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Abstract

The Importance Markov chain is a novel algorithm bridging the gap between re-
jection sampling and importance sampling, moving from one to the other through a
tuning parameter. Based on a modified sample of an instrumental Markov chain tar-
geting an instrumental distribution (typically via a MCMC kernel), the Importance
Markov chain produces an extended Markov chain where the marginal distribution of
the first component converges to the target distribution. For example, when targeting
a multimodal distribution, the instrumental distribution can be chosen as a tempered
version of the target which allows the algorithm to explore its modes more efficiently.
We obtain a Law of Large Numbers and a Central Limit Theorem as well as geometric
ergodicity for this extended kernel under mild assumptions on the instrumental kernel.
Computationally, the algorithm is easy to implement and preexisting libraries can be
used to sample from the instrumental distribution.

Keywords— Markov chain Monte Carlo,importance sampling, Monte Carlo methods, ergod-
icity, regeneration

1 Introduction

In Monte Carlo methods [1] and in particular in computational Bayesian statistics, sampling is
used to construct estimates for quantities depending on problem-specific distributions. As a first
approach, one can simulate independently according to another distribution, called the instru-
mental distribution, and use this sample to build an estimate of the quantity of interest (see,
e.g., [2] for a general introduction to Monte Carlo methods). The most well-known example is
the importance sampling (IS) technique [3], which produces a weighted sample to approximate
7(f) = [ f(z)m(x)da where 7 is a given distribution (by an abuse of notation, we also denote 7 its
density with respect to a dominating measure dx). Importance sampling is based on rewriting the
quantity of interest as 7(f) = [ f(z) ;E:gﬁ(:ﬂ)dx for any density 7 that dominates w. Then, 7(f)
can be estimated by sampling independently X7, X5, --- from the instrumental distribution 7 and
by returning the estimate 7 =n='> " | ;glg f(X;). It is fundamental to recall here that impor-
tance sampling does not deliver a sample distributed from 7. In contrast, rejection sampling allows
to construct a perfect sample according to 7 but at the cost that a portion of the sampled points
are rejected. To be more specific, if we assume that m < M7 for some constant M, then we sample




independently X;, Xo, - ~jiq 7 and Uy, Us, -+ ~iq U(0,1) until the condition U; < I\:ITTEr)((X))

met. For the exit index i, setting Y = X, it turns out that the law of the accepted candidate Y
is then exactly 7 (see [1]).

Another approach is proposed by Markov Chain Monte Carlo (MCMC) methods: instead of
constructing an independent and identically distributed (iid) sample, an MCMC algorithm provides
a Markov chain (thus a dependent sample), that converges to the distribution of interest. The most
common MCMC algorithm is the Metropolis-Hastings algorithm [5, 6]. Note that MCMC and IS
are not incompatible, and the idea of using a Markov chain for the instrumental distribution
appeared as soon as 1963 [7], and is mentioned by Hasting in [6]. More recently, many algorithms
combine IS and MCMC [8, 9, 10].

The Importance Markov Chain (IMC) algorithm uses those ideas in a novel way. Indeed, while
most MCMC algorithms try to adjust the proposals to explore the support of the target distribution
efficiently, the IMC algorithm allows to target a more friendly instrumental distribution which is
then transformed into the initial target with IS. More specifically, the instrumental Markov chain
is transformed into an augmented Markov chain targetting the distribution of interest on its first
marginal. This is different from classic subsampling or thinning of the chain that preserve the
distribution [11, 12, 13]. The instrumental distribution is considered as a given. Indeed, our
aim in this paper is to establish properties that are preserved by our transformation for a given
instrumental distribution—namely a law of large numbers (LLN), a Central Limit Theorem (CLT)
and geometric ergodicity.

Of course, adding a resampling step to a classical importance sampling based on a 7-sample
(f( ... 7j(n) may lead to a random variable with distribution 7,, close to the target distribution 7.
But the total variation norm between the two distributions 7, and 7 is typically of order O(1/n)
whereas our Importance Markov chain, under mild assumptions, is geometrically ergodic, showing
that the decrease in the total variation norm may be geometrically fast with respect to n.

The Importance Markov chain, in the specific setting with independent proposals, is related to
previous works on Self Regenerative Markov chains [14, 15] and on Dynamic Weighting Monte Carlo
[16, 17]. It was developed in the dependent case in [18] but the framework there was restrained to
a semi-Markov formulation.

The article is organized as follows:

is

1. We first define the Rejection Markov chain, a generalization of the rejection sampling in a
context of MCMC sampling. This part allows us to define the rejection kernel used further
on, and provides some intuition for the algorithm in the specific case where there exists a

known constant M such that the density ratio ;7= is upper-bounded by 1.

2. We then generalize the Rejection Markov chain using repetitions to allow the density ratio
37z to be greater than 1, thereby relieving the constraint of the first part. The idea is similar
to IS as the number of repetitions is proportional to the density ratio, to the exceptions
that: (1) the number of repetitions is a random integer and the constraint is simply that its
expectation is proportional to the density ratio; (2) the output is a true random sample and
not a weighted one as in classical IS. We use an extended space to construct an augmented
Markov chain composed of repetitions of the instrumental chain as its first component and
an integer as its second, keeping track of the remaining number of remaining repetitions.
We then proceed to establish some theoretical properties, under mild assumptions, notably
a law of large numbers, a Central Limit Theorem, a geometric ergodicity property and some
uniqueness results.

3. Finally, we illustrate the IMC on two synthetic examples. The first is a multidimensional
mixture of Gaussian distributions, using as instrumental distribution a tempered version of
the target, and a NUTS kernel. The second focuses on an i.i.d. sample from the instrumental
distribution, defined by a normalizing flow trained to approximate a multimodal target up
to dimension 25.



2 Notations

Let us denote RT = [0,00), N = {1,2,...} and Ny = NU {0}. We use the standard convention
that [[,_, = 1if m > n. For integers k < ¢, the notation [k : ¢] stands for the set {k,..., ¢}
and in case where k > ¢, [k : £] is the empty set. Moreover, uy.¢ = (ug, ugt1,...,ue) for all k < ¢
and U0 = (ur)esk. If a space X is equipped with a o-field X', we denote by F1(X) the set of all
nonnegative measurable functions with respect to X, that is, we make implicit the dependence on
the o-field X in the notation F (X). Similarly F,(X) is the set of all bounded measurable functions
on X and Fpq (X) = Fy(X) N F4(X). Moreover, we denote by M;(X) the set of probability measures
on (X, X). For a non-negative real number z, we denote the floor function by |z | and the fractional
part by (z) and hence z = |x] + (x). The positive part of x is written (z)7.

If P,Q are Markov kernels on X x X', h a measurable function on X, v a measure on (X, X) we
define:

e Ph(z):= [, P(x,dy)h(y), for z € X,
e vP(A) := [ v(dz)P(x,A) for A e X,
o PQ(z,A) := [\ P(x,dy)Q(y,A) for z € X and A € X,
) := [y h(z)r(dz), also denoted vh if the context is clear.

Furthermore, we simply denote P° := I and for k € N, P* := PP*~! = P*~1P_ Last, a kernel
P is said sub-Markovian if for all z € X, P(z,X) < 1.

3 The Rejection Markov chain

Rejection sampling is a standard in Monte Carlo simulation. In this algorithm, we create samples
distributed according to the target m by subsampling among a batch of iid random variables
distributed according to the instrumental 7.

Our Markov rejection algorithm closely resembles the rejection algorithm except that we no
longer need to subsample from an i.i.d. batch of random variables exactly distributed according
to 7, which can be restrictive. Instead, we rely on a Markov chain targeting 7, i.e. generated by
a Markov kernel with invariant probability 7, which can be achieved for example via a Metropolis
Hastings algorithm. Note that it is sufficient to know 7 up to a normalizing constant. Subsampling
is done by accepting each candidate sample X with probability p(X) where p : X — [0, 1] is a well-
chosen function.

3.1 Formal definition

Let (X, X) be a measurable space. For a given Markov kernel Q) on X x X', we denote by ]P’? the
probability measure induced on (XNo, x®No) by the Markov kernel @ and the initial distribution &,
and by ]E? the associated expectation operator. If £ = §, for some x € X, we simply use Eg = E(st-
On (XNo, x®No) we define X, as the projection on £*"-component, i.e., for any w = (wy)sen, € X0,
X(w) = wy, and @ the shift operator on XNo such that 6 : (wo,wy,...) = (w1, ws,...). For any
measurable function p : X — [0, 1], the rejection kernel S is defined as follows:

S k—1
Sh(z) =) E? lh(Xk)p(Xk) [T —px)|, (1)

k=1 i=1

where € X and h is any nonnegative measurable function on (X, X’). A transition according to
S is obtained by generating a Markov chain {X} : k € Ny} according to the kernel @ and by
selecting the first accepted candidate among {X} : k € Ny} with the success probability sequence
{p(X%) : k € No}. More precisely, define Y = X x [0,1] and Y = X ® B([0,1]) and let G be the
Markov kernel on Y x ) such that for all y = (z,u) € Y and all A € Y,

G(y,A):/YlA(ac',u’)Q(x7dx’)du’. (2)
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Therefore if Y/ = (X', U’) ~ G(y, -), then X’ and U’ are independent and marginally, X' ~ Q(z, -)
and U’ ~ U(0,1). For the Markov chain {Y;, = (X,Ux) : k € No} with Markov kernel G, define
the first return time to the set D = {y = (x,u) € Y : u < p(x)} by

op=inf{k>1:Y, €D}. (3)

Then, Sh(z) = Ei®7[1{UD<OO}h(XUD)] where v is any probability measure on [0, 1], showing on
the side that S1x(z) = me@,y (op < 00) < 1, which implies that the kernel S is sub-Markovian.

Proposition 1. Let Q be a Markov kernel on X X X with invariant probability measure pu € M1 (X)
and let p : X — [0,1] be a measurable function. Provided that u(p) > 0, the probability measure v

defined by
o dap@pldn)
W= fermtan s AT W

18 invariant with respect to S, i.e. vS = v.

Proof. Define p := 1 — p. For any bounded function h € F;(X) and any = € X,

k—1

Shiz) =EZ | Y p(Xp)h(Xy) [] p(X3)
k=1

i=1
£—1

p(Xey)h(Xepr) [T A(X541)
1 Jj=1

= Q(ph)(x) + Q(pSh)(z). (5)
Integrating with respect to p yields
pSh = pQ(ph) + pQ(pSh) = p(ph) + p(pSh),

where we used pu@ = p in the last equality. Since h is bounded, uSh < oco. Retrieving uSh on
both sides, we finally obtain u(pSh) = u(ph). Hence v(Sh) = v(h). O

[M]8

=E2 [p(X1)h(X1)] + ES | p(X1)

o~
Il

3.2 Application to sampling

Let m € M1 (X) be the target distribution and denote by 7 € M;(X) an instrumental distribution.
As for rejection or importance sampling, the goal is to produce a sample targeting 7 using a sample
of 7, here obtained by using a Markov kernel (). We denote {5(1 : i € Ng} a Markov chain with
transition kernel ) and make the following hypothesis on @ :

(H1) The Markov kernel @ admits 7 as invariant probability measure.
We also need the following domination assumption, which is compulsory for rejection sampling.
(H.) There exists M > 0 such that 7 < M.

Then, we can use (4) to define p such that 7 is the invariant probability measure for the Markov
kernel S. Indeed, if = 7, we get ¥ = 7 in (4) by defining

o, dr
PX 7

If in addition, we want p to take values in [0, 1], we may pick

1 drm
p(z) = 57 4=(2), (6)
for m-almost all x € X. From Proposition 1, we deduce immediately:
Theorem 2. Assume (H1) and (H.;) and take p as defined in (6). Then S is w-invariant.

Note that standard rejection sampling consists in applying a transition according to S to the
particular case where Q(z,-) = 7(-), p =7, p as in (6) and hence v = .



4 The Importance Markov chain

As for classical rejection sampling, the Markov chain rejection sampling suffers from the drawback
that (H,;) may be satisfied only with a prohibitively large M (or worse, (H,;) may not even be
satisfied). The sampling is in that case inefficient since the average acceptance ratio is equal to
1/M. Actually, p can be interpreted in the following way: given X)_1, we draw a new point
X}, € X according to Q and insert Ny, ~ Ber(p(Xy)) replica in current sample. Therefore p(X},) =
E[Nj|X)]. This can be viewed as the equivalent of the weight of X} in a importance sampling
context.

The idea with ¢ : X — RT is similar but we now offer to replicate X}, a random number of
times ]\71@ where the conditional expectation of the random integer Nk € Ny w.r.t. X , is equal to
0(Xy), as sketched in Algorithm 1. This relates to [15] where the author conditions the weights of
his estimate to be nonnegative integers.

4.1 The extended Markov chain

Let m and 7 be two probability measures on (X, X’) and let x be a positive real number. Assume
that 7 is dominated by 7 and let o, : X — R be a measurable function such that

dr

ox(z) = mﬁ(m‘) , (7)

for m-almost all x € X. For xk = 1 let us simply denote

0:=01. (8)

Let R be a Markov kernel on XxP(Np) and by an abuse of notation, let us write f{(xJ n) = R(z,{n})
for any (x,n) € XxNp. The distribution R(X, -) will be used to draw the number N}, of replications
of X under the unbiasedness assumption:

(H2) For all z € X,
Z R(z,n)n = o.(z).
n=0

In this paper, we will face two cases : (1) R and 0« are available in closed form up to a normalizing
constant, (2) R can be generated under (H2) without the explicit knowledge of g,,. Furthermore,
k can be chosen arbitrarily even though we will discuss some interesting choices later on (see
Section 4.6.2 and Section 6.1.2).

Algorithm 1

X =] N

Set an arbitrary Xj.

for k< 1tondo
Draw X}, ~ Q(f(k_l, -) and N ~ R(Xk, )
Append Ny, replicas of X to X

end for

output: X

As seen below, if the Markov kernel @Q is 7-invariant, then the output sequence X = (Xo, X1, ...)
of Algorithm 1 targets m. However, X is not a Markov chain per se, and in order to study its er-
godic properties, we need add a second component N to the sequence X so that the augmented
sequence (X, N) becomes a Markov chain. This is done by rewriting Algorithm 1 as Algorithm 2.

Let us describe the transition of the extended Markov chain {(X,, N;) : ¢ € Ng}. From
Algorithm 2, we can see that (X, Ny) is updated according to two different moves. Either we are
already inside the while loop described in lines 6-9 of Algorithm 2, in which case, Ny, > 1 and the
update is simply (Xp41, New1) = (X, Ne — 1), or we are outside the while loop, in which case,



Algorithm 2 Importance Markov chain (IMC)
1: £+ 0
2. Set an arbitrary Xj.
3: for k<~ 1tondo
4: Draw Xk ~ Q(Xk_l, ) and Nk ~ R(Xk, )

5: Set Ny = Nk

6: while Ny, > 1 do

7 Set (Xy, Ny) « (Xk,Ng—l)
8: Set £+ ¢+1

9: end while

10: end for

N, = 0 and X, = X, for some k € Ny. Then, the update of (X¢, N¢) happens when we enter again
the while loop, in which case (Xyy1, Noy1) = (XT,NT — 1) where T' = inf {n >k: N, # 0}.

The associated Markov kernel P on (X x Ny) x (X ® P(Np)) is then defined by: for all h €
F+ (X X NO),

k—1
Ph(z,n) = 1isiyh(z,n — 1) + 1g,—0y - Z EQ[ Xk,£—1)R(XM)HR(Xi,0)]. (9)
k=1 i=1

To simplify this expression, let us introduce additional notation. Write p(x) = R(z,[1 : 00)) and
let S be the Markov kernel on X x X defined by

oo k—1
=) E? [f(Xk)PR(Xk) [Ta- PR(Xi))] ; (10)
k=1

i=1

for f € F1(X).
The kernel S is of the same form as in (1) except that p is now replaced by pj. Note that
by construction, pz is [0, 1]-valued and pj(z) can be interpreted as the probability for an X; =«

drawn from @ to be accepted for the chain (Xp), in which case, we keep at least one replica of X;.
Then, the extended Markov kernel P writes, for h € F4 (X x Np):

Ph(z,n) = 1{n>1}h(:c,n -1+ 1in—0} Z / S(z,dz"YR(x',n")h(z',n'), (11)
X

where R is the Markov kernel on X x P(Ny) defined by

R(z,n) = R(xan+1)/pé(x)a (z,n) € Xx Ny, (12)

and where we, again, make the abuse of notation R(z,n) := R(x,{n}).
Note that (9) and (11) give two different but equivalent decompositions of P, for the sampling
step (when n = 0). In (9), we sample X; according to @ and then use R(X;,-) to draw a number

of replicas N;, until it is larger than 1, in which case we retain X; and N — 1, the number of
remaining replicas. In (11), we bypass the rejection step by drawing directly a new accepted point
X; using S and then the number of remaining rephcas from R(X;,-), which corresponds to the law

of N —1 conditionnally on {N > 1} when N ~ R(X;,-).

Remark 1. The unbiasedness assumption (H2) is closely related to the notion of correctly weighted
density developed in [16, 17]. Write #(dadn) = 7(dz)R(x,dn) a joint distribution on XxNg. Then,
under (H2), ZneNfr(dx)R(x n)n = kr(dx) so 7 is correctly weighted. And by construction, the
kernel Q(z,dy)R(y,dn) that generates the samples (X;, N;)ien of Algorithm 1 admits 7@ as an
invariant probability distribution (see Lemma 6).



Remark 2. While importance sampling requires exact simulations from w, the IMC method only
relies on a Markov kernel Q) targetting . This allows us to extend the set of usable instrumental
distributions.

Remark 3. Perhaps surprisingly, Metropolis-Hastings (MH) algorithms can be cast into the frame-
work of importance Markov chains. Indeed, take a MH algorithm with proposition kernel A(z,dy)
and acceptance rate oz, ), targeting . Following the framework of [19], the accepted points {X; :
i € No} form a Markov chain with Markov kernel Q(x,dy) proportional to o(z,y)A(x,dy). Before
moving to a new accepted point, X; = z is repeated a random number of times N; that follows (con-
ditionally on X; = x) a geometric distribution with success probability p(z) = fx a(z,y)A(z, dy).
Then it can be shown that Q is T-invariant where 7(dx) o« p(x)w(dz), hence (H1) holds. Define
R(z,-) as the geometric distribution with parameter p(z). Choosing k =1/ Sy p(x)m(dx), ox defined
in (7) writes 0x(x) = 1/p(x), hence (H2) holds. Then, with these choices of Q and R, (X;, N;)
corresponds to the output of the IMC algorithm defined in Algorithm 1.

4.2 Invariant probability measure

4.2.1 Existence
Let 7 be the measure on X x Ny defined by: for any h € F1 (X x Np),

#(h) :m_lz/ﬁ(dx)ﬁ(x,n)ih(x,k)
n=1"X k=0

14

_— / #(d2)pa (@) R(z,0) 3 h(a, k), (13)
¢=0"X

k=0
where the last equality follows from (12) and the change of variable £ =n — 1.

Proposition 3. Assume (H1) and (H2). Let P be the Markov kernel defined in (11) and let 7 be
the probability measure on X x Ngy defined in (13). Then,

(i) the Markov kernel P is w-invariant,

(i) the marginal of ™ on the first component is 7.

Proof. We start with (i). Let h € Fy (X x Np). Interchanging the sum in ¢ and the sum in k in
(13) yields

#(h) :n_IZ/ﬁ(dx)pR(x)R(x, [k : 00))h(z, k). (14)
k=0"X

We now replace h by Ph and combine with the expression of Ph given in (11), we then obtain

T */{7100 7(dx)ps(z)R(z, [k : 0o x, k— nfloo 7(dx)p sz z, dzYR(z', nYh(z', n'
7(Ph) = Z/x (d2)p () R(z, [k : 00))h(z,k — 1) + Z_/X (d >pR<>/XS< '\ R(a!,n'Yh(a’ )

=kt HZ_:O/Xﬁ(da:)pR(x)R(x, [n' 4+ 1:00))h(z,n) +r~* Z /Xﬁ'(dx)pé(x)R(a:,n’)h(m,n’),

n’=0

where the last equality follows (a) from the change of variable n’ = k — 1 for the first term of the
rhs and (b) from Proposition 1 applied, under (H1), to p = pj and p = 7 for the second term.
Noting that R(x,[n’ +1:00)) + R(z,n’) = R(x,[n’ : 00)), we finally get

7(Ph) = k" Z /fr(dx)pé(x)R(x, [n': 00))h(z,n") =7(h), (15)
n’=0 X

where (14) is used to obtain the last equality.



We now turn to (ii). For any A € X, applying (13) with h(x, k) = 1a(z) yields under (H2)

T(A x Np) = m_l/xfr(dx) (Z R(x,n)n) 1a(2) = 7 (0x1a) = T(A). (16)
n=1
O

4.3 Uniqueness

Proposition 4. Assume (H1) and (H2). If any invariant measure for Q is proportional to 7
(defined in (H1)), then T defined in (13) is the unique invariant probability measure for P.

Proof. See A. O

The uniqueness of the invariant probability measure 7 for P, as stated in Theorem 4 allows
to obtain the Birkhoff ergodic theorem ([20, Theorem 5.2.9]): for any measurable function g :
X x Ng — R such that 7(|g|) < oo,

n—1
- -1 _ = P _
nh_{%on kgfog(Xk,Nk) =7(9), P; —a.s. (17)

Although reassuring, the law of large numbers holds PL — a.s., i.e. the initial distribution is
set to be the invariant probability measure 7, which is not realistic from a practical point of
view. Consequently, we will now turn to conditions under which the law of large numbers holds,
irrespective to the initial distribution.

4.4 Law of large numbers

To establish a strong law of large numbers for the kernel P, we rely on the single hypothesis that
the instrumental kernel ) satisfies a law of large numbers. More precisely if the instrumental kernel
Q satisfies a law of large numbers for any initial distribution & € M;(X), Theorem 5 will show that
it is also the case for the importance Markov kernel P.

(Hu,) For every &€ € M (X) and measurable function g : X — R such that 7(|g|) < oo,

n—1
. -1 v\~ Q _
nh_)rrgon ;g(Xk) = 7(g), P¢ —as.

Theorem 5. Assume (H1) and (Hy,). Then, for every & € My(X x Ny) and measurable function
g: X x Ng = R such that 7(|g|) < oo,

n—1
nlgr;o nt Z 9( Xk, Ni) = 7(9), IP’? —a.s. (18)
k=0
Proof. The proof relies on [21, Proposition 3.5], which relates (Hy,) to a property on the harmonic

functions for @ (i.e. measurable functions h such that Qh = h). More precisely, it states that for
any Markov kernel @Q satisfying 7Q) = 7 for some 7 € M;(X), (Hy,) is equivalent to (Hy,,) defined
as follows:

(Him) Any bounded harmonic function i : X — R for @ is constant.

Hence, proving Theorem 5 is equivalent to showing that any bounded harmonic function for P is
constant_.
Let h: X x Ng = R be a bounded harmonic function for P. Then for n > 0,

h(z,n) = Ph(z,n) = h(x,n — 1), (19)



where the last equality comes from (11). Thus & does not depend on its second argument and we
can define a measurable function A : X — R such that

h(x) = h(z,n) (20)

for all (z,n) € X x Ng. Now,
h(z) = h(z,0) = Ph(x,0) = / S(x,dx")R(z', dn)h(x,n) = Sh(x)
XXNO

using the expression of P in (11) as well as (20). From the recursive expression for S in (5) we
have:

h(zx ) Sh(z)
Qph)(z) + Q((1 — p)Sh)(x)
Q(ph)(z) + Q((1 = p)h)(x)
().

- Qh
Therefore h is hagmonic for ), and since it is also bounded, (H,,) implies that it is constant. Then
(20) shows that h is constant which concludes the proof. O

4.5 Central Limit Theorem

Let us now establish a Central Limit Theorem (CLT) associated to the Importance Markov chain
for a particular function h, based on a similar hypothesis on the instrumental kernel @) with the
function ph. More precisely, the Central Limit Theorem for @) stems from the existence of a solution
to the Poisson equation for this kernel. This is a quite common sufficient condition for a CLT, and
although other conditions exist (references are given for example in [20, Chap 21]), we choose this
one for its simplicity in the proofs. To be more specific, we are interested in measurable functions
h : X — R such that if we define

ho := h — 7h, (21)

the following condition holds:

(Hpoiss) The Poisson equation associated to phg for the kernel @ on X admits a 7-square integrable
solution H, i.e. for all z € X,

H(z) — QH(x) = oho(x) and 7H? < oo.
In addition, [y . n2h(z)?7(dz)R(z,dn) < co.

Remark 4. Note that 7w(phg) = 0 since o = g—g, hence this term does not appear in the Poisson
equation.

Under (Hpow.), [20, Theorem 21.2.5] ensures that the Markov chain (X;) generated by the kernel
Q satisfies a Central Limit Theorem for the function phy :
1 - ~ ~ 2 _law
— Xi)ho(X; 0 ho)), 22
S5 L el T N 0.2 k) (22)

where 52(ghg) = 27 (ohoH) — 7((0ho)?). Lemma 11 of A.3 combined with (H;,) then extends
the weak convergence under IE”?;2 in the equation above to a weak convergence under ]P’? for any
& € My (X). We can now state the CLT for the Importance Markov chain in a formal manner.

Theorem 6. Assume (H1), (H2), (Hy,) and let h : X = R be a measurable function that satisfies
(Hpoiss). Then there exists a constant a(h) > 0 such that

fz ) k) 2 A0, 02 (R)),



where the distribution x is defined by x(f) = [&(dz)S(z,da’)R(2’,dn’) f(2',n’). Moreover, we
have the following expression of o*(h):

o%(h) = k62 (oho) + k1% (ho, k), (23)

where

- %(phg) is the variance obtained in (22),

- 62(ho, k) := [y h§(x)Vark RN |7 (dx),
2
- Var fN (z,dn)n? — (fN (x dn)n) .
Proof. See A.3. O

Remark 5. Note that the variance o*(h) can be decomposed into two terms: (1) 62(oh) is the
variance coming from the instrumental chain, while (2) 6%(h,k) is the variance brought by the
random number of repetitions of the instrumental chain.
4.6 Minimizing the asymptotic variance

4.6.1 Optimal choice of the kernel R

Following Remark 5, one can notice that the expression 62(h, k) = [, h?(z)VarZ [N |7 (dx) directly

depends on the variance of N under R(x, -). Therefore, minimizing the variance associated to
R(z,-), for x € X, leads to minimization of the asymptotic variance of the chain as defined in
Theorem 6. To help tuning R, we state the following lemma:

Lemma 1. Let N be an integer-value random variable on some probability space (0, F,P) such
that E[N] = p for a fized p € RT. Then,

Var(N) > (o) (1 - (o). (24)
This bound is reached for N = |p| + S, where S ~ Ber({(p))

Proof. Using 0 = E[N] — p = E[(N — p)*] = E[(N — p)"] and (N = p)* > (1 = {(p))(N — p)* +
{p) (N = p)~, we get
o If P(N > p) = (p), then
E[(N = p)?] Z E[(N = p)*] = (1 = (p))P(N > p) = (p) (1 — (p))-

o If P(N > p) < (p) & P(N < p)>1—(p), then

In the case where g, can be computed, we can use Lemma 1 to define R as:

Ry = (1 = (0x(2)))0 g ()] T (06(T)) 0 gy, () 41- (25)
This Rom implies the following expression for R,.:

Rope = (1 = (0x(2)))0( Lo (2)) —1)+ T (0x (%)) 0| 0, ()]
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4.6.2 Optimal upper bound

With the optimal choice of R given in (25), we have Varf""t [N] = (0x(2)) (1 — {0x(x))) < 1/4.
Hence,
o?(h) = k6% (oho) + k162 (ho, K)
< k62 (oho) + k17 (h3) /4.

Therefore, for a given function A, optimizing the rhs of the above inequality yields:

1| 7(h)
_ - 26
"= 2\ P(eho) (20)
from which we deduce the upper bound

o”(h) < /7 (h3)5%(0ho) -

Note that the choice of x in (26) depends on the function h which is usually not given beforehand
in practice. We propose another way of choosing k in Section 6.1.2, more adapted to practical
concerns.

4.7 Geometric ergodicity

For any set A € X, we use the notation A = X \ A to denote its complement. Define the set
C,:={z e X: pa(x) =n} for n € [0,1] and note that

reCy<=1-pa)<l—7. (27)
Finally we denote by oc = inf{k > 1: X}, € C} the first return time of the set C.

Lemma 2. Assume that for some n € (0,1), C,, is a (1,ev)-small set for the kernel Q. Then,
there exists a probability measure v on X x Ny satisfying

(i) C, x {0} is a (1,e0)-small set for the kernel P.
(i) if v(C, N {R(.,1) > 0}) > 0, then
7(C, x {0}) > 0.
Proof. See A.4.1. O

We now introduce the following assumption:
(H3) There exists 3y > 1 such that

sup 531%(33, dn) < 0.
zeX JNy
(H3) is a relatively weak condition, and it is in fact necessary for geometric ergodicity of a
Metropolis-Hastings algorithm, seen as an instance of the IMC algorithm (see Remark 3). Indeed,
in this case, R(z,-) is a geometric distribution with success parameter p(z) and therefore (H3) is
equivalent to p being lower bounded away from zero. [22, Proposition 5.1] proves that this last
condition is a necessary condition for geometric ergodicity of a Metropolis-Hastings algorithm .
Also, (H3) holds whenever the support of R(m, -) is uniformly bounded on X and in particular
when 9% is upper-bounded, and R(z,-) is the distribution of |, (z)] + U with U ~ Ber({o,(x))).

Remark 6. Actually, although condition (ii) of Lemma 2 is not verified for any kernel R, it is
always possible to transform it slightly into a new kernel R satisfying this condition while keeping
its other properties untouched, namely assumptions (H2) and (H3). Indeed, define C;; = {x € C, :
R(z,0) > 0} and observe that v(C, N {R(.,1) > 0}) > v(C; N{R(.,1) > 0}) since C;; C C;. We
will now construct a kernel R’ such that for all x € C;/, R'(x,1) > 0, which satisfies the desired

condition as v(C; N {R'(.,1) > 0}) = v(C,) > 0. Let v € C, implying that R(z,0) > 0. Due to
the unbiasedness assumption, there exists k € Ng, k > 1 such that R(m, k) > 0. Now define R’ such

that:

11



(

o R'(z,1) = €eR(x,0),
o R'(z,0) 0)

o R'(x,k) = R(z,k) — £R(x,0).
Note that € can be chosen small enough to guarantee R’(x, k) > 0. One can easily check that

o Zn>0 R/(‘Tvn) = Zn}O R(m,n) =1,
. ano R’(m, n)n = Zn>0 R(ax n)n = ox(x).
Hence (H2) and (H3) hold for R'.

Recall that A € X is accessible for the kernel @ if and only if for all z € X, there exists n € Ny
such that Q™(z,A) > 0 (see for example Lemma 3.5.2 of [20]). We then have the following lemma:

Lemma 3. Assume (H3). Let A € X be an accessible set for Q such that infyea ps(x) > 0. Then
A is accessible for S and A x {0} is accessible for P.

Proof. See A.4.1. O

Let us now assume a drift condition on () in order to deduce an upper bound for sup,,c o, E;f [B7¢n].

(Hgre) There exist constants (19, A) € (0,1)? and a measurable function V' : X — [1,00) such that
(a) forany x ¢ C,,, we have QV (z) < AV (z),
(b) bos =sup,ce,, Q—‘Y(:v) < 00,
(©) supsccs, Vi) < oo

Remark 7. Under (Hyn), we have QV(z) < (boo V A)V(x) for any v € X. A straightforward
induction yields for any n € Ng, 1 < Q"V(z) < (boo V A\)"V(x). This implies that bos V X >
V(z)~Y". Since n is arbitrary, beo VA = 1. Finally, bso > 1> X and for all x € X,

QV(z) < bsoV (). (28)

Lemma 4. Assume (H3) and (Hy). Then there exist constants (1, By, Bx) € (0,19) % (1, 00)x (0, 00)
such that for all (x,n) € X x Ny :

Ef . [577 ] < 882V (2). (29)
Proof. See A.4.2. O

Before stating the main theorem, let us introduce a smallness assumption:

(Hsm) For any n € (0,1) there exist a probability measure v € M;(X) and a constant € > 0 such that,
C, is a (1, ev)-small set and v(C,, N {R(-,1) > 0}) > 0.

Theorem 7. Assume (H1), (H2), (H3), (Hew) and (Ha). Then P has a unique invariant proba-
bility measure T and there exist constants 6,3, > 1, ( < 00, such that for all £ € M1(X x Np),

> ddrv(EP* @) <C [ BV (x)€(dadn). (30)
k=1 XxNp
Proof. According to Theorem 11.4.2 of [20], there exists {y < oo such that:
o0
> 6Fdry (EP*, 7) < GEBE[8/ ], (31)
k=1

provided that:
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(i) C, x {0} is an accessible (1,e?)-small set for P satistying
v(C, x {0}) >0,

(i) supgec, Ef, o) [Br 1] < oo for some B, > 1.
Let us start by proving (i). By Lemma 2, there exists 7 € M;(X) such that C,, x {0} is a (1,e7)-
small set for P satisfying (C,, x {0}) > 0. Moreover it is accessible for P, by Lemma 3 since C,,
is accessible for @ and inf,cc, pg(2) = n > 0. Hence (i).
It remains to show (ii). We can apply Lemma 4 to get, for 8 > 1 :
TCy x{0}

sup EX, o) [57 '] < B, sup V() < oo,
zeC, z€eC,

which shows (31). Then (30) is obtained from (31) by noting that
EE (5] = / B 67 ) €(dzdn)
XxNg

and applying Lemma 4.

5 Pseudo-marginal IMC

We develop in this section two different frameworks for pseudo-marginal Importance Markov chain
[23]. The first, simplest one is valid if we want to replace 7(x) by an unbiased estimate #(x). This
can be written as a specific kernel R using the same space as classic IMC.

The second framework tackles the issue of having the intrumental chain (X;) being itself
a pseudo-marginal chain, i.e. in this case, both 7 and 7 are computed through two unbiased
estimates.

5.1 Pseudo-marginal within IMC
5.1.1 Adaptation of the kernel R in the pseudo-marginal setting

The first pseudo-marginal approach of the Importance Markov chain can be directly implemented
and fits within the framework we develop in this article. Indeed, knowledge of the density of 7
is never assumed, only the unbiasedness assumption (H2) is needed (and the geometric control of
hypothesis (H3) for geometric ergodicity).

Assume that for z € X, the density m(z) (with respect to some measure u) is not directly
computable but a nonnegative estimate 7 (x) is available, drawn from a kernel Ty (x,-) such that

#(x)

Jg+ Tr(z,dw)w = w(x) Then, one can replace g.(x) in (25) by o.(z) = K to get a plug-in

kernel R, that satisfies (H2). )
This can be formalized as follows. First, define an extended kernel Ry, on X x R x P(Np) by

Ry(z,w,dn) = (1 — (kw/7(2)))8| w7 (2)) (A1) + (KW /7 (2)) 8| s /7 () | +1 (AN).

Therefore, Ry (z, 7 (x), -) corresponds to the plug-in random kernel of R, of (25) using the estimate
#(x). By construction, fNo nRy(xz,w,dn) = kw/7(z). We can now define the integrated kernel

R, by
Epm(m7dn):/ Ry (2, w,dn) Ty (z, dw),

R+
and R, using (12).

Lemma 5. R,,, satisfies (H2).
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Proof. Let x € X,

/No nR,.(z,dn) /NO /R+ nRy(x, w,dz) Ty (z,dz) = /R+ </No nRy(x, w dn)) " (, dw)

_ /R P 1 (@, dw) = on(2).

+ 7'('((E)
O

As Rpm satisfies (H2), the whole methodology developed in the paper applies to the pseudo
marginal case. In particular, the geometric ergodicity result (see next section) still holds if the
estimator 7 is bounded and under (H,), as (H3) will be satisfied.

5.1.2 Variance of f%pm

The variance of Rp can be expressed as a function of the variance of R. We have the following
setup: W ~ T, (X,-) and N ~ Ry (X,W,-). Then

Var(N|X) = Var (E[N|X, W]|X) + E [Var(N| X, W)| X]
kW
- (455

- w02 |(575) (- () )]

The variance can be decomposed into two terms: while the second one is similar to the variance
obtained from R and can also be upper-bounded by 1/4, the first one is the direct contribution
of the variance of the kernel T" that generates the estimate. In particular, if T (X, ) = d,(x), we
recover the same expression as in the previous case.

X) + E[Var(N|X, W)|X]

5.2 Fully pseudo-marginal IMC

In this section, we will write that 7(dx) = w(2x)u(dz) and 7(dx) = 7(x)u(dz) for a common
measure f.

We suppose here that (Xk) is itself a pseudo-marginal chain where the estimates of 7 are
drawn from a kernel Tx(x,-) such that for all € X, [, T#(z,du)u = 7(x). This construct a
two-component Markov chain (X, Uy) on X x RT that targets p(dx) T (2, du)u [24].

In order to extend the Importance Markov chain to this case, we need once again to increase
the dimension of the chain. The space X x RT is replaced by X x RT x RT. In that case, the second
(resp. third) marginal corresponds to the nonnegative estimates of respectively 7r (resp. 7). The
third component Vj, is drawn from a kernel Ty (X}, -) such that for all 2 € X, Jp+ T (z dv)v = 7(x).

This constructs a Markov chain (Xy, Uy, Vi) that targets the probability measure II defined by
(dz dudv) = p(dz) T (z, du)u Ty (2, dv).

The distribution II is the instrumental distribution for the extended space. Its first marginal
is T as [I(A x RT x Rt) = 7(A) for any A € X. We can define our target distribution II on the
same extended space by

(de dudv) = p(dz) T (2, du) Ty (z, dv)v.

We can perform an Importance Markov chain using the instrumental chain ()~( k> Uk, f/k) tar-
geting the instrumental density II and the target distribution II. In this setting, g, becomes:

11 v
w (T, u, v K T,U,v) = K—.
0u(,u,0) = K= (@ 0,0) = KT

It remains to draw some random integer N, with conditional expectation:

S~ - Vi
QH(X]C)UIC?V]C) =K ~ka
Uk

using for instance R,,.
P

14



6 Numerical experiments

6.1 Toy example: mixture of Gaussians

6.1.1 Setting

For starters, we apply Algorithm 2 on an multidimensional Gaussian mixture. The target distri-
bution 7 writes

m(z) Z dalz; i, La),
i=1

where ¢4(x; 1, 2) is the density of a Gaussian distribution in dimension d with mean p and co-
variance matrix ¥. The means of these distributions are random, i.i.d., u; ~ N(0,10%1;). The
instrumental distribution 7 is chosen to be 7(z) o w(x)? for a fixed 8 € (0,1). The kernel Q
targeting 7 is a No-U-turn Sampler (NUTS) [25].

The parameter § flattens the instrumental distribution, thus easy out the way for the instru-
mental chain to move from one mode to another, when compared with the original targetted .
Conversely, extremely small values of 8 lead to a very flat instrumental distribution from which it
is hard to reconstruct the original target m. Therefore, we test different values of 5 towards finding
an optimal tradeoff. The kernel R used to draw the number of replicas is set to be the same as in
(25), i.e. a shifted Bernoulli.

Note that with such a choice for 7, the ratio Z becomes proportional to 718 so that the
computation of g, is just a pointwise evaluation of 7 plus basic float operations. As the choice
of R also requires basic float operations (floor, fractional part and multiplication) and a Bernoulli
draw, the complexity of Algorithm 2 is close to the complexity of directly running @ targeting .

To assess the influence of 5 we estimate the mean squared error in approximating the expec-
tation of 7 by running 200 chains for each 5 € {0.004,0.01,0.04,0.1,1}. The results are presented
in Table 1. As expected, for an untempered instrumental distribution, i.e. 5 =1, the MSE is high
due to a low exploration of the space, and is minimal for g = 0.04.

B ‘ 0.004 0.010 0.040 0.100  1.000
MSE‘16.150 6.123 0.544 17.863 33.982

Table 1: MSE for different values of 8 for the Gaussian mixture

6.1.2 Choice of x and analysis of the Effective Sample Size

The parameter k that appears in (7) is somewhat more arbitrary as the other parameters as its
value is directly impacted by the normalizing constants of 7 and 7. Indeed, assume 7y = 72 (resp.
7y) is an unnormalized density and write Z (resp. Z ) the unknown normalization constant. We
can then compute the ratio ..y := K% = Ii%% = 0,,z. Thus, ignoring the normalizing constants
leads to a multiplier term x compared to the case where both densities are normalized.

However it proves possible to overcome this issue by noticing that E[Y " Z\Nfl] = Kkn, i.e. that, for
an instrumental chain of length n, the (expected) length final chain (X;) is proportional to . So,
one way to deal with this issue is to tune s such that the length of the final chain is approximately

an, where « is fixed. This is easily solved by taking k = for oy = g[’j .

an
iy eu(Xi)?

Remark 8. The diagnosis of the choice of k can be easily done for a fived instrumental chain via
the computation of the number of replicas for different values of k in parallel is cheap once the
vector of the values taken by o is stored.

The problem of tuning « remains. We define 