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Abstract

We study the multiclass classification problem where the features come from a mixture of time-
homogeneous diffusions. Specifically, the classes are discriminated by their drift functions while the
diffusion coefficient is common to all classes and unknown. In this framework, we build a plug-in
classifier which relies on nonparametric estimators of the drift and diffusion functions. We first
establish the consistency of our classification procedure under mild assumptions and then provide
rates of convergence under different set of assumptions. Finally, a numerical study supports our
theoretical findings.
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1 Introduction

The massive collection of functional data has found many applications in recent years for the modeling
of the joint (time)-evolution of agents — individuals, species, particles — that are represented by some
sets of features — time-varying variables such as geographical positions, population sizes, portfolio
values etc. Examples can be found in mathematical finance (see e.g. El Karoui et al., [1997), biology
(see e.g. [Erban & Chapman) 2009), or physics (see e.g. [Domingo et al., [2020)). This gave rise to an
abundant literature on statistical methods for functional data, (see e.g. Ramsay & Silverman, 2005;
Wang et al., 2016, for a review). Within this context, the study of efficient supervised classification
procedures that are designed to handle temporal data is a major challenge. Indeed, usual learning
algorithms such as random forests, kernel methods or neural networks are not directly tailored to take
into account the temporal dependency of the data. Recently, this question has drawn a lot of attention
(see e.g. [Rossi & Villal 2008} Baillo et al, [2011; Wang et al.l 2020; De Micheaux et all 2021} Kidger
et al., 2021}, and references therein).

In the present paper, we tackle the multiclass classification problem where the features belong to
a particular family of functional data, namely trajectories, whose temporal dynamic is modelled by
stochastic differential equation. In this framework, we propose a nonparametric plug-in type procedure
for such data generated by diffusion processes observed at discrete time. Hence, our work takes place



in the high frequency setup. Let us denote by (X,Y’) a random couple built on a probability space
(Q,]:, IP)(Xy)). The feature X = (X))o is a real-valued diffusion process whose drift coefficient
depends on its associated label Y taking values in ) = {1,---, K}, with K > 2. More precisely,
for each ¢ € ), X is a solution of a stochastic differential equation whose drift function, denoted by
b7, depends on the class ¢. The marginal distribution of X is hence a mixture of distributions of
time-homogeneous diffusion processes. We assume that a learning sample Dy = {((X});ep1], Yi), i =
1,..., N} is provided, composed of N i.i.d. random couples with distribution P(xy). Additionally, in
this paper, the diffusions X; are observed on a subdivision {0,1/n,---,1} of the time interval [0, 1],
for a positive integer n. Since we deal with multiclass classification setting, the statistical goal is then
to build, based on Dy, a classifier g, such that g(X) is a prediction of the associated label Y of a
new path X. Besides, we expect that the empirical classifier mimics the optimal Bayes classifier g*
characterized as

9" (X) € arg;nin Pixyy (9(X) #Y).

Specifically, we propose a classification procedure based on the plug-in principle. In particular, the
construction of our empirical classifier relies on estimators of both drift and diffusion coeflicients. The
performance of a predictor g is assessed through its excess risk P(g(X) #Y) —-P(¢*(X) #Y). In
the finite dimensional classification setup (e.g. X € R?), rates of convergence for plug-in rules are
usually obtained under the strong density assumption (X admits a density which is lower bounded)
as in |Audibert et al.| (2007); Gadat et al.| (2016). However, theoretical properties of plug-in rules in
supervised classification of trajectories are much less studied.

Related works. Up to our knowledge, the work of Cadre (2013) is the first one that tackles the
problem of supervised classification in the stochastic differential equation framework. More precisely,
the author considers the model where X = (Xy)g[o,] is a mixture of two diffusion processes and
provides a classifier based on the empirical risk minimization strategy for which he establishes rates of
convergence. However, the proposed method is not implementable since it involves the minimization
of a non-convex criterion. More recently, |Gadat et al.|(2020), and Denis et al.| (2020)) study plug-in
classifiers for classification of diffusion paths. In |Gadat et al| (2020) the authors propose a plug-in
rule for the binary classification problem where the trajectories are generated by Gaussian processes,
solutions of the white noise model. In this model, the drift function depends on time and on the label
Y, also, the diffusion coefficient is supposed to be constant and known. Within this framework, |(Gadat
et al. (2020) establish the optimality of their classification procedure which reaches the minimax rate
of convergence of order N—%/(25t1) where the drift function is assumed to belong to a Sobolev space
of regularity s > 1. Under an additional margin type assumption, they also derive faster rates of
convergence. Closest to our framework, Denis et al.| (2020) also consider the challenging multiclass
problem where the drift functions are space-dependent. However, the authors consider drift functions
modeled under parametric assumptions, keeping the diffusion coefficient known and constant. They
propose a plug-in classifier for which only consistency is established.

In the present work, we consider a plug-in classifier that relies on nonparametric estimators of the
drift and diffusion coefficients. The literature on this topic is extensive. Usually, the construction
of estimators of drift and diffusion functions relies on the observation of a single path. For instance,
Hoffmann| (1999b)) studies minimax rate of convergence for the estimation of the diffusion coefficient
on a compact interval. For the inference of the drift coefficient, the main references using penalized
contrasts can be found for long time observation with high frequency data in|Hoffmann! (1999a); Comte
et al.| (2007); Comte & Genon-Catalot| (2021). However, since we deal with the multiclass classification
framework, the construction of estimators of both drift and diffusion coefficients is based on the learning
sample Dy which is composed of repeated observations of the process on the fixed time-interval [0, 1].



Recently, Comte & Genon-Catalot| (2020a); Marie & Rosier| (2021]) consider nonparametric procedures
for the estimation of the drift function for continuous observations in the context of 4.i.d. observations
when the horizon time is fixed. Furthermore, towards high-frequency data, |Denis et al. (2021) study
minimum contrast estimator under a [y constraint.

Main contributions. In this paper, we extend the results of Denis et al.| (2020)) and Gadat et al.
(2020) in several directions. In particular, one of the major contribution is to provide, up to our
knowledge, the first study of rates of convergence for plug-in classifier in the mixture model of time-
homogeneous diffusion. Importantly, we highlight that extending the results of |Gadat et al.|(2020) to
diffusion models in which the drift functions are space-dependent and the diffusion coefficient is either
unknown or non-constant add many difficulties. Besides, contrary to Denis et al.|(2020]), we consider
the nonparametric mixture model where both drift and diffusion functions are unknown as well as the
weights of the mixture. Specifically, we build a plug-in classifier that relies on the Girsanov’s theorem
and involves nonparametric estimators of the drift functions b},4 € ), and the diffusion coefficient. The
construction of our estimators is inspired of the ridge estimators provided in |Denis et al.| (2021), and
consists in the minimization of a least-squares type contrast over a finite dimensional subspace under
a lo-constraint. The considered space of approximation is then spanned by the B-spline basis |De Boor
(1978).

One of the main difficulty of the study of statistical properties of the plug-in classifiers in our context
is that it requires deriving rates of convergence for the drift and diffusion coefficients on a non-compact
interval. It hence implies that the strong density assumption does not hold, although, we consider
assumptions that ensure existence of transition density. Notably, our results embed generalization
of the results provided in Denis et al| (2021) for the estimation of non-compactly supported drift
functions for B-spline based estimators, but also exhibit the first result for the estimation of the
diffusion coefficient in the 4.i.d. framework. A salient point of our theoretical findings is obtained
when the diffusion coefficient is constant and known. In this case, by leveraging the results of |Comte
& Genon-Catalot| (2020a), we show that optimal rates for drift estimation can only be achieved on
intervals included in [—C/log(N), C'y/log(N)], with C > 0.

To sum up our results, a first part is dedicated to the consistency of our plug-in classifier which
is obtained under very mild assumptions. In a second part, convergence rates are established in three
particular cases.

(i) When the drift functions are bounded and Lipschitz, and the diffusion coefficient is unknown and
possibly non-constant, we obtain a rate of convergence of order N~/ for the plug-in classifier
(up to a factor of order exp(y/clog(N)), ¢ > 0).

(ii) When the diffusion coefficient is known and constant, and when the drift functions are bounded
and belongs to some Holder space with regularity /3, using some arguments developed in|Comte &
Genon-Catalot| (2020b) and |Comte & Genon-Catalot| (2021]) for the estimation of non-compactly
supported drift functions, together with approximations of the transition density of X (as they
are intractable), we then prove that the plug-in classifier reaches rate of order N —B/(26+1) (up to
a factor of order exp(y/clog(N)), ¢ > 0).

(iii) When the drifts are unbounded but re-entrant and Holder continuous with regularity 3, we obtain
a rate of convergence of order N —36/(426+1)) | Notice that when 8 =1 and d = 1, it corresponds
to the rate found in (Gadat et al.| (2016)).

The proposed plug-in classifier is implemented in the R-package SDEclassif available on github.


https://github.com/Eddymichelella/SDEclassif.git

Outline of the paper. Section [2]is dedicated to presentation of the mathematical framework for
the classification task. Then, the construction of the plug-in classifier is described in Section [3| and its
consistency is established in Section In Sectiong3.3| and [4] we provide rates of convergence of our
plug-in procedure under different assumptions. We perform a numerical experiment that supports our
theoretical results in Section Finally, We provide a discussion in Section [6] and the proofs of our
results are postponed to Section [7}

2 Statistical setting

We consider the multiclass classification problem, where the feature X comes from a mixture of Brow-
nian diffusions with drift. More precisely, the generic data-structure is a couple (X,Y’) where the
label Y takes its values in the set )} := {1,..., K} with distribution denoted by p* = (p], - ,p}%),
and where the process X = (X¢);c[o,1) is defined as the solution of the following stochastic differential
equation

dXt = bik/(Xt)dt + O'*(Xt)th, X() = 0, (].)

where (W;),~, is a standard Brownian motion independent of Y. In the following, we denote by
b* = (b,...,b%) the vector of drift functions. The real-valued functions b}(.), i € Y, and the diffusion
coefficient 0*(.) are assumed to be unknown. We also assume that 0 < p§ = min;cy p;.

In this framework, the objective is to build a classifier g, i.e. a measurable function such that the
value g(X) is a prediction of the associated label Y of X. The accuracy of such classifier g is then
assessed through its misclassification risk, denoted by

R(g) = P(X,Y) (9(X) #Y).

In the following, the set of all classifiers is denoted by G.

The main assumptions considered throughout the paper are presented in Section The defini-
tion and characterization of the optimal classifier w.r.t. the misclassification risk, namely the Bayes
classifier, is provided in Section

2.1 Assumptions

The following assumptions ensure that Equation admits a unique strong solution (see Karatzas &
Shreve, |2014, Theorem 2.9), and that the diffusion process X admits a transition density

px : (t,x) € ([0,1] x R) — px (¢, z),
(see for example Gobet|, [2002]).
Assumption 2.1. (Ellipticity and regularity)

(i) There exists Lo > 0 such that the functions b},i=1,...,K and o* are Lo-Lipschitz:

suglbf(w) = b5 ()| + 0" (x) — 0" (y)| < Lolz — yl, ¥(z,y) € R%.
1€

(ii) There exist real constants o, 0] such that

(iii) o* € C?> (R) and there existy > 0 and ¢ > 0 such that : |o*'(z)|+|o*"(z)| < c(1+ |z|7), Vx € R.



Assumption [2.1] insures that for any integer ¢ > 1, there exists C; > 0 such that

E [ sup | X¢|?| < C.

t€(0,1]

We also assume that the following Novikov’s criterion is fulfilled (Revuz & Yor, 1999, Prop. (1.15) p.
308) .

Assumption 2.2. (Novikov’s condition) For all i € Y, we have

1 1 b*2
E [exp <2/0 01*2 (Xs)d5>] < +o0.

In particular, this assumption allows to apply Girsanov’s theorem that is a key ingredient to derive
a characterization of the Bayes classifier in the next section.

2.2 Bayes Classifier

The Bayes classifier g* is a minimizer of the misclassification risk over G

g* € argmin R(g),
g€eg

and is expressed as
g"(X) € argmax m; (X), with 7 (X) =P (Y =i|X).
(ISN%
The following result of Denis et al.| (2020) provides a closed form of the conditional probabilities 7,
1€ ).
Proposition 2.3. (Denis et al.| |2020) Under Assumptions for alli €Y, we define

1b>!< 1 1b>3<2
FAX)= [ ZL(X)dX,— = | —(X,)ds.
F0) = [ Zegax, 5 [ 25 as

Under Assumptions for each i € Y, the conditional probability 7} is given as follows:
™ (X) = ¢ (F* (X)),

1

where F* = (Ff,..., Fy), and ¢} : (21, , oK) — ZJ#
k

— are the softmaz functions.
—1 ppe’k

The above proposition provides an explicit dependency of the Bayes classifier on the unknown
parameters b*, *, and p*. Hence, it naturally suggests to build plug-in type estimators g of the Bayes
classifier g*, relying on estimators of the unknown parameters. In this way, we aim at building an
empirical classifier whose misclassification risk is closed to the minimum risk which is reached by the

Bayes classifier. The following section is devoted to the presentation of the classification procedure.

3 Classification procedure: a plug-in approach

Let n > 1 be an integer, and A,, = 1/n the time step which defines the regular grid of the observation
time interval [0, 1]. Let us assume now that an observation is a couple (X,Y), with X := (Xxa, )o<k<n
a high frequency sample path coming from (X¢);c[o,1) a solution of Equation , and Y its associated
label. We also introduce, for N > 1, a learning dataset Dy = {(X?,Y}), j € {1,... N}} which consists
of N independent copies of (X,Y). The asymptotic framework is such that N and n tend to infinity.

Based on Dy we build a classification procedure that relies on the result of Proposition Our
classifier uses the knowledge of the class Y} for the path X J, placing our work in the frame of supervised
learning. The procedure is formally described in Section [3.1] and Section while its statistical
properties are provided in Section [3.3]



3.1 Classifier and excess risk

As suggested by Proposition based on Dy, we first build estimators b= (31, ... ,/b\K), and 2 of

b* and ¢o*? respectively. Besides, we consider the empirical estimators of pioi=1,..., K:
XN
Pi= > L=y (2)
j=1

Then, in a second step, we introduce the discretized estimator of F*

n—1 i )
F = (Fy,...,Fg), with F Z 7 XkA (k+1)A_XkA) _77(XkA) (3)
P a2 20
Finally, considering the functions & D (1, xR) & %, we naturally define the resulting
k=1Pk
plug-in classifier g as o
9(X) € argmax 7;(X), with 7(X) = ¢;(F(X)). (4)

i€y
Hereafter, we establish that the consistency of the plug-in classifier § can be obtained through an

empirical distance between estimators B, and 2 and the true functions b*, and o*? respectively. This
distance relies on the empirical norm defined for h: R — R as

n—1
1
i = Ex|y= [n > h2(XkA)] :
=0

We also introduce the general empirical norm ||.||,, which, for any function h, is

n—1

1
B2 :=FEx | =) h3(X )
1A]5 X[n g_o ( m)]

Let us begin with a result which provides a closed formula of the excess risk in multiclass classification.

Proposition 3.1. Let g be a classifier. The following holds

K
R(g) = R(g") =FE | D D |7 (X) = 75 (X)] Lig(x)mjg(x)=1}

i=1 j#i

The proof of this result is omitted and can be found for instance in Denis et al.| (2020). From the
result of Proposition and upper-bounding the indicator function by 1, we take advantage of the
Lipschitz property of the softmax functions (¢});=1,.. k that define the probabilities (7} (X))i=1,.. Kk to

bound the excess risk of an empirical classifier g based on b= (31, ... ,/b\K) and o2 by the respective
risks of estimation of estimators 32 and 02. Let us now announce the main result on the excess risk

of a plug-in type classifier.

Theorem 3.2. Assume N and n fized (and large). Grant Assumptions 2.4 Assume that there
exists byax, 0(2] > 0 such that for all x € R

ngc]b i ()] < bax and 2(z) > od. (5)
S



Then the classifier g defined in Equation satisfies

K
o~ * 1 — 7 * =22 *
E[R(G) — R(¢")] < C ( VA + ——= +E [bumaxo; > > [0 = b ln| +E [057]5% = 0[] | ,
Pov N =1

where C > 0 is a constant which depends on b*, o*, and K.

Theorem [3.2] highlights that the excess risk of the plug-in classifier depends on the discretization
error which is of order A, 1 2, the Lo error of p which is of order N=%/2, and the estimation error
of b and 52 assessed through the empirical norm ||.||,,. Therefore, a straightforward consequence of
Theorem is that consistent estimators of b*, and ¢*? yield the consistency of plug-in classifier g.
Notice that the additional assumption does not require that the true functions b;’s are bounded,
only their estimators should be. For the difference between b and E to remain controlled in the norm
Il ||, it is necessary that the process X rests with high probability in a compact region of R. The next
section is devoted to the construction of consistent estimators of both drift and diffusion coefficients.

3.2 Estimators of drift and diffusion coefficients

In this section, we provide consistent estimators B, and &2, implying the consistency of the associated
plug-in classifier. These estimators are defined as minimum contrast estimators under an [o-constraint
on a finite dimensional vector space spanned by the B-spline basis, but other families of nonparametric
estimators could have been chosen as well. In particular, to ensure statistical guarantees on R, the
considered estimators are built on a large intervals parameterized by the number N of sample paths,
and that tends to the whole real line as N goes to infinity.

3.2.1 Spaces of approximation

Let A, K* >0,and M > 1. Let u = (u_ps,...,ux=+p), a sequence of knots of the compact interval
[—A, A] such that
UfM:"‘:/U/fl:u[)ZiA’ and U :uK*+1:-..:uK*+M:A.
20A
Ve [0,K*], ug=—-A+ o

Let us consider the B-spline basis (B_yy, ..., Bix+4ar) of order M defined by the knots sequence u. For
the construction of the B-spline and its properties, we refer for instance to (Gyorfi et al., 2006). Let us
mention that the considered B-spline functions are nonnegative and M-1 continuously differentiable
on [—A, A] and are zero outside [— A, A]. Besides, for all z € [—A, A], we have that ZZ—_AZ By(x) = 1.
Now, we introduce the space of approximation Sg+ js defined as

K*—1
Skce M = { Z a¢By, ||a||3 < (K* + M)A? log(N)}7 (6)
b=—M

sample and tend to infinity as N — oco. The introduction of the constraint space Sk s is motivated
by two facts. The first one is the following important property of spline approximations, inspired by
the related properties for the Holder functions (see (Gyorfi et al. (2006])):

where ||al|3 = Zg_]\b a? is the usual fo-norm. Note that A can depend on the size N of the learning

Proposition 3.3. Let h be a L-lipschitz function. Then there exists h € Sk+.M, such that
~ A
() — h(a)] < O, Ve [-A, 4]

where C' > 0 depends on L, and M.



The second one is that the set of functions Sk~ ar is a totally bounded class, in the following sense
(Devroye et al., 2013 Chapter ~28) According to Denis et al.| (2021)), for each € € (0,1) and for N large
enough, there exists an e-net S, of Sk« pr w.r.t. to the supremum norm ||.||o such that

~ K*
log (card(55)> < Oy K™ log < 5 ) .

It shows that the complexity of Sk« s given in Equation @ is parametric which is particularly ap-
pealing in order to apply concentration inequalities.

3.2.2 Minimum contrast estimators

In this section, we propose two estimators of b*, and o*? which lead to a plug-in classifier that exhibits
appealing properties. The construction of the estimators b, and 52 relies on the minimization of a least
squares contrast function over the space Si+ pr. They are both based on the observed increments of
the process X.

Estimator of the drift functions. Leti &) and N; := Z;V:1 1 (v;=i} @ random variable of Bino-
mial distribution with parameters (IV, p}). We define the random set Z; := {j, Y; = i}= {i1,...,in,}
and consider the dataset {Xj , ] E IZ-} of size IN; composed of the observations of the class i. Here-
alter, we work conditional on (Lyy,—;,. .., Iy, =), on the event {N; > 1}. Hence, N; is viewed as
a deterministic variable such that IV; > 1 . In this context, we set for all i € ), A = Ay, > 0 and
K* = Ky, > 0 where (Ay,) and (Ky;,) are increasing sequences of N;. The first estimator EZ of b} is
defined as

7 . j 2 . j (X?k—f—l)An - Xian)
bi € ZZ (Zha, = P(XLa,)) nso, with Zfy, = x G
heSicy, 1t JEI k=0 n

Then, to fit the assumption of Theorem rather than b;, we consider its thresholded counterpart
i) = Bil@) N 0y <, gtz + 380 (B (@) An, 108" 2 (N L (oa g2y (8)

Note that the value of the threshold Ay, logl/ 2(]\7 ) corresponds to the bound byay in . Although
this bound depends on N, Theorem can be applied, but to ensure the consistency of the classifier,
we now have to prove that the estimation rate for b; decreases sufficiently fast.

Estimator of the diffusion coefficient. The construction of the estimator of o*2 follows the same
lines. However, since the diffusion coefficient is the same for all classes, we can use the whole dataset
Dy to build its estimator with A = Ay, K* = Ky and (/NlN), (IN(N) are increasing sequences of N.
More precisely, we define

N n—1 9 ' (Xj A _XiA )2
&2 € argmin —ZZ( [N kAn)) , with U,gAn = (k+1) Z LA (9)
hesSg ,Mn =1 k=0 "

Finally, as for the drift estimator we consider the truncated version 52 as

5%() = 6”(2) 1, <52(a)< Ay g2 (N} + AN 10%1/2(N)]1{a2(x)>AN logl/2(n)y T OV Ia2 (@)<ay s (10)
with ay = 1/log(N). Although this constraint does not appear in Theorem |3 . it remains natural
in view of Assumption (ii). We will impose that 62 is bounded by Ay log!/?(N) to derive its
consistency.



3.3 A general consistency result

In this section, we establish the consistency of the empirical classifier based on the estimators presented
in the previous section. We first provide rates of convergence for the estimators of both the drift and
the diffusion coefficients.

Theorem 3.4. Let i € Y, and set Ay, = log?(N;) conditional on the event {N; > 1} and Ay =
log? (N). Assume that Assumptzonsm . are satisfied. Conszdermg the estimator b of b} and

the estimator 5% of o*2 (10)), set Ky, oc (N;log(N;))Y/? for b;, and Ky (N log(N)'/5 for 2. For
N, N; then n large enough, such that A, = O(1/N), we have

b, log! (N e ~ % log*(N 1/5
E|Ibi = bllni] < €1 <g]\§)> . and E[|52 - 0*|,] < G (gj\(;)) ,

where C1,Co > 0 are constants which depend on Lg, po, and K.

Regarding the estimation of the drift functions b, the control of the integrated risk E {HEZ —b; H?m}
is deduced from the control of the empirical risk E [ng — b Hiy Nii|’ defined as

IN; n—1

E |5 — b2 5] = E }jzjb—w xR

=j1 k=0

The link between the two risks is done using concentration arguments.

Several comments can be made about Theorem First, we obtain a general rate of convergence
for the estimation on R for both drift and diffusion coefficient functions under mild assumptions.
This rate is, up to a logarithmic factor, of order N ~1/5 Hence, it extends the result of Theorem
3.3 in |Denis et al. (2021)), where only consistency of drift estimators is obtained. In particular, a
difficulty in establishing the convergence rate on R is to control the exit probabilities from the intervals
(—An,, An,) and (—Ay, Ay), which are provided here by careful estimates for the transition densities
following |Gobet| (2002).

This result together with Theorem yields the consistency of the plug-in classifier

9= U555 (11)

where the unknown parameters are replaced by their estimators in Equation (4). However, application
of Theorem [3.2] requires the consistency of the estimator b; in terms of empirical norm Il and not
in terms of norm ||.||,,;. To circumvent this issue, we can use a change of probability to get rid of the
conditioning on Y = i. For this purpose, we take advantage of Lemma [7.3] and [7.4] to derive precise
control of the transition density of the process X conditioned on Y = ¢, and then to establish the
consistency of the plug-in classifier.

Theorem 3.5. Grant Assumptions . For N large enough, set A, = O(1/N), Ax = log(N)
and Ky = (Nlog(N))Y>. Moreover, for each i € Y, on the event {N; > 1}, Ay, = log(N;) and
Ky, < (N;jlog(N;)Y/2. Then, the classifier § satisfies

E[R(@) - R(g")] — 0.

The consistency of our classification procedure is obtained under very mild assumptions. The study
of the rates of convergence requires more structural assumptions. In the following section, we obtain
rates of convergence of the plug-in classifier under different kind of assumptions.



3.4 General rate of convergence for bounded drift function

In this section, we study the general rate of convergence of the proposed method described in Section[3.1
under the additional assumption that the drift functions of the considered mixture model are bounded.
Note that no additional assumption is made on the diffusion coeflicient.

Let us consider the following assumption.

Assumption 3.6. There exists Cp+ such that

b [|co < Chy.
ma [ o < C

Let 4,5 € Y? with i # j. The following property allows to upper bound the expectation conditional
on {Y =i} by the expectation conditional on {Y = j}. This happens to be the cornerstone to derive
rates of convergence for our procedure.

Proposition 3.7. Under Assumptions and [3.6, we have for all i,j € V? such that i # j,
and N large enough

2 2 A%log(N)

+C

R L] A

~
)

where C,c > 0 depend on Cypx, 01, and og.

< Cexp (M)

n7]

A crucial consequence of this result is that in particular the empirical norms ||.||,, ;, ¢ € Y, are now

n,.’

equivalent up to a factor of order exp ( clog(N )) Notice that for all 1,79 > 0,

log™ (N) = o( exp (W) ), and exp ( clog(N)) =o(N"). (12)

In particular, the factor exp (\/clog(N )) is negligible with respect to any power of N. Therefore,

combining Theorem [3:2] and Proposition we are able to give the rate of convergence for our
procedure (when the drift coefficients are globally Lipschitz and bounded).

Theorem 3.8. Grant Assumptions and . Set Ay = log(N) and Ky o (N log(N))'/5.
Moreover, for each classi € Y, on the event {N; > 1}, Ay, = log(N;) and Ky, o< (N;log(N;))'/®. The
plug-in classifier g given in Equation , provided that A, = O (Nfl) and N large enough, satisfies

E[R(G) - Rig")] < Cexp (V/elog(N) ) N/%,

where C' > 0 depends on Cy+, 01, and og.

Leveraging the result of Theorem and Proposition [3.7], we obtain a rate of convergence which

is of order N~/ up to the extra factor exp (x/clog(N)). Note that the optimal rate of convergence

obtained when the estimation of drift function is done over on a compact set is of order N~1/3 w.r.¢,

|||l rather than N—'/5 (see Denis et al., 2021). Here, this slower rate is mainly due to the fact that
our procedure requires a control of the drift estimators over R.

In the next section, we show that when o* is constant and assumed to be known, we derive faster
rates of convergence. In particular, under Assumption [3.6] we show that our plug-in procedure achieves
a rate of convergence of order N~1/3. Lastly, note that Theorem can be easily extended to higher
order of regularity for the drift functions (e.g. Holder with regularity 8 > 1). In this case, the obtained
rate of convergence is of order N—8/(26+3)
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4 Classifier’s rate of convergence with known diffusion coefficient

In this section, we consider that the diffusion coefficient is known and constant, and we derive faster
rates of convergence of the classification procedure. For sake of simplicity, we choose ¢* = 1. In this
case, our plug-in procedure only involves the estimation of the drift function b. Hence, the plug-in
classifier now writes as g = :q\p,B,r

In order to derive a general rate of convergence as a function of the drift regularity, we consider
the following smoothness assumption [Tsybakov| (2008]), which is a subset of Lipschitz functions.

Assumption 4.1. For alli € Y, b} is Holder with reqularity parameter > 1.

4.1 Rates of convergence for drift estimators

Let ¢ € Y. The study onthe rates of convergence of the estimator 31 relies on the properties of the
matrix Wi, € RENHM)” defined by

n

n—1
1 i i
Uky, = < ZEXD/:i [BE(XkA)BW(XkA)]> : (13)
=0 LOE[-M Ky, —1]

Kn.—1 .
Note that for ¢ € SKNi7M7 t= ZizjﬁM a;B; pru, we have the relation

/
112 = a'Wrey o, with a=(a a,any, 1) -

Let us remind the reader that for a matrix P, the operator norm ||P||op is defined as the square root
of the largest eigenvalue of the matrix P’ P. Besides, if P is symmetric, its norm is equal to its largest
eigenvalue. The matrix ¥ Ky, satisfies the following property.

Lemma 4.2. Conditional on (]l{ylzi}, ooy Lgyy=iy), on the event {N; > 1}, the matrix \IIKNi given in
Equation (13) satisfies

(i) if Kn, > 1, Wk, is invertible,

(ii) under Assumption for N large enough, if Kn, < «/N;, there exists two constants C,c > 0
such that

K, AR, _ K, log(Ny) 2
An exp (6 < ||\I’K}vi||0p < CT exp gA?VZ :

(3

C

%

The proof of is result is relegated in Appendix. A major consequence of Lemma is to give the
order of Ay, w.r.t. N; to obtain optimal rates of convergence for the estimation of the drift function
by. Similar conditions are considered in Comte & Genon-Catalot (2020a).

For fixed n and N; in N*, let us denote

1
< — .
-2

IRII5, v,
Tors, =[] me,
heSKN,L-JM\{O} n
The empirical norms |||, n; and [|k||n,; of any function h € Sk '\ {0} are equivalent on the random
set (0, N, Ky, - More precisely, on Qy, v, k., for all b € Sk m \ {0}, we have

1 3
Sl < IRl N, < 5 1AIG

11



On Q, N, Ky We are able to derive faster rate of convergence of the risk E [H/b\z — i, 12 Ni:| while we

control the probability P (be N; K. ) More precisely, we have the bound

E |l = b,

%szEhm—@MA&Mm%Mxm}+Ehm—@wﬂﬁmmmme]
SE [[[B = bty il v 100, ey, | + 44K 08 (NP (26 16y, ) -

and the probability P (Q% Ni, KN-) satisfies

N;

P (2% x, xy, ) < 20K, + M)exp [ ~C -
KNi

, (14)
Ay,

op
(see proof of Lemma which follows the ideas of |(Comte & Genon-Catalot, 2020b). From Equa-
tion (14) and Lemma , we obtain

¢ < . —( —= .
P (v, ) < 2B+ M) exp ( Ko log V) P < 3AN1‘>> )

Notably, conditional on (1;y,—;,--.,lfyy—;) and on the event {N; > 1}, if Ky, is of order
N/ (@841

; (up to some extra logarithmic factors), and Ay, is chosen such that the upper-bound of

P (sz N;, KN-) is dominated by Ky, /N; as N tends to infinity, then the drift estimator converges as
Ni_w /B . HH?LZ Interestingly, this is the same rate of convergence obtained in (Denis et al.,
2021)) when the estimation of the drift function is performed over a fixed compact interval. From
this remark, if Ky, is of order log_5/2(Ni)Ni1/(25H), and Ay, < 2g%log(]\fi), we deduce from

Equation that there exists a constant C' > 0 such that

P (0% n, xy, ) < 20K, + M)exp (~Clog”2(Ny)),
and the desired result is obtained since N; — oo a.s. as N — oco. Furthermore, the lemma shows that
the order of Ay, is tight. Indeed, for another choice of Ay, such that
An,

[ — +OO,
log(N;) N—eo

then, from Equation , the upper-bound of P (Q% N;, KN-) is of order Ky, since

N; 2
exp <_CKNZ.log(Ni) exp <_3A%V¢>> — 1 a.s. as N — oo,

and the convergence of P (QfL Ni, KN¢> to 0 is no longer guaranteed.

Based on this observation, the next result establishes the rates of convergence for our proposed
drift estimator on the event {NN; > 1}.

Theorem 4.3. Let Assumptions and be satisfied. Let b% ;= bili_ay Ay defined on
the event {N; > 1}. If Ay, < \/%log(Ni), Kn, x (log_g‘/z(Ni)Nil/(wH)), and A, = O (N71).
Then for alli €Y

e|

where C' is a constant which depends on b*.

~

2
. 1Ni>1] < Clogﬁﬁ(N)N—%’/(?b’-l—l)’
n,i
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The above result shows that for a proper choice of Ay, the drift estimators /b\z achieves, up to a
logarithmic factor, the minimax rates of convergence w.r.t. ||.||,,; (see Theorem 4.7 in Denis et all
2021). Notably, Theorem extends results obtained in |Denis et al. (2021) to the estimation of the
drift function on an interval which depends on N.

In Section [4.2] and Section [£.3] we exploit this result to derive rates of convergence for the plug-in
classifier g defined as follows. On the event {min;cy IV; > 1}, we consider the estimators b presented in
Section and define the plug-in classifier g = §§£’1. On the complementary event {min;ey N; < 1},
we simply set g = 1.

4.2 Rates of convergence: bounded drift functions

In this section, we assume that, additionally to o* = 1, Assumption is fulfilled (the drift function
is bounded). Hence, we can use Proposition and apply Theorem to derive rates of convergence
for plug-in estimator g.

Theorem 4.4. Grant Assumptions (5.0, [{-1 Assume that for all i € Y, on the event

(Ni > 1}, An, = /5221 log(N;) and K, o (1og*5/2(Nz-)N}/ (25“)), and A, = O (N~1). Then the

plug-in classifier g = gg | satisfies
E[R(5) — R(g")] < Cexp (/elog(N)) N-#/54),

where C,c > 0 are constants depending on b*, 5, K and pg.

The above theorem shows that the plug-in classifier g achieves faster rates of convergence than in
the case where o is unknown (see Theorem [3.8)). Notably, the obtained rate is of the same order, up to

a factor of order exp («/ clog(N )), than the rates of convergence provided in |Gadat et al.| (2020)) in the

framework of binary classification of functional data where the observation are assumed to come from
a white noise model. In their setting, c* = 1 and the drift functions depend only on the observation
time interval, which is also assumed to be [0,1]. Therefore, our specific setup is more challenging
since the drift functions are space-dependent, which involves to deal with estimation of function on

a non-compact interval. Finally, it is worth noting that, up to exp (\/clog(N )) factor, the rate of

convergence provided in Theorem is the same as the minimax rates in the classical classification
framework where the feature vector X belongs to R and that X admits a lower bounded density [Yang
(1999); |Audibert et al.| (2007).

4.3 Rates of convergence: when the drift functions are re-entrant

In this section, we study performance of the plug-in classifier when the drift functions are not necessarily
bounded. In this context, rates of convergence are obtained under the following assumption.

Assumption 4.5. (re-entrant drift function) For each label i € Y, there exists co > 4 and Ky € R
such that
Vr € R, b(z)r < —coz? + Kp.

An important consequence of this assumption is that there exists C' > 0 (see Proposition 1.1 in
Gobet,, 2002) such that
E [exp(4|X*)] < C, (16)

which yields a better bound on the tail probability P (|X;| > A) for A > 0. It worth noting that
under Assumption [L.5] the drift functions are not bounded. Hence, we can not take advantage of
Proposition [3.7] to derive rates of convergence. Nonetheless, we obtain the following result.
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Theorem 4.6. Grant Assumptions [4.9. Assume that for all i € Y, on the event

{N; > 1}, An, = ,/%log(Ni) and Ky, (log_S/z(Ni)Nil/(wH)), and A, = O (N71). Then, the

plug-in classifier g satisfies
E[R(G) — R(g")] < Clog?+ (N)N—36/4@6+1),

The above theorem shows that the rate of convergence of the plug-in classifier is, up to a logarithmic
factor, of order N —3%/4(28+1) " Therefore, this rate of convergence is slightly slower than the one provided
in Theorem[4.4] It is mainly due to the fact that under Assumption [£.5] Proposition [3.7] does not apply
and then, in view of considered assumptions in Theorem [4.6] we only manage to obtain the following

bound,
2
n,t ’

which is clearly worse than the one obtained in Proposition [3.7} Interestingly, for 5 = 1, we can note
that the rates obtained in Theorem [.0] are of the same order as the rates of convergence established
in|Gadat et al.| (2016)) in the classification setup where the input vector lies in R under the assumption
that X does not fulfil the strong density assumption (e.g. the density of X is not lower bounded).

2
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5 Simulation study

This section is devoted to numerical experiments that support our theoretical findings. A first part
is dedicated to the study of the performance of the plug-in classifier in a setting which meets the
assumptions of Section The considered model is presented in Section [5.1] The implementation
of the proposed procedure is discussed in Section [5.2] while the performances of the plug-in classifier
are given in Section [5.3] Finally, several features of the problem are investigated in Section In
particular, we consider the classical Ornstein-Uhlenbeck model, for which assumptions of Section [3.4]
are not fulfilled.

5.1 Models and simulation setting

We fix K = 3 classes in the following. Note that, we do not consider larger value of K since the
evaluation of the impact of K on the procedure is beyond the scope of this paper. To illustrate the
accuracy of the presented plug-in classifier, we investigate the model described in Table [I, This toy
model, described in Table [T fulfills the assumptions of Section Interestingly, this model allows
evaluating the influence of the distance between the drift functions of each of the three classes, on the
classification problem, through the parameter 6. Indeed,

z’,jIE}gﬁHb? —bjllc =0, where 0 € ©={1/2,3/4,(4+ a)/4,a € [1,12]}.
We investigate the consistency of the empirical classifier using learning samples of size N € {100,1000}
with n € {100,500} (and thus with A, = 1/n). We use the R-package sde (see [lacus, |2009)) to simulate
the solution of the stochastic differential equation corresponding to the chosen model.

Figure |1| displays simulated trajectories from the proposed model. On the left panel (right panel
respectively) the observed learning sample comes from the model with parameter § = 1/2 (0 = 4
respectively) and each class is represented by one color. We can see from Figure [1] that the distance
between the drift functions strongly impacts the dispersion of the trajectories and leads to a more
difficult classification task.
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Performance of the Bayes classifier. We evaluate the performance of the Bayes classifier g* with
respect to four values of parameter 6 (0 € {1/2,3/2,5/2,4}). To this end, we compute its average
error rate over 100 repetitions of the following steps

(i) simulate Dy of size M = 4000 with n = 500;
(ii) based on Dj; compute the misclassification error rate of the discrete counterpart of g*.

Table 2] provides the mean and standard deviation of the misclassification risk. The obtained results
highlight the significant impact of the minimum distance 8, between the drift functions of each class,
on the performance of ¢g*. Indeed, as expected, the Bayes classifier is more accurate on our model when
parameter 6 is large, especially in the case of separable data (6 = 4). On the contrary, the worst case
corresponds to § = 0.5. In this model, the data are highly ambiguous.

5.2 Implementation of the plug-in classifier

Hereafter, we briefly describe the implementation of the proposed plug-in classifier. We first estimate
the drift functions bf, i = 1,2,3. For each ¢ € {1,2,3}, the estimator b; is built on the interval
[—An,, An,]. Since the drifts (and the diffusion) coefficients are bounded, we can use the construction
considered in Section . Therefore, we fix Ay, = log(N), M = 3, and divide the learning sample Dy
into sub-samples va of size N; that contains all diffusion paths belonging to the class ¢. From the
sub-sample Di , we build estimators E)\i, 1=1,2,3.

For the Constructlon of the estimator bz, we have to choose the dimension parameter Ky,. We
follow |Denis et al.|(2021)), and consider an adaptive choice denoted by K N; -

Let us remind the reader that in Denis et al. (2021)), the adaptive dimension K N, is selected such
that K N, is the minimizer of the following penalized contrast

n—1

Y ik — Z{a,)" + peny(K) o, (17)
7=1k=0

N
~ ) 1
Ky, := argmin { — E

Kek Nn

where K € {24, ¢ € [0,5]}, and /I;Z K is the drift estimator built on the approximation subspace Sk .
Besides, pen,(K) = k(K + M)log3(N)/N is the penalty function with x > 0. We fix the parameter
k = 0.1 as recommended in Denis et al. (2021)).

For the estimation of o2, we consider the whole sample Dy and apply the methodology described
in Section [3| with M = 3. We follow the same lines to build an adaptive estimator of ¢2*, and choose
K ~ as the minimizer over K of the following penalized contrast

Ky = argmin ZZ UéA 2 4+ pen, (K) p, (18)
KekK 1 k=0

where G2 is the estimator built on Sk s, and pen,(K) := k(K + M)log®(N)/Nn is the penalty
function, with £ > 0. The value of the tuning parameter « is calibrated through an intensive simulation
study and chosen equal to x = 5.

The function SDEclassif of the R-package SDEclassif, available on github, implements the resulting
plug-in classifier.

5.3 Simulation results

The performance of the plug-in classifier g is evaluated by repeating 100 times the following steps
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1. Simulate learning samples Dy and Dy with N € {100,1000}, N’ = 1000, and n € {100, 500};

2. for each i € {1,2,3}, from the sub-sample D% = {X7 j € T;}, select Ky minimizing and
compute the estimator b, R of b} given in Equation ;

3. from Dy select Ky using Equation (|18)) and compute the estimator 8%( of 0*2 given in ([10));
N
-~ N N N
4. based on Dy compute p = (% > jm1 Ly;=1, + > jm1 Ly;=2, + > im1 ]13/].:3>;

5. based on Dy, compute the error rate of the plug-in classifier § where b= @1 I?N762 [?N,BS I?N>
2

and 02 =52 , and p.
Ky

From these repetitions, we compute the empirical mean and standard deviation of the error rate of g.
The results are given in Table [3]and Figure[2] As expected, from Table [3]and Table 2] we can see that
the error rate of the plug-in classifier g is closed to the error rate of the Bayes classifier. In particular,
for N = 1000, it performs as well as the Bayes classifier. Note that the length of the paths n does not
significantly impact the performance of g. Moreover, from Figure 2| we can make similar comments as
for the Bayes classifier (see Table, in particular, the accuracy of g decreases as parameter 6 increases.

5.4 Ornstein-Uhlenbeck model

In this section, we focus on the influence of the diffusion coefficient ¢* on the performance of our
plug-in procedure. To this end, we consider the Ornstein-Uhlenbeck diffusion model given in Table [0]
where the diffusion coefficient o* is constant. Let us notice also that in this model the drift functions
are unbounded.

We investigate the performance of the plug-in classifier g w.r.t. the level of noise o*. This study is
motivated by the fact that, inherently, the diffusion coefficient impacts the dispersion of the trajectories.
Therefore, it can lead to separable data when ¢* is close to zero, and ambiguous data for large values
of o*. Thus, we evaluate the performance of g for o* = 1/2 which is close enough to zero, and for
larger value o* € {1,3/2}. We first consider the case where o* is unknown. The results are given in
Table [5| and confirm our intuition. The error rate of the plug-in classifiers decreases as o* decreases.

In a second step, we investigate the influence of estimating the coefficient o* in the procedure. To
evaluate this point, we assess the error rate of the plug-in classifier when ¢* = 1 is known. In this case,
we only estimate the drift functions and the weights of mixture pp* to build our predictor. The results
are given in Table[6] First, we can notice that by comparison with results provided in Table 5] there is
almost no impact on the performance of the plug-in classifier when we assume the diffusion coefficient
o* in the Ornstein-Uhlenbeck model to be known or not.

Finally, we also study the influence of parameter Ay on the estimation procedure. Indeed, our
theoretical results indicates that Ay should be of order y/log(N) when ¢* is constant and known,
while Ay = log(N) is recommended when o* is unknown. To this end, we evaluate the error rate of
our procedure for these choices. The results are also provided in Table[6land show that the performance
are almost the same in the two cases.

6 Conclusion and discussion

In this paper, we propose a plug-in classifier for the multiclass classification of trajectories generated by
a mixture of diffusion processes whose drift functions b;, ¢ € )V and diffusion coefficient o* are assumed
to be unknown. In the considered model, each class i is characterized by a drift function, b} whereas
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the diffusion coefficient o* is common for all classes. This work extends to the nonparametric case, the
multiclass classification procedure provided in |[Denis et al.| (2020)) where o* = 1 and the drift functions
depend on an unknown parameter 6 € R? Our proposed procedure relies on consistent projection
estimators b;,4 € ) and 72 of the drift and diffusion coefficients on a constrained approximation
subspace spanned by the spline basis. We establish the consistency, w.r.t. the excess risk, of our
procedure and then studied its rate of convergence under different kind of assumptions. In particular,
we show that the proposed plug-in classifier reaches a rate of convergence of order N~1/5 (up to a factor
of order exp(y/clog(N))) when b*, ¢*, and p* are unknown. Besides, a numerical study illustrates
the performance of our classification procedure.

In the case where o* = 1, we manage to derive faster rates of convergence. In particular, when the
drift functions are bounded and Holder with regularity 8 > 1, we obtained a rate of order N—#/(26+1)
(up to a factor of order exp(y/clog(N))). Interestingly, this result can be viewed as an extension of
the one obtained in |Gadat et al.| (2020)) to the multiclass mixture model, where the drift functions
are time-dependent. Furthermore, up to exp(y/clog(N)) factor, our rate of convergence matches the
optimal rates of convergence obtained in the univariate setting (e.g. X € R), in /Audibert et al.| (2007).
Finally, for the case of unbounded drift functions, we assume that the drift functions are the re-entrant.
Taking advantage of this property, we establish that our plug-in classifier achieves a rate of convergence
of order N—38/428+1) " For B = 1, this rate of convergence is of the same order as the one obtained
in (Gadat et al.| (2016) for plug-in classifier in the univariate classification setting, when the feature X
does not satisfy the strong density assumption.

A question that can be tackled for future research is the study of the optimality in the minimax
sense of our plug-in procedure. In particular, the adaptivity of estimators of the drift and diffusion
coefficients should be investigated. Furthermore, it might be interesting to consider the margin type
assumption as in (Gadat et al. (2020) to derive faster rates of convergence. Also, following Denis et al.
(2020), it is natural to derive theoretical properties for empirical risk minimization procedure based
on convex losses. Finally, the extension to the high-dimensional setting would require further work. In
particular, the control of the transition densities is different in this setting.

17



Table 1: Drift and diffusion coefficients, depending on 6 € © = {1/2,3/4, (4 + «)/4,« € [1,12].
() 1/4 + (3/4) cos® x
(z) | O[1/4+ (3/4) cos? ]
bi(z) | —0[1/4 + (3/4) cos? x]
)| 0.140.9/V1+2a?

Figure 1: Dispersion of diffusion paths from model given in Table . Left: 0 = 1/2, right: 0 = 4 (blue lines
K =1, purple lines K = 2, green lines K = 3); with N = 100 and n = 100.

Table 2: Classification risks of the Bayes classifier g* w.r.t parameter 6 from learning samples of size N = 4000
with n = 500.

0=1/2 0 =3/2 0 =5/2 g=4
R(g*) | 0.49 (0.01) | 0.36 (0.01) | 0.22 (0.01) | 0.11 (0.01)

7 Proofs

The section is devoted to the proofs of our main results. In order to simplify the notation, we write
A, = A. Besides, C > 0 is a constant which may change from one line to another. When the
dependency on a parameter 6 needs to be highlighted, we write Cp.

7.1 Technical results on the process X

Lemma 7.1. Under Assumption and for all integer ¢ > 1, there exists C* > 0 depending on ¢
such that for all0 < s <t <1,
E|X; — X,|*7 < C*(t — s)7.

The proof of Lemma is provided in Appendix.

For each t € [0,1] and x € R, we denote by px(¢,x) the transition density of the underlying
process X; given the starting point Xy = 0. We also denote by p; x(¢,-) the transition density of
the process driven by the drift function b;. Note that Assumption ensures the existence of the
transition densities. The rest of this section is dedicated to some results on the transition densities
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Table 3: Risks of the plug-in classifier § w.r.t. values of parameter

R n =100 n = 500
R(9)
N =100 N = 1000 N =100 N = 1000
9 =1/2|0.53 (0.05) | 0.50 (0.05) | 0.53 (0.05) | 0.49 (0.05)
9 =3/2]0.39 (0.06) | 0.37 (0.05) | 0.39 (0.05) | 0.36 (0.05)
0=5/2 024 (0.05) | 0.22 (0.04) | 0.25 (0.04) | 0.22 (0.04)
6=4 |0.12 (0.03) | 0.10 (0.03) | 0.11 (0.03) | 0.10 (0.03)
0.5-
0.4 -
Classifiers
Plugln—Spline, N=100
0.3 —4—  PlugIn—Spline, N=1000
0.2-
0.1
0.5 1.0 1.5 2.0 2j5 3.0 3.5 4.0

Figure 2: Risks of the plug-in classifier w.r.t values of the minimum gap 6 between the drift functions

Table 4: Ornstein- Uhlenbeck mizture model with K = 3.

bi(z) | 1—=z
bi(z) | —1—=
bi(x) -z
o*(x) o
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Table 5: Fvolution of the performance of the plug-in classifier g and of g* w.r.t values of the constant diffusion
coefficient o* for N = 100 and n = 100.

R(3) R(g")
o*=1/210.23 (0.04) | 0.21 (0.01)
o* =1 0.44 (0.05) | 0.41 (0.01)
o* =3/2 |0.52 (0.05) | 0.49 (0.01)

Table 6: Risk classification of g when the diffusion o* = 1 is known, and n = 100.
N =100 N = 1000

An = /log(N) | 0.44 (0.05) | 0.41 (0.05)
Ay =1log(N) | 0.43 (0.05) | 0.43 (0.05)

pi,x for i =1,..., K. Nonetheless, since the transition px of the process X writes as

K
bx = Z p:pi,Xa
=1
all these results apply also for px. The following proposition is provided in |Gobet| (2002) (Proposition
1.2).

Proposition 7.2. Under Assumptions and 2.3, there exist constants ¢ > 1, C' > 1 such that for
alte (0,1, z€eR, andi=1,..., K

! e < ch) < (t,z) < ¢ e ( x2>
——exp | —c— i , ) < —exp|—— ).
Vi p 7 > Pix NG p o

From this result, we can deduce an evaluation of the probability of the process to exit a compact
set. This is the purpose of the next result.

Lemma 7.3. Under Assumption [2.1] and[2.3, there exist Cy,Cq > 0 such that for all A > 0

sup P (|X¢| > A4) < ﬁGXP(—CEAz)-
te(0,1] A

Proof. Let A > 0, we have for t € (0,1],

+oo +oo
P(| Xy > A) = / px(t,x)dz —i—/ px (t, —z)dz.
A A

From Proposition we then deduce that

+o0 2 2
(|Xt| >A <C\/>/ CQjeXp <—CJ;> d:CS C:?l/gexp <_&j> .

From the above inequality, and using that ¢ € (0, 1], we deduce the result. O
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Lemma 7.4. Under Assumption there exist Cy,C1, and Cs, such that for i = 1,..., K, for
€ [—A, A], we have

n—1

1
4 exp( C2A2 szx (kA x) < Cy.
gyt

Proof of Lemma[7.4) Forie {1,...,K}, for all z € R, we have from Proposition

1 o C 1

N pixkA )< =Y = Y < N

n A S AR T VR S VR S VR VR
Since the function z +— ﬁ is decreasing over [1, +00], we deduce from Equation that

pr (kA, ) Cvn
'LX
\/>

which gives the upper bound. For the lower bound, we observe from Proposition that for k& €
[1,n —1], and z € R,

< CO)

cx? C cr?
< < 2
Cexp< k:A) mexp( kA) pi(EA, x). (20)

Ccx

Since g : (s,z) — exp (—;) is strictly increasing in s over (0, 1], we obtain for k € [1,n — 1],

/:; s Z/ o528 2) + g(0,2) — ok ) s < L5 e (ix)

Hence, we deduce that for n > 3, and = € [—A, A]

1 1 el cx?
— —_ 2 n il _
5 exp(—2cA”) < ﬁ g(s,x)ds < . Zexp < kA) :

For the first lower bound, we use that g(s,x) > e 24 for z € [-A, A] and s > 1/2, and that the
length of [1/2, (n — 1)/n] is larger than 1/6 for n > 3. This explains our choice of integration interval
in the middle term of the above inequalities. Finally, gathering this bound with Equation , leads

to
n—1 n—1
1 9 1 ca? 1
gexp(—QcA ) < - g exp <—m) < - g pi.x (kA x).
k=1 k=1
O

Lemma 7.5. Suppose that o* is a constant. Under Assumption and for all ¢ > 1, there exists
K, > 1 such that for all (t,z) € (0,1] x R,

1 21 » K, z?
<px(t,r) <2 —— .
K/t P ( 2q o2t > spx(t:2) s Vi P ( 2qo*2t

21



Proof of Lemma [7.5. The transition density p% of the process (0 + " Wi)iejo.1) (With a constant
diffusion coefficient ¢*) is given by

% (¢ ) ! L 0o (21)
&) = ——=exp | —5—> |0 —2|" | .
Px V2mo*2t P\ 2072

We are going to demonstrate the inequality for p; x, which is the transition density of X in class
number 7. Indeed, then it will be true for all ¢ € Y and thus for px = py,x. We follow here the
arguments given in the proof of (1.6) in |Gobet| (2002)). Let us denote,

tpx Xs t 2 Xs
Zi,t = exp (/ bl( " )dWS - / bl (*2 )d8> .
o O o O

We have V(t,x) €]0,1] x R,

pix (t, x) = pg{ (tv x)EO [Zi,t‘Xt = .T}],

and ) )
< o [Zfl X :as] 99
pixta) = e il (22)
Then,
1 t X.—z
E[Z X =2] =1 E° | Z; b (X)) —o—p% (t — s, 2) | ds,
(= o) = 14 s [0 20100 et = s.0)
and

1 t
RO [Zijtlyxt _ m} — 14 /0 RO [Zi,slb;‘(Xs)

Xo—o —s,x)|ds
(0. 7) P ’)}d'

o*2(t —s
For all (¢,x) €]0,1] x R, one has :

1 t T X, —x
E[Z: X, =2] =1 E? | Z; bF (X)) ———p% (t — d
2%, = o] =1+ s B | 20100 =it o) s

C ol | Xs — x| (Xs — )2
<1 EO Z; o b5 (X)) ———r _ d
: +pg{(t7$)/0 | Zrs 3 )'<t—s>3/2e"p( 20*2<ts>>] :

C ol . 1 (1—¢e)(Xs —x)?
St /e | Zua D) gy (‘ 202t — 5) ﬂ s

using that ye exp(—ey?/2) <1 for 0 < e < 1. Let ¢,¢’ > 1 be two real numbers such that % +
Using Holder’s inequality, and the Lipschitz property of b*, one has:

—1 t 74 1 X 4 é s — & 2 i
B (2| X =2 <1+ 0 A(EO 275q<z(s—+siq : D (EO [exp <_2(j(2<t—)>>]> b
(23)

P (@)
with e =1 —1/¢'. According to Lemma A.1 in |Gobet| (2002)), one has:

1

Vo> 1, B2, (14 X)) + B [ 27 1+ X)) < o,

2
where C; > 0 is a constant. Thus, it remains to upper bound E° [exp <_2(£36:$—)s))} and then deduce

an upper bound of E° [Z; ¢| X} = x]. For all s < ¢, we have:

V2ro*2sE® [exp <_m>] - /Rexp (-M (z — x)2> exp <—20_£2522> dz.
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It follows that,

(X, —x)? _ Jt—s z?
EY [exp <_20*2(t — S)>] = ;. eXp <_20'*2t> .

Thus, from Equation , we obtain:

1
-1 t (4 _ g)2a ! 2
B [Zo| Xy = a] <14 -2 /( 8)% exp< v >ds
0 q’

- P& (t, ) e 2¢0*%
Ce1¢=1/2d z? qt

s M () [t o]

- P& (t, ) P 2q'o*%t a( ) 0

<14 Ce™! . < z? >
———exp| ———= | .

From the definition of function pg( given in Equation together with relation , we obtain that

Ce1 z?
() <p%ta) [ 14+ 5 ex (—) .
puX( ) _pX( ) ( p())((t, .’E)\/E P 2q/0.*2t

Thus, there exists a constant K, > 1 (ase =1—1/¢' and 1/¢+ 1/¢' = 1) such that,

K 2
V(t,x) €]0,1] x R, p; x(t,z) < 7:exp <_2q’i*2t> , Vg > 1. (24)

Following the same lines, one has

E° [Z‘lyX - x} <1+ <—x2>
it 3 = pg((t’$)\/£ 2q’a*2t :

Also, there exists a constant K, > 1, such that,

1 20 —1 ,
Yt z) €]0,1] x R p; x(t,z) > - Vg > 1. 25
() €01) R pixltn) > o (<50 2) vy )
The final result is deduced from (24]) and (25). O

7.2 Proofs of Section [3
We begin by providing the proof of Theorem [3.2] that relies in part on Proposition [3:1]

Proof of Theorem [3.2. From Proposition we have the following inequality
K
E[R(G) — R(g")] <2 E[[7(X) — = (X)]]. (26)
i=1

We define F the discretized version of F*,

n—1
_ _ - b* A b2
F = (F17 P ,FK), with Fz(X) = <0‘"1‘2 (XkA) (X(k+1)A - XkA) - 50_1*2 (XkA)),
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and for each i € Y, 7 = ¢; (F) the discretized version of 7}, and 7; = qﬁz(ﬁ) From Equation ,
we deduce

K
E[R(g) -R(g")] < 2 (ZE [17:(X) — ma(X)|] + E (|7 (X) — 77 (X)]]
;;1
+ ) E[mf(X) - m (X)|]>
£ A K A )
< 2 E[|G(F(X)) - 6:(F(X)|] + 23 E [|6:(F(X) - au(F ()]
=1 =1
K
+2) E [[6:(F(X)) — ¢i(F*(X))]] . (27)
=1
For the first term of the r.h.s. of the above inequality, we observe that for (x1,...,zx) € RX, and
(i,7) € Y? we have
0 wew) |1
Ops Sy pexplar) |~ 99
Therefore,
fiﬁ[@dﬂxn¢mﬁuwugc&m§§Eumpﬂ]sck%. (28)
=1 k=1 \/N

For the second term of Equation , since the softmax function is 1-Lipschitz, we have for j € ),

sl

Fy(Xx) -

B[, (FC0) - o (FC0)| < 3| 0]
=1

We set £(s) := kA, if s € [kA, (k+ 1)A), for k € [0,n — 1]. We then deduce that
1t b
ds + 2/0 <32 - U*2> (Xes))

Vb o .
52 oz | Kew) o7 (Xo)aWs

Fy(X) —Fi(X)’ < /01 ds

b b ]
<32 - 0*2> (Xe(s)) 03 (X5)

_l’_

)

which implies
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Since for all z, o*(x) > o, and 0 > 09, we get

bi(a) = b; ()| + 0320572 i (@) 62 (@) — 0" (a)

(29)

bi(@) = i (@) + 052052 b (@) [32(w) — 072 (@)

Hence, as l/);(z:) < bmax, and E {supte[oﬂ |bF (Xt)|] < (1, the above inequalities and the Cauchy-Schwarz
inequality yield

Fi(X) — Fi(X)‘ < G0y (bmax

+E[52-o?,).

Therefore, we have,
K
Y E
el
Finally, the last term is bounded as follows. We first observe that for all i € Y
2
_ Vb (Xes) b (XS)
" 2 i \E(s) i \(As *2
E||Fi(X)—-F' (X < 3E — by (Xs)d
|R(X) = Fr0 ] /0 (g*z B~ 72ty ) s
Lo (Xe(s *2 b (X oy \2
+3E/ 12( fs) B2 (X) d8+3E/ 12( fs) 512( D) oo (xds.
0 \0? (X)) 07(X,) 0 \0? (Xge)  07(X)

Using again that ¢*(-) > of, and E [supte[(),l] b7 (X¢) |‘1} < C for ¢ > 1 (by Assumption , the
Cauchy-Schwarz inequality implies

IEUE(X)—E-*(X)‘?]<C (/1 [‘b*(Xg(s))—b;*(Xs)‘Q]ds

/\/ " (Xe(w) — ds+/\/ |0 (Xe)) = 0(X )ﬂd).

Finally, since the functions b}, and ¢* are Lipschitz, we deduce from Lemma that

b — b

1

K
o (F(X)) MF(X))H < Cgos052 Y (bmaXIE +E[5?- 02Hn> . (30)
=1

E||F(X) - FF ()] < G,

which implies together with the fact that the sofmax function is 1-Lipschitz and the Jensen inequality
that

K
D_E[|0:(F(X) = 6" (X)|] < Creg VA, (31)

In view of Equation the combination of Equations , and , and yields the desired
result. O

Proof of Proposition [3.3 We consider h a L-Lipschitz function. We define the spline-approximation

h of h by
K*—1

= Y h(ug)By(z), Yz R
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First, we note that h e Sk+,m. Indeed, since h is L-Lipschitz, there exists C';, > 0 such that for A
large enough,

|h(z)] < Cp(1+ |z|) < CA, Vz e [-A, A].
Therefore, for N large enough, we have
|h(z)] < Alog'/?(N).

Then, we deduce
K*—1

D WP (wg) < (K* + M)A*log(N).
{=—M

For x € [—A, A], there exists 0 < ¢y < K*—1 such that = € [ug,, us,+1). We use the following property
of the B-spline basis

Bf(x):(L if x%[uﬁauéﬁ-M-ﬁ-l)’ EZ_M?aKN—i_M

Hence, for € [ug,, ugy+1), we have By(x) =0 for £ <y — M — 1, and ¢ > ¢y + M. Thus,

K*—1
(@) =n@)| <Y Ih(u) ~ h(@)] Bu(a)
l=—M

Lo
= > |h(w) = h(z)| Bi(x)
t=to—M

< h —h

< L ax | [h(u) = (@)
2L(M +1)A

< L(ufo-‘rl _UZO—M) < ( K* ) ’

which concludes the proof. ]

Proof of Theorem [3.4. The proof is divided in two parts. The first part establishes the rates of con-
vergence of the drift estimators, and the second part is devoted to the study of the rates of convergence
of the diffusion coefficient estimator.

Rates of convergence for drift estimator. Let i € {1,...,K}. We introduce, on the random
event {V; > 1}, and with Ay, = log(XV;), the function,

bi = b?]l(—AN“ANi)'

We recall that N; = Z;V: 1 L{y,;=} is the random number of paths in the class number . For a function
h, we introduce the empirical norm of class ¢ on the event {IN; > 1} as

1 n—1 )
zl,Ni = nN; Z th(lecA)

v jeT; k=0

17

We first observe that

E[E—b;* b — b b; — b}

J=El

Let us work at first on the event {N; > 1}. For all i € ), we define the following conditional expectation

nﬂ{Ni>1}] +E [ n]l{NiSl}:| :

Eil] = Bl T gyvi=iy - Lpya=ip]-

26



We apply Proposition , and Proposition 3.2 of Denis et al.| (2021) on the event {N; > 1} and deduce
that

2 A%, K, A% log(N)
E; | |[b;: — b; < ! e Al 2
[b b MM} C K&_%V N, + (32)

Now, for all i € Y, let us write

2 2
AR R

For he S K, ,M; We denote by h its thresholded counterpart

2
n,N;

’ } . (33)

nvNi

>

() = hC) L ey i< ay, g2y +s8n(h()An; 10g1/2(N)]l{|h(.)|>ANi log!/2(N)}*

We also denote Hey v = {h, h e Sky,,m}- Then, on the event {N; > 1}, we have that

2 2 g I,
Ez|: b; — b; m] —QEi[ b; — b; n,Ni:| < E; Eeszi,M Hh_biHn,i_2Hh_biHn,Ni
_ 9 -
< E Evy_: |g(X) — — x|,
< E; gegsg;’M X|y=i |9(X) NijeZIig( )

with Gy v = {(z1,...,20) = LS |h(ar) — bizk) *he Hicy, m}. For each g € G v and

z € R, we have on the event {N; > 1},

0<g(z) < 4A?Vi log(N).

Furthermore, we have that (see Denis et al., 2021)

12(Kn + M)A2, log(N) ) Vit 3 Kn+M

12(Kn + M) log3(N)

Therefore, we deduce from Lemma A.2 in |Denis et al.| (2021) with ¢ = N , Equa-
tion (32), and Equation (33)), that on the event {N; > 1} with Ay, = log(N;), '
~ 2 log?(N; Ky, log?(N;)log(N)  log?(N;)log?(N) K,
5[5 | <o (o200, [Enlost(N)loa(h) | o) log (M)t ) g
n,i KNZ' Nz Nz

Thus, choosing Ky, o (N;log(N;))'/% and for log(N;) < log(N), we obtain from Equation (34) that
2 1 8/5 N 1 21/5 N

m[ }<C<Og V) | log” "(N) | A, (35)
n,i

Ni2/5 Ni4/5
Using Jensen’s inequality, we have

E[ mll{zvi>1}] < \/E[

~

b; —[_)i

A~

b; — b} b; — b

2 _
niﬂﬂw>14 +”E[H@'—bIHZiHUW>1ﬂ-
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Finally, let us study then the error H@ - beiZ On the event {N; > 1}, we observe with the
Cauchy-Schwarz inequality

n
7 * |2 1 *
16 =07 [[,; = Exjy=i [ni (07 (Xka))* T xa 1> A, 3| ]lY1=iv---a]1YN=z‘]
=1

< C\/ sup Pxjy—; (| X¢| = An,| Tyi=is -, Lyy=i),
te(0,1]

since supe(o 1] B (b7 (X)*] < C. For Ay, = log(¥V;) and from Lemma E we obtain on the event
{Ni > 1}

o= 12, < Coxp (- Zroe) )
which, for N; a.s. large enough yields
o8], < N2

This result leads us to obtain, from Equation , that

log4/5(N) 10g21/10(N)
E [ n7i]1{N¢>l}} <C (E < Nil/s + Ni2/5 Lini>1y
Using Jensen’s inequality, we obtain
1 1/5 1 2/5
E [ 1 Ni>1}} <C (log4/5(N) (E []]VV”D + log?/10( N <IE [J]VV”D + \/Z)
To finish the proof, since for all i € Y, N; ~ B(N,p}) we use Lemma 4.1 in Gyorfi et al.| (2006) to

deduce that
E[1N¢>1] <E|:]1Ni>0:|< 2 < 2
N, - T~ p

s

)

b,

+\/Z>.

b — b}

i N; N = pgN’
and finally, there exists a constant C' > 0 such that
R ] 4 N 1/5
E[m—w 1Wmﬂ§0((ﬁ$)> +VA . (36)
n,t 0

To conclude the proof for the rates of convergence of the drift coefficient, we observe that since b; is
bounded by log®?(N) and SUPye(o,1) E [b7(X¢)?] < +o00, we have for N large enough,

?|

Since N; is distributed according to a Binomial distribution with parameters (N, p¥). We deduce that

p;
1—pf

)

Hence, gathering Equation (36]), Equation and Equation (38)), and choosing A = O(1/N), we

obtain for each label i € ),
el o (5
ni o ist Np;, ‘

e[l -]

b; — b

(2

mn{m}] < 210g%2(N) (B (N; = 0) + P(N; = 1)) (37)

P(N; = 0) = exp (N'log(1 —p;)), P(Ni=1)= exp (N log(1 —p;)). (38)

b; — b b; — b b; — b

, 1Ni>1] +E [

n,i
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Diffusion coefficient: rates of convergence. We estimate the square o*? of the diffusion coeffi-
cient as solution of the following regression model
J J )2
(X(k+1)A B XkA)
A

= U*Q(XiA) + CIZA + Riw (39)

whereCkA—C —|—C —l—CkAWlth

a1 CRVN \ 2 (kDA
Cin =X /k o* (X7) dW! /k o (X])ds

A A
o 9 (k+1)A ' ‘ '
Ga =3 ((k+ DA = 5)o™ (X7) 072 (X]) W]
‘ ) (k+1)A } ‘
=y () [ ot (x2)awd,
kA

and R}, := RIA + RUA + R with,

A

- 9 (k+1)A , (k+1)A , ‘
Rix =X /k (by (X7) — by (Xpa)) ds /k o* (X])aw? |, (41)

L1 e N e ,
Ria =R / B (XDds |, Ria=3x ((k+ DA = s)dy (X{)ds,  (40)
A k A kA

A A

where ¢y = bj0"c* + [0*c* + (¢*)?] o*2. We prove in the sequel that Cii is the error term, and all
the other terms are negligible residuals. We remind the reader that the estimator 52 of ¢*2 is given in
. We rely on the following result:

Lemma 7.6. Under Assumption and for Ax = log(N), the following holds

. : Kylog3(N
EHO’Q—O'*2H2N§3 inf ||h—o*?|2 4 C M+Ai ,
n, hGSRN,]w Nn
where C > 0 is a constant depending on o1, and where

N n-—1

2 2

R D) ULCNE
j 1 k=0

The empirical error of the estimator 2 is given by
~ 2 ~ 2 ~ 2 ~ 2
E|[6? - o*?||) = 2|62 - o2  + [B[[6% = o2 2B |6* - ||} |

Since Ay = log(N), let us define H° as the set of functions h such that there exists a function
h € Sk, m satisfying

_ 1
_ 3/2
h_h(w)]l{mgh(x)glog?’/?(N)}+10g (N 2y 10832 ()} T Tog(N) L
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Using then an e—net H?¢ of H? with € = 12(I~(N+A]<‘,[) logS(N), we finally obtain (see Denis et al.| (2021),

Lemma A.2)

E |32 - U*QHZ R ||5? - U*QHZ,N <E LSGH?IL)U{E | — a*QHi —2E || — U*QHiN}]

Ky log*(N)
<(——=.
<C N
Thus, as A,, = O(1/N),

Knlog’(N)  Kylogh(N) 1
El[32— 02> <3 inf |h—o2|2+C No8 —
3% = ™[5, < pedil o Tt

Ky log*(N)

<3 inf ||h—oc*?|2 +C
<3, _inf A o™+ N

KnM

for N large enough. According to Proposition the bias term satisfies

log?(N
inf ||h— o2 <C OgN(Q ).
€Sk .M K3

Taking Ky = (N log(N))'/® leads to

4 1/5
Bo* - o7, <o ()

This concludes the proof of Theorem O

Proof of Lemma [7.6] . Denote by
N n-—1

'YNn ZZ (U;ﬁA kA)>27
j=1 k=0

the least square contrast appearing in @D For all h € Sk v, we deduce that
YN (@) = n (0%%) < Ao n (h) = 0, n (072). (42)
Using (3 , we have for all h € SK M

Yn,N (R) — ’}/nyN(O'*2) = Hh — o*? Hn,N + 211 (0*2 —h)+ 2V2(0*2 —h)+ 2V3(U*2 —h)+ 2,u(0*2 —h), (43)

where
1 N n—1 ) - 1 N n—1
j=1 k=0 j=1 k=0
we derive from Equations and that for all h € S R M
3
E|[5% - o2 < Lo b= o7+ 2> E [1i(6” - h)] + 2E [u(6 — 1)] . (45)
’ €Ok N .M i1

For all i € {1,2,3} and for all h € § .01 taking the constraints @ into account, one has

Kn—1
E [v; (52— h)] < \2(Bn + M)1og?(N) | 3 E[12(Buara)]. (46)
{=—M
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1. Upper bound of ZKN 'E [V%(BZ,MM)}. According to Equation , we have

where C =X

1

N n—1

Ve e [-M,Ky — 1], vi(Byau) = ZZ eata(X7A)CA

[( (k+DA

2
1 . .
E[GiAlFia] =0 and E{(@ig) m@ L ( /m a?(Xi)ds) < Cot!

]: k=0

. N 2 ‘
U*(Xﬁ)dWﬁ) - k(g-H)A U*Q(Xﬁ)ds} is a martingale satisfying

(k+1)A

with (F})i>0 the natural filtration associated with the Brownian motion W!. We derive that

Kn—-1

{=—M

Ky-1

2
3 e~z 3 2| (S snixtadi)

1 nflKN—l )
1,1
Nn2E Z Z B%,M,u(XI%A) (Ck;A)
k=0{=—M
C
<77
—Nn

where C' is a constant depending on ¢*, for each k € [0,n — 1], ZZ Y BZMU(XkA) < 1 since
SN Boara(XEA) =1 and By pu(Xpa) <1forall 6= M, Ky — 1.

2. Upper bound of ZKN__I E [v3(Bemu)]- Forall k € [0,n— 1] and for all s € [0,1], set £(s) = kA
if s € [kA, (k+ 1)A). We have:

Kn—

1

Z E [VQQ(BK,MJJ)]

{=—M

an 2B
Nn2 ZE

C

Ky—1

Ky-1

(=—M

S an )

n (k+1)A 2
S [ Buan(Xla)(+ DA = 90" (XD (X,
k=0"F

1 2
</0 Braru(Xe(o)(E(s) + A — S)U*I(Xsl)g*z(Xsl)dWs> ]

where the constant C' > 0 depends on the diffusion coefficient.
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3. Upper bound of Zf:N__zvl[ E [V%(BZ,MM)}. We have:

Kn—1 , 4 Kny—1 n—1 (k+1)A . . . 2
> BB = 55 . E (Z / Be,M,u<XkA>b;<Xm>o*<Xs>dws)
(=—M =M k=0 kA

4 Ky-1 1 2
_ 1 * 1 * 1
= NnZ > E </0 B vu (X (5))0y (X 5))0 (Xs)dWS> ]
=M L

S Nt /0 D Biara(Xp WP (X))o (X])ds
(=M

Since for all z € R, bi?(z) < Co(1 + 2?), 0*%(z) < 072 and Supyeo,1] E (|X¢?) < oo, there exists
a constant C' > 0 depending on the upper bound o7 of the diffusion coefficient such that

Kn—1

Z E [VE%(BE,M,U)] S W
l=—M

We finally deduce from Equations and that for all h € Si 3/

(Kn + M)log?(N)
Nn

+2E [pu(c* — h)] . (47)

B =0l <, o lh— oI +o\/
N>

It remains to obtain an upper bound of the term (2 — h). Notice that for @ > 0, 2 and y € R,

2 —27X\/7 <—2+ 2
X a ay .
Y \f (A Yy

Then, for all h € Sf{N A and a > 0,

2 2 2 2 a N n-l . 2
20 (52— ) < 26— 022y + 2 - 022+ SO (BL)
j=1 k=0
We set a = 4 and from Equation we deduce that,
2 (Ky + M)log3(N) 4 = P\ 2
~2 %2 : %202 - J
B - o2 <3, 00 b= o S I (#s)]- a9

E [(RiA)Q] <3 (E [(R;;gﬂ +E [(R{;Z)Q] +E [(Rﬁﬂ) ,

where for all j € [1, N] and k € [0,n — 1], Ri’i, RZ:’Z and Ri’g are given in Equations and .
There exist constants C,Co, C3 > 0 such that
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< C1A?

E -<Ri’i)2- <E (/k(kﬂm b2 (xis) ds> 2 < AE /]IH)A byt (X1, ) ds

[ ia\?] 1 [tDA ) (k+1) y )
E (R,;A) < / ((k+1)A — s) ds/sz E[¢2 (X7)]ds < oA

TIVRCI (kDA (k1A . ? )
E|(RR) | < 5B A/m 13| X1~ x| ds /kA o (XDdW, | | < C5A2.

IN

We deduce from Equation that there exists a constant C' > 0 depending on o] and M such that,

E % - o]} » <3 _inf |h—o®|}+C N 2

Kn,M
This is the announced result. O

Proof of Theorem [3.5. i € Y, define once again E; = E[.|1y;,...,Ly,—;]. On the event {N; > 1},
we have for all 4; >0

~ 2 1 2
Ez|: b; — b; :| = — (szA _b XkA))
n n
k=0
1 n—1 2
= Ei|- (z Xia) = b ( XkA)) ]l{XkA|§Ai}]
k=0
1n—1 = 2
E: [~ 3 (B Xka) 6 (Xua)) ﬂ{lkam}] : (49)
k=0

We bound each term of the r.h.s. of the above inequality. From Lemma [7.3, and Cauchy-Schwarz
Inequality, under Assumption we have for the second term of ,

< Cy/exp (—CA2). (50)

n—1
L > (E—(Xm) - b?‘(XkA))z L xial>A0)

n
k=0

For the first term of ( @, we observe that

l z_: ( (Xka) — b (XkA))21{|XkA|<Az‘}‘DN] = /_j; </b\z(x) - b:(x)>2 <i§p(/ﬂA,$)> dx

E;

n
k=0

For A; = (log(N;))'/* and from Lemma. we then deduce that

n—1
1 o~ . 2
E =3 (bi(Xpa) = b (Xpa)) ]1N1->1]1{|XM|SA1-}|DN]

n
k=0

|
—

n

~ 2
(Bi(Xka) = B (Xka) ) W i<ay DY =i

1
n

< 01602\/10g(N)E [

i

0

< 01602\/10g(N)E |: Al

2 :|
n,i
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From the above key equation, Equation (49)), Equation (50]), and Theorem we deduce,
2 1 N 4N\ 1/5

E [ } <c (exp (Ca/1og(N)) ( Ogj(v ) ) +E [exp(—C/log(Ni)) Ly>1 | | -
n

Since exp(—Ca4/log(N;))1n,>1 — 0 a.s. as N — oo, and exp(—Cay/log(N;)) < 1 for almost all
N; > 1, the theorem of dominated convergence implies

E [exp(—Cm/log(Ni))]lel} — 0 as N — oo.
Besides from Theorem we also have

o 4N 1/5
B (lo” - o] < (55 )

b; — b

Therefore, applying Theorem with bpax = log(N)3/2, oy 2 —1og(N), we get the desired result. [

Proof of Proposition[3.7 . For all i € Y, let P, = P(.|Y = i) and denote by Py the probability
measure under which the diffusion process X = (X;)¢>0 is solution of dX; = dW; where W is a

Brownian motion under Py. We deduce from the Girsanov’s Theorem (see e.g.|Jacod & Shiryaev, 2013,
Chapter III) that

dP; ¢ I
viey e, Fhin —eo ([ - [ i),
0 0

where (]:g{)te[o,l] is the natural filtration of X. Then, for all i, 7 € ) such that i # j,

dPZ ! * * 1 ! * * 1,J
ve 1) g5l = ex </0 (b7 — b5)(Xs)dXs — 2/0 (b2 —bf)(xs)ds) < Cexp (M;7), (51)

where the constant C' depends on Cp+ given in Assumption [3.6] and
. t
Vigeyiizi MY = [ (6 -5)xaw., te o)
0

~ 2
Then, for all 4,j € Y such that i # j and for all @ > 0, since ||b; — b} < 2A?1og(N), and using
oo

Equation (51)) we have

n—1 n—
B = L e {(@ ) M] = S B [(&- —5;) (kaj]‘i;rfﬁ}
Clilz—ol . 2 k:,o.
< kZOEXY:j [(bz - bf) (Xka) exp (Miiiﬂ
< Cexp(a) b; — b; i +CA? log(N)Ex |y —; [exp (Mi’i) ﬂM,i’i}a}‘
n,j

Using the Cauchy-Schwarz inequality and Lemma 2.1 in Van-de Geer| (1995), there exist constants
C > 0 and ¢ > 0 depending on Cp+ such that,

E [exp (Mti’]) ]lMZ,j>ai| < \/]P’ (Mti’j > a) \/E [exp (2Mf’j -2 (Mi’j7Mi,j>t> exp (2 (M®3, Mi7),)

< C’exp(—a2/20)\/E [exp <2Mti’j -2 (Mi’j,Mi’j>t>]7
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where P (Mt” > a) < exp(—a®/c) (Van-de Geer, 1995) and exp (2 (M*/, M*/) ) < oo a.s since the

drift functions are bounded. Moreover, since (M;”);<; is a martingale and
B [exp (M, M9),)] < o,

according to the Novikov assumption, thus (M%) := {exp (QMti’j -2 <Mi’j, Mi’j>t>} o is a mar-
t

tingale with respect to the natural filtration FM of M?%J (see Proposition 5.8 and Theorem 5.9 in
Le Gall, 2013)). We deduce that for all ¢ € [0, 1],

E [exp (2047 — 2 (M*, M), )| = E [E (£(M™),| )] = E [exp (2M77 — 2 (M9, M), )| = 1.
Thus, for all a > 0, we obtain E [exp (Mti’j) ]lMti,j>a:| < Cexp(—a?/c). Finally, set a = y/clog(N), it
follows that for all ¢, j € ) such that i # j, there exists a constant C' > 0 such that

2 A%log(N)
n,% + ¢ N '

2

b; — b b; — b

< Cexp ( clog(N))

nhj

Proof of Theorem [3.8 . From Theorem and its assumptions, we have

. . 1
E[R(g) — R(g )]§C<\/K+p;§\/ﬁ+E

For all i € Y we obtain from Proposition [3.7| with Ay, = log(N;) < log(N) that there exist constants
C1,c > 0 such that

K
J = nE [
j=1
Then, from Theorem Wit~h Ay, = log(N;), Ky, o (N;log(N;))Y/% on the event {N; > 1} for each

i €Y, and Ay = log(N), Ky o (Nlog(N))'/5 and A = O(1/N), there exist constants Cy, C3 > 0
such that

K
bmaxga2 Z Hbl - b:”n
=1

+E [062”32 - 02*||n]) .

log(N)

E[E-—b;f bi — b

} < O exp< clog(N))E[

n?]

|+

n,t

Vied, E|b — b

1 4N 1/5 1 4N 1/5
< cz(ogN( )) . and E[@® - 0% < c3<°gN< )> .

Finally, by , we deduce that there exist constants C,c > 0 such that

E[R(3) - R(g")] < Cexp (v/elog(N)) N1/

Let us now turn to the proof of Theorem [£.3] We have the following lemma.
Lemma 7.7. Let f > 1 be a real number and suppose that Ky, = O (log_5/2(Ni)Nil/(2ﬁ+1)> with
N; a.s large enough, and Ay, = %log(]\fi). Under Assumption the following holds:

Ky,
P; <Q%’N“KN2‘> s¢ N; '’

where ¢ > 0 is a constant.
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7.3 Proofs of Section [4]

Proof of Theorem [[.3. Note that throughout the proof we work conditional on the random variables
1y,=i, -, 1yy=; and on the event {NN; > 1}, so that N; can be viewed as a deterministic variable.
Then, to alleviate the notations, let use denote

[Pi = P(.|]ly1:i, s ,]lyNzi) and Ei = E[.|]ly1:i, . ,]lyN:i].
For each class 7 € ), the drift function b] is the solution of the following regression model
Z}ZA = b;k(Xl‘iA) + é%A + RiA? ] € Ii7 k € [[O,Tl - 1]]5
where we recall that Z; is the set of indices j such that Y; =4, and

; 1 (k+1)A ) ) i 1 (k+1)A
o (XDAW, Ry =
kA

=X (67 (X2) = b7 (X]5))ds. (52)
kA

We first focus on the error E; [ /b\l — b*ANi,i mNJ for each label ¢ € ). Therefore, we consider the
following decomposition:
E; [ b — by, i ] —E [ b — by, i M] +E { bi —bY i ]14, (53)
| i, el
where
A = Q”vNi:KNi and A} = thi’KNi.
~ 2

bi —b%
’ AN’LJ n7N’i

Equation (D.5), we see that for all h € 'SKNZ-,M and for all a,d > 0, we have on the event A; = Qn7Ni7KNi7

Upper bound of E; [ ]lAi] . From the proof of Proposition 4.4 in Denis et al.| (2021)),

2 4\ ||~ 2 2 4 2
(1— - d) bt |l < (1++d) Hh—sz_J +d sup V2 (t) + aCA,
a i7" lIn,N; a " In,N; {hESKNi,Mynh”n,i:l}
where C' > 0 is a constant and where for all h € SKNZ-7 M,
1 n—1 ] )
v(h) = Nom Z Z h(Xja)Eia- (54)
Y jel k=0
We set a = d = 8, and we obtain,
~ 2 2
* . * 2
E; [ b — bANi,i . ]lAi] < 7h€31}1(1]£i,M h — bANi,i y + 32E; sup v° (h)

{hESKN,lelhIIn,iﬂ}
+32CA.

K, —1 2 Iy —1/2
For h € Sgy v b=,y weBe,mu and [[h]l5; = w \I/KNiw equals to one here, then w = \IIKNZ- u

where the vector u satisfies ||ul|2,xy +m = 1. Finally, one obtains,

Ky, —1 Kn,—1 Ky, —1

h=5 wlBiu= Y u| > [\l;;(}v/fL%Bg,,Mﬂ . (55)
(=—M ’

{=—M O=—M
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For all h € Sk, such that [|h[,; = 1, using Equation and (58], gives

Ky, —1 | N Ky, —1 2
2 . —-1/2
14 (h) - Z wNm Z Z |:\IJKNi :|€/ BZ Mu( kA)€
{=—M j=1k=00=—M
Cauchy-Schwarz inequality together with |lu|ls = 1, produce
KNz_l 1 Nz n—1 KN,L-_l 2
2 —1/2 i s
vi(h) < Z Nyn 4 [\IIKNZ- ]z',e By ma(Xpa) €
—M j=1 k=0 /=M

Finally we obtain,

! i ) Kn,—1 [p—1Kn,—1 2
Ei sup yz(h) S 7Ez — |:\Il[_(1/2:| BZ/,M,U(X]?A){]?A
St N | EM k%Z_M
1 ol Rt ’ 2
~1/2 ; ;
E —M k=0 \0'=—M e

According to Equation and considering the natural filtration (]:t)tZO of the Brownian motion, for
all k € [0,n — 1], we have E; (§,11A|fm) = 0 and

2
) 2 1 ) (k+1)A ] 0_*2
]Ei |:<§,Z€1A) ‘./TkA:| = EE 0—*2 (XllclA) E (/ICA U*(X;’l) |ka < i .

By definition of the Gram matrix Vg, , we deduce that

*2 Ky, =1

0 ~1/2 1i
E; sup v?(h) ]\1sz - Z Z Z [‘I’KN/Z.L,’ZBE’,M,u(XkM

heSk ., mllhlln,i=1 —M k=0 \#'=—M
*2

KNi—l
(71

E, i ] [ [
N Z KN,L' o KN,L- o e KNi o
00 0 =—M

ai? -1
=3 E (e (5, ey, )) -

Besides,
Tr (xl:;(}viq:KN) = Ky, + M.

Thus, finally, there exists a constant C1 > 0 depending on o} and M such that

E; sup V)| <O
heSKNi 7]\/17HhH"l7i:1

Thus, there exists a constant C' > 0 such that,

Ei|:/\z

2 Kn.
h—b, 4+0<J\§YL+A>. (56)

2
Ip, | £ 7 inf
n,N; hGSKN,,JM

*
— by i
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~

*

!

Since for N large enough, using , we have,

2
Upper bound of E [ N Ty ] . Using the Cauchy-Schwarz inequality, we have
n,N; v

~

*

2
N ]lA;:| < (o lOgZ(Ni)Pi < %,NmKN-) :

~

2 ~
o N; <2[[bil|3, + 21674 ll% < 4A%, log(N;) < Colog?(IVy),

where Cy > 0 is a constant. Using Lemma [7.7], we have

Ky,
Pi(AD) = P (2 v, iy, ) S 0 (57)
i i
Then, from Equation , there exists a constant C' > 0 such that
~ 2 Ky,
* 2 N;
E; [ bi — by N ]11\;] < Clog™ (Vi) N, (58)
~ 2

Upper bound of E; [
C > 0 such that

} . From Equations , and , there exists a constant

by —b%
’ ANHZ n,N;

~ 2 . 2 log?(N;) Ky,
E; [||b; —b% . . <7 f h—"b%_ . Cl|l———=+A). 59
2 |: K3 ANZ_”L T],,Nl:| — he«S}}I(lN_JM ANi”L n77,+ < NZ + ( )
~ 2
Upper bound of E; [ bi— b, ] Using Equation , we have
i ln,g
- 2 . 2 7 ~ 2
E; [ bi =y i m] =E; [ bi =y i wi] ” 2E; [ bi = Vay i nN}
~ 2
+2Ei[bi_bzmi MNJ
~ 2 ~ ., 2
< Eq||1bi = bay, nil ” 2E; |||bi =y i N,
2 log?(N;) Ky,
+7 inf b=ty +C<Og(01“+A>
hESKNZ-v]VI 7, N’L
From the proof of Theorem [3.4 we deduce that
~ 2 ~
E; [ bi — by i ] — 2, [ bi —bhy ] < Clog*(N;))Kn, /N,
i inyg 17 In,N;

with C' > 0 a constant depending on pg = mi)l;lp;-k. Besides, since b € X(5, R), we have
1€

An \ 2
inf ||h—0b%_ 2P, <C|=—%) ,
E‘S}}leinH ANi,an,z = KN

i
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where C' > 0 is a constant (see Denis et al., [2021, Lemma D.2). Then it comes that

= 2 A Y | K, log?(V;)
E, <o (4 : Al
[ 7”] =C <<KN1> " N; *

where C' > 0 is a constant depending on 3, A = O(1/N). Since

KNi -0 (log—B/Q(Ni)Nil/(Qﬁ"‘l)) 7

we obtain
28 28

2 __25 _
] < Clog® (N;)N; *7'1 < Clog® (N)N, 7.

i i
n,i

~

J

Using the Jensen’s inequality,

23
’ 25 Tyoq ]\ 24

} < Clog”(N)E [HNMNZ- 2‘*“} < Clog®(N) <E []]V\,“D .
n,. :

~

E |:1Ni>1

*
bi — by, i

Using again Lemma 4.1 from |Gyorfi et al| (2006), we obtain

28
~ 2 1w, 2B+1 _ 2B
E []IN¢>1 bi = by i } < Clog¥(N) (E [V]) < Clog™ (N)N 271,
i n,g i
O
Proof of Theorem [{.4] . For all i € Y, recall that bZN.J- =b1[_ay Ay, Furthermore, set
Ny := IZIél)I}l N;, then Ap, := IZIéi)I]lANi. (60)

We have
E[R(@G) —R(¢")] =E[(1 - R(g")) Lno<1] + E[(R(g) — R(g%)) Lnp>1] -
Then, from Proposition [3.1], we deduce that

K K
E[R@G) —R(g")] < D P(N;<1)+2> E[F(X) =77 (X)] Lng>1]
i=1 i=1
K
< 2KN(1—pg)V T 2 E[F(X) — 7 (X)] Lags1l,
i=1

since g = 1 on the event { Ny < 1}. For all i € ) and on the event { Ny > 1},

mi(X) —m (X)] <

Fi(X) — 7o (X)‘ v

(2

70 (X) = 70| + 171 (X) = mH(X0),

K3 (2

where ﬁ?NO (X) := ¢y <FAN0) and F*% = (FlANO, e ,F;NO) with

n—1
. =A * A *
Viey, F, = Z Dy, i(Xea) (Xk41)a — Xia) — §bA2NO,¢(XkA)-
k=0
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Then, there exists a constant ¢ > 0 such that
X _A
E[R) - R(s")] < 2 (ZE ([7x) =m0 (0| o) + ZE (|
i=1

+e(l —PZS)N/2+2ZEI7_T?(X) —m (X)]-
=1

w0 (X) - 7 (X)| 1N0>1)>

From the proof of Theorem , there exists a constant C; > 0 depending on K, pj; and Cp+ and a
constant Cs > 0 depending on K such that

AN°(X>\ <Ci (1 +ZE [1N0>1

N0y b; — bANZ

ZEVT;(X) — (X)) < CoVA.
=1

Thus, we have

K
E[R(G) —R(g")] < 2C (\}N +ZE [1N0>1 bi

+2KZE[

P

A _
NO E(X)‘ ]lNo>1:|-

For all i € ),

|

-1

)

. B (k+1)A
FM0(X) = F(0)| 1] < [ sy

Z [1N0>1b XkA)]l‘XkA|>ANOi|

Z (Xka)Ing>11 1 x, 01> An, Wik+1)a — Wia) | -
k=

Under Assumption we easily obtain that

n—1 (k+1)A
E | 05 (Xka) Ings 11 x, a5 An, /A bi (Xs)ds| < Cp. SI[IP}P({NO > 1} N {|Xe| > An }),
k=0 k te[o,1

and
2

Cix
> ZE B2 Xk an, | € 2 oup B ({No > 110 {10 > Ao ).
tefo,1
For the last term, consider the natural filtration (F;)¢>0 of the Brownian motion (W;)¢>o. For all
k € [0,n—1], Xia is measurable with respect to Fxa and W41)a — Wia is independent of Fya since
the Brownian motion is an independently increasing process. Consequently, setting,

n—1

D U (Xka) INgs 11 X, a5 Ax, (Wikanya — Wia)|
k=0

Z=EK
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and using the Cauchy Schwarz inequality, we obtain

n—1 2
Z < E <Z b;‘(XkA)]lNO>1]l|XkA|>ANO (W(k+1)A — WkA))
k=0

1/2

1/2

[ n—1
KSE| D b7 (Xkea)bi (Xea)Ing>11 1 x, 0> An, Lixpal>an, (Wiktna = Wea) (Wiernya — Wea)
o f=0

1/2
S{QE [Z b7 (Xka) by (Xea)LNo>11 x, 1> Axy Lxoa > An, Wikt1)a — Wia) Wier)a — Wm)] }
k>4
n—1 1/2
+ {E D B (Xa) N> 11 x5 Ax, (Wikan)a — Wm)zl }
k=0

<11 +T>.

We recall that (F¢)¢>0 is the natural filtration of the Brownian motion (W;)¢>o. Since for all k €
[0,n — 1], Xka is Frxa—measurable, we have

T? <E

k=0

<C. sup P(No > 1,|Xy| > An,)-
te(0,1]

n—1
Z bIZ(XkA)]lNo>1]l|XkA|>AN0E [(W(k+1)A B WkA)2|ka]]

On the other hand, for all k, ¢ € [0,n — 1] such that & > ¢, we remark that

TP <2E [Z b7 (Xa )b} (Xea) LNo>11 x4 15 Ang Lixoa > A, (Wier1)a — Wea)E [Wignya — Wm!]-"m}]
k>4

=0.

Thus, we deduce that

n—1
Z=E Zb:(XkA)1N0>1]l\XkA\>ANO (W(k+1)A — chA) < Cb*\/ Sl[lp]P(No > 1, ‘Xt‘ > ANO)-
k=0 te[o,1

Finally, there exists a constant C' > 0 such that

~

K
1
ER/Q\—RQ* <C|—=+ E|:bi—b* i Ty 1:|+ sup P(Ng > 1,|X¢| > Ap,
R@-RI <0 | 7o+ 3 gl o+ [ POV > LT > A
(61)
From Proposition 3.7 with =1, for all 4,j € ) such that i # j, we have
~ . ~ . log(N

E[ b; _bANO,i nj1N0>1] < Cexp( clog(N))E[ b; _bANO,i MHNO>1] +Cg]§f)' (62)
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Furthermore, for all i € )}, we have

IE[AZ

n,i

,]1N1‘>1:| + ]E |:
n,i

—by. 4l 1
ANO’Z i No>1

*
- bANO ,7: bAN »?

<E |~ b 11N>1] Bl s ({4, 2 1501 > Ao} 01N > 1)
< [~ W] Do | + Cor s SR (1> A b0 > 1)),

te(o, 1]Héz

We deduce from Equations and that there exists a constant C' > 0 depending on Cy+, K and

po such that
]lNi>1:|)

—i—Cexp( clog(N)) supZ]P’ {IX¢| > An, } N {N; > 1}).
te[0,1],=

bAN g

E[R(@) - R(g") <c<¢1ﬁ+exp(m)zxa[

=1

Under the Assumptions of the Proposition and according to Theorem there exist two constants
C1,C5 > 0 such that Vi € ),

E[E

and we deduce from Lemma with ¢ = 3/2, for all ¢ € ), and for all ¢ € [0, 1],

N blei,i ‘]1Ni>1] < O log? (N)N—B/(8+1)

P{[Xe| > An;} 0 {No > 1}) = E[P({|X¢| > An,} 0 {Ni > 1Hlyi=is - - Tyy=i)]

jﬂ~J\/v7;>1 ex 714?\/'2
Ay, P73

K
E[R(G) — R(g*)] < C | exp (2m> N85+ ¢ IS E

=1

< CRE

Thus, we obtain

A3
Iy,>1exp | — 3 u

where C' > 0 is a constant depending on 3, Cp+, K, p§;. Finally, choosing Ay, = 4/ %ﬁl log(NN;) for each

i € Y leads to the attended result applying the Jensen’s inequality together with Lemma 4.1 in |Gyorfi
et al.| (2006). O

Proof of Theorem [{.6 . From Theorem as we assumed o*(.) = 1, the excess risk of g satisfies

%

. i 1 Koo
E[R(G) — R(g )]§C<JZ+M+;E[ b;

K
o n]lel} +3 P < 1)) . (63)
=1

where the constant C' > 0 depends on b* = (b7, --- , b} ) and K. For each i € Y, we have

P(N; < 1) < 2N(1 —py)N 1,
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and

b — b} b; — b,

2
]lNi>1:| + ]E |:
n

2
bZ(]]'[_ANivAN-;]C n ]lNi>1:| :

N; 52

E[ n]lNi>1} g\/E{

Using the Cauchy-Schwarz inequality and Assumption there exists a constant C’ > 0 such that

“|

Thus, for all ¢ € ), we obtain

]

For each label i € Y,

2
bl ay, Ay n]lNi>1} < C'\/tsup P{|X:| > An, } 0 {N; > 1}).

€[0,1]

E |[b; — b b; — b%,

N; -t

2
nw] e ¢ sup PUIX > AnJ N (N > 1)) (64)
n te[0,1]

A 2 ANy 2 21og3(N
E [ bi — by i ]1Ni>1] =FE <]1Ni>1/ (bi - bZNA,z) (Jf)fn,Y(x)de) + ﬂ,
1 n _ANZ- 7 n
where
1 n—1
n = — kA, x).
fny () - ];PY,X( )

From the proof of Lemma under Assumption there exist constants C7,Co > 0 such that on
the event {N; > 1},

Ch 243, Cy 2
Vo€ [—An . A1, foy(z) > _ i > 242 ) as,
v € [=An, ANy fy (@) 2 log(N) P ( 3(1 —log H(NV)) ) ~ log(N) P\ TN ) 48

and from Lemma there exists another constant Cy > 0 such that f,, y(x) < Cj for all x € R. Then
we have

n 2
Vie Y, Vo € [—An,, An,], J;Y((;)) < Cglog(N) exp <3A%V> .

Then, for all i € ), we obtain

~ 2 ANi 2 foy (x 21og® (N
E[ bi —bay i n]lNz->1] <E ]1N¢>1/A (bi _bAN,-ﬂ) () fr,i(2) f7)-/((:c)) + n( !
—AN, n,i
Co 2 ~ . 2 2log3(N)
< @log(N) exp <3A?V> E [ b; — bANi,i iy ]1N¢>1} + —

From Theorem 4.3, Equation and for n o< N, there exists a constant C3 > 0 such that

E|

Using the Markov inequality, for all ¢ € [0, 1], we have

b

)

b; —

2 _ 28
1N¢>1} < Cg\/exp <3A%V> logfP (NN 71 + \/ Sl[lp]P({|Xt| > An, } NA{N; > 1}).
n telo,1

P({|Xe| > An,} N {N; > 1}) =E [P ({exp(4|X[*) > exp(4A43,)} N {N; > 1}[Tyi—i, -+ Tyyy—i)]
<E [exp(4|X;|*)] E [exp(—44% ) 1n,>1] ,
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and since 0*(.) = 1 and under Assumption , there exists a constant C, > 0 such that E [exp(4|X¢|?)] <
C, (according to |Gobet, [2002, Proposition 1.1). Thus, there exists a constant C' > 0 such that

|

From Equations and , we finally obtain

b; — b

1
. 1N¢>1} <C (exp <3A?\,> loggﬂ"'l(N)N_B/(%H)) + CE [exp(—4A?Vi)]lNi>1] . (65)

E[R(G) — R(g*)] < Clog?#+1 (N)N—36/426+1)

with Ay, < 4(%’5;1) log(N;) and C' > 1 a new constant. O
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Appendix

Proof of Lemma [71] Let s,t € [0,1] with s < ¢, and ¢ > 1. By convexity of z + |z]??, we have
t t 29
/ by (Xy)du / o(Xy)dW, .

S S

2q

2q

| X — X % < 22! ( +

Then, from Jensen’s inequality, we have

t t
/ by (Xu)du| < (& — )% / 1B ()2 d,

< Oyt —5)% (1 +E

Hence, under Assumption on function b3,, we deduce that
/ by (X du sup | X% |,
t€(0,1]
and using Burkholder-Davis-Gundy inequality, we obtain
t 2m t m
</ U(Xu)qu> < CpRE [(/ aQ(Xu)du> ] < Cpoi™(t —s)™
S S
From the above equalities, we get
Finally, as the process has finite moments, we obtain that

Ym >0, E

E|X; — X, < Ot — s)4,
where C' is a constant depending on ¢, Lg, and o7. ]

Proof of Lemma . For all i € Y and on the event {N; > 1}, let us consider a vector
T_ppy e ,xKNi_1> e REMHTM guch that xj € [ujrn,uj+m+1) and Bjaru(zj) # 0. Since

[uj+M7uj+M+1) n [uj/+M7uj/+M+l) = () for all jvj/ € {_Ma"' 7KNi - 1} such that J # j,v then
for all j, 5" € {=M,---, Ky, — 1} such that j # j', B, ps,(u)(2;) = 0. Consequently, we obtain:

det ((BZ,M,u(mé’))_Mgg,gngNi_1) = det (diag <B—M,M,u(37M)7 s 7BKNi—1,M,u($KNi—1)))
Ky, —1
H Bﬁ,M,u(xé) ?é 0.

Then, we deduce from Lemma 1 in |Comte & Genon-Catalot| (2020a)), that the matrix g is invert-
ible for all Ky, € Ky,, where the interval [—An,, An,| and the function fr is replaced by fnix—
LSz “o (kA x) with \([~An;, An,] Nsupp(fn)) > 0, X being the Lebesgue measure.

For all w € REN:TM guch that ”w||2,KNi+M = 1, we have:

Kn,—1

’ 2 AN, 2 ha (20) .
w \I]KNiw = thHn = hw(x)fn(x>d$ + n with = E weBe M-
_ANi (=—M

Since o* = 1, according to Lemma [7.5] under Assumption the transition density satisfies:

1 (2q — 1):02) K, < z? )
V(t,x) € (0, 1] xR, exp| ———— | < t,x) < —exp| ——— | where K, >1 and g > 1.
(00) € 0B, oxp (P ) <pran) < Do (-5 q g
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We set ¢ = 3/2, thus, since s — exp (—(2q — 1)x2/2q3) is an increasing function, we have on the
event {N; > 1} and for all x € [-Ap,, An,],

n—1
1 202 n-1)Aa o2r
>
f"(x)—cn;exp< 3kA> 0/ exp( 3s>ds

N 1 [l-27"log™' (Vi) < 2$2) p
> — exp| ——— ) as
C Jictog=1(ny) 3s

- 1 2A2Z
= 2CTlog(V;) P\ 31 —log (V) )

Finally, since there exists a constant C; > 0 such that ||h||* > C’lANiKK,Z_l (see Denis et all 2021,

Lemma 2.6), for all w € REN:TM such that |wll2,kcy,+14 = 1, there exists constants C’,C' > 0 such
that,

C'Ap, 2A%; CAn. < 2
o _CAN : > : 2y ) |
RN 2 T Tog(Ny) p( 3(1—log '(N}) ) = Kn,log(N;) P\ 37N

Furthermore, we set wg = €Ky, —1 € REN M where for all £ € [-M, Ky, — 1],

0 if (#£Ky, —1
[GKNZ.A} = 00Ky, —1 =
1 1 else.

We have,
An; Bk —1,M,u(0)
wé\IjKNin - / B%(N.fl,M,u(x)fn(CC) + =
—Ay, @ n

2 1
_i_i
n

n—1 2
C 1 UKy —1
< . - . 7
<2 \/m‘”‘p ( 3kA ) Bt
CClAN ! o, 1
< Z “5a ) t

k=

2
where ay, = Ay, (Ky, — 2)/ K., HBKNFLM’“H < C1AN KR! (see Denis ef al, 2021, Lemma 2.6)

and Cy > 0 is a constant. Since the function s — exp (—a?vi/ 3s) /4/s is increasing, we deduce that

n—1 n—1

nt Z \/liiA exp (—a?vi/?)kA) <nt Z exp (—a?vi/ii),

k=1 k=1

and for N large enough,

CAn. A% Ky —2)\2 1 C'Ay, A% Ky —2)\2
/\II < i _ 1 [ < 7 _ i 7
HOR RN = TRy exp< 3 Ky, Ta s Ky, 7 3 Ky, ’

where C’ > 0 is a constant and n > N > N;,. O
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Proof of Lemma . Let us remind the reader of the Gram matrix ¥ Ky, given in Equation
forie Y,

1
Nm
where, on the event {N; > 1}, and denoting by Z; := {i1,...,in,} the indices j such that Y; =i,

Uiy, :E[ B’KNZ_BKNi] :E(@Km_),

B_u (Xgl) e ee Bgyo (Xgl)
Boar (X00a) e Bioor (Xis)
BKNi — c RNinX(KNi+M)' (66)
By (XON) U <X0N>
Boar (X208) o e By (X0,4)

The empirical counterpart ¥ is the random matrix given by W Ky, of size (Kn, + M) x (Kn, + M) is
given by

N; n—1
~ 1 1 d i i
Uky, = —NmB/KNiB o b Z > Bu(X\)Be (X)) : (67)
J=1 k=0 00 e[-M,Ky, 1]
We build an orthonormal basis 6 = (0_p, - -, HKNZ-_]-) of the subspace SKNin with respect to the L? in-
ner product (.,.) through the Gram-Schmidt orthogonalization of the spline basis (B_py, - - -, BKNZ-_l)'

Then, we have
Spa’n(BfMa e ,BKNifl) — Span(nga e ’QKNiil) — SKNZ"M7

and the matrix given in Equation is factorized as follows
Bry, = Oky, Riy, (68)

where

Oky, = <(94(XOJ)794(XAJ),... 79€(ana)> > € RNinx (K, +M)
1<j<N;

~M<I<Ky, 1

and R, is an upper triangular matrix of size (K, + M) x (Kn, + M) (see|Leon et all 2013)). Let

@KNi be the Gram matrix under the orthonormal basis § = (6_M, 79KNZ~_1> and given by
1 , ~
@iy, = B | 50k, Oxy, | =E (B, )
where,
N; n—1
S 1 / 1 15 i
(I)KNZ. m Ky, 9PKN, Non Qé(XkA)eé/ (XkA) . (69)
Y7 j=1 k=0

f,ele[*M,KNi 71]



The matrices Vg, and T Ky are respectively linked to the matrices ® Kn, and Kn, through the
following relations

Viy, = R/KNiq)KNiRKNi and (I\IKN,L- = RII{N,L(/I\)KN,L-RKNZ-‘
Since for all h = Ze angMu € SKN M one has

o~ !
A2, = ey and 2, = a'Brcya, with o= (aas, o an 1)
we deduce that
HhH%NZ = w'EI\DKNZ_w and ||h||3” = w’@KNiw, with w = RKNZ@-

Under Assumption we follow the lines of (Comte & Genon-Catalot| (2020b)) Proposition 2.3 and
Lemma 6.2. Then,

2 2 (P
s bl A = sup [ (Brey, — Py, ) ]
—1
€Sk, Millhlln,i weREN M @}{/; w =1
% 2,KN,+J\/[
—-1/2 ~1/2
= sup ' P / (<I>KN —<I>KN,> (I)KN/ u’
T 7

Ky, +M
w€R N |lul|o, Ky, +m=1

1

_ HQ_MQQKNQKJQ—IdKN+MH

Therefore,
Q5 N Koy, = {H(I)f_fiv/f&)KNiq);f}v/f - IdKNz'*MHop > 1/2} .

Then, we apply here Theorem 1 of |Cohen et al.| (2013), it yields

N;
P; (9w, <2(Kn, + M)exp [ —c e , 70
(e, ) < 208+ ) p<1”aKm+megmwvu> (70)

with ¢;/9 = (3log(3/2) — 1)/2 and L(Kn, + M) := sup Zf:]\f_l;; 6?(z) (see Comte & Genon-
:L‘E[*ANi,ANi]
Catalot, [2020b, Lemma 6.2).
For all h = ZZN’; wypfy € Span (9—M, e ’GKNZ-*1> = SKNin’ we have

. ~1/2
||h||2 = HwH%,KNﬁM and ||h||3” =1 implies w = (I)KN/i u where u e RENHM . H“H?,KNﬁM =1.

We deduce that

2 ra—1 o |la—1
sup lh]|* = sup wey u= H(I)KN .
k2 1
heSiy,+r I =1 UERKNiJrM,HUHQ,KN.+M=1 P
1
Ky, —1 .
Furthermore, for all h =%, "™, ~a,B, € Span ( B_ps,- - , By —1) = Sk, ,m, We have on one side
- 1 k2

Hh”%Z =1 implies a = ‘I/I_SV/fu where u € RENTM . ull2,rn, +00 = 1,
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and on the other side, for all h € Sk 4n such that Hh”?ZZ = 1, from Denis et al.| (2021) Lemma 2.6,
there exists a constant C' > 0 such that,

IR < CANZ-KNJHGH;KNﬁM = CANZ-KXI:“/\PI}}VZ.U‘

Then we have a.s

_ CAnp, _ CAN, ||, _
H@K}V_ _ sup Bl < == sup Wi = H‘I’KlN .
illop h€Sky, +m, IR, =1 N UGRKNZ’+M,HUH2,KN+M:1 ' Ni Lhop
(71)
From Equations and , there exists a constant C' > 0 such that
N; KN,
Py (26 n, sy, ) < 20K, + M)exp | ~C i - (72)
AN (K, + M) Wik
illop
We have L(Kn, + M) := [ sup }ZfN_iX/fl 6?(z) and the functions 0, £ = —M,..., Ky, — 1 are
[AS *ANI.,ANZ.
given by
e B
O_n = with f_y=B_um
1f-mll
f (-1
0, = Je with fy, = By — Z (By, Ok) O, £ = -M+1,...,Ky, — 1.
1fel R

Note that for all x € [—An;,, An,], there exists ¢ € [-M, Ky, — 1] such that = € [ug, upy1). Then,
z € [up,upiprq) for all & € [ — M, {] if £ > 0 and ¢ € [-M,{] for £ < —1. Thus, for each
z € [—An,, An,], there exists at most M + 1 spline functions that don’t vanish at z. As a result, we
have on one side,

KNi_l M+1

Ve [_ANNANL']? Z 0?(.%’) = Z 9?3('%')’ (73)
=M j=1

where for all € [-An,, An,], there exists integers ¢, j € [1, M + 1] such that

M+1 M+1

S m [ufjvufj+M+1) and = ¢ [_ANi7ANi]\ ﬂ [ufpu@jJrMJrl)'
j=1 j=1

One the other side, for all £ € [1, Ky, — 1] and for all © € [up, ugspr+1) there exists at most M + 1
integers {1, ..., £¢pr+1 such that

fo(@) =
On(x) = Tpr and fu(@) = Be() - > (B, 04,) 04, ().
j=1
Now we focus on the supremum norm of each basis function 0, { = —M, ..., Ky, — 1. For all each
¢ € [-M, Ky, — 1], since the spline function By is non-zero, positive and continuous on the interval
[we, wespri1), there exists an interval [ay, B7] C [ug, upspr+1) such that ¢ = %nfﬁ ]Bg(x) > 0 where
xE|oy,Dy
(ap — By) o< Ap, /K, since fc’i‘z By(z)dz o< Ay, /Kpy,. Then we have
) Up4 M+1 Be An.
Ve [-M Ky, —1], |B :/ B (x)da > cf/ By(z)dz = Cp e (74)
Up Qyp KNL’
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where the constant Cp > 0 depends on ¢y, = [infﬁ }Bg(&?) > 0. Then, for / = —M, there exists a
TE |0, Pe

constant C_j; such that 62 y (@) < C_p Ky, and for each £ > —M + 1, since the function f, depends
on splines functions B_jy,..., By and only By does not vanish on the interval [ugyns, wespr1), we

obtain that
9 ANi 9 Up4m+1 9
1t = [ @z [ B

L+ M

Moreover, since By is non-zero, positive and continue on the interval [ugyas, uesar4+1), there exists an

interval [ovy, Br] C [wernr, wesnr+1) with (o — Be) o< An, /K, such that ¢y = %nfﬁ }Bg(a:) > 0. Then
xe|oy,Dy
we obtain

5 Be Ap.
[l fell zc@/ Bg(x)dx:C'K—N’, te|-M+1,..., Ky, —1], (75)
ae 7

where C' > 0 is a constant depending on min ¢ > 0. On the other side, for all £ €
€=7M+1,...,KNZ.71

[-M + 1, Ky, — 1] and for all z € [-An;,, An,],

/-1

@) < B+ Y e

R

-1
@) <1+C ) 1f(=)]; (76)
j=—M

where the constant C' > 0 is the upper-bound of (By, f;) /|| fjlI* < || Bell/|| ;| according to Equations
(74) and (75). For £ = —M, we have || f_ar]lc < 00. Let £ € [-M + 1, Ky, — 1]. Assume that the
functions f_ps, ..., fr—1 are all bounded, then by recurrence hypothesis, we have from Equation (76|
that

-1
Ifelloo ST+C > [Ifilloe < oo
j=—M

Thus, we obtain by recurrence that the functions fy, ¢ = —M,..., Ky, — 1 are bounded and finally
conclude from Equation that

Ky, —1

L(Kn, + M) = sup Z 07 (z) < CKy,,
r€[=ANH AN ="

where the constant C' > 0 depends on the spline basis. We deduce from Equation that there exists
a constant C' > 0 such that

N;

-1
\IIKN,

k3

Py (0%, n,1cy, ) < 20K, + M)exp | ~C (77)

A,

op

Furthermore, since Ay, < 1/22’% log(N;), Kn, o log_5/2(N,~)Nl-l/(2B+1) and from Lemma we ob-
tain from Equation ,

Py (26 n, sy, ) < 20K, + M)exp (~Clog”2(Ny)) (78)
where C' > 0 is a new constant depending on Cy, 8 and M. Since N; — oo a.s. as N — 00, one has

exp (log(Ni) - Clogg/z(Ni)> — 0 a.s. as N — oc.
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Then, for N large enough, exp (log(Ni) — Clog3/2(]\7¢)> <1 a.s. and from Equation (78],

<2<KNi+ )< KNi

where the constant ¢ > 0 depends on M.
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