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The effect of low-speed, circular synthetic jets (SJ) on the turbulent transition of a lam-

inar boundary layer (BL) is studied through Direct Numerical Simulations (DNS). The

SJ capability in fixating the streamwise location of transition onset is analyzed in terms

of its operation parameters (reduced frequency F+ and momentum coefficient Cµ ). The

effect of free-stream turbulence (FST) on the near-wall vortical structures generated by

the synthetic jet is analyzed as well, to mimic the actual operation of the control system.

Velocity spectra, phase portraits and dynamic mode decomposition (DMD) allow to in-

vestigate flow unsteadiness and transition to a chaotic state. In most of the investigated

cases, SJs successfully promote transition, as the result of varicose-symmetric hairpin-like

vortices generated at the jet exit. In particular, it is found that increasing the momentum

coefficient always reduces the size of the laminar region; a non-monotonic behaviour of

the laminar fetch is noted as the reduced frequency is increased, suggesting the existence

of an optimal frequency value. Combination of FST and SJ actuation results in spanwise-

asymmetric vortical structures, with little difference in the location of the transition onset

as compared to the previous case. The present analysis can be used to gather information

on the practical implementation of low-speed SJ actuators as active turbulators.

a)Electronic mail: andrea.palumbo@uniroma1.it
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I. INTRODUCTION

Optimizing the aerodynamic performance of aircraft is one of the key goals of the fluid-dynamic

community. The research on this topic suggests that flow separation can be largely responsible for

efficiency losses on lifting surfaces. Several flow control strategies have been therefore proposed

during the last decades to delay or, if possible, suppress flow separation. For low-speed flows,

a common strategy aims at triggering turbulent transition sufficiently upstream of uncontrolled

detachment, as turbulent boundary layers are more resistant to separation than a laminar one. In

this context, transition-promoting devices are generally referred to as turbulators1.

A large number of fluid systems has been proposed at this aim2, including roughness elements3

and micro vortex generators4. However, any flow control system able to introduce large distur-

bances into the boundary layer, hence causing its bypass transition, can be used as turbulator. In

this respect, synthetic jet (SJ) actuators have already demonstrated their potential thanks to their

flexibility, reduced sizes and weights and relatively low energy consumption. Although different

technologies can be used to obtain synthetic jets, most studies employed piezo-driven actuators5.

These actuators are capable of generating controlled vortex motion from periodic volume oscilla-

tions of a resonant cavity, which are driven by vibrations of a piezo-element located at its bottom

end. The topology of the flow structures injected into the external environment by the synthetic

jet ranges from hairpin-like vortices, for relatively small momentum injection, to vortex rings of

different shape, depending on the SJ operation parameters and geometry6–8.

The state of the vortical structures issued by a synthetic jet into a quiescent environment can be

exhaustively defined by means of two non-dimensional parameters, the Stokes number (S) and the

jet Reynolds number (Re j). Among other things, these parameters control jet formation9, vortex

trajectory and spacing5. In a similar way, the interaction between a synthetic jet and a crossflow

is generally characterized in terms of two parameters. The momentum coefficient Cµ is defined as

the ratio between the jet and the crossflow momentum fluxes, whereas the reduced frequency F+
j

is the ratio between the actuation frequency and an intrinsic frequency of the uncontrolled flow.

Whereas several research activities have dealt with industrial and commercial applications,

in which the synthetic jet is used to control separation on bluff bodies10,11, lifting surfaces12–14

or ramp-like geometries15,16, other works have been focused specifically on the underlying flow

mechanism determining its control effectiveness. The latter studies mainly regarded the interaction

between a synthetic jet and a zero-pressure gradient boundary layer. A notable feature, resulting
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from these analyses, is the virtual aeroshaping effect17,18: if the actuator is driven at very high

reduced frequency and momentum ratio, large time-averaged separation bubbles can be generated.

This effect can be used to obtain large modifications to the uncontrolled flow with limited energy

expenditure15.

Other works analyzed the flow topology of the structures generated by the interaction between

the jet and the boundary layer. Jabbal and Zhong19 and Zhou and Zhong6 considered a laminar,

low-Reynolds-number case, visualized the main coherent structures in the near-field region and

investigate their effect in terms of wall shear stress. They identified three main flow regimes:

for low values of the momentum coefficient the flow features near-wall hairpin vortices, whereas

circular or distorted vortex rings are created for higher values, depending on the actuation fre-

quency. Similar findings have been obtained more recently for plasma synthetic jets20 and slotted

actuators7,21.

It is nowadays well known that hairpin-like structures can be generated by the jet/laminar

boundary layer interaction6,19; these structures can be responsible for early transition (with respect

to the uncontrolled case), near-wall mixing enhancement and skin-friction coefficient increase in

the streamwise direction. However, most studies are restricted to completely laminar or com-

pletely turbulent crossflows, whereas minor attention has been paid to the transitional case. To

the authors’ knowledge, the only studies involving transitional flows of synthetic jet in crossflow

are the ones by Wang and Feng21, Van Buren et al.7 and Xiao et al.22. The former two studies

employed a slotted synthetic jet to analyze the effect of slot orientation with respect to the cross-

flow, whereas the latter considered the bypass transition due to dielectric barrier discharge (DBD)

actuators. Very little information on the typical streamwise and spanwise lengthscales associated

with boundary layer transition due to circular synthetic jet can be gathered from literature at the

present state.

The present work presents numerical results about the transition of a laminar boundary layer

induced by synthetic jets. Specifically, the main goal is to conduct a parametric analysis on the

effect of synthetic jet’s operation parameters on its effectiveness as a transition-promoting device.

In addition, the effect of FST on the control efficiency is examined, to investigate its robustness to

inevitable in-flight and wind tunnel disturbances. It is noteworthy that the DNS approach followed

in the present work allows to quantitatively estimate the effect of synthetic jet actuation on the

development of both the disturbances and the boundary layer properties along streamwise and

spanwise directions. In addition, these distributions are examined either in case of a perfectly
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laminar inflow condition or in presence of freestream turbulence. The use of three-dimensional

data would be crucial for the design of a synthetic jet array able to get a turbulent flow state,

covering the entire spanwise extent of the bounding surface, at a certain streamwise location.

Another innovative aspect of the work with respect to previous literature is that the analysis

focuses on SJ actuation for low values of Cµ and F+
j =O(1), in which Tollmien-Schlichting waves

are considered as a reference frequency scale. This low-Cµ /low-frequency framework would be

more energy-efficient than virtual aeroshaping, which certainly needs higher operation frequency.

It is worth noting that the term ‘low-speed’ SJs herein used does refer to the fact that the jet blowing

ratio is smaller than in typical flow control studies, as will be discussed in section II. In fact, the

perturbation energy imparted by the SJ actuator in the present work are order of magnitudes larger

than the one applied for TS-wave work, and this will lead to bypass transition. The TS wave

frequency is therefore used as a mere frequency scale, as TS waves are not expected to play any

role in the non-linear transition process obtained with the present flow control setup.

Low-speed SJs would be also more suited for practical applications than passive vortex gener-

ators, which can introduce strong wake drag in off-project conditions. One of the main advantages

of active fluid-based devices (such as SJ actuators) is their possibility of being flexible means of

flow control, which can adapt dynamically to the crossflow conditions. In addition, SJs actuators

can be turned off when their control is not required, with minimal performance loss (the nozzle

exit can be also automatically obstructed by gates in inoperative conditions to minimize the hole

interference). These two features cannot be obtained - at least not together - neither by passive

controls, nor by conventional piping, which requires on-board plumbing systems, thus increasing

the overall size and weight of the device. Providing design guidelines for low-speed synthetic jets

in crossflow would be a valuable result, which will pave the way to their application as ‘green

technologies’ to trigger transition to turbulence. Finally, mapping the Cµ −F+ space in terms

of control authority of the jet constitutes a mandatory step for the development of more complex

control devices, possibly involving active learning techniques23.

The structure of the present paper is outlined in the following: the computational setup is de-

scribed in section II. The results of one of the numerical simulations included within the numerical

campaign (which will referred to as “reference” in the following) are outlined in section III. The

results of the parametric analysis, in terms of the actuation reduced frequency and momentum

coefficient, are discussed in section IV, along with the investigation of the combined effect of SJ

actuation and FST. A spectral analysis of the vortical structures generated by the interaction be-
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tween the jets and the boundary layer is presented in section V. Finally, conclusions are drawn in

section VI.

II. NUMERICAL SETUP AND FLOW CONFIGURATION

High-fidelity, direct numerical simulations of the synthetic jet in crossflow are carried out by

means of the open-source code Nek5000 (nek5000.mcs.anl.gov). The choice of Nek5000 is

guided by recent literature works, where it has been employed for the simulation of synthetic jets

in quiescent conditions24 and controlled transition of boundary layer via miniaturized roughness

elements25. The spectral element method applied in the present work is based on the PN −PN−2

formulation, meaning that the velocity field is discretized onto N-th degree Lagrange interpolants,

whereas the pressure field is discretized using Lagrange interpolants of degree N−2. The N-th and

N − 2-th degree polynomials are based, respectively, on the Gauss–Lobatto-Legendre quadrature

points and the Gauss–Legendre ones. After a preliminary grid convergence study, the polynomial

degree is fixed to N = 9 for the present numerical campaign, whereas the mesh is composed of

about 30000 hexahedral elements; the assessment of the quality of the present numerical setup, in

terms of grid and domain dependence analysis and effect of jet inflow condition, is discussed in

Appendix A.

The computational domain is sketched in figure 1. It is composed of a parallelepiped region of

dimensions Lx, Ly and Lz (where x, y and z axes run along the streamwise, the wall-normal and

the spanwise crossflow directions, and the reference system is centered on the geometric center

of jet exit section), and a cylindrical pipe, of height H and diameter D. The domain dimensions

are chosen as Lx = 55D, Ly = 10D, Lz = 10D and H = 5D, and the jet is injected perpendicularly

to the crossflow direction by means of a flush nozzle. Both continuous and synthetic jets are

simulated, subjected to the same boundary layer inflow conditions. Nonetheless, the continuous

jet in crossflow simulations will be not the object of the present study, as they were used mainly

for validation purposes.

The choice of the pipe length H/D is made according to preliminary computations (discussed in

appendix A), which reveal that for H/D≥ 5 no significant differences are observed on the resulting

flow field. It is worth remarking that the inclusion of the inlet pipe within the three-dimensional

computations of the jet in crossflow is crucial to properly model the flow, as the crossflow strongly

affects the characteristics of the jet underneath its exit section. A Dirichlet condition is enforced at
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x

z

y

Lx

Lz

Ly

δ∗in
δ∗
0

HD

FIG. 1. Sketch of the computational setup and domain dimensions. No-slip conditions are applied on gray

patches. The streamwise development of the unforced boundary layer (not to scale) is reported as a thin

dashed line.

the bottom end of the inlet pipe, y =−H: it is obtained from the analytical (Womersley) solution

of a fully-developed pulsating laminar pipe flow, given as

v(r, t)

U∞

= R∗ ·Real

{[

1− J0(i
3/2Wor)

J0(i3/2Wo)

]

eiω jt

}

, y = H (1)

where V = (u,v,w) is the instantaneous flow velocity, ω j = 2π f j is the circular actuation fre-

quency, J0 is 0-th order Bessel function, r =
√

2/D(x2 + y2) the axial distance from the pipe

symmetry axis (made dimensionless against the pipe radius), Wo =
√

ω jD2/4ν the Womersley

number and R∗ = V j/U∞ is the velocity ratio between the jet and the crossflow, defined in terms

of the centerline velocity at ejection peak Vj. Further information on this boundary condition are

given in appendix B. The boundary layer inflow is located 10D upstream of the nozzle axis. Ho-

mogeneous Dirichlet conditions are applied at all the solid walls (depicted in gray in figure 1),

whereas a Blasius velocity profile is applied at the inlet section. In particular, the value of the

displacement thickness of the uncontrolled flow δ ∗
0 at the nozzle axis is initially assigned, and the

boundary layer thickness δ ∗
in is retrieved using the Blasius similarity law.

A mixed Dirichlet/Neumann boundary condition (u =U∞, vy = 0, wy = 0, where the subscripts

denote partial differentiation) is applied on the top of the domain y = Ly, whereas a natural outflow

condition −pn+ ν∇U · n = 0 is enforced at the streamwise outlet boundary x = xmax (involving

the instantaneous reduced pressure p and the kinematic viscosity ν , whereas n is the outward-

pointing normal vector to the outlet surface). The generation of the boundary layer inflow is
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discussed in section II A, with a special focus to the FST case. Pressure boundary conditions

are automatically enforced by the Nek5000 code to ensure incompressibility. Finally, periodic

boundary conditions are applied on the spanwise ends of the domain: preliminary studies have

been made to demonstrate that the numerical results are not influenced by the spanwise width of

the domain. The results of the domain dependence analysis are shown in appendix A.

The initial condition for all simulations is a spatially-developing Blasius boundary layer for

the external domain, whereas the pipe is initially in quiescent conditions. Time integration is

performed by means of a high-order splitting method (BDF3-EXT3)26,27, in which a third-order

extrapolation is used for the convective terms (EXT3), while the viscous terms are discretized

implicitly with a third-order backward discretization scheme (BDF3). The same time-step is used

for all simulations, corresponding to a constant Courant number of about C = 0.5, leading to about

20000 time-steps per actuation cycle. All the simulations are carried out in two steps: an initial

subset of the simulation is used to remove transient effects, while time-averaged quantities and

velocity spectra are collected during the last ten cycles. Preliminary computations obtained by

doubling the number of averaging cycles revealed that both time-averaged results and velocity

spectra are well converged if ten accumulation cycles are used.

A. FST modelling

The inflow condition is chosen to mimic the features of an actual boundary layer profile inter-

acting with the SJ in both wind tunnel experiments and in-flight conditions. The inflow condition

is obtained as the superposition of a standard Blasius profile with synthetic turbulence, as shown

in the paper by Brandt et al.28: FST frequencies and amplitudes are chosen from Von Karman’s

homogeneous-isotropic turbulence spectrum,

E(k) =
1.606(kL)4

(1.350+(kL)2)17/6
LTu2

∞. (2)

whereas the FST shape is obtained as a combination of a subset of Orr-Sommerfeld/Squire (OSS)

modes. In equation (2) L is the integral length scale of the turbulence, k the wavenumber, and

Tu∞ =
1

U∞

√

u2
rms,∞ + v2

rms,∞ +w2
rms,∞

3

the freestream turbulence intensity (where urms,∞,vrms,∞,wrms,∞ are the freestream values of the

velocity fluctuations). The implementation of the FST modelling in Nek5000 used in the present
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−10 −5 0 5 10 15 20 25 30
0

1

2
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FIG. 2. Time- and spanwise-averaged turbulent intensity distribution Tu along the streamwise direction

(orange solid line) and the analytical law Tu ∝ (x− x0)
−0.5 (black dash-dotted line). A vertical dashed line

indicates the position of the jet axis. Case S9 of table I, y = 20δ ∗
0 .

work is presented in Bucci et al.’s work29, and the code validation was performed against the very

same test case of Brandt et al.28. A value of L = 5δ ∗
0 is chosen for all the simulations, as in one

of the computational cases of Brandt et al.28; such a value of the integral length is also fairly

consistent with the numerical results of Jacobs and Durbin30, whose low-turbulence simulation

reaches comparable values of L and Tu at the streamwise location where Reδ ∗ =U∞δ ∗/ν = 500.

The streamwise distribution of the freestream time-averaged turbulence intensity at y = 20δ ∗
0

is shown in figure 2, for the case S9 described in table I (Reδ ∗
0
= U∞δ ∗

0 /ν = 550, Tu∞ = 2%).

One can observe that the turbulent intensity decreases monotonically from the inlet boundary in

agreement with the aforementioned study, following the scaling law Tu ∝ (x− x0)
−n, where x0 is

the virtual origin of the boundary layer (i.e. the streamwise distance from the leading edge of the

flat plate which is required, according to Blasius theory, to obtained the fixed value of δ99 at the

jet exit); the constant n is found to be equal to 0.5 for the considered cases, in accordance with the

wind tunnel experiments by Shahinfar31 and Fransson and Shahinfar32.

B. Non-dimensional parameters and computational cases

The synthetic jet characteristics are generally described by means of jet Reynolds number

Re0 = V0D/ν , Strouhal number St0 = ω jD/V0 and Stokes number S =
√

ω jD2/ν = 2Wo, where

V0 is the averaged jet blowing velocity defined as

V0 =
1

A j

1

T

∫ T/2

0

[

∫

A j

V (x,y = 0,z)dxdz

]

dt, (3)

T = 1/ f j the actuation period, A j = πD2/4 the jet exit area, and Wo the Womersley number,

introduced before. Such a velocity scale has been originally conceived by Smith and Glezer33 for
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a slotted SJ in quiescent conditions, and recently employed in several research activities involving

synthetic jets in crossflow7,34. For high Stokes numbers, the averaged jet blowing velocity is

linked to the previously introduced peak centerline velocity Vj as V0 =Vj/π . Another widespread

definition of the reference velocity is the momentum one, originally defined by Cater and Soria35,

which can be obtained from the previously defined one as V0π/
√

2. It is worth noting that only two

of the three dimensionless quantities defined above can be chosen independently, as the relation

St0 = S2/Re0 between the aforementioned parameters holds.

As anticipated in section I, the interaction between the synthetic jet and boundary layer needs

to be described by further quantities. The ratio between the unforced boundary layer displacement

thickness δ ∗
0 at the nozzle axis streamwise location and the jet diameter D is used to define the

(virtual) position of the actuator; this dimensionless quantity is fixed to δ ∗
0 /D = 0.25 for all sim-

ulations. Moreover, the strength and the actuation frequency of the jet are quantified through the

momentum coefficient and the reduced frequency, defined as

Cµ =
ρ jV

2
0

ρ∞U2
∞

D

θ0
, F+

j =
f j

fre f

, (4)

where the actuation frequency f j is scaled with the frequency ( fre f ) of the most spatially ampli-

fied Tollmien-Schlichting (TS) wave, and θ0 is the uncontrolled momentum thickness at the jet

streamwise location. The value of the reference frequency is obtained by means of spatial, linear

stability analysis at the streamwise location of the nozzle centerline (when the jet is off), carried

out using a dedicated eigenvalue solver for the linearized Navier-Stokes operator. For Reδ ∗
0
= 550,

fre f D/U∞ = 0.0752 is obtained (corresponding to a period of about 13.3 time units). The mo-

mentum coefficient Cµ is obtained as the ratio between the jet momentum flux and the one of the

boundary layer fetch interested by SJ actuation. It is assumed that the reference momentum flux

of the airflow interacting with the jet is proportional to θ0D18. It is noteworthy that, in the present

study, variations in the momentum coefficient are only possible due to different V0 values, as all

the other parameters are kept unchanged within the computational campaign.

The numerical simulations performed in the present work are summarized in table I. The effect

of changes in the reduced frequency, the momentum coefficient and the receptivity to FST are

thoroughly investigated. For all simulations the crossflow Reynolds number is chosen as Reδ ∗
0
=

550, corresponding to a local Reynolds number Rex0 =U∞x0/ν ≈ 105.

First of all, simulations S2-S6 are carried out to analyze the transitional behaviour of the flow

for different values of the reduced frequency. Simulations are performed at F+
j = {0.5,2,2.5,3.125,4}:
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Case BL parameters SJ parameters Line style

Reδ ∗
0

δ ∗
0 /D Tu∞(%) R∗ Re0 S Cµ F+

j

S1 550 0.25 – 0.1 70 32.2 0.0105 1.00

S2 550 0.25 – 0.1 70 22.8 0.0105 0.50

S3 550 0.25 – 0.1 70 45.6 0.0105 2.00

S4 550 0.25 – 0.1 70 50.9 0.0105 2.50

S5 550 0.25 – 0.1 70 56.9 0.0105 3.125

S6 550 0.25 – 0.1 70 64.4 0.0105 4.00

S7 550 0.25 – 0.05 35 32.2 0.0026 1.00

S8 550 0.25 – 0.075 52.5 32.2 0.0059 1.00

S9 550 0.25 2.0 0.1 70 32.2 0.0105 1.00

S10 550 0.25 4.0 0.1 70 32.2 0.0105 1.00

TABLE I. Summary of the computational cases.

the investigated frequency range covers both the frequency of two- and three-dimensional Tollmien-

Schlichting waves and the reference frequency for the corresponding jets in crossflow (which, not

shown herein, is characterized by the advection of hairpin-like vortices at F+ = f/ fre f ≈ 3).

As regards the momentum coefficient analysis, it is chosen small enough to operate in a very

low-consumption regime. Three different values of the momentum coefficient are analyzed:

Cµ=0.0105 (for the most part of the simulation campaign), Cµ=0.0026 for case S7, Cµ=0.0059 for

case S8, corresponding to velocity ratios of R∗={0.1, 0.05, 0.075}, respectively. An alternative

definition of the velocity ratio can employ the blowing ratio8 CB = V0/U∞ ≈ Vj/(πU∞). In the

present cases, values of the blowing ratio range between 0.016 and 0.032, much lower than the

typical values used in flow control applications17,36.

Finally, the inlet freestream turbulent intensity is fixed to 0 for S1-S8 simulations; S9 and

S10 cases are devoted to investigating the effect of Tu∞ on the reference case, by imposing,

respectively, Tu∞=0.02 and Tu∞=0.04. Similar values of free-stream turbulence intensity were

previously investigated by other research groups28,30,31, both by experiments and numerical simu-

lations, and clearly exceed the typical ones observed on aircraft. However, preliminary studies at

smaller turbulence levels, Tu∞ ≤ 1%, (not shown herein) demonstrate that the vortical structures
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induced by the actuator are basically unaffected by FST at those conditions. The extremely high

FST intensity investigated herein is used to provide a sort of ‘stress test’ for the actuator, in which

FST is able to play a role into the turbulent development of the flow. Besides, It must be high-

lighted that the inflow BL properties for the reference case match the previous studies of Jabbal

and Zhong19 and Zhou and Zhong6 in terms of Reδ ∗
0

and St0, which however involve a much higher

value of δ ∗
0 /D, a shorter orifice and higher velocity ratios. For this reason, the results of the present

numerical campaign are not directly comparable with their experimental/numerical findings.

III. REFERENCE CASE

The distinctive features of the interaction between synthetic jet and laminar boundary layer are

documented in the present section, with reference to the S1 case (Cµ = 0.0105, F+
j = 1, Tu∞ =

0). The aim of this section is two-fold: first, characterize the turbulent development of the flow,

detecting the main vortical structures generated at the jet exit, the modification of the mean flow

and the unsteadiness induced by the control actuation. Second, the present section is also intended

to introduce the main diagnostic quantities that will be used in the subsequent parametric analyses.

It is worth remarking that the present analysis is focused on monitoring the onset of transition and

the spanwise extent of the turbulent region generated by the control system. Further information on

instantaneous and time-averaged flow topology can be found in literature, as reviewed by Mohseni

and Mittal’s textbook36.

A. Instantaneous flow field

Figure 3 depicts the evolution and the transition to turbulence of the vortical structures gen-

erated by the interaction of the synthetic jet with the incoming crossflow, at the end of the last

actuation cycle. Their visualization is obtained by using isosurfaces of the λ2 criterion37. It must

be remarked that only a small subset of the domain is shown in figure 3 (and in the following

ones). In fact, the actual transverse dimension of the computational domain is Lz = 10D, whereas

the following figures are focused on −2.5 ≤ z/d ≤ 2.5 only.

As observed in the numerical simulation by Zhou and Zhong6 for a low-Re and low-Cµ case,

the near field is dominated by the presence of hairpin vortices, which move downstream of the

orifice at an initially constant speed. It is worth noting that, due to the relatively low strength of
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z
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1

u/U∞

FIG. 3. Streamwise evolution of the vortical structures arising from the jet-boundary layer interaction:

isosurfaces of λ2 = −0.025 coloured by values of the instantaneous streamwise velocity component. Case

S1, t/T = 10.

the control actuation, no horseshoe vortex is detected upstream of the nozzle.

The downstream evolution of the hairpin structures is characterized by a sudden reduction of

their convection speed, leading to their merging and interaction. The convection velocity Uc of

the vortices at a reference location (x/D,y/D,z/D) is obtained by plotting the spatio-temporal

correlation of the streamwise velocity fluctuation from the time-averaged flow u, namely u f =

u−u, defined as

Ruu(x, t;r,∆t) =
u f (x, t)u f (x+ s, t +∆t)

√

u2
f (x, t)

√

u2
f (x+ s, t +∆t)

(5)

and evaluating it as Uc = smax/∆t, where smax is the streamwise distance for which the correlation

is maximum at a given ∆t38. In particular, the convection velocity is obtained by monitoring the

distance covered by the vortices during the first half of the actuator cycle (corresponding to the

minimum value of Ruu along the horizontal line ∆t/T = 0.5 in figure 4(a)), and dividing it for the

corresponding time scale.

Figure 4(a) depicts a contour plot of the spatio-temporal correlation Ruu at (x/D,y/D,z/D) =

(5,0.125,0): the convection velocity at this point is ≈ 0.45U∞, corresponding to a streamwise

wavelength of about 6D. Such a result is found to be independent from the choice of the wall-

normal coordinate (if the reference point falls within the boundary layer). Figure 4(b) shows the

Uc distribution along the streamwise direction: it is initially constant (Uc = 0.45U∞), then sharply

drops to smaller values and increases again at the start of the transition region. The value of Uc

in the near field is comparable to the velocity of the Tollmien-Schlichting wave obtained for a

frequency equal to the actuation one (Uc = 0.39U∞, red line in figure 4(b)). Its following increase

is justified by the modification of the streamwise velocity profile in the transition region, which is

12

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
1
2
8
7
9
8



Accepted to Phys. Fluids 10.1063/5.0128798
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∆
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0.5
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1

x/D

U
c
/
U
∞

(b)

FIG. 4. (a) Contour map of the spatio-temporal correlation of the streamwise velocity fluctuations Ruu, at

(x/D,y/D,z/D) = (5,0.125,0). A horizontal red line represents ∆t/T = 0.5; a blue cross denotes the peak

position of Ruu on this line. (b) Convection velocity (black line) Uc as a function of the streamwise direction

x/D, for a fixed wall-normal height y/D = 0.125 and corresponding TS-wave velocity (black dashed-dotted

line). Case S1.

characterized by a flatter shape than the Blasius one, as shown in Section III C.

As a general result, it can be noted that the flow field becomes very complicated, being charac-

terized by the interaction between adjacent vortices, spreading and break-up. However, it is appar-

ent that even in the far field the instantaneous flow field is characterized by a varicose-symmetric

structure, meaning that a sustained turbulent state is not reached at the end of the domain. This fea-

ture is demonstrated by the time evolution of the velocity in selected probes (figure 5, left panel),

located at increasing distances from the jet exit plane: the velocity field maintains a deterministic

behaviour. This feature is confirmed by the phase portraits in figure 5, right panel, which repre-

sent the result of the time-delay embedding technique39,40, applied to the velocity time series with

temporal delay τ = 1/(4 f j). One can note that after the transient phase (not included in the phase

trajectories), the system follows a limit-cycle behaviour, which is more complicated in the far-field

region due to the growing importance of high-frequency fluctuations.

The modification induced by the hairpin vortices on the mean flow can be appreciated by an-

alyzing the instantaneous velocity field at different streamwise stations. Figure 6 shows the in-

stantaneous streamwise velocity deviation from the Blasius solution. It can be observed that the

effect of the vortices is to induce, in the near field, an upwash of the fluid next to the symmetry

plane and a downwash in the external region. In other words, the hairpin vortices generated by

the interaction of the pulsed jet with the crossflow are able to entrain fluid efficiently in the near
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FIG. 5. (left) Time variation of the streamwise velocity component during the last 5 actuation cycles,

at different streamwise positions in the symmetry plane (x/D,y/D): (a) (0,0.125),(b) (10,0.125),(c)

(20,0.125),(d) (30,0.125); (right) Phase portraits of the same velocity signals. Case S1.

wall region and to induce a fluid uplift in the central one. In the downstream region the vortical

structures generated in the near field depart from the wall, while new vortices are created in the

wall region. In the far field the original hairpin vortices are far enough from the plate to organize

themselves in an annular shape, while several small structures appear within the boundary layer

region. The overall effect on the streamwise velocity component consists of an increase (growing

with x) next to the wall, and a reduction in the core of the main vortex.

The lateral spreading of the hairpin structures can be qualitatively investigated by means of

the spanwise distribution of the time-averaged streamwise velocity deviation from the Blasius

solution (shown in figure 6) or more quantitatively by inspecting the velocity root mean square

urms/U∞ within a given wall-normal plane. The latter flow feature is depicted in figure 7: the

spanwise extent of the region of non-negligible velocity fluctuation is initially bounded by the

jet exit dimensions and subsequently spreads with an approximately constant growth rate (for

x/D ≥ 12). The half-spreading angle for 12 ≤ x/D ≤ 30 is ≈ 5◦, reaching about lz ≈ 1.8D for

x/D = 30; such a parameter has been obtained by assuming a constant contour value of urms/U∞ =
√

u f u f /U∞ = 0.11 as a proxy for identifying the spanwise region covered by the hairpin vortices.
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FIG. 6. Contour plot: instantaneous streamwise velocity deviation component up = u− uBl at different

streamwise stations; blue lines: isolines of λ2 = −0.025 for vortex visualization; black vectors: instanta-

neous in-plane velocity. (a) x/D = 5; (b) x/D = 15; (c) x/D = 25; (d) x/D = 30. Case S1, t/T = 10.
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−2.5
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x/D

z
/
D

0

0.15

urms/U∞

FIG. 7. Contour plot of the time-averaged velocity fluctuation urms/U∞ in a plane parallel to the x− z plane,

y/δ ∗
0 = 2, with indication of the hairpin width (blue dashed lines, urms/U∞ = 0.11). Case S1.

A similar procedure has been carried out by Ye et al.41 for the analysis of the transitional flow

behind a micro-ramp, leading to a spreading rate value in good agreement with the present results.

Lastly, it is worth noting that the instantaneous flow field is qualitatively similar to the turbu-

lent flow behind an isolated roughness element, which is the result of the breakdown of the streaky

structures originated downstream of the element. The reader can compare, for instance, figure 3

with a major result of the numerical campaign carried out by Bucci et al.25 for similar crossflow

conditions (figure 18, page 185 of the cited paper): while stable streaks are able to delay turbulence

by affecting the growth of the TS unstable mode, in supercritical cases the streaks become unsta-
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ble themselves, leading to early transition. The vortical structures downstream of the roughness

element resemble the ones shown in figure 3.

B. Streak amplitude and fluctuations

The departure from the laminar solution and the strength of the hairpin structures generated

at the jet exit section can be investigated by defining a proper index for the velocity deviation

imparted by SJ actuation. Following Siconolfi et al.’s definition42, this quantity is measured as the

integral of the difference between the local streamwise velocity and the spanwise-averaged one

uz(x,y)

Aint
st (x) =

1

U∞

∫ 1/2

−1/2

∫ η∗

0
|u(x,η ,z)−uz(x,η)|dηdz, (6)

where the wall-normal coordinate η = y/δ (x) is made non-dimensional against the local boundary

layer conventional thickness of the uncontrolled flow and z= z/Lz. The value of η∗ is chosen large

enough to obtain that the integral in equation (6) is independent of its value for all the simulations;

in the present study η∗ = 5 is fixed. To better understand the significance of the newly introduced

quantity, figure 8(a) shows the distribution of the local velocity deviation, integrated in the wall-

normal direction only

ud,y(x,z) =
1

U∞

∫ η∗

0
[u(x,η ,z)−uz(x,η)]dη , (7)

Comparing it with the instantaneous flow field in figure 6 it can be inferred that the time-averaged

flow field is characterized by the presence of two pairs of streamwise streaks located in the vicinity

of the wall. These streaks clearly fade away from the symmetry plane in this near-field, and their

amplitude increases while moving downstream. The far field is instead dominated by the presence

of several elongated streamwise structures, which are the result of the near-wall instantaneous

turbulent motion depicted in figure 6. As a whole, the amplitude of the streaks is monotonically

increasing along the entire streamwise extension of the domain, and its growth rate sharply rises

at the beginning of the transition region.

As the integrated streak amplitude can exhaustively explain the mean-flow perturbation induced

by the synthetic jet, another quantity is introduced to investigate the flow unsteadiness. The inte-

grated fluctuating energy Kint(x), originally defined by Van Buren et al.7, is used at this purpose.

It is defined as follows

Kint(x) =
Lz

2U2
∞D2

∫ 1/2

−1/2

∫ Ly

0
(u2

rms + v2
rms +w2

rms)dydz, (8)
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FIG. 8. Contour plot of the integrated velocity perturbation ud,y (a), streamwise distribution of streak am-

plitude Aint
st (b) and integrated fluctuation energy Kint(c). Case S1.

As noted by Van Buren7, this quantity accounts both for coherent unsteadiness generated by the

jet and actual turbulent fluctuations. The above defined quantity is reported in Fig. 8 (c), which

shows a monotonic increase of Kint along the streamwise direction, ultimately reaching a value of

≈ 2.4% at the end of the domain fetch under scrutiny.

C. Time-average integral parameters

Finally, time-averaged flow quantities can be an effective tool to investigate the capability of the

synthetic jet actuator in anticipating the transition onset and hence modifying the boundary layer

streamwise development. This goal can be achieved by inspecting the streamwise distribution of

the time-average skin friction coefficient C f = 2τw/(ρU2
∞) (where τw = µuy(y = 0) is the local
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wall shear stress) and shape factor H, defined as

H(x) =
δ ∗(x,z)
θ(x,z)

=

∫ ∞

0
1− u(x,y,z)

U∞

dy

∫ ∞

0

u(x,y,z)

U∞

(

1− u(x,y,z)

U∞

)

dy

, (9)

where δ ∗ and θ are the boundary layer displacement and momentum thicknesses. The departure

from a laminar solution can be studied by comparing the controlled flow distributions both with

laminar boundary layers, provided by Blasius theory43, whose results are summarized as follows

C f ,lam =
0.664√

Rex

, H = 2.59, (10)

and the turbulent correlation law by White43:

C f ,turb =
0.455

log2(0.06Rex)
. (11)

Figure 9 depicts the distribution of the above defined quantities along the symmetry plane z = 0

(top panel) and several wall-normal distributions of time-average streamwise velocity along the

symmetry axis (bottom panel). Both boundary layer parameters sharply depart from the laminar

solution just downstream of the jet exit section, with a sudden drop of the shape factor H and

a corresponding C f increase. Increasing trends of friction coefficient and momentum thickness

are justified by the velocity profiles, which present high near-wall velocity in the controlled case.

The scenario outlined in figure 9 is consistent with the results of the spatio-temporal correlation

analysis. The convection velocity of the hairpin-like structures generated by the synthetic jet

increases in the transitional region because of the higher momentum in the near-wall part of the

boundary layer. In this respect, a relation between the distribution of the skin friction coefficient

C f and the convection velocity is apparent. The smallest convection velocity occurs where the C f

is minimized and increases accordingly in the subsequent region.

The evolution of the shape factor H reveals that this parameter immediately reduces from the

laminar value, eventually attaining the value of H ≈ 1.5−1.6, which are typical values for a low-

Reynolds-number turbulent boundary layer44. The distribution of the skin friction coefficient in

the symmetry plane fairly matches the trend of the shape factor: the curve departs from the Blasius

solution C f = 0.664/
√

Rex, and ultimately oscillates around the turbulent correlation curve.

Figure 10(a) shows the distribution along the entire x− z plane of the skin friction coefficient.

The near-field distribution of the skin friction coefficient well resembles the one found by Zhou and
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FIG. 9. (top) Streamwise distribution of the time-averaged skin friction coefficient C f in the symmetry

plane (solid black line) and the time-averaged boundary layer shape factor (red line). Laminar solution

(Blasius curve, dashed line) and the turbulent correlation (dot-dashed line) are shown for the skin friction

coefficient. (bottom) Wall-normal distributions of time-average streamwise velocity at four streamwise

stations: (a) x/D = 3; (b) x/D = 12; (c) x/D = 16; (d) x/D = 20; controlled case (solid line), uncontrolled

solution (dashed line). Case S1.

Zhang6 for the laminar case, consisting in two legs of higher friction (corresponding to the motion

of the hairpin legs) starting from the orifice lips, and spreading while moving downstream. A

region of intense shear appears along the symmetry plane for x/D ≥ 15; this feature is consistent

with the near-wall vortical structures identified in figure 6, and corresponds to the onset of the

transition region.

A useful metric to quantitatively detect the transition onset is given by the streamwise distri-

bution of spanwise-averaged skin friction. Two different curves are reported for this quantity in

Figure 10(b), namely C f ,avg and C′
f ,avg. The former quantity is averaged only inside the wedge

shown in Figure 7, |z| < lz(x) (previously obtained by the urms distribution in figure 7), the latter

along the entire z width. The figure reveals that C′
f ,avg monotonically increases along the stream-

wise direction, differently from the friction symmetry-plane distribution and the spanwise-average
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FIG. 10. (a) Contour plot of the time-averaged skin friction coefficient C f in the x− z plane; (b) streamwise

distribution of the spanwise-averaged skin friction coefficients C f ,avg (solid curve) and C′
f ,avg (dotted curve);

comparison with the laminar solution (Blasius curve, dashed line) and the turbulent correlation (dot-dashed

line), case S1.

inside the perturbed region only. The increasing behaviour of C′
f ,avg is obviously caused by the

increasing C f trend along each z = const slice, but also due to the jet spreading, which increases

its spanwise extension while moving downstream. However, C′
f ,avg never meets the turbulent cor-

relation, as an external laminar region still exists even for large x values; for this reason C f ,avg will

be considered in the subsequent analysis to analyze turbulent transition, as its distribution depends

only on the friction generated inside the turbulent region.

IV. PARAMETRIC ANALYSIS

The effects of the main SJ operation parameters and free stream turbulence are discussed sepa-

rately in the present section.

A. Effect of reduced frequency

Figure 11 depicts the evolution of the vortex structures in the streamwise direction for cases

S2 and S3. Whereas flow topologies are similar for all cases, it is apparent that vortex spreading

increases with F+, as reported in table II for x/D = 30. On the other hand, the streamwise distance
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between two consecutive hairpin structures is smaller. The latter feature is consistent with the

choice of the actuation frequency, as the hairpin spacing is monotonically decreasing with this

quantity. As regards Cases S5 ans S6, the interaction of the jet with the boundary layer is rather

weak, and no vortical structures are detected past the jet exit.
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/
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u/U∞
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(b)

0
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u/U∞

FIG. 11. Streamwise evolution of the vortical structures arising from the jet-boundary layer interaction:

isosurfaces of λ2 =−0.025 coloured by values of the instantaneous streamwise velocity component. t/T =

10, (a) F+
j = 0.5, (b) F+

j = 2.

The distributions of the diagnostic functions described in section III C are shown in figure 12.

The strongest departure from the laminar solution is observed for the S3 and S4 cases, as their

skin friction distributions attain values close to the turbulent correlations even for x/D ≈ 10. In

addition, these cases are characterized by the largest streak amplitude; case S3, instead, has the

largest perturbation energy across the entire domain. The control strategy is effective in obtaining

early transition also for F+
j = 0.5, although the transition from the laminar solution is slower than

in the previously analyzed cases.

A conventional definition of the transition region can be based on the departure of the spanwise-

averaged skin friction coefficient C f ,avg from the Blasius solution. In the present work the tran-

sition onset xtr is defined as the streamwise location where, for the first time, C f ,avg ≥ (C f ,lam +

C f ,turb)/2. This parameter allows to compare the effectiveness of the synthetic jet actuator in ob-

taining a fast transition to turbulence for different values of the operation parameters. Table II

reports the behaviour of xtr/D for all the synthetic jet actuation frequency F+
j under scrutiny: case
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FIG. 12. Streamwise distribution of the time-averaged friction coefficient inside the turbulent region (a),

streak amplitude (b) and integrated fluctuation energy (c). Colours are as in table I.

Case F+
j xtr/D lz,30/D

S2 0.5 23.0 1.2

S1 1.0 18.0 1.8

S3 2.0 8.7 2.4

S4 2.5 8.1 1.5

S5 3.125 x x

S6 4 x x

TABLE II. Transition onset, xtr, and spanwise width at x/D = 30, lz,30/D, as a function of the reduced

operation frequency.

S4 is characterized by the earliest transition point (xtr/D ≈ 8), whereas case S2 has the largest

xtr value among all successful control cases. A decreasing trend of the transition point location is

noted for F+
j ≤ 2.5, and no transition is detected for F+

j > 2.5.
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FIG. 13. Streamwise evolution of the vortical structures arising from the jet-boundary layer interaction:

isosurfaces of λ2 = −0.01 (a) or λ2 = −0.025 (b) coloured by values of the instantaneous streamwise

velocity component. t/T = 10, (a) Case S7, Cµ = 0.0026, (b) Case S8, Cµ = 0.0059.

As a result, it can be finally stated that SJ actuation is capable of modifying the boundary

layer development on a flat plate, and the beginning of the transition region can be adjusted by

changing the actuation frequency of the actuator. Cases S5-S6 show, however, that the control

authority of the jet (in terms of achieving early transition) is not monotonically increasing with the

actuation frequency, being optimal between cases S3 and S4 (among the investigated frequency

range). In conclusion, the SJ effectiveness cannot be indefinitely improved by increasing the

reduced frequency, as using high operation frequencies can be detrimental for the control strategy.

B. Effect of momentum coefficient

Figure 13 depicts the evolution of the vortex structures in the streamwise direction for cases S7

and S8. While case S8 shares the same topology of all the transitional cases shown above, case

S7 is completely laminar. Indeed, the low momentum coefficient of the jet leads to the generation

of weak vortical structures, which are barely visible even in the near field. Adjacent hairpin vor-

tices never meet and completely dissipate themselves, without any possibility of tripping turbulent

transition.

The diagnostic functions adopted in the previous sections, namely the integrated streak ampli-
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FIG. 14. Streamwise distribution of the time-averaged friction coefficient inside the turbulent region (a),

streak amplitude (b) and integrated fluctuation energy (c). Colours are as in table I.

tude, the skin friction coefficient and the integrated fluctuation energy, are reported in figure 14. It

can be easily inferred that the impact of the synthetic jet on both time-average and fluctuation flow

characteristics grows with Cµ . Indeed, case S7 never satisfies the condition C f ,avg = (C f ,l +C f ,t/2)

across the computational domain, whereas case S8 presents a delayed transition with respect to the

reference, as reported in Table III. For this case, delayed spanwise growth of the transition wedge

is also apparent, with lz(x/D = 30)≈ 1.2D. The analysis of the time-average integral parameters

reveals that Case S1 is also characterized by the largest values of Aint
st and Kint at every streamwise

locations; it is noteworthy that both cases S1 and S8 present monotonic increase of Aint
st along the

x direction, whereas the perturbation energy of case S7 peaks at x/D ≈ 10 and then decays. The

latter finding is consistent with the dissipation of the vortical structures observed in figure 13 (a).

Further insight on the behaviour of the streaky time-averaged solution can be obtained by an-

alyzing the velocity deviation for cases S7 and S8, depicted in figure 15 (a-b). Case S7 clearly

differs from the higher momentum controlled flows, being characterized by the presence of a
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Case Cµ xtr/D lz,30/D

S7 0.0026 x x

S8 0.0059 25.8 1.2

S1 0.00105 18.0 1.8

TABLE III. Transition onset, xtr, and spanwise width at x/D = 30, lz,30/D, as a function of the operation

momentum coefficient.
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FIG. 15. (a-b) Contour plot of the velocity deviation ud,y in the x−z plane; (a) Cµ = 0.0026, (b) Cµ = 0.0059.

(c) Contour plot of the skin friction coefficient C f in the x− z plane, Cµ = 0.0026.

spanwise minimum in the central region past the jet exit, and two symmetric maxima far from the

symmetry plane. This behaviour can be attributed to a near-wall flow deceleration behind the jet,

which results in reduced skin friction coefficient in that area, and a corresponding flow acceleration

towards the external region, as demonstrated also in figure 15 (c).
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FIG. 16. Streamwise evolution of the vortical structures arising from the jet-boundary layer interaction:

isosurfaces of λ2 =−0.025 coloured by values of the instantaneous streamwise velocity component. t/T =

10, (a) Case S9 (Tu∞ = 2%), (b) Case S10 (Tu∞ = 4%).

C. Receptivity to freestream turbulence

An important feature of flow control devices is the robustness to perturbations of the inflow

conditions. Two values of the inlet free stream turbulent intensity are considered, Tu∞ = 2% and

Tu∞ = 4%. Figure 16 depicts the evolution of the hairpin structures by means of isosurfaces of

the λ2 parameter, to monitor the effect of FST on the controlled flow field. It can be seen that

in the near field the flow topology is practically identical to the reference. Conversely, the far-

field behaviour is slightly modified by the turbulent perturbations, as symmetry-breaking motions

appear. The vortex motion is characterized by the presence of asymmetric displacements of the

vortical structures, which are more evident for high values of Tu∞ and while moving along the

streamwise direction. As a consequence, the flow reaches a chaotic state, which is more likely to

be observed in practical applications.

Phase portraits and frequency spectra of the streamwise velocity in selected locations are shown

in figure 17 for case S9: it can be seen that, different from the reference case, no peaks of the

velocity spectra corresponding to the actuation frequency can be detected in the far field (probe

at x/D = 30, green line). Moreover, a more broadband spectra is found at the farthest locations,

where the flow approaches a turbulent state. On the other hand, the phase portraits (c) and (d)
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FIG. 17. (left) One-sided premultiplied frequency spectra of streamwise velocity component at different

streamwise positions in the symmetry plane (x/D,y/D): (0,0.125) (black line), (10,0.125) (blue line),

(20,0.125) (red line), (30,0.125) (green line). The straight dashed line indicates the actuation frequency.

(right) Phase portraits of streamwise velocity component, at (x/D,y/D) = (0,0.125) (a), (x/D,y/D) =

(10,0.125) (b), (x/D,y/D) = (20,0.125) (c), (x/D,y/D) = (30,0.125) (d). Case S9 (Tu∞ = 2%).

Case Tu∞ xtr/D

S1 x 18.0

S9 2% 16.9

S10 4% 16.0

TABLE IV. Transition onset as a function of free stream turbulent intensity.

reveal that the velocity field does not follow the same trajectory in following cycles, as expected

for a chaotic system.

Time-averaged skin friction coefficient distribution is of paramount importance in this context

to assess the robustness of the control strategy to more general inlet perturbations. Figure 18 re-

veals that the spanwise-averaged friction coefficient is not significantly affected by FST, therefore

the transition point is only anticipated slightly in presence of it. As a result, it can be stated that the

transition process in the near-wall region is not dramatically affected by free stream turbulence, as

reported by the summary in table IV.

Further evidence of the fulfilment of a turbulent flow condition is obtained by inspecting time-
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FIG. 18. (a) Contour plot of the time-averaged skin friction coefficient C f in the x − z plane, case S9

(Tu∞ = 2%); (b) streamwise distribution of the spanwise-averaged skin friction coefficient C f ,z : laminar

solution (Blasius curve, black dashed line) and the turbulent correlation (dot-dashed line) are also reported.

Colours are as in table I.

average streamwise velocity and Reynolds stresses, collected past the transition point for case

S10. In figure 19, blue curves represent wall-normal distributions of the time-averaged velocity

and fluctuations at the transition location xtr = 16D , black curves denote the end of the region of

interest of the present study, x/D = 30, and red curves indicate profiles between such points. Wall-

normal profiles in figure 19 are scaled by the local friction velocity uτ =
√

τw/ρ , whereas the wall-

normal coordinate is scaled with the local friction length δν = ν/uτ . As wall friction rises in 16 ≤
x/D ≤ 25, the streamwise fluctuation peak move closer to the wall, in opposing behaviour with

the transverse fluctuations. Clear overshoots of the velocity profiles and the fluctuation peaks are

observed in the transition region. At the final streamwise location, the inner-scaled velocity profile

u+ = ū/uτ appears to follow a quasi-logarithmic trend for y+ = y/δν between 20 and 50, with

smaller values than the usual log-law obtained for equilibrium turbulence. The overall behaviour

of the curves presented in figure 19 is consistent with previous studies on bypass transition45 and

natural transition46 of zero-pressure-gradient boundary layers, and streamwise velocity profiles

at the most extreme streamwise location are in good agreement with experimental data of low-

Reynolds number turbulent boundary layers47.
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FIG. 19. Wall normal distributions of the inner-scaled time-averaged velocity u+ = ū/uτ (a) and velocity

fluctuations u+rms, v+rms, w+
rms (b-d) as a function of y+ = y/δν . Blue curves represent velocity profiles at

x/D = 16, red curves denote profiles taken at x/D = 20,25,28; black curves are extracted at x/D = 30. The

wall law u+ = min(y+,1/0.41log(y+)+ 5) is depicted in panel (a) as a thick dashed line. Experimental

data of streamwise time-averaged velocity and fluctuations (Purtell, Klebanoff, and Buckley 47 , Reθ = 465)

are represented by filled black circles in panels (a-b). Case S10 (Tu∞ = 4%).

V. SPECTRAL ANALYSIS AND MODAL DECOMPOSITION

Further insight on the phenomena associated with hairpin formation and turbulent transition

of the controlled boundary layer can be gained by means of data-driven decomposition of the
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flow. Finding the streamwise motion of the main vortical structures arising downstream of the jet

exit plane and their eventual dissipation and breakup in smaller structures could better highlight

the onset of the transition process for different values of the main non-dimensional parameters,

thereby offering a complementary viewpoint to the time-averaged results shown in the previous

sections.

The modal decomposition analyses presented in the present work relies on the Dynamic Mode

Decomposition (DMD48), in conjunction with velocity spectra collected along the streamwise

direction. DMD is applied on cases S1-S3-S4 to investigate the observed improvement of the

control authority for F+
j ranging between 1 and 2.5. Cases S7-S8 are instead analyzed to clarify

the effect of momentum coefficient. As for the previous analysis, the results of the analysis are

first presented for the reference case (S1), while the effects of reduced frequency and momentum

coefficient are discussed in the following sections.

The basic assumption of DMD relies on the possibility of decomposing a given dataset into a

set of modes, each one with a single characteristic frequency and growth rate. The determination

of both the modes and their characteristic frequency is based on approximating the relationship be-

tween consecutive snapshots with a linear operator.48,49. For this reason, two matrices are defined

from snapshot data {u(x, tk)}, with k = 0, ...,Ns:

X = [u(t0) u(t1) u(t2) . . . u(ts−1)] , (12)

X# = [u(t1) u(t2) u(t3) . . . u(ts)] . (13)

A low-dimensional approximation of the DMD operator A is given by the following expression

UT
r AUr =UT

r X#VrΣ
−1
r , (14)

where X =UrΣrV
T
r is the truncated singular value decomposition of the snapshot matrix X and r

the number of retained states. Once defined the low-dimensional operator S =UT
r AUr, which is a

matrix of dimension r× r, its eigenvalues and eigenvectors can be used to approximate a subset of

the actual modes of the linear operator A. In particular, given the eigendecomposition S =WΛZ,

where Z =W−1, the diagonal entries µi of Λ are referred to as Ritz values and constitute reasonable

approximations of the eigenvalues of A, whereas the eigenvectors Φ of A can be obtained as

Φ ≈UrW .

The (complex) frequency of each DMD mode is obtained as λi = log(µi)/(2π∆Ts), where ∆Ts is

the sampling period. Finally, the decomposition of the k−th snapshot is computed as uk = Sku0.
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By exploiting previous S decomposition, the projection of the initial condition onto the j−th mode

is α j = z ju0 (where z j is a left eigenvector of S), and finally

u(x, tk) =WΛkZu0 ≈
r

∑
j=1

α jµ
k
j w j. (15)

The DMD weights α j constitute the contribution of each DMD mode to the initial condition, thus

allowing proper ranking of each DMD mode.

Physical interpretation and main applications of the dynamic mode decomposition method can

be gathered from the rich literature appeared on the subject in the last decade, as reported in recent

review works50,51. In the present case, DMD is used to identify the mechanisms at work in the

interaction between the SJ and the BL and the associated coherent structures. A previous work on

the analysis of the transitional BL using DMD can be found in Sayadi et al. 52 , where a reduced-

order model of the late stages of H-type/K-type transition is developed. In this context, DMD

allowed them to assess the contribution of the global frequencies of the flow to the Reynolds stress

production. Similar to their study, the present work exploits DMD to investigate the development

of the perturbation energy along the streamwise direction, and its distribution between the forcing

frequency (which is expected to dominate on the other modes, at least in the near-field region) and

higher frequency coherent structures, whose streamwise energy growth would be a strong evidence

of the transition process.

A. Reference case

The DMD analysis has been carried out using a total number of 80 snapshots for case S1,

extracted from the last 5 cycles of the simulation. Such a choice is dictated by the need of obtaining

both the modes associated to the fundamental hairpin frequency (which is the actuation one) and

the main harmonics; on the other hand, the relatively small number of snapshots is justified by

the limit-cycle flow behaviour. The DMD spectrum and the DMD weights are shown in figure

20 (left) and (right), respectively: it is noteworthy that all the DMD modes are characterized by

|µi| ≤ 1.

The DMD spectrum is composed by pairs of complex conjugate modes; their frequencies are

multiples of the actuation one. It is observed that the highest perturbation energy is found for the

DMD at the forcing frequency F+ = 1. The amplitudes of the DMD modes at higher frequency

monotonically diminish for increasing F+. The description of the spectrum is completed by a set
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FIG. 20. DMD velocity spectrum (left) and associated weights of the modes with |µi| > 0.99 (right).

Reference case S1. In both figures, DMD modes are coloured according to their weight α .
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FIG. 21. Real part of the streamwise velocity perturbation u′i of the leading DMD velocity modes: iso-

surfaces of the streamwise velocity perturbation (±2.5% of maximum velocity perturbation amplitude).

F+ = 1 (a), F+ = 2 (b), F+ = 3 (c), F+ = 4 (d). Reference case S1.

of decaying eigenvalues, possibly depending on incomplete fulfillment of limit-cycle behaviour.

These modes (not shown herein) are mainly clustered at the streamwise end of the domain and

their amplitude is relatively weak.

The spatial shapes of the leading eigenmodes (F+ = 1,2,3,4) are reported in figure 21, in terms

of their streamwise velocity: only varicose modes are retrieved from DMD, in accordance with

instantaneous flow features in figure 3 . Each mode is characterized by own different streamwise

and spanwise wavelengths, which are smaller for high-frequency modes. Whereas low-frequency

modes exist across the entire streamwise extension of the domain, the high-frequency ones become

relevant mainly in the transition region, being basically invisible at the jet exit.
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FIG. 22. Streamwise distribution of the integrated DMD fluctuation energy along the streamwise domain.

The integrated fluctuation energy K is reported as a thin dash-dotted line. Note that each KDMD
int,i distribution

is multiplied by 2 as DMD modes are organized in pairs. Reference case S1.

The relative importance of each mode at a fixed streamwise station on the total fluctuation

energy can be inspected by means of the integrated DMD perturbation energy, defined as

KDMD
int,i (x) =

α2
i

2U2
∞

∫ 1/2

−1/2

∫ η∗

0
(u′iu

′∗
i + v′iv

′∗
i +w′

iw
′∗
i )dηdz, (16)

which basically gives the fraction of the fluctuation energy at a certain x location carried by the

i-th mode. In equation (16) u′i,v
′
i,w

′
i are the velocity components of the i−th DMD mode and

(·)∗ is used for complex conjugation. As depicted in figure 22, the contribution of the leading

mode F+ = 1 overwhelms the others along the transition region, whereas all modes are relevant

for x/D > 20. This finding is in good agreement with streamwise velocity spectra, collected at

three different locations along the streamwise axis for a fixed height (y ≈ δ ∗
0 /2), shown in Fig. 23.

Indeed, at the jet exit station the peak associated with F+ = 1 is at least one order of magnitude

bigger than the others; differently, all peaks have similar importance at x/D = 30.

B. Effect of reduced frequency

The effect of the reduced frequency F+
j on the streamwise development of the perturbation

energy is investigated in figure 24. As for the reference case S1, also for cases S3 and S4 the

largest DMD amplitudes are retrieved for the modes at the forcing frequency (which are denoted

with filled symbols in figure 24). In particular, the DMD eigenvalue at the actuation frequency for

case S3 has the largest amplitude among all modes. This finding is consistent with the fact that

case S3 has the largest integrated perturbation energy Kint , as clearly shown in figure 12 (c).

Figure 25 reports the streamwise distributions of the previously defined DMD modal energy.

As for the instantaneous flow motions represented in section IV A, all modes are characterized by
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FIG. 23. Streamwise velocity frequency spectra at different streamwise positions along the symmetry plane

(x/D,y/D): from top to bottom (a) (0,0.125),(b) (10,0.125),(c) (30,0.125). Reference case S1.

0 1 2 3 4 5 6 7 8

100

101

102

F+

α

S1

S3

S4

FIG. 24. DMD weights of the modes with |µi| > 0.99. Reference case S1 (black circles); case S3 (blue

squares); case S4 (green triangles). DMD weights associated to the actuation frequency are represented

with filled symbols.

a varicose structure. The largest structures (in terms of streamwise wavelength) are observed for

case S1, which is also characterized by the largest spanwise width for small x/D; however, all

modes have roughly the same width at x/D = 30. This fact can be explained by the delayed spread

of the flow for Cases S3 and S4: in particular, a closer look to figure 26 (c) reveals that the leading

mode of Case S4 starts spreading only for x/D ≥ 15, in contrast to the leading modes of Cases S1
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FIG. 25. Streamwise distribution of the integrated DMD fluctuation energy. (top) DMD mode associated to

actuation frequency F+ = F+
j ; (bottom) DMD mode at F+ = 2F+

j . Colours are as in table I.
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FIG. 26. Real part of the streamwise velocity perturbation u′i of the leading DMD mode for cases S1

(a), S3 (b) and S4 (c): isosurfaces of the streamwise velocity perturbation (±2.5% of maximum velocity

perturbation amplitude).

and S3.

The distributions of the perturbation energy can shed light on the different transition behaviour

as F+
j is changed. Case S3 is characterized by the largest values of KDMD

int along the entire domain,

both for the leading mode and the first harmonic. As the leading modes of Cases S1 and S3 have

roughly the same integrated energy at x/D = 0, this means that for F+
j = 2 the jet perturbation is

best amplified along its motion. Again, this fact explains why Case S3 is characterized by largest

integrated perturbation energy Kint and earliest transition onset among all cases under scrutiny.
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FIG. 27. DMD weights of the modes with |µi| > 0.99. Reference case S1 (black circles); case S7 (red

squares); case S8 (light blue triangles). DMD weights associated to the actuation frequency are represented

with filled symbols.

C. Effect of momentum coefficient

The effect of the momentum coefficient Cµ on the controlled flow field is clearly outlined by

figure 27, which reports the DMD weights for cases S1, S7, S8. Cases S1 and S8 share the same

αi distributions, with minor differences depending on the amount of perturbation energy initially

imparted by the synthetic jet. On the contrary, the case S7 is characterized by strong reduction in

the DMD weights, with high-frequency modes basically irrelevant with respect to the main one.

The different behaviour of these cases can be explained by analyzing the streamwise distribu-

tions of the perturbation energy at each frequency, reported in figure 28. The perturbation energy

of the leading mode (F+ = 1) for case S7 initially increases, then peaks at x/D ≈ 10 and eventu-

ally decreases to smaller values. Similar trends can be found for the high-frequency modes, with

different values of the streamwise peak (x/D ≈ 7 and x/D ≈ 20 for F+ = 2 and F+ = 4). Again,

this fact suggest the existence of a critical value of Cµ between 0.0026 and 0.0059 for successful

tripping.

The decreasing behaviour of the perturbation energy is consistent with the streamwise velocity

spectra in figure 29, which shows monotonic decrease of the velocity spectra along the stream-

wise domain for all frequencies. The velocity spectra collected at the farthest locations are still

composed of several peaks (corresponding to the actuation frequency and its multiples), but their

intensity decays while moving downstream, and no energy is associated to higher frequencies.

These findings give evidence of both the laminar nature of the flow throughout the entire domain

and the dissipation of the hairpin vortices in the streamwise direction.
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FIG. 28. Streamwise distribution of the integrated DMD fluctuation energy. From top to bottom: DMD

modes at F+ = F+
j = 1; F+ = 2; F+ = 4. Colours are as in table I.

VI. DISCUSSION AND CONCLUDING REMARKS

The effect of a low-speed synthetic jet on the transitional development of a laminar boundary

layer is investigated using direct numerical simulations of the controlled flow field. The influ-

ence of the main non-dimensional parameters, namely the momentum coefficient and the reduced

frequency is analyzed. The considered range of variation for F+ includes both the temporal fre-

quency of the most spatially amplified TS wave and the characteristic frequency of a low-speed

continuous jet in crossflow at the same boundary layer conditions. As clearly demonstrated by

the present study, neither phenomena play any role on the bypass transition induced by the jet/BL

interaction. Notably, the reduced frequency which allows fastest flow transition falls within these

two reference frequencies.

Skin friction coefficient distributions are compared to analyze the transition onset, while the

strength of the time-averaged streaky structures generated at the SJ orifice is investigated to shed

light on the mean flow departure from the uncontrolled flow. It is important to note that the

high-fidelity simulations proposed in the present work are the only way to reliably estimate the

transitional flow behaviour, whereas other computational solutions would fail in predicting the
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FIG. 29. Streamwise velocity frequency spectra at different streamwise positions along the symmetry plane

(x/D,y/D): from top to bottom (a) (0,0.125),(b) (10,0.125),(c) (30,0.125). Case S7 (Cµ = 0.0026).

correct transition onset and perturbation energy growth. In this respect, the present results can be

used to calibrate simpler numerical models, not based on DNS, with reduced computational cost.

Finally, flow unsteadiness is analyzed by means of the definition of an integrated perturbation

amplitude first, and then by means of DMD and velocity spectra.

A first result of the analysis is the striking similarity between the present case and the boundary

layer transition induced by passive roughness elements. The flow field topology generated by the

jet-boundary layer interaction for successful control cases fairly resembles the unsteady flow field

downstream of an isolated cylindrical roughness immersed in a boundary layer flow. Likewise,

the time-averaged flow topology is similar to the ones generated by other passive tripping devices,

which are generally dominated by a streaky structure. Of course, the strength and the number

of the vortical structures leading to turbulent transition are found to be strongly dependent on

the momentum coefficient and the reduced frequency. In particular, it is found that forcing the

boundary layer at the Tollmien-Schlichting frequency is not the optimal choice to obtain the fastest

transition route (although it constitutes a decent frequency scale for the present analysis). In fact,
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for the low-speed synthetic jets analyzed in the present work, using F+ = 2− 2.5 would be the

best choice at this aim. Interestingly, these F+ values are also below the typical frequency range

of the global instability of a continuous jet in crossflow53, meaning that neither TS frequency nor

this flow conditions are suitable for synthetic jet actuation.

Synthetic jet actuators can be a flexible and robust way to trip transition, in contrast with passive

devices. In fact, SJ actuators are found to be fairly robust to inlet perturbations, as shown in

section IV C, in contrast with roughness elements, which reveal a relatively wide range of flow

phenomena as the flow parameters are changed29. Moreover, as reported in figure 9, SJ-induced

transition does not feature any wake region, which may trigger nonlinear coupling with external

disturbances leading to control drawback54. The vortical structures generated by SJ actuators

are basically produced by the ingestion/expulsion of flow from the orifice, rather than by global

instability phenomena.

However, the most important aspect of the present parametric study is the definition of stream-

wise and spanwise lengthscales required for flow transition. As reported in the Introduction sec-

tion, a common choice for the application of turbulators in low-Reynolds number flows is to place

them sufficiently upstream of the separation region to be weakened/suppressed. In this respect,

evaluating the streamwise location of transition is of utmost importance, but no information on

this topic can be found in previous literature. The present analysis allows to state that the SJs are

able to create a turbulent wedge, whose spanwise half-width exceeds 2D for x/D = 30 for F+ = 2,

and in which the time-averaged C f meets the turbulent correlation curve in equation (11) about

10D past the jet exit. These results constitute valuable information for the design of a SJ array, as

they also give an ‘ideal’ spanwise spacing between adjacent jets, depending also on the momentum

coefficient.

Besides, concerning the design of the actuator geometry, once both Cµ and F+ are chosen,

lumped element models9 can be used to target those values. It is noteworthy that the present work

is intended to be coupled with a lumped approach for actuator design (indeed, the actuator cavity

is not included with the computational setup), with the present simulations focusing only on the

external flow field, and the latter method used to investigate the role of the actuator geometry on

fixing the correct operation parameters.

Dynamic mode decomposition is also relevant to discuss the mechanisms leading to flow tran-

sition as the operation parameters are changed. In the near field, in all cases fluctuation energy is

basically transported by the mode at the forcing frequency, with all the other modes being much
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less important. However, in the transition region all modes share similar amplitude, as also out-

lined by the velocity Fourier spectra collected along the streamwise direction. This scenario is not

followed by the lowest Cµ case, in which the DMD analysis reveals that all modes initially grow

in energy and then decay due to viscous dissipation (with different peak positions, depending on

the mode frequency).

In principle, the present DMD results can also provide an initial basis for more complex inves-

tigations not included in the present work, based on stability analysis. Resolvent analysis and/or

pseudospectra of the linearized flow operator can be used to theoretically sustain the present re-

sults. Full stability studies of the jet/boundary layer interaction, based on Floquet analyses, can

be also carried out to investigate possible bifurcations which, on account of previous literature,

are apparent for high momentum coefficients6. It is worthwhile remarking that the latter analyses

require huge computational effort; as a consequence the present results can be used to define a

parameter space narrower than the one considered in the present work.

In conclusion, the present analysis shows that low-speed SJ actuators can be used as a reliable

technique to fixate the location of the transition onset on a lifting surface, which is of crucial im-

portance for all those industrial applications in which early transition is desired. More importantly,

using low-speed jets can be beneficial for green technologies, as this operation regime allows low

energy consumption. The present analysis provides an important backbone for more complex

analyses on separated boundary layers and/or more complex shapes of the lifting surface. The def-

inition of the typical transition location and the spanwise growth of the turbulent wedge generated

by the jet can be used to optimally design SJ arrays.
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FIG. 30. Domain dependence analysis: streamwise distribution of the time-averaged friction coefficient

inside the turbulent region (a), streak amplitude (b) and integrated fluctuation energy (c). N = 5 (red dotted

lines), N = 7 (blue dashed lines), N = 9 (black solid lines). Reference case S1.

Appendix A: Assessment of the numerical setup

The choices of the numerical domain and mesh distribution is made using several preliminary

computations. A mesh independence analysis is performed using a p−grid convergence analysis,

namely the polynomial order N of the spectral elements is gradually increased without changing

the element distribution. Grid convergence is evaluated for the time-averaged quantities introduced

in section III: the streak amplitude Aint
st , the spanwise-averaged skin friction coefficient C f ,avg and

the integrated fluctuation energy Kint . Figure 30 shows the results of the analysis, which involves

three different polynomial orders: N = {5,7,9}. Negligible difference in the aforementioned

quantities is found as the polynomial order is changed from 5 to 9. The transition point defined in

section IV oscillates between 17 ≤ xtr/D ≤ 18.5 among the three grids under scrutiny. A summary

of the grid convergence analysis is given in table V.

Another important step in the definition of the numerical setup is the choice of the inlet pipe
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Case N Ndof/106 xtr/D

S1_N5 5 3.6 18.4

S1_N7 7 9.9 17.0

S1_N9 9 21.0 18.0

TABLE V. Summary of the grid independence study. The polynomial order N, the total number of degrees

of freedom Ndof and the transition point location xtr are reported.
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FIG. 31. Domain dependence analysis: time-averaged streamwise distributions of the time-averaged friction

coefficient inside the turbulent region (a), streak amplitude (b) and integrated fluctuation energy (c). H/D =

5 (black solid lines), H/D = 10 (red dashed lines). Reference case S1, N = 5.

length, which could dramatically affect the flow behaviour. The possible influence of the H/D

parameter is scrutinized by means of under-resolved simulations with polynomial order N = 5.

Two simulations with H/D = 5 and H/D = 10 are performed: as demonstrated in figure 31,

negligible difference on the metric functions is obtained by doubling the inlet pipe dimension,

thus corroborating the validity of the present setup.

Finally, the effect of the spanwise width of the numerical domain was examined. Two different
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FIG. 32. Domain dependence analysis: time-averaged streamwise distributions of the time-averaged friction

coefficient inside the turbulent region (a), streak amplitude (b) and integrated fluctuation energy (c). Lz/D=

10 (black solid lines), Lz/D = 20 (red dashed lines). Reference case S1, N = 5.

domains were tested, namely Lz = {10,20}D, on the reference case S1. As clearly shown in figure

32, negligible difference in the streamwise distribution of the metric functions is found between

the two computational domains. As a result, simulations with Lz/D = 10 can be considered as

devoid of spurious effects due to periodicity, and this domain size is selected for the subsequent

simulations.

Appendix B: Jet inlet boundary condition

As mentioned in section II, the Dirichlet boundary condition for the pulsating jet is given by

equation (1), which has been originally obtained as the solution of a more general problem, a

parallel flow within a pipe subject to a periodic pressure difference between its ends43.

A preliminary computation of the inlet pipe only is carried out to ensure that the chosen inlet

condition adequately models a fully-developed flow within an oscillating pipe. An axisymmetric
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simulations of a cylindrical pipe (without any external environment) is performed: the flow is

driven by a sinousoidally-varying plug inflow, whose amplitude Vin and frequency matches the

inflow condition of the reference case (discussed in section III). The velocity on the free end of

the cylindrical pipe is detected at different phases in order to validate the Womersley solution.

A sketch of the domain setup and boundary conditions is depicted in figure 33: the chosen

pipe length is Lp = 10D, whereas the exit velocity profile is collected after the 20th cycle, which

allows to obtain a periodic flow behaviour throughout the whole domain. An excellent agreement

between the analytical solution and the numerical one is obtained, as highlighted in figure 34. This

finding demonstrates that equation (1) can be used as a fully-developed pipe flow axial velocity

profile to be used at the jet lower section (y =−H).

y

r

Vin

Lp

D

FIG. 33. Sketch of the numerical setup for the oscillating pipe flow validation case.

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

−1

0

1

r/D

V
/
V
in suction peak

ejection peak

FIG. 34. Comparison between analytical (solid line) and numerical (open circles) results of the oscillating

pipe flow. Wo = 16.1.
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