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Mean field approximation of an optimal control problem for the
continuity equation arising in smart charging

Adrien Séguret *
September 18, 2023

Abstract

We consider the optimal control of a finite population of hybrid processes (namely agents state is composed
of a discrete and a continuous variable), modeling the optimal charging of a large population of identical plug-in
electric vehicles (PEVs). We prove the convergence of the solution and that of the value of a sequence of finite
population problems respectively to a solution and the value of a mean field optimal control problem.

Keywords: Optimal control, hybrid state space, mean-field limit.

1 Introduction

This work is motivated by the optimal charging of a very large population of plug-in electric vehicles (PEVs)
controlled by a central planner. Each PEV is characterised by two variables: a continuous one representing the
state of charge (SoC) of the battery, and a discrete one denoting the mode of charging of the PEV (e.g. idling,
charging, discharging, etc). The central planner determines when and to which mode of charging each PEV switches.
In addition to the charging cost, the objective function also contains a term penalizing the switches, in order to
avoid both excessive jumps per PEV and synchronization effects, i.e., simultaneous switches of a large proportion of
PEVs. An optimization problem is considered, where the distribution of the population is subject to a congestion
constraint to avoid a large proportion of PEVs having the same regime. Such a control problem typically arises in
parking lots powered by solar energy that can be found in malls, airports, stadiums, hospitals and other facilities
with large parking areas [22]. Since the number n of PEVs is very large, both combinatorial techniques and optimal
control tools may fail to solve the problem, due to the curse of dimensionality [4]. To overcome these difficulties,
one can approximate the problem of n PEVs by considering a continuum of PEVs, leading to the techniques of
optimal control of PDEs and those of convex optimization. The resulting limit mean field control problem was
studied in [49] and numerically solved in [50]. Note that several articles have already dealt with smart charging
problems within a mean field limit framework [I6] [45] 47]. Our paper aims to justify the mean field approximation
by proving the convergence of the finite population optimization problem to the mean field problem, when n tends
to infinity. Although the studied model in the present paper is motivated by the optimal charging of PEVs, this
class of optimal control problem modelling should be useful in other contexts, such as the optimal control of a large
population of flexible devices (e.g. water heaters, refrigerators etc) whose state is composed of a discrete variable
(e.g. ON/OFF). This type of problem usually arises in the framework of power system stability management.

We point out three important features in our modelling of the PEV charging. First, only a finite number of
charging rates are allowed, because charging is mostly done at discrete rates [46]. This feature was also adopted
for example in [I7, 28, [51]. However, these papers did not systematically take into account the switching cost and
congestion constraints, which are the second and third features of our modelling. Indeed, penalizing switches is
crucial because, on the one hand, multiple changes in charging regime causes more intensive battery aging and
degradation [21] [43] whereas, on the other hand, the synchronization of switches of PEVs can disrupt energy
balance on the electrical network [53] and increase instability of distribution transformers [54]. Finally, congestion
constraints enable to avoid voltage drops and overloading of transformers [34] caused by uncoordinated large fleets
of PEVs.
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The main contribution of this work is the convergence, as n tends to infinity, of the value of the finite population
problem to the value of the mean field control problem (Theorem [2.1). We also prove the convergence (up to a
subsequence) of optimal solutions of the finite population problem to a solution of the mean field control problem

(Corollary .

Let us make some remarks on the method of proof. The finite population problem is first defined in a Lagrangian
point of view, namely that the evolution of the population is described by the trajectory of each process (PEV). Then,
an Eulerian formulation of the problem, which characterizes the evolution of the population by its state distribution,
velocity field and the distribution of the switches of its discrete state, is introduced and proved to be equivalent to
the Lagrangian formulation (Corollary . This result is obtained thanks to an empirical superposition principle
(Proposition , that is an adaptation of the one in [II]. The superposition principle states that any curve
of probability measure, solution of the continuity equation, can be represented as the transport of the initial
distribution along an ODE flow. This result was first introduced in [I] in the Euclidean setting, extended to general
metric spaces in [42] and [I1] explains how to adapt it to empirical measures. Proposition extends the empirical
superposition principle of [I1] to time discontinuous curves of probability.

The convergence of the solution and that of the value of the finite population problem in the Eulerian formulation
are achieved in two steps. First, we prove that the lower limit, as n tends to infinity, of the value of the finite
population problem is larger than the value of the mean field control problem, due to the compactness and lower
semi-continuity arguments (Proposition . Second, we show that the value of the finite population problem is
bounded above by the value of the mean field control problem up to a term of order (’)(n_l/ 3) (Proposition. To
obtain this bound, a mean field optimal control is implemented to a finite population of processes and an estimate
of the Wasserstein distance between the empirical distribution of the finite population and the optimal mean field
distribution is derived (Theorem . This estimate strongly relies on the regularity of the optimal control of the
mean field control problems. The Lipschitz continuity w.r.t. the space variable, uniformly in time, of the optimal
control has been established in a companion paper [49]. Similar results of Lipschitz regularity of the optimal controls
have been studied in the context of mean field control problem [5] [19].

Mean field control problems are strongly connected with the mean field game (MFG) problems. This class
of games, introduced by Lasry and Lions [39] 40, 4I] and Huang, Malhamé and Caines [32] B3], describes the
interaction among a large population of identical and rational agents in competition. It was first proved that one
can construct e-Nash equilibrium in the n-player game from mean field models [9] 10, 13 B2]. The convergence of
the Nash equilibrium system to the MFG system is closely related to the well-posedness of the so-called “master
equation”. Such a property was proved in general settings, with common noise, in the breakthrough of [8]. The
convergence was studied in [25], 36] in the open-loop control framework and extended in [38] for closed-loop Nash
equilibrium, expanding results obtained in [8]. Finally, convergence results in the finite state settings were obtained
in [3 13, 29, 35]

The mean field limit of a system of n interacting agents is defined as the asymptotic behaviour of the system
when n tends to infinity. The empirical distribution of the system of n agents can be approximated by a distribution
that is a solution of a Vlasov type equation. In the stochastic setting, one often refers to this asymptotic behavior as
a propagation of chaos result [52]. In the context of optimal control with deterministic dynamics, the convergence
of the solutions of the finite population problem to a solution of the mean field control problem was first proved
in [27], in the particular case of feedback control functions that are locally Lipschitz continuous in space. The
authors applied I'-convergence techniques [I8], that are usually used to study the convergence of a sequence of
minimization problems and of the corresponding minimizers. The convergence of the value of the optimal control
of a finite population of interacting McKean—Vlasov dynamics to the value of a mean field optimal control problem
was proved in [37] in a fairly general setting (the results hold for degenerate diffusion). The convergence results in
[27] were obtained without the restrictions on the control in [26]. In [II], the Eulerian, Lagrangian and Kantorovich
formulations of the finite population and the mean field problems are introduced, and the convergence of the value
functions of the finite population Lagrangian and Eulerian problems were established. More convergence properties
in various deterministic settings can be found in [6, BI] and in the references therein. In a stochastic setting, the
results of [37] were extended to the case with common noise in [24] and with interaction of the agents with joint
distribution of the state and control in [23]. More recently, in a setting with idiosyncratic and common noise in
the dynamic of the agents, a convergence rate of the value function of the finite population problem to the value
function of the mean field limit problem was derived in [7]. In a finite state space setting, this rate was proved to
be of order 1/y/n in [12]. Similar results on the value function were obtained in [2] in the case of mean field control
problem with regime switching in the state dynamics. The I'-convergence of a control problem of hybrid processes
was proved in [30] in the very specific framework of multi-line traffic. Several convergence properties of the finite
population model to the mean field one are given in [44] for the discrete time setting with common noise.



The modelling contains new features compared to the existing literature on optimal control. While most of
problems in the literature deal with either continuous or discrete state variables, this work addresses the analysis
of the mean field limit of hybrid processes. These new features led us to develop new mathematical tools such as
a new superposition principle and a new transfer procedure from continuous to discrete control. Further, due to
the time discontinuity of the empirical distribution of the finite population of agents and of the form of the cost
function penalizing the switches of the discrete variables, standard techniques of the literature do not apply and new
argument must be found. Also, a congestion constraint is considered in the optimization problem, which is unusual
among the existing literature studying mean field limit of control problems (see however [14] for a I'—convergence
result of an n-agent system to a mean field control problem with L upper bound on the density of the population).
Finally, a particularity of the model in this paper is that the nature of the dynamics in the finite population problem
is different from that in the mean field problem and, with respect to the literature discussed so far, is an uncommon
result. While the switches of the discrete variable are controlled and deterministic in the finite population setting,
the jumps of the discrete variable of each process are stochastic and the control is on the transition rate in the mean
field problem.

The paper is organized as follows. In Section[2] we present our assumptions, the n-agent optimal control problem,
the mean field control problem and the main results. The equivalence between the finite population problem and
its Eulerian formulation is established in Section [3] as well as the superposition principle. Finally, the convergence
of the solution and that of the value of the finite population problem to the solution and the value of the mean field
problem are proved in Section

2 Main results

Notations The space of non-negative real numbers is denoted by R and the space of strictly positive real numbers
by R’}. Given two real valued sequences {an, }nen and {b,}nen, the notation a,, = O(b,) indicates that there exists
a constant M > 0 such that, for any n € N, one has |a,| < Mb,,. The space of Borel, positive and bounded measures
on a space A is denoted by M™(A) and the space of Borel probability measures on a space A is denoted by P(A).
For any measure u € MT([0,T]) and 0 < t; < to < T, we set fttlz w(de) := pu([t1,t2]). Given a set S and a finite
space I, for any function f defined on S x I and any measure u € M1 (S x I), we use the notations f;(z) := f(x,1)
for any (x,i) € S x I and p;(S) := p(S x {i}) for any (S,4) € B(S) x I, where B(S) denotes the Borel algebra.
Similarly, for any function g defined on S x I? and any measure v € MT(S x 8’ x I?), where S’ is a set, we use the
notations g; ;(v) := g(w,i,j) for any (z,4,5) € S x I* and v; ;(S, S") := v(S x §' x {i} x {j}) for any (S,5’,i,5) €
B(S) x B(S") x I*. For any metric spaces (X,dx) and (Y, dy), we denote by D(X,Y) the set of cadlag functions
and by AC(X,Y) the set of absolutely continuous functions from X to Y. Let C°(X,Y) and Lip(X,Y) denote
respectively the set of continuous functions and the set of bounded and Lipschitz continuous functions from X to
Y. For any u € C°([0,T],P([0,1])), let Li([O,T] x [0,1]) :={f :[0,T] x [0,1] — R, fo fO 2u(t, ds)dt < +o0}.
Let Q be a domain of R%, we denote by BV (92) the set of real valued functions that are of bounded variation on €2,
by C°(Q) the set of real valued functions that are continuous on Q and by C*(Q) the set of real valued functions
that are continuously differentiable on Q. The space Lip([0,T] x [0,1] x I) + BV ((0,T) x I) denotes the set of real
valued functions that are the sum of a function in Lip(][0,7] x [0,1] x I) and a function in BV ((0,T) x I). We
denote by W the Wasserstein distance on P([0,1] x I), defined by

W(p, p) == sup Z/ d(x, 1) (pi(dx) — pi(dz)) | ¢ : [0,1] x I > Ris 1 — L1psch1tz}

i€l

We recall that if a function ¢ is 1-Lipschitz continuous from [0,1] x I to R, then |¢(z,7) — ¢(z,j)| < 1 for any
i,j € I. For any € R, [z] denotes the integer truncation of z. For any n € N, we introduce P"([0,1] x I), the set
of empirical probability measures on the space [0, 1] x I defined by

P([0,1] x 1) := {u - %Z%W) for some (2, %) € [0,1] x I},
=1

and similarly we introduce M" ([0, 1]) defined by:

-

M1 = {u= 35

for some 2 € [0,1] and 7 < n} (2.1)
n

=1



2.1 The n PEVs control problem

We consider a population of n PEVs (n € N¥), a state space [0, 1] x I, where [ is a finite set, and a time interval [0, T].
We consider a time and space discretization depending on n, with time step At™ and space step As™ (indexed by the
superscript n), such that Nj := T/At" and N := 1/As"™ are integers. The time mesh is {0,¢7,...,t5 ..., T}
with tj = kA", for any k € {0,...,Np}. The space mesh is {0,y7,...,,,...,1} with y; := pAs", for any
p € {0,...,N'}. For the sake of simplicity, we write t;, and y,, instead of ¢}, and Y, and As and At instead of As™
and At".

For any ¢ € {1,...,n} and ¢t € [0,T], the vehicle ¢ is described by its state variable zf := (if,s) € T x [0,1],
with a given initial datum a:f; = (ié,sé). The discrete variable ¥, denoting the mode of charging, can switch
deterministically and only at fixed times in {t1,--- ,¢ N;_l}, while the continuous variable s, representing the SoC,
is governed by an ODE depending on the mode of charging. Between two jumps of the variable i¢, i.e. within each
interval [tx,tx+1), the dynamics of z* is deterministic and is given by:

0 L dst

U =y, = = b(if, st) for any t € [tg, tx11) and with st = lim s¢ (2.2)

Ttk

where the initial state (i, sf)) is given. Note that there are no switches of i at times t = 0 and t = 7. We further
assume that b belongs to C*(I x R) and vanishes at the boundary of [0,1], so that the ODE satisfied by s’ has
a unique solution and s* lies in [0,1]. By (2-2), the map ¢ — (if, s¢) is cadlag. We introduce the admissible path
space given the initial distribution m € P"([0,1] x I):

X" (m) = {{(z“,sf)}ee{l,m,n} € (D([0,T7,I) x C°([0,T],[0,1]))" | the empirical distribution

(2.3)
of {(if, s5)}e is equal to m and (i%, s°) satisfies }

We denote by (i,8) a generic element of X™(m). The population of n processes is subject to the following congestion
constraints:

%i 1;(i8) < Di(t) V(i,t) € I x[0,T], (2.4)

where D : [0,7] — R is given. This constraint indicates that at time ¢, the proportion of PEVs charging in mode
i must be not larger than D;(¢). The admissible set 7"(m, D) is defined by:

T"(m, D) == {(i,s) € X" ()| (i,s) satisfies (2.4)}. (2.5)
Let J" be the objective function, defined by:

1< (T
AT / oty )t + g, 5b)

NE—1NP—1 i) (2.6)
+ Y > ZL( i ( )Ath’p(i,sL

i,j€l,j#1 k=1 p=0

where Qf”f(i,s) is the proportion of PEVs among the processes with a state in [y, yp+1) X {¢} that switch their
discrete state ¢ to j at time ¢;, and Qf’p(i,s) is the proportion of PEVs among the overall population of processes

that has a state in [yp, yp+1) X {¢} at time ¢, (just before the jumps). More precisely, QP (i,s) and Q P(i,s) are
defined by:

Qk p(l S) -~ Z ]]' ]]'[ypxprrl) (ka)

0 if Q7 (i,s) = 0,
QP (i,s) = 1 g ¢ -

J m ; L(Zt; )1, (Ztk)]l[yp.,yp+1) (stk) otherwise.

Our purpose is to study the mean field limit of the following finite population optimal control problem:

inf J"(1,8). (2.7)

(i,8)eT™(m,D)



We recall that this work is initially motivated by the optimal charging of a population of plug-in electrical
vehicles (PEVs) controlled by a central planner. The given velocity field b(i, s) denotes the power of charge or
discharge of a PEV in mode ¢ and with battery level s. The congestion constraint (2.4) aims at avoiding high
demand of energy at each moment over the period. The value ¢(¢,4,s) in (2.6 corresponds to the running cost of
a PEV at state (s,7) and at time ¢ € [0,7T); g(4,s) is the final cost per PEV at state (s,4). The switching cost

k,p/s
L Q#i”s) At Qf’p(i,s) penalizes large values of Qi’j’(i,s), i.e., large proportion of PEVs switching from a state
in [yp, yp+1) X {i} to a state in [yp, yp+1) X {7} at time t;. The normalization by At avoids frequent jumps. Finally,

the multiplication of L(-) by At Qf’p (i,s) normalizes the transition cost and avoids its explosion when n tends to
infinity. The switching costs in (2.7]) showed good numerical results in [50].

Remark 2.1. For any PEV {, the discrete variable i* is considered as a state variable in Problem (2.7). In the
finite population problem, this variable can be seen as a control variable to determine the charging rate of the PEV
during each time interval. In this case, Problem (2.7)) can be reformulated where the discrete variables {ie}ge{ly_”n}

are control variables. However, in the mean field limit problem, this discrete state variable can no longer be seen as
a control variable (see Section .

Remark 2.2. Since the number of admissible trajectories is finite and by Assumption @ (given in Section
non-empty, the infinimum is always attained in (2.7)). Actually, Assumption@ ensures that the n processes with no
switches for the discrete variable is admissible. We deduce that, for any n € N,

P he) <T + ' 2.8
(iys)eégz'(ﬁl,D)j (1”8) - ||C||OO ||g||00 ( )

2.2 The mean field control problem

This section defines the limit model when n tends to infinity. Let (m, D) € P([0,1] x I) x C°([0,T] x I,R?.) satisfy
supp(m;) C (0,1), for any i € I, and

sup  Di(t) —m;([0,1]) < &7,
tel0,T),iel

where the constant €° > 0 is defined further in Assumption In the mean field limit model, the system is
described by a pair (m, E) € D([0,T],P([0,1] x I)) x M*([0,T] x [0,1] x I*), where m is the distribution of the
hybrid state of the infinite population of PEVs, and FE is the measure of the switches of the discrete state variable
among the population over the time. More precisely, for any i, € I, interval Z C [0,7] and subset A € B([0, 1]),
the quantity E; ;(Z, A) counts the number of jumps of the discrete state variable from i to j of PEVs having a
continuous state variable s in A, during the time interval Z. We consider the continuity equation on the pair
(m,E) € D([0,T],P([0,1] x I)) x M*([0,T] x [0,1] x 12), defined on the domain (0,7) x (0,1) x I:

8tmi(t, S) + 8S(mi(t, S)bl(S)) = — Z (Ei,j (t, 8) — Ej,i(t, S)) (i, t, S) el x (0, T) X (O7 1)
i,5€1,57i (2.9)
m;(0,s) = m;(s) (i,s) € I x (0,1).

In the PDE above, the distribution m evolves through the effects, on the one hand, of an advection term, taking
into account the displacement induced by the charging rate b, and on the other hand, of a reaction term, induced
by the measure F of the jumps of the discrete variable. We introduce the density constraint:

mq(t,[0,1]) < Di(t) ¥(i,t) € I x [0, T], (2.10)
and the admissible set
S(im, D) = {(m,E) Im € C°([0,T],P([0,1] x I)), E € M™([0,T] x [0,1] x I2), B; ; < m; and

W"j € L? (0,T)Vi,j €I, (m, E) is a weak solution of (2.9) and satisfies 1D

(2.11)

The definition of weak solution of (2.9) is given by Definition in Section |3} The objective function J is defined
for any (m, E) € S(m, D) by:

J(m, E) = Z/OT /01 ci(t,s) + Z L(%(t,s)) m;(t,ds)dt + Z/Ol gi(s)m;(T, ds). (2.12)

iel GEI j#i iel



The mean field control problem is:
inf J(m, E). (2.13)
(m,E)eS(m,D)
This problem has been studied in [49], where optimality conditions and regularity results on the solutions are

established. The main result of the paper, giving the convergence of Problem (2.7)) to Problem (2.13)), is described
in the next section.

Remark 2.3. The dynamics of each agent in the mean field control problem (2.13) is a Piecewise Deterministic
) dE; ;
Markov Process (PDMP for short) [20], with jump intensity o, where for any i,j € I, o j = T’] The state of
m

each PEV at time t is denoted by (iy, st), where (it)iejo,1) @5 a jump process with values in I switchiné spontaneously,
at jump times {ty }ren given by a Poisson process with intensity o, while (s¢)icjo,1) follows a deterministic dynamics
between two consecutive jumps and is a solution of an ODE driven by the function b. We highlight that while the
dynamics of the PEVs in the finite population problem is deterministic, the dynamics in the mean field
control problem is stochastic, which is an unnatural feature.

2.3 Convergence result
Throughout the paper, we assume the following:

General assumptions
1. For any i € I, b; € C*(R) with b;(s) = 0 for any s € {0,1}.
2. For any n € N and i € I, we assume that m"™ € P™([0,1] x I) and supp(m}") C (0,1).

3. There exists ¢ > 0 such that, for any n € N, ¢ < inf  D;(t) — m}([0,1]).
(4,t)€IX[0,T]

4. For any i € I, ¢; € C*([0,T] x [0,1]) and g; € C([0, 1]).
5. L:R — R is a convex function, defined by:

l(z) ifx>0
L(z):=4¢ 0 ife=0
400 otherwise,

where I € C*(R,R, ) is an increasing strongly convex function, bounded from above by a quadratic function,
i.e. there exist C' > 0 such that for any x € R, :

0
where the first inequality is due to the strong convexity of I. By convention: L(=)-0:=0.

Remark 2.4. The main role of Assumptions and@ is to ensure that the solution of the ODE in takes
values in [0,1]. In addition, the superposition principle formulated in Section@ relies on the regularity of b stated
in Assumption [l Assumption[3 ensures that the n trajectories with no switch of discrete variable i are admissible
trajectories. Correspondingly, the feasible set T™(m, D) of Problem is not empty. This assumption also enables
to build in Section admissible trajectories based on a solution of the mean field control problem. It is possible
to replace Assumption [3 by less restrictive conditions. However, for the sake of clarity, we restrict the analysis to
the case with Assumption @ Regularity results of the solution of the mean field control problem are derived
from the properties of ¢, g and L given in Assumptions[f] and[5 Assumption[§ enables to obtain the compactness
of the solutions of the finite population problem and to apply I'-convergence techniques in Section 4.1

Remark 2.5. The definition of J" in (2.6) does not take into account the jumps of PEVs with SoC equal to 1.
However, by Assumptions[1] and[9 it is not possible for a PEV to have a SoC' equal to 1, which justifies our choice.

In the following theorem, we state the convergence of the value of Problem ({2.7)) to the value of Problem (2.13])
as n tends to infinity.



Theorem 2.1. There exist constants C’l, Cy > 1 such that, if

< At,As < %1 (2.14)

1
Cin3 ns

and

At (2.15)

<=,
ColI|
hold for any n € N*, then,
1. If {m"},, weakly converges to m € P([0,1] x I), then

inf J(m, E) < liminf inf J"(3,8). (2.16)
(m,E)eS(m,D) n—oo (i,s)eT™(m",D)

2. There exists C > 0 such that for any n € N:

C
inf "(1,8) — —+ < inf J E 2.17
(i,s)eTlE(mmD)j (49) n3 = (mB)es(mn.D) (m, £), (2.17)

where C' depends on the data, including Cy and Cs.

The proof of Theorem is given in Section 4.3] To obtain this result, an Eulerian formulation of Problem
is introduced and proved to be equivalent to Problem (Corollary |3.1) thanks to a superposition principle
(Proposition . Then, the first part of Theorem is obtained in Secti by applying compactness arguments
on the sequences of solutions of the Eulerian problem, while the second part directly derives from Proposition [£:2]
Inequality relies on regularity results of the solution of Problem , that are used to build an admissible
control for the Eulerian version of Problem 2.7

Remark 2.6. Improving the qualitative inequality (2.16]) into a quantitative one, as in (2.17)), seems a difficult
task. The main difficulties come from the constraint (2.4)) and the lack of reqularity of the objective function J"
w.r.t. to the set of trajectories (s, 1).

Remark 2.7. To obtain the inequality in Theorem|[2.1[1], one needs that lim At = lim As = 0. This condition is

n—r o0 n— 00
ensured by inequality (2.14). Inequality (2.17)), on the other hand, requires (2.14]) and (2.15)).

For any n € N, let (i",s") € T"(m", D) be a solution of Problem (2.7). We define the empirical distribution of
the processes m”™ and the empirical measure of the switches E™ by:

1 n
mh(t) ==Y Gimit gmit); (2.18)
"=
and
1 NZE—1
Efj =~ Li(i7 )1 (i) 00, © S e (2.19)
i k b

The next result states the weak convergence of {(m™, E™)} to a solution of Problem (2.13]).

Corollary 2.1. Under the assumptions of Theorem if {m"},, weakly converges to m € P([0,1] x I), there
exists a subsequence of {(m", E™)},, and a solution (m*, E*) of Problem (2.13) such that, {E™},, weakly converges
to E* and {m"(t)},, converges in Wasserstein distance uniformly in t € [0,T] to m*(t).

The proof of Corollary is given in Section [4.3]

3 Equivalence between Eulerian and Lagrangian finite population con-
trol problems

In this section, an Eulerian formulation of Problem ([2.7) is introduced. The equivalence between the Lagrangian
and the Eulerian formulation relies on a superposition principle, adapted to the problem and stated in Proposition

B.1



Definition 3.1. We say that a pair (m, E) € D([0,T],P([0,1] x I)) x M*([0,T] x [0,1] x I?) satisfies [2.9) in the
weak sense if, for any test function ¢ € C*([0,T] x [0,1] x I), we have:

Z/ di(T, s)m;(T,ds) — ¢;(0, s)m;(ds)

i€l
/ / > (0uilt, s) + bi(s)0shi(t, 8))malt,ds) + > ilt, s)(Eji — Eij)(dt, ds).
iel Jelj#i
Let n € N, (m, E) € D([0,T],P"([0,1] x I)) x M*([0,T] x [0,1] x I?), we consider the following:
Supp(Ew-) C {tq}lgqu;—l X [O, 1], VZ,] el, (31)
and
Z Ei7j({t/€},B) < mi(tk,B), Vi € {tq}OngN,}k and VB € B([O, 1]) (32)

JELj#i
The two constraints above are used to characterize the empirical distribution m of the set of processes {(i*, se)}lg <n
and to characterize the distribution of the jumps E associated to {ig}lggn . Constraint (3.1]) implies that the
support of F is concentrated on the nodes of the time mesh. Thus, the jumps only occur at times in the set
{t1,...,tnn—1}. Constraint (3.2)) ensures that the number of switches does not exceed the number of vehicles at

each time and position.
Finally, for any n € N and m € P"([0,1] x I), we define the set Q™(in) by:

Q"(m) :=
{(m,E) € D([0,T],P"([0,1] x I)) x M*([0, T] x [0,1] x I?) such that (m, F) is a weak solution of

with initial distribution m, (m, E) satisfies (3.1) and (3.2), and E; ;({tx},) € M"™([0,1]) Vk € {0,..., N£}},
(3.3)
where M"([0,1]) is defined in (2.1). The proposition below is the main result of this section. It highlights the
equivalence between the Lagrangian and the Eulerian points of view, when describing the evolution of the system
of n PEVs. It is a reminiscent of the empirical superposition principle [I1], where it is stated for time continuous
curve of probabilities. The following proposition extends this result for time discontinuous curve of probabilities.

Proposition 3.1 (Superposition principle).

1. For anyn € N, m € P"*([0,1] x I) and (4,8) € X"(m), there exists a pair (m",E™) € Q"(m) such that m"
is the empirical distribution of the processes (i,8) and E™ is that of the jumps over the period [0,T], i.e. m™

satisfies (2.18) and E™ satisfies (2.19).

2. For anyn € N, m € P*([0,1] x I), and (m, E) € Q"(im), there exists (i,8) € X" (m), such that m satisfies
(2.18) and E satisfies (2.19)

We stress that the processes (i,s) in @ is not necessary unique. The proof of the theorem is given in section

3.1 [Eulerian problem formulation

In this subsection, we describe the Eulerian formulation of the optimal control problem and show that it is equivalent
to the Lagrangian Problem (2.7))
We define, for any m € P"([0,1] x I) and D € C°([0,T] x I,R?%), the set S™(m, D) by:

8" (m, D) := {(m, E) € Q"(m)|m satisfies (2.10)} . (3.4)

Remark 3.1. For all m € P™([0,1] x I) and D € C°([0,T] x I,R%) satisfying Assumption@ the sets S™(m, D)
and S(m, D) are different. On the one hand, if (m, E) belongs to S(m, D), then E; ; < m; for any i,j € I and we
show below that m is continuous in time. On the other hand, if (m, E) belongs to S™(m, D) and E # 0, then by
E,; ; is supported by a set of discrete times (and therefore E; ; < m; cannot hold); moreover m is discontinuous
w.r.t. the time variable.



For any n € N, we define the cost function J", for any (m, E) € 8" (m, D) by:

J"(m, E) = Z// i (t, s)m; (¢, ds)dt + Z Z Z

( i, {tk} [ypﬂyp-‘rl))

Atmz t 77 ,
Atml tk 7[ypvyp+1))) ( k [yp yp+1))

iel i,j€li#j k=1 p=0
+Z/ gi(s)m; (T, ds).
iel
(3.5)
For any n € N, we consider the optimization problem:
inf J*(m, E). (3.6)

(m,E)eS™(m,D)
The following corollary is a direct consequence of Proposition
Corollary 3.1. One has:
inf J"(i,8) = inf J*(m, E).
(4,)€T ™ (m,D) (m,E)eS™ (m,D)

Proof. Let (i,8) € T"(m, D), then from Proposmonm there exists (m, E') € Q"(m) such that m is the emplrlcal
distribution of (i,s) satisfying and FE is the empirical distribution of the jumps satisfying . Since
(i,s) € T"(m, D), we have for any i €landtel0,T]

1
; 1) ==Y 1,(i%) < D; j I T
ml(t’ [07 ]) n Z Z(Zt) — l(t) V(Z,t) elx [07 ]7
and thus, (m, E) € §"(m, D). For any j € I with i # j, k€ {1,.. —1} and p € {0, .. — 1}, one has:

mi(ty s Wpr Ypt1)) = %Z%e e ) {3 X g yp)) = QP (i),

/=1 te tp
and v
I, ,
Ei,j({tk}7 [yw yp+1)) = n 1; (Zf;)]lj (ng)asfk ([ypv prrl)) = Qf] (i, S)Qk7p(lﬂs)'
=1 k=1

From the two previous equalities, one has for any k € {1,..., N3 —1} and p € {0,..., N — 1}:

k,p
I ( Ei,j({tk];a [ypayp-i-l)) ) Atm(ty~, [yp,yp+1)) — L (Q’J(l)> Ath’p(i,s).

Atmi(tr s Wpr Ypr1) At

By (2.18) and (2.19), we have:
,Z/ c(t,it, sb)dt = Z/ /cltsmltds)d and 12 glif, sk) Z/ gi(s)m; (T, ds) .

iel =1 icl
Therefore, it holds:
J"(i,s) = J"(m, E), (3.7)
and
inf J"(1,8) > inf J"(m, E).
(i,s)eT™(m,D) (m,E)eS™(m,D)

Using Proposition and similar computations as in the first part of this proof, one can obtain the reverse
inequality:
inf J"(1,s) < inf J'(m, E),
(i,s)eT™(m,D) (m,E)eS™(m,D)

and the conclusion follows. O

Remark 3.2. By Remark there exists a solution to Problem (2.7). Thus, by Proposition and Corollary
there exists a solution to Problem (3.6).



3.2 Proof of the superposition principale

3.2.1 Construction of the empirical distribution and of the jump measure from n PEVs trajectories
In this section, we fix n € N*, m € P™([0,1] x ) and (i,s) € X™(m), where X" (i) is defined in (2.3).

Lemma 3.1. The pair (m", E™) defined in and - from (3,8) is a weak solution of and satisfies
and .

Proof. Using the definition of E™ in and m"™ in (2.18), and hold. We now show that (m", E™)

is a weak solution of - Since, for any ¢ € {1,...,n}, the function t — (i,s%) is cadlag, one has m" ¢
D([0,T],P™([0,1] x I)). Let ¢ € Cl([O T] x [0,1] x I). One deduces:

§j/ / (Dupi(t, 5) + bj (5)Dupi(t, 5))ml (¢, ds)dt
el
n NE=1 4

TEY Y [ s+ ot s

i€l ¢=1 k=0 7tk

n NZ-1
= —ZZ D (pilthrssi,.,) — @iltrs sp,) L(if,)
i€l (=1 k=0
1 n n NZ—1
==Y il s (i) — i (0, s7)1 Z >0 (wiltrssy,) <Pj(tk7ka))ﬂi(if;)]lj(ifk)
iel 0=1 i,j€l,j#i =1 k=1 )
T 1
= Z/ wi(T, s)m] (T, ds) — ¢;(0, s)m (ds)) / Z wi(t,s) — p;(t,s))EL;(ds, dt),
el 0 0 i,5€1
and the conclusion follows. O

3.2.2 Construction of n PEVs trajectories from a couple of measure (m, E)

In this subsection, we prove the converse result of Section Given n € N, m € P*(I x [0,1]) and (m, E) €
Q"(m), where Q™ (1) is defined in (3.3)), we show that there exists (i,s) € X" (m ) such that m, the empirical distri-
bution of (i,s), satisfies and F, the empirical distribution of the jumps, satisfies . Due to the measure
E in the right hand side of the continuity equation , one can not directly apply the empirical superposition
principle [II, Theorem C.1] to obtain the existence of n processes whose empirical distribution is m. However,
because of the condition on the support of E in , there is no jumps during each interval (ty,tr11). Thus,
the empirical superposition principle can be used on any of these intervals, stating the existence of n processes
{(s™*, ’ik’z)}ge{l,_“7n} such that m is equal to the empirical measure of this population of processes over the interval
(tg, tk+1). This result is given in the following lemma.

Lemma 3.2. For any k € {0,..., N} — 1}, there exists {(i"*, s ") }oepn
(ik,é’sk,é) S CO([tk,tk+1],I) X Cl([tk,tk+ﬂ, [0, ].]) and any t € (tk,tk+1):

1 n
= — E 1) (88 5kt (3.8)
n t oSt
=1

In addition, for any £ € {1,...,n}, (i"* %) satisfies for any t € [ty, tei1]:

.....

ny such that for any £ € {1,...,n}

it _ kit dsf’z el KL
iy =1y, and o =0b(iy", sy ), (3.9)

where the distribution of {(iF iy, ,sfh Vreeqa,...ny s m(tr).

Proof. For any k € {1,..., N — 1} and test function ¢ € C}((tg,tr+1) x [0,1] x I), where C denotes the set of
continuously differentiable functions with compact support, by (2.9) and using that supp(F) satisfies (3.1)), one has:

/Hl/ (Orpi(t, 8) + bi(8)Dspi(t, s))m;(ds, t) = 0.

el

The existence of {(ik’l,sk’e)}ge{ljwn}, which satisfies the dynamics (3.9) and equality (3.8), follows from [I1I
Theorem C.1]. O

10



Since m € D([0,T7],P([0,1] x I) and, for any ¢ € {1,.. n} ( Rl sk € OOty trgr), 1) X CH([trs trga],s [0,1]),
one deduces from the previous lemma that, for any k € {O 1},

Zé(lk gty (3.10)
t fk

The goal of the next lemmas in this section is to build (i,s) € X™ (1), based on the processes {(i*, Sk’é)}ge{l’m’n}
defined in Lemma such that m is the empirical distribution of (i,s) (i.e. satisfies (2.18)) and E is the
empirical distribution of the jumps (i.e. satisfies ) To do so, we will show that there exists, for any
k € {0,...,N} — 1}, a permutation 6% € &(n) (&(n) being the set of permutation in {1,...,n}), such that
the n processes {(i¢, Sé)}ge{l n}, defined on [0, T by,

= RO RO e 1 n) ke {0, — 1} and ¢ € [t tesil, (3.11)

satisfy the dynamics (2.2]) and the equations (2.18) and (| with (m, E). Since the dynamics (2.2)) implies that
the processes {s }ge{ly___m} are time contlnuous we ﬁrst need for any k € {0,..., N} — 1}, to understand the

connection between {sk’[}ge{l,_“m} and {8k+1’z}ge{17m7n} at time tx1. To this end, we define m : [0, T] — P([0, 1])

by: m(t) = Zmi(t), that can be understood as the marginal distribution of the continuous variable s of the
i

distribution m. The next lemma states an empirical superposition principle for 7.

Lemma 3.3. There exists {2‘}1<p<n such that, for any £ € {1,...,n}, 2* € AC(]0,T1,[0,1]) is solution of:

‘
dz;

T v(t,zf)  for a.e. t €[0,T], (3.12)

where v : [0,T] x [0,1] — [0,1] is Borel measurable and 1 satisfies:

25 £(t) vt € [0, 7).

Proof. We first show that 7 is in Lip([0, T], P"([0,1])). Since m(t) € P"([0,1] x I), for any ¢ € [0,T], one has
m(t) € P™([0,1]). Since (m, E) is a weak solution (2.9)), taking a test function ¢ € C*(0,1) that is 1—Lipschitz
continuous, one has:

d 1
i ), w(s)m(t,ds) :/ Zb s)m;(t,ds).
icl
Since ¢ is 1—Lipschitz continuous, one deduces:
d [t
G [ etornte.ds) < bl
0

and therefore, for any ¢,7 € [0,T):
W(rn(t), (7)) < [t = 7[|b]|oo-

Thus, m € Lip([0, T],P™([0,1])) and the conclusion follows from [IT, Theorem C.1]. O
Based on the previous lemma, the next lemma shows that, for any k& € {1,..., N} — 1} and any s € [0, 1], the
number of indices ¢ € {1,...,n} satisfying sfie = s is equal to the number of indices ¢ € {1,...,n} satisfying
k+1
k41,0

S¢.., = s. This result is crucial to prove the existence of n time continuous processes {Sé}ge{l,_“7n} satisfying ((3.11)

for a certain collection of permutations {&k}ke{owﬁj\,nfl}.

Lemma 3.4. For any k € {0,.. — 1}, one has:

fz(su =f25k+u,
Tt

et
N +

where s** and s*T are defined in Lemma ,

11



Proof. By Lemmas and summing (3.8)) over I one deduces that, for any ¢ € (t, tg+1),

n

1« oy 1
- 5Sk,2 = E ’I’I”LZ = m - 6zf,
n t n

(=1 i€l =

=

where z* is defined in Lemma Since z* is continuous at tg4; and, s and s**1¢ are respectively cadlag on

[tk,tk+1] and [tg41, tkr2], the previous equality holds for ¢t = ¢511 and gives the result. O

The following lemma provides a relation between FEj;; and m; at any time t;. This result helps to link
{(sk_u,ik_l’l)}ge{lywn} and {(sk’e7ik’l)}ge{17___,n} at time tg.

n

Lemma 3.5. The measure E satisfies for any i € I and any k € {1,...,Nj — 1}:
Z (Ei)j({tk}, dS) — E‘j,i({tk}‘7 dS)) = mi(t;, dS) — mi(tk, dS) (313)
JEI,j#i

Proof. Let ¢ € C*([0,1]), ¢ > 0, k € {1,...,N® — 1} and £¥° € Lip([0,T]) be such that £°(t) = 0 outside
[tk — €tk + €] and:

t— 1tk t—1tg

ety =1+ Vt € [ty —e,ty) and EME(t) = 1 — Yt € [tr,t + €).

For any i € I, even though (t, s, ) — £9°(t)(s)1;(4) is not in C*([0,T] x [0,1] x I), it can be considered as a test
function for the equation (2.9) because (t,s) — £°()dsp(s) is in CO([0,T] x [0,1]) and (t,s) = 9,£"°(t)(s) in
L*>°([0,T] x [0,1]). Thus,

trte 1
/t / $)REME () + bi(s)ﬁk’g(t)asSD(s)) m;(t,ds)dt = Z / o(s)(E; j({te}, ds) — E;;({tx}, ds)). (3.14)

jerj#i”0
On the one hand, using the dominated convergence theorem one has:

tr+e
lim / bi(5)E52 (£)Dy 0 ()i (£, ds) dt =

e—0 th—e

On the other hand, one gets:

tpte tp+e
/ / 8t£]” (t)ym;(t,ds)d (/ / s)m;(t, ds dt—/ / s)m;(t, ds dt)
tr t t

Since m is cadlag, one obtains by considering the limit ¢ — 0 in the previous equality:

tr+e 1 1
lim / 6t§k mi(t,ds):/o @(s)mi(t;,ds)f/o o(s)m;(tg, ds).

e—0 tp—e

Therefore, by considering the limit ¢ — 0 in the left hand side of equality (3.14]), one has:

1
> / EB;j({te}, ds) — Bji({tr}, ds)) :/0 () (mi(ty; ds) — mi(ty, ds)).

JEL,j#i

Since ¢ is arbitrary, equality (3.13) is satisfied. O
. " k,+ k,—
The next lemma provides, for any k € {0,..., Nz —1}, two partitions {7} ; (s)}mel’ <o,y 2nd {1} (s)}i’jel’ J
of the set of indices {1,...,n}, that will be useful to deﬁne a permutation ¥ € &(n) to link the set of processes
{(*1, sk_u)}ge{l n} Wlth the set processes {(i"*, s® )}ge{l’ n} at time t.

Lemma 3.6. Foranyk € {1,..., Nj—1}, there exist two collections {Tfﬁ(s)}

k—
i,j€1,s€[0,1] and {TiJ (S)

}i,jel, s€[0,1]
of subsets of {1,...n} satisfying:

1. card (Tfﬁ(s)) = card (T ]7 (s)) = nE; ;(tx, {s}), for any i,j € I with i # j and for any s € [0,1].

12



2. {7 (s) and {T75(s)

s }z‘,jel,se[o,l] are partitions of {1,...,n}.

}i,jeI,se[O,l]

Remark 3.3. For some s € [0,1] and i,j € I, the sets Tfﬁ(s) or Tf;(s) can be empty. We maintain the
terminology of “partition” in this case for the sake of simplicity.

Proof. Let k€ {1,...,N} —1},i €1 and s € [0,1]. Let us set:

R (s) = {0 e {Lom} |G s = (o)

and

R (s) = {0 € {1} G, s) = (s) }.

The set Rf’_(s) represents the set of indices of processes defined in Lemma that have a state equal to (i,s) at
time ¢,;, just before a possible jump, while Rf’+(s) represents the set of indices of processes with a state equal to
(i, s) at time t;. By the definition of Rf’_(s) and Rf""(s), and by Lemma we have, for any k € {1,..., Ny —1},

Ry (s)NRY ™ (s)=0 and RPF(s)NRy™(s) =0 for any i,j € I with i # j, (3.15)
card(Rk’_(s)) =nmy(t;,{s}) and card(Rk t(s)) = nm(te, {s}), (3.16)
U Ur (= U UR™ () ...} (3.17)
se0,1]iel s€0,1]iel
Hence, {R?7_(S)}iej’s€[o’l} and {Rk’+( )}ier,seo,1) are partitions of {1,...,n}. The rest of the proof consists in

constructing the sets {Tf{(s)} and {Tk o (s)} jeg that are respectively a partition of Rf’f(s) and Rer(s) We
define, for any s € [0,1], 4,5 € T w1th j #1,

cﬁj(s) = nkE; ;(ty, {s})- (3.18)

We define, for any i € I, cfl(s) = nmy;(tk, {s}) — Z cfl(s) By Lemma one has:

Jelj#i

cfz(s) =nm;(t, ,{s}) — Z ch(s) >0, (3.19)
JEI,j#i

where the inequality is obtained by (3.2). Since m(ty) € P*([0,1] x I) and E; ;(tx,-) € M™([0,1]), one has

cfj(s) € N for any 4,5 € I. By (3.16) and (3.19), one has, for any i € I and s € [0, 1] such that m;(t, ,{s}) > 0,

Z cf’j( = card ( “(s)) and Z cji(s) = card (R]C T(s)). (3.20)

jelI jel

Sorting the elements of Rf’_(s) and Rf’+(s) in ascending order, we can now define the collections of subsets
k,+ k,— . k,— k,+

{1 (8)}i,j61,s€[0,1] and {7} (S)}z’,jel,se[o,l]' For any i € I and s € [0,1], 75" (s) and T; ;" (s) are defined

iteratively for j =1,...,|1|:

o if cf;(s) =0, then T} (s) = T} (s) = 0;

]

e otherwise, Tzkj_ (s) is the set of the Ci‘i ;(s) with smallest indices of Rf U ) and T *(s) is equal
1<g<y
to the set of the cf,j (s) with smallest indices of Rf (s)\ U Tk t(s

1<g<j
we used the convention U Tzk U T k, + ={. By - ) and their construction, the sets {T k, *( }j cr
1<q<1 1<g<1
and {Tfj’»_(s)}jel are well defined and are respectively a partition of R}" ™ (s) and R} " (s). Since {RI"™ (s)}ier.sefo.1]
and {Rf’+(s)}se[071] are both partitions of {1,...,n}, the conclusion follows. O

The following lemma enables to deﬁne for any k € {0,..., N — 1}, a permutation ¢ € &(n) which links
{(ikil’e,skfl’l)}ge{l, .n}y and {( , sk )}ge{l .n} at time 3, with the measure Ei,j(tk, ).
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Lemma 3.7. For anyk € {1,..., N} —1}, there exists o* € &(n) such that the measure E satisfies, for anyi,j € I
and s € [0,1]:

]. k— — . O'k g
Byt {s}) = —card ({£ € {L..on} [ ()7, sf7) = (i08) and (17 557 ) = (i) })

where the processes {(ik’l7 sk’e)}ge{l,m,n} are defined in Lemma
Proof. Let o* € &(n) be such that, for any s € [0,1] and 4,5 € I, if cf,j (5) > 0, the restriction of ¢* to Tfj_(s) is
a bijective map from Tff(s) to Ti]ff(s), where Tff(s) and Tfﬁ(s) are defined in Lemma @ The existence of

ijel sefo) and {T” (8)}1',3'6[,56[0,1] established

in Lemma By the construction of o*, one deduces that, for any non empty set Tff(s%

such a permutation is guaranteed by the properties of {Tff(s)}

Ti () = {L€ Ry (s)| 0" (0) € B} (s)},

i,

where Rf’Jr(s) and R?’Jr(s) are defined in the proof of Lemma Finally, one has, for any s € [0,1] and 4,j € I,

ck (s
&M$D:¢timwﬂn
= %card ({E € R | (0) € R?’Jr(s)})
= %card ({6 e{1,...,n}| ( Rt gk M) (i,s) and (i, o0 stk (Z)) = (j,s)}) .

O

The next lemma shows the existence of n processes, such that m is the empirical measure of these processes and
F is the empirical measure of the jumps of the processes.
Based on the set of permutations {O'k}ke{()’.__, Np-1} defined in the previous lemma, the next lemma shows that

there exists a set of permutations {6’“};66{07”_7]\7;,1} (defined in the proof of the lemma) and a set of n processes
(i,8), defined by (3.11)) from the processes {(i**¢, sk’[)}ge{lw’n} and the permutations {&k}ke{o’m,]\qﬁ,l}, such that
(i,s) is in X™(m) and satisfies (2.18) and ([2.19) with (m, E).
Lemma 3.8. There exists (,8) € X™(m), such that m satisfies (2.18) and E satisfies (2.19)).
Proof. For any k € {1,..., N&t — 1}, we consider the permutation 6% € &(n), defined by:

" =cfoo? o 00! (3.21)

)

where o® is defined for any k € {1,...,N# — 1} in Lemma For k = 0, we define 6° by 6°(¢) = ¢, for any
te{l,...,n}. For any ¢ € {1,.. n} we consider the processes ( s%) defined on [0, T] by:

it = zf 50 and sti= sf’&k(e) for any t € [tg,trs1), and if = thrr% it (3.22)
—
where {(i®, s )}ge{l .n} is defined in Lemma Thus, one has for any k € {0,. —1} and t € [tg, tpt1):
dst  dsPo® k6R () ket (e .
7;: tdt = b(iy’ ()vst7 ()):b(lfvsf)v
and
. k6" (e ko (e .
it =i, ():ztk ():sz.

By the definitions 6* and o in Lemma one gets for any £ € {1,...,n}:

Gl — k+1,0%(0)
t;+1 brt1 ’
and therefore:
ka L= lim se
+ TTtre41
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Thus, one has for any ¢t € [0,7T):

Since there is no jump at time ¢ = T and since i* and s* are continuous at T, equality also holds for ¢t = T'. Finally,
by Lemma [3.7] one has:

Ei ;= 71”_1 > lll(sz__ L, 5 OV, @6 rone = i; k; L@f;)ﬂj(ztk)&k ® g
Taking (i,s) := {(i%, SE)}ge{l .n}» one has (i,s) € A" (m) and the conclusion follows. O
We are now able to prove Proposition [3.1]
Proof of Proposition[3.1 This is a direct consequence of Lemmas [3.1] and [3.8] O

4 The convergence result

This section is devoted to the proofs of Theorem reformulated in Proposition and proved in Section
Theorem [2.T]2] reformulated in Proposition [£:2] and proved in Section [£.2] and Corollary 2.1 proved in Section [£.3]
We assume in this section that the time and space parameters At and As are such that (2.14) and (2.15) are
satisfied.

4.1 TI'-lower limit result

We reformulate the first result of the paper, Theorem in Proposition

Proposition 4.1. For any sequence {m"}, weakly converging to a measure m € P([0,1] x I) and satisfying
Assumptions[q and[3, we have:

inf J(m, E) < liminf inf J"(,8). (4.1)
(m,E)eS(m,D) n—oo (i,s)eT"(m",D)
The rest of this subsection is dedicated to the proof of Proposition The proof is based on Lemmas and
2] for which we need the following preliminary results.
By Corollary and Remark we know that there exists a sequence {(m", E™)},, such that, for any n € N,
(m"™,E") € S"(m", D) and
Jr(m™ E™) = inf J"(1,8).
( ) (i,5)€T™ (mn,D) ()
The proof of Proposition relies on the existence of a limit point (m™*, E*) of the sequence {(m", E™)},, that
belongs to the set S(m, D). By inequality (2.8)), we have

Z Z Z ( i, ({tk}, [Yps Yp+1)) ) Atmi(te ™, [Yps Yps1)) < Co, (4.2)

ijel k=1 p=0 Atm;(te ™, [Yp Yp+1))

where the constant Cp > 0 only depends on T', ||c[|oc and [|g]| - Inequality (4.2)) implies that {£7';([0,7] x [0,
is uniformly bounded. Indeed, let ¢,¢ € [0,T], with ¢t < ¢. If thereisno t, € {0,... ,kAt,..., T} satlsfymg t<t
then by (3.1) >°, ;o E;([t, ﬂ [0, 1] = 0. Otherwise, let k1,k2 € {0,..., N3} be such that ty, — At <t <

D}

<

3

\/\ S+

q
tr,
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tr, <t <tk + At By (3.1) and Cauchy-Schwartz inequality, one has:

2 by NP1 2

> Er(1t.,[0,1]) ST BY{tk) e vpa))

i,jel i,j€l k=k1 p=0

ky NJ—1

N - 2
S5 Aml ey | | S0 Z Z Pt} [yp yp+1)))

ij€l k=k, p=0 i,jel k=k, p=0 Atm tlw[yl”ypﬂ))

|I|At ks — Ky +1 Z Z i C( ( z] {tk}v[ypayp+1))) +C> Atmn( k?[yP?yPJrl)

ijel k=k; p=0 Atmn(tkﬂ[ypvyp+1))

< CU|(E—t+ At)(Co + C),

IN

IN

(4.3)
where the two last inequalities are obtained by Assumption [5] and inequality ([4.2]). Taking ¢t = 0 and # = T', one

obtains:
> E5(0,71,[0,1]) < V/CTI], (4.4)
i,j€l
C > 0 is a constant that depends on Assumption [5 I 5| and on Cy. By (4.4)), there exists a limit E* € M™([0,7T] x
[0,1] x I?) of a subsequence {E™},,, w.r.t. the weak topology induced by M+([0 T] [0,1] x I?).

Now we are ready to prove the two lemmas needed for the proof of Proposition [4.1] The first lemma states that
{m"}, admits a limit point m* € C°([0,T],P([0,1] x I)).

Lemma 4.1. There exists m* € CO([O, T1,P([0,1] x I)) such that, up to a subsequence, {m™},, uniformly converges
in time to m* w.r.t. the Wasserstein distance W. In addition, (m™, E™) is a weak solution of (2.9)) with initial data

m, and it satisfies (2.10)).
Proof. Let ¢ € C*([0,1] x I) be 1-Lipschitz continuous. Since (m™, E") satisfies the continuity equation (2.9)), one
]

has, for any ¢,t € [0,7] and n € N,

t 1
Z/ ¢i(s)(m"(t,ds) — m"™(t,ds)) Z/ / bi(8)0spi(s)mi (T, ds)dr—i—Z/ / (05(s) — ¢i(s)) E};(dr, ds)
iel iel jer/t Jo

Since ¢ is 1-Lipschitz continuous, by Cauchy—Schwarz inequality and (4.3]), one has

Z// (65(s) — di(s)) BF;(dt, ds) < /[t — E] + At\/C1],

jel

for a constant C' > 0, independent of n, ¢ and ¢. Further, using that, for any 7 € [0, T], m"(7) is in P([0, 1] x I),
one observes that,

Z// )0:i(s)m" (7, ds) < /€ = TV bl

Thus, by the two previous inequalities, one has, for any ¢, € [0,T] and n € N,

W(m™ (), m"(t)) < /[t — | + At(VT|b]|w + /C|T]).

By adapting the Arzela—Ascoli Theorem, one can deduce the existence of m* : [0,T] — P([0,1] x I), that is 1/2-
Holder continuous in time w.r.t. the dibtance W and, such that, up to a subsquence, {m"},, uniformly converges in
time to m* w.r.t. to W. Fmally, s1nce and 1_' are linear w.r.t. the couple (m, F) and that, for any n € N,
(m™, E™) is a weak solution of ( and satlsﬁes (2.10]), one can deduce, by the respectlve weak convergence of
(m"7 E"™) and {m }n to (m”, E*) and m, that (m*, E*) is also a weak solution of (| with initial distribution m,

and satisfies O

We want to show that the limit point defined in the previous lemma (m*, E*) of the sequence {(m",E™)},
belongs to the set S(m, D). To this end, we need to prove that E* is absolutely continuous w.r.t. the measure m*.
This property is stated in the next lemma.
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Lemma 4.2. For any i,j € I, E*- is absolutely continuous w.r.t. the measure m;. Denoting by af’j the Radon-
Nikodym derivative of E;; w.r.t. the measure m; , we have o ; € L2 .([0,T] x [0,1]).
Proof. We define for any n € N and ¢,j € I, the curve of measure m" : [0,7] — P([0,1] x I) by:

NP—1NT—1

m?(t77[y Y 1))
i (t,ds) Z Z Lt tig) (D Ly 040 (5) . Az DL ds. (4.5)

By the uniform weak convergence of {m"}, to m" in Lemma and the definition of m", one can show that for
any t € [0,T], {m"(t)}n weakly converges to m*(t) in P([0,1] x I). For any n € N and ¢,5 € I, we introduce
i+ [0,T) x [0,1] = Ry:
E{fj({tk}, [yp7yp+1))
Atmi (s [Yps p+1))

where t € [tg,tg+1) and s € [Yp, Yp+1), (4.6)

and we define the measure E7. on [0, 7] x [0,1] by: E.(dt,ds) := o ;i (t,ds)dt. One can observe that:
i, Y i 1,511

N7—-1N7"

i ter Yot BE({tk} [Yps Ypt1))
Y oEOnxo) = Y Y % / / Ll Ure) gy
L,JELi#] i,j€Li#j k=0 p=0 “Ir (4.7)
= > EL(0.7)
i,j€1,i#]

Using the previous equality and (4.4)), {E~'Z"]}n is tight. Thus, there exists a measure E~‘” such that a subsequence
of {E~,”]}n weakly converges to E; j. We define the function © : M ([0, 7] x [0, 1] x I) x MT([0,T] x [0,1] x I?) —
R U {400} by:

db;; .
/ / (i j(t,s))m;(dt,ds) if E;; < m; and «; ; = q L with o ; > 0,
,JEI i#] i

©O(m,E) =

otherwise.

The function © is convex and l.s.c. w.r.t. the weak topology in M™ ([0, 7] x [0,1] x I) x M+([0, T] x [0,1] x I?) (see

'r’L

e.g. [48, Proposition 5.18]). From the definition of E™, it turns out that E” < mj with

O(m",E") =Y / / Ml (t, s)dtds

i,j€l

n .
dm” = a; ;. We have:

?

NRE—1NT

Z Z Z <A;gn{tk} [ymypﬂ)))m?(f;,[yp,ypﬂ))At

i,jel k=0 p=0 k;’[yp,yp-i-l))
< Cy.

where the constant Cy > 0 is defined in . Using that (m], E" ;) weakly converges to (m;, E; ;) and by the

prev1oub mequahty, one deduces that @(m E) < Cy and thus, for any 4,5 € I: E; 4 < mj. We now prove that
E; +; by showing that E" — Ej'; weakly converges to 0 in /\/l+([0 T] % [0,1] x I?). By the definition of E™ and

1; one has E7';([0,T] x [0, 1] X 12) = E};([0,T] x [0,1] x I?) < \/CT|I| for any n € N. Let ¢ : [0,T] x [0,1] — R
be a 1—Lipschitz continuous function. Using (4.4)) and the property on the support of E™ in 1) we have:

/0/ (t, s) (o (t, s)mi (¢, ds)dt — Ej';(dt, ds))

i k4t B ({tk}, s Yps1))
2,] ) LIpy Ip _n
g E / ( AsAL dsdt — E}';(dt, ds))

k=1 p=0 “te—%5"

(4.8)

Since ¢ is continuous, for any k € {0,...,Nf — 1} and p € {0,..., N — 1}, there exists (7,z) € [t — At/2,tx +

At/2] X [yp, Yp+1] such that ¢(r,z) =

tht 5 Yp+1
AtAs / / @(t,s)dsdt. Since ¢ is 1—Lipschitz continuous, one
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deduces that

thr% Yp+1
(@ T B ({th . [ 1)) — / / () B, (dt,ds) < (At + AS)E™ ({14}, [y, vpsn))-

tk*% Yp

By previous inequality and by (4.4)), equality (4.8)) becomes

/ / (t,s)(af;(t, s)mi (t,ds)dt — B} (dt,ds)) < (As+ At)E};([0,T] x [0,1]) < (As + At)/CT|I|,

and therefore W(E? E!';) — 0. We deduce that E;; = E;; and we can define the Radon-Nikodym derivative

'L]’
dE;;
i ;= 3 = Since ©(m;, E; ;) < co, we deduce for any i,j € I that o] ; € L2 .([0,T] x [0,1]) from Assumption
i mi 2 ? K3
O

We can now prove Proposition

Proof of Proposition[{.1 By Lemmasand one has that (m*, E*) € S(m, D). Since ¢ € C*([0,T] x[0,1] x I)
and g € C([0,1] x I), by the w.l.s.c. of © defined in Lemma we have:

inf J(m, E) < J(m*, E*) < liminf J"(m", E") = lim inf inf J"(1,8),
(m,E)eS(m,D) n—00 n—oo (i,s)eT"(m",D)

and the conclusion follows. O

4.2 Upper bound of the value of the finite population problem
We reformulate the second main result of this paper, Theorem in Proposition and gives a proof.

Proposition 4.2. There exist C > 0 such that, for any sequence {m"}, in P"([O, 1] x I) satisfying Assumptions
@ and@ one has, for any n € N*,

inf J"(i,8) —

< inf J(m, F). 4.9
(i,5)€T™ (m™,D) - s (m, E) (4.9)

(m,E)eS(m™,D)

iq Q

Proposmon 2| provides an upper bound on the value of Problem (2.7). Note that the constants in this theorem
depend on ¢° (defined in Assumption |3)) and not on the choice of the Sequence {m"},. To prove this theorem,
we first show in Section {4.2.1| how to implement an optimal control of the mean field control problem to a finite
population of PEVs, such that the constraint is satisfied (Corollary [A.1)). Then, in Section we give an
estimate of the Wasserstein distance between the resulting empirical distribution of the finite population of processes
and the mean field distribution. Finally, we finish the proof of Proposition in Section 4.2.3

4.2.1 Transfer procedure for a finite number of PEVs using a mean field control

The goal of this subsection is to present how a bounded mean field control « can be implemented for a finite
population of PEVs. We provide a convergence rate of the empirical distribution to the mean field distribution.
Let us fix a sequence {m"},, of initial distribution in (2.9) satisfying Assumptions I and (3| l We highlight that, all
the constants in this section depend on €° and not on the choice of the sequence {m"},. Let N € N be such that

20%\*
N><€CO>, (4.10)

where C* > 0 is introduced later in (4.17). For any n € N, we consider (m™™, E*™), a minimizer of J over the set

1 d

S(m", D — C*/n%). We define o™ by o7 ; := drg* —, for any i,j € I. By Assumptionand the definition of N in
i.j

, one has for any n > N, and (i,t) € I x [0, 7],

(Di(t) - %) —-m;"(0,10,1]) < % (4.11)
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By the previous inequality and [49, Theorem 2.1], we have o™ € L*([0,T] x [0,1] x I?) and, for any (i,4,t,5) €
I? % [0,7T] x [0,1],

T
aij(t,s) = H' < 1(t:9) +/t (A7 = A?)MT)) : (4.12)

where A" € Lip([0,T] x [0,1] x I?), \™ € MT([0,T] x I) and H is the Fenchel conjugate of L (that is defined
in Assumption [5)) and H’ the derivative of H. By Assumption |5, H’ is Lipschitz continuous on R and thus, o™
is Lipschitz continuous in space uniformly in time. By [49] Lemma 5.3], the upper bound of A"([0,7] x I) only
depends on €° in and on the data of the problem. In addition, by [49, Theorem 2.1], for any n € N*, there
exists ™ € (Lip([0,T] x [0,1] x I) + BV((0,T) x I)) such that of; = H'(¢} — ¢}), where by [49, Remark 4.5],
upper bounds on ||¢"||c and ||05¢™| depend on the data of the problem and on A"([0,7] x I). Since is
satisfied for any n > N, there exists C' > 0 that depends on ¢°, such that, for any n > N,

max (|| [|so, [|[0s” |00, A" ([0, T] x I)) < C. (4.13)

Transfer procedure We consider n > N PEVs with an initial state distribution m™. At each time step
tr € {At,...,At(Np — 1)} and for any p € {0,..., N — 1}, we apply the following steps:

e We define Vik’p7 the set of indices of PEVs in the mode of charging ¢ € I with a SoC in the range [yp, Yp+1)
at time ¢, and set Nf’p = card(Vik’p).

e The number of PEVs in Vik’p transferred from the mode of charging ¢ € I to the mode j € I at time ¢t is
denoted by a;;(k,p) and is defined by: a;;(k,p) := LAta;fj(tk,yp)Nf’pJ. The transferred vehicles are the
ones with the lowest indices. We denote by Ti’fj’-p the set of indices of the transferred vehicles. We have:
A

Remark 4.1. By inequalities (2.15)) and (4.13), one has, for any n > N, At < It implies that, for

Il oo
n

any i, k, £, Z a; ;(k,p) < Nf’p. Thus, the mazimal amount of PEVs with a state in {i} X [yp, Yp+1) that can be
J=1,j#i
transferred is bounded by the total number of PEVs with a state in i X [Yp, Yp+1)-

Remark 4.2. One can observe that PEVs with a SoC equal to 1 are not taken into account in the transfer procedure

giwen above. This is without consequence because, following Remark [2.5 and Assumption[3, there is never a PEV
with a SoC' equal to 1.

Recall that m™ € P" ([0, 1 xTI ) is the initial distribution of the states of the population of PEVs. The procedure
defined above enables us to construct a unique set of n processes { (i, Se)}ge{l,m’n} e xX"(m"). Forany ¢ € {1,...,n}
and t € [0,T], i¥ and st denote respectively the mode of charging and the SoC of the ¢!* PEV at time t. By
Proposition [3.1] the pair (m™, E™) defined by and belongs to Q™(m").

There exists a pair (m", E™) € Q"(m™) that is the empirical distribution of the states of the population of
PEVs and of the jumps and that satisfies and . In addition, the following equalities hold, for any
ke{0,...,Nr—1},pe{0,...,N" —1}and i,j € I,

"o NP
mi (15 [Yps Yp1)) = —— (4.14)
azT’L (kvp)
E?([tkvtk+1)7 [yp7yp+1)) = JT (415)

The theorem below gives an estimate of the Wasserstein distance between m™™ and m”.

Theorem 4.1. There exists C > 0, such that for anyn > N and t € [0,T],

W(m*™ (£),m"™ (t)) < —. (4.16)

o a
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We postpone the proof to Section As we show below, the rate n~3 in the right hand-side of (4.16]) comes
from inequality (2.14] -

The next result shows that the previous theorem enables us to find strategies, based on a mean field optimal
control, satisfying the constraint (2.4). We now set:

Ct=C+1, (4.17)
where C' > 0 is the constant defined in Theorem

Corollary 4.1. One has, for anyn > N,

< Di(t) —mP(t,[0,1]) V(i t) € I x [0,T]. (4.18)

3
wie|

Proof. Let i € I and 4, the 1-Lipschitz continuous function defined, for any (s,j) € [0,1] x I, by

_J 0 jg=i
%(S) '_{ 1 j?él,
Then, we find that by the definition of the Wasserstein distance W,
mr0 -0 =X [ 6 - m )
JeI
< W(m"(t),m™"(t)).
Rearranging the terms and adding D;(t) in both side of the previous inequality, one observes that

Di(t) —m;" (t,]0,1]) = W(m™"(t),m"(t)) < Di(t) — mj' (£, [0, 1]).

*

C
By Theorem and since (m™", E*™) € S(m", D — —), one deduces, for any (i,t) € I x [0,T],

1
n3
cr-C
—— < Di(t) —mi(t,(0,1]).

ns
The conclusion follows from the previous inequality and (4.17]). O

4.2.2 Proof of Theorem [4.1]
We start by stating some preliminary results.

Lemma 4.3. For any function p € C*([0,T] x [0,1] x I), we have, for any i € I,

T 1 1
/ / (Drpa(t, 5) + bs(B)Duipa(t, )yl (t, ds)dt — / i s)m? (T, ds) — i 0, s)m? (ds)
0 0 0

N;; —1N?—1
‘ ¢
+ 2 Y Y| T ettt - X et
_ p=0 j€I,j#i ZeTik,}P eeT;;P
Proof. This lemma is a direct consequence of the proof of Lemma O

We introduce m" € L*([0,T] x [0,1] x I) and & € L>([0,T] x [0,1] x I) defined, for any i,j € I, t € [tg,trs1)
and s € [yp7yp+1)7 by

n 1 <n n
mg (t,s) == Ksmz (tks [Up, Yp+1)) and ai,j(tas) = ai,j(tkayp)' (4.19)

We observe that: m?(t,s) = NP /(nAs) for any t € [tg, trs1) and s € [Yp, Yps1)-

Lemma 4.4. There exists C > 0 such that for any n > N and any function ¢ € C°([0,T] x [0,1] x I) and i € I,
we have:

; wi(t,s) (azj(t,s)m?(t, ds) — (t s)mi(t, s)ds) dt| < C|l¢llec(As + At). (4.20)
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Proof. Recalling that the quantity Nik’p is defined in the Transfer Procedure given above, we observe for any
i,7 € I

wi(t,s) (aﬁj(t,s)m?(t,ds) (t s)mi(t, s)ds) dt
0
NS~ lNT 1/tk+1 /yp+1 Yp+1 N_’%:D
= i(t, s)ag;(t, s)mi (¢, ds) —/ wi(t, s)ai i (tr, yp) ——ds | dt
tr Yp up J PP nAs
_ 4.21
1Nz—1 tht1 O‘Zj (t’ Sf) N NZ_]’%P ( )
< lelloo Z Z Z - _ai,j(tlmyp) n dt
p=0 k=0 Jt tevi
NIANE L ot al (t,st)  al.(t
i, \Y Ot i\ j k:ay)
el 3 3 [ 3 (el
p=0 k=0 "tk |oeykr

By equality (4.12)), and the uniform Lipschitz continuity property of H' and 3, one has, for any ¢ € Vik’p and
te [tk,t}chl): \
i (t:58) = aly(tusa)| < C (181 ) — Bt + [ (7 + X))
N (4.22)
< C(As + AL +/ (A" + )\?)(dT))7
tk
where the second inequality is deduced by the fact that, if sfk € [Yp, Ypr1), then |sf —yp| < (As+ At|b]|o) for any
t € [tg,tg+1). Summing the previous inequality over ¢ € Vik’p and dividing n, one has, for any ¢ € [t tgx4+1),

n (¢, st ™ (b, k.p t
3 (am( st) _ oiy(h yp)) < N;l C(A3+At+/ (7 + A7)(dr) ). (4.23)

LevFr " " b

By (4.23) and (4.13)), inequality (4.21)) becomes:

@i(t,s) (af ;(t, s)mi (t,ds) — &;' ;(t, s)m"™i(t, s)ds) dt

(7] Nk‘ p t
< [llloo Z Z / A5+At+/ (A?+/\y)(d7))dt
p=0 k= b
—1Ng Nk P tht1
<l Z Z <A3+At+/ (A" + Ay)(dT))At
ty
< llelleC(As + At),
N7 — NI'—1 k,p
where we used that Z At =T and Z < 1 to obtain the second inequality. O
k=0 p=0

Lemma 4.5. For anyi € I, n > N and any function o € C*([0,T] x [0,1] x I), with Lipschitz constant denoted
by v, > 0, we have:

/O (Oui(t, 8) + bs()Dsioi(t, 8))m? (¢, ds)dt — /0 oi(T, $)m™ (T, ds) — i(0, ) (ds)

T 1
—/0 /0 wi(t,s) (d?.,j (t,s)m} (t,s) — d?’i(t, s)m?(t, s)) dtds

(4.24)

- .
< O + lelloo)(As + At + )

21



Proof. Let ¢ € C*([0,T] x [0,1] x I). By the definition of & and 7 in ([&19)), one observes, for any i,j € I,

T 1

/ @i(t,s) (a7 (t, s)mi (t, s) — &j ;(t, s)mf (t,s)) dids
N”_l N” bt Up+1 NFP Nf’p
N" 1NT 1

Nkp Yptr1  flrs
= pz;) z:: AtOé tlwyp) nAs Ata (tkvyp At/ / wi(t, s)dtds.

Combining Lemma [£.3 and the previous equality, we get:
T 41 1
/ / (Orpi(t, 8) + bi(8)0si(t, s))mi (t,ds)dt — / wi(T, s)m} (T, ds) — p;(0, s)m} (ds)
0

// (6,3) (@25 (1, S)YME(E, 8) — G2 (1, s)mP(E, 5)) dtds

1 Np—-1NJ-1 , , (4.26)
== Z Z Y. wiltesi) = Y eilthssi,)

k=0 p=0 jeI j#i LeTp LeTty?
NP—1Nj—1

N’%P N’C’p Yp+1  fle4a
_ Z Z Z At (te, yp) —o— Y — At (e, yp) —5— s At/ / ©;(t, s)dtds.

p=0 k=0 jeI,j#i

We recall that there is no transfer at time to = 0 in the transfer procedure described in Section Thus, to find
an upper bound of (4.26)), two cases are considered below: k=0 and k € {1,..., N} — 1}.

1
e If £k =0, we have, for any i,j € I and p € {0,..., N — 1}, that Tff = (). Thus, Z ﬁcpi(tk,sfk) =0 and
el r

NI—1 k,p

1 ’ . Ni 1 Yp+1  fiet1
Z Z Z Egai(tk,stk) — Atai’j(tk’yp)TAsAt /yp /t,c wi(t, s)dtds

p=0 jeI,j#i ZeT,i’ff

N271 N_kvp 1 Yp+1 tha1 (427)
_ n i )
= Z Z 4 Atai,j(tkayp)Tm/ /t wi(t, s)dtds

p=0 jel,j#i Yp k
< CllglloAt,

where the constant C' > 0 is defined in (4.13).
e For k € {1,..., N} — 1}, recalling the definition a™ in Section we have, for any i, j, k, p,

n n k,
|ai,j(kap) - Atai,j(tkayp)Ni P| S 13

and thus, one obtains, for any k € {0.. —1}and p e {0,..., N — 1},

[lloo
o

<

1 Yp+1 tht1
n(k,p) — Atal (b, N.’”’) / / A(t, s)dtd
(az,]( p) az,]( k yp) i nAsAt ” " ¥ ( S) S
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Since, for any 1, j, p, card(Tfj’-p) = a; ;(k,p), one has from the previous inequality, for any p € {0,..., N’ —1},

1 ) NEP o q Yp+1  fle4r
> —piltest,) - Atall () / /t el s)dtds

ey
1 /yp+1/tk+1 ' a?.(k,p) Yp+1  ftrtr ||90||oo
< L u(t, st ydtds — 2230 P) / / eult s)dids| + 1202 (4 9)
ZeTZ,’“ﬂp nAsAt " t k nAsAt " t n
L e ol
< . — s
<| > (msm / / (piltr, i, %(t,s))dtds) +
teTtr Yp k

By the Lipschitz continuity of ¢, the definition of a;’;(k,p) and inequality (4.13), one gets:

1 Ypt1  pletl . al (k,p)ve (At + As)
— i(te, s1,) — it s))dtd =
) (msm/yp | ttinst) = gt 5) ) < g

eeTiy‘;P

A

(CNFPAL + 1)y, (At + As)
; :

Using the previous display, inequality (4.28]) becomes:

1 . N_]%P 1 Yp+1 tk41
n K3
g Eapi(tk, St ) — Aty (tk,yp)—n oAl /yp /tk wi(t, s)dtds

verir (4.29)
i k,
< (ON7PAL + )7 (At + As) + [[#lloo
- n
By a similar computation, one can show that:
3 L it st ) — At (¢ )NJ]‘C’p 1 /yp+1 /tk+1 (t, s)dtd
— @5 k7stk - aj}i kyUp)— — @ill, S S
ety noASALL, (4.30)
- (CNPPAL+ 1)y,(At + As) + [l
_— n .
Finally, by inequality (4.27) and summing (4.29) and (4.30) over k,p and j, equality (4.26)) becomes:
1 1
/ (Orpi(t, s) + bi(8)0spi(t, s))mi(t,ds)dt —/ wi(T, s)ml (T, ds) — ¢;(0, s)m} (ds)
0
- > / / ©il(t, s) ) (t, ) — G5 (t, s)m7 (¢, s)) dsdt
JEI,j#i (431)
NT—l N —1 Nk:’p k,p
+ NP) At + 2)7, (At + As) + 2[[¢]|oo
Clalars ¥ 3 3 ! e
jel,j#i k=1 p=1
< o) (A At 4+ ——),
where the constant C' depends on C, T and |I|. O

Lemma 4.6. There exists C > 0 such that, for any i € I, t € (0,T], n > N and any function ¢ € C*([0,T] x
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[0,1] x I), with Lipschitz constant denoted by v, > 0, we have:

/t /1@%(7,5)+bz-<s>as%<r,s>> (rds)dr— 3 / / pilr,s) (a2 (7, $)mi(, ) — a2 (r, s)m (7, ds)) dr

JEL,j#i

t dS) ®i (07 S)m? (07 dS)

\

1
Clllle + 701 + A5+ —)

(4.32)
Proof. Lemmas and can be easily extended to any t € (0,7, giving:

i(T,8) (aﬁj (1,8)m}(7,ds) — dzj(T, s)m (T, s)ds) dr| < C|lelleo (As + Ab),

and

t 1

(
— wi(T,s) (dz J(’T s)ymi(r,s) — d?’i(T, )Th;’
o Jo

/ / (Brpr(r, ) + bi($)sipi(r, ) (. ds)dt — / pi(t, sym? (¢, ds) — (0, s)m2 (ds)
0 0 0
Sy

7,8)) drds

<

Inequality (4.32)) is a direct consequence of the two previous inequalities. O

Remark 4.3. The term on the r.h.s. of the inequality in Lemma implz’es to choose carefully the time
nAs

and space steps, depending on the number of agents n. To this end, inequality (2.14) is crucial.

Remark 4.4. The condition (2.14) on the time and space steps At and As in Theoremm can be replaced by a
less restrictive one. Indeed, if there exist v > 0 and 6 > 0 such that v+ 6 <1 and

1 G 1, O
- nv’ Ot T T onf

then, the convergence rate in the right hand side of inequality (4.24) in Lemma would satisfy:

1 1 1 1

Optimizing with respect to v and 0 in the right hand side of the above equality gives condition (2.14]).
We can now prove Theorem
Proof of Theorem[{.1 Let ¢ € C*([0,1] x I) and o € C*([0,T] x [0,1] x I) be the classical solution of the PDE:

Orpi(T,8) + bi(5)0spi(7,8) = 0 (7,8,1) € [0,2] x [0,1] x I
pi(t, s) = 1i(s) (s,2) € x[0,1] x I.

By applying the method of characteristics, the solution ¢ of (4.33)) satisfies, for any (7,s,4) € [0,¢] x [0,1] x T
i(T,8) = i (S (7)),

where Sf ** is the unique solution of the ODE below

(4.33)

dsi(r)
dr
ST5(t) = s.

= bi(SE(r), T el0T],

K3

One can show that, for any 7,¢ € [0,T] and s € [0,1], [8,57°(t)] < €TI¥'l=. Then, one has [|¢]lsc = |[¢]|lso, and
denoting by 7, the Llpschltz constant of ¥, for any ¢ € [0,T] ¢;(t, -) is Lipschitz continuous with Lipschitz constant
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W,eT”b/“w. Since (m™", E*") is a weak solution of the continuity equation (2.9) with initial distribution m", and

*,M

¢ a classical solution of (4.33), using that o;'; = we have:

2]
dm*n3

2

1 t oyl
/ wilsmi " (tds) = [0 smrOs)ds— [ [0S gutrs)al (sl (r,ds) = o sm; 7, ds))r
0 o Jo .57, ’
Jel,j#i
(4.34)
From Lemma we have, for any ¢ € (0,77

/ Wi (s)m(t,ds) < /01 ©:(0,s)m7 (0, ds) Z / / wi(t, s) t,s)mp(t,s) — a;{i(hs)m}l(t,ds)) dt

JEILj#i
C[llo +ype™Pl=) (AL + As +

AsAt)'
(4.35)

From the previous equality and inequality, one deduces:

/ Gi(s) (" (b ds) —ml(tds) € =3 / / S ilrs)al(r, ) (m? " (1. ds) — m? (7, ds))dr

iel el JEI j#1i
—|—Z/ / Z @i(1,8)al(,8)(m;" (1,ds) — mj (7, ds))dr
iel jel,j#i 1
oo At + A
FO(Plloo + 1) (Bt + A5+ — ).
(4.36)
By inequality - {a"(t,) }n> N tefo, 1) is uniformly Lipschitz continuous with constant C. Thus, for any ¢ € [0, T,

(s,4,7) — @i(t, s)a; ;(t,s) is Lipschitz on [0, 1] x I? with Lipschitz constant C(][¢)]| s —l—fyd,eT“b ll=). We deduce that,
for any 7 € [0, T:

> / S gilms)al;(rs)(m " (7, ds) — mi (7, ds))dr < OLI([llos + €™ 1=)W(m*" (r), m™ (7).

iel jel,j#i

Using the previous inequality, equality (4.36]) becomes:

Z wz mo" t dS) ?(t,dS)) < 2C’|I|(Hw”oo +’Y¢6T‘Ib/”x) W(m*,n(T)’mn(T))dT
0

i€l

/ 1
C - TV oy (AL - A

(bllo + 7™ 1) (AL + As + — L)
Consider 7 € Lip([0, 1] x I') with a Lipschitz constant equal to 1 and satisfying n;(0) = 0 for a certain ¢ € I (to bound
[7]lo)- Let {4}, be a sequence in C*([0, 1] x I) that is uniformly bounded w.r.t. the Lipschitz constant and that
approximates 1 w.r.t. the norm || - ||o. Since the previous inequality holds for any function 1 in C*([0,1] x I), one
deduces that:

Z/ ni(s)(m>" (t,ds) — ml}(t,ds)) < C </Ot W(m*™ (1), m™(7))dr + At + As + nAiAt) ;

el

where C' > 0 depends on C and |I|. Since 7 is arbitrary, one has:

W(m™™ (1), m" (1)) < C (/0 W™ (r),m™(r))dr + At + As + nAlAt) |

Applying the Grownwall Lemma and usig inequality (2.14)), there exists C' > 0 such that one gets, for any ¢ € (0,77,

W(m™"(t),m"(t)) <

ala
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4.2.3 Proof of Proposition

We need the following preliminary results.

Lemma 4.7. There exists C > 0 such that, for any n € N, the function defined on [0,T], by

te > / ymi " (t, ds) (4.37)

wjel,j#i
has a total variation on [0,T] lower than C.

Proof. For any 4,j € I and t1,t € [0,T] with t2 > t1, we have:
1 1
[ Llat taspm " (tands) = [ Lial, a9 " (1. ds)
0 0

/L(a;j(tg,s))(m:v"(tg,ds)—m:»"(tl,ds))’+ / (L(a7 (1, 8) — L(al;(t2, 8)))m?" (b1, ds)|
0 0

By (4.13)) one has that {a} } and {0sq] ]}n are uniformly bounded. By Assumption [5] one gets that L is locally
Llpschltz continuous and by [49, Theorem 2.1] that m™™ € Lip([0, T, P([0,1] x I)), with a Lipschitz constant that
only depends on ||b||eo, T’ and ||a"||c . Thus, there exists a constant C' > 0 independent of n such that:

iel
By (4.12), inequality and the locally Lipschitz continuity of L, one gets

<

1
/ L(ag ;(t2,8))(m; " (tz, ds) — m:’”(tl,ds))‘ < Cltg — ty). (4.38)
0

1
< C’/ lo i (t1,8) — o' (t2, s)[m; " (1, ds)
0

C <|t1 o] + /:()\? + A;)(dr)) .

By inequalities (4.38)) and (4.39), we deduce that the total variation of the function defined in (4.37)) on [0, T
is bounded by a constant. O

/0 (L (11, 8)) — L(al(t2, 5))) m™ (b1, ds)

(4.39)

Lemma 4.8. There exists C > 0 such that, for any n > N,

C
J'(m", E") < J(m®" E*") + —. (4.40)
n3
Proof of Lemmal[{.8 By equality (4.15] -7 one deduces, for any k € {1,. —1},i € I and p € {1,. -1}
satisfying m;' (¢, [Yp, Yp+1)) > 0,
E™([tg,t 1
([ k;l ki‘l)?[yp’yp"rl)) _a:‘tj(tk;yp) < —— ) (441)
Atm (ty, [Yp, Yp+1)) nAtmi (t, [Yp, Yp+1))
The function L being locally Lipschitz continous, one has:
NR—1N7—1
4 zy tk7tk+1) [yp’yp+1)> nli—
DD Z e ) s pr)) A
ij k= Atm tk ) [ypv yp-i-l))
I (4.42)

L C
<> Z Z i (e )M (8 [Yp, Yp1)) A+

i, k=0 p=0

NE—1NI—1

T 1
Now we compare E E E a;' i (e, yp))mi (6, [Yps Ypt1)) At and E / / L(ag;(t,s))m;"" (t,ds)dt. Recall
ij 70 70

1,5 k=0 p=0
that, for any i,j € I, s — L(;';(t,s)) is Lipschitz continuous on [0, 1] uniformly in time. We have:

NR—1N7—1 Np—1

1
Z Z Z ' (e Up) )M (b [Upr p 1)) AE <D D /O L(ai;(tk, s))mi (L), , ds) At + CAs
s k=0 1,7 k=0
i - o (4.43)
<> / L(al;(te, s))mi "™ (b, ds) At + —,
ij k=0 0 ns



where the last inequality is obtained by Theorem m and (2.14). From Lemma H there exists C' > 0 such that

t— / m; " (t,ds) has a total variation on [0,7] lower than C. Applying classical results on approximation

of Rlemann sum of bounded total variation functions [I5], we have, for any 4, j € I:

Np—1 T 1 C
Z / (b $)) " (b, ds) At < / / L, (t, 8))mE" (¢, ds)dt + - (4.44)
0 0 ns3
where we used that At = O(l/n%). By inequalities (4.42)), (4.43) and (4.44), and by the definition of «,
Np—1N7 S
(ks thr1)s Wps Ypr1))\ n . C
DY Z D(F e N )t < [ [ e symi s+ S
0] k=1 p— mi (ty, s [Yps Yp+1)) 0o Jo ns
T o qET
:/ / o (t,s)) (L ds)dt 4+
0 0 ns3

From the previous inequality and Theorem using that g € C*([0,1] x I), ¢ € C*([0,T] x [0,1] x I) and the
definition of J" and J, one has:

c
J"(mn,En) S J(m*,f’L’E*,n) _|_ —-
ns

We now turn to the proof of Proposition

Proof of Proposition [{.3. By 49, Proposition 7.1], the map defined, for any (m, D) € P([0,1]xI)xC°([0,T]x I, R%)
satisfying Assumption [3] by
(m, D) — inf J(m, E),
(m,E)eS(m,D)
is Lipschitz continuous with Lipschitz constant C;, > 0, where the space P([0,1] x I) x C°([0,T] x I, R?.) is endowed
with the distance
((m", DY), (2, D?)) s W', m2) + | D' — D2l

Then, since (m™", E*") is a minimizer of J over the set S(m", D — C’*/n%), where C* is definedf in (4.17)), one

has: oo
J(m*™, B inf  J(m, E)+ -2
( ) (m, E)ES(m" D) (m ) n%
By the previous inequality and Lemma
C+CLC*
T m™ E"Y < inf  J(m,E)+ 2L (4.45)
(m,E)eS(mn™,D) ns

By Corollary one has for any i € I, t € [0,7] and n > N, that:
0< D’L(t) - m?(@ [07 1])7

yielding that (m"™, E™) € S"(m", D). It follows from Corollary and inequality (4.45) that there exist N,C > 0
such that, for any sequence {m"}, in P"([0,1] x I) satisfying Assumptions 2{and [3| one has, for any n > N,

C
inf "i,s) — + < inf J(m, E). 4.46
amertimn o) O T IT S o B py T E) (4.46)
One can consider a constant C' > 0 large enough such that previous inequality holds for any n € N*. O
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4.3 Proof of Corollary
In this section we provide a proof of Corollary based on the results obtained above in Section [4]

Proof of Corollary[2-1 The convergence of a subsequence of {(m", E™)} to (m*, E*) is given by Lemma One
obtains that (m*, E*) is optimal for Problem (2.13]) by Theorem [2.1{ and the proof of Proposition . O
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