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THE FIRST STEKLOV EIGENVALUE ON INFINITE SUBGRAPHS
OF INTEGER LATTICES

YASSIN CHEBBI

ABSTRACT. In the context of transient graphs, we study the first Steklov eigenvalue oo (2) of an infinite
subgraph with finite boundary (€2, B) of the integer lattice Z™. We focus in this paper on finding lower
bounds using the technique of discretization of smooth compact Riemannian manifolds with cylindrical
boundary. These bounds essentially depend on the discretization of the sphere S” C R™! with two
identical boundaries’ isometrics to {1} x S™* through quasi-isometries. As a consequence, if n > 4 and

the boundary B considered as a finite subset of Z% where 1 < d < n — 3, we show that oo(Q)|B |ﬂ%1
tends to infinity as the cardinal of B tends to infinity. Moreover, if n > 3 and the boundary B is a sphere,

we prove that the first Steklov eigenvalue tends to zero proportionally to 1/|B]| = as the radius tends to
1
infinity and that o (£2)|B| =T is bounded.

1. INTRODUCTION

Let M be a smooth Riemannian manifold of dimension n > 2 with smooth boundary ¥. The Dirichlet-
to-Neumann (DtN in short) operator is a first order elliptic pseudo-differential operator, which is known
as the voltage-current map in physics, see [9]. The eigenvalues of DtN operator are also known as
solutions of the Steklov problem on M, given by

Au = 0 in M,
o,u = ou onx

where A is the Laplace-Beltrami operator acting on functions on M and 9, is the outward normal
derivative along X. For x, 19 > 0, let M(k, ro, n) be the class of compact n-dimensional manifolds with
cylindrical boundary such that it has a Ricci curvature bounded below by —(n — 1) and an injectivity
radius bounded below by 7. For a manifold M € M(k,r9,n) then the spectrum of DtN operator
is nonnegative, discrete and unbounded see [2] and is given by a sequence of eigenvalues ranked in
ascending order as follows:

Ozo‘o(M)<0'1(M)§O‘2(M)§ ...... /‘OO

Let g be a Riemannian metric on M. The Steklov eigenvalues of (M, g) can be characterized by the
following variational formula

Vul2dV,
(1.1) op(M) == min X M,
BCH (M) 0£ueB [ uldVy

where k € N U {0} and H;,(M) is the set of all k-dimensional subspaces in the Sobolev space H* (M)
which are orthogonal to constants on X..

The Steklov problem was first introduced by Steklov [35] for bounded domains of the plane. This
problem has been extensively studied in recent years, and there have been many interesting developments
of domains in Euclidean spaces and Riemannian manifolds in literatures, e.g. ([3],[11],[12],[13],[14],
[16],[17],[20],[21]). The relationship between the Steklov eigenvalues and the geometry of the under-
lying space, and also its similarity and difference with the Laplace eigenvalues, have been a main focus
of interest and a source of inspiration. Cheeger [8] discovered a close relation between the geometric
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2 YASSIN CHEBBI

quantity, the isomerimetric constant and the analytic quantity for the first non-trivial eigenvalue of the
Laplace-Beltrami operator on closed manifolds.

In the context of finite graphs, the study of spectral geometry associated to the first non-zero eigenvalue
of the Steklov problem have been initiated in (Hua, al., [24] and Hassannezhad, al., [27]). The authors
define two Cheeger-type constants for the Steklov problem on connected graphs based on the constants
by Escobar [21] and Jammes [28] already existing for the continuous case, and give two very interesting
lower bound estimates depending on these constants. These give lower bound estimates for the first
non-trivial eigenvalues of DtN operators on finite graphs with boundary. In the same context, we refer
to a work of Perrin [31], who gives lower bounds for the first non-zero Steklov eigenvalue depending
on the extrinsic diameter of the boundary of a finite connected graph. Moreover, Perrin gives an upper
bound for the first non-zero Steklov eigenvalue depending on the number of vertices of the graph and
of its boundary on a finite graph with boundary included in a Cayley graph associated to a group of
polynomial growth [32].

In [26], the authors study the Steklov problem on a finite subgraph of integer lattices and prove a
discrete analog for Brock’s result (Theorem 3 in [4]). Using the symmetrization approach of Brock’s
idea which depends on the rotational symmetry of the Euclidean spaces, the authors estimate the Steklov
eigenvalues by the geometric quantities of the subset in an integer lattice where they can estimate these
quantities by their counterparts in a Euclidean space. This process guarantees to obtain the quantitative
estimate of discrete Steklov eigenvalues. Moreover, the authors prove that the multiplicity of trivial
eigenvalue O of the DtN operator is equal to the number of connected components of the graph.

In [25], the authors introduce a condition approach on infinite subgraphs of graphs centered on the
notion of exhaustion. This framework permits to define the Steklov problem on an infinite subgraph with
finite or infinite boundary. In this geometric concept, we mention that Anné and Torki-Hamza propose
in [1] the notion of y-completeness on infinite graphs to ensure essential self-adjointness for the Laplace
operator. This general condition is characterized by the exhaustion of the graph by a family of cut-off
functions satisfying certain properties of boundedness. Recently, Lenz, Schmidt and Wirth proved in
[29] that this notion is equivalent to the existence of an intrinsic pseudo metric with finite balls. This
context is important to characterize the DtN operator on an infinite boundary of subgraphs.

Moreover, the authors in [25] prove that the first Steklov eigenvalue is always positive on infinite
transient graphs with finite boundary. In this context, we focus in the present paper on controlling the first
Steklov eigenvalue on infinite subgraphs with finite boundary (€2, B) of n-dimensional integer lattices
where n greater or equal to 3. Initially, we take the boundary B as a sphere. Through test functions, we
were able to find an upper bound dependent of n and the radius. This leads us to conclude that the first

Steklov eigenvalue tends to zero proportionally to 1/ |B| AT when the radius tends to infinity. We can
extend this result to shows that the first Steklov eigenvalue tends to zero for any infinite subgraph with
its boundary in Z¢ where n — 2 < d < n.

Let n > 4, we focus on answering the question that arises naturally: What is the asymptotic behavior
of the first Steklov eigenvalue if we take the boundary as a subset of Z¢, forall 1 < d < n — 3? We refer
here to [10] where the authors construct a countable sequence of smooth compact surfaces {Qn } nven
with boundary of perimeter NV obtained by expander graphs such that

lim o1(Qn)L(00N) = oo,
N—o0
where £(9€y) the length of boundary. For a closed connected submanifold A of a closed manifold
(M, g) of positive codimension greater or equal 2 equipped with a Riemannian distance d,, Brisson
proves in [Theorem 1.4, [3]] that
ah—I>nO o1 (QE) -

where Q. = M\T. = {z € M : dy(x,N') > £}, obtained by removing the tubular neighbourhood 7.

In [15], the authors prove a uniform spectral comparison inequality between the Steklov eigenvalues of

a manifold and those of its discretization. This idea used by Tschanz in [36] to transfer upper bounds of
the Steklov spectrum of a bounded domain of M to subgraph of finite polynomial growth Cayley graphs.
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This strategy is known as coarse discretization, which is used in the literature to the spectral geometry of
the Laplacian on closed Riemannian manifolds. We mention, for example, the work of Brooks [5] using
the strategy of discretization to study the first non-zero eigenvalue. Moreover, there is a result in the work
of Mantuano [Theorem 3, [30]] to control eigenvalues of the Laplace operator on compact Riemannian
manifolds. In [6], Buser constructed compact hyperbolic surfaces with large area and uniformly positive
to study the first non-zero eigenvalue. Here, the manifolds were, especially, closely related to Cayley
graphs of groups associated to a family of covering spaces. The point of view that will interest us here
is the one taken up by Chavel in his book [7], where the question of discretization is very well explained
and where he studies in particular the case of isoperimetric inequalities.

Our strategy to find a lower bound of the first Steklov eigenvalue is based on adopting the notion
of discretization of S* C R"*! with two identical boundaries isometry to {1} x S"~! through the
quasi-isometry. We begin by solving this problem when we take a subgraph with one vertex on the
boundary. Since Z — Z'*, we extend this result to get a lower bound for the first Steklov eigenvalue
where its boundary as a subset of Z when n greater or equal to 4. This lower bound is sharp and does not

depend on the length of the boundary. This permits to conclude that o (£2)|5| T tends to infinity. More
generally, we use the same technique to obtain a lower bound of the first Steklov eigenvalue where the
boundary as a subset of Z%, for all 1 < d < n — 3, see Corollary 2.2.

FIGURE 1. A sphere of R"*! with two identical boundaries.

2. FRAMEWORK AND MAIN RESULTS

The Dirichlet-to-Neumann operator is naturally defined in the discrete setting. We recall some basic
definitions on graphs. A graph G = (V, &) consists of the set of vertices V and the set of edges £
considered as a subset of V x V. Two vertices x, y are called neighbors, denoted by x ~ y, if there is an
edge e connecting = and y, i.e. ¢ = (z,y) € £. We denote the set of neighbors of a vertex = by N (z).
The n-dimensional integer lattice graph, still denoted by Z" is the graph consisting of the set of vertices
Y = Z" and the set of edges

£ = {(x,y)eZ"xZ”: Z|J)Z—yl|:1}

i=1
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Let 2 be any subset of Z™, we denote by B the vertex boundary of (2 consisting of vertices in Z"\ 2 that
are adjacent to some vertices in 2, i.e.

B:={xeZ"\Q: xv~yforsomey € N}.

In notation, we write 2 := QU B and &5 := £ N Q°. This induces the graph structure (Q,&) , still
denoted by ) for simplicity. We denote by R the set of all real functions on €2, by l% (Q) the subset of

functions which are finitely supported and by 12(Q) the Hilbert space of functions on 2 equipped with
the inner product

(u,v)g = Z u(z)v(x) u,v € R2.

r€Q
For u € [?(12) the Dirichlet energy of u is defined as
(2.2) Dglu) = Y (u(i) —u(j))*
(i,j)e€§

Set i € 2, we define the square of the gradient by
Vul? @) = Y (uli) = u(4))®
JEQ,j~i

and we mention here that De;(u) = [|Vu||Z, for all u € I5(Q). The Laplace operator A : R? —s R® on

Q is defined as
Au(i) = Y (u(i) —u(f), i€Q

JEQ, jri
and the outward normal derivative operator 0, : R? — RB on vertex boundary set B is defined as
2.3) dpu(i) == > (u(i) —u(j), i€B.

JEQ, jrvi
An important concept in [25] is that of an exhaustion of an infinite graph by finite subsets to define the
Dirichlet-to-Neumann operator in the infinite subgraph setting. A sequence of finite subsets of an infinite
graph G satisfying O1 C Oy C ... C O C ... and V = UgenOy, denoted by O 1 V, is called an

exhaustion of G. For quantities that are monotone in O, i.e. if 01 C Os (resp. u(O1) C u(O3)), one has
u(01) < u(Os) (resp.u(O1) > u(O2)) and we write (lsglju((’)) = klim u(Of) = u(V). Note that for
—00

monotone functions in O this limit exists, and it does not depend on the choice of the exhaustion. Given
B a finite set of Z". For k € N, let Oy C Z" be a finite subset such that O N B # (). In [25], the authors
apply the well-known maximum principle, see e.g. [22] that implies to define the Dirichlet-to-Neumann
operator in the discrete infinite setting defined as:

(2.4) A:12(B) O, ¢ A= 0yuy
where 0, is defined as in (2.3) and u,;, € 12(Q) is the unique harmonic extension of ¢ to 2 satisfies

Uy = lim ufi’“,

k—o0
where uf/?’“ be the solution of the following Dirichlet problem:
Augt = 0 in0O,NQ
dougt = ¢ onOxNB
dyug* = 0 ondOy

where dOy, is the vertex boundary of Oy, for any & € N. This implies to define the Steklov problem:
{ Ay = 0 inQ

o,u = ou onB
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Let o be an eigenvalue of the Dirichlet-to-Neumann operator A and u its associated eigenfunction, then
we have that the pair (o, u) is a solution of the Steklov problem. The solutions of the Steklov problem
coincide with the eigenvalues of the discrete DtN operator, which are called the Steklov eigenvalues. The
spectrum of the Steklov problem form a discrete sequence ranked in ascending order:

0<00(2) <o1(2) <. <op(Q) <. < oyp—-1(Q).

where 0 < k < |B| — 1. Due to the variational principle, o ({2) can be characterized by the Reighley
quotient, see [19],

D-
(2.5) () :=min max R(u)=min max Q(g)
H ueH, u#0 H ueH, u#0 ||u||B

where the Dirichlet energy of u, Dg(u), is defined as in (2.2), H is a subset of [3(€2) of dimension k + 1
and R (u) is the Rayleigh quotient associated to the Dirichlet-to-Neumann operator on 2.

We start with a natural question about the positivity of oo(£2). A random walk is said to be recurrent if
it returns to its initial position with probability one, and if it is not recurrent it is called transient. Polya’s
classic result [34] is the following:

Theorem 1 (Polya’s, 1921). The simple random walk on Z™ is recurrent in dimensions n = 1,2 and
transient in dimension n > 3.

Definition 1. For any finite subset F' C Q. we define the capacity of Q by
Capp(Q) := inf HVUH%
u

where uw € I3 (), 0 <u < 1landu(z) =1forallz € F.

Given an infinite subset 2 of a graph. For the subgraph (€2, &) to be recurrent there is a sufficient
criterion in [37] based on the capacity of 2.

Lemma 2.1. (Woess, 2000) 2 is recurrent if and only if Capp(Q) = 0 for any finite subset F' C €.

In [25], the authors give a necessary and sufficient condition to characterize the positivity of o(€2)
using the above lemma:

Proposition 2.1 (Hua and al., 2018). Let Q2 be an infinite subset of a graph with finite boundary then
00(Q2) = 0 if and only if (2, &) is recurrent.

Remark 1. In the context of integer lattices, we combine the previous results to conclude that oo (€2) > 0

if and only if n > 3.

Let (2, B) be an infinite subgraph with boundary of the integer lattice Z". Given z and y two vertices
of Q. A path v joining z and ¥ is a sequence 1, ..., z, in Qsuchthat z = zq, y = zpand x; ~ T
forall 1 < j < p — 1. The length of the path ~ is the number p. The subgraph Q is connected if any
two vertices can be connected by a path. In the sequel, we consider only infinite subgraph with finite
boundary of Z" and connected. This does not mean that the boundaries are necessarily connected. This
allows us to define the combinatorial distance on €2 as follows:

Definition 2 (Distance). The combinatorial distance between two vertices x and y on Q is the length of
the shortest path on () joining x and y, denoted by dg, i.e

dg(x,y) := min{|y| : v joining x and y} , forall x #y
and dg(z,z) = 0, for all z € Q.
The sphere and the ball of Z™ endowed with an origin O and a radius R given respectively by
Sp:={x€Z": dzgn(O,z) = R} and Br :={x € Z" : dzn(O,z) < R}.

The main results of this paper are on lower bounds of the first Steklov eigenvalue:



6 YASSIN CHEBBI

Theorem 2. Setn > 3 and R > 0. Let (Q = 7"\ Bg,S R) be an infinity subset of the integer lattice

Z™ with boundary Sgr where B the ball of Z" of radius R > 0. Then there exists a positive constant
C = C(n) > 0 such that

C(n—2)sin"s (1)
- .

Remark 2. Combining Theorem 2 and Proposition 3.1, we deduce that oo(S2) ~ 1/ R where §) an infinite

oo(2) >

subgraph of Z" with the boundary B is a sphere of radius R. This permits to conclude that oo(2) | B| AT
is bounded.

Corollary 2.1. Set n > 3 and p an arbitrary vertex of 7". Let (2, {p}) be an infinite subgraph of the
integer lattice Z". Then there exists a positive constant C = C(n) > 0 such that

n+3

00(Q) > C(n—2)sin 2 (1).

Proof. Using the same technique in the proof of Theorem 2 with the domain (1,§) x S*~1. (]

Theorem 3. Given n > 4 and let (2, 8) be an infinite subgraph of the integer lattice 7. with the
boundary B is considered as a subset of 7. Then there exists a positive constant C = C(n) > 0 such
that

n+2

00(Q) > C(n—3)sin 2 (1).
In particular oy(Q2) |B |ﬁ — 00 when |B| tends to infinity.

Remark 3. In the case of 73, the infinite subgraph in Theorem 3 with its boundary as a subset of 7 of
cardinal greater or equal to 2 is more complicated to find a lower bound for the Steklov eigenvalue. We
leave this question open. But we show in section 3 that the Steklov eigenvalue of this example tends to
zero as the cardinal of the boundary tends to infinity, see Fig. 3.

The lower bound in Theorem 3 is sharp and does not depend on the length of the boundary for all
n > 4. This permits we extend this lower bound to infinite subgraph where its boundary as a finite subset
of Z!with1 < d <n-3.

Corollary 2.2. Set n > 4 and let (Q,B) be an infinite subgraph of the integer lattice Z". For any

1 < d < n — 3, we suppose that B is a finite subset of Z. Then there exists a positive constant
C = C(n) > 0 such that

n—d+3

oo(2) > C(n—d—2)sin 2 (1).

Remark 4. This yields an interesting consequence that the bottom of the spectrum of (£2, Zd) is greater
or equal to C(n —d — 2) sin™ 5 (1),foralln >4and1 < d <n-—3.

3. UPPER BOUND OF THE FIRST STEKLOV EIGENVALUE

In this section, we would give upper bounds of the first Steklov eigenvalue of some infinite subgraphs
of integer lattices with finite boundary. Let us begin with an important example, where we take the
boundary considered as a sphere Sg of radius R. The importance of this example appears in the fact that

the first Steklov eigenvalue tends to zero proportionally to 1/R ~ 1/ |Sg| =

Proposition 3.1. Set n > 3 and let B be a ball of the integer lattice 7' of radius R > 0. Consider

(2 = Z™ \ Bg,Sr) an infinity subset of the integer lattice 7. Then there exists a positive constant
C" = C'(n) > 0 such that

Uo(Q) §

= Q
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Proof. Set a,b € R and let u : N — R be a test function given by

b )
u(k) = a+ ) if Ek>R
1 if k=R

where u(L) = 0 for a certain L. We first calculate the Dirichlet energy of u between Sy and Siy; :

k+ 1)n — k" 2\ 2 knf?; 2 b2

— 1))? = b2 ( ~ b? ~
(u(k) —u(k +1))" =0 < kn=2(k + 1)n—2 > b kn—2(k + 1)n—2 1:2(n—1)
Since there exist a, 3 € (0, 00) such that for all k € N, ak™ ! < [S;| < Bk"~!, then we obtain

2nBL2 k"t 2npb?
IVal, = D7 (ulk) —ulk+1)* < =505~ = S

€Sk xSpq1

where &s, s, ., = {(, y) €&: xe€Spandy € Sgy1}. Thus,
L

1 2ny3b?
V% = Z > (ulk) = u(k+1))* < 2nB* > o e

k= Rgskxsk+l k=R

for a certain positive constant v > 0. Moreover, since v = 1 on S then we have that
lull§, > aR".
Therefore, the Rayleigh quotient satisfies
2ny3b?
R(u) < _ 2myBb”
aRr—2Rn—1

It remains to calculate b, we have

b
u(l)=a+ = 0

Hence ) )
-~ L"“R"™ . 9
Ln_2:Oandb:W:Rn s when L. — oo.

Then, we conclude that the Rayleigh quotient

a=—

R(u)

IN

where C' = 2nyS3/a.

O

1
Remark 5. As R ~ |Sgr|»—1 , this allows us to deduce that the first eigenvalue of Dirichlet-to-Neumann

operator oy(S2) tends to zero proportionally to 1/ | B| 1 In Proposition 3.1, if the function test u take
the value 1 on the ball Br. We can extend the result to find the same upper bound for the first Steklov

eigenvalue of the infinite subgraph (2 = Z" \ Sg, Sg).

We can extend this result to obtain an upper bound of the first Steklov problem on infinite subgraph

of integer lattices depending on the diameter of its complementary.

Corollary 3.1. Set n > 3 and let KC be aconnectedfinite subgraph of the integer lattice 2" of diameter
D. Let Q = Z™ \ K with its boundary K. Then, there exist a positive constant Cy = Cy(n) > 0 such

that

COanQ
Q)< —

where 5K denotes the vertex boundary of KK and K = K U 5K.
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Proof. We extend the test function v in Proposition 3.1 by 1 on the ball Bp /; of radius D /2 and such
that £ C Bp /5. Hence, it takes the value 1 on the boundary §KC. Using Proposition 3.1, we obtain that

2C" [Sp o]
) = —F5x]
Then, its Rayleigh quotient is bounded by CoD"2/|6K| where Cy = C' /2" 2. O

Remark 6. Corollary 3.1 is interested in the case of infinite subgraphs 0 = Z" \ K with its boundary
SKC where |6IC| > AXD"~! for all X > 0. This permits to conclude that oo(S2) tends to 0 as its diameter

tends to infinity. Moreover, we have that o(2)|6KC|"/"~1 is bounded by Cy/ )\D%%, and then it tends to
zero.

FIGURE 2. An infinite subgraph of Z" with its boundary 6K of diameter D in the ball B

In the setting of Cayley graphs of groups with polynomial growth, we give a discrete isoperimetric
inequality taken from Theorem 1 in [18].

Proposition 3.2 (T. Coulhon and al., 1993). There exists a constant positive v > 0 such that for any
subgraph K of a Cayley graph of groups with polynomial growth of order n, we have that

—_, n=1
K| = <~loK],
where §IC denotes the vertex boundary of K and K = K U 6K.

Letn > 4and 1 < d < n—3. Corollary 2.2 prove that for any infinite subgraph of Z™ with a boundary
considered as a finite subset of Z¢, we always find that its first Steklov eigenvalue does not tend to 0.
The following example shows that if there exists an infinite subgraph with its boundary in Z"~2, where
the first Steklov eigenvalue tends to 0.

Corollary 3.2. Let ‘B%_l be a ball of Z"~! of radius R. Let Q = 7" \ %?{1 be an infinite subgraph
with the boundary B. Then there exists a positive constant T = 7(n) > 0 satisfies

T
O'O(Q) S E
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Proof. Given ’B%_l a ball of Z"~! of radius R. Let Q = Z" \ %’]{1 be an infinite subgraph with
boundary B. Then, we have |B| ~ R"~2. Since |B’; '| ~ R"~!, then by combining Corollary 3.1 and
Proposition 3.2, we get a positive constant 7 = 7(n) > 0 such that o (Q2) < 7/ Ri. O

Remark 7. In the particular case where §) is an infinite subgraph of Z3 with the boundary as a path of
length p > 2. We prove that its first Steklov eigenvalue tends to zero as p tends to infinity. Indeed, we put
the boundary in a ball of 7* radius p. We extend the test function v : NU {0} — R in Proposition 3.1 by
1 on the ball as shown in the Fig. 3. Using Corollary 3.2, we deduce that

T

B

FIGURE 3. An infinite subgraph of Z3 with the boundary as a path of Z where o (2)
tends to zero.

The following example gives an infinite subgraph € of Z™ with its boundary B where o((2) | B| AT
tends to zero. In this example, we build a boundary of dimension n which consisting of several copies of
a path of Z by making a hole in Z". This allows us to see the impact of the dimension of the boundary
on the asymptotic behavior of the first Steklov eigenvalue.

Example 3.1. Set n > 3. In this example, we make a hole in Z™. Let us begin by explaining the hole
as shown in the Fig. 4. Let P be a path of 7 from p to q of length p > 2. For all s € N, we denote
Sep :={x €Z": dgn(x,P\ {p,q}) = s}, the sphere of radius s. Let (2, B) be an infinite subgraph
of the integer lattice 7" such that ) := 7" \ {S1p U Sap}, P C Qand S1p C B. We give red color to
the vertices of B and black color to the vertices ). Hence we obtain that |B| ~ 4p. We consider a test
function u : N — R as shown in the Fig. 4 such that u(p) = u(q) = 0. Then we have

V|3 ~ 4n and ||u||% ~ 2p.
Therefore, the Rayleigh quotient satisfies

This implies to conclude that

when p tends to infinity.
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0 0 0 0 0 0
TEE
0 0 0 0 0 0
FIGURE 4. An infinite subgraph of Z" where o (£2) |B| 7T tends to zero.

1
Remark 8. Let n > 4, we can conjecture that sup {JO(Q) |B| ﬁ} = oo where ) an infinite subgraph

of Z™ with the boundary B considered as a subset of Z%, for all 1 < d < n — 3, through the example
of Brisson in [3] where the boundary of codimension greater or equal 2. This is what we will focus on
providing in the sequel of this paper.

4. DISCRETIZATION OF A MANIFOLD

In this section, we would like to mention that this strategy is taken from the work of Colbois and al.
in [15]. Let us begin by explaining the strategy of the discretization that leads to a graph with boundary.
This discretization of an n-dimensional Riemannian manifold with smooth boundary M € M(k,rg,n),
satisfying precise hypothesis:

T The boundary > admits a neighborhood which is isometric to the cylinder [0, 1] x X, with the
boundary corresponding to {0} x X.

T The Ricci curvature of M is bounded below by —(n — 1)k.

T The Ricci curvature of X is bounded below by —(n — 2)k.

T For each point p € M such that d(p, ¥) > 1,injy(p) > ro.

T For each point p € X, injx(p) > 7o.

Definition 3. Given € € (0,7). An e-discretization of a submanifold (N, X) of M is a procedure
allowing to associate a graph with boundary (T'¢, By) to N such that (N, %) is roughly isometric to
(Te, By) . The graph T'c = (Ve, &) obtained is a graph with boundary (I'c, By,) declaring By, as the
boundary.

We now explain the procedure of discretization. For e € (0,7¢/4), let By, be a maximal e-separated set in
3. Let B/Z = {4e} x By, be a copy of By, in N located 4¢ away from 3. Let V7 be a maximal e-separated

set in A7\ [0, 4¢€) x 3 such that B:g C V7. The set V. = V7 U By; is endowed with a structure of a graph,
declaring
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e Forall z,y € Vcthenz ~ y < dy(z,y) < 3e.
e Any z € By is adjacent to = = (4¢,z) € By.
Given 1 < R < 4, let Q := B \ By be an annular domain of Z". To better explain the relation-
ships between  and (R, J) x S"~! on the mixed Steklov-Dirichlet problems, we present the following
diagram:

Roughly isometric
(©,SrUSs) (e, By)

e—Discretization

Quasi-isometry

(V= (R,8) xS, gp) (N = (R,6) x S"1, gg)

where 1 < R < §, gg := dr®+r2gg is the Euclidean metric and gg := dr? 462 sin?(r/§)go correspond
to the spherical metric on (R, d) x S*~1.

5. MIXED STEKLOVDIRICHLET PROBLEM

Let (M, g) be a Riemannian manifold with boundary 3. One way to get upper bounds of the Steklov
spectrum on M is to compare it with a mixed SteklovDirichlet spectum on domain A C M such that
¥ = 0A N X. We denote by 974 := AN M the interior boundary of A such that it is smooth. The
following mixed SteklovDirichlet problem on A is:

Au = 0 inA
u = 0 onX
dyu = oPu ondrA.

The eigenvalues of this mixed problem form a discrete sequence
0< ol (A) <oP(A) <oP(A)<...... o0

and the k-th eigenvalue is given by

Vu|2dV,
(5.6) O’kD(.A := min max ‘[A‘#
BCHY(A) 02ueB  [culdVy
where &k € NU {0} and H}, o(A) is the set of all (k + 1)-dimensional subspaces in the Sobolev space
HE(A) = {u € H'(A): u=0o0n GIA} . By comparison between the two variational formulas given
in (1.1) and (5.6), we get the following inequality for each k € N U {0} :

orx(M) < oP(A).

6. LOWER BOUND OF THE FIRST STEKLOV EIGENVALUE

The goal in this section is to prove the main results of Theorems 2 and 3. Our strategy is based on
comparison between the mixed Steklov-Dirichlet problems through quasi-isometry.

6.1. Quasi-isometry. One of the essential factors to ensure the spectral comparison inequality between
two Riemannian metrics of a compact manifold with smooth boundary is quasi-isometry:

Definition 4 (Quasi-isometry). Let g1, g2 be two Riemannian metrics on a manifold M. We say that ¢,
and gy are quasi-isometric if there exists a constant K > 1 such that for every & € M and for every
v € TeM \ {0}, we have

L _ g1(v,0)(¢)

£ pwoE ="
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The following proposition is borrowed from [15]:

Proposition 6.1 (Colbois and al., 2018). Let M be a compact manifold of dimension n, with smooth
boundary. Let g1, g2 be two Riemannian metrics on M which are quasi-isometric with constant K > 1.
The Steklov and Steklov-Dirichlet eigenvalues with respect to g1 and to g satisfy the following inequality:

1 < Ok (M y 91)

KYs = op(M, g2)

In order to compare the Steklov-Dirichlet eigenvalues of the sphere S” equipped with Riemannian
metric g := dr? + r2go and the Steklov-Dirichlet eigenvalues of a subgraph of the integer lattice Z",

it was necessary to have a quasi-isometry with the spherical metric g5 := dr? 4 6%sin?(r/8)go with
uniform control on constants.

<K'tz

Proposition 6.2. Set 1 < R < r < 4. The Euclidean metric gg(r,0) := dr?+r2go(0) is quasi-isometric
to the spherical metric gs(r,0) := dr? + 6%sin®(r/0)go(0) with ratio 1/sin?(1) on (R,§) x S*~L.
Moreover, this quasi-isometry leads to

UICD ((77’ 5) X Sn_lng) < 1

of ((n,6) x "L gp) = sin™*¥(1)’

Proof. For 1 < R < r < 4, we set hs(r) = (6/r)?sin?(r/d). To show that the Euclidean metric gg
is quasi-isometric to the spherical metric gg, it suffices to find a uniform control for h. Indeed, h; is a
decreasing function on [1,6]. Then, sin?(1) < hg(r) < §%sin?(1/6), for all r € [1,6]. Since hs 7 1
when & goes to co. Therefore, we obtain sin®(1) < hs < hoo = 1 < 1/sin?(1). Combine Definition 4
and Proposition 6.1 to finish the proof. U

sin"™3(1) <

6.2. Rough isometry. The notion of rough isometry between two metric spaces is an essential factor to
study the spectral comparison on the Steklov problem between graphs with boundary.

Definition 5 (Rough isometry). Let (X, dy) and (Y, dy) two metric spaces. We say that a map P :
X — YV is a rough isometric if there is a« > 1 and B > 0 satisfying:

Va,y € X, ~dy(ey) = 5 < dy (B(), B()) < adx(z,9) + 6

and there exists T > 0 such that
U B(@(@).7) =Y.
reX
Let’s recall a rough isometry between modeled manifold and e-discretization taken from Lemma 12
in [15]:

Lemma 6.1. Forany e € (0, ), and any e-discretization (I, Bs:) of a manifold M, there exists a rough
isometry I'c — M with constants dependent only on €. Indeed, the following estimate holds:

Zdr (2,y) = 10 < dy(,y) < dedr, (@, ).

To establish a relation between the mixed Steklov-Dirichlet eigenvalues of annular domains and the
Steklov eigenvalues of the discretization of M through coarse discretization sense which is not sensitive
to the local geometry and its diameter. The essential condition in choosing € small and bounded by
radius 7 but if € — 0, the control of the constants «, 8 and 7 is lost. Therefore, these constants must be
better controlled to guarantee the strategy of e-discretization. The following result in [15] gives a control
spectral between a domain in the class M (e, 79, n) and its e-discretization:

Theorem 4 (Colbois and al. 2018). Given € € (0,r/4), there exist numbers o, 3 > 0 depending
on k,rg,n and € such that any e-discretization (N, Vx)) of a manifold M € M (e, 1, n) the following
weaker estimate holds for each 0 < k < |[Vx| — 1:

D
o < oy (M) <8
k+1 aE(Fg,VE)
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The following result from [15] gives a spectral comparison through rough isometrics between finite
graphs with boundary:

Proposition 6.3 (Colbois and al., 2018). Givena > 1 and b, 7 > 0, there exist constants A, B depending
only on a,b, T and on the maximal degree of vertices, such that any two graphs with boundary (I'1, By)
and (U, By) which are roughly isometric with constants a, b, T satisfies

D
AS U];)(FlvBl) S B
o (T'2, Ba)

foreach 0 < k < min{|B;|, Ba|} — 1.

We return to find a rough isometry between an annular domain of Z" and an e-discretization of a
cylinder equipped with the spherical metric gg with constants depends on only € and n.

Proposition 6.4. Set 1 < R < § and let Q) := Bs \ B g be an annular domain of 7. Then there exists
a rough isometry between (Ve, By,) and (2, S U S;) with constants depending on e,n and R where
(Ve, By,) is an e-discretization of ((R, ) x "', gg) . Indeed, the following estimate holds:

n R n 4
Csin”E ()dg(o.) — (5 +10) " (1) < dr (o) < Y5 dao)
4 2 sin 2 (1)
Proof. Let 1 < R < § and let Q := B \ By be a annular domain of Z". We consider the cylin-
der ((R,0) x S"7!, gg) . We denote the e-discretization of ((R, ) x S"!, gg) by (I'c, V) . To better
explain the idea, we give the following diagram:

(Q,SrUS;) Roughly isometric

(FeaBE)

iRoughly isometric

Quasi-isometry

((R, 5) X Snflth) ((R, 5) X Snfl, gg)

We suppose there is a differentiable mapping v : [0,1] — (N,X) given by ¢ —— ~(t) where
N = (R,6) x S""!. Forall t € [0,1], we have (t) € T, . By Definition 2.9 in [33], the length of
is given as follows:

1 1
. 1/2 . .
)= [ Bl = [l G050 ar
Letp,q € (R,d) x S*~!, the distance ds(p, q) is given as follows
ds(p,q) := inf {lgs (7): v:[0,1] — (N, X) a mapping of class C!' such that ~v(0) =pand (1) = q} .
¥

Using Proposition 6.2, we obtain

. nt3 Lo (7)
it (Dl (1) < s () < —200 vy
sin 2 (1)
Since the distance does not depend on the path chosen and only depends on the length then by passing
to the infimum

(6.7) sin”? (1)dp < dg <
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Given x,y € V.. Lemma 6.1 gives
(6.8) idre (z,y) — 10 < dg(z,y) < 4edr_(z,y).

where dr, is the combinatorial distance on I'c as defined in Definition 2. Combine (6.7) and (6.8), we
have that

. . 4
(6.9) isin%”u)dn (¢,y) — 10sin™3" (1) < dp(@,y) < —g—dr. (2,7).
sin 2 (1)

Moreover, for any p, g € Z", we have that

1
6.10 —dgn <d < dzgn .
( ) \/ﬁ Z (paQ)_ E(p>Q)_ VA (p7Q)
where dzn is the combinatorial distance on Z" as defined in Definition 2 . Indeed, if p,q¢ € Z" such
that p ~ ¢, we have that dg(p,q) = dzn(p,q) = 1. Let p,q € Z™ with d(p,q) = k. This means that
there exists the shortest path {z}1<;<.—1 between p and ¢ such that z; = p and =, = ¢. The triangle
inequality leads to

K—1 K—1
dp(p,q) <Y dp(wi,zit1) =Y dgn (i, i41) = dzn (p, q)-
=1 i=1

On the other hand, for any p, ¢ € Z™ we have

n 2 n
d%n(p,Q) < (Z ’m—%\) S’HZ\pz‘—qz‘F :”d%(p,Q)-
i=1 i=1

For 2,y € Q = B \ Br, we have that

Combine (6.9), (6.10) and (6.11), we obtain that
n n 4
612 Ssin™ (1)dg(a,y) - (R“ + 10) i (1) < dr, (2,3) < — e —dg(r.).
4 2 sin"2 (1)

for all z, y € §2. Moreover, for all 7 > 0 we have

U Bz, =9,

IEF&

where B (z, 7) denotes the ball of I'. which endowed with an origin x and radius 7. Therefore, we finish
the proof. (I

The proof of Theorems 2 and 3 is based on comparison between the first Steklov eigenvalues of mixed
SteklovDirichlet problems on annular domains through a Euclidean metric gg that is comparable to the
spherical metric gg in the sense of quasi-isometries. The Dirichlet condition makes it possible to restraint
the problem to a finite subgraph where we can adapt the recent results for the compact manifolds taken
in work of Colbois and al. in [15] to ensure the comparisons while ensuring that the results are extended
to infinite domains.

Proof of Theorem 2. Setn > 3and R > 1. Let ) = Z" \537]:; an infinite subgraph of Z™ with its
boundary Sg. Given § > R, and we take Qp s = Bs \ B as an annular domain of the integer lattice
Z" with its boundary Sg U S;s. The mixed Steklov-Dirichlet problem on {2z 5 given as follows:

Au = 0 inQpgg;
(1) u = 0 onSs
d,u = oPu onSp
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The first Steklov-Dirichlet eigenvalue of the problem (1) is denoted by o’ (Qr s). Let us first denote
that 0o (2) = élim 05 (QR.5). We consider a cylinder equipped to spherical metric gs and isometry of
—00
(R, ) x S"~! with its boundary {R} x S*~1 U {§} x S*~!. Then
a3 () _ 00 (Qrys) af (Te) " o ((R,8) xS"1, gs)
O-(’Z)) ((R7 6) X Snil’gE) U(]D(FE) J(?((Rv 5) X SnilagS) 0(? ((Ra 6) X Snflth)
where T, is an e-discretization of (R, §) x S*~!. We then need to calculate the Steklov-Dirichlet eigen-

values of (R,d) x S"~! equipped with the Euclidean metric gz. We will use the following mixed
SteklovDirichlet on (R, §) x S~

Au = 0 in(R,6) xS
(2) u = 0 onRxS"!
ou = oPu on{n}xS!

Let f be an eigenfunction of the first mixed Steklov-Dirichlet eigenvalue then f : (R, ) xS*~! — Ris
written as f(r,p) = u(r)v(p) where v is an eigenfunction for the first Laplace eigenvalue of the sphere
S 1 and u(r) = ar® + br?~*=" is a real valued function defined in (R, §) such that u(J) = 0 and
u'(R) = —ou(R). Hence

a+bi>" = 0

On the other hand, let Bz and Bs be the balls in R™, endowed with an origin of radius R and J respec-
tively. Applying Proposition 4 in [17] then the first mixed Steklov-Dirichlet eigenvalue of the annular
domain Ap s := Bs\Bg of R", is

{ (2—-n)bR'™™ = —oP(a+b)R>*"

_ (n —2)R"
o ((R,0) x §"",gm) = 0 (Ars) = o~ 3=
Moreover, Proposition 6.3 shows that there exists A, B depending on only €, n and S™ such that
D
A< LéQR"S) <B.
oy (Le)

Using Theorem 4, we obtain that there exist a constant &« = «/(k, 79, n) > 0 such that
‘7(1))(1—‘6) >a
P(R,8) x Sn=1 gg) —
g9 ) »gs
Finally, using Proposition 6.2 we have
ob ((R,8) x "1, gs)
of ((R,8) x "1, gp)

> sin™T3(1).

Therefore,
n+3
aA(n —2)R""sin 2 (1)
UOD(QR"S) = R2—n _ §2—n '
By passing ¢ to infinity, we conclude that
o(Q) > aA(n — 2])%Sinnz+3(1).

The proof is finish.
Proof of Theorem 3. Given p > 2 and n > 4. Without loss of generality, we take ) an infinite

subgraph of Z" given by
p C
0= (U(k,OZn_1)> :
k=1
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Let u be an eigenfunction of 0(€2). The Dirichlet energie of u satisfies

> ) —u()? =) > (u(i) — u(§))?

1,j€EEG k=1ijeZr=tx{k}, i~j
> (u(i) — u(j))?
S zp: i,je€Zn =1 x{k}, i~j 2(k 0 )
u n—1).
- 1 U2(k, OZ'nfl) L !

Theorem 2 permits to conclude that there exists a positive constant C' = C'(n) > 0 such that

P
S (uli) —u(G)? = C(n —3)sin"s (1) Y u?(k,050-1).
i,jEES k=1

p

o
Since ||ul|% = Z u®(k,0zn-1) where B := U (k,0z7n-1) denotes the boundary of €2, we obtain that

k=1 k=1

R(u) > C(n —3)sin"2 (1).

By the variational characterization of the first eigenvalue for the Dirichlet-to-Neumann operator in this
setting according to graphs, we obtain that

n+2

00(2) > C(n —3)sin 2 (1).

Thus, we finish the proof.
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