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ASYMPTOTIC BEHAVIOUR OF THE LINEARIZED COMPRESSIBLE
BAROTROPIC NAVIER-STOKES SYSTEM WITH A TIME VARYING DELAY
TERM IN THE BOUNDARY OR INTERNAL FEEDBACK

SUBRATA MAJUMDAR*

ABSTRACT. In this paper, we consider the linearized compressible barotropic Navier-Stokes system in a
bounded interval (0, L) with a time-varying delay term in the Dirichlet boundary or internal feedback of
the hyperbolic component. Assuming some suitable conditions on the time-dependent delay term and the
coefficients of feedback (delayed or not), we study the exponential stability of the concerned hyperbolic-
parabolic system. Due to the presence of the time-varying delay term, the corresponding spatial operator
is also time-dependent. Using classical semigroup theory with Kato’s variable norm approach, we first
show the existence and uniqueness of the Navier-Stokes system with time delay, acting in the boundary
or interior. Next, we prove the two stabilization results by means of interior delay feedback and boundary
delay. In both cases, we establish the exponential stability results by introducing some suitable functional
energy and using the Lyapunov function approach.

1. INTRODUCTION

1.1. Setting of the problem. Control and stability of fluid flow have been a significant topic of study
and have numerous useful applications. Many researchers have been interested in the subject of the
controllability of fluid flows, more so for incompressible flow (see [7], [29], [32], [55], [56], [58]) than for
compressible flow (see [22], [23]). The stability analysis of the linearized compressible Navier-Stokes system
is of interest to us in this research.

The Navier-Stokes equations in Q € RY for a compressible isothermal barotropic fluid consists of conti-
nuity equation and the momentum equation:

atC(ta $) + le[g((f, J}) V(tv J})] = 07

COwv(t,x) + (v(t,z).V)v(t,x)] = =Vp(t,z) + pAv(t,z) + (A + )V (divv(t, z)),
C(t,r) and v(t,z) = (vi(t,x),v2(t, ), ..., vn(t, x)) denote fluid density and velocity vector in RY, p denotes
the pressure and we assume that it satisfies the constitutive law

p(t,x) =al"(t,x) t>0,z€Q fora>0,v>1.
The viscosity coefficients v, A are the constants satisfying the thermodynamic restrictions, v > 0, A+v >0
(see [26] for more details). The second equation can be written component wise as follows
C(Opv; +v.V;) = =04, p + pAv; + (A + )0y, [div v].

We write the Navier-Stokes equations for a viscous compressible barotropic fluid in a bounded subset
Q= (0,L),L < oo of the real line as

atC(tvx) + (Cv)x (tvx) =0,
C(t, ) [Op(t, x)+v(t, 2)v. (t, )] + (p(C))x(t, ) — vV (L, ) =0, (1.1)
p(t,z) =al"(t,z) t>0,2€Q,

here (,v,p,v are fluid density, velocity, pressure and viscocity like above. To get the linearized system
around (Qo, Vo), Qo > 0,V > 0, we perform a change of variable:

o(t,z) = ((t,x) — Qo, u(t,x) = v(t,x) — Vo,
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2 S. MAJUMDAR

and collect the system including first order terms of o,u and this leads to the linearized compressible
Navier-Stokes system around (Qg, Vp) as follows

{Ut + Wor + Qou, =0, (t,.l?) € (Ov OO) X (OvL)v (1 2)

Ut — QLumm + Wous + G’YQ3720':1: =0, (ta (E) € (0’ OO) X (07 L)

0

From the perspective of controllability and stabilization, the compressible Navier-stokes equations (1.2) is
one of the fascinating topics of research. Lots of work have been done in this direction, and many results
have yet to be explored, for example, the stabilizability of Navier-Stokes system (1.2) with Dirichlet
boundary data

o(t,0) = 0,u(t,0) = u(t, L) = 0. (1.3)

We refer to the works [20], [19] [42], where controllability and stabilization of the hyperbolic-parabolic
coupled system (1.2) with periodic boundary data have been studied. Null and approximate controllability
of (1.2) with Dirichlet boundary data can be found in [20] and [16], respectively. We must mention that in
the work [42], the authors studied the rapid feedback stabilization (exponential stabilization with arbitrary
prescribed decay rate) of (1.2) with an interior control acting everywhere in the parabolic equation in
periodic set-up. Boundary stabilizability result of (1.2) with Vj = 0 with certain decay wp has been
studied in [6], [17] and [21] in Dirichlet set up (u(t,0) = u(¢,1) = 0) by spectral analysis and the method
of backstepping.

Let us write the system (1.2) in the abstract formation for Dirichlet boundary conditions (1.3):
U(t) = AU(t), t > 0,
{U(O) = (00, u0)",
where the operator A is defined as following:
D(A) = {(o,u) € H'(0,L) x H?(0,L) N H}(0, L) : o(0) = 0},
Ao, u)" = <_V001 — Qolla; G5 Uze — Volls — anS*%z)T.

The operator A is maximal dissipative in L?(0, L) x L?(0,L). Thus it generates a contraction semigroup
{S(t)}+>0 of continuous operator. Moreover, the semigroup is exponentially stable, that is for any Uy =
(o0,u0)T € L*(0,L) x L*(0, L), there exist positive constants C,wq such that

IS Uollz20.0yxz2(0.2) < Ce™°* Uollz2(0,1yx 220,y 1t = 0

see [33] for more details. In this paper, we show that despite the time-varying delay acting in the boundary
or interior of the hyperbolic component, the concerned system retains its asymptotic behaviour with the
presence of an additional damping term acting in the same component. We explore the time-delayed
phenomenon in the asymptotic analysis for the Navier-Stokes system (1.4). More precisely, we study the
well-posedness and stability analysis of the linearized compressible barotropic Navier-Stokes system with
the effect of delay depending on time acting in the boundary term or as interior feedback.

1.2. Brief description about the problem. Let us take V5 > 0 in (1.2). Introducing the change of

variables
1 t x t x
O’(t,ﬂj‘)i—) gg <’U7(5> ) u(tvx)Hu(U76> )

with the following choices of €, v, > 0,

_3\ /2 V2 \%
5:2(@7@3 3) , U:ZLOO, 5::Q0 9
v v
one can recast the system (1.2) into the following simplified version:
op 4+ 0y +buy, =0, (t,x) € (0,00) x (0,dL), (1.4)
Up — Ugg + Uy + Doy =0 (t,2) € (0,00) x (0,0L), '

1/2
with b = %8 (a*y g_3> . We take the advantage of this reduction of the number of system parameters

in our computation by considering the system (1.4) in our analysis. To describe the introductory study
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about the problems, we consider the following system:

ot + 0y +buy, =0, (t,z) € (0,00) x (0, L),

Up — Ugy + Uy + boy =0, (t,z) € (0,00) x (0, L),

o(t,0) = ao(t,L) + Bo(t — 7(t), L), u(t,0) = u(t,L) =0, te (0,00), (1.5)
0(0,z) = oo(x), u(0,z) = up(z), x € (0,L),

o(t —7(0), L) = z(t — 7(0)), 0 <t<7(0),

in which we assume that the time varying delay 7(¢) satisfies the following properties
€ W*[0,T], for all T > 0,
0<7<7(t) <M, forall t >0,
7(t) <m < 1, for all t > 0, where 0 <m < 1.

Under the following condition on the damping parameters «, 3:

la| + |8l +m < 1, (1.9)
we prove that the functional energy associated to the system (1.5)
1 [F I t) [
E(t) = 5/ o2t 2)d + 5/ W2(t, 2)d + @/ o2t —r(t)p, Lydp, >0 (1.10)
0 0 0

decays exponentially to zero. That is, there exist some positive constants C > 0, u > 0 such that the
following is the infinite time behaviour of the energy of the solution of (1.5):

E(t) < CE(0)e " vVt > 0.

Next, we study the same issue for the linearized compressible Navier-Stokes equation with internal time
varying delay

op + 05 +buy + a(z)o(t,xz) + c(x)o(t —7(t),z) =0, (t,z) € (0,00) x (0, L),
Up — Ugy + Uy + Doy, = 0, (t,z) € (0,00) x (0, L),
u(t,0) =wu(t,L) = o(t,0) =0, t € (0,00), (1.11)
0(0,2) = oo(x), u(0,z) = up(x), x € (0,L),
o(t—7(0),2) = zo(t — 7(0), x), z€(0,L),0 <t<7(0),
where a,c € L*°(0, L) are two non-negative functions with suppec =w C (0, L) and
c(x) > ¢ a.e. in w, where ¢ is a positive number, (1.12)
9 _
a(x) > ko + 2(17_7771)0(@ a.e in w, where kg > 0. (1.13)

Under this assumptions on the damping functions a, ¢, we prove the exponential stability of the system by
using the energy

E(t):;/OLUZ(t,x)dx—&—;/OL 24, 2)da + ) //g 2t — 7(t)p,x)dp, t >0,

where £ € L*°(0, L), supp { = w, non negative function to be chosen later.

1.3. Bibliographical comments and motivation. Delay effects arise in many applications and practical
problems and may destabilize an otherwise exponentially stable system, see [40], [41], [24]. Thus, it is
important to explore the impact of the delay in the asymptotic behaviour of dynamical systems. However,
particular choices of delays may provide the exponential stability. Exponential stability analysis of a
dynamical systems governed by partial differential equations with time delay has gained immense interest
among researchers throughout years. In [25], R. F. Datko et al. first shown that an arbitrarily small
time delay in the feedback control may destabilize a distributed system described by the wave equation.
Thereafter, numerous number of works have been performed on the stabilization of wave equations with
time-delayed feedback controls [43], [44], [4], [30], [34], [46], [15], [3], [2]. Internal delay of an abstract wave
equation with Kelvin-Voigt damping has been studied in [5]. For semilinear wave type equation see [51],
nonlinear wave equation with switching delay see [30]. In the constant time delay case, we refer to the
other related works [48] for Schrodinger equation, [8] for KAV equation with boundary time-delay, [57] for
KdV equation with interior delay feedback, [52] KAV equation with star shaped network, [9], [10], and [14]
for Kawahara equation with boundary and interior time delay feedback respectively, [35] for KdV-Burger
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equation, Kuramoto-Sivashinsky equation with time delay in the nonlinear term [59], Benjamin-Bona-
Mahony equation [28], microbeam equation [27], other evolution equation with time delay feedback see
[49].

On the other hand, there is a rich literature regarding the stability of the dynamical system with time-
varying delay feedback. In [50], S. Nicaise et al. have studied the time-varying delay phenomenon for a
parabolic and a hyperbolic model. More precisely, exponential stability has been studied for heat and wave
equations in one dimension with boundary time-varying delays. This work motivates us to consider the
time-dependent delay effect on the coupled hyperbolic-parabolic model, namely the linearized compressible
Navier-Stokes system. To the best of the author’s knowledge, there is no such result where the stability
analysis of the linearized compressible Navier-Stokes system with time-dependent boundary and interior
delay has been taken into account. It is worth mentioning that, in the works [11], [13], [12], the authors
have considered incompressible Navier-Stokes equations and studied its asymptotic behaviour with the
distributed constant delay term (delay acting in the interior).

For the sake of completeness of the bibliographical study, let us mention some other related works for the
time delayed system. In [47], S. Nicaise et al. have extended their previous result [50] for multi-dimensional
wave system. Internal feedback stabilization with boundary delay for wave equation has been established
[45]. Recently, in [53], Parada et al. have utilized the above mentioned works to produce stability analysis
of KdV equation with interior and boundary time varying delay. Time-dependent delay phenomenon for
second order evolution equation can be found in [31]. Boundary time delay effect for the incompressible
Navier-Stokes equations and higher dimensional compressible Navier-Stokes equations can be the objects
of future research.

1.4. Organization. In the Section 2, we establish the existence and uniqueness of the solution of the
linearized Navier-Stokes equation with boundary delay feedback. Exponential stability of the concerned
system has been shown here, see Theorem 2.5. We study the well-posedness and stability analysis (Theo-
rem 3.3) of (1.11) in Section 3.

2. EXPONENTIAL STABILITY OF NAVIER-STOKES WITH BOUNDARY DELAY

This section is devoted to the well-posedness and stability analysis of the linearized compressible Navier-
Stokes system with a boundary delay feedback. At first we show the existence and uniqueness of the Navier-
Stokes system (1.5) with the presence of boundary delay term. We start by showing the well-posedness of
the system (1.5) using semigroup theory and Kato’s variable norm technique [38].

2.1. Well-posedness. We will mainly follow the work [50] to prove the well-posedness of the time varying
system (1.5). Let us introduce a new variable to tackle the effect of the delay term

z2(t,p) =0t —7(t)p,L),p € (0,1) and ¢t > 0.

It can be checked that z satisfies the following set of equations

Ttz + (1= 7()p)z, =0, te(0,00),
z(t,0) = o(t, L), t € (0,00), (2.1)
20,0) = 2(—7(0)p),  pe(0,1).
Thus combining (1.5) and (2.1), we write the full system as follows:

ot + 0y + bu, =0, (t,x) € (0,00) x (0, L),

Ut — Ugg + Uy + Doy =0, (t,z) € (0,00) x (0,L),

T(t)z + (1= 7(t)p)z, = 0, (t,p) € (0,00) x (0,1),

u(t,0) = u(t, L) =0, t € (0,00),

o(t,0) =ao(t, L)+ Bo(t —7(t),L), te€(0,00), (2.2)

z(t,0) = o(t, L), t € (0,00),

0(0,z) = og(x), u(0,z) = uo(x), xz € (0,L),

(0, p) = 20(—=7(0)p), p€(0,1),

o(t —7(0), L) = z(t — 7(0)), 0 <t<7(0).

Now we will show the existence and uniqueness of the system (2.2) in a semigroup theory framework. Let
us first write this system in infinite dimensional ODE set up. Denote

U = (0,u,2)", Uy = (00, ug, 20(—7(0)-))""
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Thereafter, one can recast the above system as the following abstract ODE:

U(t) = A(t)U(t), t >0, 23)
U(0) = Uy, '
where the time dependent operator A(t) can be written as
—0z — buy
A(t)U = Ugy Uy — baz s (2 4)
1-7(t)p
T(t) P

with the domain
D(A(t)) = {(o,u,z) € H'(0,L) x H*(0,L) N H}(0,L) x H'(0,1) : 2(0) = o(L),0(0) = ac(L) + Bz(1)}.

Clearly
D(A(t)) = D(A(0)),t > 0.
Let us introduce the Hilbert space
H = L*(0,L) x L*(0,L) x L*(0,1),
equipped with the following inner product

01 02 L L 1
uy |, | us :/ 0'102d1'+/ ulquer/ z129dp. (2.6)
0 0 0
H

21 22

Now, using the variable norm theory of Kato [37], [36], [38], we will show the existence and uniqueness of
the above abstract system with time dependent operator. Similar types of analysis has been done in many
works, see [50], [47], [39], [53] for instances. The main idea of existence-uniqueness theory is to show that
the triplet {A, H,D(A(0)} with A = {A(¢) : t € [0,T]}, for some fixed T" > 0 forms a constant domain
system. More precisely, the following theorem (see [38, Theorem 1.9]) is enough to serve our purpose:

Theorem 2.1. Let us assume that

e D(A(0)) is dense in H,

e D(A(t)) = D(A(0)),Vt >0,

o A(t) generates a strongly continuous semigroup on H for all t € [0,T) and the family A = {A(t) :
t € [0,T1} is stable with stability constant C' and wq independent of t (i.e. the semigroup {Si(s)}s>0
generated by A(t)) satisfies ||S;(s)ull,, < Ce**® ||ully , for allu € H and s > 0),

o 0, A(t) belongs to L°([0,T]; B(D(A(0)),H)), the space of equivalent classes of essentially bounded,
strongly measurable functions from [0,T) into the set B(D(A(0)),H)) of bounded operators from
D(A(0)) into H.

Then, the system (2.3) has a unique solution U € C([0,T); D(A(0))) NC ([0, T); H), when the initial data
lies in D(A(0)).

Henceforth, we need to verify all the assumptions of the above Theorem 2.1 with the operator (A(t), D(.A(0)))
defined in (2.4)-(2.5) and this will ensure that the system (2.3) has a unique solution.
First we define the following time dependent inner product on H:

o1 o) L L 1
up |, [ us = / o109dx + / urugdz + 7(t)| 8] 2122dp.
0 0 0

21 22 ¢

It can be shown that the norm ||-||,, and ||-||, are equivalent. Indeed,
min(L, [B]7o) [[(o; u, 2)ll5, < ([0, u, 2)|l, < (L+[B[M) [[(0,u, 2) 14, - (2.7)

Now we are in the position of proving the well-posedness of our system (2.3):

Theorem 2.2. For any Uy = (00, uo, 20(—7(0)-))T € H, there exists a unique solution U € C([0,00); H) of
the Navier-Stokes system (2.3). Moreover, if Uy € D(A(0)), then U € C([0,00); D(A(0))) NCL([0,00); H).

Proof. We prove this result by showing all the assumptions of the Theorem 2.1 hold for the system (2.3).

. Straightforward analysis will show that D(A(0)) is dense in H. Indeed, let (f,g,w)? € H such
that (f,g,w)” € D(A(0))*. Thus by definition, we have

L 1
/ f(z)o(x)dx +/0 g(z)u(x)dx —l—/o z(p)w(p)dp = 0, for all (o,u,z) € D(A(0)).
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Let us take 0 = 0,u = 0 and z € C°(0,1). As (0,0, 2)T € D(A(0)), we have
1
| #otordp=o.
0
By density argument, we obtain w = 0. In a similar manner taking z = 0,0 = 0,u € C$°(0, L) or

z=0,u=0,0 € C>*(0,L), we can prove that f = g = 0. Therefore we deduce that D(.A(0))+
{0}. Thus we have D(A(0)) is dense in H.

e By definition, the second conditions of Theorem 2.1 holds.

e Hereinafter, we show that the family A = {A(t),t € [0, 7]} is stable. Let us denote ® = (o,u, 2)7.

It can be shown that
1Pl

121l

where ¢ is a positive constant. Indeed for all ¢, s € [0, 7], we have

. . L L . 1
||<I>|f—||<1>|se%'”'=<1—emt5)(/0 e+ [ a2<m>dw>+(7<t>—em”7<s>) 8l [ oo

< el v s € (0,1, (2.8)

Note that (1 — e%lt_sl) < 0. Furthermore, (T(t) — 6%|t_8|7(5)) is also non positive for some
constant ¢ > 0. Indeed, as 7 € W2°°[0,T],VT > 0, by mean value theorem
7(t) =7(s5) + (t — 8)7'(a), a € (s, ),

and therefore

7(t)

¢ e
— <14+ —t—s|<e7o
70

7(s)

Thus we get the estimate (2.8).

[t—s|

e Next, we will show that A(¢) is an infinitesimal generator of a contraction semigroup. To prove this,
we first establish that the operator A(t) is maximal dissipative up to some bounded perturbation.
First we evaluate (A(t)U, U), for some fixed ¢. Let us take U = (o,u,2)” € D(A(t)). Then we

have
—0o; — buy o
<.A(t)U,U>t = < Uggy — Uy — bOy sl u > .

1—7(t
T(z(f))pzl’ Z

Performing integration by parts and using the boundary conditions we further have

L L L L L 1 T(t)p 1
(A(tH)U,U), = — / ooydx — b/ ouydr — / uuzdr + / Ulgpdx — b/ uodr + |ﬂ|T(t)/ —
0 0 0 0 0 o T

. 1 . - L
:% (—o*(L) + 0*(0)) — Lz(t) /0 22dp + 7|m(7(;) 1>22(1) + @22(0) - /0 uldx
— 1 (ao(L) + 82())? — 1o?(r) - IO /0 22ap+ P =D 20g)  Bloz .
Let us define the following function
k= COZHDVE o (2.9)

27(t)

Thus we have,

(AU, U), - k(1) (U, U), =

N | =

1 L
(a?0?(L) + 2080 (L)z(1) + B22*(1)) + 5(\6| —1)o*(L) — / u? dx
0

(M0 g 2700 / 2y kD) /Luzd%+ LILOED
0 0

2
(0%0%(L) + 2080(L)2(1) + #222(1)) + 2 (18] - Do?() + D=Lz

<

<B\Ij7 \I/>]R2 )

DN = N =
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where ¥ = (o(L), 2(1))T and
a?—1+18| af
B= . (2.10)
ap B2 +1Bl(m — 1)
To prove
(AU, U), — k(1) (U,U), <0
it is enough to show that B is negative definite matrix. Indeed, the following lemma will prove it.
This implies that A(t) = A(t) — k(t)Z is a dissipative operator with the inner product (:,-),.
Lemma 2.3. Under the assumption (1.9), the matriz B defined in (2.10) is negative definite.
Proof. Indeed, thanks to (1.9), we compute:
trace(B) =a* — 1+ |B| + 8% + [B|(m — 1)
<la]+|8] — 1+ |B8lm < 0.
In particular a? — 1+ 8 < 0. Also,
det(B) =a®|B|(m — 1) — 52 — [B|(m — 1) + |B° + *(m — 1)
=18l (a®(m — 1) —m+1—2|8] + 52 +|B|m)
=18l (a*m — a® + (1 = [B)(1 — 8] = m)) > 0.
bi1 b2

As B is a symmetric matrix, we write B = . Here b1 < 0, by1bos — 6%2 > (. Taking

bia  bao
x = (z,y) € R?\ {(0,0)}. Let us compute

<BX7 X>R2 :b11$2 + 2b1oy + b22y2
bio \> [ bagbiy — b2
:b11 T+ E + 722 1 12 y2 < 0
bll bll
|

Next, we prove that for all ¢ € [0,T], A(¢) is maximal. Thus we need to prove that for some

A >0,
R(A\T — A(t)) =H.

Let us first assume that (f,g,h)T € H. We need to find U = (o,u,2)T € D(A(t)) such that
(AZ — A(t))U = (f, g, k)T, which is equivalent to find U = (o, u,2)? € D(A(t)) such that
Ao+ 0 + buy, = f,
AU — Ugg + Uy + boy =9,
Az + (1 T((f)p) z, = h,
u(0) =wu(L) =0,
0(0) = ao(L) + f2(1),
z(0) = o(L).
We mainly follow the work [50] to solve the above problem. If we are able to find v and o with
proper regularity then the third equation of the system (2.11) will give the solution z as follows:

(o) = {"<L> AT 7 (1)eATOF [0 ATO3R(s)ds, if #() = 0,

(2.11)

(8 T(t)
o(L)eAFR In(1=F(00) | AHE n(1-7(0)p) Ji e e 1= T<t>s)%ds if 7(¢) # 0.

Putting p = 1, we write z(1) = o(L)Sy + Sy, where
So = { ;j\(:)(tl) (1—7(t)) ! %(t) N
7o MUTTE i 71(t) £ 0,
and
() [LATDsp(s)ds, if #(t) = 0,

D In(1—7 1 AIO n(1—7(t)s) h(s)T e .
a=7(t)) Jy e 7o a-7(®) )7&&2“()2)7(13 if 7(¢) # 0.

?m

sh:{ﬁ
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Thus u satisfies the following
Ao+ oy + bu, = f,
AU — Ugg + Uy + b0y = g,
Az + (1‘*(”") 2z, = h, (2.12)

7(t)
u(0) = u(L) =0,
0(0) = (Oé + ﬁSO)U(L) + ﬂSh

We now consider a constant function o defined by (with fixed t)

BSn(t)
(1—a—B8)’
and we assume that & = a4 8Sy(t). Let us denote 7 = 0 — 1)g. Then we can see that (1, u) satisfy
the following equations

Yo(z) =

AN+ 1z + bug :fv
AU — Ugy + Uy + b1 = g,
u(0) = u(L) =0,
1n(0) = an(L),
where f = f — App € L*(0, L). Thus the problem (2.13) boils down to showing that there exists
(n,u) € D= {H"(0,L) x H*(0,L) N H}(0,L) : n(0) = an(L)} satisfying (2.13).
We solve this problem by using vanishing viscosity approach. Let ¢ > 0. Instead of solving
directly the above problem (2.13), we first deal with the following regularized problem

(2.13)

/\777577%1+77fc+buz:f~7

(2.14)
)\u_uw$+bnx+uz =9,

with the following boundary conditions
1n(0) = an(L), ane(0) =n.(L), u(0)=0, u(L)=0.

Let us proceed through the following steps.
We consider the space V, given by

V={(nu) € H(0,L) x H'(0,L) : n(0) = an(L), w(0)=0, u(L)=0}.

Using Lax-Milgram theorem, we first prove that the system (2.14) has a unique solution in V.
Let us define the operator B:V xV — R by

B((Z) , (Z)) :)\/OLmbd:r—ke/OLnxszd:v—&-b/OLuxz/de—k/oanwdx

L L L L
+ )\/ uvdr + / Uz P dr + b/ Uz pdx + / Neod,
0 0 0 0

for all <77> , <¢> € V. Then, one can show that B is continuous and coercive. Thus, by Lax-
U ¥

Milgram theorem, for every e > 0, there exists a unique solution (n¢,u€) € V such that

(A O e

where G : V — R is the linear functional given by

()L

Let us take <qéj> €V in (2.15), so that we obtain

L L L L L
)\/ nYpdx + e/ nede + b/ udr + / neydr = / fdx. (2.16)
0 0 0 0 0
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0
Similarly, by taking ( ) €V, we get
P

L L L L L
)\/ updr + / us pydr + b/ us pdx + b/ NS pdr = / godx. (2.17)
0 0 0 0 0

These shows that the equations (2.14) are satisfied in the sense of distribution. Consequently it
gives the regularity of ¢, and S, in L?(0, L). Thus the equation (2.14) is satisfied in the strong

sense. Now multiplying the first equation of (2.14) by v € H*(0, L) with 1(0) = a(L), and using
integration by parts we obtain
L

L L L L
A /0 nebde + ¢ /O Hobadi + (S (L)L) — 15 (0)(0)) + b /O uSapde + /O nds = /O fode. (2.18)

Comparing the above equation with (2.16), we obtain nS (L) = ang(0).

Now from (2.15), observe that

() () < ()

which yields, applying integration by parts and Young’s inequality

L L L L
)\/ |776\2dz + e/ |n;|2dx +(1- d)\ne(L)|2 + )\/ |u€|2d:c + / |ufc|2dx
0 0 0 0

A v €12 A L €2 L~2 v 2
< = [nf|“dx + = |uf|*dx + C f 4+ g
2 Jo 2 Jo 0 0

Note that & < 1, by (1.9) and the definition of &. This shows that (u€)e>o is bounded in H'(0, L),
(%) e>0 is bounded in L?(0,L) and (v/enS)e>o is bounded in L?(0, L). Since the spaces H'(0, L)
and L?(0, L) are reflexive, there exist subsequences, still denoted by (u¢)e>0, (7¢)e>0, and functions
n € L*(0,L) and uw € H(0, L), | € R such that

u® — win H'(0,L), and n° — nin L?(0,L), n°(L) — 1. (2.19)
Furthermore, we have
L L
/ lent |2dx = e/ |Vent|?dx — 0, as e — 0. (2.20)
0 0
Multiplying the first equation of (2.14) by ¥ € C°(0, L) and applying integration by parts, we

get,

L L L L L
)\/ nYpdx + 6/ nede + b/ uspdr — / Nty = / fidx, Y € C°(0, L).
0 0 0 0 0

Then, passing to the limit e — 0, we obtain

)\/OLmbd:c—Fb/OLuxwdx—/oanmdx:/Owad:m

and the above relation is true Vi € C°(0, L). As a consequence,

Mo + N+ bug = f, (2.21)
in the sense of distribution and therefore 1, = f—bu,—An € L?(0, L); in other words, n € H'(0, L).

We now show u(0) = u(L) = 0. Since the inclusion map i : H(0, L) < C°[0, L] is compact and
u€ — u in H'(0, L), we obtain

u® —u in C°[0, L.

Thus, (u¢(0),u¢(L)) — (u(0),u(L)). Since u(0) = u¢(L) = 0 for all € > 0, we have

u(0) =u(L) =0.
Similarly from the second equation of (2.14), one can deduce that
AU — Ugy + Ugp + N = ¢, (2.22)

in the sense of distribution and therefore u,, € L?(0, L), that is u € H?(0, L).
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Now replacing ¢ from the equation of (2.16) by ¢ € C$°(0,L) and using (2.19), (2.20) and
(2.21), we have
L L
lim [ 7% =/ M- (2.23)

<=0Jo 0
By density argument, we can say that n& — 7, in L?(0, L). Similarly using the equations (2.17)
and (2.22) we have u¢ — u in H?(0, L).
We now show 7(0) = an(L). Let us first denote the space

W ={(n,u) € H'(0,L) x H*(0,L) : uw(0) =0, u(L)=0}. (2.24)

W is a Hilbert space with graph norm and D is a closed subspace of WW. Hence the weak closure
coincides with the strong closure of D in W. In our analysis, we have actually shown that (7, u)
lies in the weak closure of D as (n,u€) € D. Thus it follows that (n,«) € D. In particular, we have
1(0) = an(L).

Thus we have proved that A(t) is maximal operator for any fixed ¢ € [0,7]. As k(t) > 0
defined in (2.9), it can be shown that the time dependent operator AT — A = (A + k(t))Z — A is
also surjective for some A > 0. This shows that A is maximal. Hence .Z(t) generates a strongly
continuous semigroup of contraction on . Also by (2.8), A = {A(t) : t € [0,T]} is a stable family
of generators in H with suitably constants independent of ¢.

e We need to establish the last assumption of Theorem 2.1, that is, 8;.A(t) € L°([0,T]; B(D(A(0)),H)).
First we compute

0

AU = 0 . (2.25)
T(O)#()p—(1)(F(D)p=1)
72(t) P

It can be shown that ZHFWe=T")(F(Me=1)
(1.7), (1.8)). Next from (2.9), we have
b - 00 0+ 20)” 2.36)
27(t) (1 + 72(1))"/? 272(t) '
and it is bounded in [0,7] for any 7' > 0. Thus combining (2.25) and (2.26), we finally have :

9 A(t) € L ([0, T1; B(D(A(0)), H))-

Therefore by using Theorem 2.1, there exists unique solution U € C([0, 00);: D(A(0))) N CL(]0, 00); H) of
the following abstract system

2, is bounded on [0, 7] by the properties of 7 ( see (1.6),

2:0(t) = A()U(1),
U(0) = U,.
Let us denote
U(t) = elo H)ds g ().
It can be shown that this U(t) is the unique solution of (2.3). Because, on differentiation we have
O U(t) =k(t)edo )T (¢) + elo F()ds 5, T (1)
—eJo k(s)ds (k(t)fj(t) + ﬂ(t)ﬁ(t))
=eJo ()45 A1) U (1)
=A(t)U(t).
Thus the proof is completed. O

2.2. Boundary stability result. In this section, we prove one of the main results regarding the boundary
stability of the system (1.5). It relies on the choice of suitable Lyapunov function and crucial energy
estimate.

2.2.1. Energy decay. We recall the energy functional defined in (1.10)

L L 1
E(t) = % /O o2t 2)da + % /0 W2(t, 2)d + @ /O o2t — (), Lydp, £>0.  (2.27)

Below we prove that this energy (2.27) is non-increasing.
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Proposition 2.4. Let us assume that (1.6), (1.7), (1.8) and (1.9) hold. Then for all regular solution of
the system (1.5), the energy E in (2.27) is non-increasing and satisfies:

: 1 o(t, L) o(t, L) /L )
Et)<-(B ’ ’ - <0.
<)_2< (U(t—T(t),L))’(O’(t—T(t)vL) R2 0 o =
Proof. Indeed on differentiation (2.27) with respect to ¢, we have:

1

L L - 1
E(t)z/o Uatdx—i—/o uutdx+w;m/0 Jz(t—T(t)p7L)dp+|ﬁ|T(t)/0 o(t—7(t)p, L)Oyo(t—7(t)p, L)dp.

Plugging the expressions for o, u; from (1.5) and applying integration by parts, we have:
L L 1
/ ooydx + / uurdz =3 (a?0®(t, L) 4+ 2aB0(t, LYo (t — 7(t),L) + f0* (t — 7(t), L))
0 0

1
—102(t,L)—/ u?. (2.28)
2 0

Thanks to the fact
—7(t)0io(t — 7(t)p, L) = (1 — 7(t)p)0,0(t — 7(t)p, L)
and then applying integration by parts, we have

1
Bl (t) / o(t — 7(t)p, L)ror(t — 7(t)p, L)dp

0
= —|4] ; (L =7@)p)a(t —7(t)p, L)Dpo(t — 7(t)p, L)dp

__ W';(” /0 o2(t — 7(t)p, L)dp + %\ma?(t, L)+ wﬁ (t—7(t),L).

Thus combining, we obtain,

E(t) :% (a®0?(t,L) + 2af0(t, L)o (t — 7(t), L) + 20> (t — 7(t), L)) + %(lﬁl —1)o?(t,L)

O oy o)1) - /0 2 (o)

Recall the negative definite matrix B in (2.10)

a?—1+18| af
B =
af B+ 1Bl(m — 1)
From (2.29), we have further,

50 <3(8 (0 5) (e 50 f 20

O

This result regarding the energy FE is not sufficient to address the exponential stability issues of the
studied system. In the next section we answer this question by choosing appropriate Lyapunov function.

2.2.2. Exponential stability. Let us take 71,72 € (0,1) are positive constants, small enough, to be chosen
later. Consider the Lyapunov functional

g(t) = E(t) + ’7151(t) + Vggg(t),t > 0,71,72 € (0, 1), (230)
where
1 L
Ei(t) = 5/ e o2 (t,x)dz, for some \ > 0. (2.31)
0

eat) = 7 [ (1= (e - (9. Ly (2.32)
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It is easy to note that E(t) < E(t), for all ¢ > 0. On the other hand, it follows that

L 1
i)+ttt < 2 o*(t,a)da + 270 | o= yip
L 1
" 9 Y2|B|7(t) 2
< 3/0 - (t,x)dm—&—w/o o(t — 7(t)p, L)dp

< max{’}/l? R;}E(t)a

that is,

B(t) < E&(t) < (1 + max{%, E}) E(t), for all t > 0. (2.33)

This ensures that the Lyapunov £ is equivalent to the energy FE.

Theorem 2.5. Let us assume that (1.6), (1.7), (1.8) and (1.9) hold. Let us also assume that Uy =
(00,0, 20(—7(0)))T € H. Then the energy E defined in (2.27) decays exponentially, that is there exist
positive constants C, u such that the following happens

E(t) < CE(0)e™ ", Vt > 0,

C< <1 +max{’yl, ﬁ;})

2 by Y2(1 —m) v1 (A=)
<mind — (1- 21}, , JA> b,
“—mm{L2( 2) 2M (32 + B]) 2031 + e )

where for v1,72 € (0,1) small enough,

and

Proof. First we assume that the solution of the system is sufficiently smooth. We perform a differentiation
on (2.31) and write

_ L L L
&1(t) :/ e Moo, = —/ e Moo, — b/ e Mou,
0 0 0

A L e—)\L 1 L
=— f/ e Mg? - ——o2(t, L) + ~0?(t,0) — b/ e Mou, (2.34)
2 /s 2 2 o

Differentiating both sides of (2.32),we have

&) =75 [ 1= (e~ r(0p.Didp-t 710) [ (1= p)olt = (0o, Lot~ (010, Ly
10 [ =t =t L1
- [ =0 =+ Ot = (0. D0, = (0. Lydp

In the last term we have used the fact —7(¢t)00(t — 7(t)p, L) = (1 — 7(t)p)0,0(t — 7(t)p, L). Performing
integration by parts for the last term of the above identity we have
. #(t) [ F(t) [
&) =" [ 0=t — o 0o - T [ (1= 9ot~ rt)p. Dy
0 0

1

1
~3 | GO0 = r0p.1) + 5D

Thus we have finally

1

Ex(t) = — 5/0 (1 —7(t)p)o(t — 7(t)p, L) + %aQ(t, L). (2.35)
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Using (2.29), (2.3

2.34) a
g0+ 220 =3 (8 ("0 ) (o <tg—(t%<Lt§,L>)>R2 -5 “ M)

L L 1
+ %02(7570) —bn / e Mou, — / u? — % (1 —7(t)p)o?(t — 7(t)p, L) + 722 o?(t, L)
0 0 0

+u/OL02+u/OLu2+uﬂIT(t) /Ola%T(t)p,L)dpwm / gt )
+ Yo (t) /01(1 —p)a’(t —7(t)p, L)dp
<3 (3 (50 n) (750 n)) B0 Foan - [T

L L L L L
_ b’yl/ @7)\1’0"&% - / Ui + ,U/ 0'2 + ,LL/ ’LL2 + 1YL / ef)\:c 2(t I)
0 0 0 0 0

(ulﬁ\M+72uM - 5(1 - )) /01 o?(t —7(t)p, L)dp

nd (2.35), for some p > 0 we have

(2.36)
Let us simplifying the first three terms on the right hand side of (2.36). Now,

(2 (s (t_(i(L% >) (- (3 >>>Rz+721 60+ 5D

:;<B< (t_T ) Ut_T )> + 2 ao(t, 1) + B2(1)” + Lo (2, L)
1
2

<<B B ( k] L))’ (a ik} L>> > ’

Py + 72 afn o af 1o
B% = = + 72
afy Pm af  p? 00
Since B is negative definite and trace and determinant map is continuous, we can find 71, y2 small enough
such that B + BJ! is negative definite.
Thanks to the Poincaré inequality with best constant, we have

where

L /lL2
ﬂ/ u?(z) < p=n ui(x), asu € Hy(0,1). (2.37)
0 0
Using Young’s inequality we estimate the followmg'
L
b b
b'yl/ e Mou, < o e o2dy + L / e Myl de. (2.38)
0 2 Jo 2 Jo
Thus combining (2.36), (2.37), (2.38), we have :
. L2 b L 1
E(t) +2uE (1) < (‘; 1y ;) | s+ (gl + vedd = 2= m) [ 0%t - (0, o
0 0
J1 T2
M b AL g =Xz 2
+ =+ tue™ +um / Too(t,x).
2 2 o
T3

Now we are at the position of choosing our parameters involved in the Lyapunov function to achieve the
required estimate:

E(t) +2u&(t) <0. (2.39)
e To have J; < 0 we need to take p < Z—z( — bl) and also there is a restriction on the small

parameter ; used in the Lyapunov expression as 73 < %.

o Jo <Oiff p< 00

e If we take A > b and u < %, then we have J5 < 0.
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By the conditions of the Theorem 2.5 we have (2.39). Therefore using the inequality (2.33) we have
E(t) < (1 + max{’yl, &i}) E(0)e 2"t > 0.

3. EXPONENTIAL STABILITY OF NSE WITH TIME VARYING INTERNAL DELAY

In this section, we study the stability analysis of the Navier-Stokes equations (1.11) with internal time-
delay feedback. As before, we first study the well-posedness of the internal time varying delay system.
Then using Lyapunov approach, we prove the exponential stability of the system.

3.1. Well-posedness of the problem. This section is devoted to the well-posedness of the above system
(1.11). As the boundary delay case, let us introduce the variable

z(t,x,p) = ot —71(t)p,x), x €Ew, p € (0,1),t > 0.
Then the system (1.11) reduces to the following:

op + 0y + buy + a(x)o(t, x) + c(x)o(t — 7(t),z) =0, (t,x) € (0,00) x (0, L),
Ut — Ugy + Uy + boy =0, (t,z) € (0,00) x (0,L),
T(t)ze + (1 —7(t)p)z, =0, x €w, (t,p) € (0,00) x (0,1),
u(t,0) = u(t, L) = o(t,0) =0, t € (0,00),
z(t,x,0) = o(t, x), x €w,te(0,00), (3.1)
z(0,z, p) = zo(—7(0)p, z), x €w,pe(0,1),
(0, ) = oo(x), u(0,x) = up(x), x € (0,L),
a(t —7(0),z) = zo(t — 7(0), z), z € (0,L),0 <t <7(0).
Let us set
U = (0,u,2)",Uq = (00, uo, 20(—7(0)-,-)) .
Thus we write the above system as:
{U(t) = A)U(t), t>0, (52)
U(0) = Uy,

where the time dependent operator A(t) can be written as

—0y — buy —ao — czo(, 1)

A(t)U = Ugy — Uy — bam 5
_1=7@p,
T(t) 4

where z. is the zero extension of z outside w, with the domain
D(A(t)) = {(0,u,z) € H'(0,L) x H*(0,L) N H}(0,L) x L*(w x H'(0,1)) : 2(0) = ols,,0(0) = 0}.

Clearly D(A(t)) = D(A(0)),t > 0. Let us introduce the Hilbert space H = L2(0, L)x L2(0, L) x L2(wx (0, 1))
induced with the following inner product depending on time

g1 g2 L L
< ur |, | uo > :/ ologdm+/ ujusde + 7(t //§ )z129dxdp, (3.3)
0 0

21 Z2 ¢

where ¢ is a non-negative function in L°°(0, L) such that supp & = suppc = w and it satisfies following
condition

1
c(x) + ko < &(z) < 2a(z) — c(x) — ko a.e. inw. (3.4)
—-m
By the definition of the inner product (3.3) we further have:
min(1, 7o) (7., 2) % < (o, 2P < (120l o 1)) o S (35)

where ||.[|;; is the usual norm on H. Now we are ready to prove the well-posedness result for the linear
system (1.11) using time dependent semigroup theory.

Theorem 3.1. Let a,c € L>(0,L) be two non-negative functions with (1.12), (1.13) and we also assume
(1.6), (1.7), (1.8) and (3.4). For any Uy = (00,u0,20(—7(0)-,-))" € H, there exists a unique solution
U € C([0,00);H) of (3.2). Moreover, if Uy € D(A(0)), then U € C(]0, 00); D(A(0))) N C([0, 00); H).
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Proof. To prove the existence-uniqueness of the solution of (3.2), we follow similar kind of argument as
the boundary time delay case. Since the analysis is standard, we only give a sketch of the proof.

At first, it is elementary to check that D(A(0)) is dense in H and D(A(0)) = D(A(0)),Vt > 0. Let us
take U = (0,u,2)T € D(A(t)). Then we obtain

(AU, TY, = — /0 cra;c—b/ ous + / uum—[ wity —b (]Laux—/oL a(z)aQ—/wc(:c)a(x)z(:z:,l)
o f e
zé (~0*(L) + o*(0) - / 2 [ et~ [ cwot@ze
/5 14 2(x,1)+;/wg(x)%(x,o)dx—T'(z’f)/w/olg(x)%dpdx.

Applying the inequality ab < % + % for the term fw c(x)u(x)z(z,1) we further have

0oy, < [ (o) + G+ D) 2o+ [ el + @0 - 1) o)

Thanks to (3.4), we have (—a(:c) SR %) < 0 and (c(z) + £(@)(7(t) — 1)) < (@) + E(x)(m — 1) <
0, a.e. in w.

; /2 . .
Let us recall the function k(t) = % Therefore one can easily show that the time dependent

operator A(t) = A(t) — k(t)T is dissipative.
Next we will compute (A(t)*U, U),, where A(t)*, the adjoint of the operator A(t)* is defined by:

0y + buy — ao + £2.(0,-)

1o, ()

) fp T TR

with the domain:
D(A(t)*) ={(o,u,z) € H'(0,L) x H*(0,L) N H}(0, L) x L*(w x H'(0,1))]

o(L) = 0,2(z,1) = MﬂJ@}.

Let us consider U = (0, u,2)” € D(A(t)*). Thus applying integration by parts, we obtain

(A)*U,U), = /LJUrer/LUuz+/Luum+/Luum+b/Lau$/ Yo 7//
O
:%(gz(L)—(ﬂ(O))—/ ug—/a(x)az—// c(z)o(x)2 // 2(z, p)
/g —147(t xl—f/f 2(2,0)dx — 7(t /w/o £(x)2%dpdz.

Utilizing the boundary data we further proceed

(AU, U), =~ 50%(0 / ) —/ //10(;6)0(95);2(96,0)—;/w/olf(t)é(x)zz(;v,p)
/ E(x 1—7 "/ i

1 ()
<= [ (=2 SO S
<3 [ (e + 60+ g ey ) @ -5 | / (2, p)dadp.
Thanks to the inequality (3.4) and the upper bound condition (1.8) of 7(t), we have
2
c(2) < c(z) _clz) <¢(x), ae. inw.

§(a)(1=7(t) ~ &(x) (1 —m)
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Again by (3.4), we further obtain (—Za(a:) +&(x) + W) < —ko <0, ae. in w.
__ Therefore as in the previous case, straight forward computation show that the time dependent operator
A(t)" = A(t)" — k(t)T is dissipative. It can be shown that At ) is a densely defined closed linear operator.

Henceforth A(t) generates a Cy semigroup of contraction on H (see [54]).
Proceeding with similar argument as boundary delay feedback cases, one can prove (2.8). And thus the

family A = {A(t) : t € [0,T]} is stable with stability constants C' and wo independent of t. Thus the first

three conditions of Theorem 2.1 hold. Finally, one can also show that 8,.A(t) € L2°([0, T); B(D(A(0)), H)).
Thanks to Theorem 2.1, the following ODE

{Iij(t) = AU(t), t>0, (3.6)
U(0) = Uy,

has a unique solution U € C([0,00); D(A(0))) N CL([0,00); H), provided Uy € D(A(0)). Thus U(t) =
el k()dsy(t) solves the ODE (3.2). O
)

3.2. Stability analysis. In this section, we prove the exponential stability result for the system (1.11).
Let us first consider the energy for the system (1.11)

E(t):;/()LUQ(t,x)dz+;/o 24,3 dx—l——//f 20— r()p 2)dp, £>0. (3.7

Our first goal is to show that this energy is decreasing.

Proposition 3.2. Let a,c € L*>®(0,L) be two non-negative functions with (1.12), (1.13) and we also
assume that (1.6), (1.7), (1.8) and (3.4) hold. Then for all regular solution of the system (1.11), the
energy E in (3.7) is non-increasing and satisfies:

E(t) <0.
Proof. Differentiating E with respect to ¢ and using the equation (1.11) and applying integration by parts
successively, we get,

E(t) :/OL oordr + /OL uupdx + —/ / E(x)a*(t — 1(t)p,x)dp

w0 [ [ ot~ 0n.000 1002100
:—IJQ(L)—/Lu d:zc—/O a(x) 2d:L‘—/c(gc)J( Yo(t — 7(t), z)dx

—7/5 )1 = 7(t)o?(t — 7(t), z)dx + = /f

<3 [ (220(0) +6@) + ca) Pt )+ 5 [ (elw) = (1= m)g(e) ot = (). )

w

Thanks to the inequality (3.4), we obtain E(t) < 0. O

Now, we will establish that the energy E decays exponentially towards the origin. Let us consider the
Lyapunov functional

g(t) = E(t) + ’)/151(1)) + 7282(t)7t > 0771a72 € (Oa 1)7

where
&i(t) = ;/OL e M g2(t, x)dz, for some A > 0. (3.8)
&E(t) = %t)/ /0 (1—p)a?(t — 7(t)p, x)dzdp. (3.9)

It is easy to note that E(t) < £(t), for all ¢ > 0. On the other hand, it follows that

YD) + 72Ea(t) < E/OLU (t,a +72T(t)//1 o2t — (t)p, x)dwdp
3721/;02@,;5 W //g 2t 1(t)p, z)dp

< max{’yl, W}E(t),
o
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that is,

E(t) < E(t) < <1 + max{’yl, 72}) E(t), for all ¢ > 0. (3.10)
Co

This ensures that the Lyapunov £ is equivalent to the energy E.

Theorem 3.3. Let a,c € L*°(0, L) be two non-negative functions with (1.12), (1.13) and we also assume
that (1.6), (1.7), (1.8), (1.13) and (3.4) hold. Let us also assume that Uy = (00, ug, 20(—7(0)-,-))T € H.
Then the energy E defined in (3.7) decays exponentially, that is there exist positive constants C,u such
that the following happens

E(t) < CE(0)e ", vt >0,

< (1 —|—max{’y17 72})
co

w2 by Y2 (1 —m) Y1 (A —=10)
¢ < min <1—>, , , A>Db.
{L2 2 )7 2M (2 + 1€l oo, ry) 2071 + €M)

Proof. Differentiating (3.8) with respect to ¢, we have

where for v1,72 € (0,1) small enough,

and

_ L
&1(t) :/ e Moo,
0

L L L
=— / e Moo, — b/ e Mou, — / a(x)e Mo? — / e Me(x)o(t —7,2)0(t, x)dx
0 0 0 w
-

by L AL 1 L L
=— 5/ e Mo o?(t,L) + 502(@ 0) — b/ e Mou, — / a(x)e g2
0

/e*M ot —T1,x)o(t,z)dr. (3.11)

Differentiating (3.9) with respect to t we have

/ / (1 —p)o?(t — 7(t)p, x)dzdp + T(t)/ /0 (1=p)o(t—71(t)p,x)0to(t — 7(t)p, x)dxdp
(3.12)

Thanks to the identity —7(t)0;0(t — 7(t)p, L) = (1 — 7(t)p)d,0(t — 7(t)p, L), we write the last term of the
above identity as follows:

o) [ [ = pott=rOp.0)0i0(t — r(p.z)dzdy
1
- [ [ a =00t~ 20,0 - r(p.z)dadp
z—f// (1 —7(t)p)o?(t — 7(t)p, )dl‘dp—*T // (1 — p)o?(t — 1(t)p, x)dxdp

+ §/w 2(t,z)dx.

Therefore from (3.12) we have

E(t) = —

DN | =

// (1—T'(t)p)a2(t—7(t)p,x)dx+/02(t,x)dx. (3.13)
wJO w
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Combining (3.11) and (3.13), we proceed

E(0)+2(0) <3 [ (~20(a) + @) + cla) + nela) +72) (1 0)
I,

+ % /w (c(x) — (1 —m)é(x) + yic(x)) o?(t — 7(t), z)dx — / a(x)o?dx

(0,L)\w

Iz
+ 1/ /0 (2uME(x) — (1 — m)ya + M2uys) 02(t — r(t)p, x)de

2
I3
1 L ) L2 b L
+ 5 / (=1 — ma(z) + 2ue* + 2y + byr) e *o? + (—1 + % + ’271> / u?.
0 0
Ty
Is

Thus to prove &(t) +2uE(t) < 0, we need to choose the Lyapunov parameter 71,7, and te decay p in such
a way that 7,75, 73,7,,T5 are negative.

o As (—2a(z)+&(z)+c(z)) <0,¢(x) — (1 —m)é(x) < 0 a.e. on w, we can choose 71,2 small enough
to get 71,75 < 0. In fact, the inequality (3.4) ensures that the following choices serve our purpose:

o) 2a(x) —€(x) —c(z) (L—m)§(x) — cx)
NS 1gf{ c(x) ’ c(x) }’

. 2a
Y2 <inf {
w c(x)

. . (1777’7,)72
e (learly if we consider pu < (€0 0.0, 172) then Z3 < 0.

e To prove that 7, < 0, that is, u < %

71 (A= D)
2+ )

, it is enough to consider that

,A>D.

e To have Zs; < 0 we need to take p < 2—2( - b%) and also there is a restriction on the small
parameter vy used in the Lyapunov expression as 73 < %. This completes the Theorem 3.3.

O

4. CONCLUSION

In this article, we have investigated the time-dependent delay effect in the asymptotic behaviour of the
linearized compressible Navier-Stokes equation. We established two well-posedness results of the concerned
system with the time delay term acting in the boundary and in the interior of the hyperbolic component.
We have explored the exponential stability results of the Navier-Stokes system under some conditions
on the damping parameters and delayed terms as well. In this work, we have assumed that the delay
function is strictly positive; see (1.7). An interesting question arises can we demonstrate our stability
analysis for the degenerate delay case, like [47]7 We will address this question in the near future. It
is reasonable to examine the impact of the time dependent delay acting in the parabolic component of
the linearized Navier-Stokes system. Also, it will be interesting to explore these stability results in other
related fluid models, such as Linearized compressible Navier-Stokes equation in the case of Creeping flow
[18] or linearized compressible Navier-Stokes system with Maxwell’s law [1].
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