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MODIFIED LAWSON METHODS FOR VLASOV EQUATIONS*

BENJAMIN BOUTINT, ANAIS CRESTETTO#, NICOLAS CROUSEILLES!, AND JOSSELIN
MASSOTY

Abstract. In this work, Lawson type numerical methods are studied to solve Vlasov type
equations on a phase space grid. These time integrators are known to satisfy enhanced stability
properties in this context since they do not suffer from the stability condition induced from the
linear part. We introduce here a class of modified Lawson integrators in which the linear part is
approximated in such a way that some geometric properties of the underlying model are preserved,
which has important consequences for the analysis of the scheme. Several Vlasov-Maxwell examples
are presented to illustrate the good behavior of the approach.

Key words. Lawson methods, Vlasov equations, high order.

MSC codes. 35L45, 65106, 65107, 65M12

1. Introduction. In this work, we study high order Eulerian numerical meth-
ods to solve Vlasov type equations describing a system of charged particles under
the influence of self-consistent electromagnetic fields. In addition to their nonlinear
character, the solutions of the Vlasov equations present fine structures and strong
gradients which are difficult to capture for the typical time scales used in plasma
physics.

Several methods have been proposed in the past to solve efficiently kinetic prob-
lems. First, the so-called Particle-In-Cell methods have been introduced and still
are extensively used [7, 48, 34, 33]. They are based on a sampling of the distribu-
tion function using macro particles which are advanced in time through the char-
acteristics equations, whereas the electromagnetic fields are computed on a spatial
grid thanks to grid-projection techniques of the macro-particles. Even if these meth-
ods are extremely efficient in high dimensions, they are known to suffer from some
numerical noise which prevents from an accurate description of the unknown and
which slowly decreases when the number of macro-particles increases. Second, the
so-called Eulerian methods which use a grid of the phase space have been considered
[10, 32, 25, 44, 2, 42, 43, 23, 49, 13, 9, 3, 15, 6]. These approaches enable the use of
high order methods like spectral or finite differences/volumes methods, and as such,
capture fine physical phenomena like Landau damping or filamentation. However,
the stability condition relating the phase space mesh and the time step might be
stringent, making these methods costly both in terms of CPU and memory to reach
typical physical time scales. Another approach called the semi-Lagrangian method
has been considered to take the best of the two latter approaches ([45, 25, 18, 17]).
This method is Eulerian since it requires a grid of the phase space but it is Lagrangian
since it follows the characteristics equation to update the unknown from one iteration
to the next as such, the method does not suffer from the stability condition. How-
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2 B. BOUTIN, A. CRESTETTO, N. CROUSEILLES AND J. MASSOT

ever, to avoid high dimensional costly phase space reconstructions or interpolations,
they are very often combined with a time splitting. Splitting methods turn out to be
very powerful for Vlasov problems since the subsystems can often be solved exactly
in time. However, it is not always the case and high order in time requires a very
large number of stages, which of course may lead to expensive methods, in particular
when the splitting involves three or more subsystems (see [12]).

Recently (see [16, 15, 12, 39]), exponential time integrators have been investigated
to numerically solve Vlasov equations as an alternative to above methods. The main
observation was based on the fact that, in several Vlasov equations, the linear part
induces the most stringent CFL condition. But since, by essence, the linear part can
be potentially solved easily, a variation of constant formula can be written to pave the
way of a new class of methods where the linear part is solved exactly and the nonlinear
part is solved explicitly in time (to avoid expensive iterative solvers). Thanks to the
huge bibliography on Runge-Kutta (RK) methods, efficient high order methods can
then be obtained, whose number of stages (and thus the complexity) is only linear
with respect to the order of the time integrator. There exists two main families of
exponential integrators (see [29]) and as investigated in [15], among them, Lawson
methods [36] are preferred for Vlasov problems.

In this work, we investigate and analyse Lawson methods for different Vlasov
type equations. More specifically, for some complex problems, the exponential of the
linear part turns out to be difficult (even impossible) to compute, even using dedicated
softwares and some approximations are required. But due to the specific properties of
the linear part in Vlasov equations, some standard exponential approximations lead to
unstable methods. Indeed, when one considers the Vlasov equations, the linear part
has pure imaginary eigenvalues, which means that the eigenvalues of the exponential
belong to the unit circle, for any time steps and any space meshes. This important
geometric property has to be preserved by the approximation for stability reasons.
We checked that the so-called Padé approximant satisfies this property and the Padé
strategy turns out to be well adapted in our context. Then, we prove that the order
of accuracy of the so modified Lawson method (in which the exact exponential is
replaced by an approximation) becomes O(A#™*(™ 7)) with At the time step, m the
order of the Lawson method and r the order of approximation of the exponential
approximation. As these methods rely on the very popular RK methods, they benefit
from the huge literature enabling to reach high order efficiently and to be combined
with adaptive time stepping strategy by using embedded RK methods.

In addition, for more simple problems like Vlasov-Ampere or Vlasov-Maxwell,
for which the exponential of the linear part can be computed exactly, we observe
that Lawson schemes enable to preserve the charge conservation exactly, for any
underlying RK method. Indeed, inserting the calculation of the current in the linear
part enables to solve exactly both the space transport and the Ampeére equation, which
is the key point to ensure that the underlying Poisson equation is satisfied exactly
(see [44, 33, 19]). Hence, in addition to its efficiency, the versatility of exponential
integrators turns out to be an interesting aspect in our context.

The rest of the paper is organized as follows. First, several aspects of Lawson
methods are recalled and modified Lawson methods (where the exponential of the
matrix is approximated) is introduced. Second, some models amenable to Lawson
integrators are presented and in a third part, the Padé approximants are recalled
and some important properties in our context are proved. Then, we analyse the
convergence of the modified Lawson methods for a class of ODEs. Finally, several
numerical illustrations are discussed.
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MODIFIED LAWSON METHODS FOR VLASOV EQUATIONS 3

2. Lawson methods. In this section, we recall the Lawson methods and intro-
duce the modified Lawson methods. Lawson methods are a class of time integration
schemes that are applied to differential equations (which, in our context, come from
the phase space semi-discretization of Vlasov equations) of the form:

(2.1) u(t) = Lu(t) + g(t, u(t)), u(0) = ug € RY,

where L is a d X d matrix and g is a, in general nonlinear, function of the unknown
u and the time ¢ > 0 whose values belong to R? (i.e. for d € N, we have u : t €
RY* +— u(t) € R? and g : (t,u) € R x R — R?). Lawson methods are especially
efficient when applied to problems where L implies a stringent stability condition if it
is treated explicitly, which is typically the case of the Vlasov equations (see [15, 12]).

2.1. Standard Lawson methods. Solving (2.1) with the Lawson method [35]
relies on the change of variable v(t) := exp(—tL)u(t) in (2.1) to get

(2.2) 0(t) = exp(—tL)g(t,exp(tL)v(t)).

Now an explicit Runge-Kutta method is applied to the transformed equation (2.2).
We introduce the time discretization t™ = nAt with At > 0 the time step, n € N and
u™ (resp. v™) denotes the numerical approximation of u(t"™) (resp. v(t")). For the
sake of simplicity, we first present the method for the explicit Euler scheme. Applying
the forward Euler method to (2.2) leads to

v(t" + At) =" T = 0" + Atexp(—t"L)g(t", exp(t" L)v™).
Reversing the change of variable yields the following scheme for u™
u(t™ 4+ At) ~ u™ ! = exp(AtL)u™ + Atexp(AtL)g(t", u™).
This is the Lawson-Euler method, also a method of order one. More generally, the

Lawson method induced by an explicit Runge-Kutta method RK(s, m) with s stages
of order m can be written as

(2.3)
r—1
ul") = exp(e, AtL)u™ + At Z arjexp((c, — ¢;)AtL)g(t™ + c;At,ud)), r=1,...s,
j=1

u™ = exp(AtL)u™ + At Z bj exp((1 — ¢;)AtL)g(t™ + c; At,ul)),

j=1

with the underlying explicit Runge-Kutta method defined by its Butcher tableau. The
method defined by (2.3) will be denoted by LRK(s,m), which is the Lawson method
induced by the RK(s,m) Runge-Kutta method.

2.2. Modified Lawson methods. For many problems, exp(¢L) may be diffi-
cult, costly or even impossible to compute formally for all the involved parameters
and approximations may be required (see [8, 22, 24, 40]). In the sequel we will de-
note by erp(tL) an approximation of exp(tL) and introduce 4™ an approximation of
u(t™) for n € N generated by the modified Lawson method. The modified Lawson
M-LRK(s, m) method (of order m with s stages) is simply obtained from (2.3) where

This manuscript is for review purposes only.
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4 B. BOUTIN, A. CRESTETTO, N. CROUSEILLES AND J. MASSOT

the matrix exponentials exp(tL) is approximated by its approximation exp(¢tL) to get
(2.4)

r—1
") = exp(c, ALL)a™ + Atz arjerp((cr — ¢ )ALL)g(t" + ¢;At,a9)), r=1,...s,
j=1

" = exp(ALL)I" + ALY biexp((1— ¢j) AtL)g(t" + c; At, @),

j=1
where the coeflicients are given by the Butcher tableau.

3. Some Vlasov models amenable to Lawson methods. In this section,
we present some Vlasov type models that enter in the framework presented in the
previous section. We focus here on Eulerian methods which consider a grid of the
phase space to solve the Vlasov equations. For the different Vlasov models we consider,
a reformulation into the form (2.1) is proposed so that Lawson or modified Lawson
methods can be employed. We discuss the eigenvalues of the linear part L. Indeed,
in our case L has a special structure since it has a pure imaginary spectrum which
has important consequences for the stability of the Lawson schemes studied here.

3.1. Vlasov-Ampere. The Vlasov-Ampere equation for the distribution func-
tion f(t,z,v)>0 and the electric field E(¢,z) € R with x € [0,b] and v € R is

of B OE I
E—l—vamf—f—Eavf—O, 5= /vadv—&—g/o/vadvdx,

with the initial conditions (fy, Fo) such that the Poisson equation is satisfied initially
(i.e. O, Fg = fR fodv — 1) and periodic boundary conditions are imposed in space.
Let us detail the numerical strategy in this case. We first semi-discretized the
phase space domain (z,v): we have chosen spectral method in space and high order
finite differences in velocity. The velocity mesh is vy = —vax+(¢—1)Av, £ =1,..., N,
where vpax > 0 is the velocity domain truncation and Av = (2umax)/ (N, — 1) is the

velocity mesh size. Then, we denote fk(t) = (fk,l, fk72, ce ka)(t) the semi-discrete
unknown for f and Ej(¢) the semi-discrete unknown for E, k = 0,..., N, — 1 (N,
being the number of points of the space mesh):

(3.1)

. 1 [0 ) 1 b

fre(t) = 6/ exp(—i2wkx/b) f(t,z,ve)dx, FEi(t) = 5/ exp(—i2nkxz/b)E(t,x)dx.
0 0

We will introduce the following notations: @ = (vy,vs,...,vx,) € RY* for the mesh

in velocity and 0 = (0,0, ...,0) € RV, We then get

7 2w g5 oo AT z R
(3.2) i Jfk(t) + (Zkbd1a§(v) 0 ) Jfk(t> + [(EDf)}k =0,
dt \ E,.(1) Avt 0\ Ey(t) 0
with diag(?) is the diagonal matrix of size N, with vy, vs,..., vy, on its diagonal

and (EDf) € RYv is a finite difference approximation of Ed, f on the velocity mesh.
The (Fourier coefficient of the) current in the Ampere equation is approximated by

a standard quadrature Zé\]:”l vofre(t)Av. We can then reformulate (3.2) under the
following form with Uy (t) = (fx(t), Ex(t)) € RNv+1

d

—Uk(t) = LUK(t) + N(Ur(t)),

This manuscript is for review purposes only.
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MODIFIED LAWSON METHODS FOR VLASOV EQUATIONS 5

which is amenable to Lawson schemes. Moreover, L is diagonalizable L = PDP~!
with a pure imaginary spectrum Sp(L) = {i(2nk/b)v} and cond(P) is uniformly
bounded with respect to N, and N,.

Let us remark that this approach is different from the one proposed in [15, 16]
since here the Ampere equation is involved in the linear part whereas the Poisson
equation was updated at each Runge-Kutta stage in [15, 16]. We believe that the
current approach is more amenable to the Vlasov-Maxwell equation; moreover, as we
shall see in Section 6, some properties can be proved using this approach.

3.2. Linearized hybrid fluid-kinetic model. The second example considered
here is a hybrid model introduced in [46, 47, 30]. In this model, the case of a wave
propagation parallel to a uniform magnetic field By = (0,0, Bg)T, By > 0 is consid-
ered so that the problem becomes one dimensional in space (called z) but the three
dimensions in velocity are kept: v = (v,vy,v;) € R3. Thus, under some assump-
tions (see [30, 12]), a hot/cold decomposition is performed, and after a cold plasma
approximation for the cold electron population, the following decomposition of the
distribution function is considered:

f(t’ Z,V) = pc(z)é(v - uc(t7 Z)) + fh<ta Z,V),
with je(t,2) = pe(2)uc(t, 2) = (Jezs Jey, 0)(t, 2) € R® denotes the current, u.(t,2) €

R3 the mean velocity and p.(z) € R the density of the cold particles population.
Hence, the linearized hybrid fluid-kinetic model satisfied by

U(t,z,v) = (falt, z,v), Ex(t, 2), Ey(t, 2), By (t, 2), By(t, 2), je,x(t, 2), Je,y (¢, 2)),

can be derived (see [30, 12] for more details). The model is normalized as in [30, 12]
and reads as (€2, denotes the ratio between the plasma and cyclotronic frequencies)

0 'c T . 0 'c .

(3'3) % = Q?;eEa: - ]c,yBOa g];y = QgeEy +]c,xBOa
0B 0B

4 2 _9.B, Y- _0F,

Gy =05, r=-o.5,
OF, . O0E, .

(3.5) 5 = —0,By — jex + /RS Vg fr dv, e =0,By — jey + /]RB vy frdv,
0

(3.6) %ﬂ&a fn— F - Vufn=0,

with F(¢, 2, vz, vy, v;) = (Ey + vy By — v, By, By — v, By + v, By, v, By — vy By).

As in the previous case, we use a Fourier discretization in the space z direction
so that the unknown is Uy(t) = (jc’w,j’c’y,Bw,By7Ew,Ey,fh>k and satisfies 0,U, =
LU, + N(t,Uy) with

(3.7)
0 -By 0 0 Q2 0 0 0
By 0 0 0 0 Q2 o0 0
0O 0 0 0 0 ik 0 0
L=|10 0 0 0 —ik O 0 |, N:(t,U)— 0
-1 0 0 —ik 0 0 0 Jrs va(fn)k dv
0 -1 ik 0 0 0 0 Jas vy (Fn )i dv
0 0 0 0 0 0 -—uvik [F - Vo falk

This manuscript is for review purposes only.
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6 B. BOUTIN, A. CRESTETTO, N. CROUSEILLES AND J. MASSOT

For the velocity space, we use finite differences methods (WENO type). Moreover,
L is diagonalizable L = PDP~! with a pure imaginary spectrum and cond(P) is
uniformly bounded with respect to N, N,,.

4. Padé approximant. In this section we recall the Padé approximant to ap-
proximate exponential of matrices. Obviously, many other approximations are possi-
ble (see [41]) but the Padé approximant enjoys some properties that have important
consequences for the numerical approximation of the Vlasov models presented in the
previous section in terms of stability of the resulting numerical schemes.

The Padé method turns out to be a very popular technique to approximate ex-
ponential of matrices (see for instance [1, 38, 4]). For a given matrix L, t € R and
(p,q) € N2, the Padé approximant is a rational function defined by

(4'1) Pp,q(tL) = hp,q(tL) (kp,q(tL))71

the numerator and denominator being polynomial functions of degree p and ¢

PP _ ; q _q ;
_ -0 (tL)' _ ¢ ot (tL)
hp,q(tL) = Z il kp,q(tL) = Z(*l) T T

£=0 (p+q—-0! £=0 (p+q—0)!
From [1, 41], the error between the exponential of the matrix and the Padé approxi-
mant satisfies (for a given matrix norm || - ||)
(4.2) | exp(tL) — Py q(tL)|| < CtPTat!

The choice of the Padé approximant is motivated in our case by the following
proposition.

PROPOSITION 4.1. Let L be a diagonalizable matriz of size d € N* (there exist
an invertible matriz P and a diagonal matriz D such that L = PDP~') such that
Sp(L) C iR and let assume there exists a constant C > 0 such that cond(P) < C.
Then, for p € N, the eigenvalues of the Padé approximant P, ,(tL) of exp(tL) belongs
to the unit circle C(0,1), i.e., YA; € Sp(Pp(tL)), one has |A;| = 1.

Moreover, for anyt € R and for anyn e N

(4.3) 1(Ppp(tL)" || < C.

Proof. Because L is diagonalizable, there exists an invertible matrix P such that
L = PDP~! with D a diagonal matrix. Since Sp(L) C iR, the diagonal terms of D
can be written as D;; = ita;, oy € R, 7 =1,...,d. Computing powers of L thus
reduces to look at the power of D; ;.

When p = ¢ the Padé approximant P, ,(tL) can be written as

PypliD) (Z% L )(D—wa,p(’fg’) |

=0
p!
with ag, = %=51-. We rewrite the Padé approximant P, ,(¢tL) as
p—0)1

() ) ((Z))
=0 ’ =0 ’

(Z app-——>- > (Ep: tD) > P~t'=PDP,

£=0

This manuscript is for review purposes only.
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where D is still a diagonal matrix, as a product of two diagonal matrices. The diagonal
terms of D;; (j=1,...,d) of D thus writes

By = (3 foua ) (L0 s )

0 £=0
J

~

_ 15)-1
= (YD aprg—+i Y (~D'a,

(taj)22+1
@€+1ﬂ)

¢ j , o ()P INL e
( 1) ay ol ¢ (—1) am%) = NPT

Observing A?’Jr = N7,Vj = 1,...,d enables to deduce that Sp(P,,(tL)) C C(0,1).
Now let ¢ € R and n € N and observe that we get similarly (P, ,(tL))" = PD"P~!,
where D" is again a diagonal matrix with diagonal terms that belongs to the unit

circle, thus a unitary matrix. Therefore || D"|| = 1 and the required upper bound (4.3)
follows with the constant C' = cond(P) = || P|||P~!]. u]

We end up this section by making some remarks.

Remark 4.2. For the case p # q, it is possible to write down the euclidean division
of hy, € RP[iX] by kp, € RI[iX]. There exist Q,_, € RP79[iX] and R € R[iX]
with ¢ < g such that
hp,q(2) = kpq(2)Q@p—q(2) + R(2).

Hence, we have

Ppq(z) = m = Qp—q(2) + 2

In the examples presented in Section 3, the argument z is a pure imaginary number
such that |z|] — 400 when N, — +o0o. Hence, when p > ¢, one directly obtains
that |@Qp—q(2)] = 400 as |z| — 400 which leads to severe stability issues making this
case usefullness in practice. A specific example is P 1(z) for which we can prove that
|P2,1(2)| > 1 for all z € iR*. We will present a numerical illustration in Section 7.

The case p < ¢ turns out to be more complicated. Indeed, if |p—gq| is large enough
(Ip—gq| > 2 typically), instabilities are observed in the sense that (4.3) is not satisfied.
Indeed, we investigate numerically the limit when n — 400 of (B, 4(21/n))™ for a
fixed final time 7" and with z € iR such that |z| is large. First, we observe numerically
that even if | P, 4(2)| — 0 as |z| = +o0, some values of |P, ;(z)| are larger than 1,
thus we observe that |(Py 4(2T/n))"| — 400 as n — oo for a fixed final time T = 10.
Finally, still for the case p < g but when 1 < |p—¢| < 2, we observed that the method
is stable |P, 4(2)] < 1,Vz € iR.

Remark 4.3. Another simple approximation is the Taylor expansion of the ex-
ponential, which corresponds to a Padé approximant whose degree denominator ¢ is
Z€ro:

P ¢
(tL)
exp(tL) ~ P, o(tL) = Z 0
£=0

for which a similar error estimate can be easily derived || exp(tL) — P, o(tL)|| < CtPT!
but, in that case, as discussed in the previous remark, stability issues are observed.

This manuscript is for review purposes only.
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5. Modified Lawson methods. In this section, we perform a numerical analy-
sis of the modified Lawson schemes, in which the exponential of the matrix exp(¢tL)
is approximated by erp(tL) verifying for all £ € R and all n € N: ||(ezp(tL))"]| < C
(which is the case for the Padé approximant due to (4.3)). To do so, we consider
the following system of ODEs (where g is a smooth function which is assumed to not
depend on ¢ for simplicity)

(5.1) a(t) = Lu(t) + g(u(t)), u(0)=uo € R%.

General explicit RK schemes with modified Lawson method are considered latter on,
but we first give a proof of convergence for the following first order scheme

(5.2) "t = exp(AtL)a"™ + Atexp(AtL)g(a"), u® =ug € R%
We perform the following assumptions on the nonlinearity g and the linear part L.
ASSUMPTION 5.1. Assumptions on g
e g is a locally Lipschitz continuous function from R¢ to R?,
e ¢ is continuous and locally bounded from R? to R?.
These assumptions ensure that (5.1) has a unique solution u defined on some interval
[0,7]. From the property on g, we deduce |g(u(t))]| < C(Jlu(t)] + 1),¥t € [0,T]

where the constant C' > 0 may depend on T, or say on a given compact set of R? that
contains the range u([0,77]) and {0}.

Remark 5.1. A more tractable assumption would be to consider a global Lipschitz
continuous function g so that the above estimate is still available but now at any point
u € R? with a uniform constant C: ||g(u)|| < C(|Jul| +1), Yu € R% In order to
lighten the next proofs, we will use that global inequality and discuss in a subsequent
remark how to adapt the proofs to the local Lipschitz case only.

ASSUMPTION 5.2. Assumptions on L
o L is conjugated to a skew Hermitian matriz: L = PHP~! (H* = —H),
e 3C > 0 such that cond(P) = ||P|||P~Y| < C.

In the proofs, we will use the following version of the Gronwall lemma.

LEMMA 5.2 (Gronwall Lemma). Let (ay), (bs) be two nonnegative sequences and
a constant M > 0 satisfying any1 < M + >} _, arxby for any natural number n, then

ant1 < M exp (ZZZO bk).

5.1. First order. In this subsection, we prove the convergence of the first order
modified Lawson methods introduced above. For the first order scheme (5.2), we are
able to prove the following theorem.

THEOREM 5.3. Under the assumptions 5.1 and 5.2 on g and L stated above and
with exp(AtL) such that || exp(AtL) — exp(AtL)|| < CAt™ L, the first order modified
Lawson method (5.2) satisfies the following error estimate

u(t™) — a"|| < CAT) - n < N, with N such that NAt < T.

Proof. The first order modified Lawson scheme writes

(5.3) "t = exp(ALL)a"™ + Atexp(AtL)g(a™),

and by induction, it comes
n—1

(5.4) @" = (exp(ALL))"@" + At > (exp(AtL))"Fg ().
k=0

This manuscript is for review purposes only.
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One thus deduces that @™ is bounded by considering the norm of (5.4) to get
n—1
1@ < Clla’|| + oAty (la*] +1),
k=0
and we conclude thanks to the Gronwall lemma. In comparison with (5.3), the exact
solution writes

tn+1

u(t" ) = exp(AtL)u(t™) + At/ e(tnﬂ_t)Lg(u(t))dt

(5.5) = exp(AtL)u(t™) + Ate®tE g(u(t™)) 4+,

where t™ denotes the local truncation error

tn 1y
n+1l_
e = / (t —t") / a(e(t DL g(u(t)))iminto(t—mydodt
tn 0

tn+1

:/tn

Defining the local error as "™t = u(#"*1) — 4"*1 and considering the difference of
the two above equations (5.3) and (5.5), one obtains

du

(1=1) [ expat—a(t—17)| = Lau() + 4 (u() G O dodt.

}t"Jra(tft")

et = exp(AtL)u(t") — exp(AtL)a" + At [exp(LAt)g(u(t”)) - e;p(AtL)g(a")} o
= exp(AtL)e™ + At exp(AtL) [g(u(t”)) - g(an)}
+(exp(ALL) — exp(AtL) [7" + Atg(a)| +¢".

By induction, we deduce from there
n—1 n—1

e" = exp(nAtL)e® 4+ At Z exp((n — k)AtL)oy + Z exp((n — 1 — k)AtL)(yp + ),
k=0 k=0

with § = [g(u(tk)) - g(ﬁk)},'yk = (exp(AtL) — exp(AtL)) [a" + Atg(a”)] First,
the local truncation error satisfies |[v"|| < CA#?. Second, using the upper bound
[lexp(Lt)|| < C,Vt € [0,T] and the Lipschitz bound Lip(g) on g, we deduce

|| exp((n — k)AtL)dx|| < CLip(g)|/€*||. Finally, using the assumption ||exp(AtL) —
exp(AtL)|| < CAt™F! together with ||a"| < C, ¥n < N we get

n—1
le” | < [l exp(nALL)[[e”]| + CLip(g)At > [[e¥|| + Cn(AL + A7)
k=0
n—1
< Clip(g)At Y [|e¥|| + CT(At + At").
k=0

We can conclude using again the Gronwall lemma 5.2.

n—1
(5.6) le"|| < CT(At + At™) exp (cup(g) 3 At),
k=0
whence finally [e”|| < CA™»(17) provided that 0 < nAt < T. d
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10 B. BOUTIN, A. CRESTETTO, N. CROUSEILLES AND J. MASSOT

Remark 5.4 (Local Lipschitz continuity). When considering a only local Lisphitz

continuous function g, the previous proof has to be slightly adapted, proving the
boundedness of the numerical solution within its convergence. For the sake of com-
pleteness, we give hereafter a short proof in that case for the first order modified
Lawson method. Actually, the idea of that proof generalizes without difficulty for
high order modified Lawson methods discussed later on but then without such obser-
vations.
Let us consider a solution ¢ — u(t) defined for ¢ € [0,7] and introduce the following
compact set in R%: Krp := Usepo,r) B(u(t), 1) which contains the range of the exact
solution. Let us denote now Lip(g) > 0 the Lipschitz constant of g on Kp. The above
analysis is available to get (5.6), provided that any of the terms (@y)o<k<n belongs
to Kr. Now to prove that, we proceed by induction on the integer n and adjust a
priori the value At to be sufficiently small. To that aim, from the definition of K
the following inequality is sufficient:

2CTAtexp (CLip(g)T) < 1.

5.2. Arbitrary order and stage. In this subsection, we extend the convergence
of the modified Lawson Runge-Kutta method to the general case (order m and s
stages). Of course, additional regularity assumptions have to be performed on g to
ensure the convergence of the Lawson Runge-Kutta method, i.e.

ASSUMPTION 5.3. Assumptions on g
e g is a locally Lipschitz continuous function from R? to R?,
e ¢ p<m+1is continuous and locally bounded from R% to R%.

The same assumptions as in the first order case are performed on g and L.
Thus we have the following theorem.

THEOREM 5.5. Under assumptions 5.3 and 5.2 on g and L stated above and with
exp(AtL) such that || exp(AtL) — exp(AtL)|| < CAt"™, the modified Lawson method
M-LRK(s,m) (2.4) of order m with s stages satisfies the following error estimate

u(t™) —a"|| < CALRT) - p < N with N such that NAt < T.

Proof. In a first step, we prove the boundedness of the solution @"™. For a given
integer n, we first consider the stages iterations for 1 < ¢ < s, defined from

i—1
’l]gll) = e;p(ciAtL)a" + At Z aijez:p((ci — cJ)AtL)g(aﬁf))
j=1

From the bound (4.3) and by iteration on i, we obtain the following estimate

(5.7) 1Zd ) < Cllan| + At).
Now let us introduce Fy, = 327 bjerp((1 — cj)AtL)g(ﬁsLj)) so that the global iteration
over u" solves as

n—1
" = exp(AtL) i + At Y " (exp(AtL))" ' TF .
k=0

Thanks to the assumptions on g and (5.7), we obtain the following inequality || F),| <
C([|a™]|+1) and thus ||a"| < C(||a°||+T+At S35 ||@*||). Finally from the Gronwall
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lemma 5.2 we deduce the estimate on u"
(5.8) [a"| < C([|a°|| + T) exp(CT).

Next, we consider the error estimate and introduce u" the numerical solution
generated by the Lawson method RK(m,s) (order m and s stages) for which the
following error estimates is known to hold (see Theorem 4.7 in [28])

(5.9) lu(™) —u™|| < CAL™.
Thus, from the following decomposition of the error
en — u(t'n/) _ ,[Ln — u(t'n) _ un _"_ u’fL _ ,l’:’LTL — u(tn) _ un + en,

we have to estimate the difference ¢ = «™ — @' between the solution of the classical
Lawson Runge-Kutta scheme (u™), and the one from the modified Lawson Runge-
Kutta scheme (4"),. One can write

en+1 — un+1 _ ﬂn+1

= exp(AtL)u™ — exp(AtL)a"

+ALY b [exp((l — ¢;)AtL)g(uff)) — exp((1 — cj)AtL)g(agp)]

= exp(AL)e" + At by [exp((1 - ¢))AtL)(g(ul)) — (i)
(LA + ALY biy(1 - ¢;)g(al))
j=1

where we introduced v(z) = exp(zAtL) — exp(zAtL). By induction, we get
¢" = exp(nAtL)e°

k=0 =
(5.10) +y(1)a" + At> by(1— cj)g(ﬁg))),

j=1

As we can see in (5.10), the error e,(cj) = u,(cj) - 11,(3) (j =1,...,s) of the internal stages
of the Lawson and modified Lawson methods has to be estimated. From the definition
of the two Lawson schemes (2.3) and (2.4), it comes

) _ o _ g

b = Ug
= exp(c;AtL)uf — exp(c; AtL)a”
i1
+Atz a; [exp((ci — cj)AtL)g(u,(j)) —exp((c; — cj)AtL)g(ﬂg))}
j=1
i1 ‘ ‘
= exp(GALL)E + ALY ai | expl(ei — )AL (g(uf’) - g(a))]
j=1
i—1 ]
+ (et + A aile —e)glad).
j=1

This manuscript is for review purposes only.
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As performed at the beginning of the proof, we iterate on ¢ and then we use the Lip-
schitz property of g on the one side, and the error estimate || exp(AtL) —exp(AtL)| <

C A"+ together with the bound (5.8) on the other side. We thus deduce the following

)

inequality for eg = 1,...,8:

i—1
1 < Clleb) + CatS e + Car,

j=1
from which it can be proved by induction
(5.11) eV < Clle¥|| + CArT, i=1,...,s.

Now, we come back to (5.10) and use (5.11) and the same lines of arguments as for
the internal stages enable to get

n—1 s n—1
e[| < CJlel| + CAt Y (Z @) + CMH) < CALY [leb|| + oAt
k=0 j=1 k=0

and we deduce from the Gronwall lemma 5.2 that |[e”|| < CAt". Finally, we conclude
using (5.9). 0

Remark 5.6. As observed for the first order method, the above proof extends to
the local Lipschitz case, with the same arguments.

6. Properties for the Vlasov-Ampere equations. Regarding the Vlasov-
Ampere case, the (modified) Lawson schemes enjoys some properties that are detailed
in this part.

6.1. Preserving the charge. An interesting property of the Lawson and modi-
fied Lawson Runge-Kutta methods applied to the Vlasov-Ampere system is the preser-
vation of the charge, i.e. the fact that the Poisson equation 0, F = fR fdv —1is pre-
served along time without resolving it. Indeed, let consider the semi-discrete system

(6.1) (A0 Zp (HO) Z ((EDH
dt \ Ey(t) Ey(t) 0
where (Df), denotes a consistent finite difference operator applied to the sequence

(fe)e. An example can be (Df) = (frr1— fe—1)/(2Av) but higher order or uncentered
schemes can be used.

PROPOSITION 6.1. The schemes (2.3) and (2.4) (where exp is chosen as P, , the
Padé approxzimant) applied to (6.1) preserve the following discrete Poisson equation
2m ol
zk?E,? = AUZf,Z@, Yn>1, fork+#0 and Ej_, =0,
=1
provided that it is satisfied at the initial time n = 0.

Proof. First, we write down the exponential of matrices for the Lawson and mod-
ified Lawson schemes (let us remark that for simplicity we will denote k instead of
k2m /b with [0, b] the space interval)

([ diag(exp(—ikt7)) 0T _ [ diag(@) o7
exp(tL) = (igv(n — exp(—ikt7)) 1 ) Frp(tl) = (Mk”(n “a) 1 )

This manuscript is for review purposes only.
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9 with ap = P, ,(—iktvy). We can observe that the structure of the matrix P, ,(tL)
0 is very close to the one of exp(¢tL). Thus in the sequel, we will use the notation 5,
1 (the ¢-th component of f € RV) which is equal to exp(—iktve) for the Lawson case
and which is equal to P, ,(—iktv,) in the modified case. We present the proof for the
53 first order Lawson case (that is forward Euler) but the proof can be generalized to
354 arbitrary explicit Runge-Kutta schemes of order m and stages s. Considering the N,
55 first components of (6.1) gives

w W

w W

ot
[N}

—

356 (6.2) it — Bofr, — Atﬂg(E”(Df”)g>k, (=1,....N,, O

357 wheres the last component of (6.1) gives (using (6.2))

Ny . N, . —

“n “n iAv n iAv
s Eptt=E + — =B fie - Atz — 1=50) (E"(Df")fz>k,
=1 -
N, . — N,
. 2 iAv 1Av i1Av
359 = Ep + T(l—ﬁe)fu AtTZ( (Df™) ) ZT Fott = Befito),
=1 =1 =1
an _An_zAnJrl zAn
360 =E} 7Pk + 7Pk

361 where we denote gy = Zé\[:”l f,?lAv and used Zé\]:"’l(Df”)g = 0 since the discrete
362 operator D is chosen to be consistent. Thus, assuming the Poisson equation is satisfied
363 initially ikEY = p9, this last relation implies by induction ikEP+t = prt! which
364 proves the Poisson equation is propagated.

The RK case extends easily. The last stage is for f (with béj) =exp(—i(1 — ¢;)Atkvy)

or P, ,(—i(1 — ¢j)Atkuvy))

o —

bt = befi — At b (EO(DFO),) , €=1,...,N,,

Jj=1

365 and for E, we have

N, s N, . —
Fn . ~ iAv n % iAv , , ,
w6 Bt = ER 4y S (L =bfl - Aty by (- bé”)(E(J)(Df(J))g)k,

=1 j=1 =1
367 which gives the Poisson equation at time n + 1 assuming it is satisfied at time n.

368 6.2. Preserving the total energy. In this part, we propose a way to modify
369 the numerical solution to ensure total energy preservation. Usually, preserving the
370  total energy may induce the use of implicit methods which are not simple or easy to
371 implement and in practice the total energy is quite well preserved when high order
372 methods are used in time. The strategy is based on an orthogonal projection technique
373 (already employed in [20, 26] to preserve moments in collisional kinetic equations)
374 suggested in [27] and detailed in [31] for Hamiltonian PDEs. The strategy proposed
375 in this latter reference has two steps: first an explicit high order time integrator
376 is used to update the solution of a reformulated system for which the invariant is
377 quadratic, and second a projection technique is employed for which the Lagrange
¢ multiplier can be explicitly obtained. As a result, the method preserves the order of
9 the time integrator used in the first step, and is energy-preserving.
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14 B. BOUTIN, A. CRESTETTO, N. CROUSEILLES AND J. MASSOT

In our Vlasov context, the energy is quadratic so that we do not have to refor-
mulate the system so as to get a quadratic invariant. But, as explained before, our
methods preserve the Poisson equation so we modify the strategy proposed in [31] to
get energy and charge preservations, still retaining the high order accuracy. In the
sequel, we present the method for the Vlasov-Ampere case.

Let denote by (f*+!, E™t1) the numerical solution obtained from the high or-
der Lawson or modified Lawson methods proposed above and denote by H™*! =
Y |vg\2f;lexAv +> EJT»‘HAx the associated total energy. We used the index ¢
for the velocity grid and index j for the grid in space z; = jAz,7 =0,...,N,—1, Az =
b/N,.

We will consider the following correction

(6.3) Ft =@+ BT =1 A EfT

where A\, will be given below and should be of order of the integrator used in the first
step. Thus the energy at time n + 1 becomes

H™ =" |og P £ AnAo + ) C(EF)?Ax

3.t J
— A" 4, [Z e Aw v + 2 Z(E;LH)%Q;] + A2 (B A
J.t J J
- On 52 a,
=H +1_D7(’Yn+2an)+ﬁ7

where we denote Ay = —6,/Dn, Yo = 3 0 [0e [ AvAv, ap = 37 (E}T)? Az and
6, = H™*' — H™. Thus, we look for D,, # 0 such that

2

On 0o
(64) - Din('Yn + 2an) + D2 = —0n,

n

so that H"t1 = A7+l —§, = H**1 — (A"t — H") = H". Solving (6.4) leads to
D, = [% + 20 + /(9 + 2000)2 — 40,00, | /2.

PROPOSITION 6.2. The schemes (2.3) and (2.4) (where exp is chosen as P, , the
Padé approzimant) with the energy correction (6.3) applied to (6.1) preserve the dis-
crete energy: H" T = H"™ with H" = Y. el f} AvAz + Zj(E;l)QAx.

Proof. The goal is to ensure that A\, = O(A#?), which means that the additional
correction does not deteriorate the order of the scheme. First, since the schemes are
of order p, we have (f7+1 Ent1l) = (f(t"+1), E(t"t1)) + O(At?*!) from which we
deduce (f71, E"t1) = (f*, E™) + O(At) and thus §,, = H(t"t) — H* + O(APH).
But since H(t"*1) = H(0) = H° = H", we have §,, = O(AtPT1).

It remains to prove that D™ is well defined. Let check that (v, + Qan)2 — 40,0, > 0,

(Yn + 2an)2 — 46,0y = ’yi + 404% + 4y — 4600, = ’yi + 404% + da, (o — 6p).

By the definition of a,, = Zj(EN’]’.LH)QAm > 0 and using §,, = O(At**!), we deduce
that there exists Aty > 0 such that for At < Atg, we have «;, — d,, > 0. Finally, from
its definition and for At small enough, D,, is of order 2H"™ which is of order 1. We
conclude A\, = 6,/D,, = O(AtP+1). O
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-5
log(At)

F1a. 1. Order of time accuracy for the two-dimensional linear transport problem approzimated
by M-LRK(3,3) with the Padé approzimant Pp q for different values of p,q.

Remark 6.3. Let us remark that since the same correction is used for f and E
and since the above method preserves the Poisson equation between ("1, E"*1)the
corrected solution (f"+1, E"+1) also enjoys the charge preservation.

Remark 6.4. This correction approach can be extended to Vlasov-Maxwell equa-
tions in multi-dimension in space and velocity.

7. Numerical results. In this section, several numerical results are given to
illustrate the properties of the schemes introduced before. In the sequel, LRK(m, s)
will denote the (standard) Lawson Runge-Kutta method of order m and with s stages
whereas M-LRK(m, s) will denote the modified version presented above, i.e. where
exp(tL) is approximated by erp(tL).

7.1. Explicit case. First, we investigate a simple problem for which we get an
exact solution. The goal is to illustrate the error estimate from Theorem 5.5. Thus,
we consider the following problem satisfied by u(t,z,y) € R

(7.1) 0w+ alzu +boyu =0, z,y € R?, a,b € R,

with the initial condition u(0,z,y) = wuo(x,y). We considered the following param-
eters: a = 1, b = 0.75, (v,y) € [-2,2]? with periodic boundary conditions. A
Fourier method is used for the y-direction whereas finite differences are used for the
z-direction, and a Lawson RK(3,3) is used for the time discretization. The numerical
parameters are chosen as follows: N, = N, = 243, and the final time is 7" = 100 Az,
At € {oAz/n,n=1,...,14} with o = 1.44 (which corresponds to the CFL condition
for WENOb5 method coupled with RK(3,3) method).

On Figure 1, we plot the order in time of the M-LRK(3,3) methods with different
order for the Padé approximant P, ;. It illustrates numerically the order of accuracy
Apmin(mr) (1, = 3 here) for different values of 7 = p+ ¢+ 1 that have been proven in
Theorem 5.5.

7.2. Vlasov-Ampere models . In this subsection, we focus on Vlasov-Ampere
models in one dimensional spatial and velocity directions. The case considers the
classical Vlasov-Ampere model (equivalent to the Vlasov-Poisson one)

We first consider a two stream instability (TSI) test for which the initial condition
is

1

fo(z,v) = \/72?’0267712/2(1 + accos(kx)),
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o
2 . . , 0510

. —electric energy .

* 5| |—charge
—total energy

Fi1a. 2. TSI test: time evolution of the electric energy (left) and of the charge and total energy
(right) obtained with LRK(4,4) method with At =0.1, Ny = Ny = 128 (Umax = 14).

with = € [0,27/k], k = 0.5, v € [-9,9] and a = 1073, In Figure 2, the time
evolution of the electric energy (left) and the invariants (total energy and charge)
are displayed. We used a LRK(4,4) method (fixed time step At = 0.1). The electric
energy enjoys an exponential behavior and a nonlinear phase, as expected. The total
energy has a very good behavior since it is preserved up to 107% and the charge is
preserved up to machine accuracy. Then, in Figure 3, the same quantities are plotted
(electric, total energies and charge) but here we use the energy correction explained
in the previous section. We can observe that now, both charge and total energy
are preserved, without affecting the time evolution in a sensible way of the electric
energy. Next, we change the underlying Runge-Kutta method to use adaptive time
steps to the embedded RK method DP(4,3) from [21] (still combined with the energy
correction). The tolerance is tol= 10~% and the time step is modified if the local
error Lm‘l = ||f[’fl]+1 - f{;,rl” is larger than 1079 (here f[z]'*'l (resp. f[g]Jrl) denotes the
numerical solution obtained by the 4-th order (resp. 3-rd order) method). Indeed, if
the local error is smaller than 1077, the iteration is accepted and the next time step
becomes At, 11 = max(0.5, min(1.5, (tol/L&Tl)l/g))Atn, otherwise, the iteration is
rejected and is performed with a smaller time step At = max(0.5, (tol/L&T1)1/3)Atn.
Let us remark that for this approach, the Poisson equation is satisfied up to machine
accuracy 10714, so as the total mass. In Figure 4 (left), we plot the evolution of the
time steps together with the electric energy (log-scale). We observe that the method
automatically computes large time steps (up to At = 3) in the linear phase and then,
since in the nonlinear phase the amplitude of the electric field is larger, the time steps
become smaller (mostly between 0.2 and 0.3) to respect the CFL condition induced
by the nonlinear part. On the right side of Figure 4, we plot the time evolution of the
charge and total energy which is preserved up to machine accuracy for large time.
We then consider the following initial condition for the (SLD test)

folz,v) = %671}2/2(1 +0.5cos(kx)), x € [0,2m/k],k=0.5.

2

The same results are displayed in Figures 5 for this Landau case. Similar comments
can be performed showing the robustness and versatility (change the Runge-Kutta
method, fixed or adaptive time steps, with or without energy correction) of the ap-
proach. Let us remark that same comments can be done for M-LRK methods.
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x10M

.||=—Ccharge
—total energy

. —electric energy .

Fi1a. 3. TSI test: time evolution of the electric energy (left) and of the charge and total energy
(right) obtained with LRK(4,4) method with At = 0.1, No = N, = 128, with energy correction step
(Vmax = 14).

7\ .

<10

—charge
—total energy

—Electric energy B
—Time steps

o 50 100 150 200 250 300 o 50 100 150 200 250 300 350
ime

F1G. 4. TSI test: time evolution of the electric energy (left) and of the total energy (right) ob-
tained with Lawson DP(4,3) method combined with an adaptive time step and with energy correction.
N, = N, = 128 and vmax = 14.

7.3. Linearized hybrid Vlasov equation 1dx-3dv. We consider in this part
the linearized hybrid Vlasov model described in Section 3 and studied in [12, 30]. In
[12], Lawson method was employed to discretized this model but the linear part was
split into two parts L = L1+ Lo (where Lo contains the Maxwell part). However since
exp(tL) can not be computed for all k and ¢ even with scientific software, the Ly part
(which corresponds to the Maxwell equations) was put in the nonlinear part so that we
considered the following form 0;U = LU + (LU + N(U)) on which Lawson Runge-
Kutta integrators were applied since exp(tL1) can be computed easily. In this work,
we are able to consider modified Lawson integrators on the form 0,U = LU + N (U)
by using an approximation exp(tL) of exp(tL). First, we notice that the eigenvalues
of L are pure imaginary and the matrix L can be written as L = PHP~! with P
independent from k and H is skew hermitian. As such, we are in the framework of
Proposition 4.1 which suggests the use of Padé approximant to approximate exp(tL).
This has been implemented within a scientific computing environnement which allows
for automatic code generation.

We present a test to illustrate the good behavior of the approach in this frame-
work. Following [30, 12], the initial condition is given by

on ( v? (U§+v§)>

fnt=0,2,v) = —r—5 53 -
(2m)3/ 2003 2’Uﬁ 202
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—charge
1 —total energy

“ —Electric energy
—Time steps

time time

Fi1G. 5. SLD test: time evolution of the electric energy (left) and of charge and total energy
(right) obtained with Lawson DP(4,8) method combined with an adaptive time step and with energy
correction. Ny = Ny = 128 and vmax = 14.

with z € [0,27/k], k = 2, v = 0.2, 01 = 0.6, pp, = 0.2 and B,(t = 0,2) = esin(kz),
the other unknown (Ey, Ey, je,z, je,y, By) are zero initially. The velocity domain is
truncated to v = [—3.6, 3.6] x [—3.6, 3.6] x [-2.4, 2.4] and we consider N, = 27, N,,, =
N,, = 32, N,_ = 41 for the phase space discretization.

We are interested in the time history of the following energies (magnetic energy,
electric energy, energy of the cold and hot particles) whose sum is preserved with time

Hit) = % / (B2(t,2) + B2(t,2)) dz, Hp(t) = % / (F2(t,2) + E2(t,2) + E2(t, 2)) dz,
Holt) = 5o [ G202+ 2,02 d Hale) = 5 [ [ WP (e 20w dvae

First, we consider the form 0,U = LU+ (LU +N(U)) and compare the modified
Lawson method RK(4,4) with Padé P, o with the Lawson method (used in [12]). Here
exp(tLi) and exp(tL1) = Pa2(tL1) are computed, whereas Ly (which corresponds
to the Maxwell equations) is considered explicit through the nonlinear term. This
strategy leads to a stability condition since the Maxwell equations are solved explicitly
in time. We found out that, for RK(4,4), the condition is At < (2v/2/7)Az ~ 0.11
with our numerical parameters (see [12, 33]). In Figure 6, we consider the time
evolution of the electric energy (with At = 0.05 < 0.11 to ensure stability) for both
approaches. The two methods are almost indistinguishable and are able to recover the
linear phase (for which the growth rate v = 0.095 is in a very good agreement with
the analytical one). Next, we compare the approach proposed in [12] with the present
approach where exp(tL) is approximated by exp(tL) = P 2(¢tL), which does not suffer
from the stability condition from the Maxwell equations since they are now taken into
account in the linear part ("Maxwell inside’ the linear part). As mentioned before,
the first approach requires a time step At < 0.11 to be stable thus we use a slightly
larger time step At = 0.12. In Figure 7, we can observe that the simulation "Maxwell
outside’ (ie Maxwell equations are outside the linear part as in [12]) is unstable with
At = 0.12 whereas when using a Padé approximation of the whole L matrix ("Maxwell
inside’ the linear part), no instability is observed. The same simulation with At = 0.5
leads to very similar results which shows the advantages of the current approach.
In Figure 8, we compare different Padé approximations of exp(tL) (P, (tL) with
p,q = 1,2) with At = 0.1. As mentioned in Section 4, the choice p > ¢ leads to
unstable results which is illustrated in Figure 8 for P ; whereas the other choice
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Fic. 6. Time evolution of the electric energy. Comparison between the exact exponential and
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F1G. 7. Time evolution of the electric energy. Comparison between Mazwell inside and Mazwell
outside with P2 2 coupled with RK(4,4) with At = 0.12.

leads to stable results. Then, we couple our strategy with adaptive time stepping
using DP(4,3) time integrator with egp(tL) = P52(¢L). We plot in Figure 9 the time
evolution of different energies (electric, cold kinetic and magnetic energies, defined
in (7.2)) for which the theoretical instability rate is v = 0.095 (see [30, 12]). Since
energies are displayed, the instability rate is twice the theoretical rate. A very good
agreement is observed and we can look at the time history of the time steps in Figure
7.2 (right) which shows that the method is able to take very large time steps (around
At = 3) in the linear phase (in which the fields in the nonlinear term are of small
amplitude) whereas in the nonlinear phase, the time steps are smaller to capture the
nonlinear effects, in an automatic way.

8. Conclusion. In this work, we studied Lawson and modified Lawson meth-
ods for the time integration of Vlasov-type equations. After a suitable phase-space
discretization, a set of ODEs is obtained in which a linear and nonlinear parts can
be obtained which is amenable to Lawson methods. The analysis of convergence
of the modified Lawson methods is carried out and leads to a rate of convergence
O(Atmin(m”)) where m is the order of the underlying Runge-Kutta method and r is
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FIG. 9. Py 2(tL) coupled with DP(3,3). Time evolution of the electric energy (left), cold kinetic
energy (middle) and time steps (right).

the order of approximation of exp(tL) by exp(¢tL). It turns out that Padé approximant
is a suitable choice regarding its spectral properties leading to stability properties of
the resulting numerical scheme. Several numerical tests emphasize the good behavior
of the schemes, in particular they enable to use larger time steps since they are not
constraint by the stringent CFL condition coming from the linear part. Moreover, in
the Vlasov-Ampere case, since the linear part is solved exactly, it leads to a scheme
that preserves the Poisson equation exactly. Let us remark that the construction of
high order time integrator for multi-dimensional Vlasov-Maxwell equations can be
performed using different approaches like standard Runge-Kutta or (Hamiltonian)
splitting techniques. However, these approaches have some drawbacks. On the one
side, standard RK approaches (like [11, 2, 3]) suffer from stability condition from the
linear part and charge preservation is not ensured. On the other side, even if Hamil-
tonian splittings benefit from structure preserving properties when phase-space mesh
is fine enough (see [14, 9]), for high dimensional problems however, the use of coarse
meshes destroys the good long time behavior and the construction of high order split-
ting leads to very costly methods (see [12]). Hence, the proposed method turns out
to be a viable alternative to design high order time integrators for Vlasov equations.
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