N

N

Phase-field approximation for a class of cohesive fracture
energies with an activation threshold
Antonin Chambolle, Vito Crismale

» To cite this version:

Antonin Chambolle, Vito Crismale. Phase-field approximation for a class of cohesive fracture en-
ergies with an activation threshold. Advances in Calculus of Variation, 2021, 14 (4), pp.475-497.
10.1515/acv-2019-0018 . hal-03908450

HAL Id: hal-03908450
https://hal.science/hal-03908450
Submitted on 20 Dec 2022

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-03908450
https://hal.archives-ouvertes.fr

PHASE-FIELD APPROXIMATION FOR A CLASS OF COHESIVE
FRACTURE ENERGIES WITH AN ACTIVATION THRESHOLD

ANTONIN CHAMBOLLE AND VITO CRISMALE
CMAP, Ecole Polytechnique, 91128 Palaiseau Cedex, France

ABSTRACT. We study the I'-limit of Ambrosio-Tortorelli-type functionals D, (u, v), whose
dependence on the symmetrised gradient e(u) is different in Au and in e(u) — Au, for a
C-elliptic symmetric operator A, in terms of the prefactor depending on the phase-field
variable v. The limit energy depends both on the opening and on the surface of the
crack, and is intermediate between the Griffith brittle fracture energy and the one con-
sidered by Focardi and Iurlano in [43]. In particular we prove that G(S)BD functions
with bounded A-variation are (S)BD.
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1. INTRODUCTION

The energy functionals in Fracture Mechanics are usually expressed in terms of the
displacement u: £ C R™ — R"™ as the sum of a volume part, accounting for the mechanical
properties of the uncracked material in the bulk region, and of a surface part, concentrated
on a (n—1)-dimensional discontinuity set of u (the crack set) and representing the energy
dissipated in the crack process.

The presence of the crack set entails difficulties in the effective computation of minimis-
ers, for instance by numerical simulations. A possible, and by now classical, way out is to
approximate the energy in the sense of I'-convergence, through simpler functionals. These
depend on the two variables u: © — R™, which is now a Sobolev function and represents
the regularised displacement, and the phase-field v:  — [0, 1], whose sublevels {v < s},
for s € (0,1), may be used to approximate the limit discontinuity set. Such approxima-
tions are often called of Ambrosio-Tortorelli type, from the breakthrough paper [10] they
realised to approximate the Mumford-Shah functional [56] in image reconstruction.

In the context of Fracture Mechanics, Ambrosio-Tortorelli approximations are largely
employed since the Francfort-Marigo’s work [46] on the variational approach to fracture
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2 APPROXIMATION OF COHESIVE FRACTURE ENERGIES WITH AN ACTIVATION THRESHOLD

and the first numerical experiments [I7] (see e.g. [16] [0 1] and references therein). The
first case that has been considered is the Griffith energy [52]

/fp ))da + H ! (Ju U (0p2 N {traqu # traﬂuo})) (G)

where ug € WHP(R™; R") enforces a Dirichlet boundary condition (by penalising trpqu,
the trace on 99 of u, where different from that of ug on the Dirichlet boundary 9pQ2),

e(u) := M € M} is the linearised strain (in the bulk) in small strain assumptions,
Jy is the ]ump set of u (see Sectlon' H" ! is the (n—1)-dimensional Hausdorff measure,

and f,: Mg/ 0 — [0, 400) is convex with

H0)=0,  Cp(&l" =1) < fp(§) < C(IEF+1), p>1, (HP1 fp)

for the Frobenius norm |-| on Mg ", As explained e.g. in [31), Section 1] and [53, Sections 10

and 11], the reference form for f, is for every p >0

Fou(€) == p«2£§+ﬂ>—uﬂ, (1.1)

where ¥, such that (& —¢7) = 0 and B¢ - € > ¢ ¢ + €72 for all € € M., is the
fourth-order Hooke’s tensor: this is a slight generalisation of the original Griffith energy,

where the bulk energy is the linear elastic energy, that is p = 2, p = 0 and

566 = Dl + €T + Dh(Tre)?,

2
2

with A1, A2 the Lamé coefficients. The f,, are quadratic for small { and with p-growth
for large £, and for p # 2 this may account for plastic deformation at large strain.
The Griffith energy is approximated by the functionals

PR ’
/ ((v +ne) fp(e(u)) + (145) + eq_1]Vv]q> dz, lim 77_ =0, (Ge)

e—0 gp~1
Q
for u € W (Q; R™) := WhP(Q; R™)N{u: trsn(u—ug) = 0 on dpQ}, v € W4(Q;[0,1]) :=
Wha(Q;[0,1])N{v: trsgov = 1 on Ipf}, and +oc otherwise: such approximation has been

proven without any a priori assumption on w, for any p > 1, and in any dimension in [20],
together with compactness and regularity for minimisers (see [28] and [27]), assuming that

Os5.2,(0pQ) CQ  for § € (0,6), (1.2)
for some § > 0 and x9 € R™, where Og 4, (z) := 20 + (1 — §)(z — o). This generalises
[22) 23, 55], assuming a priori u € L? and p = 2, [30], requiring u € LP, p > 1, and
[47], obtained in dimension 2 (see also e.g. [42, 49, 57, [19)] for the antiplane shear case and

different approximations).
In [43] Focardi and Iurlano studied the limit of the functionals

/((v + ) f20(e(u) + 1/1(:)
)

for u € HY(;R™), v € WHe(€;]0,1]), and +oo otherwise (with ¢ € C([0,1]) decreasing,
(1) = 0) and proved that they I'-converge to

/f20 ) dz +aH " (Jy +c2/\ ] © v dH™ (9)

+ gq—lm\q) da, (C.)

for suitable ¢1, co > 0. The energy space for is SBD?, a subspace of the Special

Bounded Deformation functions SBD (see Section . For v € SBD, the distributional

gradient Ev := D”%DT” is a bounded Radon measure, J, is the set of points x at which
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v has two different approximate limits v+ (z), v~ (z) with respect to a suitable direction
vp(z), and [v](z) := vt (z) — v~ (z) is the jump. We denote by @ the symmetrised tensor
product, and notice that [u] ® v, is the part of the total strain Eu concentrated on J,, see
22

The energy depends also on the jump amplitude, reflecting mechanical interaction
between the fracture lips. This is typical of cohesive fracture energies, in contrast to the
brittle energy . On the other hand, has not the form of the classical cohesive fracture
energies in Barenblatt’s model [14], which in particular do not depend on H"~1(J,). The
presence of the measure of the crack surface corresponds to an activation energy which is
necessary to nucleate the crack: this is considered also in [2], where it is called “depinning
energy”, in [5], that studies a model for quasistatic evolution, and in the approximation
result [I3]. A few others have succeeded in approximating particular instances of pure
cohesive energies, as in [54] 29] 138], see also [3] and [4] (in these works the bulk energy is
a function of the full gradient Vu).

In this work we approximate fracture energies that, as ((C), include the measure of J,,
but whose cohesive term now depends only on a part of the strain, for instance on its
deviatoric part (for n > 3). Moreover, we consider general p-growth (p > 1) in e(u) of the
bulk energy, no integrability assumptions on u, and study the Dirichlet boundary problem.
To present the general case we consider a constant-coefficient, linear, first order differential
operator

Au = ZAjaju, u: R" - R", (1.3)
j=1

for A; € L(R™,M"*") linear mappings. We assume that (4;); = (4;); and that Au: R" —
M?2X" g0 that there is an endomorphism A of M7*"™ for which

sym s sym
Au = A(e(u)) . (1.4)
A Fourier symbol mapping Alz]: R™ — MEZIP is introduced for every 2z = (z1,...,2,) € R",
defined by
Alzlv == v®pz = Z zjAjv = A([v] © z) (1.5)
j=1

for v € R™; the operator A is R-elliptic if A[z] is injective for all z € R™ \ {0}, and
C-elliptic if (take the estension of AlzJv on C™) Alz]: C* — C™ " is injective for all
z € C™\ {0}. These operators have been recently considered in e.g. [18 (50} 51, [40} 1T, [61].
The deviator operator Epu := Eu — % (divu) Id,, is C-elliptic for n > 3, but not for n = 2
(see Remark [2.5)).

From a mechanical point of view, the reference problem is to minimise the energy F
under a Dirichlet boundary condition on a part of the boundary dp€Q # @ with possibly
the presence of volume forces, and surface forces on the remaining part of the boundary

OnS§2, with
N =0pQUINQUN, 9pQnoyQ=0, H"'(N)=0, 30pQ)=030NnQ), (1.6)

for Op and In§2 relatively open. Here we assume all forces null, , and that
fo(s€)

R T = f,(€) uniformly as s — 400, £ € MX" (HP2 f,)

sym *

~ ~ 1
We have that f, is positively p-homogeneous, and (f,)? is a norm on M}X" (cf. e.g. [44]

sym
Remark 2.7]). Then we prove the following, main result of this work.

Theorem 1.1. Let Q C R™ be open bounded Lipschitz satisfying (|1.2)), , up €
WLP(R™R™), p, ¢ > 1,7 > 0, ¢ > 0, 5. > 0 such that lime o g5 = 0, fp and fy
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satisfying (HP1 fp)), (HP2 f,)), ¥ € C([0,1]) decreasing with 1(1) =0, and A be C-elliptic.

Then the functionals De(u,v) defined on u, v measurable by

Do) i= [ [0+ 1)) + 0+ 70) fle(w) — ) +

Q
ifu € Wq}(;p(Q;R”), vE Wll’q(Q; [0,1]) and by +o00 otherwise, I'-converge, as € — 0, to

D) i= [ [f(Alelw) + fyfew) - Aletw)] de+ [ [a+b ()7 (u)onmn)] ane!

Q Ju

1/}(:) + veq_l\Vv]q} dz

~ 1
+ / [a +b (fp)?’ (trag(u — UO)@AV@Q)] dHn_l ,
8DQﬂ{traQ(u—uo)7é0}
if
u€e SBDP(Q), v=1a.e inQ,

and by +oo otherwise for u, v measurable, with respect to the topology of convergence in L™ -
measure for u and v. Above A is the operator introduced in (1.4), and (I% —|—]lo = %—}—% =1)

@ =2 0 [ = ) 0,
Moreover, for every M >0 and € < 1, the sublevel {(u,v): Ds(u,v) < M} is contained in

{(u,v): / |Au| dx < Chy, trag u = trag ug on Opf?, / Yv)de < Ma} .
Q Q

Then a sequence of quasi-minimisers for D, converge, up to a subsequence, to a minimiser
of D, with respect to the product of the strong L"($; R™) topology for u, for anyr € [1, 5),

times the topology of convergence in L™-measure for v, provided H" *(dpQ N dQ;) > 0,
for each Q; connected component of ).

The functionals f, , in satisfy (HP2 f,)), and fa ,(Au)+ fo u(e(u) —Au) = fo ,(e(u))

if A = Ep, so, in this case, we recover the linear elastic energy in the bulk.

Our approximating functionals are in some sense intermediate between those in
and , since the part corresponding to e(u) — Awu is multiplied by v + 7. as in ,
while f,(Au) is multiplied by v + e?~! as in (CJ) for p = 2. This results in an interaction

between (v + eP~1) f,(Au) and ( ) that gives the term in [u] in the limit. As usual, the
surface of J, is approximated by the Ambrosio-Tortorelli part M ) 4 e~ Vuld.

Since the integrals of (v + 7.) fp(e(u) — Au) and g are not energetlcally of the same
order, we have an a priori control only on Au as a Radon measure, differently from [43],
where this control is on the whole Eu. For this reason we initially work in the space GSBD
of generalised SBD functions, introduced by Dal Maso in [37] to study brittle fracture (in
[43] the control on Eu allowed to work directly in SBD). A crucial point is to establish
the expression of Au on the set Jy, in particular to show that

Aul J, = [u]@pwy, H L,

(Ju, [u], v are well defined in GSBD, see Section [2)): we prove this equality employing the
tools developed in [I8] [50} 5] to show the existence of a trace for functions with bounded
A-variation if and only if A is C-elliptic. This is enough to conclude that GSBD functions
with bounded A-variation are in fact in SBD, because we deduce that [u] is integrable on
Jy (this is also true for GBD, BD in place of GSBD, SBD, see Theorem . Technical
problems arise to prove the same in dimension 2 for A = Ep (see Remark .

We remark that in [25] the approximating functionals weight differently Epu + divtu
(multiplied by (v+¢€)) and div™u (without any prefactor), so that div™w is equibounded in
L? and in the limit [u] - v > 0, a linearised non-interpenetration condition. Here we could
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also separate the behaviours of divtu and div-u (Remarks and , but the meaning
of our approach is in some sense opposite to [25], since we do not pay, in the limit part
in [u], for the terms multiplied by v + 7., while in [25] the concentration of terms without
prefactor pay infinite energy. One might also consider a non-interpenetration condition in
our model, for instance by studying the I'-limit of (for Id the identity nxn matrix)

$(v)

/ [(v + "D fp(Epu) + (v +ne) fp(diviuld) + fy(diviuld) + == + 9277 Vol? | da,

Q

but the I'-lim sup inequality presents hard difficulties. In this respect, we point out that
for the I'-lim sup inequality in Theorem we employ the approximation result [34] (see
also [33]) for SBDP functions in BD-norm, which allows us to prove the result without
any regularity assumption on the displacement, as the uniform L bound in [43]. We have
also to refine the argument of [34], in order to deal with Dirichlet boundary conditions.

2. NOTATION AND A PRELIMINARY RESULT

We denote by £ and H* the n-dimensional Lebesgue measure and the k-dimensional
Hausdorff measure. For any locally compact subset B of R"™, the space of bounded R™-
valued Radon measures on B is indicated as My(B;R™). For m = 1 we write My(B)
for My(B;R) and M, (B) for the subspace of positive measures of M,(B). For every
p € My(B;R™), |u|(B) stands for its total variation. We use the notation: B,(x) |and
Qo(z)| for the open ball [hypercube| with center z and radius [sidelength| o; x - y, |z| for
the scalar product and the norm in R™; 1* for n/(n — 1), n being the space dimension;
d(z, A) for the distance of x from A; A € K when A compactly contained in K.

We recall the definition of approximate limit with respect to the convergence in measure
and approximate jump set for measurable functions.

Definition 2.1. Let A C R", v: A — R™ an L"-measurable function, x € R” such that

"(ANB
i sup 2 A Be@) g

0—0t o
A vector a € R™ is the approzimate limit of v as y tends to x if for every € > 0

lim L"(ANBy(z)N{|v —a| >¢e})

007 o

:O,

and then we write

aplimv(y) =a. (2.1)
y—x
Definition 2.2. Let U C R" open, and v: U — R be L™-measurable. The approximate
jump set Jy, is the set of points x € U for which there exist a, b € R™, with a # b, and
v € S"! such that

aplim  v(y) =a and aplim  wv(y) =».
(y—z)-v>0,y—zx (y—z)-v<0,y—zx

The triplet (a, b, v) is uniquely determined up to a permutation of (a,b) and a change of
sign of v, and is denoted by (v*(x),v™(z),vy(z)). The jump of v is the function defined
by [v](z) := vT(z) — v~ (x) for every x € J,.
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BV and BD functions. For U C R" open, a function v € L*(U) is a function of bounded
variation on U, denoted by v € BV (U), if Dv € M(U) for i = 1,...,n, where Dv =
(Div,...,Dyv) is its distributional gradient. A vector-valued function v: U — R™ is
BV (U;R™) if v; € BV(U) for every j =1,...,m.

A L™-measurable bounded set E C R" is a set of finite perimeter if xg is a function of
bounded variation. The reduced boundary of E, denoted by 0*FE, is the set of points

x € supp|Dxg| such that the limit vg(z) = lim, o+ % exists and satisfies

ve(x)| = 1. e reduced boundary is countably ~*,n—1) rectifiable, and the function
The reduced bound bly (H"1 fiabl d the f

vg is called generalised inner normal to E.
The space of functions of bounded deformation on U is

BD(U) := {v € L*(U;R"): Ev € My(U; M)},

sym

where Ev is the distributional symmetric gradient of v. It is well known (see |8, 62]) that
for v € BD(U), the jump set J,, defined as the set of points € U where v has two
different one sided Lebesgue limits v (z) and v~ (x) with respect to a suitable direction
vp(r) € S*71, is countably (H" !, n — 1) rectifiable (see, e.g. [41, 3.2.14]), and that

Ev = E% 4 E° + Ev,
where E%v is absolutely continuous with respect to £L", E¢v is singular with respect to £™
and such that |[E¢|(B) = 0 if "~ 1(B) < oo, while
Flv=[wovH" 1LJ,. (2.2)
In the above expression of E/v, [v] denotes the jump of v at any = € J, and is defined by

[v](z) := (v —v7)(z), the symbols ® and L stands for the symmetric tensor product and

the restriction of a measure to a set, respectively. Since |a ® b| > |a||b|/V/2 for every a, b
in R", it holds [v] € L'(J,;R™). The density of E% with respect to L™ is denoted by e(v),
and we have that (see |8, Theorem 4.3|) for L"-a.e. z € U

- (v(y) —v(@) —e()(@)(y — ) - (y — )
ap lim 5
y—o ly — =
The space SBD(U) is the subspace of all functions v € BD(U) such that E‘v = 0, while
for p € (1, 00)
SBDP(U) := {v € SBD(U): e(v) € LP(U; M™), H"1(J,) < oo} .

sym

=0. (2.3)

Analogous properties hold for BV, as the countable rectifiability of the jump set and the
decomposition of Dv, and the spaces SBV (U; R™) and SBVP(U;R™) are defined similarly,
with Vv, the density of D% with respect to L™, in place of e(v).

We now recall some slicing properties of SBD that will be useful in Theorem 2.9} As
general notation, fixed £ € S*71 := {¢ € R": |¢] = 1}, for any y € R™ and B C R" let

I = {y e R": y-£ =0}, Bg::{tER:y—l—thB},
and for every function v: B — R" and t € Bg let
vi(t) =y +1€),  T5(t) =v§(t) - €.

The following proposition collects some results from [§] (see Propositions 3.2, 4.7, and
Theorem 4.5 therein).

Proposition 2.3. Let v € L'(U;R") and ey, ..., e, be a basis of R*. Then v € BD(U)
[resp. SBD(U)] if and only if for every § =e; +e€5, 1 <i,j <n

575 € BV(U§) [resp. SBV(U§)] for H" t-a.e. y € TI¢,

[ DaSiws) an) < oo, (2.4)
11€
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Moreover, let v € BD(U), € € S"* and JS := {x € Jy: [v] - € # 0} (it holds that
H (T, \Jg) =0 for H" t-a.e. £ €S L), Then

Elvg- €= // JdtdH" (y), [Elvg-¢(U //\ o5]|dtdH  (y),  (25)

11¢ JA.E T1¢ JAg

and for H" 1-a.e. y € TI¢

e(v)gﬁ €= Vﬁg Ll-a.e. on Ug, (2.6a)
(785 = e and vE(y +t€) &= (T5)F(t) fort e (L), (2.6b)

where the normals to J, and Jiﬁ are oriented so that & - v, > 0 and Ve = 1.
Yy v

For more details on the spaces BV, SBV and BD, SBD we refer to [9] and to [8] 15|,
12l 62], respectively.

GBD functions. The space GBD of generalised functions of bounded deformation has
been introduced in [37] (to which we refer for a general treatment) and it is defined by
slicing as follows.

Definition 2.4 (|37]). Let @ C R"™ be bounded and open, and v: Q@ — R™ be L"-
measurable. Then v € GBD(R) if there exists A, € M; (€2) such that the following
equivalent conditions hold for every & € S*~1:

(a) for every 7 € CY(R) with —% <7< % and 0 < 7/ < 1, the partial derivative

De(7(v-€)) =D(7(v-§)) - € belongs to M,(€2), and for every Borel set B C Q
[De(r(v-€))[(B) < Au(B);
(b) ﬁg € BVlOC(Qg) for H"l-a.e. y € II¢, and for every Borel set B C

/ (18] (B§\ %) + HO(BS 0 L) ) M (y) < Au(B) (2.7)
I

where J1 = {1 € e 516 2 1},

The function v belongs to GSBD(?) if v € GBD(?) and @g € SBVlOC(Qg) for every
€eS" ! and for H" l-ae. y € II%.

GBD(Q) and GSBD(2) are vector spaces, as stated in [37, Remark 4.6], and one has
the inclusions BD(§2) C GBD(Q2), SBD(Q2) C GSBD(), which are in general strict (see
[37, Remark 4.5 and Example 12.3]). Every v € GBD(Q) has an approzimate symmetric
gradient e(v) € L1(£; M), still characterised by and (2.6a)), and the approzimate
jump set J, is still countably (H"~!, n—1)-rectifiable (cf. [37, Theorem 6.2]) and can be
reconstructed by (see [37, Theorem 8.1]).

First order differential operators A and functions of bounded A-variation. In this
paragraph we recall recent results from [I8, 50, 51, starting from the notions of R- and
C-ellipticity for operators A of the form , introduced in Section |1} Such an operator
can be seen as Au = A(Eu), for A endomorphism on M, as in

First (see [I8, Theorem 2.6]) A is C-elliptic if and only if the kernel of A, defined by
N(A) = {v e D'(R";R"): Av =0},

is finite dimensional and contained in the space of polynomials of degree less than | =

I(A) e N.
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Remark 2.5. For the symmetrised gradient Av = Ev = (Vo + VoT), we have N(E) =
{x = Mz+b: M € M™", M = —-MT, beR"}. For Av = Epv = Ev — 1(divo)Id,, if
n > 3 this operator is C-elliptic with

NEp)={z— Mz+b+ (2(a-z)x —|z[*a): M e M™", M = —M7T, a, b € R"},

while, if n = 2, Ep is only R-elliptic and N(Ep) consists of the holomorphic functions,
with the identification C = R?. (The elements of N(Ep) are usually called conformal
Killing vectors, see [35] [48].)

By [18, Lemma 2.3] if A is R-elliptic there exist 0 < k1 < kg < 0o such that
riw||z] < Jw®az| < Kalwl||z| for all w, z € R™. (2.8)

For every open domain U C R", the total A-variation of v € L (U;R") is (notice that
A is symmetric)

|Av|(U) = sup{/v-A«pdx: o € CHU;R™), |p| < 1}. (2.9)
U

A function v € L (U;R") is of bounded A-variation if |Av|(U) < co and we denote

BVAU) := {v e LYU;R"): Av € My(U; M)} .

sym

The following proposition collects [63, Theorem 1.3] (see also [50, Theorem 1.1]), [50,
Proposition 4.2 and Lemma 5.8|, [51, Proposition 2.5|, and [48, Theorem 3|.

Proposition 2.6. Let U be bounded and star-shaped with respect to a ball (that is star-
shaped with respect to each point of a ball B C U). If A is C-elliptic then there exist a
constant C' > 0 such that

||UHL1* (U;R") S C HA’U”Ll(U;MQyXJLL) (210)

for every v € CHU;R"), and (denoting by — and <> continuous and compact embed-
dings, respectively)

BVAU) — LY (U;R")

A (2.11)
BVA(U) << LP(U;R") for every p € [1,1%).
If A is R-elliptic then for every p € [1,1%) there exist C, > 0 such that
ol oz < Cp A9l oy (2.12)

for every v € CL({U;R™). Moreover, if A is C-elliptic then there is C > 0, depending only
on n, such that for every v € BVA(U)

v = 7muoll g @y < ClAv|(U), (2.13)
for a suitable myv € N(A). Ifn = 2, then for every p € [1,1*) there exists C' > 0 depending
only on p, such that it holds

lv — 7 v ooy < € diam(U) "7 [Epo|(U), (2.14)
for some myv € N(Ep), namely my v is holomorphic (see Remark .

Remark 2.7. In [63] it is proven that is equivalent to the fact that A is R-elliptic
and cancelling, a weaker property than C-ellipticity. For n = 2, we have that Ep is only
R-elliptic but not cancelling, so only holds, and N(Ep) can be identified with the
space of holomorphic functions (see [50, Example 2.4 c)|).
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Remark 2.8. The estimates and may be extended to any connected set U
finite union of sets U; which are bounded and star-shaped with respect to a ball. Indeed,
since N(A) is made of polynomials and due to (2.13), one can find 7y € N(A) such that
[mu,v = T vl g1y < ClAv|(U) for any . This is true, for 7y, v in place of myv, for any
Ui, U; with £™"(U;NU;) > 0, by rigidity of polynomials, and it is extended to a finite union.
As for , see |48, comment before Theorem 3|. In particular, one sees that and
hold if U is a connected Lipschitz domain.

We prove below the main result of the section.

Theorem 2.9. Let U C R™ be an open bounded domain. If A as in (1.3)) (i.e., A symmet-
ric) is C-elliptic, then

GBD(U)N BVA(U) = BD(U) (2.15a)
and
GSBD(U)N BVA(U) = SBD(U). (2.15b)

Proof. By ([2.4)), we have that from (2.15a)) one gets (2.15bf). It is also immediate that
BD(U) c GBD(U)NBV*(U), being A symmetric. In order to show the opposite inclusion,

let us fix u € GBD(U) N BVA(U) and first prove (in the spirit of the blow up technique
[45]) that

Cm > |[ul®@avy| H' '-ae. in J,. (2.16)
Since J, is countably rectifiable, so that H"~! L J, is o-finite, and Au € My (U; MR,
the Radon-Nikodym derivative of |Au| with respect to H" 1L J, exists (more precisely,
it is the function 6 € L!(J,) such that |[Au®| = OH" 1L J,, where Au = Au® + Au?®, for
Au® < HP YL J,, Au® L HP 1L J,). Moreover, it may be computed explicitly by (see
e.g. [9, Theorems 1.28 and 2.83|):

d|Au| |Au|(B,(z)) 1
_ = f "a.e. - 2.1
dH"*lLJu(x) g%%”*l(JuﬂBg(x)) or H"' “-ae. x € J, (2.17)
For H" '-a.e. x € J,, we have also that
n—1
lim 2 e N Bol@) _ (2.18)
0—0 Wn—1 Qnil

for wy_;1 the n—1-dimensional measure of the unit ball in R”~!, and that, if we introduce
Up,z(y) == u(z + py): B1(0) — R™, then (denoting B := B;(0))

lim+ Ugr — up :=u" (z)xp+ +u (z)xp- in L"-measure in B, (2.19)
0—0
where u*(z) € R" are the Lebesgue limits at = on the two sides of J, with respect to

vu(z), and BT := BN{y € R": (y—x)-v,(x) € R*} (see also e.g. [37, Theorem 6.2, below
(6.4)]). Let us fix « such that these three conditions hold, and denote u, = u, 4.
Since the derivative in (2.17)) exists finite, by (2.18) and the fact that

_ |Aul(By(=))

Au,|(B
|Au,|(B) i

I

we obtain that there exists C' > 0 independent of ¢ such that
|Au,|(B) < C. (2.20)
By the embeddings we get that |lugllr1gy = 07 "[|ullLi(B,() < 00, so that u, €
BVA(B) for any o > 0 and , imply
g — 7TQ||L1*(B) <C, (2.21)
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where 7, := mpu,. This gives that (u, — ,), is bounded in BV4(B). Then, by [2-11), up
to a (not relabelled) subsequence, u, — 7, — ¥ € R” a.e. in B. Recalling , 7, belong
to the finite dimensional space of polynomials N(A) of degree less than I(A) € N (being A
elliptic, cf. before Remark and converge L™-a.e. in B. Therefore 7, converge uniformly
to a suitable polynomial 7y (indeed, if ||7,|| — oo, for any norm on the finite dimensional
space of polynomials of degree less than [(A), then H:ﬁ converges to a polynomial of degree

less than [(A), so |m,| converges to 400 up to a L™-negligible set).

By difference we obtain that the convergence in is strong in L'(B;R"), passing to
a suitable subsequence g. Looking at the definition of [Au| in (2.9), we deduce immediately
the lower semicontinuity with respect to L-convergence of u,, so by ,

[Auol(B) < lim inf |Auy,|(B) = liminf == <=
i 2uBe()) d|Au|

2T et e,
By the special form of g (see (2.19)), we have directly that
|Aug|(B) = wn1 |[u)(z)@avu(z)] .

This proves the claim ([2.16]).
Combining ([2.16]) with (2.8]) (recall that Au has bounded variation) we obtain that

[u] € LY(J,;R™),

for [u] = uT —u~, where u™ are the Lebesgue limits in the sense of GBD, cf. Deﬁnition

It is now possible to fill the gap between the slicing conditions for G(S)BD and
the characterisation of (S)BD functions , by the area formula for rectifiable sets (see
e.g. [60, (12.4) in Section 12]). Since J, is countably (H"~!,n—1)-rectifiable and v, - £ is
the Jacobian of the projection p¢: J, — II¢ (we consider v, - & > 0) we obtain for any
5 c Sn—l

/\[u}-5\<uu-s>dH"—1 =/ 3 |[u]<y+t£>-§\d%"—1=/ SO || ame L,
JS I

e te(J)j te‘]ag

recalling that (2.6b|) holds also for v € GBD(U). Employing (2.5) and (2.7) in Defini-
tion (now uy € SBV]OC(U?f) for H" lae. ¢ if u € GSBD(U)), and the fact that (2.6a))
holds both in (S)BD and G(S)BD, we get (2.4) and then v € BD(U). This concludes
the proof. O

Remark 2.10. For n = 2 and A = Ep we are not able to deduce that GBDNBVFp = BD
as above, the issue being property (if this was true, then we would conclude by
using (2.8)). Indeed, in this case N(Ep) consists of the holomorphic functions (with the
identification C = R?); employing instead of we get with any fixed
p € [1,1%) in place of 1*, where 7, is holomorphic. Now the problem is that it is not true
that the L"-a.e. convergence of 7, to my := up — v takes place also in L': in general, the

convergence is locally uniform just on an open dense subset of B1(0) (by Osgood’s theorem
[59]).

Corollary 2.11. If A is an operator as in Theorem andu € GBD(U)NBVA(U), then
Aul J, = [u]®@awy HL T,

applying the operator A to (2.2)).
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3. I'-lim inf INEQUALITY

Let us fix a sequence ¢j, and denote by Dj, the functionals D, , with analogous notation
for all the quantities depending on €. We consider an open bounded domain €’ C R™ such
that Q C €' and ' NN = IpN and set, for each u, v defined in €, their extensions

~ U in Q, R v in Q,
YT e m\Q, T )1 mo\Q,
Then we have that
DY (@, ) — D (u,v) = DY (@, 3) — D% (u,v)
= / L+ ) fplBuo) + (1 + 1) fy(e(uo) — Auo) | dar, 8.1)

\Q

where Dl?, D% and D,?,, DY are the functionals Dy, and D with the integrals evaluated on
Q and €. Then it is enough to argue in the enlarged domain €. We denote Dy, := Dl?/,
D := DY
First we prove that for given sequences uy, vg converging in £”-measure to some u: ) —
R™ v: Q — R measurable, such that Dy (ug,vr) < 0o, that is
Dy (g, vy,) < 00, (3.2)

(we may assume without loss of generality that D(uy,vy), and then D(iy, @), converges
to some finite limit) we have

e GSBDP()NBVA(Q) and o =1a.e. in Q. (3.3)
Since Dy (i, o) > [ %zk) dz and v is decreasing with (1) = 0, we get readily that v = 1
Q

a.e. in ' and 9, — 1 in L™-measure. As for u, recalling the assumptions on f,, we have
that for any A € [0,1)

Dy (g, v5) > Cfp/ [NAe(@e))PX oy + 28 TA(e(nR) Px s <ny] do

g
+ wsj)ﬁn({ﬁk < )\}) — Cfp ﬁn(Q/)
> Crp [ [ AP o+ 5 ()7 607 [ AGe(@]da] - ¢y, £7(6)
{22} {T <A}

> 6 / |A(e(ar))|dz — C,
J

(3.4)

for suitable 5, C depending on fp, p, ¥, L*(€2), and A. Notice that we have employed the
operator A in to underline the dependence on the absolutely continuous part e(uy)
and used the Young inequality for the second estimate above.

Since 1, € L'(Q/;R™), from and Remark (we may assume here 2 connected,
arguing for each connected component of 2) we get that there are suitable o € N(A)
for which

lak — vtk e oy < [[Ae(@r) Ly @) -
By and the compact embedding in , up to a subsequence the functions g — g/ iy
converge strongly in L'(€Y; R™). Since @, converge in measure to @, then 7g/iy, converge
uniformly to a polynomial in N(A) (see the proof of Theorem , and then, for every
pel,17),
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ip — € BVAQ)  in LP(QSR™), Al = A in My(Q; ML) . (3.5)

Let us now prove that @ is in GSBDP({Y'), employing the two terms depending only

on v in Dy to estimate the measure of J;. Consider the function ¢(t) := fg wi(s) ds for
t € [0,1]. By the Young inequality %q + Bq—q,/ > «a f3 for

/

a=(vaef IVul)" 8= (g w5 ) (3.6)
we find that for any A € (0,1)

S v 1y 1 1 i .
Butinson) 2 [ [M et Wi de> ¢ ah [ o7 @IV aa

RSN (e >A}
1 1 _
= 7 (v / V(o())] da (3.7)
{’Uk>>\}
=q7(yq)e o H" (0" {o(Ur) > s})ds,

employing the Coarea formula for ¢(@). Therefore, fixed A € (0,1), for any " € (A, 1) the
Mean Value theorem guarantees the existence of A\ € (A, \’) such that (notice that ¢ is
strictly increasing)

H N0 {0k > Me}) = H (0 {(Tk) > d(Me)})
\)

< (B(N) — H(N) ! /¢ LT (et > shds < O

It follows that the functions Uy, := @k X {5,>),} satisfy
Bty = e(tir) X5, 523 L" + Uk © Vor oy H' L O {0 > M}

Since A\, > A > 0, we get a control for e(u) in LP, and with the estimate above this gives

/'dak),p dz+H"(Jz,) < C, (3.8)
Q
and )
v n nifs . Dy (1, v
£r({ix # @}) = L7({5 < M) < L"({T < XN} < kW S0,
so that
U — @ in £™measure in Q. (3.9)

By (3.8) and (3.9) (this latter condition implies that there exists a continuous function "
diverging to +oo such that [, 1 (i) dz < C' < +00), we may apply [37, Theorem 11.3] (or
we may use the compactness theorem for GSBD [28, Theorem 1.1|, since the exceptional

set A therein is empty by (3.9)) to get
@€ GSBDP(Y), e(ur) — e(u) in Lp(Q’;M?yﬁ) . (3.10)
Together with (3.5 this proves the claim (3.3). At this stage Theorem implies that
@€ SBDP(Q).

By the weak convergences (§3.10)), the fact that 05 converge to 1 uniformly up to a set of
vanishing measure, and the Ioffe-Olech semicontinuity theorem, see e.g. [20, Theorem 2.3.1],
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we get that for any A € (0,1) (cf. |43 (4.4) in proof of Theorem 3.3| and [26], (5.4a) in
proof of Theorem 5.1])

/ [fp(A(e(ﬂ)» + fp(e(@) — A(e(g)))} da

v (3.11)

< lim nf / [+ 27) Fp(Aiig) + (o + 1e,) ple(iin) — Ady)] dr.

k—o00
{0 >N}

As for the Ambrosio-Tortorelli term f [ ) 4 yed~ IIVUk] | dz in Dy, by a standard ar-
gument (see e.g. [43] (4.18)], now we argue in the enlarged domain ') we obtain
lim inf H" Lo {p(ty) > s}) = 2H" 1 (Ja) = 2H" 1 (J, U (Op2 N {tr(u — ug) # 0}))
for every s € (¢()), ¢(1)). Together with (3.7) this gives
207 (9) "1 ($(1) = SV H" T (Ju U (0D O {tx(u — ug) # 0}))
< liminf / [w(ei’“) V] da. (3.12)

k—o00
{0 >N}

Let us now estimate the other significant term in the limit by

[ (om0 + L aw > ponten? [ )

{2} {0k <A}

"d\>—‘
D=

(Adg)dz, (3.13)

thanks to the Young inequality. We claim that for any A € (0,1)

/(fp);’([ﬂ]ééAVu) dH™ ! < hmgéf / (fp)%(Auk) (3.14)
Ja {p<A}

Up to a subsequence, that we do not relabel, we may assume that the liminf above is a
limit, so it is enough to prove (3.14]) along any further subsequence. Let us introduce the
positive measures defined on any B C ' Borel set by

i ~ T L~
m(B) = [ hayde, B = [ (ha)do.
BN{p<\} B
By (3.5) we get that ug and jij are equibounded, and then (up to a subsequence)
pE =, = p i M),
Therefore we want to prove that the Radon-Nikodym derivatives of p and i satisfy

dp B di
dH 1L J;  dHr 1L Jg

With (3.15)) at disposal, we conclude (3.14)) since then
~ 1, B
[ G (@) 4w < i)

JanB

> (‘fp)%([ﬂ]@)AVQ) H' lae. in J;. (3.15)

as (positive) measures on €', and

u(Q) < liminf 1 (Q) = lim inf / (f,)? (Adiy,) dz .

k—o00 k—o00
{0 <A}

In order to show ({3.15)), we argue in the spirit of [43] Proof of (4.6)] (the functions giving
the density of elastic energy are there supposed to be quadratic in e(u), we include the
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case where these have p-growth and are not p-homogeneous, cf. (HP2 f,|)). Let us define
the measures ¢, € M; () by

(r(B) := DE(uy, %), for B C ' Borel, (3.16)

where DE denotes the localisation of Dy to the set B. By (3.2), (x are equibounded in
M;(Q’), so, up to a subsequence, (; — ¢ € M;(Q’) Recalling Corollary and since

~ 1
(fp)? is a norm, we have that

d(f,)r (Ai)

1 _ .
G LT, = (fo)? ([W)@ave) H" '-ae. in J;. (3.17)
Let us fix x € Jy such that the derivatives in (3.15) plus cmnc—ligl_Jﬂ exist finite in x, and

(3.17)) is verified in 2 (this holds for H" t-a.e. x € J;); let
I:={p € (0,d(z,09)): n(0B,(x)) = [i(0By(x)) = ¢(0B,(x)) = 0} .
For every ¢ € (0,d(z,0€)) consider the three sets (that partition B,(z))
By = By(w) N {|Aiix] < 07} 0 {25 < A},
By := By(z) N {JAdx| > 077} N {5, < A},
Es3 := By(z) N {0, > A}.
Since, by (HP1 f,|), there exists C}p > Cy, > 0 such that f,(§) < C (14 [¢[P) and
fp(€) < C} €7, it holds that

/(fp)i(mk)dx < O} (w10 + 0"73), /(fp)i(Aak) de<Ch o7, (3.18)

El El
By (HP2 f,) We have that
1 Sl -
/ |(fp)? (k) — ()7 (Ady)| dz < 5, / |Ady| de < C(C,) 6 i (By(x)),  (3.19)
Bo(x)N{tx<A}
for )
(fp)? (s¢ 1
g := sup ) (s£) — (fo)? ()]
s>071/2,|¢|]=1 5]
using (HP1 f,|) and the fact that
1 ~
(fp)g( g \) ~ .1, Auy
sup |———— — P <,
g1/ ‘S‘ ( ) (‘AUH)

By (HP2 f,), lim,,0 d, = 0 (uniformly in k). Thus, the estimate (3.19) and the fact that
lim, limy, g*(”*l)uk(BQ(a:)) < C (by the choice of ¢ and x, in particular ﬁ exists
finite at x) give that

lim Tim o~ (") / |(f)? (Adix) — (F,)? (Adg)| dz = 0. (3.20)

o€l k—oo
0—0

On the other hand Holder’s inequality gives

Uo)b(ha) de < ([ fo(ban) de)? (£7(25))7
Jowmin<( [ on ) e .

S

<A (G(By(@))) 7 (L7(By(2))) 7

E
o
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since

G (By(x)) = DP™ (i, 5,) > / (B + 21 £ (Ady) da > A / £, (Adiy) e

E3 E3
Therefore we obtain
dp o mBy@) . (Bl aji
— = lim | = lim 1 = .
AH"™ T J; ool koo wp 10" L 0el koo 10"+ dH" 1L Jg (3.22)
0—0 0—0

Indeed, the first and the last equalities follow by definition of Radon-Nikodym deriva-
tive and the choice of I, while the central equality descends by putting together (3.18]),

(3.21) (divided by w,_10""'), and (3.20). In order to deal with (3.21]), we remark that

lim,, limy, o~ (1 ¢, (B,(x)) < C since dH"(iigI_Jﬂ exists finite at z.

Since [iy is defined in terms of the convex positively 1-homogeneous ( fp)% and Ay, — Ag
in My (s Mg by (3.5)), Reshetnyak Semicontinuity Theorem (see e.g. [9, Theorem 2.38])
implies that

(Jo)7 (A) (By(x)) < lim inf(f,)7 (Ai) (By(x)) = lim inf fix(By(x)) = fi(By(x)

if o € I. Taking the Radon-Nikodym derivative of the above inequality with respect to
H" 1L J; at x, for I 5 o — 0, and recalling and the choice of z (that gives in
particular (3.17) at x), we deduce (3.15]) and then prove the claim (3.14)).

We now collect (3.11)), (3.12]), (3.13]), (3.14) and use the arbitrariness of A € (0,1) (indeed
we let A — 0) to conclude the I'-liminf inequality

D(it,9) < liminf Dy (i, 0x) ,
k—o00
that gives the desired inequality D(u,v) < liminfy_,o Dk (ug, vg), by (3.1)).
Moreover, notice that gives also the inclusion stated in Theoremfor the sublevels
of D.. The corresponding compactness property follows arguing as done for proving ,
but now the boundedness of the polynomials w1, is a consequence of the fact that 4y = wug
in '\ Q (we argue separately on each connected component, using Remark . The
convergence of quasi-minimisers for D, to a minimiser for D follows by general properties
of I'-convergence (see e.g. [36, Corollary 7.17]).

Remark 3.1. If n =2 and A = Ep, by (3.4) and (2.12]) we get still (3.5, as well as (3.10)),
arguing as done for n > 3. If we had at disposal the analogous of Theorem (and then

Corollary [2.11]) we could follow the proof of I-lim inf inequality as above.

Remark 3.2. We could reproduce the proof of the I'-lim inf inequality above for n > 3 and
the operator

div’t
Bu := Epu + v

Id,

employed in [25] for a phase-field approximation of the Griffith brittle fracture energy with
a non-interpenetration constraint, which is not C-elliptic since it does not satisfy .
Indeed BVE(Q) ¢ BVEPL(Q), so that GSBD(Y) N BVE(Q') = SBD(), and then,
applying B to ,

Moreover, it holds Bi, — Ba in Mp(Q5 Mg, Thus we get (3.17) for [u]®pwy, and so
the corresponding version of ([3.14)).
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4. T'-lim sup INEQUALITY

As in [43], we construct by hand a recovering sequence starting from a function u with
regular jump set and smooth outside J,. However, since our result is formulated for
general SBD functions without requiring a priort integrability for u it is not enough now
to apply neither the density results for GSBD [55, Theorem 3.1] and [47, 30} 26], nor
the approximations [22, 23] for SBD. Indeed all these results do not approximate the
jump part of u without assuming v € L*°(Q; R™): this request is not natural because the
functionals, that depend on e(u), are not decreasing by truncation of w.

The analysis is then based on the following approximation for SBDP functions in BD-
norm, recently proven in [34, Theorem 1.1].

Theorem 4.1. Let Q be an open bounded Lipschitz subset of R™, and u € SBDP(Q),
with p > 1. Then there exist u, € SBVP(Q;R™) N L*(;R™) such that each J,, is
closed and included in a finite union of closed connected pieces of C' hypersurfaces, uy, €

C®(QN\ Juy s RY) N WM2(QN\ Jy, s R?) for every m € N, and:
Jim (Jfur = ullso) + lle(ur) = ()| auap + B 5)) =0, (41)

We combine the previous approximation with a well-known result by Cortesani and
Toader, that allows us to work with the so-called “piecewise smooth” S BV -functions, de-
noted W(2; R™), namely

u € SBV(Q;R™) N W™ (Q\ Jyu; R"?) for every m € N,
uw € WELER™) if S H YT, \Ju) =0,
Ju. is the intersection of { with a finite union of (n—1)-dimensional simplexes .

We report below the result by Cortesani and Toader, in a slightly less general version.

Theorem 4.2 ([32], Theorem 3.1). Let 2 be an open bounded Lipschitz set. For every
u € SBVP(Q;R™) N L>(Q;R™) there exist u, € W(; R™) such that
tim (Jlux = ullzs @) + IVur = Vull oo +H (T M) =0,
lim / qﬁ(ar,u:,u,:,yuk)d?[nﬂ _ / qﬁ(x,u*,uf,vu)d’;’-[”*l,
nA

k—o0
Juy, JuNA

for every A C Q, H" 1(OAN J,) = 0, and every ¢ strictly positive, continuous, and
BV -elliptic (see e.g. [T] or [32, equation (2.4)] for the notion of BV -ellipticity).

Remark 4.3. In Theorem we may assume also J,, € €, by [34, Remark 6.3], in turn
using [39]. At this stage, [39, Lemma 5.2] gives that for any p > 1 the n—1 dimensional
simplexes in the decomposition of .J, may be taken pairwise disjoint and such that also
Jy,NIL; NII; = @ for any two different hyperplanes II;, I, (if p € (1, 2] it is enough to employ

~ 1
the capacitary argument in [32) Remark 3.5]). Moreover, we notice that our function (fp)»
is BV -elliptic.

The combination of the density results described so far guarantees that for a given
u € SBDP(Q) we can find approximating functions u; € W(2,R") with J,, € Q and
Ju, NIL; N1I; = @ for any two different hyperplanes II;, II;. The last property we have to
ensure is that
trog ux = traggug  on Apf2. (4.2)
This is possible in view of the assumption (1.2)), arguing as in [26, Theorem 5.5] with tools
from [34], as sketched below.
For given uw € SBDP(Q) and € > 0, one first defines a suitable extension %y of w on
O = Q4+ B(0,t), for t < 32k™!, as follows. This extension will be equal to ug in a
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neighbourhood of dp§2 but will have a jump set with the same regularity of J,. For this
reason we will correct it by improving its regularity without changing the values around
0p{), by an argument using [34, Theorem 4.1].

Let us now construct u,. We can find pairwise disjoint hypercubes (Qh)gzl and hy-

persurfaces (Fh)Z:1 with the following properties. Each @y, is centered at xp € On§) with
sidelength op,, d(Qp,dpQ) > d. > 0 (recall (1.6])),

/ 14 [troa(u — uo)|dH" ! <&, DQm@(u, 1) < ne, for Q := U@h, (4.3)
ONO\Q "

for suitable d., n. with lim._,g d. = lim._,on. =0 (DA denotes the energy D in Theorem
localised on a set A), H"~1(.J, N 0Q}) = 0 for each h, and

we Ll (Q N Uth;R”>  wpe L1<U8Qh;R”) . (4.4)
h h

Moreover, each T, is a C! hypersurface with zj, € ', C Q), and (cf. [34] (4.2)])
HH(ONQATR) NB)) < (200)" " < - H T (0NN Q).

(4.5)
'), is a C graph with respect to vsg(x;) with Lipschitz constant less than e/2.

We can say that dnQ N Qy is “almost” the intersection of @y, with the hyperplane through
x5, and normal v (zy), and it is approximated by the C! hypersurface I'y,. Let

U= uxo + UoXQ,\Q

and notice that by (4.3]) and (4.5 we can say that, up to modify 7., which has to be greater
than e, we have

[l dH" ! < e . (4.6)

ON\(U), Th)

We now approximate u with respect to the energy D, arguing in each @, by a sequence
of functions, depending on a parameter k. We notice that the choice of the finite family of
hypercubes @, is done before the construction of these approximations, and depends only
on £. Then we can argue, as follows, for a fixed hypercube, denoting Q = Qp, I' =T’y and
assuming, up to a rotation and a translation, x; = 0 and vgq(z;,) = e, (notice that all the
notation indeed depends on h). Let @~ denote the almost half hypercube contained in @
which is below I" (that is @ is almost contained in Q).

We partition Q7 in hyperrectangles with first n—1 coordinates in squares of sidelength
(n- k)~

F = {(y17 s 7y'n—1) € Rn_l: Yi € (Uek)_lmi + (07 (n&k)_:l)}

(we have m = (mq,...,mp_1) € {—nko, —nko+1,...,0,... . nko—1}""1 Cc N*7 1 we
may assume 7:ko € N) so that

T N (FnxR) C Fonx (M, my +1/2)k71

for some m,, € N (cf. [34, (4.7), (4.8)], and recall ¢ < n.). As in [34, (4.9)], setting
Qm = Q~ N (FmxR) we use the Nitsche-type extension |34, Lemma 2.1](see also [58]) to
extend u| o along the vertical direction, employing the (part of ) hyperplans Fy, x {m, =1}

as the flat interface needed in [34, Lemma 2.1]: we obtain a function ug, defined on
Qm = QN (Fmx(—00, (my, + 33)k™Y)) = Finx(—0, (my, + 33)k™1),

with %y, = @ on Fmx(—o,(my, — 33)k™')). We do not create a jump on the common
boundary between adjacent Qy,, except for a region with height of order £~!, and this is true
also for the jump created with respect to the original @ on the “boundary hyperrectangles”,
namely the Q,, with 0Q,, N 0Q # 0. With the same arguments of [34, Section 4|, one
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QEQh

Qh Q
MMTaye

opl £

FIGURE 1. In the first figure, the hypercubes @}, covering almost all Oy 2.
In the second one, a single hypercube @ = @} with the relative (almost)
hyperrectangles (), their bottom faces Fiy,, and their extensions @I_n. We
see the enlarged domain €y, the C! hypersurface I' almost splitting the
hypercube (notice that dx{2 is only Lipschitz, see the corner in the second
figure over the label I'), and the pieces of hyperplanes Fy, x {m,k ™1}, below
I', along which the original function is extended into u,,. The zones in which
we extend & la Nitsche have height of order k1.

can control both the measure of the union of these small interfaces (by Cn-o" !, see [34]
(4.27)]), and the integral of the jump amplitude over this set (cf. [34, (4.32)]).
We obtain that, for a universal ¢ > 1, (neglect the boundary contribution in D)

D@ (i 1) < D9 (1), DO (X, + Uy Xg- 1) < DO mr (37, 1),

(4.7)
for adjacent m, m’. Notice that, since the extension is done with respect to the vertical
direction, for the “boundary hyperrectangles” ), we have that

[t g | L1 ({a(00)<3roq) < cllullL@niaco0)<2tna@) » (4.8)

which vanishes as k — oo, for € > 0, by (4.4) (this is true also taking the union of 0Qp,
since @, are in finite number, independent of k). Eventually, since u € BD, we are able to
estimate the trace of Uy, on Fmnx{(mn, + 33)k~1)}, in terms of the trace of u on ' (cf. e.g.

[34) (4.35)]); then we can say that, if {; intersects Fynx{(m, +33)k™1)} (as in the corner
for Oy in the Figure 1), then

/ e i, — | ML < /|[a]y AH ! 4 op (1) (4.9)
O\ (P x {(mn+33)k—1)}) ONS\h
By ([4.3)—-(4.9) we can see (cf. again [34, (4.16)—(4.34)|) that the extension
U in Q\ @,

Uk *= § Up,y in @, , for any m and any h,

[ elsewhere in € .
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satisfies
D@, 1) < D) +e DY w4 [ IR o (1),
ONO\(UnT'p)

The vanishing term oy, (1) accounts also for the jump created on {d(-,00) < 2t} N
U, 0Qp, that is controlled by and , due to the choice of the hypercubes Q. At
this stage, we can follow the strategy of [26, Theorem 5.5]. For § = ¢/2 = 16k~ !, the
function

Wy = Tk © (O50) " + 10 — ug © (Os5)
is equal to ug in a neighbourhood of dp$2, by (|1.2]), and satisfies

D2 (T, 1) < D (T, 1) + 000 (1) -

(Notice that @), is still in SBD(Q), since V((Os4,)"") = (1 — §)7'1d.) At this stage,
we ensured the condition (4.2)) for @), without increasing the energy except for a vanishing
amount. However, the jump of @) may be still not smooth. Therefore the last step is to
construct a smooth approximation of @), without modifying it in a neighbourhood of 9pf2.
In this respect, we apply the construction of [34, Theorem 1.1] to u}, to get u; with

DT, 1) < D2(W),, 1) + 0p—00(1),

and U = ug * o in a neighbourhood of 9pf?, for g; a convolution kernel at scale k~1.
Eventually, we obtain the approximating function uy, satisfying and close in energy
to u, by

Uk 2= U + Ug — U * Of -

We are therefore allowed to start (employing Theorem , that preserves the boundary
condition, in a neighbourhood of dpQ?) from a function v € W(Q; R") with u = ug in a
neighbourhood of dp?, J, € €2, and it is not restrictive to consider the case J, C II for
a suitable hyperplane II, say II = {x,, = 0} to fix a simple notation. (From now on we
regard € R" as (2, x,) for 2/ € R"71)

Remark 4.4. To get (4.2) it is enough to assume (|1.2)) separately for Op§2N§2; and suitable

z) € R", 3’ > 0, for each connected component Q; of 2. Moreover, if p < 1" = 15,
the hypothesis may be dropped by using partitions of the unity to guarantee the
condition (£.2). This is possible since u € L (€;R™), and so e(pu) = pe(u) +u® Vo is
well controlled in LP for any smooth ¢. We also refer to [21] for a corresponding treatment
of smooth domains.

Remark 4.5. A variant of Theorem with a strong approximation of Au in LP and
e(u)—Awu in Lt for functions in S BDP would allow us to prove the result for functionals Dy,
depending on e(u)—Awu through a function g; with ¢-growth, ¢ # p. Unfortunately, following
the proof of Theorem this would follow from a refined version of [24, Proposition 3|
controlling two different powers of Au and e(u) — Au: this seems out of reach with the
strategy in [24] that relies on slicing properties, useless for Au. For this reason we take p
growth both in Au and in e(u) — Au (we could consider two different functions f, and g,
but it is almost the same, taking f, that acts very differently in the two cases).

Let us now construct a recovery sequence corresponding to a regular u, in the sense
described above, by adapting the argument in [43, Theorem 3.4]. We set
€k
T
2p'y7(0)
Since w is Lipschitz up to J,, then also oy is Lipschitz with
|\Voi| < Cey, (4.11)

1
7

() = pr ()7 (F)7 (I[u](2, 0)@sen|) forz e Jy=JuNII.  (4.10)
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where C' > 0 depends on the Lipschitz constant of u, fy, A. As in [43], let for any o < 1

1

1-p -1
(o) = (1= 0), ha(e)=( [ wTi)ds) " he)i=hiha(o).

Since 1) is positive and vanishing in 1, we have that h is increasing and vanishing in 0 and

Z—; also vanishes in 0, so that gy := h~!(e) is vanishing and

h
i len) _ oy €k

= =0. 4.12
k—oo €k k—o00 hg(gk) ( )

Let wy be the unique solution to the Cauchy problem

1
in [0,7%), where T}, := (1}) ¢y, fol ¥~1/4(s)ds € (0,00]. We have that wy, is the inverse of
the function

ze (e t]m () /0 pYa(s) ds,

in [0, T). Let 75 := w; (1 — 1), namely

1 1—o
T = (Z[/q)qe’fk/ w’l/q(s)dse (O,Tk),
0

which is infinitesimal in view of , and define the sets
A ={x eR": (/,0) € Jy, |zn| < op(a")},
By :={z e R": (2/,0) € Jy, 0 < |zp,| — ok (2)) < 7},
Cp :={z e R": (/,0) & Ju, d(z, Ju) < Tk} -

The candidate recovery sequence (ug,vg) is then

/
i (z) = m(u(x', or(2") —u(2, —ak(fc'))) +u(2', —op(2)), ifxe A,
u(z) if x ¢ Ay
and (recall that in the functional there are v 4 ¢ and v + 7,

0 if x € Ay,
wi(|zn| — ok(z)) if v € By,

vg(z) = ,
w(d(zx, Jy)) it v € Cy,
1— ok otherwise.

It is immediate that the sequences (ug)g and (vg)g converge pointwise to u and 1. Moreover,
for the components uj, of wuy,

_u'(@,ox(2") — ui (2!, —op(a))
204(z) ’

i=1,...,n, (4.13)

and, by straightforward calculations (see also [43])

[w](=', 0)|

203 (")
i [v](2",0)| _ C
< RPN - 2
|anuk(m)| — L+ 2Uk(x,) = ek 5

194l (x)] < yajak(x’n( + 4L) Y3L<C forj=1,...,n-1,

(4.14)
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in Ay, where L is the Lipschitz constant of v in 2\ J, and C depends on L (recall also
(4.11)). By the way, uy is a Lipschitz function. Notice also that

lim |Opul(z)] = oo forx € J, . (4.15)
k—o0
Let us estimate the energy Dy (ug,vr). We have that

lim sup / (vg + Ez_l)fp(Auk) dz = lim sup / (v + 5i_l)fp(Au) dr < /fp(Au) dzx,

k—oo k—o0
O\ Ay QA Q

and

lim sup / (vk + 12, ) [ (e(ur) — Aug) dz < /fp(e(u) — Au)dz.

k—o0
O\Ag Q

Now, recalling (4.14]), we get

/(v 10, ) fp (€(u) — Au )dx—/ fo(e(uy) —Auy) dz < L7(Ay) P o
; ke )Jp k k —A NerJp k k > k)Mey, )P = (Ek)p_l’

and this tends to 0 since lim. o 55 = 0.
In view of the fact that limg o L"(Ax) = 0 and of the estimates for the tangential
derivatives (4.14)), we do not see the contribution of the tangential derivatives in the limit.

Moreover, (4.15) and assumption (HP2 f,|) allows us to replace f, with fp for the normal
1.5))

derivatives, in the limit. Then (see (

lim sup /(vk + Ei_l)fp(Auk) dz = lim sup/sg_lfp(anuk®Aen) dz, (4.16)

k—oo k—o0
Ak Ak
for 0,uy the vector of the normal derivatives in (4.13) and e, = (0,...,0,1) € R". By
(4.13) and the fact that f, is positively p-homogeneous we get

lim sup /(vk + Eifl)fp(Auk) dz
k—o0
Ak
1

= limsu LN Wl o)) — wla . —on(a! . =1y
llHoopA/ (2ak(x/))pfp((( ,ox(2)) —u(z’, —ox(2")))@aen) dH" ' (2')

Recalling the definitions of o} and Ay, the pointwise convergence of u(z’, o (2))—u(z’, —op(z'))
to [u](z) = [u](z'), a change of variables and the Dominated Convergence Theorem give
that the terms above are equal to

-1

im LN ul(z! e =1
J/kl—mo (20k($/))p—1fp([ J(z")@a n) dH" ()

and then to

p(py\1/p 1/p 1
p (p) . 1/}(0) /(fp)p([u]®A€n> dan—l 7

since
yu

/ / _;1
()P = (Y T = p! P
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As for the remaining terms of Dy, notice that by the definition of v; and (4.12]) we have

fimsup [P | e Fuy o] do < limsup / (208 et o] da
k—00 €k k—o00 Ek
BrUC}
—i—limsup/w(vk) dz .
k—o0 €k
Ak

We deduce now that
Tk
ﬁmsup/{w(;k) +7€Z71|Vvk|q] dr = limsup/ (/ {ka) +75271(w§€)q} dxn> dH" (")
k 0

k—o00 k—o0 Ek
By, Ju

’ . Tk / n—
=2(¢)V7 (y) 1 hinsup/ (/0 V7 (wy) w de, ) AH" (@)
— 00

1—ok
= 2(¢)7 (o) oty ([ 0 () as) 0 )
0

k—o0

=aH"(],).

Indeed in the first equality we have used the estimate (4.11]) to neglect the contribution of
the tangential derivatives of v; in the limit, and the second one follows from the definition
of wy, (w}, represents the normal derivative of vi,) that gives a? = 59, that is the condition

to have the Young equality %q + % = «af3, for (recall ({3.6]))

o= (vqel W), B= (¢ blw) )T

Furthermore, arguing similarly and using the Coarea formula (cf. [43], eq. (4.49)]) we get

1—-ok ,
/ [w(;;k) + Vaz_llvwlq} dz < Cﬂk/ Y7 (s)ds < Oy,
0

Ck

so that

hinsup/ [qb(gzk) + 75271|vvk|qi| dr = 0.

—00 &
Eventually
v 201’ n- VR )P p0) P o -

/ ¢ikk) dx = /l;]i)w(o) dH 1(.73/) — p (p ) p/ ¢( ) /(fp)p([u]®Aen) dH 1 )
A Ju 7

Collecting all the estimates below (4.15)) we then conclude the I'-lim sup inequality.

Remark 4.6. With the notation of Remark we could reproduce also the proof of the
I'-lim sup inequality for B in place of A. Indeed, we define o3 and uy in terms of B, and
notice that in we see in the limit (J,ur ® e,)p plus the contribution of (9,uf)™,
asymptotically equal to that of divtTuy by . Now 20 (0, ur ®ey)p converge pointwise
to ([u] ®epn)p and 204 (9, uf) ™t to [u"]" = ([u]-e,) T, which gives Bu in the limit, according
to (3.23)).
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