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Abstract

Understanding both the epidemiological and evolutionary dynamics of antimicrobial resistance is a
major public health concern. In this paper, we propose a nested model, explicitly linking the within-
and between-host scales, in which the level of resistance of the bacterial population is viewed as a
continuous quantitative trait. The within-host dynamics is based on integro-differential equations
structured by the resistance level, while the between-host scale is additionally structured by the time
since infection. This model simultaneously captures the dynamics of the bacteria population, the
evolutionary transient dynamics which lead to the emergence of resistance, and the epidemic dynamics
of the host population. Moreover, we precisely analyze the model proposed by particularly performing
the uniform persistence and global asymptotic results. Finally, we discuss the impact of the treatment
rate of the host population in controlling both the epidemic outbreak and the average level of resistance,
either if the within-host scale therapy is a success or failure. We also explore how transitions between
infected populations (treated and untreated) can impact the average level of resistance, particularly in
a scenario where the treatment is successful at the within-host scale.

Key words. Antimicrobial resistance; Evolutionary dynamics; Nested models; Non-linear dynamical
system.

1 Introduction

Antimicrobial resistance (AMR) is one of the major challenges we face in the modern area [27]. An
antimicrobial substance is a chemical agent interacting with the physiology of a bacterial cell. The
antimicrobial activity on a given bacterium’s (S) is an increasing function of its concentration in the
medium (C), such that S(0) = 0 and S(C) — Ssat as C — Cgsat, Where Sgay and Cgag are saturating
constants. This intuitive approach implies that there exists C* in (0,Csat) such that S (C*) is equal
to the intrinsic rate of increase and reverses the growth of a bacterial population. Such a threshold
concentration at which a bacterial population does not grow (at least in in wvitro) is called the Minimum
Inhibitory Concentration (MIC). The level of resistance to a given antimicrobial is then a continuous trait
by nature referred to as antimicrobial quantitative resistance (QAMR), at least at the population level,
and gAMR is key to better understanding the evolutionary dynamics of AMR [16]. Here, we introduce
a quantitative descriptor x € R —a label of the bacterial strain with resistance level z— describing the
level of resistance. Most of the modelling approaches devoted to AMR tackling the case of qualitative
(or “binary”) resistance are generally based on the dynamical interaction between two parasite strains
resulting in a discrete and finite formulation of MICs [5]. This analysis ignores the evolutionary short-term
transient dynamics which lead to the emergence of resistance (eg., [10, 11, 14, 26, 28, 36, 39]).
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Here, we proposed a nested (or embedded) model explicitly linking the within- and between-host
evolutionary dynamics. Such a nested structure is particularly important because, over the past few
decades, it is clear that ecological and evolutionary dynamics are influenced by processes operating across
scales [18]. Very few studies considered the continuous nature of AMR in the context of this work (eg.,
[16]), and few studies have implemented a nested model in this context so far (eg., [4, 37]). The bacterial
population is assumed to be phenotypically (and genetically) diverse through the level of antimicrobial
resistance x. This quantitative trait affects different components of the bacterial population life cycle,
such as growth and death rates. In addition to those effects on the death and birth rates, bacterial
population resistance level also mitigates the antimicrobial efficiency with respect to that population.
From a theoretical point of view, properties of the within-host model proposed here are based on previous
analytical quantitative genetics results developed in [7, 15].

An integro-differential equation is used to model the within-host dynamics of the bacterial population.
Such a within model formulation is previously proposed in [16]. Each host individual is classified as either a
treated host, labeled as T', or an untreated host, labeled as U. The model tracks the dynamics of a bacterial
population within a treated host (b”) or an untreated host (bV). At time 7, the bacteria density with
resistance level y € R within a treated and untreated host is quantified by b7 (7,y) and bY (7, y) respectively.
The subscript ”¢” (with ¢ € Z = {1,2,--- ,n}) represents an individual immune system and then allows
taking into account the immune system heterogeneity in the host population. A bacteria with resistance
level y generate offspring with resistance level = at a per-capita rate J(x —y)p(y)b? (7, y), where p(y) is the
bacterial intrinsic growth rate, and J(x — y) is the probability for a bacterial population with resistance
level y to mutate towards a level  during the reproduction process. Therefore, the total number of bacteria
produced at time 7 with a resistance level x is quantified by ( + fR b19 (1,x) dm) fR )bﬂ(v' y)dy,
where k is a positive parameter. The parameter £ > 0 is introduced to impose the bacterlal population
homeostasis. The within-host model reads as

) = 1
-+ B@)”
b7(0,-) = bo ("),

0.0 (7, x /R J(@ — y)p(y)bY (r.y)dy — £ (@) (7, 7).

(1.1)

where Bﬂ fR bl9 (1,x)dz, is the total bacteria load. The term f? accounts for the individual clear-
ance of bacterlal cells with resistance level x, either by the immune system (u;) or by the efficiency of
antimicrobial pressure (k). Thus, £ (x) = p;(z), for untreated host, and £ (z) = p;(x) + k(z), for treated
host. Here, it is assumed that bacteria are subject to a biocidal antimicrobial pressure, ie. killing and not
diminishing the birth rate of bacteria. Note that, the within-host model (1.1) allows to follow evolutionary
parameters such as the average level of resistance for treated (z7 (7)) and untreated (zV (7)) individuals
T-time post infection given by

b?(T, x)
x
R B?(T)

() = dz, 9e{T,U}.

At the between-host scale, the host population is subdivided into three states. At any time ¢, an
individual —with the immune system’s response level i € Z— can be susceptible to the infection S;(t)
or infected I?(t,7,2Y(7)), ¥ = {T,U}. The variables 7 and #?(7) respectively represent the time post-
infection and the average resistance level of the infected host. It is important to clearly understand the
meaning of infected individuals I”(¢,7,zY(7)). Indeed, each infected individuals is potentially infected
with multiple bacteria strains with variable frequencies and resistance levels. Therefore, i‘f (1) represent
the individual resistance level quantified by the within-host dynamics through the above formula. How-
ever, for simplicity, and without loss of generality, we will note I7(¢,7,2?(7)) = I?(t,7) for ¥ € {T,U}
and 7 € 7.

Individual transmission and loss rates at the between-host scale, T-time since infection, 5}9 (1) and
O[?(T), are linked to the within-host dynamics at time 7. As an example, these parameters can be



represented as Holling functions of type II (or similarly the Beddington-DeAngelis functional response)
such that, for all ¥ € {T,U},

BoBY (1)
ro+ BY(7)

ao By (7)

d o?(r)= —/— 2
and o} (1) r0+B;9(T)

B (r) = +77(7), (1.2)
where Bp and «q are scaling constants, and rq is the half-saturation constant for the total bacterial load
BY. Note that, for the loss rate of infected individuals oY, the term agBY /(ro + BY) represents the loss
due to the disease induced mortality while 17 is the loss due to recovery. We can assume that the function

7Y is of the form

i (1 ;
2 )—{ 0, it BI(r) > Brmin, (1.3)

1, if BY(7) < Bmin,

where B,,i, is the threshold below which the infection becomes undetectable such that the infected
individuals is considered as recovered.
The force of infection induced by infected individuals at time t is then given by

=3 [T ) + B

€T

The nested model proposed here then makes it possible to simultaneously track the epidemiological
dynamics of the host population as well as evolutionary quantities such as the average level of resistance
at both the within- and between-host scales. Such an approach is original and to our knowledge, no study
has considered nested models for the evolutionary dynamics of AMR, viewed as a continuous quantitative
trait.
The dynamics of newly infected individuals (i.e. 7 = 0) in each group (treated or untreated) is thus
defined by (for 9 € {T,U})
I (t,7 = 0) = @/ AD)SH(D), (1.4)

where qiT € (0,1) is the treatment rate in the host population and qu =1- q;-[. During their infection,
treated individuals can stop the treatment at rate wg(T), and untreated infections can join the treated
group at rate w¥ (7). The loss rate of infected individuals 7-time post infection occurs at rate o (7).
Susceptible individuals are recruited at a constant rate A; and the natural death rate of the host population
is pp. The between-host model then reads

Si(t) = Ai = Si()A(t) — paSi(t),
O+ 0r) I (t,7) = — (af (7) + wir(r) + ) I (8, 7) + WP (1) I (¢, 7),
0+ 0r) I (t,7) = — (af (1) + 7 (7) + ) I (8, 7) + wi () I (8, 7),
Si(0) = Sio, I{(0,7) = Iy(7).

Finally, the nested within-host (1.1) and between-host model (1.4)-(1.5) are summarised by Figure 1.
The main variables and parameters are listed in Table 1. We emphasize that the dynamical properties
(that we will recall later) of within-host model (1.1) are precisely analyzed in [16]. Therefore, our main
objective here is devoted to the analysis of the nested model (1.1)-(1.5).

The rest of this work is organized as follows. In Section 2, we state the main results of the nested
model that are obtained in this work. These include the existence of the globally defined non-negative
semiflow and the existence of the unique positive equilibrium for the within-host model, and global
threshold analysis results for the between-host model. The model’s typical dynamics are provided in
Section 3. This includes the within- and between-host models parameterization and the characterization
of the evolutionary parameters such as the average levels of resistance. In Section 4, we delve into the
effects of various parameters on the equilibrium structure of the host population, along with addressing
the parameterization issue within nested models. Section 5 focuses on providing preliminary results.



Between-host Within-host

Treated infectious

I7(t,7 = 0) o (7) s
l As = gl Si(H)A(t) W /j%c-{g%'_—--y)p(y)b?(ﬂ y)dy
i) o “{ ]“ S
start stop | ;
l”h I7(t,7 = 0) al () + E b?(’]’, (L‘) =

= g/ Si(t)A(t)
Untreated infectious

_ 0 aT T U U Immune response ;(z) and
M) = Z/o 85 (ML (8 m) + B2 (Mt 7)ldr antimicrobial activity k(z)
T=time since infection
i=host immune response levels
z=resistance level

N S

BY, a? are functions of the within-host dynamics’
¥ € {T,U}, T=treated and U=untreated

Figure 1: Flow diagram of the nested model. Within-host model: The number of bacteria produced
at time 7 with resistance level z is s bi‘(r ) fj;o J(z — y)p(y)b? (1,y)dy, where J(x — y) is the

probability for a bacterial with resistance level y € R to mutate towards a level x € R and p(y) is the
bacterial intrinsic growth rate. Bacterial cells with resistance level x, within an individual with immune
system level i are cleared either by the immune system at rate p;(x) or by the antimicrobial efficiency at
rate k(r). Between-host model: Susceptible individuals are recruited at a constant rate A;. I7(¢,7)
and I7(t,7) are respectively treated and untreated infected individuals at time ¢, which are infected since
time 7. The force of infection in the whole population at time ¢ is A(t) = Yo7 [0~ [BF (1) I} (¢, 7) +
BY(T)IY (t,7)]dr, with 8Y(7) the disease transmission rate of an infected individual 7-time post infection.
At the time ¢, new infections occur at rate A(t)S;(t), and are either treated with a probability ¢! or
untreated with a probability qu =1- qiT . The natural death rate of individuals is up. If infected since
time 7, the loss rate is o (7). Untreated individuals, and infected since time 7 start the treatment at rate

i
wY¥ () while treated individuals stop the treatment at rate wf; (7).

Specifically, it addresses the existence and uniqueness of solutions, derivation of the basic reproduction
number, and the existence of a unique endemic equilibrium for System (1.4)-(1.5). Finally, Section 6 is
devoted to the proof of the global asymptotic results.

2 Main results

This section is devoted to the main results of the nested model (1.1)-(1.5). Such results include the
existence of the unique maximal bounded semiflow, and a precise description of the unique positive
equilibrium of Model (1.4)-(1.5). By providing global stability results, we will also conduct a precise
threshold analysis of the between-host model (1.4)-(1.5).

First of all, for biological feasibility of the nested model (1.1)-(1.5), we make use of the following
assumptions. More precisely, the within-host model (1.1) is formulated based on the following assumption

Assumption 2.1 1. Functions u;, k, §f, and p are always positive on R, with 9 € {T,U}. Further-
more, p is a bounded function on R and x > 0. Finally, the function 5% is continuous on R and
satisfies & >0 and lim £ (z) =0.

& || =00 &

2. The mutation kernel J is bounded and integrable on R™, positive almost everywhere, and satisfies
Jg+ J(x)dx >0, J(—z) = J(x), for all .



Table 1: Within- and between-host model variables and parameters

Notations

t Time

T Time since infection (infection age)
T Resistance level

) host immune response level

Model state variables

Within-host

bl (7, 2) Bacteria density with resistance level x at time 7 in a treated host.

v (r, ) Bacteria density with resistance level x at time 7 in an untreated host.
Between-host

Si(t) Susceptible humans at time ¢

II(t,7) Treated infected humans, infected since time 7

IY(t, 1) Untreated infected humans, infected since time 7

Model parameters

Within-host

K Limitation on bacterial growth factor

J(x —y) Mutation probability from resistance level z to y per cell division
p(x) Intrinsic growth rate of bacterial population with resistance level x
k(x) Killing rate of bacterial population with resistance level = due to drug
i () Individual clearance rate of the bacterial cell with resistance level x

due to the immune response
Y(z) = pi(x) Bacteria clearance rate with resistance level = in untreated hosts
T(x) = k(z) + pi(z) Bacteria clearance rate with resistance level z in treated hosts

due to the immune response and drug
Between-host

BY(r), v € {T,U} Transmission rate of infected individuals
(1), 9 € {T,U} Loss rate of infected individuals
w (1) Rate of treatment cessation
w¥(7) Rate of treatment start
qZ-T Proportion of treated hosts
V=1-4 Proportion of untreated hosts
A; Recruitment rate of susceptibles
Lh Human natural death rate




3. The mutation kernel J decays rather rapidly towards infinity in the sense that J(x) = O (|x‘100> as

|z| = oco. In other words, lim |z|"J(x) =0, for alln € N.
|z|—o0

Furthermore, the between-host model’s parameters satisfy the following assumption.
Assumption 2.2 1. Recruitment rate A; (i € T) and natural death rate pp, are positive constants.
2. The treatment rates ¢V (i € T, 9 € {T,U}) are positive constants.

3. The rates wg, wg belongs to L>=(R,.), with respective essential upper bounds w{,, wg and positive

essential lower bounds gg, gg.
4. Parameters Y and of (i € Z,9 € {T,U}) are such that 57,a? € L®(R,).

5. The transmission rates Bf (+),s are Lipschitz continuous almost everywhere on R .

2.1 Summary key findings on the within-host dynamics

The dynamical properties of the within-host model (1.1) have been precisely investigated in [16]. The
first result of Model (1.1) is about the existence of the unique maximal bounded semiflow. Such a result
reads as,

Theorem 2.3 Let Assumption 2.1 be satisfied. Let b% € L}r. Then,

1. There exists a unique global solution v(-,b%) : [0,00) — LY (R) of (1.1) with v(0,bly) = bY% and
v(7,b%) = bY(1,-) for all T > 0.

2. The semi-flow defined by {v(r, bfo)}T is bounded dissipative and asymptotically smooth, and hence,
its admits a global attractor in L} (R).

3. The semi-flow {v(7,b%)} is such that for any by € L1 (R)\ {0}, b?(r,2) >0, for all 7 > 0, z € R.

The basic reproduction number /\fi% — defined as the expected number of bacteria arising from one
bacterium in a bacteria-free environment— of the bacteria population with resistance level x, within an
individual with immune system level i, is calculated as

ND\(z) = 59(2), for ¥ € {U, T (2.1)

Next, a non-trivial equilibrium of Model (1.1) is strongly related to the principal eigenpair of the
below linear integral operator HY defined on LP(R) (for any p > 1), by

HY[?)(z) = \/N(2) /R J(@ =)y N () o (y)dy. (2.2)

We then have the following result.

Theorem 2.4 Let T(Hf), the spectral radius of the operator Hf, and ¢ > 0 the associated eigenfunction
normalized such that ||¢||1 = 1.

1. When r(H?) < 1, the bacteria-free equilibrium F is the unique equilibrium of Model (1.1).



2. When r(HY) > 1, in addition to F}j, Model (1.1) has a unique equilibrium F? > 0 such that

—=0

7 (2) = (’I“(H?)); -1 o(x)

fe 75 )\ fp@)g @)

Furthermore, the semi-flow {v(r, bfo)}T is uniformly persistent, that is, there exists a constant n
such that for any by € LY (R)\ {0}, the unique solution v(t,b%) = bY(7,) of Model (1.1) with
initial data bl satisfies li_>m inf |67 (7, )|z > 7.

T o

(2.3)

3. The bacteria-free equilibrium Fi% of Model (1.1) is asymptotically stable if T’(Hlﬂ) < 1 and unstable
if r(HY) > 1.

4. When r(H?) < 1, the bacteria-free equilibrium FZ% is globally asymptotically stable in LY (R), that
is, for any solution bY (t, ) with initial by € LY (R)\ {0}, we have b (r,) = 0 in LY (R), as T — oo.

We recall that the within-host model (1.1) is precisely analyzed in [16]. We then refer to Appendices F-I
in [16] for the detailed proof of Theorem 2.3 and 2.4. Note that the linear operator HY naturally emerges
when characterizing the positive equilibrium of the within-host model (1.1) [16].

Furthermore, the estimate (2.3) gives that the endemic equilibrium Ff of the within-host model (1.1)
basically relied to the principal eigenfunction of the linear operator H? for any given probability kernel
J satisfying Assumption 2.1. However, the profile of the endemic equilibrium Ff with respect to x € R
can be precisely described when the mutation kernel J depends on a small positive parameter (let say
e << 1) with the scaling form

Je(x) =M (e ), (2.4)
where € > 0 represents the mutation variance in the phenotypic space. More precisely, when € > 0 is
small, then the endemic equilibrium Ff concentrates on the set Sf defined by

S/ ={z e R NH@) = [Nl }

The set SY is referred to as the set of Evolutionary Attractors (or dominant strains) of the within-host
model in the classical adaptive dynamics theory (eg., [20, 35]). Furthermore, when the function N is
at least of class C!, with a finite number of maximum, it is shown in [15] that these dominant strains
coincide with the set Sf . Denoting by Hgg, the operator Hl’g —by replacing the kernel J by J.— by results

n [15] (Theorem 2.2), the spectral radius T‘(H;?E) of Hga satisfied, for ¢ sufficiently small
9 9 2 9
r(HY.) = (Mo(x*)> +O(e), forallz* €S

By the above estimate, sign {r (HEE) - 1} = sign [M%(:p*) —1], for all 2* € and e sufficiently small.
Furthermore, if ¢ < 1, SY = {27} and Njj(z}) > 1, then the unique positive stationary state F? = F?a,
given by (2.3), of the within-host model (1.1) is concentrated around the evolutionary attractor x; in the
space of resistance level R. In other words, x; is the average bacterial resistance level at the within-host

scale equilibrium and we have lim. ¢ [ u(a:)F?E(x)x = u (z}) for any continuous function u € C (R). We
refer to Theorem 2.3 in [15] for such a concentration phenomenon.
2.2 Key findings of the nested within- and between-host dynamics
At the between-host scale, by setting S(t) = (Si(t))iez, Li(t,7) = (I (t,7), I (¢, 7)), I(t,T) = (
. 0 w9 (r
au(r) = ding(al (1).al (7). i(r) = (1) (7), @ = (alaf)o wir) = () <07 ). and



e= <(1] (1)>, System (1.4)-(1.5) rewrites into the following compact form,

S(t) = A = S(HA(t) — unS(1),

I(t,7 = 0) A(t) diag(S(t)) a, (2.5)
(O + 0-) I(t, 7) = (—diag(®(7)) + diag(w(7))) I(t, 7),
where A(t) = >, fo (B;(7), Li(t,7))dr, A = (Ay)iez, 4 = (q;)iez, ®(T) = (Pi(7))icz, With ®;(7) =

oy + ) |
Using the next-generation operator approach (eg., [12, 25]), the basic reproduction number R{ of the
whole infected individuals of group ¢, is given by

’uhZ/ (B (1), (7,0)qy) dT = — ZX’“

kel keI

where

o = /0  (By(r), (7, 0)q) dr,

and where II;(72,71), 0 < 71 < 75 < 00, is the evolutionary system generated by the linear operator
[—®,(7) + w(7)]; see Remark 2.5 for some details on IT;. Moreover, the basic reproduction number R
at the whole between-host scale is such that

Ro :Zﬁxz« = X xR, (2.6)

ez Hh ieT ‘ZkGI Xk

Overall relative infectiousness
of individuals of group 7.

We refer to Section 5.2 for details of the computation of R%,S and Ryp.

Note that the parameter y; quantifies the overall infectiousness of the whole infected individuals of
group k € Z. A more explicit expression of the infectiousness xy is difficult to obtain in general. However,
one can go further steps in some particular configurations of the treatment status transition rates w(7).
Indeed, assume that we can find 79 > 0 and 7; > 0 such that

0, f < 7o,
Ww¥(r) = { oL TS0 and wl(r)=0, for, T <79+ (2.7)
wy, for mo<T<TO+ T,

In the above scenario, the regimen (0, 7p)-post infection may corresponds to the initial phase where each
infections, either treated or untreated, remain to their initial treatment status. The second regimen
(70,70 + 71)-post infection may corresponds to the phase during which previously untreated infections
becomes treated while treated infections remain to their initial status. In such a configuration, we have
(see Section 5.2 for details)

i = qu;{ i q’(cJX]ICJ ! (e—ck(T(H-Tl)) ’

with ¢, = pp, + inf, a¥ (7) + inf, oZ (1),

To+T1 T0+71 T Fk7T T
&= [T @ @ e [ ) [ oD g,

0 T Flf’T(n)

70 TO+T1 Fk’UT
& = [Cer @ st [ s oo D,
0 T0 F]f (TO)



and

7y = e e Jo k@A e (T, U},

T
T8 () = em@Fmre= Jg ok (@)do T (1) — =T Jg af(0)do,

= o

Note that parameters I‘O s and F Y S are survival probabilities during phases (0, 79) and (79, 70+ 71)-post
infection of infected indiv1duals of group k € Z, treated (¥ = T') or untreated (¥ = U).

Remark 2.5 Let II;(m2,71), 0 < 71 < 19 < 00, the evolutionary system generated by the linear operator
Ai(1) == —=®;(7) + w(1). It means that I1; is generated from the following evolutionary system

(O + 07) Li(t, ) = Ai(T)Li(t, 7). (2.8)
If, for example, the linear operator A; is diagonal, we have

Li(t,7) eld ANt — 7.0) = IL(r,0)Li(t — 7,0); t>7
(t.7) = .,
efT,tAi(n)dﬁ[i(()’T —t) =IL(r,7 — ) ;(0, 7 — t); t<T.

In such a configuration we explicitly have IL;(19, 1) = ef Ai(mdn . Howewver, obtaining an explicit expres-
sion for II; may not always be straightforward or possible in general. A naive approach would be to solve
problem (2.8) as above, but it is well known that such an exponent formula does not give a solution to the
problem at hand.

In addition to the disease-free equilibrium ~the DFE- E° = (SY, 071((0,00),R27)), With S® = (Ai/pn)icrs
which is always an equilibrium of Model (1.4)-(1.5), this model also exhibits an endemic equilibrium given
by the following result

Theorem 2.6 Let Assumptions 2.1 and 2.2 hold. If Rog > 1, then system (1.4)-(1.5) has a unique
endemic equilibrium E* = (S*, I'(1)), such that Vi € Z,

0
Ro

7
where A* = pup(Ro — 1).
Therefore, the threshold dynamics of Model (1.4)-(1.5) is summarized as follows

Theorem 2.7 Let Assumptions 2.1 and 2.2 hold. Then,

(i) IfRo <1 ory ez [~ (Bi(7), Lio(7)) dT = 0, then the disease-free equilibrium E° = (8Y, Or1((0,00),R2m))"
of system (1.4)-(1.5) is globally asymptotically stable in the sens that

lim (Si(t)alg(t7')7lg(t7‘))‘ = E07

t—o0 i€L
where the above convergence holds for the topology of R™ x L*((0,00), R?").

(i) If Ro > 1 and Y ;7[5 (Bi(7), Lio(T)) dT > 0, then the endemic equilibrium E* of system (1.4)-(1.5)
1s globally asymptotically stable that 18,

lim (Si<t)7[g<t7'>vll](t"))‘

t—00 i€l

for the topology of R™ x L'((0,00), R?").



3 Numerical illustrations

Here, we present a series of numerical simulations employing semi-explicit finite difference numerical
schemes. We refer to [13] for an example of a code repository within the context of the model proposed
here. We illustrate an example of typical dynamics that can be simulated by the nested model (1.1)-
(1.5). The model simultaneously captures the outbreak dynamics as well as the evolutionary dynamics of
the average resistance level within the host population. The within-host model parameters are basically
the same as in [16]. Intuitively there exist two threshold levels, assumed here 0 and 1 (called reference
"sensitive” and "resistant” strains) such that, a strain with resistance level 2 can be classically referred to
as "sensitive”, ”intermediate”, or "resistant” depending on whether x < 0, 0 <z < 1, or x > 1. For sake
of simplicity, we assume that the host population is homogeneous in terms of immune system level, i.e.,
card(Z) = 1. For all illustrative scenarios, we will have Ry > 1 such that the disease is persistent at the
between-host scale (Theorem 2.7). The probability density function at the within-host scale (J = J;) is

2\ 2
assumed of type (2.4). Specifically, we define J, as a Gaussian distribution J.(x) = ﬁe_%(g) , where
€ > 0 represents a small parameter that signifies the mutation variance within the phenotypic space.

Within-host parameterization.  The antimicrobial killing rate function k(-) is a decreasing function
T
with respect to the resistance level x such that, k(x) = ko (%) , where kg and k; are the antimicro-

bial activity undergone by the reference sensitive and resistant strains. Moreover, knowing pg and pq,

respectively the intrinsic growth rate of reference strains 0 and 1, a suitable expression for function of p
7 —1

is p(z) = pm [1 + (pnz)i;po> <£—(1) : %) } , where p,, is the upper bound of the intrinsic growth rate p

and 0 < p; < po < pm. The qualitative behaviour of functions k and p can be found in ([16], Figure 2).

We assume that the clearance rate of the bacteria cell due to the immune response, u(-), is a constant

function given by p(z) = p. Furthermore, the average fitness cost-benefit ratio of resistance within a

log(A) A = Pm=p1)/p1
log(1+9) " (Pm—p0)/pPo

cost of resistance, while § = k(’k;lkl > ( measures the fitness advantage of the reference resistant strain
(see [16] for details).

bacterial population can be expressed as ¢, = Here, > 1 quantifies the relative

Between-host parameterization. Parameters 6;9 and oz? are defined using Holling type functional
responses introduce by (1.2). For all simulations, the threshold By, introduced by (1.3), below which
the infection becomes undetectable such that the infected individuals is considered as recovered is fixed
as Buin = 1073 By, with By = B(0) the initial total bacteria load. The total bacteria load (BY (7)) and
the recovery probability (1 — exp(— fOT 7P (s)ds), T-time post infection, are illustrated in Figure 2.

Furthermore, an untreated infected individual joins the treated compartment when her total bacteria
load is above a threshold (1 + 6) By, with # > 0. Therefore, the influx rate from untreated to treated is
assumed to be a function with respect to time 7 and is defined as follows

[0, if BY(r)<(1+6)Bo,
”g(”—{ L it BY(r) > (1+6) By (3:1)

Similarly, we assume that an infected individual under treatment can drop down such a treatment
when the bacteria load reach the same range as before the treatment. Therefore, the influx rate from
treated to untreated is given by

T . O, lf BT(T) SBO,
wo ) _{ 1, if BT(r) > By. (3:2)
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Figure 2: Illustration of the within- and between-host parameterization of infected individuals, either
untreated —U, under treatment failure —TF, or under treatment with success —T'S. (A) The total bacteria
load BY(7). (B) The recovery probability 1 — exp(— [; 7 (s)ds

Initial conditions and model outputs. The initial bacterial population b§(x) is assumed to be
composed by a sensitive bacterial population with average resistance level x = 0. Hence, we set bg(a:) =
mo XN (0, 09, x), where N (0, 0g, ) stands for the normalized density function of the Gaussian distribution
at x with mean 0 and variance 0’%. This means that the initial bacterial population is mostly composed
of the reference ”sensitive” strain. At the between-host scale, the initial condition of the epidemiological
model is taken such that the susceptible population starts close to its disease-free equilibrium. More
precisely, assuming an initial infection prevalence denoted as Prey = 10%, we derive the initial susceptible
population as Sy = (1 Prev) , along with the initial distribution of infectives which consists of I7' (1) = 0

and IJ (1) = Prey 2 ™ L(7) for all 7 > 0. Here, L(7) = 10In(10) x 10717 and it is important to note
that L symbolizes the arbitrary initial distribution of individuals who have been infected since time 7.
This distribution is scaled so that fR T)dr = 1.

The average level of resistance at Wlthln—host scale (n(t)) of the host population at time ¢ is such that

o0 T T U T
o= [ (0 e+ at e T fé’) Har

7 s are the individual average level of resistance and I(t fo (I T, )+ 1Y(¢, T)) dr.

where z

Simulated scenarios. Two simulated scenarios are considered, the first when the treatment is success-
ful at the within-host level, and the second when the treatment failed at the within-host level. For all
our simulated scenarios, the infection is assumed here to be always successful for untreated individuals,
ie., the immune system alone is no more enough to control the infection such that max,cr NOU (x) > 1,
leading to the bacterial persistence for untreated infections.

Our first scenario is for the case where the treatment is successful at the within-host level, ie., the
basic reproduction number of treated individuals NV is such that max,cg Ni () < 1 (Figure 3C). In such
a situation, the bacterial load is under control in the relatively short term for treated individuals (Figure
3A), while it remains persistent for untreated individuals (Figure 3B). At the between-host scale, the
treatment rate have a strong effect on the epidemic outbreak (Figure 3F,G,H). More precisely, increasing
the treatment rate ¢ in the host population strongly reduce the overall epidemic size (Figure 3F,G,H),
with Ry = 4.7815, 2.6750 and 0.5685, respectively. Furthermore, the average resistance level in the host
population rapidly reach an equilibrium for which the level of resistance is moderately high compared to
the initial resistance level of the host population (Figure 3E).

In the second scenario, the treatment is assumed unsuccessful at the within-host level, ie., the basic
reproduction number of treated individuals N is such that max,cg N{ (z) > 1 (Figure 4C). In such a
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situation, the bacterial load remains persistent for both treated and untreated infections (Figure 4A,B).
Indeed, while we can observe an apparent decreasing of the bacteria load for some period of time for
treated infections (Figure 4A), at the end, we have the re-emergence of the bacteria population at within-
host scale. Such a transient dynamics is explain by the fact that the initiation of treatment modifies the
fitness landscape by shifting the maximum point of the within-host basic reproduction number NOT to
the point x = z* > 0 (Figure 4C). In contrast to the treatment success scenario (Figure 3), increasing
the treatment rate ¢’ in the host population have marginal effect in controlling the epidemic outbreak
(Figure 4F,G,H). In fact, with ¢ = 0.1, 0.5 and 0.9, the outbreak remains persistent with R = 10.9451,
9.5855 and 8.2259, respectively. Significantly, it is worth noting that although the average resistance level
in the host population continues to rise with the treatment rate 7 at equilibrium (Figure 4E), there is a
substantial increase in the range of resistance levels compared to the initial resistance level. This stands
in contrast to the treatment success scenario (Figure 3E), where the range of resistance levels remained
relatively low. Additionally, in the treatment success scenario (Figure 3E), the average resistance level in
the host population quickly reaches equilibrium. However, in the treatment failure scenario (Figure 4E),
there is a comparatively longer transient period before the average resistance level in the host population
reaches equilibrium. Overall, during the transient regimen, there is an initial subsequent increase in the
average level of resistance to significantly higher levels, followed by a small decrease (Figure 4E). This
behavior is mostly attributed to the alteration of the fitness landscape caused by the treatment (Figure
4C).

4 Discussion

Optimizing the treatment rate in the host population is key to controlling both the epidemic
outbreak and the average level of resistance. Increasing the treatment rate in the host population
contributes to reducing the epidemic size at the between-host scale, although the effect is quite marginal in
the treatment failure scenario at the within-host scale (Figures 3F,G,H and 4F,G,H). This can be primarily
attributed to the fact that, even in cases of treatment failure, the within-host infection remains controlled
for a certain period (Figure 4A). However, the subsequent phase is characterized by an increase in bacterial
population density (Figure 4A). Conversely, raising the treatment rate within the host population leads to
an elevation in the average resistance level of that population, regardless of the treatment scenario at the
within-host scale (Figures 3E and 4E). However, this increase in the average resistance level is particularly
pronounced in the case of treatment failure (Figure 4E), in comparison to the case of treatment success
(Figure 3E). In the case of treatment success, the resistance level remains highly similar to that of the
initial bacterial population. Consequently, depending on the treatment regimen implemented within the
host population, it becomes essential and intriguing to determine an optimal treatment rate to effectively
manage both the outbreak and the average level of antimicrobial resistance.

The delay for treating infections can impact the epidemic outbreak as well as average level
of resistance. Assume the scenario where the treatment is successful at the within-host scale (Figure
3A) and at least 50% of infected individuals are under treatment (g7 > 0.5). Two configurations are
introduced. In the first configuration, untreated individuals begin treatment at a rate w¥ (defined by
(3.1)) when their total bacterial load reaches a threshold value of 1.5 x By, ie., § = 0.5. In the second
configuration, untreated individuals start treatment at a rate wg when their total bacterial load reaches
a threshold value of 2 x By, ie., 6 = 1. The case of § = 0.5 indicates a situation where the delay before
initiating the treatment is very short. On the other hand, in the case of § = 1, the delay before starting
the treatment is relatively more significant (Figure 2A). In general, the average resistance level in the
host population decreases as the delay before initiating treatment increases (Figure 5A, B). One possible
explanation is that untreated infected individuals do not significantly contribute to the increase in the
average resistance level within the host population. Nevertheless, although early treatment effectively

12



controls the epidemic outbreak for both moderate and high treatment rates (Figure 5C,D) —with Ry =
0.3922 and 0.1120, respectively— delaying the treatment of infected individuals leads to an epidemic that
is out of control, except in cases where the treatment rate is exceptionally high (Figure 5E,F) —with
Ro = 2.6750 and 0.5685, respectively.

Nested models parameterization issue. Explicitly connecting the within- to and between-host scales
are crucial to gain a more realistic picture aiming to integrate into the same modelling framework the
epidemic dynamics and the evolutionary dynamics of antimicrobial resistance. However, such an approach
requires making assumptions about the parameters at the within-host scale that are equally unknown
as the parameters at the between-host scale and hence leading to uncertainty about the appropriate
parametrization [41]. Such uncertainty is amplified by our approach where the level of resistance is
considered a continuous quantitative trait, compared to the classical qualitative (or "binary”) approaches
[16].

Time-scale separation hypothesis. Within the context of nesting within- and between-host scales,
for the modelling of the epidemiology and evolution of pathogens, some studies assumed that the epi-
demiological and evolutionary time scales are distinct, ie., the within-host dynamic is fast relative to the
between-host dynamic such that the within-host model remains at equilibrium, eg. [1, 2, 6, 9, 21, 44].
Although such an assumption on the within-host equilibrium dynamic’ might be appropriate for chronic
infections, it leads to a population-scale model that does not explicitly account for the individual time-
dependent infectiousness dynamics [24]. Furthermore, our illustrative examples (Figures 3,4) strongly
highlight the infectiousness’ time-dependency of infected individuals and show that the between-host
dynamic is not necessarily faster compared to the within-host dynamic.

5 Preliminaries and technical materials

We will go through details on the proof of our main results, namely Theorem 2.7. We will first discuss
the existence of a positive global solution of the nested model. Next, we will give details on the derivation
of the basic reproduction number of System (1.4)-(1.5) for individuals with an immune system of level i.
We will also derive the existence of a unique endemic equilibrium of System (1.4)-(1.5) when Ry > 1, as
well as the long-term persistence of the epidemic in such a case.

5.1 Existence of the semiflow

We establish the existence of a positive global solution of the system (2.5). We first formulate system (2.5)
in an abstract Cauchy problem. For that, we introduce the Banach space X = R™ x R?" x L!((0, 00), R?"),
endowed with the usual product norm || - || x as well as its positive cone X;. Let A : D(A) C X — X be
the linear operator defined by D(A) = R™ x {Og2.} x WH1((0, 00), R?") and

A(S, Ogon, T) = ( — 1S, —1(0),— 8,1 + (—diag(®()) + diag(w(r))) 1). (5.1)

Let us introduce the non-linear map F' : D(A) — X defined by
F(S, Ogzn, I) = (A = S(1)A(t), A(t) diag(S(t)) q, diag(w(:))I) .

By identifying ¢(t) together with (S(t),0.1,1(¢,-))" and by setting ¢, = (So,0p1,I(-))! the associated
initial condition, System (2.5) becomes

0 _ ap(t) + Flel). 5.
©(0) = ¢
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Figure 3: Dynamics of the nested model when the therapeutic treatment is successful. (A,B) The
bacterial population (treated and untreated) with respect to time 7 and resistance level z. (C) The basic
reproduction numbers at the within-host level Nf (z) and MY/ (), with and without drug respectively.
(D) The average resistance level (1), 9 € {T, U} of the infected host. (E) The average resistance level
n(t) of the host population. (F,G,H) The between-host dynamics with respect to the treatment rate
where Rg = 4.7815, 2.6750 and 0.5685, respectively. Parameter values are (o9, mo, ko, p1/po, k1/ko, 1) =
(0.05,0.05,20,0.5,0.3,0.8598) and A = bed, up = 5.2675e — 2, By = 1.2e — 3, a9 = 7.He — 2, O = 1,
ro = 9e3.
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Figure 5: The effect of delay for treating infections on the epidemic outbreak and the average level of
resistance when the therapeutic treatment is successful. Line 1. The treatment rate ¢/ = 0.5. (A)
The average resistance level n of the host population for § € {0.5,1}. (C,E) The between-host dynamics
for § = 0.5 and 1, where Ry = 0.3922 and 2.6750 respectively. Line 2. As in line 1 for ¢© = 0.9
where Ry = 0.1120 and 0.5685 respectively. Other parameter values are (oq, mg, ko, p1/po, k1/ko, 1) =
(0.05,0.05,20,0.5,0.3,0.8598) and A = 5e4, pp = 5.2675¢ — 2, By = 1.2e — 3, ap = 7.5e — 2, 19 = 9e3.

By setting Xy = D(A) and Xy = Ay N A4, the positivity and boundedness of the solutions of System
(2.5) are provided by the following result.

Theorem 5.1 There exists a unique strongly continuous semiflow {¥(t,-) : Xo = Xo},~( such that, for
each @y € Xoi, the map @ € C([0,00), Xo+) defined by @ = ¥(-,¢,) is a mild solution of (5.2). That
is, f(f p(s)ds € D(A) and o(t) = ¢y + Afg p(s)ds + ng(go(s))ds for all t > 0. Moreover, {¥(t,-)},
satisfies the following properties:

1. Let ®(t, o) = (8(t), Ogan, I(t, )", then the following Volterra formulation holds true for all i € T

IL(7,7 — t) Lio(T — 1), if t<m,

Ii(taT) = (53)

At —71) Si(t —7) IL;(7,0) g;, if t>r,

coupled with the S;(t) equation of (2.5), and where I1;(12,71), 0 < 11 < 719 < 00, is the evolutionary
system generated by the linear operator [—®;(T) + w(T)].

2. For all ¢y € Xoy, and for all t > 0, one has

> (Si(t) +/0°° (7t + 170 T))dT) < max{/j\h,No},

€L

(5.4)

where A = Y, .7 Aj and No = 3,1 (Sio + 5 (I%(T) +I%(T))d7’>. Furthermore, the subset of

the phase space

{(&D e R™ x L1((0, 00), R2?) ‘ Z (&(t) _1_/000 (IZ-T(t,T) +IiU(t,7')>d7'> < I:Xh},

1€T

1s positively invariant and attracts all nonnegative solutions.

16



3. The semiflow {¥(t,-)}, generated by (2.5) is bounded dissipative, that is, there exists a bounded set
B C Xy such that for any bounded set U C Xy, we can find o = o(U,B) > 0 such that ¥(t,U) C B
fort>o.

Proof. 1t is easy to check that the operator A is a Hille-Yosida operator. Then standard results apply
to provide the existence and uniqueness of a mild solution to (2.5) (we refer to [31, 40] for more details).
The Volterra formulation is also standard and we refer to [29, 43] for more details.

The S; equation of (2.5) gives Sj(t) < Aj — upSi(t), that is

A
Sl(t) < max{z, iO} .
22

Next, for estimate (5.4), let ¢, € Xp4, then adding up the S;,s equation together with the Il-T,s and
IV s equations of (1.5) yields for all i € Z

% <Si(t) +/R/OOO (17 (t.) +I}f(t,7))d7> < Ai— pnSi(t) Mh/R/OOO (i (t.7) + 17 (1.7 ).

It comes

limsup%; <Si(t) + /R /0 ST+ 1V (t,T))dT> <X

t—00 Hh

with A =}, .7 A;. From where one deduces estimate (5.4) and which ends item 2. of the theorem.
The bounded dissipativity of the semiflow {¥(¢,-)}, is a direct consequence of estimate 2. |
The following result is straightforward.

Lemma 5.2 Let 0 <711 <1 < 00. By setting I1;(m2,71) = (H%(Tg,ﬁ))k L with k,j € {T,U}, we have
J
yoe U te) ) S TIF (7, 1) < e (2T, (5.5)

where 9, v1 > 0 and ap = max;(sup ol sup ).

Proof. Let 0 < 1 < 1 < oo. Note that, for all 7 > 0, we have —w; < wg(T) <wy and —ws < WY (1) < wo,
with w; > 0. Then, for all 7 > 0,

(—w1 — QQ — Hp w2 > < —‘:I)Z'(T) +w(7') < (—w1 — Up wo > |
w1 —W2 — g — Up o i
Therefore,
ef(Hthao)(Tszl)]__‘(Tz; 7'1) < Hi(TQ,Tl) < efuh(‘rgfﬁ)l.\(Tz’ 71)7
where
wie(mT)(witw?) 4 w2 (1 _ 6—(7'2—7'1)(w1+w2))
( ) Wit W w1 + w2
r T2,T1) =
w1 (1 — e*(‘/’277'1)(w1+w2)) wze_(TQ—Tl)(wl-i—wl) + wo
w1+ w2 o r 5
Note that

_ _ R w_
L <T(m,7) <I, where T = < o wl{‘”?) and T = (“’16”2 o >

w1tw2 w1+w2
Thus,
6—(Mh+ao)(72—‘r1)£ < Ti(1e,m) < 6—1%(72—T1)f7
from where inequality (5.5) follows, and this ends the proof of the lemma. [ |
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5.2 The basic reproduction number

In the absence of infection, that is I(¢,7) = 071((g,c)r2n), the system (2.5) has a disease-free equilibrium
(DFE) given by EY = (S°, 011((0,00),R27)), With S% = (A;/pn);er- Let ©;(t) be the number of new infections
in the host population of group i at time ¢. Then in an initially infection-free population, by (2.5), we
have

Oi(t) = A(t) ST = (Z / <ﬂk<f>,1k<t,r>>d7> S
kez /0
where (-;-) is the usual scalar product.

Linearizing the Volterra formulation (5.3) at the DFE, it comes

(7,7 —t) Ipo(r — ), if t <,
Iu(t, 1) =
At —7) SPI(r,0)q,, if t>T.

From where,

0,(t) =57 Z/ At = 7)SE (B(7), i (7, 0) qp) dr + fi(t), Wt >0,
kez 70

=5y / (B1(7), T (7, 0) ay) Op(t — 7)dr + fi(t), ¥t >0,
kez 0

where f;(t) is the number of new infections produced by the initial population. Therefore, the basic
reproduction number R{, of individuals of group ¢ is calculated as

i=50Y [ 0 4 dr = $0Y .

ke kel
with
oo
w= [ (B i(r. 0)a)
0
The term xx(7) = (B (1), IIk(7,0)q;) quantifies the infectiousness at 7-time post infection of the whole
infected individuals of group k € 7.

Next, let ©(t) = (0;(t))iez, the number of new infections in all groups at time ¢ and, f(¢) = (fi(t))iez
the number of new infections produced by the initial population. We have

t
o) = (S?Z/O Xk(T)Ok(t — T)d7> + f(t)
€T

kel
= </0 (SPxXk (7)), ez O — T)dT> + f(t), Vt>0,

Due to the above formulation, the basic reproduction number Ry of all individuals is calculated as the
spectral radius of the matrix (a; k)i kez, where

ik = 5?/ Xk(T)dT = S} X
0
Some calculations give
Ro 22513/ Xe(7)dT = S Xk
0

keT kel
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A more explicit expression of the infectiousness yj is difficult to obtain in general. However, one
can go further steps in some particular configurations of the treatment status transition rates w(7) =

U
0 wr (7) . Indeed, assume that (2.7) holds. In such a configuration, we have
wi (7) 0

Hko(T,O), if O<T<T0,
Hk(T,O) = Hko(To,O)Hkl(T,Tg), if mo<7<7m+T11,
O (e %), it 7>71+ 71,

with ¢ = pp + infr o/ (7) + inf aff (7), and
Ik (7,0) = e M7 diag (6_ Jo ozf(a)da7 eI Tl (o )dg) ,
Hkl(T’ O) = diag <W1 /Te b (7= 77 fTa (0)do *(WIJFN}L)ne fo Otk 0’)d0'd77 e —(@1+pn)T Te™ fo )da) )
0

From where, by setting

TED (r) = e o= JT 0@y ¢ (7,17},

P]f7U(T) — 67(®1+,u,h)7'67 fOT ag(a)do'

Y

5T (1) = e Jy of (@)

)

it comes
Xk =G Xk +aE i + O (6_8’“(7“”)) ,
where
T T kT ko [T "IV
& = [ AT T e [ s [ DT e,
0 70 o [ (n)

70 70

o T0+T71 I‘
Xy = /0 By (e Y (r)dr + 16 (70) / Bi (7 >F§U(T))

5.3 Proof of Theorem 2.6

The equilibrium of system (2.5) is obtained by solving the following system for all i € Z
0=A; = S;N — up,S7,
L(r=0)=X\S5q; (5.6)
0,13 (1) = (—ew(r) — ai(7) — pn + w(7))L (1),

Z/ (1)) dr. (5.7)

i€

where

Solving (5.6) for S} and I} yields
A

Sr = ™ J:A* and I (1) = \* S} II;(7,0) q;. (5.8)

Replacing (5.8) in (5.7) leads to (1 + ugl)\*) A* = RoA* and since \* > 0, we have \* = pp(Ro — 1).
It follows that system (2.5) has a unique positive endemic equilibrium when Ry > 1, such that Vi € Z,

0
Sf = Si and Ij(7) = A*S} II;(7,0) q,
Ro

where \* = up(Ro — 1).
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5.4 Technical materials

Before proceed to the proof Theorem 2.7, we introduce some technical materials including the existence
of a global compact attractor for the solution semiflow of Model (2.5), the spectral properties of the
linearized semiflow of Model (2.5) at any given equilibrium, and the uniform persistence of Model (2.5)
when Rg > 1.

5.4.1 Global compact attractor

To derive the global properties of the solution dynamics, it is necessary to show that the semiflow generated
by system (2.5) has a global compact attractor. Denote by

Y =R"x L'((0,00),R*) and Yi=R" x LL((0,00),R*"),
and endow the set ) with the norm
Is.1001 =3 (1si+ [~ (1 e+ 1 ) ar ).
i€

For any initial condition ¢, € ), the solution semiflow of system (2.5) in YV, is denoted by ¥*(¢,p,) =
(S(t),I(t,-))". From the Volterra formulation (5.3), we rewrite system (2.5) as follows for all i € T :

Si(t) = Ai = Si(DA(t) — pnSi(8),

IT(t ) = HZT 7,7 —1) IiTO(T —t) —|—HZU(T,T —t) IZ%(T —t), if t<m, (5.9)
UL I (L 0)A(E = ) Sit - 1), it t> 7, '
I-U(t = HgTTT t) L (T—t)—FHg{U(T,T—t)Iz%(T—t), if t<r, (5.10)
v HiU(T, At —171) Si(t—1), if t>r, ’

where
H;-T(T, 0) = H’L’I:T (T7 O)Q;T + H;Z:U(T7 O)qu and H’f] (T7 0) = H'E,]T (T7 O)QzT + Hg{U (T7 O)QzU
We need to prove the following claim.

Claim 5.3 Let Assumption 2.2 be satisfied. Then, function A(-) is Lipschitz continuous on R.

Proof of Claim 5.3. et Co > max { X, ||}, 18illoc = max {187 llocs 187 loc } and [|Blloc = maxiez |18
Then, [A(t)| < Cpl|F]|co- Let ¢ > 0 and h > 0. It comes that

At+h) = A1) = Z/ Li(t + h,7)) dT—i—Z/ L(t+h,7)) dT—Z/ Li(t, 7)) dr

1€ €L €L
- Z/ IL;(7, 0)Li(t + h — 7,0)) dr+2/ L(t+h,7))dr
i€ i€
- /61 ))
;/
< co|ymy?h+2/ (B;(1 + h),Li(t + h, T+ h)) dT—Z/ (B(7),L;(t, 7)) dr
i€ i€
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Recalling (5.3) and combining the integrals, we obtain

At+h) = A1) < CO||ﬁ|]2h+Z/ Bi(T +h), (XLi(r + h,7) — DLi(t, 7)) d7

i€

+Z/ (Bi(r +h) — By(7), Li(t, 7)) dr

1€

IN

C2|1811%, h—l—Z/ B; (T + h), (e Hrh — 1)Ii(t,7')>d7'

€L

+§j/ (Bi(r + ) — By(r), Li(t, 7)) dr.

€L

We have |yje #" — 1| < |e=##" — 1| < pph. Using the Lipschitzianity of 37, we find a positive constant
Cp such that

At +h) =MD < CilIBISA + CollBllopnh + C5Coh < Cih,

where C = C§|BII3 + CollBlloon + CCo. n
Next, we will show that system (2.5) has a global attractor. By using the similar method as in [8, 34,
we can state the following result.

Lemma 5.4 There exists Ag, a compact subset of Y1, which is a global attractor for the solution semiflow
of system (2.5). Moreover, Ay is invariant under the solution semiflow, that is

P (t,00) C Ag, forevery ¢y,€ Ay, Vt>0.

Proof. We show that W* satisfies the assumptions of Lemma 3.2.3 and Theorem 3.4.6 in [22]. To
this end, we split the solution semiflow into two parts. For any initial condition ¢, € YV, we let

T*(t, o) = U (£, o) + ¥ (£, 0,), where

% ~f (Ogrn,0p1), t>T, ~ % _f (S(@),I(t, 1)), t>T,
vt %0) _{ (One T(7)), t<r 04 T (te) _{ (S(H),0,,),  t<r

In such a way, we need to prove the following claim :
Claim 5.5 (1) \il*(t, po) = 0 as t — oo for every ¢, in Y.
(2) For a fized t and any bounded set B in ), the set {{Ivl*(t, po) : P € B} is precompact.

Proof of Claim 5.5. Now, we show that the first claim holds.
From (5.9) and Lemma 5.2, we have

1% ool = 3 [ (1) + 1 ) ar

1€T

= Z/ 7 (r, 7 —t) + (7, 7 — )| I5(7 — t)dr

1€

+Z// U5y (ror — ) + Wy (7, 7 — UL (7 — t)dr

i€l
< 2’716 Hnt ||SOOH7

Note that for any bounded ¢q, 216 ##!||¢y|| — 0 as t — oco. This completes the first claim.
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To show that the second claim holds, let B C ) be a bounded subset such that ¥*(¢,-)B C B. Choose
Co > 0 such that |pg|| < Cp for all ¢y € B. From Theorem 5.1 Item 2, Uy cp{S(t)} is bounded in R"

and then is precompact in R™. Hence, to show the compactness, it suffices to show that the set \fl*(t, py)B
is precompact for

~ It T), t>T,
I(t,r)—{ o 1o (5.11)

By Frechet-Kolmogorov theorem (see Theorem B.2 in [38]), it is sufficient to verify the following conditions

(i) sup Zzezfo (IT t,T) +IU(t T))dT < 00,

i) lim Y Ir t,7)| + IV t,7)| JdT = 0 uniformly with respect to ¢, € B.
h zGI h % % 0
—00

(iii) hm Z'LEZ I < —IT(t, 7+ h)| + IV (t,7) — IV (t, 7 + h)\)dr = 0 uniformly with respect to
<P0 6 B.

(iv) hm ZzEZ fo (\IT t,7)| + |]U(t 7')|)d7' = 0 uniformly with respect to ¢, € B.
By (5.11) we have for all i € Z

=3 At —7)Si(t —7)I(7,0)q;, t>T,
Iz(tv T) - { 0L17 t S T

It follows that above conditions (i), (ii) and (iv) are satisfied.
Now, we show that condition (7ii) holds. We have for i € Z and h < t,

/Oo I (t,7) = IF (t, 7+ h)ldr

0

— /th )H@-T(T, At —7)Si(t —7) =T} (T + h,0)A(t — 7 — h)Si(t — 7 — h)|dT
0

+/t (7 (7, 0)\(t = 7)Si(t - 7)|ar
t—h
;= C4(t,h) + Ca(t, h).

By Lemma 5.2, and the boundedness of the semiflow, we can find a positice constant Cj such that

t
Os(t,h) = / ‘HiT(T,O))\(t —7)Si(t— T)(dT < C2||Bllosyih — 0 as h— 0. (5.12)
t—h
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Again by Lemma 5.2, we have
t—h
Ci(t,h) < / 117 (7,0)8:(t — 7)|Mt = ) = At — 7 — m)ar
0

t—h
+/ At —7— h)‘ng’(f, 0)Si(t — 1) — IE (7 + h,0)8;(t — 7 — h)|dr
0

t—h
< / HZ-T(T,O)Si(t—T)‘)\(t—T)—/\(t—T—h)‘dT
0
t—h
+/ )\(t—T—h)Si(t—T)‘HiT(T,O)—HiT(T—i-h,O)‘dT
0
t—h
+/ At —7—h)OF (74 h,0) i(t—T)—Si(t—T—h)‘dT
0
00 t—h
< cgyﬁuoo/ ‘H?(T,O)—Hf(7+h,0)‘d7+%co/ 7|\ — 1) — At — 7 — h)|dr
0 0

t—h
+11CollBlloc /
0

Si(t — 1) — Si(t — T — h)}dr

t—h
< CRlBll oI (m0)| 1+ (1 CoCa+ M CoCs 81 )1 [ emar
0

C
< G318l |0, 1T (7,0)]| [B] + 7; 2(Cr+ CslBloc)h >0 as B0, (5.13)
with Cg, = A;j + Ci0(Co||B]|co + ). By (5.12) and (5.13) one concludes that the criterion (iii) holds, and
then the second claim holds. ]
This completes the proof of the lemma. ]

5.4.2 Spectral properties of the linearized semiflow

The next result is concerned with spectral properties of the linearized semiflow ¥ of Model (2.5) at a
given equilibrium point @ € Xp;. The associated linearized system (2.5) at the point ¢ reads as

deo(t ~
20— (v cizel).
where A is the linear operator defined in (5.1) while Gp] € L(Xp, X) is the bounded linear operator
defined by : L
—SA — S\
Glple = | Mdiag(S)q+ Mdiag(S)q |
OLl((O,OO),R2")
where X = 3", Ie < (1), LT )>dT and A =Y, [77 (B;(7),1i(7)) dT. We then have the following lemma.

Lemma 5.6 Let us set Q@ = {v € C : Re(v) > —up}. Then, the spectrum o(A+ G[@]) N Q # 0 only
consists of the point spectrum and one has

oA+ GI@)NQ={veQ : A(w@) =0},
where function A(-, @) : Q@ — C is defined by
R[] A

Alv, @) =1-Ry[p] + ———=,
v+ pp + A

(5.14)

with R, [@] = ZZEIS fo B;(7),IL;(1,0) g;) e " dr.
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Proof.
Let us denote by Ay : D(Ap) C Xy — Xp the part of A in Xy = D(A), which is defined by

App = Ap, Yo e D(Ay) ={peD(A) : Apec D(A)}.

Then, it is the infinitesimal generator of a Cp-semigroup on AXp denoted by {T'4,(t)}i>0. Let ¢ =
(S, 02, I())!. We find that

t
(e_“htS, Ogan, (7,7 — t) I(T — t)) , Vi<,
T ={ 5 t
(6 HrtS Og2n, OLI((O7OO)7R2n)) , vVt > 1.

Then, for t > 79, we have | Ta,(t — 70)¢|lx < e " =) ||p||lx, ¥t > 75. We deduce that the growth

) In (HTAO(t)llL(X) . . . . A E
rate wo(Ap) = t_lgrnoo ; of this semigroup satisfies wy(Ag) < —pup. Since operator G;[@] is

compact, the results in [3] or [17] apply and provided that the essential growth rate of {T( A+G[3)o (t)} .
>

the Cp-semigroup generated by the part of (4 + G[¢]) in Xy satisfies

wo,ess((A 4+ G@])o) < woess(Ao) < wo(Ao) < —pp.

By results in [19, 42], the latter inequality ensures that Q N o (A + G[@]) # 0, and it is only composed of
point spectrum of (A + G[p]).

It remains to derive the characteristic equation. Let v € p(A + G[@]), where p(:) stands for the
resolvent. For @ = (S,0,1(-))f € X and ¢ = (S,071,1(-))! € D(A), we have (vI — A — G[@])p = §, that
is (vI — A)p — Gl@]p = p, and from where

p=wl—A)"'p+ Wl - A) 'GP (5.15)

Since

~ t
(vl —A)'p= 5 , O, <H( 0)d; + / I, (-, s)ii<s>e‘”"‘s)d8> ,
vt ). o 0 i€

we find that

(—SZX - §i)\>
(vI - A)'Cl@le = o e
<6_V'Hi(', 0) (SZX q; + :S'VZ)\ ql))

Thus, for all i € Z, equality (5.15) rewrites as

A Si S;
1+ S; + = ,
v+ b vVt ph VA pn

S SiA
vt A v+ A

i€

S; =

(5.16)

L(7) = e V"II,(7,0) (S’ini + §i)\qi) + e VI (7, 0)u; + fOT I, (7, s)/I\i(s)e*”(T*s)ds.
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Substituting (5.16) into expression for A, it comes

R
Lyl PP )L R s g ) 5,0 (5.17)
VA pin £ A u+uh+A P
where Ru(@] = Y51 [ (B(7). T 0)a) €7 drand §,(r) = 7L (7, 0)f ] T, 9, ).
1€l

. . . o RN

Therefore, we can isolate A in system (5.17) if and only if A(v,¢) =1—R,[p] + —————= # 0. ]
v+ pp+ A

5.5  Uniform persistence

Our next technical material concerns the uniform persistence of Model (2.5) when Ry > 1 by using the
method developed in Theorem 5.2 in [38]. For the invariant sets of uniform persistence, we introduce

M =R" x {Op2n} x M7, and OM = Xy \ M,

where
MI{IELl((Ooo ), R¥) Z/ >dT>o}
i€

For the unique solution ¢ = (S, 0p2.,I) of system (2.5) associated to the initial condition ¢, =
(S0, Or2n, In(+)) € M, we define ¥(t, @) = (S(t), Ogz2n, I(t, -)) the semiflow of Model (2.5) passing through
¢po- Next, we first claim that

Claim 5.7 The subsets M and OM are positively invariant with respect to the semiflow ¥(t,-) generated
by system (2.5). Furthermore, tlim U(t, ) = (8°, Ogan, 0L ((0,00) RQn))T for each ¢, € OM.
—00 ’ ’

Proof of Claim 5.7. Let ¢y = (So, Ogan, Io(+))T € M be given and ¥(t, ;) = (S, Ogzn, I(t,-))T, the orbit
passing through . Since ¢, € M, then A(0) > 0. Through a direct calculation, we have

IN() = Z/ (B;(1), 0 Li(t, 7)) dr

> —(ao + wo + /Jh))\(t),

where ap = max;ez{supa’,supal} and wy = max{wg,wg}. Thus, one obtains that
A(t) > e (@otwotun) \(0) > 0,

for ¢ > 0. This complete the fact that M is positively invariant.
Now, let ¢, € OM. Since for all i € Z, S;(t) < S? as ¢ is large enough, the comparison principle
implies that B
L(t,7) <IL(t,7), VielZ, (5.18)

where Ti(t, 7) is the solution of the following system

L(t,7 = 0) = A\(1)S} a;,
1,(0,7) = Lio(7), . (5.19)
Oy + 0-)Li(t, 7) = (—ew(T) — ai(T) — pup + w(7))Li(¢, 7).

By the Volterra formulation, we have from (5.19) that

Tt 7) = IL(r, 7 —t) Lo(r —t), if t <7,
AT M, 0)q SO Nt — 1), if t> T
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where A(t) satisfies

) = Y8 / ), (7, 0)a) At — 7)dr

kel

+Z/ (B (1), (1,7 — t)Igo(T — t)) dr.

kel

The initial condition with Z / (Br(7),Ixo(7)) dT = 0, leads to
ke

—Y s / ) T (7, 0)ay) At — 7)dr.

kel

Since A(0) = 0, we have A(¢) = 0 for all t > 0, and then I;(¢,-) = 0 for all i € Z and ¢ > 0. The comparison
in (5.18) implies that I;(¢,-) = 0 for all i € Z and ¢ > 0 and then OM is positively invariant under the
semiflow W(¢,-). In addition, it is clear for the solution remaining in OM, we have for all i € Z, S; — SO
Hence, tll>Igo U(t, ) = (S°, Ogan, OL#((()’OO)’R%)) for each ¢, € OM. This ends the proof of Claim 5.7.

Finally, we end this technical material section by establishing the uniform persistence of system (2. )

Theorem 5.8 The semiflow {¥(t,-)}+>0 generated by system (2.5) is uniformly persistent in M with
respect to (M, 0M), that is, there exists a constant n > 0 such that for each ¢, € M,

o S
htrgélolf S(t) > n,

and
liminf | I(t, )|, >n whenever Ry > 1.
t—o0 +

Furthermore, there exists compact global attractor Ay in M for the semiflow {¥(t,-)}i>0.

Proof. In the following, we will prove that W< ({E%}) N M = (), where

Wo({E") = {py € Xoy + lim W(t, ) = E}.

Since from Claim 5.7 the disease-free equilibrium E° is globally asymptotically stable in OM, we need
only to study the behavior of the solution starting in M in some neighborhood of E°. To this end, it is
sufficient to show that there exists o > 0 satisfying for each ¢ € {v € M : |E® — v|| < ¢} there exists
to > 0 such that || ®(¢,¢,) — EY|| > 0.

By the way of contradiction, suppose that for each integer n > 0 there exists a ¢ = (Sg,0.1,1f) €
{veM : |E° —v| <o} such that

1
E’ — Wt ol < —— t>0.
| (7‘P0)||_n+1, vVt >0

Denote ¥(t, () = (S™(t), Ogzn, I"(t,)), then for all t > 0 we have
1
S"(t) -S| < ——, vt>0. 5.20
870 - S0 < ——, Wiz (520)
It follows that for all i, we have S(t) > SY — n%rl for all ¢ > 0. Consider the following system

(0r + 07) I"(t, 7) = (—diag(®(7)) + diag(w(r))) I"(¢, 7),
I'(t,0) = A"(t) diag(S"(?)) q,
§™(0) =Sg, I'(0,)) =I5(), (Sg,15) € M,
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where \"(t) = » / ), I (t, 7)) dr, 8B = (S%)ier and I2(-) = (I(-))icz. By the comparison
€T
principle, we have

(t,) > T (t,), (5.21)
where iﬂ(t, -) is the solution of the following auxiliary system
T

(8 + aT)i”(t, 7) = (—diag(® (7)) + diag(w(7)))

(1.0) = (1) ding (8°~ 257) @
0. =0,

(t7 T)?

T (t
1°(0

which gives for all ¢,

(O + 00T, (t,7) = (—®y() + w(T)I; (t,7),
I, (,0) = \"(1) (SO - L) qa;, (5.22)
T (0,) = I ().

For ease of notation, let us rewrite the system (5.22) as the following form :

dvi(t)
dt

= (A" + L})vi(t), Vt>0, (5.23)
(4 +22)

v;(0) € D(EZ‘), the closure of D(g?) = {Op2} x WhH1((0,00),R?), where V' (t) = (ORz,f?(t, )t and the
operators A7 and L} are defined as

A (052, T)) = (= T/(0), =0T + (—@i(r) + w(r) T )

and

~ ~n ~ 1
£06.T) = (W0) (80 ) @i Ousgooosn ).

Similarly to the proof of Lemma 5.6, we can derive the characteristic equation A(v,) = 0 for system

(5.22), where
A<Vn>—1—2(s?— . ) | B 0a) e

p n+1

Since Ry > 1, there exists ng > 0 large enough such that for n > ng,

0= Z (S? - n—lk 1) /000 (Bi(7),ILi(7,0)q;) d7 > 1.

1€

The largest eigenvalue v} of system (5.23) satisfies the characteristic equation A(v,) = 0. Furthermore,
Ry > 1 implies the existence of a dominant eigenvalue v, > 0 such that A(v};) = 0. Therefore, v > 0 is
a simple dominant eigenvalue of (A +L7'). From Lemma 5.6, we have shown that wp ess (A + E”) < —pup

and since the semigroup {T( is irreducible, it follows from Corollary 4.6.8 in [32] that

An+£n)(t) >0
{T( Any i) (t)} . has asynchronous exponential growth with intrinsic growth constant v, € R. Therefore,
i i t

using Theorem 3.9 in [30], we have

T g gy () Tye = T, T

(An4L7)o (Z?+E?)o<t) ="'y, VE>0,

*
n
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and there exist constants €9 > 0 and 79 > 0 such that

1T,

(g%g?)()(l I, )|| < moel» =0 |(I —TL,,;)

|, Vt>0,

where ﬁv,i is the projector on the generalized eigenspace associated with the largest eigenvalue v} > 0.
We deduce that

I 07 (1) = € Ty T
Since v;; > 0, it follows that tlim Hﬁ,,n v(t)||pr = +oo. Therefore, tlirn IT; (t,)||1 = 400 and from
—00 —00
(5.21), we have tlim |IT7(t,-)||;1 = +oo, which is a contradiction to the boundedness of the solution.
— 00

Thus, W9({E°}) N M = ) and we derive from Theorem 4.2 in [23] that the semiflow {W(t,-)};>0 is
uniform persistent with respect to the pair (M, dM). Moreover, by Theorem 3.7 in [33], there exists a
compact global attractor A; C M for the semiflow {¥(¢,-)}+>0. ]

6 Proof of Theorem 2.7

The proof of Theorem 2.7 is decomposed into two parts. The first part is devoted to the global stability
of the disease-free equilibrium, while the second part is devoted to the global stability of the endemic
equilibrium.

6.1 Proof of Theorem 2.7 (i): global stability of the disease-free equilibrium
When the initial condition of System (2.5) satisfies ¢y € OM, i.e., D ;e [5° (Bi(7),Lio(7)) dT = 0, by

=

Claim 5.7, it comes that the semiflow W(t, ) generated by system (2.5) is such that tlim W(t,p) =
—00

(S°, 0g2.,0 Lt ((O’M)’Rzn)). It then remain to prove the global stability of the disease-free equilibrium when
Ro < 1.

Theorem 6.1 If Ry < 1 then, the disease-free equilibrium E° = (S°, 011 ((0,00) xR R2n)) Of system (2.5) is
globally asymptotically stable.

Proof. By Theorem 5.8, we introduce the following well defined Lyapunov functional V' (t) = Vi (t) + Va(t),
with

Vi(t) =) (Sk S ln?8> and  Vh(t Z/ (1) + (1) I (t, 7)) dr,
k

keT kel

where c(7) = (cF(1), ¢/ (7))T is a vector of positive constants such that

T)= 5° /OO Ty (0, 7)B(0)do, (6.1)

with §” = Z SY and ¢ (1) — 0 as 7 — oo. From (6.1), we have
kel

S BE(r) + 0l () = Af ()l (1) + wE () (7) = 0,
(6.2)
goﬁg(T) + &rcg(T) — 7,?(7')0,2](7') + w%(T)cZ(T) =0,
with
() =of (1) +wi(7) + pn and A (1) = o () + Wi (T) + pn.
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Differentiating V;(t) and using Ay = s SP, we have

0
di(t) Z (1 _ gk) (A = SE(HA(E) — paSk(t))

dt =
= ;IA < — S—z - ?é) + k; (A()SY — A(t)Sk)
— keE;Ak < - g}% - ?,f}) - k;)\(t)Sk
+3 5 /0 (B ) + B (I (1) )
Differentiating Va(t), we have E
W k;/ ( () + () I T)) ar
- —k;/ I (Ik (t.7) + AL (I () — WY ()Y 0, T)> dr
DY |70 (et en+ it e - E @ en ) an

By integrating by parts, we have
Z/ Ck 7]—]6 tT = —ch Ik tO Z/ ack Ik tT)d
kez kez kez
and

Z/ Ik} tT = —ch Ik‘ tO / 8Ck Ik‘ tT)
keT

kel kel

R(j:placing these expressions in d‘gt(t) and using the fact that I7(¢,0) = ¢f A(t)Sk(t) and IJ(t,0) =
a5 )\(t)Sk(t), we have

dV2 Z)\ Sk(Ck Vgt + L (0)qY +Z/ a ek (1) — AL (7)eF (1) +w§(7)cg(7))fg(t,7)d7
ke
JrZ/ 8 Ck ( )Cg(T) erT(T)C%(T))Ig(t,T)dT‘
keT

Finally, combining dv;t( ) and dv2(t), gathering some terms and using (6.2), it follows that

0
T = (2 F -5+ S awsi (0 + 0 1)
+X [ (80 + ok (1) - A Ik () + b (el () (1 7

+3 [T (B0 + o () - K O () + F ) () 1 (1.

keT
— k;/\k ( — g’“ — g}’é) + ;Ik(t)sk(<ck(0)7qk> 1)



Using (6.1), we have

Z Sk Ck’ 7qk = S Z Sk/ Hk(’T O)qk> dr = S R(]
kel keZ
= ZS’C Ro < ZS,?, since Ro < 1.
kel ke

That implies that for all &, (cx(0),q;) < 1, when Rg < 1. Therefore, we have d‘;gt) < 0when Ry < 1. The
strict equality holds only if Sg(t) = SY hold simultaneously with either Ro = 1 or I(¢,0) = 0. It is easy
to verify that largest invariant set in {4 = 0} is the singleton {E°}. Thus, all solutions of system (2.5)
converge to the disease-free equilibrium E°. Hence, E° is globally asymptotically stable when Ro < 1. m

6.2 Proof of Theorem 2.7 (ii): global stability of the endemic equilibrium

Theorem 6.2 Assume Rg > 1, then the endemic equilibrium E* = (S, I*)! of system (2.5) is globally
asymptotically stable in Y.

Proof. By Theorem 5.8, we introduce the following well defined Lyapunov functional L(t) = Li(t) +

Lo(t) + L3(t), where
s(3)

kel
0= [ ik h(iéi?;ﬁdf wd 10 =3 ["deomn () o

with h the function defined by h(z) = 2 — 1 —Inz (2 € Ry), and dg(7) = (dL(7), dY{(7))T a vector of
positive constants given by

dp(r)=5" / - "I, (0, 7) B, (0)do, (6.3)

where §* = Y ke Sy and dg(7) — 0 as 7 — oo. From (6.3), we have

Ordi(r) — (= few(r) = an(r) =+ w(7) ) di(7) = —5 By (7). (6.4)

By using the property of function h, we find that the function L(t) is nonnegative with its global minimum
point E*.

Step 1 : Differentiating Ly(t) along the solution of system (1.5) and using Ay = SEN* + up Sy, we
obtain

delt(t) ¥ <1 _ 5) (Mg — Sk(O)A(E) — pnSu(t))

€ Sk
= :;iﬂ#;SZ(QE)-FgI/\*Sk( ()_%@_i)
- Tiles )l ) (G) - ()]

Step 2 : Note that

O-Ii (1) = =y (NI (1) +wp (NI(7) and - 01 (1) = =7 (NI (1) + wi (DI (7). (6.5)
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Using (6.5), we have

)\ o B . 0 I (t,7) I (r) V(1)
(1= 703 ) et en = g (a2 - (1= 25 ) () - e ] ) 1)
(6.6)

Differentiating Lo(t) and, using (6.6) and integration by parts, we obtain

W — 3 [Tie (1- 552 (i en o0 en - @i 0 ) ar

dt kel i (8,7)
B “( 0 Ir'(t,7) .
= X [ [ ogn () oo - o )
U T
T Wl (r, )1V (7) ?T( (77)) + W) I (7) ZTS T; ] ar
S i n (e[
= kez;d Ik I]z“*(T) )‘ L
T U Ilfzj(t’ T) o Ig(th) o Ig*(T)IIg(t’T) T
+k§/ Ao o) ot - i - |
+ I (7)0-df (7) + df (1)0, I} (7) ) dr
. IT(t,0
- oo <;Zi<0>)>
T Us IV (t, ) B IF(t,7) B I (1Y, 1) i
+§1/ ol i) [1 G IZ(t,T)I,?*(T)} ‘
(7 T(r Tro, IF* () )dr.
oy (IT* D) (1 (0)0rat () + 0.1 (7))
Since I}*(0) = qk Ix*Sx and IF(t,0) = ¢l A(t)Sk(t), then we have
dL2 5 4T (0 A(t) Sk(t)
%;A Sy dF( ( S )
T U ) LT L@ G)]
#3214

/R / <§1t7> IkT*(T)aTdZ(T)+d£(r)871,§*(7)>d7,

kel

By a similarly manner, the derivative of L3(t) gives

dLs (o () Si(#)
XS dY a
= Ty Msk)
U T Ig(th) o Il[c](t77-) - IlcU*(T)Ig(tv T) -
Uez;/ ol 14 50 - B g
[ ( ) (1 ()0, () + df (1)or (7)) .

kel
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Step 3: Finally, combining delt(t), deQt() and

= st g o) s () (6D (550
)

dLs( )

, we obtain

kel

S J—
+%§;A Sk (di(0), ay h( \*S; )

3 [T ()

1T (r)a.dY (7) + d¥ (1 )aTI,"{*(T))dT

keZ (
U(
+§I/ <IIU*t T > ( 7)0rdY (1) + dY (7 )aTIkU*(T)>dT
* V7)) I(tr) IF(r)IV(t7
+,€€§; / T ()l () IV* (7 )L+ f,gff(T) - ]];Tf(T) IT(t,7) JUi - }

)
)
+z:/ dU ()T (1) I (7) [1+ IF(t,T) B U, 7))  IV*(r)IL(t T;:|

= I'(r)y  IV*(7) IU(t T)IT*(T
We observe that df (1) and dY () satisfy
di (T)wir (1) I *(7) = di (1) (1) I (7). (6.7)
By using (6.7), (6.5), and (6.4), we obtain
Ordi (1)L (7) + A (1) Iy (7) = =S BL(T) I (1), 9 ={T.U}. (6.8)
Moreover, by using (5.7) and (5.8), we have
= \* Zsk/ 7), I (7,0)qy,) dr. (6.9)
keZ
Thus, using (6.3) and (6.9), it can be verified that
D> NS (dR(0),qp) = ATS Zsk/ 7), I (7,0)q) dr = A" = > " A*Sp, (6.10)
ke keT ke
which implies that for all k, (dx(0), q;) = di (0)gl + d¥(0)¢Y = 1. In addition, note that

> NS h( ) Z/ ()L () + B (7) I,?*(T)) h (AA@)> dr. (6.11)

kel kel

Replacing (6.7), (6.8), (6.10) and (6.11) in %i) and gathering some terms, we obtain

dlgiit) = ZMh%(Q—SZ—) kGZI)\*Sk ( )

keT
[ sHorol(3) - ()]
+§I/ 5 () 1 (s )[ <AA(?> —h(%ﬁtggﬂ dr
+k€z;/ dl (1Y () IV*(r )(2_ ggt(;)) Ijl%;it(’:)) _ ]I]géjzt(,?) 3’2&2’3)&

32



Note that

(30 () <o () (40 ) o ) oeimn

Hence, we have

4 - -3 B T ()

kez
_;IA*sk <5k> kez;/ S BY(r) IV (1) h <m>dr
3 [ EOF O GRIC oy colt ooy s B
(5 —1),;;/ ot o) (1= )
+ S BY (T ) I (r )(1— M)] dr.
Note that
= Fomo (- ) oo (- 0] o-o

Finally, we have

O s (2 8 Z/ St o ()

kel kel

Lo Bl s

kel

0o T T U T Ux T T T

2 () 1) 1V (m) I7(0)

dL(t
Thus, di ) < 0 with equality if and only if Sy(t) = S;, IF (t,7) = I}*(7) and I (t,7) = IV*(7). Then,

it can be verified that largest invariant set in {% = O} is the singleton {E*}. It follows that the compact
global attractor Ay, stated by Lemma 5.4, is such that Ay = {E*}. Therefore, the endemic equilibrium
E* is globally asymptotically stable in ), when Ry > 1. [
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