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Abstract

Understanding both the epidemiological and evolutionary dynamics of antimicrobial resistance is a
major public health concern. In this paper, we propose a nested model, explicitly linking the within-
and between-host scales, in which the level of resistance of the host population is viewed as a continuous
quantitative trait. The within-host dynamics is based on integro-differential equations structured by
the resistance level, while the between-host scale is additionally structured by the time since infection.
This model simultaneously captures the dynamics of the bacteria population, the evolutionary transient
dynamics which lead to the emergence of resistance, and the epidemic dynamics of the host population.
Moreover, we precisely analyze the model proposed by particularly performing the uniform persistence
and asymptotic results. Finally, we discuss the impact of the treatment rate of the host population
in controlling both the epidemic outbreak and the average level of resistance, either if the within-host
scale therapy is a success or failure. We also explore how transitions between infected populations
(treated and untreated) can impact the average level of resistance, particularly in a scenario where the
treatment is successful at the within-host scale.

Key words. Antimicrobial resistance; Evolutionary dynamics; Nested models; Non-linear dynamical
system.

1 Introduction

Antimicrobial resistance (AMR) is one of the major challenges we face in the modern area [1, 30]. An
antimicrobial substance is a chemical agent interacting with the physiology of a bacterial cell. The
antimicrobial activity on a given bacterium’s survival (S) is an increasing function of its concentration in
the medium (C), such that S (0) = 0 and S (C) — Sgat as C — Cgat, Where Sgor and Cgyy are saturating
constants. This intuitive approach implies that there exists C* in (0, Csat) such that S (C*) is equal to the
intrinsic rate of increase and reverses the growth of a bacterial population. Such a threshold concentration
at which a bacterial population does not grow (at least in in wvitro) is called the Minimum Inhibitory
Concentration (MIC). The level of resistance to a given antimicrobial is then a continuous trait by nature
referred to as antimicrobial quantitative resistance (QAMR), and qAMR is key to better understand the
evolutionary dynamics of AMR [17]. Here, we introduce a quantitative descriptor x € R —a label of
the bacterial strain with resistance level x— describing the level of resistance. Most of the modelling
approaches devoted to AMR tackling the case of qualitative (or “binary”) resistance are generally based
on the dynamical interaction between two parasite strains leading to a binary MIC formulation [6]. This
analysis ignores the evolutionary short-term transient dynamics which lead to the emergence of resistance.
We think that the literature is so vast that we would not know where to begin since the model used then
strongly depends on the question asked (eg., [12, 13, 15, 29, 31, 39, 42]).
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Here, we proposed a nested (or embedded) model explicitly linking the within- and between-host
evolutionary dynamics. Such a nested structure is particularly important because, over the past few
decades, it is clear that ecological and evolutionary dynamics are influenced by processes operating across
scales [20]. Very few studies considered the continuous nature of AMR in the context of this work
(eg., [17]), and few studies have implemented a nested model in this context so far (eg., [5, 40]). At the
within-host scale, the model proposed is based on integro-differential equations, and the model follows the
dynamics of a bacterial population within either a treated host (b”) or untreated host (b). The bacterial
population is assumed to be phenotypically (and genetically) diverse through the level of antimicrobial
resistance x. This quantitative trait affects different components of the bacterial population life cycle,
such as growth and death rates. In addition to those effects on the death and birth rates, bacterial
population resistance level also mitigates the antimicrobial efficiency with respect to that population.
From a theoretical point of view, properties of the within-host model proposed here are based on previous
analytical quantitative genetics results developed in [9, 16]. The main variables and parameters of the
within-host model are listed in Table 1. At the between-host scale, the host population is subdivided into
three states. At any time ¢, an individual —with the immune system’s response level i € Z = {1,--- ,n}-
can be susceptible to the infection S;(t), infected since time 7 by a bacteria with resistant level = and
be either a treated infection I (¢, 7,7) or untreated IV (t,7,z). Individual transmission probability 7-
time since infection, 8Y(r,z), is linked to the individual’s Within—host dynamics such that, 8Y(r,z) =
Bf [b?(T, $)] Similarly, the loss rate of infected individuals, ozl , is also linked to the individual’s within-
host dynamics such that, o) (7,2) = o [b?(7,z)]. The main variables and parameters of the within-host
model are listed in Table 1. The nested model proposed here then allows for simultaneous track the
epidemiological dynamics of the host population as well as evolutionary quantities such as the average
level of resistance at both the within- and between-host scales. Such an approach is original and to our
knowledge, no study has considered nested models for the evolutionary dynamics of AMR, viewed as a
continuous quantitative trait.

An integro-differential equation is used to model the within-host dynamics of the bacterial population.
Such a within model formulation is previously proposed in [17]. Any host individual is either a treated
host (labelled T') or an untreated host (labelled U). At any time 7, the bacteria density with resistance
level y € R within a treated and untreated host is quantified by b7 (7,y) and bY (7, y) respectively. The
subscript 77” (with i € Z = {1,2,--- ,n}) represents an individual immune system and then allows taking
into account the immune system heterogeneity in the host population. A bacteria with resistance level
y generate offspring with resistance level = at a per-capita rate J(z — y)p;(y)b? (7,y), where p;(y) is the
bacterial intrinsic growth rate, and J(z — y) is the probability for a bacterial population with resistance
level y to mutate towards a level z during the reproduction process. Therefore, the total number of bacteria
produced at time 7 with a resistance level z is quantify by (1 + fR bﬁ (1, dac) fR x—y)pi(y )bf(T, y)dy,
where k is a positive parameter. The parameter x > 0 is introduced to impose the bacterial population
homeostasis. The within-host model reads as

ra) = —— [ = ) )y — @) (2
o0 = gy L T PG~ ), -
1(0,) = (),

where Bf’l(T) = fjoooo bf(T,m)dm, is the total bacteria load. The term {f accounts for the clearance of
the bacterial population with resistance level x, either by the immune system (u?) or by the efficiency
of antimicrobial pressure (k;). Thus, ¢V (z) = pY (x), for untreated host, and & (z) = u! (z) + ki(x), for
treated host.

At the between-host level, the host population is subdivided into three states. At the time ¢, an
individual (with the immune response level i) can be susceptible to the infection S;(¢), infected by a
bacteria with resistant level x. Such an individual infection (infected since time 7) can be either treated
IF(t,7,2) or untreated IV (¢,7,x). The force of infection underwent by susceptible individuals at time ¢



is then given by

Alte) =Y /0 BT (7, o)) IE (b7, ) + BY QY (7, ) IV (1, 7, )

1€l

However, an infected individual with a resistance level y, will induce a new infection with a resistance
level x by the probability K(x — y). Such a probability is assumed to be the same for both treated and
untreated infections. Consequently, the disease is effectively transmitted by the quantity

At ) = /R K — y)Mt y)dy.

The dynamics of newly infected individuals (i.e. 7 = 0) in each group (treated or untreated) is thus
defined by (for 9 € {T,U})
I (t, 7 = 0,z) = p} () A\(t,2) Si(t), (1.2)

where the treatment rate in the host population pZT(ac) is assumed to depend on the bacterial population
resistance level x, and pY(z) = 1 — p!(x). During their infection, treated individuals can stop the
treatment at rate wf, (7, z), and untreated infections can join the treated group at rate w¥ (7, z). The loss
rate of infected individuals, infected since time 7 with a resistance level x, occurs at rate a?(T, x). The
whole population died naturally at rate uj. The between-host model then reads

Silt) = As — Si(1) / Mt 2)dz — pnSi(h),
R
(0 -+00) 17 (t7.2) = — (o (r,2) + o (7,0) + un) 17 (6. 7.2) + Wl (7, )1 (2, 7. ), (13)
O+ 0:) I7 (t, 7, 2) = — (o (7, @) + Wi (1, 2) + ) I (7, 2) + Wi (7, 2) I (¢, 7, @),
SZ(O) :SZ‘,(), I?(O,T,ZL’) :Igo(’i',w).
Finally, the nested within-host (1.1) and the between-host model (1.2)-(1.3) are summarised by Figure

Model (1.1)-(1.3) will be considered under the following assumptions. Parameters 87 and of, with
v € {T,U}, are such that

Assumption 1.1 1. 82(0) >0, (87(b?))" > 0 and (8?(b?))" < 0.
2. a?(0) >0, (a?(®?)) > 0 and (a?(b?))” < 0.

Here we recall that, for simplicity, we will sometimes use the following equivalencies 6;9 (1,2) = ﬂf (b?(T, :U))
and o) (1,2) = of (bY(1,2)).

Moreover, parameters 5}9 and ozf can be defined using Holling type functional responses. The first
example is the Holling functional response of type I, assuming a linear increase of the transmission
probability and virulence with respect to the bacterial density within the infected host such that,

ﬁ?(T,l‘) = By bf(T, x) and af(T,x) = qp bf(T, x).

Another example is the Holling functional response of type II (or similarly the Beddington-DeAngelis
functional response) such that

ﬂob?(T, .CC)
ro + bf(T, x)

aobf(v', x)

ro + b?(T, z)’

9

and o (1,2) = (1.4)

By (r,x) =

where By and «q are scaling constants, and rq is the half-saturation constant for the bacterial load. In this
later example, the transmission probability and the virulence of an infected host increase monotonically
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Figure 1: Flow diagram of the nested model. Within-host model: The number of bacteria produced

at time 7 with resistance level z is = b}?(T o) fj;o J(z — y)pi(y)bY (7, y)dy, where J(x — y) is the

probability for a bacterial with resistance level y € R to mutate towards a level x € R and p;(y) is the
bacterial intrinsic growth rate. A bacterial population with resistance level x, within an individual with
immune system level ¢, is cleared either by the immune system at rate uf(x) or by the antimicrobial
efficiency at rate k;(z). Between-host model: Susceptible individuals are recruited at a constant
rate A;. Infectious individuals at time ¢, which are infected since time 7, are in two states, either
treated ( I7(t,7,x)) or untreated (I7 (¢, 7,)). The force of infection in the whole population at time ¢ is
A(tv .CI?) = fR K(l‘ - y) ZieZ f[)oO [/BzT(sz(T’ y))IiT(t’ T, y) +61'U(biU(7—v y))Iz‘U(ta T, y)]deya with 6;9(17?(7—? x)) the
probability of disease transmission of an infected individual with a bacterial load bY (7, x). At the time ¢,
new infections with resistance level x occur at rate A(¢,x)S;(t), and are either treated with a probability
pX(z) or untreated with a probability p{ (x). The natural death rate of individuals is yy,. If infected since
time 7, the disease induced mortality is o (b (7, x)). Untreated individuals with a resistance level z, and
infected since time 7 start the treatment at rate w¥ (7, z) while treated individuals stop the treatment at

rate wi (1, z).

with the within-host bacterial load, but their increase would be slower than the linear formulation for
higher bacteria density.

The rest of this work is organized as follows. In Section 2, we state the main results of the nested
model that are obtained in this work. These include the existence of the globally defined non-negative
semiflow and the existence of the unique positive equilibrium for the within-host model, and threshold
analysis results for the between-host model. The model’s typical dynamics and discussion are provided
in Section 3. This includes the within- and between-host models parameterization, the characterization
of the evolutionary parameters such as the average levels of resistance for bacterial and host populations,
and the impacts of some parameters on host population structure at equilibrium. Section 4 is dedicated
to preliminaries results. More precisely, the existence and uniqueness of solutions, the derivation of the
basic reproduction number as well as the existence of a unique endemic equilibrium of System (1.2)-(1.3).
Section 5 is devoted to the proof of the main result stated by Theorem 2.7.



Table 1: Within- and between-host model variables and parameters

Notations

t Time

T Time since infection (infection age)
x Resistance level

i host immune response level

Model state variables

Within-host
bl (1, )

(7, 2)
Between-host
Si(t)

II(t,7,x)

Il-U(t, T, T)

Density of treated bacterial population with resistance level x at time 7
Density of untreated bacterial population with resistance level x at time 7

Susceptible humans at time ¢
Treated infected humans, infected since time 7, with resistance level x
Untreated infected humans, infected since time 7, with resistance level x

Model parameters

Within-host
J(z —y)

pi(z)

ki(x)

pi(x), 0 € {T,U}

Between-host

Mutation probability from resistance level z to y per cell division
Intrinsic growth rate of bacterial population with resistance level x
Killing rate of bacterial population with resistance level x due to drug
Clearance rate of the bacterial population with resistance level x

due to the immune response

Transmission rate of treated infected

Transmission rate of untreated infected

Treated infected death rate induced by the infection
Untreated infected death rate induced by the infection
Rate of treatment cessation

Rate of treatment start

Treatment rate




2 Main results

This section is devoted to the main results of the nested model (1.1)-(1.3). Such results include the
existence of the unique maximal bounded semiflow, and a precise description of the unique positive
equilibrium of Model (1.1). By providing local stability results, we will also conduct a precise threshold
analysis of the between-host model (1.2)-(1.3).

First of all, for biological feasibility of the between-host model (1.2)-(1.3), the model’s parameters
satisfy the following assumption for ¢ € Z.

Assumption 2.1 1. Recruitment rate A; and natural death rate up, are positive constants.
2. The functions p? € L2(R) are continuous and bounded.

3. The rates wg, qu belongs to LY (R4 xR), with respective essential upper bounds wg, wg and positive
essential lower bounds wi;, wY for each (1,2) € Ry x R,

Furthermore, the within-host model (1.1) is formulated based on the following assumption

Assumption 2.2 1. Functions u?, ki, 5?, and p; are always positive on R, with ¢ € {T,U}. Further-
more, p; is a bounded function on R and k > 0. Finally, the function 25 is continuous on R and

&
satisfies 25 > 0 and lim 25 (x) = 0.
& |z|—00 &

2. The mutation kernel J is bounded and integrable on R, positive almost everywhere, and satisfies
Jp+ J(x)dx >0, J(—z) = J(x), for all .

3. The mutation kernel J decays rather rapidly towards infinity in the sense that J(x) = O (ﬁ) as

|z| = co. In other words, lim |z|"J(x) =0, for alln € N.
T|—00

The dynamical properties of the within-host model (1.1) have been precisely investigated in [17]. Here
we recall such results and refer to [17] for more details about their proof. The first result of Model (1.1)
is about the existence of the unique maximal bounded semiflow. Such a result reads as,

Theorem 2.3 Let Assumption 2.2 be satisfied. Let bfo € LL. Then,

1. There ezists a unique global solution v(-,b%) : [0,00) — L1 (R) of (1.1) with v(0,b%) = b and
v(7,b%) = bY(7,-) for all T > 0.

2. The semi-flow defined by {v(r, b?o)}T is bounded dissipative and asymptotically smooth, and hence,
its admits a global attractor in L} (R).

3. The semi-flow {v(7,b%)} is such that for any by € L1 (R)\ {0}, b?(r,2) >0, for all 7 > 0, z € R.

Since the within-host densities b7,s are bounded (Theorem 2.3) and differentiable with respect to 7,
by Assumption 1.1 we have the following remark.

Remark 2.4 (i) Transmission rates 37 ,s are Lipschitz continuous almost everywhere on L (R).

(ii) Mortality rates oY s are such that there exists a constant &y > 0 so that o?(r,z) < @y for each
(r,z) € Ry x R.

The basic reproduction number /\fi% — defined as the expected number of bacteria arising from one
bacterium in a bacteria-free environment— of the bacteria population with resistance level x, within an
individual with immune system level i, is calculated as

N\(z) = é’ﬁ((?) for 9 € {U, T (2.1)



Next, a non-trivial equilibrium of Model (1.1) is strongly related to the principal eigenpaire of the
below linear integral operator HY defined on LP(R) (for any p > 1), by

HY?)() = /N () /R J(@ =)\ N () ! ()dy. (2.2)

We then have the following result.

Theorem 2.5 Let T(Hf), the spectral radius of the operator Hf, and ¢ > 0 the associated eigenfunction
normalized such that ||¢||;1 = 1.

1. When r(H?) < 1, the bacteria-free equilibrium F3 is the unique equilibrium of Model (1.1).
2. When r(HY) > 1, in addition to F3, Model (1.1) has a unique equilibrium Ff > 0 such that

(r(HD))* — 1 ()
fe 7om ) \[oi0)e (@)

—=0

Fi(z) =

Furthermore, the semi-flow {v(r, bfo)}T is uniformly persistent, that is, there exists a constant n
such that for any by € LY (R)\ {0}, the unique solution v(t,b%) = b?(r,-) of Model (1.1) with
initial data bl satisfies lim inf ||bY (7, )11 > 7.

T—00

3. The bacteria-free equilibrium Fjy of Model (1.1) is asymptotically stable if r(HY) < 1 and unstable
if r(HY) > 1.
4. When r(H?) < 1, the bacteria-free equilibrium FJ is globally asymptotically stable in LY (R), that

is, for any solution by (t,-) with initial by € LY (R)\ {0}, we have b?(r,-) — 0 in L1 (R), as T — .

We refer to Appendices F-I in [17] for the detailed proof of the above theorem.

Moreover, the profile of the endemic equilibrium F? with respect to x € R has been described in [16]
when the mutation kernel J depends on a small positive parameter (let say ¢ << 1) with the scaling form

Jo(x)=e"1J (5_193) . (2.3)

More precisely, when ¢ > 0 is small, then the endemic equilibrium F? concentrates on the set 8179 defined
by
8! ={v e R: Nj(@) = ING o }

The set SZ-19 is referred to as the set of Evolutionary Attractors of the within-hots model in the classical
adaptive dynamics theory (eg., [22, 38]). Furthermore, when the function J\/;% is at least of class C!, with a
finite number of maximum, it is shown in [16] that the spectral radius r(HZ?? .) of the operator Hg? . defined
by (2.2) —by replacing the kernel J by J.— satisfied, for e sufficiently small

r(Hﬁe) = max (Nl%(ﬂ:)>2 + O(é%).

At the between-host scale, using the next-generation operator approach (eg., [14, 28]), the basic
reproduction number R () of an infected individual of a group 4, with resistance level x, is given by

Ri(z) = / K(z — ) Ro(y)dy,



where

ZXk

kEI

and

i) = /0 (Bt (7. 2)), T (7, 0, 2)pi(a)) -

The quantity yx(z) is the infectiousness of individuals with an immune system of level k, and a resistance
level = to the antimicrobial. Moreover, IL;(a,b,z), 0 < b < a < oo, is the evolutionary system generated
by the linear operator ®;(7,z) = w(7,z) — c;(bi(T,2)) — pp, with p;(z) = (p] (z), Y (2)), a;(bi(t, 7)) =
diag(a (0] (1,2)), of (b (1,2))), B;(bi(7,2)) = (B (b] (r,2)), B (b (7, 2))), and

w(r,z) = ~wiy(r,x) Wi (r,x)
7 wg(Tv {L‘) —qu(T, SL‘)

Next, the existence of a positive equilibrium of Model (1.1)-(1.3) is strongly related to the spectral
properties of the linear operator M define by

Mlg] : LI(R) 3 () — /R K(- — y)Ro(w)¢(y)dy € LL(R),
where
Ro(z) =) ﬂx,g(x). (2.4)
kez Hh

In addition to the disease-free equilibrium ~the DFE- E° = (SY, 071((0,00)xR,R27)), With SO = (A, [1h)icTs
which is always an equilibrium of Model (1.2)-(1.3), this model also exhibits an endemic equilibrium given
by the following result

Theorem 2.6 Let Assumptions 2.2 and 2.1 hold. If the spectral radius r(M ) ofM is such that r(M ) > 1,
then system (1.2)-(1.3) has a unique endemic equilibrium E* = (S*, I*(1,x)), such that Vi € Z,

0 —~

o S an “(1,2) = pp(r —1)¢:(2)SF IL;(7,0,2) p;(x
Si _7’(]/\4\) d 1?(’ ) Mh( (M) 1)¢M( )Sz Hz( ’07 )pz( )a

where gb*ﬂ 18 principal eigenfunction of J/W\, associated to r(]/\/[\) and normalized such that HqﬁfMHU =1.

Therefore, the threshold dynamics of Model (1.2)-(1.3) is summarize as follows
Theorem 2.7 Let Assumptions 2.2 and 2.1 hold. Then,

(i) If T(M) <1 or ZzeI J7 (Bi(bio(r,2)), Lio(r,x))dT = 0, then the disease-free equilibrium E° =
(8°, 01 ((0,00)xRR27))" Of system (1.2)-(1.3) is globally asymptotically stable in the sens that

lim (Si(t)ﬂ[iT(t?'7'>7Iz'U(tﬂ‘7'))' = EO’

t—o0o i€l

where the above convergence holds for the topology of R™ x L'((0,00) x R,R?"). Moreover, the
disease-free equilibrium E° becomes unstable whenever T(M) > 1.

(i) If r(M ) > 1 and Y ,er [ (Bi(bio(T, @), Lip(r,2)) dT > 0, then the semiflow {®¥(t,-)};>0 generated
by system (1.2)-(1.3) is uniformly persistent in the sens that, there exists a constantn > 0 such that

o T U
hglolgf ” (Iz (ta K ')7 Iz (t? K .))iGI ”L_lF > 1.



The above result describes the asymptotic behaviour of Model (1.2)-(1.3) for any given probability den-
sity function K. However, we can go further in our analysis when the probability kernel K is highly
concentrated with the scaling form

Ke(x) = €K (€ ). (2.5)
Furthermore, we shall make use of the following assumption

Assumption 2.8 We assume that, the kernel K is symmetric, the function R defined by (2.4) is at
least of class C%, satisfies Ro(x) — 0 as |z| — oo, and the set

N ={zeR:Ro(x) = [Rolloo} # 0.

Similarly to the within-host scale where sets S,s are introduced, note that the set A is referred to as the
set of Evolutionary Attractors of the between-hots model.

Denoting by Mg, the operator M where the kernel K is replace by K¢, it follows from [16] that the
spectral radius r(ME) of the operator Mg have an asymptotic expansion of the form

—

TLMS) =1+ Gzl + Glx)e2 +0(E3), forall zeN,

Rollo
where (1[z] = — —2%)(%10 while (2[x] depends on the successive derivatives ﬁél) (), 1 > 2.

Moreover, the principal eigenfunction ¢*]i\4\, associated with 7“(]\/4\5), exhibits a concentration phe-
¢

nomenon in the set of resistance levels. More precisely, let us define * € N the unique point of N
such that, for each other point € N, we have ((;[z*]); > (¢j[z x]) ;. Such a relation is written in the sense
of a lexicographical order, that is, either (;[z*] > (1[z f or (C1[z ] Cilz]; Go[z*] > (2[x]), and so on. We
then have (see [16]), for all v > 0

/ ¢% dr = C(v,€) with C(1,€) = O (6%) as € =0,
R\B(z*,v) ¢
and for each continuous and bounded function f € C2(R) one has

lim/gb}i\/[\gfdx = f(z¥).

£—=0 Jr

In particular, the unique endemic equilibrium Eg = (Sg, I{(7, z)) at the within-host scale dynamics, when
K = Kg, is such that,

: = 1Sy . . .
1 dz = (|[Rollee — 1) 220 11,(-, 0, 2%)p, (%), Vi e T.
do [ Le(2)dz = (| Roll ) IRolle (0,2%)p;(x7), Vi

3 Model’s typical dynamics and discussion

We illustrate an example of typical dynamics that can be simulated by the nested model (1.1)-(1.3). The
model simultaneously captures the outbreak dynamics as well as the evolutionary dynamics of the average
resistance level within the host population. The within-host model parameters are basically the same as
in [17]. Intuitively there exist two threshold levels, assumed here 0 and 1 (called reference ”sensitive” and
"resistant” strains) such that, a strain with resistance level 2 can be classically referred to as ”sensitive”,
”intermediate”, or "resistant” depending on whether z < 0, 0 < x < 1, or « > 1. For sake of simplicity,
we assume that the host population is homogeneous in terms of immune system level, i.e., card(Z) = 1.
For all illustrative scenarios, we will assume that the disease is persistent in the host population, i.e., the
Rolloo > 1. The probability density functions at the within-host scale (J = J.) and the between-host
scale (K = K¢) are assumed of type (2.3) and (2.5) respectively.



Within-host parameterization.  The antimicrobial killing rate function k() is a decreasing function
x
with respect to the resistance level = such that, k(z) = ko (%) , where kg and k; are the antimicro-

bial activity undergone by the reference sensitive and resistant strains. Moreover, knowing pg and pq,
respectively the intrinsic growth rate of reference strains 0 and 1, a suitable expression for function of p

z7—1
is p(x) = pm [1 + (%%) (%2 . %) } , where p,, is the upper bound of the intrinsic growth rate p

and 0 < p; < pp < pm. The qualitative behaviour of functions k and p can be found in ([17], Figure 2).
Between-host parameterization. Transmission rates 8%,s and disease-induced mortality rates o
are assume of the form (1.4). The rate at which infected individuals are treated p?(-) is assumed to be
a decreasing function with respect to the resistance level . The main idea behind such an assumption
is that the probability of treating an infection with a given antimicrobial diminishes when the resistance
to this antimicrobial increases. By setting pjq. as the maximum treatment rate allowed in the host
population, the function p” is defined such that p? (—1) = 0.99 X Paz, and p? (1) = 0.5 X Pyaz. That is,

T — Pmax
P (@) 1+ (1/99) x 99(z+1)/2"

Next, let wpqe be the maximum influx rate between treated (I7) and untreated (IV) states in the
whole population. We assume that the rate at which infected individuals stop the treatment with a given
antimicrobial increases with the resistance level such that wg(—l) = 1073 X wyae and wg(l) = 0.99 X Wynaa-
That is, individuals with low resistance levels (x ~ —1) will mainly stay in the treatment regimen,
while those with higher resistance levels (z &~ 1) will leave the treatment with a higher rate such that,
wH(z) = Wmaz X fE(x), with fL(z) = [1—1—99*(96“)/2 X 999*(””*1)/2]_1. Finally, the rate at which
untreated infections become treated is such that wY () = wmae x (1 — fF(2)).

Initial conditions and model outputs. The initial bacterial population bg(:c) is assumed to be
composed by a sensitive bacterial population with average resistance level x = 0. Hence, we set bg(ac) =
mo XN (0, 09, x), where N (0, o¢, x) stands for the normalized density function of the Gaussian distribution
at x with mean 0 and variance 0(2). This means that the initial bacterial population is mostly composed
of the reference ”sensitive” strain. At the between-hots scale, the initial condition of the epidemiological
model is taken randomly.

Moreover, the within-host model (1.1) allows to follow evolutionary parameters such as the average level
of resistance for treated ( Ty and untreated (nY) bacteria. For individuals infected since time 7, this

d:c and nY (1) = [p2% i (Tx dz. At the between-host level, Model (1.2)-(1.3),
the average level of resrstance (n(t)) of the host populatlon at time ¢ is such that

reads as n’ fR

:Ufooo I (t, 7, 2)dr + [;° 1YV (t, 7, 2)dr
I(t)

x,

where I(t fo Jz (I T(t,r,2) + IV(t, T, a:)) dzdr. Two simulated scenario are then considered, the first
when the treatment is successful at the within-host level, and the second when the treatment failed at
the within-hots level.

Simulated scenarios. For all our simulated scenarios, the infection is assumed here to be always
unsuccessful for untreated individuals, ie., the immune system alone is no more enough to control the
infection such that max,cr N (z) > 1, leading to the bacterial persistence for untreated infections.

Our first scenario is for the case where the treatment is successful at the within-host level, ie
max,er NJ (r) < 1 (Figure 2C). In such a situation, the bacterial load is under control in the rela-
tively short term (Figure 2A). The average proportion of treated infections in the host population has a
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moderate impact on the average level of resistance in this population. Indeed, increasing the value of pyax
has a marginal effect on the evolutionary dynamics of the resistance level n (Figure 2D), and the average
resistance of the bacterial population is not higher compared to the one of the initial bacterial population
(Figure 2D). Because the epidemic is persistent at the between-host level, ie. Rg > 1, the outbreak will
be not under control whatever the treatment rate of the host population (Figure 2G,H,I). However, the
prevalence of the infection can be very small for some duration. Such a period during which the outbreak
remains under control strongly increases with the treatment rate of the host population (Figure 2G,H,I).
In the second scenario, the treatment is assumed unsuccessful at the within-host level, ie., max,cr NOT (z) >
1 (Figure 3C). In such a situation, the bacterial load also remains persistent for treated infections (Figure
3A). In contrast to the treatment success scenario (Figure 2), the average proportion of treated infections
in the host population strongly impacts the average level of resistance in this population. Indeed, increas-
ing the value of ppax has a strong effect on the evolutionary dynamics of the resistance level  (Figure
3D), and the average resistance of the bacterial population becomes much higher compared to the one
of the initial bacterial population (Figure 3D). Such an increase in the bacterial resistance level in the
host population strongly increases with the treatment rate of this population (Figure 3D). Similarly to
the previous scenario, the epidemic is persistent at the between-host level because Ry > 1, and so the
outbreak will be not under control whatever the treatment rate of the host population, but the prevalence
of the infection can be very small for some duration (Figure 3G,H,I). However, compared to the situation
where the treatment is a success at the within-host scale (Figure 2G,H,I), the frequency at which the host
population is treated has a marginal effect of such a period during which the outbreak remains under
control (Figure 3G,H,I).

Optimizing the treatment rate in the host population is key to controlling both the epidemic
outbreak and the average level of resistance. Increasing the treatment rate in the host population
contributes to reducing the epidemic size at the between-host scale whatever the treatment outcome
at the within-host scale (Figures 2G,H,I and 3G,H,I). This is mainly explained by the fact that, even
in the scenario of treatment failure, the within-host infection is under control for some period (Figure
3A), but the second phase begins with an increase in the bacterial population density (Figure 3A). In
contrast, increasing the treatment rate in the host population strongly increases the bacterial resistance
level in the case of treatment failure (Figure 3D), compared to the case of treatment success (Figure
2D) where the level of resistance remains very similar to the one of the initial bacterial population.
Therefore, depending on the treatment regimen introduced in the host population, it becomes necessary
and interesting to determine an optimal treatment rate for this population to control both the outbreak
as well as the average level of antimicrobial resistance.

Transitions between infected populations (treated and untreated) can impact the average
level of resistance. Assume the scenario where the treatment is successful at the within-host scale
(Figure 2A), and a high proportion of infected individuals is under treatment, pyq, = 0.9. While the
transition rates of the infected individuals between treated and untreated status have a marginal impact
on the host population’s epidemiological dynamics (Figure 4D,E,F), the situation is quite contrasting
with the evolutionary dynamics of the average resistance level (Figure 4A). Indeed, even in the case of
treatment success at the within-host scale, increasing the rate at which the host population can move
from a treated infection to an untreated infection, and vice-versa, contributes to having a much higher
average resistance level in the host population compared to the initial resistance level (Figure 4D).

Nested models parameterization issue. Explicitly connecting the within- to and between-host scales
are crucial to gain a more realistic picture aiming to integrate into the same modelling framework the
epidemic dynamics and the evolutionary dynamics of antimicrobial resistance. However, such an approach
requires making assumptions about the parameters at the within-host scale that are equally unknown
as the parameters at the between-host scale and hence leading to uncertainty about the appropriate
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parametrization [44]. Such uncertainty is amplified by our approach where the level of resistance is
considered a continuous quantitative trait, compared to the classical qualitative (or ”binary”) approaches
[17].

Time-scale separation hypothesis. Within the context of nesting within- and between-host scales,
for the modelling of the epidemiology and evolution of pathogens, some studies assumed that the epi-
demiological and evolutionary time scales are distinct, ie., the within-host dynamic is fast relative to the
between-host dynamic such that the within-host model remains at equilibrium, eg. [2, 3, 7, 11, 23, 47].
Although such an assumption on the within-host equilibrium dynamic’ might be appropriate for chronic
infections, it leads to a population-scale model that does not explicitly account for the individual time-
dependent infectiousness dynamics [26]. Furthermore, our illustrative examples (Figures 2,3) strongly
highlight the infectiousness’ time-dependency of infected individuals and show that the within-host dy-
namic is not necessarily faster compared to the within-host dynamic.

4 Preliminaries and technical materials

We will go through details on the proof of our main results, namely Theorem 2.7. We will first discuss the
existence of a positive global solution of the nested model. Next, we will give details on the derivation of
the basic reproduction number of System (1.2)-(1.3) for individuals with an immune system of level ¢ and
resistance level x. We will also derive the existence of a unique endemic equilibrium of System (1.2)-(1.3)

—

when r(M) > 1, as well as the long-term persistence of the epidemic in such a case.

4.1 Existence of the semiflow

By setting S(t) = (Si(t))iez, Li(t, 7, 2) = (IF(t,7,2), IV (t,7,7)) and 1(t, 7, 2) = (L;(t, T, 7))iez, it is useful
to write System (1.2)-(1.3) into a compact form. That is,

S(t) = A — S(t) /R A(t, z)dx — ppS(t),
I(t,7 = 0,2) = A(t, ) diag(S(t)) p(2), (4.1)
(0 + 0;) I(t, T, x) = diag(® (T, 2))I(t, T, x),

where A\(t,z) = [p K(z —y) 32, [~ (Bi(bi(T, ), Li(t, 7, y)) drdy, A = (Ai)iez, p(z) = (Pi(2))iez, and
‘I)(T, .T) = (‘I)Z‘(T, x))iEI~
Next, we establish the existence of a positive global solution of the system (4.1). We first formulate
system (4.1) in an abstract Cauchy problem. For that, we introduce the Banach space X = R" x
LY (R,R?") x L'((0,00) x R, R?"), endowed with the usual product norm || - ||x as well as its positive cone
X,. Let A: D(A) C X — X be the linear operator defined by D(A) = R™ x {01} x WH1((0, 00) x R, R?")
and
A(S,0.,1) = ( — 1nS,—1(0, z),— 8,1 + diag(®(r, :n))I). (4.2)

Let us introduce the non-linear map F' : D(A) — X defined by

F(S,0;:,1I) = <A — S(t)/R)\(t,x)d:L‘, A(t, x) diag(S(t)) p(x), OLI((O7OO)XR’R2n)> .

By identifying ¢(t) together with (S(¢),0;1,1(t,-,-))! and by setting ¢, = (So, 071, Io(+,-))! the associated
initial condition, System (4.1) becomes

dfh@ — Ap(t) + F(p(t)), (43)
¢(0) = ¢,
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Figure 2: Dynamics of the nested model when the therapeutic treatment is successful. (A,B) Distribution
of the bacterial population (treated and untreated) with respect to time 7 and resistance level z. (C)
The basic reproduction numbers at the within-host level N (x) and NV (z), with and without drug
respectively. (D) Time evolution of the average resistance level 7(t) of the host population. (E,F)
Distribution of the infectious individuals (treated and untreated) with respect to time ¢ and resistance
level z. (G,H,I) Time evolution of the proportion of individuals with respect to the treatment rate.
Parameter values are (og, mg, ko, p1/po, k1/ko) = (0.05,0.05,20,0.5,0.3) and A = 5ed, up = 5.2675e — 2,
Bo = 1.848¢ — 3, ag = 7.5¢ — 2, Winae = le — 3, 79 = 9e2.
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Figure 3: Dynamics of the nested model when the therapeutic treatment failed. (A,B) Distribution of the
bacterial population (treated and untreated) with respect to time 7 and resistance level z. (C) The basic
reproduction numbers at the within-host level N (z) and NV{/ (z), with and without drug respectively.
(D) Time evolution of the average resistance level 7n(t) of the host population. (E,F) Distribution of
the infectious individuals (treated and untreated) with respect to time ¢ and resistance level z. (G,H,I)
Time evolution of the proportion of individuals with respect to the treatment rate. Parameter values
are (o9, mo, ko, p1/po, k1/ko) = (0.05,0.05,3,0.5,0.01) and A = 5ed, pj, = 5.2675e — 2, By = 1.848e — 3,
ag = 7.5 — 2, Wmar = le — 3, 79 = 9e2.
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Figure 4: Dynamics of the nested model when the therapeutic treatment is successful and the maximum
treatment rate py,q. is high. (A) Time evolution of the average resistance level 7(t) of the host population.
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By setting Xy = D(A) and Xy = Ap N A4, the positivity and boundedness of the solutions of System
(4.1) are provided by the following result.

Theorem 4.1 There exists a unique strongly continuous semiflow {¥(t,-) : Xo — Xo},>q such that, for
each Lpo € Xot, the map ¢ € C ([0, 00), Xg+) deﬁned by cp \Il(-,cpo) is a mild solution of (4.3). That

is, fo s)ds € D(A) and ¢(t) = o + Afo s)ds + fO p(s))ds for allt > 0. Moreover, {¥(t,-)},
satzsﬁes the following properties:

1. Let ®(t, o) = (8(t), Op1, I(t, -, )", then the following Volterra formulation holds true for all i € T

I (r, 7 — t,x) Lip(T — t, ), if t<m,
Ii(t,T, x) = (4.4)
Hi(Tvovx) pz(I) )\(t—T,CC) Sl(t_T)7 Zf t > T,

coupled with the S;(t) equation of (4.1).
2. For all ¢y € Xy, and for allt > 0, one has

Z( // ITtTJ:)—i—I (t7x))d7dac><max{u

1€

( Zo+// )+ IY(r, ))dea

(4.5)

€T

where A = > ict Ni. Furthermore, the subset of the phase space

Z (S,-(t) +/R/OOO (IZ-T(t,T,.T) +1Y(t, T, x))d7da:> < ;\h}

— {(S,I) € R™ x L'((0,00) x R,R*")
€L

1s positively invariant and attracts all nonnegative solutions.

3. The semiflow {¥(t,-)}, generated by (4.1) is bounded dissipative, that is, there exists a bounded set
B C Xy such that for any bounded set U C Xy, we can find o = o(U,B) > 0 such that ¥(t,U) C B
fort>o.
Proof. 1t is easy to check that the operator A is a Hille-Yosida operator. Then standard results apply
to provide the existence and uniqueness of a mild solution to (4.1) (we refer to [34, 43] for more details).
The Volterra formulation is also standard and we refer to [32, 46] for more details.
The S; equation of (4.1) gives Sj(t) < Aj — upSi(t), that is

A;
Sl(t) < max {, ig} .
[h

Next, for estimate (4.5), let ¢, € Xo+, then adding up the S;,s equation together with the I s and
IV s equations of (1.3) yields for alli € T

% (Si(t) n /R /0 h (If (t,r,2) + IV (t, T, x))drdx) < Ni—pinSi()—pun /R /0 b (IZ-T (t,7,2)+1Y (¢, 7, x))dex.

It comes

hmsupZ( // (IF(t,72) + IV (t, 7,2 ))del‘) <£

t—o00

From where one deduces estimate (4.5) and which ends item 2. of the theorem.
The bounded dissipativity of the semiflow {¥(¢,-)}, is a direct consequence of estimate 2. |
By using the similar method as in [8] (see Lemma 2.1), the following result is straightforward.

Lemma 4.2 Denote II;(a,b,x) = (Hk (a,b x))k L with k,j € {T,U}. For fized b > 0, there exists some
7-]
constants yo > 0 and y1 > 0 such that
’70<H (a byx) <yie” #n(a= b)<'yl,

forallieZ, k,je{T,U}, z€R and a >b.
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4.2 The basic reproduction number

In the absence of infection, that is I(t,7,2) = 0, the system (4.1) has a disease-free equilibrium (DFE)
given by E? = (8°, 011((0,00)xR,R27)), With S® = (Ai/pn);ez- Let ©;(t, ) be the number of new infections
in the host population of group ¢ at time ¢, and with resistance level x. Then in an initially infection-free
population, by (4.1), we have

O;(t,x) = A(t,x) SO (/K:U Z/ Bkkay)Ik(tTy))dey> S’?,
ker

where (-;-) is the usual scalar product.
Linearizing the Volterra formulation (4.4) at the DFE, it comes

(7,7 —t,2) Ino(7 — t, 2), if t<r,
Ik;(t,T,.I) —
At —7,2) SY (7,0, 2)py (), if t>T.

From where,

Oi(t,x) = /R K(x—y) (SOZ / A(t = 7,9)S] (Br(be(7,)), L (7, 0,)py >>df> dy + filt,z), >0,

kel

—/RK(a? - (SOZ/ (B (b (1,y)), Ik (7,0,9)px(y)) Or(t — 7, y)d7'> dy + fi(t,x), Vt>0,

kel

where f;(t,x) is the number of new infections produced by the initial population. Therefore, the basic
reproduction number R () of individuals of group i is calculated as

Ria /K ©— ) Ro(y)dy,
where

Ry(e) = S0 [ (B4(0n(rue) M. 0.2)py () dr = 0 30

kel keT

4.3 Proof of Theorem 2.6

The equilibrium of system (4.1) is obtained by solving the following system
0=A S*fR/\* z)dz — pp S,
IZ‘(T = 0, z) = pi(x) A" (2) 57, (4.6)
O L (1, x) = (w(7,2) — ay(bs(7, 2)) — pw) 17 (7, 2),

where

/Kx— 2/ (B.(bi(r,y)) T (7, y)) drdy,. (47)

€L
Solving (4.6) for S} and I} yields
A
Sf = : 4.8
i+ fp A*(2)dz (48)
and
L (7, x) = A™(2) 57 ILi(7, 0, 2) p;(2). (4.9)
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Replacing (4.9) and (4.8) in (4.7) leads to

(14t [ w@0) v = [ K= 9 RaloN ()

where Ry is given by (2.4).
The above equality rewrites

MM](z) = (1 ot /R A*(z)dz) M (@), (4.10)

where M is the operator defined by

—

Mlg] : L'(R) > () — /R K(- - ) Ro(y)p(y)dy € L'(R).

___ Therefore, the existence of A* > 0 is strongly related to the spectral property of the operator M. Since
M is positive, compact and irreducible, then from the Krein-Rutman theorem (see [18]), there exists an
eigenfunction ¢* € L'(R), ¢* > 0 normalized by ||¢*||;1 = 1 such that

M(g*] = r(M)e".
From (4.10), we find

—

r(M) =1+ p,* / A (z)dz and A = o7, (4.11)
R

for some constant ¢* > 0. It comes that ,uh(r(]\/i) —1) = [z A*(2)dz > 0, that is 7‘(]\/4\) > 1. To compute

c¢* > 0, we replace \* = c*¢* in r(]\/i) and we obtain

¢ = pn(r(FD) - 1).

It follows that system (4.1) has a unique positive endemic equilibrium when (M) > 1, such that Vi € Z,

S = —= and I(7,2) = c"¢"(x)5] ILi(7, 0, 2) p;(z),

where ¢* = pp(r(M) —1).

4.4 Technical materials

Before proceed to the proof Theorem 2.7, we introduce some technical materials including the existence
of a global compact attractor for the solution semiflow of Model (4.1), the spectral properties of the
linearized semiflow of Model (4.1) at any given equilibrium, and the uniform persistence of Model (4.1)

—

when r(M) > 1.

4.4.1 Global compact attractor

To derive the global properties of the solution dynamics, it is necessary to show that the semiflow generated
by system (4.1) has a global compact attractor. Denote by

Y=R"x L'(0,00) x R,R*) and Yy =R" x L ((0,00) x R,R*"),

and endow the set ) with the norm

[CHIEOIESS (w + [0 [ (o1 x>|)dxdf) .

1€T
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For any initial condition ¢, € Y, the solution semiflow of system (4.1) in YV, is denoted by ¥*(t,¢,) =
(S(t),1(t,-,-))". From the Volterra formulation (4.4), we rewrite system (4.1) as follows :

Sz<t) = Ai — Sz(t) /R )\(t,x)da: — ,u,hSi(t),

(7 2) = (7,7 —t,x) Th(r —t x)+HZU(T,7'77§,$)I1%(7'725,1:), if t<r, (4.12)
L IT; (7',0 :E))\(t—T x) Si(t — 1), if t>7, ’
1V (trx) = OVp(r, 7 —t,2) Lo(r — t,2) + MYy (r, 7 — t,@) I (1 — t,2), if t<T, (4.13)
L 1Y (7,0, 2)A(t — 7, 2) Si(t — 1), if t>r, '

where
HzT(Ta 07 (IZ) = HZ:T(Ta 07 $)p?($)+HZU<T, 07 x)pg(x) and H?(Tv 07 1’) = HiU,T(Ta 07 m)p?(x)—i_HgU(Ta 07 x)pgj(w)
We need to prove the following claim.

Claim 4.3 Let Assumption 2.1 and Remark 2./ be satisfied. Then, Y € R, function (-, x) is Lipschitz
continuous on L'(R).

Proof of Claim 4.3. et Co 2 max {2, gl }, 18illoc = max { 18 lloos 187 loe } and 18lloe = ez [18illc-

By Theorem 4.1, for all # € R and i € J, there exists a bounded function Q;(z) > 0, @Q; € LY(R) such
that [;° [IF(t,7,2) + I (t, 7, 2)|dT < Q;(x). Let t > 0, h > 0 and & € R. It comes that

At + h,x) — At, z)

:Z/ (r,2),Li(t + h, 7, 2)) dT+Z/ (1,2), Li(t + h, T, z)) dT—Z/ Li(t,7,2)) dr

i€ €L €L

= Z/ (Bi(1,2),IL(1,0,2)L;(t + h — 7,0, x)) dT+Z/ (Bi(1,2), Li(t+ h,7,x))dr

1€T 1€
-y / (47 2)) dr.
1€
Since the semiflow is bounded, we can find Q(z) = [ K )Q(y)dy > 0, Q(z) = Y,c7 Q;(x) such that

At + h,z) — A(t, )
< Col|BlIA,Q( h-l—Z/ Bi(t+h,z),L(t+h,m+h,x) dT—Z/ J(1x), Li(t, 7, x)) dT.

i€ i€L

Recalling (4.4) and combining the integrals, we obtain

Nt+ha) = A(ta) < CollBIZQ h+2/ (Bi(r + h,x), (W(r + h, 7, ) — DLi(t, 7,2)) dr
1€

+Z/ (Bir + h,x) — By(r,2), Li(t, 7, 7)) dr

€L

CollBIEQE+ 3 [ (Bir + o). (e = )Lt 0)) dr

i€l

IN

+Z/ Bi(T + h,x) — B(7,x), Li(t, 7,x)) dr.

€T
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We have |ye##" — 1| < 41 pph. Using the Lipschitzianity of 57, we find a positive constant C such that
At +h,a) = At,2)] < CollBl5Q@)h + || BllornmQ(a)h + CQ(z)h < Cx(a)h,
where Cx(z) = Col|B[%.Q(@) + || Blloctnn Q(z) + C5Q(2). u

Next, we will show that system (4.1) has a global attractor. By using the similar method as in
[8, 10, 37], we can state the following result.

Lemma 4.4 There exists Ay, a compact subset of V1, which is a global attractor for the solution semiflow
of system (4.1). Moreover, Aq is invariant under the solution semiflow, that is

T (t,00) C Ao, forevery ¢y€ Ay, Vt>0.

Proof. We show that ¥* satifies the assumptions of Lemma 3.2.3 and Theorem 3.4.6 in [24]. To this
end, we split the solution semiflow into two parts. For any initial condition ¢y € V4, we let W*(¢, ) =
‘I’*(t7 SOO) + lI’*(t7 QOO>7 where

~ [ (Ogn,071), t> T, ~ [ (S@),I(t,T,x)), t>T,
¥ (¢ o) —{ (Ogn, I(t, 7,2)), t<T, and ¥ (t, ) = (S(t),0.1), t< T

In such a way, we need to prove the following claim :

Claim 4.5 (1) \/I\l*(t, po) = 0 as t — oo for every ¢, in ).

(2) For a fized t and any bounded set B in ), the set {\TI*(t, po) : po € B} is precompact.

Proof of Claim 4.5. Now, we show that the first claim holds.
From (4.12) and Lemma 4.2, we have

19 (t, o) | = Z// (177 ¢ 7. 2) ¥ (7, )] ) drc

1€

= Z/ / ZT t,x) +H£{T(T,T—t, )15 (1 — t,z)drdx

1€L
—l—Z// ZU7‘7‘—t:U)+H (=t ) I3 (r —t,2)drdz
1€
< 2y g -

Define k(r,t) = 2ryie #nt. Then, k(r,t) — 0 as t — oo and H\/I\'*(t,cpo)H < k(r,t) for ||¢gll < 7. This
complete the first claim.

To show that the second claim holds, let B C ) be a bounded subset such that ¥*(¢,-)B C B. Choose
Co > 0 such that ||| < Cp for all ¢, € B. From Theorem 4.1 Item 2, Uy, cp{S(t)} is bounded in R™

and then is precompact in R™. Hence, to show the compactness, it suffices to show that the set \Tl*(t, po)B
is precompact for

~ B { I(t,r,z), t>T, (4.14)

It 7,2) = 071 t<rT.

By Frechet-Kolmogorov theorem (see Theorem B.2 in [41]), it is sufficient to verify the following conditions

(i) sup Sier o oo (IT (t,7,2) + I (t,7,$))d7dx < 00,

(ii) (h}ﬂi)m P i (]IT (t, 7, x)| + | IV (¢, 7, 2 )\)dex = 0 uniformly with respect to ¢, € B.
,K)—00
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(iii)( Jim Sier Je 57 (,ﬂtm) ZT(t,T+h,m+kz)\+|ZU(t,T,x)_ZU(t,T+h,x+k)\)drdx:o

umformly with respect to ¢y € B.

(iv) " kl)lH% YoicT fo fo (|IT (t,7, )| + | IV (¢, T, x)])dex = 0 uniformly with respect to ¢, € B.
,k)—(0,0)

By (4.14) and Lemme 4.2, we have for all i € Z

Ti(t,T, )_ { ()\)ithT, :E) Si(t*’r) Hi(’T, 0,x)pz(I), i;:) } S 'Yle_uhTCiOHBHOOQ(x) pi(x)’

where Q(z) = [ K )Q(y)dy. It follows that above conditions (i), (ii) and (iv) are satisfied.
Now, we show that condltlon (737) holds. We have for i € Z,

// I (t, 7+ hyx + k) — I (t, 7, 2)|drdx
= // I (t, 7+ b+ k) — I (t, 7,0+ k) + TN (¢, 7+ k) — I (t, 7, 2)|drde
< // I (t, 7+ b,z + k) — f;r(th—l-k]dex—l—// T(t, 7,2+ k) — I (t, 7, 2)|drdz.
On the one hand, we have for h < ¢,
// I (t, 7,2+ k) — I' (¢, 7 + h,z + k)|drdz
t—h
= // ‘HiT(T,O,a:—i—k)/\(t—T,x—i—k:)Si(t—T)—HiT(T—i—h,O,x—i—k))\(t—T—h,x+k)Si(t—T—h) drdz
R Jo

t
+/ / ‘HZT(T,O,QU—Fk))\(t—T,:C—l-k)Si(t—T)‘dem
t—h

< /R/Oth e PNt — T, + k)Si(t —7) |1 — HZLI(;F—(—;?):Z’-T-_I:)]{;) drdz
+/R/Ot h71 e—uhrﬂg:(;’éjgi‘l:k ‘)\ e RSt —T) = At — 7 — hyx+ K)Si(t — 7 — h)|drda
+/ /t ‘H%,o,x FRINE — 7, + k)Si(t — T)]dfdx
= Oyt ht) | Os(t,h) + Cs(t, h).
Note that

C t h < C,L o KUhT k 1_ (3 ) )
1 (2, )_/0 7 Cio [|Bllo € /RQ(“’H )' 7 (7,0, + k)

dzdr -0 as h—0 (4.15)

and

t
C’g(t,h)://th‘H;-F(T,O,m—i—k:))\(t—T,:U—l—k)Si(t—T)‘demS%CiOH)\HLlh—>O as h— 0. (4.16)
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07 (r+h,0,z+k)

From Lemma 4.2, there exists a constant § > 0 such that T (r0.04 %)

< 6. Hence,

t—h T
Calt,h) = // vy e 1L “*hox“f‘x o R)Si(t—T) — At — T — hya + B)Si(t — 7 — )| drdz

Il (r,0,z + k)

IN

t—h
715// e*”hTSi(t—T)‘)\(t—T,x—Fk)—)\(t—T—h,x—Fk)‘dex
R Jo

t—h
Y
R JO

t—h
s 5
(moCalCaluh +molCsn) [ etrar < 22 (Colcal + A1 C )
0

(t—7) — Si(t— 7 — h)’de:r

IN

where Cs, = A; + Cio(||Al|p1 + pn). It follows that
5
Os(t,h) < 11 ( CiollCallpr + A2 Cs, )h 50 as h—0. (4.17)
h

On the other hand, we have
| [ ek - I radrds
R Jo

= / / Si(t — T)‘HZT(T,O,.’L' + kNt — 7,z + k) —II7 (7,0, 2)A\(t — 7, 2)|drdz
0
t
< / / Mt — 1,2+ )Si(t — DT (7,0, 2 + k) — T (7,0, 2)|drda

t
+/ / Si(t — L (1,0, 2)| A\t — 7,2 + k) — ANt — 7, 2)|drdx

0l (r,0,z + k)
< 00 PAT k —1j{drd
< CiomllBll //6 Qx + )‘ 07 (r,0,2) rdx
+Ci071// e "INt — T,z + k) — At — 7, 2)|drdx
7 k
< Zmuﬁnoo// om0 x+k)‘ ”(0 = ) 1’d7dm

+CZO’}/1H>\”L1||T]€[ ] K”Ll(R / e Mth,r,
0

where T}, is the translation operator in L', i.e. Ty[v] = v(- + k) for each v € L(R). It follows that

|| e k) = ) idrda

T 7,0,z + k Ci
< CimlBlle / / ”h@xw)] il ) 1‘de$+ O Rs TK] = Kigay 0 s

I} (7,0, )
By (4.15), (4.16), (4.17) and (4.18) one concludes that the criterion (ii¢) holds, and then the second claim
holds. ]
This completes the proof of the lemma. ]

4.4.2 Spectral properties of the linearized semiflow

The next result is concerned with spectral properties of the linearized semiflow ¥ of Model (4.1) at a
given equilibrium point ¢ € Xp;. The associated linearized system (4.1) at the point ¢ reads as

d‘f;f) = (A+G[@)e(),
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where A is the linear operator defined in (4.2) while G[p] € L(Xp, X) is the bounded linear operator

defined by :
—S/ d:U—S/
CPIe =1 N diag() p(2) + \(z) ding(S) p(a) |
OLl((o,oo)xRR?n)
where \(z = R EK@—y) > Jo° < ,9)), L(r, )>d7’dyand)\ = [ K(z—y) >, [y~ (Bi(bi(1,y)), Li(r,y)) drdy.

We then have the following lemma.

Lemma 4.6 Let us set Q = {v € C : Re(v) > —pup}. Denote by ¥ the spectrum of A+ G|e] in Q. Then,
Y is the set of v € Q such that there exists a positive functional \ € L}F(R) for which

~ [BIA( ) Ja A(z)dz
AMzx) — Lo Az =0,
(x) [“"“”uwhw& dz

where for all 1 € L'(R),
- /R K (z - y) Ry [@](y) v¥(y)dy.

with Ry [@)() = Sicz Si 5 (B:(bi(r,2)), TLi(r, 0,2)py(2)) €7l

Proof.
Let us denote by Ag : D(Ag) C Xy — Ap the part of A in Xy = D(A), which is defined by

Aop =Ap, Vo e D(Ay)={pecD(A) : Ap € D(A)}.

Then, it is the infinitesimal generator of a Cp-semigroup on AXp denoted by {Ta,(t)}i>0. Let ¢ =
(S,0.1,1(+,-))". We find that
t
(e—uht& 0r1 (g ,r2n), (7, 7 — t,2) I(7 — 1, x)) , Vt<T,
Ta,(t)ep(T,2) = {

t
<€_”hts, OLl(RJRQn), OLI(([)’OO)XRJR%L)) , vVt > T

Then, for t > 79, we have | Ta,(t — 70)pllx < e #E=)|p||lx,Vt > 10. We deduce that the growth

~ (HTAO(t)”E(X) . . : : 3l
rate wo(Ap) = tilgloo ; of this semigroup satisfies wo(Ag) < —up. Since operator G;[@] is

compact, the results in [4] or [19] apply and provided that the essential growth rate of {T (A+G[@))o (t)} .
t>

the Cp-semigroup generated by the part of (4 + G[@]) in Xy satisfies
WO,ess((A + G[SB])O) < WO,ess(AO) < WO(AO) < —Hh-

By results in [21, 45], the latter inequality ensures that Q N o (A + G[@]) # 0, and it is only composed of
point spectrum of (A + G[@]).

It remains to derive the characteristic equation. Let v € p(A + G[p]), where p(-) stands for the
resolvent. For § = (S,q,1(-,-))" € X and ¢ = (S,0.1,1(-,-)) € D(A), we have (v — A — G[@])p = P,
that is (vI — A)p — G@]p = P, and from where

p=wl—A)"p+ Wl - A) 'GP (4.19)

~ ) t
wi— Ay ip= 2 , O R, (H( 0,2)d; + / I, s,xﬁ@-(s,x)e”('”dS) ,
vitbn ). . 0 ieT
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we find that

(vl —A)~

'Glple =

Thus, for all i € Z, equality (4.19) rewrites as

(14

/ ~

Si

(—Si Jr A(z)dz — §; Je A dx)
V4 Up ieT
NOLl(R,RQ”) B
(6_”'1'12‘(., 0,z) (Si/\(x)pi(x) + Si/\(x)pi(sc)))iel
Je A=)z 4 SifpA@)de _ 5,
V+ ' v pn _V+Mh’
S; fR)\ z)dx

Si=

v+ g Ma)d

T v+pn+ Jo Ma)da

Substituting (4.20) into expression for A\(x), it comes

/Kx_

_ fR K(z —y)R.[p (y

~ B (4.20)
L(r,2) = eI (r,0, ) (S~A<sc>pi<ar> + SA@PA@) + ¢TI, 0,03
+ Jo Ii(7,s,2)Li(s, x)e —v(T=9)ds.
@l(y) Ay)dy + 2@ VRAPIW) Aly )dy/)\(:v)d:c (4.21)
v+ T+ fR z)dz R

v+ i+ Jg Az)d
where R, [ Z S; /
€L
Jo TLi(7, s, 2) (s, z)e " (T9)ds.
Settmg,

the above equality rewrites

Az) = Lo[plA(z) +

with /(3,l(z) = 242k

LBRE [

/Kx— Z/ (Bi(bi(7.9)), ¥:(7,y)) drdy,

€L

(T :I:)) HZ(T,O,ZE)p,L(x» e " dr and yi(Tax) = e_m—Hi(T?Oax)ai +

= [ K6 R 60 w22)
Lo[@IA(z) e 115, Sl

v+ i+ Jg M dz/ A(@)de = f15,2)(x), (4.23)
— ) Yier Jo (Bi(bi(7,9)),¥:(7,y)) drdy. -

5 Proof of Theorem 2.7

To study the local stability of the disease-free equilibrium of System (4.1), we have to know the structure of
spectral properties of the linearized semiflow of System (4.1) at the disease-free equilibrium E°. Recalling
Lemma 4.6 at the disease-free equilibrium E°, the set of characteristic value is given by

Li=o(A+GEY) = {veC : 1ea(L,[EY)},

where £,[E°] is defined in (4.22).

In the following, we will use elements of positive operator theory on ordered Banach spaces (see [27]).
Next, we give some properties of £, [EY].
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Lemma 5.1 Let Assumption 2.1 and Remark 2.4 be satisfied. Then the operator L,[E°] is compact and
non-supporting for all v € R.

Proof. Under Assumption 2.1 and Remark 2.4, it is easy to see from the well-known compactness criterium
in L' that the operator £, [EO] is compact for all v € C. Next, for v € R, we can be checked that

LB > (Gy,0) e, ¢ €LL(R), e=1€Li(R), (5.1)

where G, € (L'(R))’ is a positive linear functional defined by

(G ) =0 /R K(z—y) (Z 50 /O (Bt )), piw) d) (y)dy,

ieJ
with vg given in Lemma 4.2. Moreover, for any n € N, we have
LyE = (G ) (Gue)" -e.

Hence, we obtain (G, L2THE ]y)) > 0, n > 1 for every pair 1 € L1 \ {0}, G € (L})’\ {0}, that is £, [E]
is a non-supporting operator. ]
Moreover, we have the following lemma.

Lemma 5.2 Assumption 2.1 and Remark 2./, the following holds :

(i) ¥ = o,(A+ G[E’]) = {1/ eC: 1€ ap(ﬁ,,[EO])}, where 0,(T") denotes the set of point spectrum of
the operator T'.

(i) The spectral radius v(L,[E°]), v € R is strictly decreasing and,

lim 7(£,[E°]) = +oo0 and lim r(L,[E°])=0.

V——00 v—+400

(iii) There exists a unique vy € RNYE such that

g >0 Zf ’I”(ﬁo[EO]) > 1,
r(L,[E')) =1 and Svy=0 if r(Lo[E’]) =1,
vo <0 if r(Lo[EY]) <1

(iv) vo > sup {%Ru Lven\ {VO}}.
Proof.
(i) Since £,[EY] is compact, o(L,[E’])\ {0} = 0,(£,[E°]) \ {0}, hence (i) follows.

(ii) Let f : R — C, v = r(L,[E%)) and vi,15 € R such that v; < vp. Since R,[EY] is strictly
decreasing with respect to v € R, it follows that R,,[E°] > R,,[EY], that is, £,,[E°] > L,,[E°].
Since £,,[E°] and £,,[E] are compact and non-supporting operators, we deduce that (£, [EY]) >
(L, [E%) i.e. f(v1) > f(v2). Hence, the function f is strictly decreasing. Moreover, let ¢, be
the positive eigenfunctional of £,[E°] that corresponds to the eigenvalue (£, [E’]). From (5.1), we
have 7(L,[E°]) (¢y, 1) > (G, ) (¢y,e). Taking ¢ = e, it follows that 7(L,[E’]) > (G,,e) — +oo
as v — —oo. Hence, ngoor(ﬁl,[EO]) = +00. Since ||£,[E°]||;1 — 0 when v — +o00, then we obtain

lim 7(£,[E°]) = 0. This ends the proof of item (i7).

v—400
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(iii) The limits of the function f at —oo and +oo give that there exists a unique vy € RN X such that
(L, [E%]) = 1. It follows that if 7(Lo[E"]) > 1 then f(0) > f(vp) which implies that 14 > 0 because
the function f is strictly decreasing. If r(£o[E°]) < 1 then f(0) < f(vp) which implies that v < 0.
Finally, r(Lo[EY]) = 7(L,,[E°]) = 1 implies vy = 0. Hence, item (iii) follows.

(iv) We can use the idea in Proposition 3.3 in [27] to show result (iv). Let v € 3. There exists
¢* € L'(R) such that £,[E%)¢* = ¢*. We have, |¢*| = |£,[E°|¢*| < Ly, [E?]|¢*|. Let ¢g(,) be the
positive eigenfunction associated to the eigenvalue r(Ly,)[E %1) of the operator L) [E°]. We have

)2 19°1) < (0me) > LA |) = 1(Lru) (B {6y  [67). This implies r(Ly)[E%]) > 1
ie. f(R(v)) > f(w) and therefore, R(r) < 1. To end the proof of this item, let us show that if
R(v) = 1o then v = 1y. We know that [¢*] < Ly, [EO]\¢*| = L, [EY]|¢*]. If £, [E%]|0*| > |¢*],
taking duality pairing with the eigenfunctional G, correspondlng to the eigenvalue r(L,,[E’]) =1
on the both sides yields (G, , L,,[E%)|¢*|) = (Guy , |¢7]) > (G » |¢*]) which is a contradiction.
Hence, £,,[E°]|¢*| = |¢*|. Then, it follows that there is no element v € ¥ such that R(v) = vy and
v # .

We can state the following threshold criterion from the above result.

Lemma 5.3 The equilibrium @ = (S, I(-,-)) is locally asymptotically stable if r(Lo|@]) < 1 and unstable
if r(Lolep]) > 1.

Proof. From Lemma 5.2 items (7i7) and (iv), we deduce that sup {3%(1/) :1le Jp(ﬁl,[cfa])} = vg. Thus
s(A+ Glo]) = sup{?R(y) 1 e UP(EV[QNO])} < 0if r(Lol]) < 1 and s(A + G[p]) = Sup{%(u) i 1e
op(Lo[@]) } > 0 if r(Lof@]) > 1. .

5.1 Proof of Theorem 2.7 (i): global stability of the disease-free equilibrium

When the initial condition of System (4.1) satisfies @y € OM, i.e., > .7 [o° (Bi(bio(T, 2)), Lig(r,2)) dT =
0, by Claim 5.5, it comes that the semiflow ¥ (¢, ¢) generated by system (4.1) is such that tlim W(t, o) =
—00

(S°, 011 (r,R2n), 011 ((0,00)xR.R27))-

The local stability of the disease-free equilibrium E® is a direct application of Lemma 5.3. Indeed,
at E°, we have Lo[E'] = M. Tt follows that r(Lo[E°]) = r(M). From Lemma 5.3, we deduce that
if 7“(/\) = r(Ly [EO]) < 1 the disease-free equilibrium is locally asymptotically stable and unstable if
r(M) = r(Lo[E"]) >

It then remain to prove the global stability of the disease-free equilibrium when 7’(]\//] ) < L.

Theorem 5.4 If r(M ) < 1 then, the disease-free equilibrium E° = (S, 011 ((0,00) xR R2n)) Of system (4.1)
1s globally asymptotically stable.

Proof.
Using the Volterra formulation (4.4) in A(¢, x), it comes

At z) = /R K- Y / " (Bybr(r. ) Tu(t 7, ) drdy
—/RK(:L" - (Z/ (Br(bk(1,9)), Ik (7, 0, )Py (y)) Sk(t — T)A(E — 7, y)dT + fi(2, y)> dy

S/RK(JC— (SOZ/ (B (b (7, y)), g (7,0, y)py(y )M(t—ﬂy)errfk(t,y)) dy,
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where

fult,x) = / " Bulbn(r, ). Trolr — t,2)) dr,

with tli)m fr(t,x) = 0. It follows that

A% ()

IN

/K z = y)A(y (Zsk/ (B (b (, y)),ﬂk(T,O,y)pk(y»dT) dy
< / K(z - ) Ro(y)A\=(y)dy,
R

where A\*°(z) = tlim sup (¢, z). We obtain
—00

A®(2) < MA®)(). (5.2)
Since r(]\/i) < 1, then we have A*°(z) = 0. It follows from (4.4) that 1im Ii(t,7,x) =0 for all i € Z. This

A
implies that hm A(t,z) = 0. Then, we are easy to obtain that hm Si(t) = —. Hence, we prove the
L,

global attractlwty of EY. Combining with the above local Stablhty of E°, we obtain that E° is globally
asymptotically stable. This completes the proof. [

5.2 Proof of Theorem 2.7 (ii): uniform persistence

Our next technical material concerns the uniform persistence of Model (4.1) when r(]\/i ) > 1 by using the
method developed in Theorem 5.2 in [41]. For the invariant sets of uniform persistence, we introduce

M =R" x {OLl(R,RQ”)} X M[, and OM = X0+\M,

where

M]—{IELl((Ooo ) x R,R?") /Z/ (B;(bi(1, ) (,x))d7da:>0}.

1€

For the unique solution ¢ = (S,0;1,I) of system (4.1) associated to the initial condition ¢, =
(S0,071,Ip(-,-)) € M, we define ¥(t,py) = (S(¢),0.1,I(¢,-,-)) the semiflow of Model (4.1) passing
through ;. Next, we first claim that

Claim 5.5 The subsets M and OM are positively invariant with respect to the semiflow ¥(t,-) generated
by system (4.1). Furthermore, tlim U(t, ) = (S, Or1(rR2n)> 0L ((0,00) xR Rgn))T for each ¢y € OM.
—00 ’ ’ )

Proof of Claim 5.5. Let ¢y = (So, 071, Io(:, '))Tie M be given and W (t,p,) = (S,0.1,1(t,-,-))T, the
orbit passing through ¢,. Since ¢, € M, then fR A(0,z)dx > 0. Through a direct calculation, we have

OA(t,z) = / K(x — Z/ (B;(bi(T,y)), 0 Li(,y)) drdy,
1€l
> —(@o +wo + ur)A(t, ),
where @ = max{al, al} and wy = max{w¥,w}}. Thus, one obtain that

A(t, ) > e~ @Fwotnn) x(0, z) > 0,

for ¢ > 0. This complete the fact that M is positively invariant.
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Now, let ¢, € OM. Since for all i € Z, S;(t) < S? as t is large enough, the comparison principle
implies that _
Lit,rx) <IL(t,7,z), Viel, (5.3)

where I;(¢, 7, %) is the solution of the following system

-

~i(t7 T =0, :L') - pi(.Z')X(t, x)sl()’
L;(0,7,2) = Li(r, x), (5.4)

O+ o) Li(t, 1, 2) = (w(T,2) — ai(bi(7,2)) — pp)Li(E, T, x).
By the Volterra formulation, we have from (5.4) that

Tt - IL(r, 7 — t,z) Lio(T — t,x), if t<m,
AOTE = I, 0,2) py() SO Nt — 1, 2), it >

where A(t,z) satisfies

Nta) = [ Ko=) 380 [ 800 Talr.0.0)pu) Mt = vy

kel

—i—/RK(x—y)Z/too (Bu(be (7)) T (mo 7 — £,y Tgo (7 — 1)) drdy.

kel

The initial condition with Z/ (B (b (T, 2)), Lo (7, z)) dT = 0, leads to
kez”0

Ntva) = [ (e =0) 3088 [ (Bu0u (). Tl 0,)pi(0) Mt = 7o)y

kel

Since A(0,-) = 0, we have A(t,-) = 0 for all ¢ > 0, and then L;(t,,-) = 0 for all i € Z and ¢ > 0. The
comparison in (5.3) implies that I;(¢,-,-) = 0 for all i € Z and ¢ > 0 and then OM is positively invariant
under the semiflow ¥ (¢, -). In addition, it is clear for the solution remaining in OM, we have for all i € Z,
S; — SY. Hence, tli>nolo W(t,p) = (SO,OLl(RJRQn),OL_IF((()’OO)XR’RQn))T for each ¢, € OM. This ends the
proof of Claim 5.5. n

Finally, we end this technical material section by establishing the uniform persistence of system (4.1).

Theorem 5.6 The semiflow {¥(t,-)}i>0 generated by system (4.1) is uniformly persistent in M with
respect to (M, 0M), that is, there exists a constant n > 0 such that for each @, € M,

liminf S(t) > n,

t—o00

and

—

liminf || I(¢,-, )| ;1 >n whenever r(M) > 1.
t—ro0 +
Furthermore, there exists compact global attractor Ay in M for the semiflow {¥(t,-)}i>0-

Proof. In the following, we will prove that W*({E°}) N M = ), where
WH{EY}) = {pg € Koy + lim ¥(t,09) = E°}.

Since from Claim 5.5 the disease-free equilibrium EU is globally asymptotically stable in M, we need
only to study the behavior of the solution starting in M in some neighborhood of E°. To this end, it is
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sufficient to show that there exists o > 0 satisfying for each ¢ € {v € M : |E® — v|| < ¢} there exists
to > 0 such that || ®(¢,¢,) — EY|| > o.

By the way of contradiction, suppose that for each integer n > 0 there exists a ¢ = (Sg,0.1,1f) €
{veM : |E° —v| < o} such that

1
B - (e gf) < Ve 0.

Denote ¥(t, () = (S™(t),0.1,1I"(¢,-,-)), then for all ¢ > 0 we have

1
S"(t)—8S% < ——, Vt>0. 5.5
n+1

It follows that for all 4, we have SP'(t) > SP — n%_l for all ¢ > 0. Consider the following system

(O + 0;) 1" (t, 7, x) = diag(® (7, z)) I" (¢, T, x),

I"(t,0,2) = \"(t, x) dlag(S"(t ) p(x),

Sn( ): 0 In( ) (a ), ( 0718)6-/\47
Wheretfb(r,a:) = (®i(7,2)); with ®;(7,2) = w(r,z) — ai(bi(T,x)) — pp, p(x) = (P;(z))i, \"(t,x) =
Z/o (B, (bi(,x)), L' (t, 7,2))ydr, S§ = (Siy): and If(-,-) = (Ij(-,-))i- By the comparison principle, we

have
-
I

In(t"v') = (t,',’), (5'6)

where iﬂ(t, -,+) is the solution of the following auxiliary system

(8 + 0) T (t,7,2) = diag(®(r, 2T (¢, 7, ),

~n n . 1

I'(t,0,2) = \"(t,z) diag <S - n+1[> p(z),

I (07 ) ) - Ig('v ')7

which gives for all ¢,
0+ 0T, (t,7,2) = ®i(r, 2)T; (¢, 7, ),
~n 1
. prm— n Q— — .

T (1.0.0) = X'(ta) (87 5 ) ) (5.7
I; (07 K ) = Z)(? )

For ease of notation, let us rewrite the system (5.7) as the following form :

dvi(t)

22 = (A4 L) Vi), vezo, (5.8)

v;'(0) € D(g”) the closure of D(A™) = {011 (rr2) } X WH1((0,00) xR, R?), where v} (t) = (0L1,i?(t, o))t
and the operators A” and E" are defined as

E;L(op,i?)z( 10,2), —o.1, +<I>(m)i”7)

()

and )
E?(OLMT?) = <)\n(75733) <S? T ax 1> pi(z) OLI((O,oo)xR,R2)> .
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Note that the semigroup {T( Ang E”)(t)}t>o generated by (5.8) is irreducible. Similarly to the proof of

Lemma 4.6, we can derive the set of characteristic values for system (5.7) as

En:—{VE(C:leap(EV[EO— ! ID} (5.9)

n+1

Since r(]\//.T) = 1r(Lo[E’]) > 1, there exists a n > 0 large enough such that
T(]\/Z =1Ly |E® - LI > 1
n) — 0 n+ 1 .

n+1
1 with v > 0. v}, > 0 is a simple dominant eigenvalue of (ﬁ? + E?) From Lemma (4.6), we have shown

Therefore, from Lemma 5.2, there exists a dominant eigenvalue v} of ¥,, such that r (EV;; [EO - L7 D =

that woess(Al' + L") < —pp. Moreover, the semigroup {T( Any E?)(t)}tzo is irreducible. It follows from

Corollary 4.6.8 in [35] that {T( dng E")(t)} . has asynchronous exponential growth with intrinsic growth
i i t

constant v € R. Therefore, using Theorem 3.9 in [33], we have

M =10, T

T (A2 (1)

— VAT
(g?_i_z?)o (t) =e¥ HVZ? Vit > 0,

and there exist constants ¢y > 0 and 79 > 0 such that

1T,

(g 2y (8) (L= T )| < moes = (I =L )ll, vt >0,

where ﬁ,,;; is the projector on the generalized eigenspace associated with the largest eigenvalue v} > 0.
We deduce that

~ *

I 07 (1) = € Ty T
Since v > 0, it follows that tlim Hﬁ,,n 0 (t)|| 1 = +oo. Therefore, tlim T, (t,-,)||;1 = +oo and from
—00 —00
(5.6), we have 1tlirn L7 (¢, -, -)|| L1 = 400, which is a contradiction to the boundedness of the solution. Thus,
—00

WS({E’}) N M = ) and we derive from Theorem 4.2 in [25] that the semiflow {®(t,-)};>0 is uniform
persistent with respect to the pair (M, dM). Moreover, by Theorem 3.7 in [36], there exists a compact
global attractor A; C M for the semiflow {¥(t, -) }+>0. ]
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