOT [NV dt under Py,.

We first change the initial measure to v, with g, chosen according to (2.61)), and tilt the

gn?

dynamics by h. Using Jensen inequality to obtain the last line below, one finds, with D, = dPy, /dP

(see (3.131))):

N N
aly Vg T inw —
0 Q5™ (0) = log By [10 722 1) )]

VgNh(ﬂo)
= log 8% [73%((177700)) (D) ] + 102 Q74(0)
= EZ%[ —log Dy + EZ% [log (%ﬂ +log Q;%;(@)
9h
> B[ — log Di] — Clpa, W)N +log Qi (O). (5.1)

Above, C(g,gn) > 0, while P,’, is the probability P,” conditional to {# fOT IIY dt € O}:

Bon() = ( ;%;(0))1P;ﬁ(-m{%/;ngvdteo}), EZ%[.]:/-dPZ%. (5.2)

The terms appearing in (5.1)) are of three types: the change of initial condition corresponding to
the constant —C'(p, g5) N, which will vanish upon division by 7" when T is large; the dynamical

I/N
part with log Dj,, and the term @Tg;’l((’)) The latter is well controlled only if A is such that, under
l/N
Q) correlations are typically in O when N, T are large. For such an h, upon dividing by 7" and
VN
taking the large 7' limit, only the dynamical part will contribute. The limit of Q.’; (O) is worked

out in the next section, and the dynamical part is studied in Section [5.2]
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5.1 Law of large numbers and Poisson equation

Proposition 5.1. Let h € S(eg), and let ky, be the large N limit of the correlations under v\

9gn’

where gy, solves the main equation (2.61)). If O C (T],*) is an open set containing %<kh, ->, then:

N

lim inf lim inf Qo (0) =1. (5.3)

—o0 T—oo

An open set in (7], ) is a (possibly uncountable) union of finite intersections of sets of the
form {‘% fOT N (¢) dt — :11<kh, ¢>’ € U}, for an open set U C R and ¢ € T. It is therefore enough

to prove for those sets, with U = (—¢,¢) for € > 0.

Let us first check that it suffices to prove for symmetric ¢ € C*(>) with ¢jon = 0. Recall
the notation ||¢[|3 y = N7237, . ¢7;. For each a > 0 and ¢,¢) € T, the entropy- and Markov
inequalities together with the second item of Lemma give, for some C(h, p+) > 0:

P (‘E/Tnév(qs—w) dt| > a) < Cpllo =Vl ChpllO=Wlz | ). .
0

T a a

In addition, |<kh,¢ — 1/J>| < |lknll2ll¢ — %|]2- Since one can approximate ¢ € T in L?(I1) with
arbitrary precision by some ¢ € T N C?(>) with yg = 0, it is enough to focus on such ¥ as
claimed. This is done in the next proposition, by means of a Poisson problem associated with the
large N limit of the generator N2Lj,.

Proposition 5.2. Let ¢ € T N C?*(>) be a symmetric function with ¢oq = 0, where we recall
T = H*(Y)). Let h € S(eg). Then, for any € € (0,1) and any T > 0, there are positive constants
C(h,¢),C"(h,¢) > 0 (independent of T') such that:

Vg 1 g N 1 O(h’ ¢) -2 -1 Cl(hv QS)
Phh(‘f/o Ht (¢)dt—z<kh,¢>‘ Z€H¢H2) < T (8 + Ne )+€2]V—1/2 (55)
Proof. Fix a symmetric ¢ € TNC?(>). To prove Proposition , we express the difference appear-
ing in the probability in (5.5)) as a time integral involving the generator N?L;, plus a martingale
term. The martingale term is then proven to fluctuate like v/T when N, T are large. It thus vanishes
in the large T limit upon dividing by 7. Recall that M(u,v)(z,y) = f(—l,l) u(z,x)o(z)v(z,y)dz
for any u,v € L%(1)). The key ingredient is the following Poisson equation:

LAf(2,y) + LM, f, 0uh) + LM (Oyh, 0, f) = d)ﬁzhy) for (z,y) €0,

2
f=0 on O], (5.6)
(01 — 09) f(x4,2) =0 for x € (—1,1).

For ¢ € T N C?(1>) satisfying ¢gog = 0, we prove in Appendix [F| that (5.6) has a unique solution
fo € TNC3(>), a symmetric function on . It satisfies || f]|c < C for a constant independent of
¢, see Proposition . The semi-martingale decomposition for IT1V(f,) reads:

T
V20, () =T+ [ NLL (e MY 1)
0
Let us first use the Poisson equation (5.6) to express N2L,IIV(f,) in terms of IV ().
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Lemma 5.3.

N2 LIV () = — (T1(6) — S (kn,6)) + 0V (£,), (5.8)
EE 1

where OV (f,) is an error term of size N=Y2 of large type (recall Deﬁnitions of error terms
and of large type).

Assuming Lemma [5.3| for the moment, let us prove Proposition 5.2l For each T > 0 and ¢ > 0,
integrate (5.8) between 0 and 7" and use the martingale decomposition (5.7 to find:

T
PP (|7 [ ¥t - 40| 2 <lole)
<P [ Lmy M [ N (g (5.9)
<P, f‘ ?(fo) =I5 (f) — /0 2 (fo) ‘>s . .

Let us estimate each of the terms appearing in the last probability. Proposition [3.§| takes care of
6N (fs): There are v,C' > 0 depending on p, h, but not ¢, such that for all N € N* and T' > 0:

W17 1 VN r
o —/ egv(f¢)dt) < ZlogE exp‘l/ G{V(f(b)dt‘ < ON-V2, (5.10)
T Jo v T Jo
By Markov- and Chebychev inequalities:
A S . 1
B (| [ 1 0t = o, 0)] = <ol
3C 3 v 9
< o+ B () - T ()] + B [(75), ] (5.11)

The middle expectation involving the terms II¥ (f,), 2 (f,) is bounded by || f4/lcoN (which does
not depend on ¢). Its contribution to (5.11]) thus vanishes when 7' is large. Let us prove that
the quadratic variation of M™/¢ has average bounded linearly in time for N large, which will be

enough to conclude the proof of Proposition [5.2] The quadratic variation is given for each t > 0
by:

(M f¢> = / Z cn(n(s),i,i+1) [%(ftﬁ)i,zﬁrl + % Z ﬁj(S)&{V(f¢)i7ji|2dS. (5.12)

i<N—1 J¢{ii+1}

Recall from the definition (2.41)) of ¢, that supy g, ¢ < c(h) for some c(h) > 0. Using the
inequality (a + b)? < 2a? + 2b* for a,b € R and the fact that f4 is bounded, one has:

Ey [<MNf¢> h{/ Z N 2 ﬁj(t)afv(f@i,j)th}Jr%. (5.13)

i<N—1 ]g{z’,z‘ﬂ}
The integrand at each time ¢ < T is of the form N _1X§f (o) 10 the notations of Lemma , with
u = (u;;)ijery given by:

N

1 N
Uij = 5 > O (fo)wiOt (o) = /(171) O fo(z,i/N)Oi fo(2, j/N)dz + U—N] (5.14)

k¢{i—1,,j-1,5,N—1}
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where v" is a discretisation error bounded by C(¢) > 0. N _IX; (0} is thus controllable with size

1, and Proposition yields the existence of C'(h,$) > 0, C'(h,¢) > 0 such that:

9 Vo, N,f. 1 C<h7¢> C(h7 ¢)
e [<M ¢>T] = g_2< TN ) (5:15)
This estimate and (5.11)) conclude the proof of Proposition assuming Lemma , proven
below. O

Proof of Lemma[5.5 To prove Lemma , the starting point is the expression of N2L,ITV(fs)
worked out in Corollary [3.20} there is a I-controllable error term &V (h, fs) with size N~Y/2 of
large type, such that:

—/\2
NZLhHN(fd,) = 1I_IN (Af¢ + M(81f¢, 81h> + M(alh, 81f¢)> - ()0 ) / f¢(l‘, Q?)d&?
2 4 S
+1 [ o@D fota,norne. )] dady + ¥ (b, £ (5.16)

Note the absence of the diagonal term ) .\ 7ii+1(O1(fs)iri — O1(fg)i_s): recall from Re-
mark that this term corresponds to the derivative of f, in the normal direction to the diagonal,
which vanishes according to ((5.6). By Proposition , there are v, C > 0 depending on h, ¢ with:

N T N T
s || [ e i) < Do o]y [C ¥ ]| <cman ean
0 g 0
As f, solves (5.6)), can be written as:
L (P)?
N?LIIY (fy) = ——11V(¢) — d
h (f¢>) H¢H2 (¢) 4 /(_171) f¢(l’,l‘) x
1
+1 [o@owDifote pounte)dudy + 0 g). (618)

Equation (5.18) will correspond to (5.8) with 6~ (f,) = &Y (h, f,), if we can prove:

1
4|12

(ki ) = _(/722 /(_Ll) folz, x)dx + % /Za(x)a(y) (01 fs(z, y)Orh(z,y)|dedy.  (5.19)

By definition, k;, + & = (67! — g)~! with g, solving the main equation (2.61). We prove in
Appendix [F| that this is equivalent to saying that kj; solves the Euler-Lagrange equation ([F.5|).
The identity is then straightforwardly obtained by taking fs as a test function in the weak
formulation of the Euler-Lagrange equation, then integrating by parts. m

5.2 Estimation of the dynamical part and conclusion of the lower bound

l/N
Let h € S(ep). In this section, we estimate the term E,% [ — log D),] arising in (5.1]), and prove:
N

1w
lim inf lim inf ?E,jg[ —log Dy| = —Jpn(kn) = —ZL., (k1) = Zoo(kn), (5.20)

N—oo T—oo
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where Z, is defined in (2.50) and Z. , (ky,) is short for Z. (;Kk:h, >), idem for Z. (k) and Jj(kp,) be-
low. This concludes the proof of the lower bound for regular kernels close to that of the steady state.

VN
Recall from Corollary |3.20| the definition of the martingale M:]FV " Then E,’6 [ — log Dh} reads:

N N 1

vN v -1, T
B[ log Da] =(Q74(0)) E;™ {10(—M§V’h—§/ 1Y (M(01h, 011)) dt)}

, B 1o f N ot
-5 [[o@o) oine, ) dedy + e P L o
a o)

with é¥(h) the error term defined in Corollary [3.20, Proposition establishes the convergence

I/N
of Q;}(0) to 1 as T, then N become large. The error term £ (h) is controlled through Proposi-

tion B.8 T
7| mma] -o (5.22)

Yo

3 h

limsupsupE, [
N—oo T>0

In particular,
v .
B, Lo [y N (h)(no)d]
vg),
74 (O)

Consider now the expectation in the first line of (5.21). By Cauchy-Schwarz inequality and the
fact that <M N ’h>T grows at most linearly in 7" up to a small error vanishing with N (see (5.15])),
the contribution of the martingale term vanishes:

— 0. (5.23)

lim sup lim sup
N—o0 T—o0

van N,h
lim sup lim sup B [1O‘MT H

N =0. (5.24)
N—o0 T—o00 TQTT};L (O)

Consider now the last remaining term in ([5.21]), the term involving [TV (M (9, h, 01h)). To estimate
it, we state the following moment bound, proven afterwards.

Lemma 5.4. For any continuous and bounded F' : 11— R, there is C'(h, || F||s) > 0 such that:

vV
sup sup E |1V (F)[2] < C(h, | P, (5.25)
NeN* >0
Proposition [5.2] and the moment bound of Lemma [5.4] directly yield:

lim sup lim sup
N—o0 T—00

From equations ([5.23) to (5.26|), we obtain:

T
EYon [10%/ Hiv(/\/l(alh,alh))}dt—i<kh,/\/l(81h,6lh)> = 0. (5.26)
0

e o LWl
hNHi)lorcl)f hTHiloro}f TEhg [ — log Dh} =

Il
|
| — ool —
—
—
=

dedy o(2)o(y) [O1h(r, )] — §(kn M(@1h, O11)

S

dz5(2)(01h(z,-), (T + ky)O1h(z,-)). (5.27)
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Let us check that the right-hand side in (5.27)) is indeed equal to —Z.,(kp), and that Z, (k) =
Z.,(kp). The weak formulation (2.52)) of the Euler-Lagrange equation on kj, with test function h
gives:

Julk) = 5 /( IR CICHCRRCENNCCR IS (5.28)

Again usmg 2.52) for test functions f € S(ep), the rate function Z./ (kp,) = supes(or) Jy(kn) reads,
for any &’ 2 EB

fes(e)

_ %/(_m (2)(01f(2,-), (G + kn)O f (2, )>} (5.29)
= Jp(kp) — sup E dz(2)(01(f — h)(z,-), (G + kn)Or(f — h)(2,-)) ¢ = Ju(kn).
8 J-1y)

fes(e)

This in particular yields J, (k) = Z., (kn) = Zoo(kr) and, together with (5.27)—(5.28]), proves (5.20)).

Proof of Lemma [5.4. Let F:11— R be bounded. Let ¢ > 0, and let ¢ > 0 that will eventually be
chosen as € = 5. The moment bound is obtained by a careful application of the entropy inequality,
putting to good use the O(N -1/ 2) estimate on the size of the relative entropy of Theorem. Note
that [IIN(F)| < ||F|leN. As a result, fixing ¢ > 0 to be chosen later and applying the entropy
inequality to cALjgy () for each A > 1 in the second line below:

v | Flle N
E [0V (F)[ 7] < 1+ (1+ <) / AP (JIY (F)| > A)dA (5.30)

[FllooN
<141+ e)/ ctaTrE [H(ftl/gNhh/gNh) + log <1 + (e = Dy (MY (F)| > )\))]d)\.
1

By Theorem [2 . H(fw)|v)) < CN~2 for some C = C(h,p+) > 0. Moreover, by Corol-
lary , the probability involving v} above is bounded by C(h,||F||«)e —ehlFll)r for some
C(h, |oo) c(h, [|Flle) > 0. Choosmgc = ¢(h, ||F||«)/2, one obtains the existence of C’(h, || F'||)
0 such that:

(1+e)C(h, [[Fll)
eN1/2—¢

2(1+¢) /“FWN e,
L _2+e) N\l pmelh I Fllse) N2 gy (5.31)
c(h, [ Fl)

B [ (F)| ) < 1+

The integral is bounded with N whatever the choice of € > 0. Overall, the right-hand side above
is therefore bounded with N as soon as € € (0, 1/2], which yields (5.25)). This concludes the proof
of the lemma. ]

5.3 Towards a lower bound for non regular correlations

In this section, we discuss how to extend the lower bound to non regular correlations, i.e. to kernels
k € H' (D) which solve the Euler-Lagrange equation (2.52) associated with a possibly non regular
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bias h. As we shall see below, this extension is much simpler here than in the case of large devia-
tions of the density for the open SSEP |[Ber+03|. This is due to the fact that the Euler-Lagrange
equation is linear as an equation with fixed A and unknown k, and the smallness assumption
on admissible biases h.

Let us sketch an informal proof of this extension. Take a symmetric k € H' () with kjgn = 0
and recall that the Euler-Lagrange equation ([2.52)), viewed as an equation with unknown h, reads
for all test functions ¢ € H'(J) with ¢joq = 0:

% /ZV(k —ko)(z,y) - Vo(z,y) dedy + % /(_171) 7(2)(01h(z,-), Ck01¢(z,-)) dz = 0. (5.32)

For k close to kg, one has ¢ + k = (¢ + ko) + (k — ko) > aid for some o > 0, and the second
term is a coercive bilinear form for the norm ||V - ||5. There is thus a unique symmetric i € H' (1Y)
with hjpg = 0 associated with k. Using with test function h, this A has small norm (recall
o < 1/4 and ||Vh||3 = 2||0,h]3 as h is symmetric):

(6%
SIVAl3 < a/ 5(2)0h(x, 2)? dz dz < | Vh||2 |V (k — ko). (5.33)
|

One would expect the estimate to be enough to approximate A in ||V - || norm by more
regular biases. However, to avoid technical difficulties, our set S(ep) of regular biases was defined
with an assumption on the sup norm of derivatives rather than on ||V - ||o. This assumption is
technical and could be lifted at the cost of lengthening some arguments. Assuming therefore that
one can take (h,) € S(ep)" with lim,, |V (h, — h)|l2 = 0, let k, denote the kernel associated with
hy, (n € N) through . Equation , written for £ and k, with test function k — k,,, and
the bounds Cy, = 7 + k < cid, ¢ < 1/4 and ||Vh,||3 = 2||01h,]|3 give:

1
42

By assumption k is close to ko. This means that ||[Vh|s is small by (5.33). Since (||Vhyl|2)n
converges to | Vh||2, ||[Vh,]2 is also small for large enough n. Using Poincaré inequality on [J with
0 Dirichlet boundary conditions on 90 to bound ||k — k, |2 by (2m)7 |V (k — k,)]|2, we thus find:

IV (k= Ea)ll3 < el V(R = ha) 12V (k= kn)ll2 + =1k = kall2[V(k = Ea)[2[Vhall2. (5.34)

_ VAl
87/2
Assuming that k is close enough to kg for the parenthesis on the left-hand side to be, say, larger

than 1/2 when n is large enough; we conclude that lim,, ||V (k, — k)||2 = 0. This yields the alleged
general lower bound:

IV (k= ka)ll> (1 ) < eV = ha)la (5.35)

8 n—o0

T (k) = = /(_1 Az, (0 4 K)ol ) 2 T () (5.36)
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A Correlations and concentration under discrete Gaussian
measures

In this section, we investigate the measures I/év , defined for ¢g : [ — R as follows:
= Q) Ber(p),  VneQy, v)(n)=—Zgexp { > g@jmm] (), (A1)
iEAN 9 i£jEAN

where the partition function Zév is a normalising constant. For simplicity, we assume throughout
that g € L?(0) is a negative kernel, i.e.:

Vu € L2((—1,1)), /Z w(@)g(x, y)uly)dzdy < 0. (A.2)

None of the result in Appendix [A] would be modified if we instead assumed that g = g_ + g; where
g+ is a positive kernel, and ||g, ||2 < ¢ for a small enough constant c .

A.1 Bound on the partition function and correlations

Lemma A.1 (Bound on the partition function). Let g : O — R be a continuous, bounded and
symmetric function, and assume that g is a negative kernel (see (A.2))). Then:

sup ZN < 00, Zév = I/N|:6Xp [QN Z nznjgwﬂ (A.3)

>
Nzl i#jEAN

Proof. As g is continuous and a negative kernel, the matrix (g; ;) ;e a2, has negative eigenvalues,
and one has:

_ 1 _
Vn € Qu, 211Y (g) + = Z (77:)*9ii = N Z nin;Gij < 0. (A4)

€AN (i.4) €AY

The continuity of g on the diagonal and the bound |7.| <1 imply:

_ 1 o
z) = VN[QXP [2]\, NN % — 2N Z QHH
(i,5) €A i€AN
< elldllee (A.5)
[
Lemma A.2. Let g : O — R satisfy the hypotheses of Lemma[A. 1. Then:
Vn € N¥, sup V;\[(Hﬁa> = O(N—™?). (A.6)
ICAN:|T|=n e

Moreover, if g € C*(5>) N CY (<) with g(£1,-) = 0, then, for each n € N* and each € € {+,—}:

sup vy (ﬁgw_l) 1T ﬁa)] = O(N—"/271, (A7)
a(N—l)IeCI and [I|=n a€l\{e(N-1)}
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Proof. Let I, C Ay with |I| = n € N*. The proof relies on a development of the exponential
defining z/év in (A.1)), and the observation that the measure v is product, so that, for each p € N*|

p
V(i oorip) € AR, Win o ipt > p/2 = 17N<Hr_]ij>:0. (A.8)

Jj=1

In other words, in a product 7;,...7;,, each 7 must be paired with at least another 7 with the same
index i1, ..., i,. Since 7. is bounded, a direct consequence is that, if 1 < p < n and w? = (W!)ieny
satisfies sup, . |w?| = On(1), then:

NiTr /L _ _n
VN[H (N 3 w;?nj)] — O(N~T/), (A.9)
p=1 JEAN
Write I, = {i1,...,4,} for each 1 < p < n (and by extension write I;, := I,,). Define, for J C Ay:
1 _
GJc(T]) = m Z 1195, nec Qn. (AlO)
i#jEAN\{J}

Then, for each n € Qx:

2017 (g) = 2Gre(n) + i, 277]911 J
J#n

= 2Grs(n NZan Z 7 Gig.j» 1<p<n. (A.11)

]GAN\Iq

As a result, one can write:

Z;VVéV<ﬁ77ip> _ VN{(ﬁU@)‘?QGIC(n exp[ Z Z njgip’j]], (A.12)

p=1 JEAN\Ip

and Gp. does not involve any 7;, (1 < p < n). Note also that supy Z;V < 00 by Lemma , thus
establishing Lemma [A.2] only boils down to estimating the right-hand side above. To do so, recall
first the following identity:

VieR, = Z — / (L —t)"etdt. (A.13)

Expanding the second exponential in (A.12) to order n thus yields, writing ng := |n/2]:

20 () = [(anp) Sso{n+ T}
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no—1 n
1
Ti(n) = %( Do 3 M) (A.15)
=0 ]EAN\Iq
n—1 n
1
To(n) =Y H( qu > mgw> : (A.16)
m=no JEAN,
1(1—75)”*1 R _ n t = _
T3(n) = W<Nz% > Ujgzq,j> exp [NZ% > njgiq»j]dt' (A.17)
0 ’ =1 jeAn\I, =1 jeAn\I,

Let us estimate the average of T}, T5, T3 separately. Consider first 77 in . For each 0 < m <
ng — 1, developing the term elevated to the power m yields products of at most 2m = 2ng—2 <n
7’s. In view of Equation , this is not enough to achieve a pairing of all indices in HZ:1 iy
thus the average of T} vanishes identically.

Let us count the factors of 77’s appearing in T, in (A.16|). For each ny < m < n, the term to the

power m in ({A.16) is a sum of terms of the form:

i _ " .
H (N Z T]jgm-> : K C I, (n:)iex € NE with 1 < |K| < m, Zn, =m. (A.18)

ieK JEAN\L; ek

Again by , each term appearing in gives a non-vanishing contribution to the aver-
age provided each element iy, ...,, of I, appears at least once in the expansion. Since the
term (A.18)) contains the product ], ., 7 with |[K| < n, n — |K| indices j of the sums in (A.18])
must be fixed to an element of I, \ K. A contribution 1/N arises each time an index j is singled
out in a sum. It follows that the contribution of 75 to the average (A.14) is bounded by a sum of
terms of the form:

n—1
C(m) _ . 1 o
> o IT tade)o oo [ X ma|"]. c>o. (g
m=no i€ln\K €K JEAN\I;
where K C I,,, and the n; satisfy:
0<n.,<n; forie K, and Zn; = (m+ | K| — 1)1yt k|—n>0- (A.20)

€K

Let us now estimate the average in (A.19). Recall that g is continuous, and a negative kernel (as
defined in (A.2))). As a result, (g;;)i jean\s, has negative eigenvalues, and for each n € Qy:

QGI,CL (77) = % Z ’F]iﬁjgi,j 2N Z gz 7

i,jGAN\In 1€AN\ITL
1 _
S oN > (191 < N9l (A.21)
’iGAN\In
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Using then Cauchy-Schwarz inequality followed by the estimate (A.9)) for moments of correlations
under the product measure 7V, the average in (A.19) is bounded by:

B 1 - n; B n! 1/2
VN[BQGI%@)H’N S e }<€ugw N{H< 3 mgu) }
ieK JEAN\K iceK JEAN\K
= Ly K| nmo O(N(HIEI=/2), (A.22)

Putting together (A.19)-(A.22)) and summing on all possible choices for K, (n)¢eck, (17)qex yields:

{QG,C (H’?) ” Z 3 Z O(N-(=IKD) O N—(m+1K]-m)2)

qel m=no K:1<|K|<m (n;),(n})

= O(N?). (A.23)

It remains to estimate the contribution of the average of T3, defined in (A.17). Since there are
already n sums involving 7, it is enough to use the following bound, valid for each n € Qx:

‘(Hnlp)Ts ‘ Z’N Z N %iq.j /0%;6 [ qu Z T]ngq]i| dt. (A.24)

JEAN\Iq
The integral on ¢ is taken care of with the following identity: for each ¢t > 0 and n € Qy,

2GIC anq Z NiGiq5 = 2HN Z NjYiq,j- (A.25)

JEAN\Iq JEAN\Iq

Indeed, since g is a negative kernel, it follows that:

{ 261 (n (H ) Tg]

<

e(m+Dlgllo {

‘Nzrhq Z nJngJ

jEAN\Iq :|
= O(N*"ﬂ). (A.26)

Putting (A.23)-(A.26]) together yields the first part of Lemma[A.2] i.e. (A.€).

Let us now prove the improved estimate if correlations include points at the boundaries.
If g is assumed to be C' with g(%1,-) = 0, then ||gx(v-1).]|c = O(N7'). By (A.g), the index
+(N — 1) must arise in the terms - to compensate the 7. (v_1) present in the product
[1,c; 7, £(N—1). It follows that the O(N~"/?) bound in (A.23)-(A.26) is improved to O(N~"/271),
which concludes the proof of Lemma [A.2] n

A.2 Exponential moments of higher order correlations

Let g € go + S(c0) be a negative kernel, where this set is defined in (2.45). In this section, we
give bounds on the size of exponential moments, under uév , of random variables involving n-point
correlations, n > 1. These are useful when applying the entropy inequality.

66



Such concentration results are established in the literature by means of a logarithmic Sobolev
inequality, see [GSS+19|-|SS20]. That g be a negative kernel implies that, for any F': Qn — R:

v} (exp[F]) < ellgll= (Z;V)flﬁN(exp[F]), (A.27)

and it is enough to estimate exponential moments under the product measure 7. To do so, let us
fix some notations. For d € N, let A : A4 — R be a tensor. Define its Hilbert-Schmidt norm by:

. . 2\ 1/2
lAlas= (> (Al ian)?) " (A.28)
(io ..... idfl)eALIiV
For J C Z containing 0, let X Cf ; be defined as:

d—1
VneQn,  XiHm= Y. Al ia)ligrs [[ B Tors =[] Mors  (A29)

(%0, id_l)EA‘Ii\, p=1 JjeJ
io+JCAN

The next theorem gives concentration estimates of X Cf s under 7V for J C Z and d € N*. The case
J = {0}, d < 4 corresponds to Theorem 1.4 in [GSS+19|, but their proof extends to any d € N*.
However, we also use in the article the case J = {0, 1}, for which a proof is needed.

Theorem A.3. Let J C Z contain 0 and d € N*. Assume that A is such that A(io,...,74-1)
vanishes whenever the same site appears twice in 1,4+ HZ;} mi, forn € Qn, i.e. assume:

V(ig, orryia_1) € AL, (Hj € J, |{io + jir, esiar}| < d> = Alig,.ig1) = 0. (A.30)

There are then constants cq > 0 depending only on d such that, for any ¢ € (0,¢q) and any N with
J C AN-'
N( PXA |2/dD <9 (A.31)
vl exp | ——+1 ) <2 .
I1AlEs

Proof. The proof for general J and the J = {0} case in [GSS+19| are very similar, so we only give
a sketch. Without loss of generality, A can be assumed to be invariant under permutation of its
last d — 1 indices. The idea is to proceed by recursion on d, noticing that, for each ¢ € Ay and
RS QNZ

VeXfJ(U) P= XQJ(TIZ) - chJ(ﬁ)

1—277@[ Z Aoy e Td—1)M(ig+7) {e}HTha

i9:i0+J DL
d—2
+(d = DAlio, wrias Ofrs [T ] (A32)
a=1

Fixde N, J C Z with 0 € J, and N with J C Ay. For brevity, simply write X, for Xj}J.
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Step 1: reduction to moment bound. To prove (A.31)), it is enough to prove the existence of
Cq > 0 such that:

Vpe N, My(Xg) = oV [|XaP]" < CullAllus p°. (A.33)

Indeed, assuming such a bound, one has, for each ¢ > 0, using Jensen inequality when d > 2 for
the convex function f(r) = 2%2, z € R:

e = (cCupllA||HE)"
P [exp (X)) = 14 2T () <1+ 3 (Carl i)

p=1

(A.34)

As p? < ple? for each p > 1, taking ¢ < ¢4 := (2C,e) 7! yields (A.31).

Step 2: moment estimate. It is enough to prove for p > 2, since the first moment
can be estimated by Cauchy-Schwarz inequality. We will restrict to p > 2 at some point in the
computation. For now, we treat p as a continuous variable in RY and differentiate M.(Xy). For
each p > 0, one has:

AM,(Xa) — i(exp [% log ’7N(|Xd|p)D

dp dp
log 7V (| X ,|P 1V (1X,P log | X,
:—MMP()@H— (1Xal? log]| d|)Mp(Xd), (A.35)

P? p o N(|X4lP)

which can be written as:

dM,(Xa) — My(Xa)'?

Vp >0 = Ent(| X,4/? A.36
po, L 0 ), (A.30)

with Ent(F?) the entropy of F? against 7, given by:
VF:Qy =R,  Ent(F?) =" (F?log F?) — o™ (F?)log o™ (F?). (A.37)

The entropy on the right-hand side of (A.36]) is estimated by means of a logarithmic Sobolev
inequality, satisfied by 7V for the Glauber dynamics on Qy (see e.g. Theorem A.1. in |[DS96]):
there is Cg > 0, independent of N, such that:

VF:Qy —»R,,  Ent(F?) < CLSDN< 3 [ViFf), (A.38)
i€EAN
where, for i € Ay and n € Qn, V;F(n) = F(n')— F(n) for each F : Qy — R. Similarly, a Poincare
inequality holds with constant Cpg/2:

VF:Qn - Ry, oN(F?) = N(F)? < CL%N( > [VZ-Ff). (A.39)

Injecting ([A.38) in (A.36) and proceeding as in [GSS-+19|, one successively obtains, restricting to
p > 2

dM,(Xq)? _ 201sMy(Xa)* P _y _ p/2]?
Wp> 2, < TRy (Z (Vi1 Xa))
< OLSM,,(Xd)2—ppN(| PIEDD [VZ-|Xd|}2>. (A.40)

i€EAN
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Applying Hélder inequality with exponents (p/(p — 2),p/2) then yields, for each p > 2:

dM,(X4)*

< CrsMya( Y [VilXal]") < CosMy (D [Vixd]”). (A.41)

i€EAN 1EAN

The function M.(X,) is increasing for p > 0 by (A.36). As a result, integrating between 2 and p
and using the Poincare inequality (A.39) to estimate Ms(Xy) yields:

Vp > 2, M,(Xq)? < Ma(Xq)? + Crs(p — 2)Mp/2< Z [ViXdP)

1EAN

< Cus pMy (3 [ViXa]®). (A.42)

i€EAN
Step 3: recursion on d. Let p > 2. For j € Ay and 0 < a < d — 1, define A= ag the
d—1-tensor (A(z'g, ooy Ba1y Jy Tat 1y -ns z'd,l))(. s and note that A(«=7) also satisfies the assumption
1q)q#a

(A.30). Recall that X; was short for X C’l‘} ;. Let us prove by recursion on d:

V=2, My(Xg,)" <27 (Cus p) (@)Ll Alls. (A.43)
Proving such a result would conclude the proof. In the d = 1 case, (A.42)) yields, for each p > 2:
My(X{)? < Crs pMyys (3 [ViX{)") < Cus p D0 My (VX)) (A.44)
1€EAN 1EAN

By (A.32), bounding 7. by 1, the result for d = 1 is proven:

2
Vp>2,  My(X{)<Crsp ) [ > A(io)} < Crs p|J | All s (A.45)

LeAN  io+JDY

For d > 2, (A.42) similarly gives, bounding 7. by 1:

Mp/2< > [VKXQL}Jf) <> M,(ViX4,)’

LeA N leAn
iy _1= 10=1 2
<y [(d—1)Mp(X§_(f{j DEDY Mp(Xfiﬁ{o)})} . (A.46)
leEAN ii+JL

Alig—1=¢

For each ¢ € A4, the recursion hypothesis at rank d — 1 applied to X, Q1.7 ), and to X fﬁf?())} for
each 7 + J 2/, yields:

Mp/2< Z [Vch?Jf)
leEAN
) o 2
< 22O ) (A - DY Y [~ DA s+ 3 A

leEAN RSN EY4

< 2071 p) N (d = DPEIPIANs = 271 (Crsp) H@PIPIA s, (A4T)

where we used (a+0b)? < 2a®+2b* for a,b € R and bounded (d — 1)+ 1 by d? to obtain the second
inequality. Injecting this bound in (A.42)) yields (A.43) at rank d, concluding the proof. ]
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In the next corollary, we use Theorem to establish the controllability results of Lemma
on the variables X jf -

Corollary A.4. Let J C Z contain 0 and, for N € N* and d € N*, let A = A(d, N) be a d-tensor.
We do not assume that A satisfy (A.30), but instead that sup yen- ||Allw < 00. There are constants
va, Ca(g) > 0 that are independent of A, with v; = 400, such that, for each v < ~y4:

for each N € N* with J C Ay,

N v 1/2 y A < 2 .
log v, <exp [—HAHOON X; ]) < Co(g)y ifd=1,
(A.48)
log yN(exp [LN (d=1) x4 ]) < Calg)y if d > 2.
! 1Al “1) = NE -

If instead A is assumed to satisfy (A.30), then (A.48) is valid with || Al replaced by ||All2.n =
N2 A gs < ||Alloe everywhere.

Proof. Fix J C Z with 0 € J, and N such that J C Ay. We will use Theoremto obtain ({A.48)).
Let us first explain why it is not necessary to assume the condition on the tensor A if it
is bounded. Assume that Corollary is proven for tensors satisfying the condition , and
assume that A is bounded but does not satisfy the condition. Then we claim that N~(@=DX cf 7
can be written as N~(@~D X é 7 with A satisfying condition (A.30)), plus a sum of terms of the form
N_(d_l)Xff 5 for bounded d’-tensors B, 1 < d < d —1, and J' C J. A recursion then gives
Corollary also in the case of bounded tensors that do not satisfy - provided the corollary
holds under (A.30). The existence of the decomposmon of X4 . 1s not difficult to see: it is enough
to sum separately on the indices i, ..., 9q_1 in X2 4 for which the same site appears twice in the
collection I; = (ig + J, i1, ..., 1a-1), and use the formula 0 =06, + 1m0 (p;) (i € Ay).

We thus prove Corollary |A .4 - for tensors A that satisfy (A.30] -
We first obtain estimates of tail probabilities of X, := X' 4y under ). These are then used to

obtain (A.48). By Theorem [A.3] there is (; > 0 such that, for any ¢ 6 (0, Cq):

X[ ellglloe ¢ X4/ -1
I/N(G'Xp {C| d }) < —yN<eXp [ }) < 2¢lldllee (ZNYTH A.49
’ lAlGs 1/~ 2 A1 =) o
Define: 12
= (Nd > Alig,ia1)?) " = INT2A] s, (A.50)
105-estd—1

By assumption on A,
sup ||All2.n < 0. (A.51)
NeN~

For ¢ as in (A.49), one has then, for each t > 0:
CtQ/d

B 2/d
||A||2/d}§2(ZN> el exp [~ o] (A52)

-1
(150> 1) 2 2(2) o ; e
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At this point the proof is the same for each d > 1. We focus on the d > 2 case. Let v > 0 and
write:

uN[ex< TNy )]:1+/OoetVN< TNy >t>dt. A53
v [P\ Al [Xal o Y Al Xl (A.53)

Note that N~@V X, is bounded by C||Als,xN for some numerical constant C' > 0 and each
N € N*. Thus, with ¢ given by (A.52):

~CN 2/d Ny (d—2)/d
N 2 —(d-1 N1 llglloo Ct/N
v, (exp [HAHzNN ( )\Xd]D <1+2(Z2)) ellsl /0 exp [t — T} dt

CN

= 142(2N) el /7 g, (t) dt. (A.54)

If ~v is small enough, we claim that the negative part of the exponential is dominant. Indeed, one
has:

t2/dN(d_2)/d

2,}/2/11
(j(%d)/dc
e 7S =) = (A.55)
For any v < 74, one has then:
N 2 —(d—1 M1 gl [ (¥ INE-2)/d

The change of variable u = t(%/?y"!N(®=2/2 and the boundedness of (Z})y (see Lemma [A.1)
conclude the proof of Corollary for d > 2: for each v < 74,

2,}(—(1/2 u2/d

N v —(d-1) ]) Nyl IIQIIOO/ [_ _}
N X, <1+ Z du. .
v, (eXp [H o 1 X4l|) < N(d—2)/2< ) e i exp 5| du (A.57)

]

A.3 Log-Sobolev inequality under Vév

Proposition A.5. Let 0 < p_ < p, <1 and h,g : 13— R be bounded with ||g||.c < 1/4. There is
Crs(p£; 19llss, |hlloe) > 0 such that, for each density f for v},

H(frY ) < CosNY (D(VF)). (A.58)

If in particular h € S(€) and g € go + S(e’) with €,&" € (0,1/4), then Crs can be taken to depend
only on py.

Proof. We shall see that Crs(p+, [|g/cos ||]|cc) can be taken to be an increasing function of || g||e, ||| cos
which proves the second claim.
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As ||h]|eo < 00, the jump rates ¢, satisty:

elMllec(n, ), i € {£(N - 1)},
elMlecy(n,j,j+1), j<N-L (A.59)

c(n, )

<
c(n,j,j+1) <

It is therefore enough to prove the proposition for h = 0. By assumption ||g|l.c < 1/4, thus
lgll2 < 2||gllos, thus the difference A} between largest and smallest eigenvalues of the matrix
(N71g; ;)iz; is strictly below 1 for large enough N. By Theorem 1 in [BB19|, the following log-
Sobolev inequality for the Glauber dynamics associated with I/;V holds: for each density f with
respect to yév,

H(fvN ) < %<1+ 12_A§;N> 3 V;V([vim]z). (A.60)

’LEAN

The claim of Proposition [A.5]is then an immediate consequence of (A.60)) and the following bound:
for some c(p+, ||g|l) > 0,

vie v, v ([VivTm)]*) < clpw, gl NU (D(V/T)). (A.61)

Let us now prove . It is the claim of Lemma 4.2 in [Gon+21] when ¢ = 0. When g # 0,
the proof is very similar and we only explain what changes. To prove , the idea is that
changing the occupation number at a site ¢ requires one to bring the particle or hole at ¢ all the
way to a reservoir (say the one on the right), perform an exchange, then bring back to i the
new hole/particle. This is expressed rigorously by the following formula, which gives a recursive
description of the above procedure: for any F': Qy — R,

ViF(n) = Vi1 F(n) + Vi (") + Vi F (7). (A.62)

Using the identity (z+y+2)* < 2(1+8)(2*+y*)+ (1+571)2?%, valid for any 8 > 0 and z,y, 2 € R,
one finds, after changes of variables:

V;V([ViF(n)F) <20+8) > v Vi F)]* |1+ %

+ (1487 Z Vév(n) (Vz’HF(U))QVgV(]\?L)

Py N () (A.63)

The computation of the above ratios is the only place where g plays a role. Since ||¢||« < 00, one
can check that, for each n € Qp (recall that 7V is the product Bernoulli measure defined in (2.58))):

N ((piYisi = iyisi N (i =N (i
vy (")) _ ™) “)ezng\\m, vy (") 0N g (A.64)
ve'm) = V() vg'(m) = Nn)
The rest of the proof is then identical to that of Lemma 4.2 in [Gon+21]. In particular,

SN (i Yirit1 SN (i1 -
’ 1 ’

P Ly, B P A

v (n) min{l — p,,p_} vN(n) min{l — p;, p_}2N
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This yields the following bound:
1 2
_ 1) el ] N ([, F
min{l — p,,p_} >€ }Vg ([V’H ()] )

F () (14— a —i/+,p}2zvel|gll°°>”év (VinF0)). (A66)

Iterating the bound with the choice 8 = N concludes the proof of (A.61)), thus of Proposition [A.5]
O

v ([9:Fm)*) <200+ B)[1+ (

B Integration by parts formulae

Fix h € S(o0) and g € gy + S(00) (the set S(00) is defined in (2.45))) throughout. In this section,
we provide integration by parts formulas under the measure yév , both in the bulk and close to the
reservoirs. These formulas are key to the renormalisation procedure used to estimate error terms,

in Section [C] In particular, they are essential to proving the I'-controllability of the variables

U(;—L, Uli, X2f{0,1} encountered in Lemma .

B.1 Integration by parts in the bulk

Before stating the result, let us give some notations and explain what we mean by an integration
by parts formula. Fix a density f : Qy — R for v} Fori < N —1, let '+ be defined as:

VieOn TNV = genlnisi+ D [Tia VI (B.1)

with, for any v : Qy - R and any : < N — 1:
Vn € Qn, Viipu(n) = u(n™*) —u(n). (B.2)

The jump rates c¢; are defined in ([2.41)).
Consider a family (w;);ea, of functions on Q. To estimate certain error terms in the adjoint L;1

in Section a renormalisation scheme is used in Section below. For each density f for I/év ,
some € > 0 and ¢ < N — N, this scheme consists in estimating the replacement:
| Nt
N
AUCEE I IR)

i+eN—-2 . .

eN—-1—(j—1)
= I/év <f Z N [wj — Wj+1:|> (B3)

j=i

in terms of the entropy H(fv)|v)) and the averaged carré du champ v} (I'n(f'/?)). The right-
hand side in the last equation is obtained via a simple resummation. The key issue, then, is to
understand how the space gradient w; —w;+1 (j < N —1) can be turned into difference f(n') — f(n),
for a transition n — 7’ allowed by the dynamics (i.e. one of the differences contained in I',(f1/2)).
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Solving this issue is what we mean by finding an integration by parts formula, typically a formula
of the form:

D (wisr —w) vl ) = am)f ) = Fm)lvd () + v (£ X), (B.4)

where ¢, X are explicit functions, and the average of X can be estimated via the entropy inequality
or another integration by parts formula. The natural choice for w. in our case is w. = 7., however
a simpler formula (B.4)) is obtained, following |[JM18|, through the choice:

Vi € Ay, wi = @, M ="n—pi, 0i=pi(1— pi). (B.5)

(]

Lemma B.1. Let f be a Vév—density. Fiz1 <N —1and let u: Qn — R be such that V;; 1u = 0.
Then:

v [u(wirr — wi) f] = v (uqViiiif)

— (g1 — pi)vy [Wiwiﬂef(m“777")05/Nuf}
+vy [(%’H — w;) (1 - ef(mﬂfm)cf/N) Uf} ; (B.6)
where the function ¢ = g; ;+1(n) is given by:
0i(1 — ni1) — (i1 —m;)CY /N
Vn € Qu, q(n) = ————Le VTS B.7
7 N ) pi(1 = pit1) (B7)

Recall that, for eachi < N —1, N~ (n; —0i41)C? = V111V (g) is defined in (3.53)), and satisfies
max; [C7] < 2]

Proof. Let : < N —1 and ¢ : Qy — R. Notice that, by definition of V,; ;;:

Vi,i-i—l(quN) vi,i+1(qVN)
= g N N g }’ (B.S)
g

VZ,V [qui,iﬂﬂ = Z qui,iﬂf’/év = Z f—’/g =V, [Uf N
Qn Qn g

14

where we used V;,;1;u = 0 to obtain the second equality. The gradient in the right-hand side
reads:

1+1) exp [ _ M(gqﬁ + aN/\,-)} —q(n), (B.9)

\V/T] € QN, N

=q(n
vy (1)
where \; = log(p;/(1 — p;)). We need to choose a suitable ¢ in order to have a difference w;;; — w;
arise above. In the g = 0 case, corresponding to |[JM18|, one can take:

~ 0i(1 = Nit1)
qn) = —F——. (B.10)
pi(1 = pit1)
When g # 0, the exponential of C7 does not change things much, and if ¢ is taken as in (B.7)),
then:

Vz‘,z’+1(qV£],V) (77) _ 77i+1(1 - 77i)

( _ = i) | s o N (B.11)
VQ

pir1(1 = pi)  pi(l = pit1)
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The variables w. (see (B.H)) are tailored to give the above bracket a nice expression (see (A.3)
in |[JM18]):
Mi+1(1 — ;) _ ni(1 — nit1)
piri(1=pi)  pi(l = pit1)
This formula can be checked by looking for the left-hand side as a polynomial in w;, w;;1, of the
form a + bw; + cw; 41 + dw;w;y1 for real numbers a, b, ¢, d. Equation then becomes:

:| = Wjt+1 — W; + (ﬁi+1 - ﬁi)wiwiﬂ. (B.12)

Vii(qv)) s
— 5 ) =win —wi - (wi - wi)<e (i =m)CY/N. _ 1)
9
+ (Piv1 — ﬁi)wiwiﬂef(nz*lfni)cig/N, (B.13)
which proves the lemma when plugged into (B.8)). ]

The next lemma is a rewriting of Lemma in terms of the carré du champ operator.

Lemma B.2. Leti < N—1 and let u: Qn — R be such that V;,41u = 0. There is then a constant
C' = C(h,g,p) > 0 such that, for any § > 0:

A [ienr — ) f] < SN OGP s (o] (B.14)

— (pix1 — pi)v) [szz'ﬂe_(m“_m)cg/NUf}

+ V;V [(Wi—&-l _ Wi) <1 _ e—(mﬂ—m)cig/N) uf} )
Proof. Let t < N —1and 8> 0. In , write, for each n € Qp:
Viar f(mulma(n) = Y2207 = 2 m)] - 87 Pu(m)a() 20" + 2 m)). (B.15)

Apply then Cauchy-Schwarz inequality to obtain:

8

vy [u(wipr —wi)f] < EVéV[(Vi,inW)Q} +; v [(F() + F(" ) uq?] (B.16)

— (i1 — pi)v, |:WZW1+16 (i1 =n)C /Nuf] + v, [(%’H - wi)(l - ef(mﬂfm)qg/N> Uf]-

Changing variables n < "1 since p; € [p_, p+] C (0, 1), the second expectation in (B.16)) reads:

1 e 2/ i+l Vé\[(ni’iﬂ) N
Eg[(f(>+f< Bﬁ%f [ n+q°(n )W}V‘q<n)
= WN [fu?], (B.17)

where M = max{(p;(1 — pj+1))2,(6;6,41) " : j < N — 1} depends only on p..
Consider now the first term in the right-hand side of (B.16)). Since c;(n,,i41) > c(n,4,i+1)e~ 2l
for each n € Qy, it reads:

B 2 iy
5 (Vi f12 dvl < peltly N (T3 (/). (B.18)
Taking = §N2e2IMl= concludes the proof. O
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B.2 Integration by parts at the boundary and boundary correlations

Here, we estimate dynamical correlations involving sites close the reservoirs, i.e. correlations of
the form 74 (v XN for a function Xy : Qy — R. Recall that h € §(0), g € go + S(00) are fixed,
and the deﬁmtlon of the jump rates at the boundary. Define, for f: Qy — R:

ey, Tp() = SET D o) g (B.19)
and observe:
cn(n, £(N = 1)) > e 2l min{p. (1 —p.,) 11,60 € {—, +} ). (B.20)
Lemma B.3. Fiz n € N* and, for each N € N*, let ¢,, : Ay — R satisfy supyen- ||fnlloo < 00.
For e € {+,—}, define U§(n) = Nn—1) (n € Qn) and, for n > 1:
e, Ui =RV Vi) = s O e abalin i), (B21)

i15esy in#E(Nfl)

Then, for each n € N, Ut is T'-controllable with size N~' and of vanishing type in the sense of
Lemmas . More precisely, there is C' > 0 such that, for any V;V—density f and any 6 > 0:

C £\2 €
Vév(le/ZUi)S5N2V5V(Fi(\/?))+7/§v(fﬁ[(vg) s Y nj(Nng—l),j)DvLaiV,
(B.22)

#e(N-1)

setting V§ := 1 by convention and with oY = O(N~Y/?).

Remark B.4. The estimate on the size of U, is optimal only if n < 1. U; withn <1 are used in
the computation of the adjoint in Section while U5 is useful in Section[(] [

Proof. Let n E N* Using the notations of Corollary[A.4], the term in the expectation in the right-
hand side of is of the form N—(n— UX;”?O} + N~ ”_’X:frlrl{o} with supyens ||¥ello < 00,
¢ e {n,2n}. It is thus controllable with size (at most) d~'. The estimate (B.22)) then implies that
Ut is I-controllable with size N~! by taking § = N'/2, but also that N'/2U¢ is I'-controllable with

size 1 and thus of vanishing type.

Let us therefore prove . We do so for the left boundary ¢ = —, the proof for the right
boundary being identical. The goal is to create a gradient of f of the form . We use the
shorthand notation b = —(N — 1). Notice that V. (n?) = V" (n) for any 5. The mapping 7 + n°
is bijective on 2, thus:

_ b _ Vf;v(ﬁb)
s (Vi) Z Yy [f(n)(nb = Po) + F(1") (1 =106 = Pb) N0 } (B.23)
T]EQN g n
For n € Qy, let us compute the ratio v’ (1") /v, (1):
Vg(nh) (L —m)po + (1 — o) 221N (9) (") =211N (g) ()
v ) mpy+ (L= m)(T— )
o Pb 1=2np (1 — 2771)) _ '
- (1 — ﬁb) P [ N ngb,y]. (B.24)

J#b
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For future reference, notice that (B.24)) is bounded by C/(p4)e?l9l< for some C(ps) > 0. Forgetting
g for a second in (B.23]), notice also that, for each n € Qy:

Fontm =)+ 5000 =) (12)

= (1 — o) [f(n) — F(")] — (X = m)pu[f () — F(n")]
= (f(n) = f(n")), (B.25)
which involves a gradient of f as desired. Coming back to , note that, since g(+1, ) = 0, the

argument of the exponential in (B.24) is bounded by O(N~1). Equation (B.25)) and the existence
of C(g) > 0 such that | — 1 — z| < C(g)z?* holds for z < 2||g||« therefore yield the bound:

1/2 1/2
NN (V) — e S W[F) — F01)] ~ Sxg S vV () () (B.26)

neEQN neEQN

_ Pb 1=2n, B Clg Vn— - .
% <1_”b_pb)<1_pb> (1—2m) Y 7;(Ngny) S%:: al.
J#b

Since ||V, [|ee = O(N), alpha? = O(N~Y?) as claimed. It remains to estimate the second and
third terms in the left-hand side. Consider first the third term. Using the bijection 1 — 7° to turn
f(n®) into f(n), recalling that V.~ (n®) = V.= (n) for each n € Qp, and bounding the ratio by
C(p+)e?ldll one finds:

1—2m,
97 S nn)

) (B.27)

1/2
oz 2 AV R ) (2

C(p e2llglloo
< L g( Ngb])

= N3/2

which is one of the terms appearing in (B.22)). Consider now the second term in the left-hand side

of (B.26). For § > 0 andn € Qu, split N'/2[f(n)— f(1")] into SN[ /2 ()= f/2 (")) 67 [f1/2 () +
fY2(n*)] and apply Cauchy-Schwarz inequality twice to find, bounding (7,)? by 1:

<319 - PR gy S e @) + V) (B28)

neQN neQN

As for (B.27), the last expectation is bounded by 8~'C(g)vy (f(V,)?). To conclude the proof,
recall from (B.19)) the expression of I'; and from (B.20) the lower bound C(p4)e~I"l= on the jump
rates. Choose 3 = 2C(p)e 2Pl<§ N for § > 0. Then:

120
LS v mlrtn) — ) < avt (0 (V) + SO TN ). (B29)

neQN

The last equation together with (B.26]) and (B.27)) is precisely the right-hand side of (B.22). O
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C Control of the error terms

Fix h € S(oo) (this set is defined in (2.45))) and an associated g, € go + S(o0), solution of the
main equation (2.61). In this section we estimate, for each density f for I/é\; , the average against

fry) of the function Xi{o,l}? ¢ : A% — R, defined below in (C.1)). This proves the last item of

Lemma [3.9] We also estimate the expectation of the time average of any error term encountered
in the text, proving Proposition [3.8 and Corollary

9|lee < 00. Recall that X abbreviated
ol

Proposition C.1. Let ¢ € A% — R satisfy supyey- 2401}

as Xo, was defined in (A.29)) by:
Vn € QN> XQ(T]) = Z Z ﬁzﬁz+1ﬁ]¢(l7]) (Cl>

I<N—1j¢{ii+1}

Then N~'X, is I'-controllable with size N~/ (recall Definition of controllability).
The next proposition was stated as Proposition [3.8] and is proven in Section [C.2]

Proposition C.2. Let 0 < p_ < p, < 1 and eg(p_) be chosen as in Lemma and assume
p <ep, h € S(p). Let EN : Qn — R be an error term with size ay = on(1), and let FY be
controllable with size 1. There are then ~v,C and ', C" > 0 depending on h, py such that, for each
T >0 and N € N*:

1 T
T logE”ﬁ [exp ’7/ EN(nt)dtH < Cay,
0

%logEl’fji\iZ [exp "y/ /OT FN(T]t)dtH <. (C.2)

Propositions [C.I}{C.2] are proven in the next two sections.

C.1 Estimate of X,

In this section, we prove Proposition . Fix ¢ : A% — R, N € N* as in the proposition. Fix also
a density f for V;\}{ once and for all. The proof of Proposition being very technical, we first
present its general structure.

The idea is to smoothen the product 7;7;,1 into a quantity that depends on all #’s in a box of size
¢ with ¢ sufficiently large, then use the entropic inequality to estimate the resulting term. The cost
of this replacement will be estimated by an integration by parts formula, see Section [B]

We need room between the indices 7,7 4+ 1 and j in the definition (C.1)) of X5 to take averages in
a box. Let I; be the segment {0, ...,/ — 1} and split the sum on j in as follows:

1 1 .
Vn € Qn, NXQ(U) = Yé + yé, 75 =N Z Z Nifi+177; (4, 7), (C.3)
i<N—-1 jeAn
Jgi+1+1,

1 o _ ..
Si=2 Y Y amandii).  (C4)
i<N—1jeAn\{4,i+1}
j€i+1+1,
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The direction of the arrow indicates the direction in which the replacement of 7; (<) or ;41 (—)
by averages on sites to the left of i («—) or to the right of i + 1 (—) is going to be performed.
Estimates for f?g and Yg are identical, so we only estimate the latter. In practice, the replacement
is made thanks to the integration by parts Lemma , which uses w. = 7./6. as main variable.
Write:
A(i,g) == 04101, 9), 1< N—1,5€An. (C.5)
Then: ]
VneQn,  Xin) = =D DI DR R () (C.6)

i<N—-1jeAn\{ii+1}
Ji+1+1,
and we replace w;;1 by %ZGEHHU we. If 1 + 1 is too close to the reservoirs, i.e. if i +¢ > N — 1,
then this replacement does not make sense. In this case, we spread the unit mass at i + 1 to 1/¢

(i+1)

at each site in i + 1 4+ I, N Ay, and leave the remaining N_I_T mass at the boundary. This is

summarised in the following definition of the replacement Z?f 41 of wiyq:

min{i+¢,N—1}

‘ 1 N—-1—1
Vi< N — 1, ﬁf—i—l = Z Z Wq + 1i+€>N71 <1 — T)WN,L (C?)
a=1+1

Choice of /. Let 75 denote the averaged version of ?g

VneQy,  Yin) = Zm) (C.8)

1 - N—-1—i o
+ N Z Z NiNjLivesn—1 (1 - T)WN,lA(z,j),

i<N—1jeAn\{ii+1}
Jei+1+1I,

with:
min{i+1+¢,N—1}

meaw,  Zim=+ > X an(; X @A) (©9)

i<N—1jeAN\{ii+1} a=i+1
jgit1+1,

The last term in (C.8)) is T-controllable with size N~ by Lemma . For the replacement of Yé

by 75 to be useful, E}g should be controllable with size oy (1). This requirement will fix the choice
of £. Looking at Corollary [A.4] we see that any ¢ such that ¢ = o(N) fails, so we take:

(:=N. (C.10)
The entropy inequality is then effective on 79’ . Indeed, it is of the form:
1 R
ey,  Z2Y(n) = Nz > mmmeAl, . a), (C.11)
(i,5,a) €AY,
[{(i,4,0)}|=3

for some function A satisfying |A(i, j,a)| < |A(i, §)| for each (i, 7, a) € A%. By Corollary 7?
is therefore controllable with size N~'/2: there are v, C' > 0 such that:
Hf7 1)) HUW) | O

VgNh (f?év) < ~ N2

+ % log V;V [exp (77?)} < (C.12)
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Cost of the replacement. Let us estimate the cost of replacing Yé\f by 7§V , defined in (C.8]).
To do so, we use of the following integration by parts identity, which explicitly describes how to
spread the unit mass at ¢ + 1, # < N — 1, to 1/N on every site up to the boundary, where the
remaining mass is then left. One has:

min{i+N,N—1}—-1

: N—-1-b
wWip1 — W = Z on(a— (i +1))(we — Was1), on(b) = T10§b<N7 beZ.
a=1+1
(C.13)
For brevity, for a € Ay, let u, denote the quantity:
1 . _ e
ey, w) =5 Y, exla—(+D)E Y, AG). (C.14)
i<N-1 JEAN\{iyi+1}
a—N<i<a jit1+Iy

Then, for each n € Qy:
XY -V = 3 (we— wart)ualn): (C.15)
a<N-1
To estimate the expectation of the right-hand side above under fyév , apply, for each a < N — 1,
the integration by parts formula of Lemma [B.2] with u = —u,. There is thus a constant C' > 0
such that, for each § > 0:

C

> U (f(Wa = Wagr)ta) §5N2V§V,L(Fh(\/?))+m Y. valugf) (=vy(fR1))  (C.16)
a<N-1 a<N—-1
+ Z (pa+1—pa)uﬁ(wawa+1e_(’7“+1_"“)Cgh/Nuaf) (:= ué\;(ng)) (C.17)
a<N-—-1
= 3 0 (s — ) (1= TN Y ) (= o (FR)). (C.18)
a<N-—1

Let us estimate one by one each of (C.16)-(C.17)-(C.18). Consider first ) (fRs), and note that:

sup sup |(Wat1 — Wa)(Matr1 — Ma)| < Clpx). (C.19)
N a€Apn

As a result, using the identity e* = 1 + fol zet®dt for x € R and the fact that |C%] < 2|94,
v (fRs) can be bounded as follows:

‘I/gNh(fR3)‘ < C(pg)e?ldl=y ( Z f‘Cghua ) (C.20)
a<N-1
By definition of C% (see e.g. Lemma [B.1)) and of w. in (C.14]), the product C%u. is of the form:
1 o B
Va € Ay, Cou, = N2 Z NN eip + Do ug, sup D = O(N D, (C.21)
(i.4.b)EAY,

where the functions ¢® : (—=1,1)> — R are bounded uniformly in a. It follows by Corollary
that R is controllable with size N~1/2.
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Consider now Ry, defined in (C.17)). Again using ¢* = 1 + fol xeldt for v € R, we can bound
vl (fRy) as follows:

=/

5 2lonloo 1
i (fR) < G 3wl (o) + 5y — 3 gl (fl0fwl). (C22)

0,0
a<N-—1 a<N—1 ~oZatl

Recalling the definition of u. from ((C.14]), the first term in (C.22)) is of the form N _2Xf{0’1} in the
notations of Theorem i.e. of the form N2 Zm,b NiNi17;MB (4, j, b), with B bounded. Corol-
lary [A.4] tells us that this function does not behave worse than a sum of three-point correlations,
and is therefore controllable with size N~/2. In addition, the second term in (C.22)) has the same
structure as N~ 'Rs, and is therefore controllable with size N—3/2.

Consider finally R; in (C.16|). It reads:

C . . _
BUR) =5 2 X ova i+ Doxta - G+ D)
a<N—-1 ij<N—1
a—N<i,j<a
beEAN\{i i+1}
bi+1+1y
C¢j+1+1N
In particular, it is of the form N _3XZ4{0} for a vy : Ay — R satisfying sup, sup a4, [va] < o0, and
therefore controllable with size N~! by Corollary . For each 0 > 0, we have proven the existence
of a controllable function Rj: 2y — R such that:

vl ()75) ) < 20NN (Th(V/F)) + v (f(?év +Rs)),  Rs:=R]+ Ry+ Rs. (C.24)

The arguments above do not depend on the sign of A in the definition (C.4]) of ?év . This implies
that ?év is ' controllable with size N~!/2 in the sense of Definition Since the same arguments

also apply to §§V , Proposition is proven.

C.2 Proof of Propositions and Corollary

Proof. Let T > 0. Corollary is obtained as a side product of the proof of Proposition [C.2]
which we focus on. Write GV for either the error term EV with size ay, or the (I'-)controllable
function F'V with size 1. For each v > 0, Feynman-Kac inequality and the bound on
the adjoint Lj1 in L*(v,) imply:

2

Lo e | [/T<;N< )it < (2 (1667 +£) Y (/)
T og I, exXp Y ] Mt ~ fZO:IS/:];LI?f)ZI Vgh Y 1 Vgh h .
(C.25)
In addition, the function £ satisfies, for some constant C' = C(p+, h) > 0:
H(fvglvg) = 2C _ N? 20
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where we used the entropy inequality first, then the log-Sobolev inequality of Proposition to
get the right-hand side. Thus:

%log EZ‘% [exp [’y /OT GN(m)dt” < sup {VgNh (frGN) - %21/;\; (Fh(\/?)) +%} (C.27)

F20w (=1

Suppose first that GV is controllable with size sy (including both sy = Ox(1) and sy = on(1)
cases): for some vy > 0,

VN € N7, log 1)) [eVOGN} < sn. (C.28)
By the entropy- and log-Sobolev inequalities, the quantity inside the supremum in Equation ((C.27))
is bounded above, for each density f for VgNh , by:
’YCLS 1 2 N YSN C
( o g)N v (Ca(V/ ) + = T (C.29)

Taking any v < ngLS ensures that the first term is negative, and concludes the proof in the
controllable case:
* 1 Yo g N VSN 1/2
UNEN,  ZlogE” [exp [y G (nt)dtH < I°N 4 oNV2, (C.30)
0 Yo
If GV is not only controllable but also of LS type (recall Definition [3.11)), corresponding to the

controllable case in Corollary [3.14 then vy > 21°Crg > 8C1g by assumption, thus one can take
v > 1.

If now GV is I'-controllable with size sy, the idea is the same, except that one first bounds
vl (fGN) from above using Definition [3.6] of -controllability:

V6 > 0, v (FGN) < ON#Y (Th(VF)) + %V;V(Y@V), (C.31)

with Yo~ controllable with size sy. Choosing § = %6, the proof becomes identical to the controllable

case. O

Remark C.3. If one is interested only in estimating the expectation of the time integral of GV
rather than its exponential moment, then the log-Sobolev inequality is not necessary. One can
instead directly rely on Theorem[2.6 that bounds the relative entropy along the dynamics. ]

D The Neumann condition on the diagonal

Let h € S(00) (this set is defined in (2.45))) Assume that p’ < eg, h € S(eg) so that the solution
gn € go + S(00) of the main equation (2.61]) exists and the conclusions of Lemma [3.5| hold. In this
section, we rewrite the term:

1 1
1 NiMi+1 (@1hz‘+,z‘ - alhz;,z‘) =1 Z Wili4+10i0 41 (alhi+,i - alhi,,i)y Ww. =

i<N-—1 i<N-—1

SIEST

, (D.1)
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as a function of the two-point correlations field II"V, defined in (2.7). This is necessary in the proof
of upper-bound large deviations, in order to obtain a closed expression of the Radon-Nikodym
derivative in terms of the field ITV. It is done through the integration by parts Lemma , replacing
wiwit1 by local averages of w’s. As h € S(c0), the function o,(x) = h(zy,x) — O1h(z_, x),
x € (—1,1) can be extended into an element of C?([—1,1]), still denoted by ¢, which satisfies
On(£1l) = 0. Let ¢ € (0,1) € N* and Iy := {0,...,Ne — 1}, writing eN for |eN]. In the
large N limit, the correlation fields II we consider act on 7, which only contains functions with
a certain regularity. We cannot simply replace w;y; by a uniform average of w. on i + 1 + I .y
and obtain an element of 7 (the indicator function 1y is not regular enough). Consider instead
a smooth function x* € C*(0J) with x* = 0 on 900, 0 < x* < 2/e, and such that x°(z,-)
approximates € '1(, ;4e)n(—1,1) in the following sense: x°(z,-) is supported on (z,z +¢) N (—1,1)
for each x € (—1,1), and:

€ - 2
/ X (@) = e Lapron-1 ()| dedy < e (D.2)
0
Define then, recalling that (z) = p(z)(1 — p(z)) for x € [—1,1]:

V(ey) €D, No(ry) = %éhmxa(as,y). (D3)

Note that AN2* belongs to T, defined in (2.38)), thus II(N?") is now a well defined object for each
IT € 7]. At the microscopic level, IV also acts on functions with less regularity and we have the
following more general result.

Proposition D.1. Let ¢ € C°([—1,1]). Define, forn € Qy:
1 _
Wo(n) = 1 Z NiNi+19:- (D.4)
i<N-—1

For each e € (0,1) smaller than some eq(p+, h,q) > 0, there are constants Cy(p+, h,q), Ca(px, h,q,€) >
0 such that, for each N larger than some constant depending on € and each T > 0:

vl T C ,h, ,E T
E," {eXp [ / [Wo(ne) — 1Y (/\Qq)}dtH < exp [Cl(pi, h,q)e"*T + 2(piN1 /f ) (D.5)
0
Proof. Let T'> 0, € € (0,1), and write:
W, — IV (VD) = W, — WY+ e — TV (), (D.6)

_>
where WZN corresponds to W, in which the unit mass at each 7 +1 < N has been replaced by a
mass (eN)~! at each site in {i +1,...,i + N A N — 1} (recall that eN = |eN]):
— olx _
WiV YA, o) i= Z00) e Mmancan). @) €0 (DD

Up to applying Cauchy-Schwarz inequality in the exponential moment in (D.5)), it is enough to
separately estimate the contribution of each difference in .
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Consider first the contribution of IT/‘;N —IIV(NE). Corollary|A.4|tells us that || A-—NZ||; y (WZN —
IR (/\/;‘1)) satisfies, for some v, C' > 0 independent of ¢, N, ¢:

1 v T —
Tlog]Ehgh [exp [7/ | A. _/\/EQ||2—7}V}W§N%) — IY(NY)| dtH < C. (D.8)
0
Holder inequality applied to then yields:
1 l/é\;l T RN N q 1 q
o 0B B [oxp [2 W) — YN di] | < 1A = N (D.9)
0

Let us estimate ||A. — N4||oy. Since x© is smooth,

max sup
(1,9)EA (r,5)€[0,1)2

i+ j+s)‘§0§)‘ (D.10)

N ' N

X?,j - XE<
It is also not difficult to check that, for some different C'(¢) > 0:

%( > /Mf‘z[l{% (vt -1Le(prpte))] duds 2o @)

S 9
1,7)EA%

From (D.10)—(D.11]) and property (D.2)) of x*, using also the elementary bound (a+b)* < 2a? 4 2b?
for real a,b; the difference A. — N7 therefore satisfies:

1 2 C(pi7Q>€)
|A: — NEI3 5 = N2 > (A =N < 2Ae = N + N
(i.5)er)
< e 4 Cetd), (D.12)

This yields a bound on of the same form as the right-hand side in Proposition for any
e > 0 and any N large enough depending on ¢, p4, q.

%
Consider now the contribution of W, — WZN to (D.5). The idea is the same as in the proof
of Proposition |C.2; we express W, — WZN in terms of the carré du champ operator and explicit

controllable functions with size vanishing when ¢ is small. We start from the bound (C.27) on
exponential moments:

gy {exp [ / Wl W;Nm»)}dtﬂ (D.13)

< sup {Vﬁ(f[Wq—WZND _EVQNh<Fh(\/})>+M}.

F200 (F)=1 N2
Recall Definition of controllability. To obtain the claim , it is enough to prove:

e~1/2 (W, — IT/ZN} is (I'-)controllable with size 1. (D.14)
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Indeed, if so, W, — WZN will be (I'-)controllable with size €/2, and of LS type (see Definition [3.11
for € small enough depending on ¢, pi, h.

To prove ([D.14)), we use the integration by parts Lemma . It is formulated with the variables
w; = 1;/0;, © € Ay, for which W, becomes:

1 o 1 _
Vin € Qy, Wq(n) = 1 Z WiWi+10i034+1¢q; = 1 Z Wiwi+1(0i>QQi + 9N’0(77)7 (D.15)

I<N—-1 1<N—1

where V0 is the error term:

1

I<N—1

It is of the form N~'X} (017 With the notations of Theorem [A.3, thus controllable with size N -1
; 3.11)

and of vanishing type (recall the terminology of Definitions 3.11)).
Recall from ((C.7)) the definition of the quantity ﬁfflz

min{i+eN,N—1}

N—-1—1 .
8_N Z wj + 1i+sN>N71 (1 — 8—N>CUN,1, i< N —1. (Dl?)
j=it1

N
j’f—i—l =

For each i < N — 1, one can write as before:

min{i+N,N—1}—-1

_ eN—-1-0
Wi+1_j§_];yl = Z ¢5N(&—(Z+1))(wa—wa+1), ¢sN(b) = g—NlO§b<sN7 beZ.
a=i+1
(D.18)
Define then u; : Qy — R for j > —(N — 1) similarly to (C.14):
VneQy,  u(n) =) Glqwiden(j — (i+1)). (D.19)
i<j
With this definition, the quantity W, — V_>VZN reads, for each n € Qy:
_>€N
Wym) = WNm) = > (wj—wjer)u(n)
J>—=(N-1)
N—-1—1 _
+wn-1 Z<2N:_1 Litensn-1 (1 - E—N>Wi(0i)2 + 60 (n). (D.20)

Fix a density f for ygNh . The first term in the second line involves boundary correlations. According
to Lemma , it is I'-controllable with size N~! and of vanishing type: for each § > 0, there is a
function Ds, controllable with size N=! and of vanishing type, such that:

l/é\}i (fWN—l Z 1i+5N>N—1 (1 — u) (5i)2qiwi) S 5N2VgNh (Fh<\/?)) + l/gNh (ng) (D21)

eN
i<N-—1
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It therefore remains to estimate the other term in the right-hand side of (D.20]). By the integration
by parts Lemma applied to —u; for each j < N — 1, there is a constant C' > 0 such that, for
any 6 > 0:

9h<f Z — Wig1 u]) §5N2ygNh(Fh( ~l—— Z /f\u]\ ay =5 gh(le))

J<N-1 J<N-1

T Z (Pj+1 —ﬁj)/ijj+1e_(nj+1 T“)th/NijdVéi (= vy, (fN2))

j<N—1

_ Z / W1 — 1—6 (nj+1-n;)C; /N>fuj N (:= VgNh(f./V'g)) (D.22)

J<N-1

The functions N; (1 < i < 3) are then estimated as in ((C.23)—(C.22)—(C.20) respectively, but not
all of them are error terms and one has to be careful to get a bound that vanishes with . Let us
check that each of them indeed satisfies (D.14). For A, and the bound ||u;]|e < ||g]|cce N
imply that it is of the form N~ 1X§2{0} with v, given by:

C o . . Cllqll*.e
vy(a,b) = SN Z L5 max{ap} 4a@s02030en (§ — (a4 1))den(j — (b4 1)) < % (D.23)
J<N-1
It follows that e~'N; satisfies (D.14)), thus e~'/2N] as well.
Consider now N3. From ((C.22), we get:
ﬁ/ ﬁ/GQHQh”OO 1
VgNh (sz) < N Z Wity + — gh( |Cghu]|) (D.24)
J<N-1 j<N-1 7 Jj+1

Here we do not even need the I'-controllability of the first term with size N~'/2 established in
Proposition . Instead, recall that C9% = B9 + D% with sup D% = O(N~') and B% given
in (B.I). It is then enough to notice that the right-hand side of (D.24) is an average under fuv)

of N7 X3 1y + INTLX, {0}] + Y5, where:

wQ(%]) = 1Z<J po_ qz¢sN(.] - (Z + 1))

J

/ Fe2lonlls i | N
o) = PG T gl 0 D) )
j
j¢{a—1,a}
Fe2lonlls N
Y, = T Z |Uij ’ < C(pi7Q>9h>5' (D'25>

J<N-1

Due to the fact that ¢y is non-zero only for e N different integers, both wy and w), have || - ||2,n-

norm bounded by Ce'/? for some C' = C(p+, q, gn) > 0. It follows from Corollary -that e~ 12N,
is controllable with size 1 and of large type, i.e. satisfies (D.14)).

Consider finally N3, defined in (D.22)). The bound (C.20)) shows that v} (fN3) is bounded by

a constant times the second term in (D.24)). It follows that ¢~'/2Nj3 also sat1sﬁes (D.14)), which
concludes the proof. O
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E Sobolev spaces

Definition E.1. Let U C R? be a bounded open set with Lipschitz boundary. Forn € N andp > 1,
let WP(U) be the following space. If n =0, it is simply LP(U). If n > 1, W™P(U) is the set of
functions f € LP(U) such that, for any (ni,ny) € N? with ny + ny < n, there is f*"2 € LP(U)
satisfying:

Vu € C=(U), / £ (@, )00 Oz, y) dudy = (—1)"+ / e a, y)ue, y) dedy. (E.D)

WnP(U) is a separable Banach space for the norm:

1/2
U eW U)W flwmewy = | X I ] (E:2)

(n1,n2)EN?
ni+n2<n

Moreover, the set C°(U) of restrictions of elements of C*®(R?) to U is dense in WP(U) for
| - [[wre@)- In the special case p = 2, define H*(U) := W™P(U). This is a Hilbert space.

Along the text, we make use of the following Sobolev embedding results (see Theorem 4.12
in [AF03| and Theorem 1.4.4.1 in |Grill]).

Proposition E.2. Let U C R? be a bounded set with Lipschitz boundary. The following embeddings
hold.

o Letp>2 andn € N*, then WP (U) C C™(U).
o Letp>2 and n € N*, then WP(U) C W54(U) for any ¢ <n —1 and any q > 1.

In our case, U == < U >, where we recall that 0 = (—1,1)>, U=0\ D and > = {(z,y) €
Az <y} =\ {<}. We are interested in the subset 7/, defined in (2.39)), of the topological dual
T of T.

Definition E.3. If (X, | - ||x) is a Banach space, let X' be its topological dual, equipped with the
norm:

VL € X', Nx(L)= sup |L(¢)| (E.3)
sex\(oy 19llx

If p 3= R, let ¢ps(z,y) = [p(z,y) + ¢(y,2)]/2 denote its symmetric part, and let T C T be the
subset of elements 11 satisfying 11(¢) = I(¢ps) for any ¢ € T. Then:

I (s 1
VIIe T],  N7(Il):= sup DLy ST m’ (E4)
sem\(0} 1Dl @  semvioy 19slliz@  vervioy (191 2o

where @) is the restriction of f to >. T is closed for the norm (E.4)).
The weak* topology on T’ is the topology of simple convergence: a sequence (II,) € (T")N weak*
converges to Il € T if and only if:

voeT, lmll(¢)=1(¢) < VYoeT.,  lim Il (¢p)=I(ep). (E.5)

The set T! is also closed for the weak® topology. We write (7;’, *) when explicitly referring to this
topology.
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E.1 Compact sets

In this section, we give a sufficient condition for compactness in (7,%). Recall that 7 = H?().
Banach-Alaoglu’s theorem characterises compactness in (77, *):

Proposition E.4 (Banach-Alaoglu). Let K C (T/,*) be such that supx N7 < oo. Then K is
relatively weak® compact.

The norm N7 is defined through a supremum, which is difficult to work with. Instead, we
formulate a sufficient condition for compactness which involves a sum. Such a characterisation is
known to hold when the underlying space is periodic, e.g. on the torus T?,, = [-2,2)% a linear
form m € (H*(T?,,))" is bounded if and only if

_ 2
Iwllr—2 := Y (L4 ml) 2 [m(dm)]” < oo, (E.6)
meN?
with |m|?> = m? + m2 for m = (my,my) € N2, and where (¢,,)men2 is an orthonormal basis of
L*(T?,,) made of real eigenvalues of the Laplacian: for (z,y) € T2, ,,
1/2 if my =0,

G (T,9) = Pon (2) P (), oy () = § 2717 cO8 (m'z”) it my=2m'—1eN',  (E7)
2-1/25in (m/”> if my = 2m’ € N*,

2

The equivalence between and N7 in the periodic setting comes from the fact that a function
has the same regularity as its Fourier transform. In our case, however, this property does not hold
because of the boundaries in J, and N7 is not equivalent to the norm |||t o.

We look for a sufficient condition for compactness that can nonetheless be stated in terms of the
norm || - [|p,—» defined in (E.6)). To do so, note first that, by (E.4)), it is sufficient to work on the
triangle > = {(z,y) € @ : x < y}. The idea is then to extend elements II € 7. to linear forms
acting on the larger space HQ('H‘EQ’Q) of test functions, then check that the norms of II and its
extension are comparable. Define then:

1% (u) = H(u), u € H(T?,,). (E.8)

Clearly, TI*** is a linear form on ]I-]I2(']T2_272), although it may not be bounded any more. The
sufficient condition for compactness can now be stated.

Proposition E.5. Let A > 0, and let Ky := {Il € T' : |[II*||p_5 < A}. Then K4 is weak*
relatively compact in T .

Proof. The goal is to bound the original norm N7 by the norm || - ||t from (E.6]), then use the
Banach-Alaoglu theorem (Proposition [E.4]) to conclude. In view of (E.4)), it is sufficient to work
with test functions defined on the triangle. Consider:

T ={¢p:0€T} (E.9)

We first explain how to embed 75 into H?*(T?,,) and bound N7 by the strong dual norm || -
212, ,) (vecall (E.3)). Since this norm is equivalent to the norm ([E.6), this will be enough to
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conclude.

By Theorem 1.4.3.1 in |Grill], there is a continuous linear extension P from 7. to H?(R?), i.e.
there is C(>>) > 0 such that:

Yu € 7|->, Pu € HZ(RQ), (P’LL)|> =u, HPUHHQ(RQ) < C(D)HUHHQ(D)- (ElO)

Let x € C*(R?) be equal to 1 on >, and be compactly supported in (—2,2)%. By Theorem 1.4.4.2
in |Grill], H"(R?) is a Banach algebra as soon as n > 2. It follows that there is C'(x,>) > 0 such
that:

Vu € Tz, IxPullm@zy) < C0)|Ixlle2@e) | Pulle@z) = C(X, ) ||ullg2e)
< C(x, 2)lIxPullpzre), (B.11)

where the last inequality comes from the inclusion > C (—2,2)? and the fact that (xPu). = u.
The mapping x P is an embedding from 7. to 7 := HZ((—2,2)?), the closure of C™°, compactly
supported functions on (—2,2)? for the norm of H?((—2,2)?). An element u of 7 can be turned
into a periodic function in H*(T?,,) with the same norm, by setting u(- + (a, b)[—2, 2]*) = u(-) for
each (a,b) € Z*.

Let us now compare the elements of 7. and their extensions to H*(T?,,). Take II € T/, and
extend it to a linear form II** on H?*(T?,,) (possibly unbounded) through (E.§). Then:

No(ID) = sup M(w)| [TI™ (x Pu)|
wero oy Ul werngor  lullmes)

<C(x,>) sup M
veT 0\ {0} ||UHH2(R2)

ext
<Oy sp )

e =: O(x, D) [T |22, - (E.12)
weHQ(TQ—Q,z)\{O} ||wHH2(T2_2,2) ( —2,2)

The fact that || - [[g-2(r2, ) < ¢[| - [[1,—2 for some ¢ > 0 concludes the proof. O

22

F Poisson equations

In this section, we give conditions for the existence and uniqueness of solutions of the various
Poisson equations — among which the Euler-Lagrange equation and the main equation ([2.61|)
— encountered along the text. To do so, we prove that finding a kernel k that solves the (linear)
Euler-Lagrange equation or a solution g of the (non-linear) main equation is the same, and rewrite
all linear equations in a common framework.

F.1 Euler-Lagrange equation

Throughout Appendix , a function u € L*(I1) is identified with the kernel operator u¢(:) =
Ju(-,y)o(y) dy for ¢ € L?((—1,1)). View also & as a multiplication operator: if ¢ € L*((—1,1)),

(ou)(w,y) = o(x)u(z,y), (uo)(z,y) =u(z,y)o(y), (uop)(z) :/(11> u(z,y)o(y)d(y) dy.
’ (F.1)
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For a symmetric function f € 7, write d; for the operator:

dp(z) = (02— 01) f(x,x1) = Oaf (v, 24) —Oaf(x,2_) = —(02 — O1) f (24, ), re(—1,1). (F.2)

The next proposition is classical, and proves Proposition [2.2]

Proposition F.1. Let I1 € T] be associated with a kernel k via I1 = }1<k‘, ->, and write Cy, := o+ k.
Assume To(IT) < oo. There is then a generalised bias h € 1L*(), with h a symmetric function
admitting a weak derivative that satisfies:

/(_1 TR, CLoun () d < o (F.3)

such that To(k) = Jn(k). Moreover, k and h are related through the following FEuler-Lagrange
equation: for any test function ¢ € H' (D) with ¢jon = 0,

1/v<k—ko)-w— 7(2)(Onh(z, ), Chdrd(z,-)) dz = 0. (F.4)
2 Jn (=1,1)

This is a weak formulation of:

Ak(x,y) — [o(x)dn(z) + oy )5h( )]k(x y)
)0

— [ Jo.(a@)ann(, 2)k( 2)0,(2:h(z 1) (y)) | d=
< AP o (F.5)
=9, (0(2)a(y) y)) + (0 a(y) oh(z,y))  for (z,y) €D,
hjog = kjoo = 0,

\ o(x)?(0y — O1)h(zy,2) — (0o — O)k(zy,z) = (p')* forxz € (—1,1).

Proof. Write for short Z,, (k) for Z,(Il), and idem for J¢(k), f € S(e). The existence (and
uniqueness) of the generalised bias h such that J,(k) = Z. (k) is classical, see Lemma 5.3 in
Chapter 10 of [KL99|. Let us show that k satisfies the Euler-Lagrange equation with bias h. Since
h is such that Ju(k) = inf; g ) J5(k), one has ™' (Jhtep — Ju) < 0 for any ¢ € H' (L) with
¢1o0 = 0 and small enough ¢ > 0. Thus:

1 1 —/\2
g/zw-vmz/(m(m o(x,2) da
_}l /() {(Oih(z, ), (6 + k) (r6(2,))) dz = 0. (F-6)

Applying this equation in the h = 0 case corresponding to the steady-state kernel ky (or just
recalling the expression (2.11))), one gets:

1 Vo= 1+ )2
S/ZVkO Vo 4/(_1,1)(/)) o(x, ) d. (F.7)
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This yields (F.5). Equation (2.52)) follows by careful integration by parts. For instance, the term
o(x)op(z)k(z, y) comes from the contrlbutlon of k in the integral involving Cy = ¢ + k:

\

h(z,x)(kO1¢)(z,x) de dz = /(_1 . a(2)h(z,x)01(kp)(z,x) dx dz

_ /( Lo [(%h(a:_, 7) = (w4, 2)| (ko)(x, ) da
- /(1 1)2 O (3(2)00h(z,2)) (k) (2, z) dz dz. (F.8)

Note that k¢(z,x) is simply f(_l 12 k(x,y)o(x,y)dx dy. Using the symmetry of h and the fact
that O1h(x_,z) = O01h(x, x) (it is the same point in the same triangle), one has:

O1h(z_,x) — O1h(zy,x) = (0y — O1)h(x 4, x) = —0p(2), x € (—1,1). (F.9)

O

F.2 Equivalence of the Euler-Lagrange equation and the main equation
Proposition F.2. Let h € S(c0), where this set is defined in (2.45). Recall that O := (—1,1)2,
N=0\D and>={(zr,y) ed:z <y}, <=01\D.

o Letk € C3(>)NC3(Q) be symmetric and suppose k solves the Euler-Lagrange equation (F.5)).
Assume that k satisfies:

/Za_l(m)k‘(x,y)go_l(y) dxdy < 1. (F.10)

Then the correlation operator Cy = & + k is invertible in L?(1). Define g € L2(A) through
Cr=0+k=(""—g)'. Then g € C3(>) N C3(Q) is symmetric and solves the main

equation ([2.61)).

o Conversely, let g € C3(>) N C3() be symmetric and solve the main equation (2.61), and
assume:

/5(x)g(m,y)25(y) drdy < 1. (F.11)

Then 6= — g is invertible, and k € C3(>) N C3(<) defined through ¢ +k = (671 — g)~! is
symmetric and solves the Fuler-Lagrange equation (F.5]).

Remark F.3. Conditions | m’m ) hold if o' < e, h € S(e) for small enough €. [ |

Proof. We only show that k € C3(>) N C3(<) symmetric solving the Euler-Lagrange equation
implies that g solves the main equation, is symmetric and is in C?(>)NC?(<), the other implication
being similar.

By assumption , g admits a series expansion:

g= _5—1/2(1 + 5—1/21{:5—1/2)*15—1/2 4+ = 512, Z(—l)”(&‘l/Qkﬁ_l/Q)on 0512

n>1

=—6"0) (kog '), (F.12)
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where o denotes composition and on n-times composition, n > 1. In particular, ¢g is symmetric,

satisfies (F.11), and it inherits the regularity of k: g € C3(5>) N C3(<). Moreover, (F.12)) already
shows that g|3,3 =0 if kg = 0.

To check the Neumann condition on the diagonal and the fact that g satisfies the main equa-
tion (2.61)), let us write derivatives of k in terms of g. We henceforth drop the symbol o. Using
the inverse operator C; ! = (67! — g), it holds that:

(o + k)(7_1 g)=id = ko' = Crg = k= Crgo. (F.13)

In the same way k = 6gCy. Differentiating & with respect to the second variable (or alternatively
integrating against the derivative ¢’ of a test function ¢ on (—1, 1) and integrating by parts) yields:

8216 = 82(C’kgﬁ) = C,ﬁﬂg&) (F14)

Note that since k is symmetric, bk (z,y) = O1k(y, x) for (z,y) € [ means that 0k is the operator
adjoint to dyk in L2((—1,1)), thus one has also:

In particular, this gives the Neumann condition for g on the diagonal:
(01 = Qo)k(zy,2) = 5(2)*(01 — Bo)g(ws, @), w€(=11). (F.16)

Let us now prove that g satisfies the main equation (2.61)). Recall the convention: if ¢ : 1 — R
and ¢ : (—1,1) — R, then ¢q is the function (x,y) — ¢(z,y)q(y), while (¢¢)(x,y) := q(z)P(y).
The Euler-Lagrange equation (F.5)) then reads:

Ak — [01(00:R) Ch + Cua(92h3) | = [o0nk + ko] =0, (F.17)

where the above is an equality between functions on /. In , the right-hand side in has
been included in the term in the bracket by using the operator C}, = & + k. The partial derivatives
Ook, 01k were obtained in - As k is not C? across the diagonal, taking the second
derivative is more subtle, and we do so against a test function ¢ € C*°(0J) vanishing on 0O

—OokDap = D3k + S0 = —Cy Da(95)0agp = Cr03(g7) + Cr50,6. (F.18)
Above, recall that, for a symmetric function ¢ : 4 — R, 4, is the function operator:

0p(x) = (02 = D), w4) = (Oh — Bo)¢p( 4, )

=0 (x4, 2) — O(a-, 2) = Op(x,24) — Ootp(w,2-), =€ (-11). (F.19)
Since 0y, = %4, we get:
D5k = Cy03(g5) + kad,. (F.20)
By symmetry, one has also
ok =0,(0g) C, = 0k =0i(cg) Cy + 9,0k. (F.21)
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Thus:
Ak = (6079 + 25" 019+ 7" g)Ch + Cr(039 G + 20295 + g&") + 0,0k + k&d,. (F.22)

Compose (F.17) by C; ' on each side. Using C,' = 67! — g, this yields for Ak, still as an identity
between functions on 7

ColAKC =670{(5 g) — g0 (og) + 05(g5)5 " — 05(g5)g + C, ' (6,6k + kad,)C ', (F.23)
From kC) ! = 5g and the following identities obtained by integration by parts
—g0i(0g) = 0297 019 + g5, + 02979, (F.24)
we obtain:

/ = —~
g

&' G
Cy ARGy :A9+23819+2329g +20295819+955g+5599+9g+ =9
+ 00g8'g + g5’ 019 + 0,09 + 96,6 — 290,5°g. (F.25)

We next show that:

/

Cit [31(531h)0k 1 0y (82h5)] C.l=Ah+ %(%h + 32h%
+ aggﬁalh + aghﬁalg + g&éh + (5hﬁg. (F26)

This follows by noticing that
=/
G 01(501h) = " (F'01h + 50%h) — 9 01 (30:h) = Z-0hh + Dih+ Drgadih + g56,,  (F.27)

where in the last step, we used an integration by parts as in (F.24]). Part of the boundary terms
cancels thanks to the final identity:

Ckfl [55h/€ + k&éh] Clgl — (5.*1 _ g) 50, - 5_5h(5_71 . g) . 2(5,1 B g)65h6(5*1 _ g)

Plugging the relations (F.25)), (F.26), (F.28)) in the Euler-Lagrange equation (F.17)), we get:

6./

0= A(g — h) + % 81(29 — h) + 82(29 — h) g + 02(9 — h)(f@lg + 029581(9 — h)
+ 29620149 + 9o (% + 20, — 25h) +0 (% +26, — 2(5h> g+ Oaga’g + g5’ g. (F.29)

In addition, the boundary conditions of (.5 imply that d,_, = —% (recall 3" = —2(p')?).
Finally, an integration by parts gives:

Orgo'g = —gc" g — go'Ovg. (F.30)
The second line in (F.29) thus vanishes, and the first line is precisely the main equation (2.61). O

In the next sections, we focus on establishing existence, uniqueness and regularity for solutions

of the Euler-Lagrange equation ([F.5). In view of Proposition , this will prove Proposition .
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F.3 Existence and uniqueness

We now focus on solving the Euler-Lagrange equation and the Poisson equation (5.6). To
do so, we rewrite them in a common framework. Both equations are formulated as equations on
1 involving symmetric functions. To solve them, it is therefore enough to look at the equation in
a single triangle, say >. To do so, let us introduce some notations.

Recall that the function M acts on ¢, € L*(J) according to:

1
M09 = [ 9ol () €B. (F.31)
Define by extension M on the triangle as follows: if (¢,1) € L?(1>)?,

o(z,y) ifz <y,

dy,x) ifz>y. (F.32)

M(¢,0) = M(ds,05),  ds(x,y) = {

For ¢ € L*(>>) and ¢ : (—1,1) — R, we often write:

(af )z, y) = q@) f(z,y), (fo)(x,y) = flx,9)q(y),  (v,y) €>. (F.33)

Given symmetric ¢,9,& : 4 — R and d : (—1,1) — R, we say that f : 7 — R solves the Poisson
problem (P) = (Pyy¢,q) if f is symmetric, and f. is a classical solution of (Py), where:

Af(z,y) + ld(z) + d(y)] f(z,y) — M([,E) for (z,y) € >,
(Pl>) . _M<£7f) _M(alf7 aﬂﬂ) —M(aﬂ%alf) = ¢(x,y) (F34)
O f=0 onD,

f=0 on(d>)\D.
where 0, stands for the normal derivative on the diagonal.

Remark F.4. (i) If¢=h € S(o0) (recall (2.44)), d =0, £ =0 and ¢ € T N C*(>) has norm
2, then (P) corresponds to the Poisson problem encountered in the proof of large deviations,

m .
(i) Let h € S(0), ¥ =0, d = 66, with §;, given in (F.19)). Take & as follows:

f(l’,y) =0 (561h) (l’,y) = a:v(a-(x)alh(xay))7 (%,y) eld. (F35>
Define then ¢(z,y) for (z,y) € D as:

+ M(ko +Gh,€) (2, y) = [ko(z,y) + (5ho)(x,y)] [F(2)on(x) + G(y)on(y)].  (F.36)
Then (P) is the Euler-Lagrange equation (F.5|) written with unknown f = k—ky—aoha. Note
that f is chosen so that the boundary conditions in (F.34)) imply the Neumann condition

0y, f = 0.
m
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In the remainder of the section, we study existence, uniqueness and regularity of solutions of

(P). For x € {>, <}, we write <-, ~>* for the usual scalar product on L?(x), and simply <-, > for
the scalar product on L.?(0J) = L?(I1). The norm on L?(lY) is denoted by || - ||o. Let also tr denote
the trace operator on the boundary of . When interested only in a portion I' of the boundary,
we may write trp.
We will use the fact that the Laplacian with 0 Dirichlet boundary condition on (9r>) \ D and 0
Neumann boundary condition on the diagonal D has a gap o > 7%/4 > 0, see e.g. Equation 5
in Section 3.3. of [Siul6|. This means that, for any symmetric f € T satisfying the boundary
conditions of (P.), one has:

Ifiell < HIVAslE = IIfl5 < a7 VA (F.37)

We first obtain existence and uniqueness of solutions of (P) in the set T(py C T = H*(L) of
functions satisfying the boundary conditions of (P) by a fixed point argument. The set 7(p) and
its counterpart 7p.y for functions on > are defined as follows:

Tipy =) N {f : trp(y. f) = 0, tren(f) = 0},
Tipy =H(>)N{f:tr(f) =000 0(>) \ D, trp(d,. f) =0} = {fis : f € T(p }- (F.38)
Proposition F.5 (Solving (P)). Let ¢,& € L*(Y), v € T be symmetric functions. Let also

d:(=1,1) = oo be bounded. For f € T(py, define Sf as the symmetric function such that, for
(z,y) € >,

Sfx,y) = (=Ac)™"| =@+ df + fd— M(f, &) — M(E, f)
— M(01f,00¢) — M(O1, 01 f) | (2, ). (F.39)

Above, A is the inverse of the Laplacian on t> with 0 Dirichlet condition on (0>) \ D, and 0
Neumann conditions on the diagonal D.

Then Sf € Tipy. Moreover, if d =0, £ =0 and [Vl < 1, ||¢]l2 < 2, then S has a unique fized
point fgp € Tipy with || foullm@ < C and || fopllee < C', for constants C,C" > 0 independent of

¢, 1.
If instead 1) = 0, there is a fived point fq4e € T(py provided ||£||2, ||d||o are small enough, with

1 fa..eller@ < 0lldlloo, €ll2; [|0]l2) and & vanishes when (||dl|oo, [[€ll2; [|0l]2) vanishes.

Proof. We prove that S is a contraction on 7(py for the norm ||V -||o. Let us start by showing that
S is well defined. The inverse operator AZ! exists by Lemma 4.4.3.1 in |Grill] and, by Theorem
4.4.3.7 in |Grill], maps L?(>>) onto T(p.)- It follows that S(T(py) C T(p).

We now prove that S is a contraction. For f € T(py, one has:

IVSFI3 = (VS (VS ). + (VSF)a, (VSF)a).
= —((Sf)e: (AS ). = ((Shas (ASf)a) = —(Sf. ASS). (F.40)

The integration by parts is legitimate by Theorem 1.5.3.1 in [Grill]. Let us compute the right-hand
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side. One has, using ¢ < 1/4:

e ed MG = [ feane

= le < [—1,1) f(Z7 x)Z ClZ) " ( /(—1,1) w(Z7 y)2 dZ) 1/2’ (F'41)

and the same holds for M (0, f, 01¢) As a result, by Cauchy-Schwarz inequality and using ||0; f||2 =
271/2||V f||5 as implied by the symmetry of f:

(57, M(1,9)| < 1SS0l

1
(S5, M@uF,00)) | < ISRV T (F.42)
Recalling the expression of Sf from (F.39)), (F.40)) is therefore bounded as follows:

1S 113 < 15l (10l + 2ol 1 + PI21EN y TVARIVEL =g
Since f, Sf € T(p), the Poincaré inequality can be applied and yields:
~1/2
||VSfH2 < a71/2<”¢‘|2+2a71/2||dHOOHVfH2+ o Hv4f||2||§||2 + ||vf||28||v¢||2) (F44)

By similar computations, if fi, fo € T(py, one obtains:

a2 E]l2 va\b)
4

IV(Sfi = Sfo)lls < a2 (2a—1/2||d||oo + IV(f1 = f2)ll2- (F.45)

In particular, S is a contraction as soon as:
—-1/2 \V4
a‘1/2(2a_1/2||d||oo+ o 4“5”2 . | §‘|2> <1 (F.46)

Recall that o > 72/4. Ifd = 0, £ = 0, ||[Ve]l2 < 1 and ||¢]]z < 2 (which includes case (i) of
Remark , then:

IVS(i = flle < IV = )l 981 <I9Sl 45 (Ra7)

There is thus a unique fixed point fs, € 7T(p), and since ||¢|2 < 2, it belongs to the ball
B(0,c) = {u € H'(Y) : tr(u) = 0 on 90, [|[Vu|s < ¢} with ¢ = 8/(2r — 1) < 2. Poincaré in-
equality vields ||fsullm@ < (44 16/72)1/2 < 2, and Theorem 4.3.1.4 in [Grill] yields
| fo,6lm2@ < C for some universal C' > 0. The Sobolev embedding H?(I2) € C°(>) N C%(<) then
implies || f4.4|lec < C' for a universal C’ > 0 as claimed.

Consider now the case ¢ = 0 which includes item (ii) of Remark [F.4] Then:

4
VS~ £l < 5 (2Nl + L5219~ )
€l 2o

4
IVSFl < = (2Nl + =2 ) 1V A2 + (F.48)
If ||d||oo, [|€]]2 are small enough, S is a contraction and the norm of its ﬁxed point vanishes when
|d||oo, ||€]]2 and ||@||2 vanish. This concludes the proof. O
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F.4 Regularity estimates

In Proposition [F.5] the solution of (P) has been shown to be in H*(ZJ). In this section, we use
results of |Grill| to argue that the solution of (P) is more regular if the data ¢, are regular.
This concludes the proof of Proposition 2.5 The study of regularity is made very complicated by
the presence of corners.

Proposition F.6 (Theorem 5.1.3.1. in |Grill]). Let b € N, p > 2 and let ( € WPP(1>). Let
S1, 92,53 denote the corners of > numbered in a counter-clockwise fashion, with Sy the upper left
corner. Consider on > the equation Af = (, with the boundary conditions of (P.). If b =0, then
feWP(>). Ifb<3, f € WH2P(1>) provided ¢ vanishes at the corners, i.e. provided:

vj € {1,2,3}, ¢(S;) =0. (F.49)

Remark F.7. Though the statement of Proposition [F.6 makes no mention of them, we recall
notations from [Grill] so that the reader may check that Theorem 5.1.53.1 applies to our case.
Label by 5 € {1,...,3} the line segments composing 0> in a counter clockwise fashion, with the
convention that j = 1 for the y = —1 segment. S; is then the point joining segments j,j + 1 in
O>. Let w; be the counter-clockwise measure of the inwards angle at S;:

o {w/2 ifj =1, (F.50)

T/4  ifje{23}.

Let v; = pi; denote the unit outwards normal and 7; be the (counter clockwise) unit tangent vector
on the line segment j. Define also ®; = w/2 if j € {1,2}, ®; =0 if j = 3 and P341 := $1. Finally,
form € Z and each j, define:

S S 2m if =1,
Ajn = —2. gptmr ), dm ifj=2. (F51)

w.
! —24+4m  if j=3.

|
In our context, Proposition [F.6] translates to the following result.

Proposition F.8 (Regularity of solutions of (P.)). Let ¢, 1, d, £ be such that the solution f given
by Proposition [F.] exists.

(i) Assumed =0, & =0, let p € C*(>)NC*(<) be symmetric and let 1 € S(00), corresponding
to item (i) of Remark . If $jon = 0, then f € WHP(ILA) for any p > 2.

(i) Recall the definition (2.44) of S(e) for e > 0. Take v = 0, and d,$,& defined in terms
of h € S(e) as in item (ii) of Remark[F.j, Then f € WD) for any p > 2, and k =
f+ko+aho € ky+ S(e') for some e > 0 depending only on py and €.

Proof. Since f is symmetric, we work only on >. Let us first assume f has the alleged regularity
and treat all claims of item 2 that do not have to do with the regularity of f.
Define:

I = kollen = max { 1 = kolloe, 191k — koIl } (F.52)
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Notice first that k — kg = f + cho with h € S(¢) implies that k — kg € WAP(I0) for all p > 2, thus
k also as kg is regular.

Let us now prove that ||k — ko||c: vanishes when d, ¢,& vanish. By Sobolev embedding (see
Proposition , it is enough to prove the same for ||k — ko||w2r@). Since k — ko = f + chao, it
is enough to bound || f|lw2r@. Theorem 4.3.2.4 in |Grill] implies that, for a universal constant

C>0:
1l < C(IAFlwos + 1 fllwns ). (F.53)

Recalling the expression (F.39)) of the mapping S, it holds that:

1A lwor@) < (191l + 2lldlloolLFlp + €llc) 1f w20 @)
< C'(lIlly + 2lldll ol fllp + Elloo) I1f 2, (F.54)

where the second inequality is again a Sobolev embedding. The fact that || f|[m2) vanishes with
d, ¢, € now follows from Proposition

We now prove that k — kg satisfies the boundary conditions of elements of S(oc). Since f, ko, h
vanish on 0], so does k. Moreover, O-h = 0 at the extremities S5, S5 of the diagonal D and
O-f =0 on D means O (k — ko)(S2) = 0 = 0.(k — ko)(S3). We have thus shown that if f has
the alleged regularity, then k — ky € S(¢’) for some ¢ > 0 depending on d, ¢, &, i.e. on pi,e

recalling (F.36])—(F.35) and h € S(e).

Let us now prove the regularity of f. By definition, Af = ASf, with S defined in . Let
p > 2. The idea is classical: if f € W2*P(I1), n € N, we want to prove that ASf € Wtmr(0),
from which f € W3tP(I1) by Propositionprovided AS f satisfies suitable boundary conditions.
To implement this recursion scheme, we first prove that ASf € (). By assumption on ¢, in
case of item (i) (using the Sobolev embedding C?(5>) C W#(1>) for any s > 2), and from ([F.35])—
for item (ii), we see that it is the regularity of f only that limits the regularity of ASf.
The fact that ASf € LP(J) then follows from the Sobolev embedding H'(J) C L*(J), valid for
any s > 2, see Proposition . It follows that f € W2P(I2) by Proposition

To obtain further regularity on f, let us check that ASf is in W°~1?(I2) whenever f € Wb (10)
for b € N*, and also that ASf satisfies the condition in Proposition [F.6|
The regularity of ASf boils down to proving that W(u, v), defined in (F.31)), is in W*?(>>) (b € N*)
whenever u,v € WP(1>). This is the claim of the following lemma.

Lemma F.9. Let p > 2 and 1 < b < 4. Let u,v € WoP(r>), and recall from (F.31) the definition
of M. Then M(u,v) € WoP(>).

Lemma is easily proven by approximating u,v in W®P(1>) by sequences in C*°(>), and
integrating by parts.

It remains to prove that AS f satisfies the condition of Proposition , i.e. that ASf(S;) =0
for j € {1,2,3}. By assumption in the case of item (i), and from the expression and
the definition of S(e) for item (ii), we know that ¢jp0 = 0. The fact that fioo = 0 gives
M(f.€)(S;) = 0= M(E, f)(S;) for each j. Integrating by parts and since ¢» € S(c0), one has
also M(O1f,01)(S;) = 0= M(01, 01 f)(S;). It follows that ASf(S;) =0 for j € {1,2,3}, thus
f € W4P(I1). Since p > 2 was arbitrary, this concludes the proof. ]
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F.5 Bounds on the solution and definition of ¢p

Let h € S(oo) and let g, = 57! — (5 + k;) ™! be the solution of the main equation obtained
from the solution kj, of the Euler-Lagrange equation . In this section, we define the ep arising
in Theorems 2.6, and show that the C' norm of g, — go can be controlled by ||h|/c1 and p/
as claimed in Theorem . Writing Cy, = ¢ + ko = (671 — go) ', notice first that, as soon as
|kn — kol|2 is sufficiently small:

gh—90=Cpl = (0 +kn) " = Ot = (Cry + (kn— ko))" = IZ " ((kn —ko)Cy, Y™, (F.55)

n>1

For kj, — ko € S(¢’) for some suitably small &’ > 0, one can take derivatives inside the sum, which
directly yields:

lgn — gollcr < 8(p, ||k — kollen), lim &(z,y) = 0. (F.56)
(z,y)—0

Since f = kj, — ko — dha is the solution of (P), ||k, — kl/c1 in turn only depends on p, ||hl|c1,
thus ||gn — gol|cr only depends on g/, ||h]|c1, and vanishes when they both vanish as claimed in
Theorem 2.6

We now define ep.

Definition F.10 (Definition of €g). Let h € S(o0). Let p— € (0,1), and choose e = ep(p-) >0
and py € [p—, 1) such that, if p' := 5P~ < ep and h € S(ep), then:

o The contraction S has a fized point f.
e g is a negative kernel (as defined in (A.2)).

e To ensure good concentration properties in Section[3, ||gn—hl|c1]lgnllcr < (2'°Crs)~, §'llgn—
hller < (2'°Crs)™! and pep < (2'°Crs)™!, where Crs is the log-Sobolev constant appearing
in Lemma|3.4)
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