N
N

N

HAL

open science

Boundary singular problems for quasilinear equations

involving mixed reaction-diffusion

Laurent Véron

» To cite this version:

Laurent Véron. Boundary singular problems for quasilinear equations involving mixed reaction-
Fundamental directions, 2022, 68 (4), pp.564-574.

diffusion. = Contemporary Mathematics.

10.22363/2413-3639-2022-68-4-564-574 . hal-03909821

HAL Id: hal-03909821
https://hal.science/hal-03909821v1

Submitted on 21 Dec 2022

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution - NonCommercial 4.0 International License


https://hal.science/hal-03909821v1
http://creativecommons.org/licenses/by-nc/4.0/
http://creativecommons.org/licenses/by-nc/4.0/
https://hal.archives-ouvertes.fr

Boundary singular problems for quasilinear
equations involving mixed reaction-diffusion

Laurent Véron*

1 Introduction

Let Q ¢ RY be a bounded C? domain, p > 1,1 < ¢ < 2and M > 0. We present some
results concerning the singular boundary behaviour of positive functions satisfying

L yui=—Au+ul — M|Vu|? =0 (1.1)
in . The main characteristic of the operator £ _,, is that it exhibits a competition
between the absorption term u” and the source reaction term |Vu|?, and these terms
are not of the same nature. This competition has for consequence the emergence of
a rich variety of phenomena. Most of the results presented here have been obtained
in collaboration with Bidaut-Véron and Garcia Huidobro [8] . Our study emphasises
two directions:

1- Existence of solutions with a measure as boundary data.
2- Description of the solutions with a boundary isolated singularity.

If ¢ = 1% equation (1.1) is invariant under the scaling transformations 7y, £ > 0
defined by

Ty[u](x) = E%u(éx). (1.2)

Ifl1<gqgc< 1%’ the absorption term is dominant and the behaviour of singular

solutions is modelled by the Emden-Fowler equation
—Au+uP =0. (1.3)

If g > 1%’ the source term is dominant and the behaviour of singular solutions is
modelled by an eikonal equation

u? — M|Vul? = 0. (1.4)
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Another equation which plays a crucial role is the Riccatti equation
—Au — M|Vul? = 0. (1.5)

If ¢ = 1% no reaction term is dominent and the value of M becomes fundamental.

An important tool for constructing solutions lies in the existence of natural sub and
supersolutions which are naturally ordered if they have the same boundary data:
the Emden-Fowler equation (resp. the Riccatti equation) is a subsolution (resp.
supersolution) for (1.1).

The problems of boundary singularities and measure boundary value problems
for related operators have been studied recently, but with different relations between
the reaction terms. In the following equation studied in [16] the two reaction effects
are cumulative even if they are not of the same nature

—Au+uP + M|Vu|? = 0. (1.6)

In that case one term may become dominent but there is no cancelation. The
equations with only one absorption term, u? or M|Vul|? are natural supersolutions.

In the next equation

—Au—uP — M|Vul|? =0, (1.7)

the two reaction effects are source terms. Again there is an addition of effects. The
equations with only one source term, u? or M|Vu|? are natural subsolutions. In
the publication [6] it is performed an analysis of the problem which presents some
analogy with the one developed here.

The singular boundary value problem for the somewhat similar equation
—Au —uP + M|Vu|? =0, (1.8)

is studied in [10]. Therein, the two reaction terms are also in opposition, a situation
which presents some similarities to the one developed here, but the effects of this
opposition are very different.

2 Removable boundary singularities

We assume that €2 is a bounded C? domain and 0 € 952. We set p(z) = dist (z,9Q).

Theorem 2.1 Let p > 8, M >0 and u € C*(Q) N CL(Q\ {0}) is a nonnegative
function which satisfies

L ,u=0 inQ u=0 indQ\{0}. (2.1)

p,q,M



Assume that one of the following conditions holds:
(i) either p= Y+ and 1 < q < Nl

(ii) or p > % NH andl <q<
Then u € Ll(Q) N LH(Q), Vu € Lq(Q) and

/ (—uAC+ (uP — M|Vu|?)()dx =0 for all ( € X(Q), (2.2)
Q

where

X(Q):={¢eClQ): (=0 0n 00N, AC € L=(Q)}. (2.3)

Furthermore, if we assume either (i) that is p = % and 1 < g < %, or

(iii) p > % N+l and1<q<p+1, or
N1 2
(iv) p > +1,q—pf1 and
D
N-1p—(N+1 +1
M<m**:—(p+1)<( )p2p( + )),, : (2.4)

then u =20

Remark. Notice that in the case (i) there exist positive functions satisfying (2.1)
with a singularity concentrated at 0. This singularity is not detected in the sense of
distributions. The same phenomenon occurs for solutions of

—Au=v" inQ, uw=0 ino0N\ {0}, (2.5)

N+1 N+1

when <p< N3, see [5].
Proof of Theorem 2.1
Step 1: A priori estimate. If M > 0, 1 < ¢ < min{p,2} and u > 0 satisfies (2.1),
then for some ¢; > 0, we first prove by a modification of the Keller-Osserman method
that ) . ,

u(z) < ¢ max {Mﬁm_ﬁ, ‘:L’ij} for all z € Q. (2.6)

As a consequence, using the regularity properties of elliptic equations (see e.g. [14])

and the scaling transformation Ty, which is possible as long as g < 2+1, we obtain
an estimate on the gradient:
__p_ _ptl
|Vu(z)| < 2 max{]a:\ p=a |x| 1 } for all z € QN By. (2.7)
Step 2: Change of unknown. Set v = v® with 0 < b < 1, then v satisfies
2
A T T) (2.8)

v b



The problem is to get rid of the term on the right-hand side, and this is done as it
follows: let € > 0, by Holder’s inequality we have

e o < 260 [V | 2= g ooy

2€2-q

Then (2.8) yields

g—1.2 2
“Av+ <1 o ”) Vol
2 v

(2.9)

ool et 20, SRR

2€2-4q

Then the question is how to control the exponent of v in order that the absorption
becomes dominent for large v, and this necessitates,

(2b—1)g—2(b—1) 2p
< Hb+1 < —
2—q Slp-Dbtle=as p+1
Notice that the condition is independent of b. We fix
2 N +1
b= ————— —b+1=——
N-np-p P UbrI=TT

which is the removability threshold for boundary isolated singularities of solutions

of the Emden-Fowler equation. With this choice the last problem is to control the
. . [Vo|?

sign of the coefficient of =~

2(1-b)
Mgqba—1

9
(i) If p > %‘*‘}, q< p+1’ we choose € = ( )2 and (2.9) is transformed into

N-Dlp—1) 4 4 (2.10)
4

—Av +
By a result of Gmira-Véron [15], v remains bounded and the conclusion follows by

a suitable choice of test functions and standard regularity results [14].

(ii) In the case p > %, q= 1%’ we have the same choice of b, but a more refined

choice of € in order to take care of M.

(iii) In the case p = %ﬂ, q< Nﬁl, we use (2.6) to improve the estimate (2.7), and
then by iterations to derive the boundedness of u. This is detailed in [8]. O

Theorem 2.1 can be extended to more general boundary singular sets.

Theorem 2.2 Assume p > % and % < r < p. If one of the following condi-
tions is satisfied:



o 2
(i) either ¢ = 3 and

M <m?*:=(p+1) (pg:%) o , (2.11)

(i1) or 1 < q < 1%’ r <3 and M is arbitrary.

Then if K C 050 is a compact set such that capg%,(K) =0, any solution u of

L ,u=0 inQ u=0 indQ\K. (2.12)

p,q,M

is identically 0.

Proof. The principle of the proof is somewhat similar: we set v = v® for some
b€ (0,1) and we reduce (2.12) to an inequality of type

—Av+Civ"<Cy inQ, v=0 ondQ\K, (2.13)

with C, Cy > 0. Since cap‘zﬂr, (K) = 0, it follows by the removability theorem proved

in [18] that v is bounded from above and the result is easily obtained by a suitable
choice of test functions. O

3 Measure data problems

The natural space of test functions for analysing boundary value problems is X(2)
already defined in (2.3).

Definition 3.1 Let € M(ON) and p,q > 1. A Borel function u defined in Q is a
weak solution of

—Au+ |uP~tu — M|Vul? =0 in §) (3.1)
U=l in O0S), ’
if u € LY(Q) N LH(Q), Vu € L) and
-1 a¢
(—uAC + (JulP~ u — M|Vu|)¢) doe = — —dp  forall ¢ € X(Q). (3.2)
Q o0 On

The next two problems in which u is a Radon measure on 0f) are naturally associated
to (3.1).

1- The Emden-Fowler equation

—Av+ [Pl =0 in

V=4 in 0€. (3.3)



2- The Riccatti equation

—Aw - M|Vw|?=0 in

w=p in 0€Q2. (3-4)

It is proved in [18] that (3.3) admits a solution, necessarily unique, if and only if
For any Borel set E C 09, capgﬂp, (E) =0= |u|(E) =0, (3.5)
=

Concerning (3.4) it is proved in [9] that there exists a solution if, for some C' > 0, p

satisfies
For any Borel set E C 09, |u|(F) < Ceap?®, q/(E). (3.6)

q

Combining these two results we prove the following.

Theorem 3.2 Letp > 1,1 < q <2 and p be a nonnegative Radon measure on OS2
which satisfies

u(E) < C'min {cap‘zg_lq q,(E), capgsi/(E)} for any Borel set E C 092,  (3.7)
q’ P’

for some C' > 0. Then there exists cog > 0 such that for any 0 < ¢ < ¢ there
exists a nonnegative weak solution of (3.2) with boundary data cu. Furthermore the
boundary trace of u is the measure cp.

N+1

Remark. No condition involving capggp, (resp. cap‘zg ’q/) are needed if 1 < p < 373

p’ q
(resp. 1 < ¢ < &3) because of the Sobolev-Morrey imbedding theorem.

Abridged proof. Since the positive solution v, of (3.3) is a subsolution of £, u =0
and is smaller than any solution w, of (3.4) which is a supersolution of £, u =0,

it follows by [11] that there exists a I/Vlif (2)-function u which satisfies v, < u < wy,
in © and

L, yu=0 inf. (3.8)
This u is a C! function. Consequently, by the sandwich principle,
lim w,ZdS(x :/ Zdp = lim v, ZdS(x) = lim/ uzdS(z),
0—0 p(z)=5 ” ( ) 90 6—0 p(z)=6 ’ ( ) 0—0 p(z)=5 ( )

(3.9)
for all Z € C(Q), Z > 0. The restriction Z > 0 can be dropped and this implies
that u admits a boundary trace in the dynamical definition of the boundary trace
[19]. Therefore we denote u = u,. In order to assert that w, is a weak solution in
the sense of Definition 3.1, we need some estimates. We denote by Pq[. ] the Poisson
operator in ).

1- Estimate on solutions: there holds

v < Polu] < wy, < cPolul,



see [9], and
0 <v, <uy, <w, < cPolul.

If 1 satisfies the condition (3.6), there exists C’ > 0 such that for 0 < ¢ < C’ there
exists a nonnegative solution z € L*(Q) N LH () to

—Az—2P=0 in

z=cl in 09, (3.10)

(see [3]). It clearly satisfies (Pqo[u] < z. Then w,, € LH(Q) = u, € LH(Q).
For the gradient, set ¢ = Gq[u},], then ¢ > 0 and

—A(uy + ¢) = |Vu,|? > 0.
By Doob’s theorem,
—A(uy + ¢) € Ly(Q) = |Vu,| € LY(Q).

Since u, € Lp(Q), |[Vu,| € L) and u, has boundary trace p, it is straightforward
to prove that it is a weak solution. O

The condition (3.7) can be simplified in most of the case by using classical results
on Bessel capacities [1] which endow the general form
0
capg%(E) <c (capﬁ%(E)) for all Borel set E C 01,

under suitable conditions involving a,p > 1, a, 5 > 0 and 6 > 1. We prove the two
following corollaries,

Corollary 3.3 Assume p > % and Z% < g < 2. If uis a nonnegative Radon

measure on 02 which satisfies, for some C > 0,

w(E) < Ceap?ly q,(E) for all Borel set E C 02, (3.11)
q b
then the conclusions of Theorem 3 hold.
Similarly

Corollary 3.4 Assume % <g< %. If 1 is a nonnegative Radon measure on
0Q such that for some constant C > 0, there holds for any Borel set E C 05,

W(EB) < Ceapl® (E), (3.12)
p7
then the conclusions of Theorem 3 hold.

Remark. Notice that by Corollary 1, Corollary 2 and the Remark after Theorem 3
we cover the full range (p, q) € (1,00) x (1,2) and show that only one Bessel capacity
is involved.



4 Separable solutions

Separable solutions of (1.1) are expressed in spherical coordinates z = (r,0) in
RN ~ R, x SN=1 under the form

u(z) = u(r,s) =r “w(s).

For equation (1.1), the existence of such solutions in a cone Cs := (0,00) x S
generated by a spherical domain S C S¥-!  imposes ¢ = ]% and a = 1%' Then w
satisfies

S, ywi=—Aw+a(N-2—-a)w+ |wPlw

(4.1)
- M (a?w? + |V’w|2)1’% =0 in S,

where A’ is the Laplace-Beltrami operator on SV~1.

1- If S = SN¥-1 positive solutions are unique and constant. The problem is com-
pletely solvable.

2- If we are dealing with boundary singularities, the model case is S = Siv ~1 and
the problem of boundary isolated singularities becomes

S, yw=0 in SY1 and w=0 on 9SY .. (4.2)

When M = 0 it is proved in [15] that there exists no positive solution if p > %

Our main result is the following, -

Theorem 4.1 There exists a positive solution w to problem (4.2) if one of the fol-
lowing conditions is satisfied:
(i) either 1 < p < £+ and M > 0,
(ii) or p = {AL and M > 0,
N+1

(i) or 1 <p <3 orp> 3=, and M > My, for some explicit value M, > 0.

Abridged proof. Existence is obtained by construction of supersolutions (actually
large enough constants) and subsolutions under the form d¢; where ¢ is the first
cigenfunction of —A’ in Wy*(SN=1) and § > 0 is small enough. Thus S, (691) <0
and existence follows again by [11]. O

The existence result (iii) is rather sharp since

Theorem 4.2 Let p > % If M < m**, defined by (2.5), there exists no positive
solution w to problem (4.2).

The proof is delicate and based upon the transformation w = 7, b > 0.



5 Singular solutions

In the subcritical case 1 < p < J]\\?ﬂ, 0<qg< NH , then for any M > 0 and & > 0

there exist minimal fundamental solutions that are positive solutions of (1.1) in €,
vanishing on 92 \ {0} and such that

lim g (@) =

z—0 Pq (a:)
They are solutions of £ ; pyu = 0 in €2 such that u = kdy on O€2.
The correspondence k — uy is increasing (between minimal solutions since unique-
ness may not hold) and there holds

(5.1)

im Uoo () _
z—0 PQ(CC)

(5.2)

Since the functions u; are uniformly locally bounded from above in Q \ {0} by
estimate (2.6), there exists us = hm U

In order to characterise uo, we mtroduce the following problem,

~A"Y+a(N—2—a)y)+ Pty =0 in S¥
. N—1 (5-3)
P =0 in 95, ".
Existence and uniqueness of a positive solution of (5.3) when 1 < ¢ < N H has been

proved in [15]. In order to describe the singularity at 0, we assume that 8RN ~ RN-1
is the tangent hyperplane to 92 at 0 and the normal vector ey is the inner unit
normal vector to €2 at 0. We will say that Q is in normal situation at 0. Our main
result concerning the behaviour of a positive solution near an isolated singularity on
the boundary is the following.

Theorem 5.1 Let Q be a smooth C? domain with 0 € 082 in normal situation at
0,1 <p< NH 1<g< N+1 and M > 0. Assume that u is a positive function
satisfying of (2 1)

1-Ifl<g<
(i) either

+1’ then

liH(l) ru(r,.) =1 locally uniformly on Sy, (5.4)
r—
where 1 is the unique positive solution of (5.3),
(i) or there exists k > 0 such that (5.1) holds. If k =0, then u =0 in Q.
2
2- If g = ]ﬁpl, then
(i) either u > us and

P < hmmfr u(r,.) < limsupr®u(r,.) =w locally uniformly on ST,  (5.5)
r—0

where W is the mazximal positive solution of (4.2),
(ii) or the statement (ii) in case 1 holds.



Proof. The proof is lengthy and use the reduction of the problem to a quasi-autonomous
second order equation as it was done in [15]. a.
Remark. In case 1-(i) u = u is the unique positive solution of (1.1) vanishing on
o0\ {0} and satistying (5.2).

If 22 < ¢ < p the blow-up is modelled by the eikonal equation (1.4). The

p+1
blow-up rate is governed by =7 where the exponent ~ is

_ 9
= —
p—q
Notice that in this range v > «. This equation is essentially isotropic, hence it is
difficult to construct singular solutions vanishing on the boundary except one point.

By a delicate construction with sub and super solutions, we prove:

Theorem 5.2 Assume M >0, p > 1 and % < q < min{2,p}. Then there exists
a positive solution u of (1.1) in RY, which vanishes on ORY \ {0} such that

c3d1(o)r™7 < wu(r,s) < ¢y max {r_a,Mﬁr_“/} , (5.6)
for all (r,s) € (0,7*) x S¥™*, for some r* € (0,00] and where c3,c4 > 0 depend
N,p,q. If N¢ > (N — 1)p, then r* = oco.

The result can be adapted to a solution in a bounded domain €2 with an isolated
singularity at the point 0 € 0f).

6 Open problems

Problem 1. 1t is proved by Bidaut-Véron, Garcia-Huidobro, Véron that if

N 2
max{Ni_,ZTpl} < ¢ < min{2,p} and M > 0,
there exist infinitely many radial solutions of (1.1) in Bgr \ {0} for small R, which
satisfy

uw(r) = &yr~P(1+0(1)) as r—0, (6.1)

where
274 o qe L((N=-1g-N = 6.2
TR B( M(p—1) ) ' 02

These solutions present the property that their blow-up is smaller than the one of
the explicit radial separable solution. It would be interesting to construct similar
solutions of (1.1) in RY (or more likely B}), vanishing on ORY \ {0}.

10



Problem 2. Is it possible to define a boundary trace for any positive solution of (1.1)
in RY, noting the fact that such a result holds separately for positive solutions of
(1.3) and (1.5) ? Notice that if u € L5(€2), then the theory of nonnegative super-
harmonic, up to a perturbation in L})(Q) functions [12], applies: thus Vu € L}(Q)
and there exists a nonnegative Radon measure p such that u solves (3.1). Next, if
Vu € L}(Q then the theory of boundary trace of positive solutions of Emden-Fowler
equation as it is developed in [17] can be easily adapted. In that case there exists a
closed set S C 992 and a nonnegative Radon measure p in R := 92 \ S such that

lim udS(z) = oo, (6.3)
720 J{w:p(x)=T}NBe(x)

for all x € S and € > 0, and

lim C(w)udS(x):/RCd/,L (6.4)

720 J{ap(a)=r}

for all ¢ € C(Q) vanishing in a neighborhood of S. The difficulty for equation (1.1)
comes from the situation where at some boundary points z there holds

/ uPpdr = / |Vul?pdx = oo, (6.5)
QNB.(z) QNB.(z)

for some € > 0.

Problem 3. Are the weak solutions of the Dirichlet problem with measure boundary
data (3.1) unique ? Note that there are a few uniqueness results for solutions with
a boundary isolated singularities which can be obtained by using scaling techniques
(under geometric restrictions on the domain).
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