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NORMAL FORMS OF Z-GRADED (-MANIFOLDS
ALEXEI KOTOV, CAMILLE LAURENT-GENGOUX, AND VLADIMIR SALNIKOV

ABSTRACT. Following recent results of A.K. and V.S. on Z-graded manifolds, we give
several local and global normal forms results for Q-structures on those, i.e. for differential
graded manifolds. In particular, we explain in which sense their relevant structures are
concentrated along the zero-locus of their curvatures, especially when the negative-part
is of Koszul-Tate type. We also give a local splitting theorem.

INTRODUCTION

This article is the sequel of [9], that studied normal forms of Z-graded manifolds and
where the analogue of the Batchelor’s theorem has been proven. We now equip a Z-graded
manifold with a degree +1 self-commuting vector field (), thus making it a differential
graded (DG) manifold, also called @-manifold. The purpose of this paper is to provide
several normal form type results in this setting.

The paper is organized as follows. In Section [1, we give some precise definitions and fix
some usual notations related to graded manifolds. Then we proceed with the description
of projective systems of algebras (recapitulated in Appendix , which we specialize to
the Z-graded structure sheaves. Section [2 is devoted to the idea that “outside the zero
locus of their curvatures, (Z*-graded) @-manifolds can be made trivial”. A more precise
statement is that on any open subset where the curvature is different from zero at all
points, the dual Z*-graded Lie oo-algebroid can be chosen to have all k-ary bracket equal
to zero, except for the O-ary bracket, given by the nowhere vanishing curvature.

In section [3| we first recall the standard notion of Koszul-Tate resolution, which are
examples of negatively graded ()-manifolds. Then we construct two structures on the
zero locus {k = 0} of a @-manifold that are independent of a choice of a splitting: a
positively graded @-structure on the zero locus {x = 0} and a negatively graded Q-
manifold. We eventually show that ()-manifolds whose negative part is of Koszul-Tate
type are entirely encoded by this positively graded @-structure on the zero locus.

Last, in section {4 we choose a point in the zero locus, (on which leaves of the anchor
map are well defined) and give a splitting theorem: near a leaf L in the zero locus, a Q-
manifold is the direct product of the standard T[1]L and a transverse ()-manifold. In the
process, we also give some counter-examples to “naive beliefs” about the anchor maps of
a (Q-manifold. We conclude by mentioning some perspectives and potential applications.

Key words and phrases. Z-graded manifolds, dg-manifolds, Q-structures, Lie oco-algebroids, normal
forms, splitting theorems.
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1. NOTATIONS AND PRELIMINARIES

1.1. Z*-graded manifolds. Let us give (recall) the definition of Z*-graded manifolds.
We start with an important definition: a filtration which is used throughout the paper.

Definition 1.1. Let O = @©;cz0; be a Z-graded commutative algebra. We call negative
filtration the filtration

O=FOD>I =F'OD>---DF0O>....
defined by F'O =TI-" for all i € Zsq, where I~" is generated by ®;<_;O;.
This filtration allows to define the graded manifolds we are interested in.

Definition 1.2 ([9]). A Z*-graded manifold is a pair M = (My, O), where My is a
smooth manifold (referred to as base manifold) and O = P;cz0; is a sheaf of Z-graded
commutative algebras (whose sections are referred to as functions), such that each point
of My has a neighborhood U C My over which O(U) is isomorphic to T'(S(®sez-V;)),
where each V; is a graded vector bundle of degree i, and “S” stands for the completion of

['(S(®iez+Vi)) with respect to the negative filtration.

Remark 1.3. This definition is explained in details in [9]: for this paper to be self-
consistent and for further use, we recollect some necessary facts about filtrations and
their completions in what follows and in Appendix [A]

Note that Definition [1.2| potentially allows a function to be a sum of infinitely many terms,
which is also explained in [9]. O

Remark 1.4. We write “Z*-graded” instead of “Z-graded” to insist on the natural as-
sumptions that there are no generators of O of degree 0 which is not a coordinate function
on M,. For instance, Kapranov dg-manifolds [I3], 14] are not Z*-graded manifolds, the
difference is in conventions though.

For Z*-graded manifolds, in contrast to the Zsi-graded or (—Zs;)-graded cases, we do
not have an isomorphism C*°(My) ~ Oy. For instance, the product of a function in O,
with a function in O_, may very well produce a non-zero function: it then belongs to O
but can not be considered as an element in C*°(M,). There is even no canonical inclusion
C>®(My) = Oy, but there is a natural projection Oy — C*(M,), which corresponds to
the inclusion My < M. [

Remark 1.5. A Z*-graded manifold is complete with respect to the topology on O given
by the negative filtration, see [9]. O

Remark 1.6. The negative filtration of O is compatible with the negative filtration of
the symmetric algebras that appear in Definition . Notice that elements in F*O may
be of any degree, although its generators have degree less or equal to —i. Also, notice

According to [9], there are natural sheaves of graded ideals in O:

(1) the ideal Z, generated by @;>10,;.
(2) the ideal Z_ = F'O generated by ®;<_10;.
(3) The ideal T =7, + 7.

Let us consider the quotient of O by these three ideals:
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(1) The quotient (My, O/Z,) is a graded manifold with grading now ranging from 0
to —oo that we call the negative part of (Mg, O).

(2) The quotient (My, O/Z_) is a graded manifold with grading now ranging from 0
to +oo that we call the positive part of (Mg, O).

(3) The quotient (My, O/Z) is simply the smooth manifold M, with its sheaf C*>° (M)
of smooth functions (and, in particular, is concentrated in degree 0).

For i > 0 and j € Z, we denote by (F'O); elements of F'O of degree j. Then, to a
graded manifold M = (My, O), one can associate (canonically) a family (F;);ez- of vector
bundles over My, as follows. The quotient space

7z T
= =~ 9(z)
i€z* i
is a direct sum of projective C'*°(Mjy)-modules, hence by Serre-Swan theorem, there exists
for all 4 € Z* a vector bundle E; such that T'(E*); ~ (Z);/(Z%);. We call E, := @z E;
the canonical graded vector bundle of (My, O).

Theorem 1.7 (Batchelor’s theorem, [9] — Sections 3.3 and 4.2). Let (My, O) be a Z*-
graded manifold with canonical Z*-graded bundle FEo,. There exists an isomorphism of
sheaves (called splitting ):

O~T (S(@iEZ*E;)) .

Here, S again refers to the completion of T (S(®jez-EF)) with respect to the its negative
filtration as in Definition (1.1,

Remark 1.8. Notice that for every splitting, sections of E*, = (E_;)* = (E*); become
functions of degree +: in O. [J

Remark 1.9. Although Batchelor’s theorem claims that splitting exists, there is no
canonical splitting in general. In contrast, the vector bundles (FE;);cz+ defined above
are canonical. []

Once a splitting is chosen, many different notions of “degree” can be defined, beside the
degree that O is equipped with by definition. More precisely, for a section a € T'(E*);,
let us define three different degrees as follows:

. i fors>1 -1 fori <1
deg(a) =1, pol(a) =1, deg,(a) = { 0 otherwi_se, , deg_(a) = { 0 otherwise.

Then these degrees extend by multiplicativity to I'(S(®;ez+ E)). To avoid confusion, the
degree deg will be called the total degree, sometimes referred to as the ghost degree. 1t
coincides with the degree that O is initially equipped with. This degree is responsibleﬂ for
all the commutation relations, i.e. the Koszul sign rule is defined by its reduction modulo
2. The degree deg_ (resp. deg, ) is called the negative degree (resp. positive degree) and
plays an important role. Also,

deg = deg, — deg_.

IWe make this assumption for simplicity of the presentation in this paper, but the constructions work
for a more general convention on the relation of the total degree and the (super) parity.
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Last, pol is the polynomial degree (sometimes referred to as arity) that counts the number
of sections in a product.

Example 1.10. Concretely, for a section of E*, © £} ® E7

the total degree or ghost degree is 5 —4 — 7 = —6;

the negative degree is 4 +7 = +11;

the positive degree is +5;

the polynomial degree is 3 (it is the product of three sections).

O

O O O

Remark 1.11. The negative degree is compatible with the filtration F*O introduced
above in the sense that F'O = {F € O|deg_(F) > i}. O

1.2. @-manifolds. Let us now define ()-manifolds, that is equip a Z*-graded manifold
with a differential structure.

Definition 1.12. A vector field of degree k on a Z*-graded manifold (M, Q) is a degree
k derivation of O.

Vector fields of degree k shall be denoted as X, (O). The graded vector space of all vector

fields:
X.(0) = P xu(0),
kEZ
form a graded Lie algebra when equipped with the graded commutator [, -].

Definition 1.13. A Z*-graded Q-manifold is a triple (My, O, Q), with M = (M,,O) a
Z*-graded manifold and @ a degree +1 vector field which satisfies [Q, Q] = 0.

Since the degree of @ is +1, we have Q[Z,] C Z,, so that @) induces a degree +1 derivation

@~ of the quotient O/Z, which is by definition the sheaf of functions of the negative part
of (My, ©). This allows the following definition.

Definition 1.14. We call the Q-manifold (My, O/Z,,Q~) the negative part of the Q-
manifold (Mo, O, Q).

Remark 1.15. The vector field @~ is C*°(M,)-linear, i.e. it is a vertical vector field. [J

1.3. An algebraic generalization: ()-varieties over a commutative algebra. Let
A be a unital commutative algebra (that may be thought as functions over an affine
variety Xy for instance). Definition admits a generalization: a differential graded
commutative algebra O such that there exist finitely generated projective A-modules
(Vi)ien and a graded algebra isomorphism:

O =~ Sa(@iz1Vi)-
In particular, the following object will be important.
Definition 1.16. Let I C C*(M,) be an ideal. A positively graded variety (resp. Q-
variety) over C*(My)/I is a positively graded commutative algebra IC, (resp. positively
graded commutative differential algebra (K, Q4)) that admits a splitting, i.e. an isomor-
phism

Ky =T(S(@i1E))
for a family of vector bundles (E_;);>1 over My. Here for any vector bundle E — M,
Li(E) :=T(E) @cee(ny) C(Mo)/1.
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Remark 1.17. There is no need to take completions in the definition above since ev-
ery function of a given degree is necessarily polynomial with respect to non-zero degree
variables.

1.4. Duality @-manifolds ~ Lie oo-algebroids. Let (M, O,Q) be a Q-manifold.
Once a splitting O ~ I'(®;cz E}) is given, @ can be dualized to a Lie oo-algebroid, defined
as follows.

Definition 1.18. [17, 3] A Z*-graded Lie co-algebroid of a Z*-graded vector bundle is the
data of:

o families indexed by n > 1 of vector bundle morphisms
P S"(Biez- i) 1 — T Mo

called n-anchor maps,
o families of degree +1 maps:

Ut S (U(®iez~Ei))y, — T(Ekta)

called n-bracket,

together with a section k € I'(Eyy) called curvature that satisfy the higher Jacobi and
higher Leibniz identities (see e.g. [10]).

Remark 1.19. It is not easy to attach a single name to the following proposition, based
on a observation by Pavol Severa [18], spelled out in the negative degree case in [2], and
which can be proven using Theodore Voronov’s derived brackets in [I7]. O

Proposition 1.20. There is a one-to-one correspondence between Z*-graded Lie co-
algebroids structures on B,z F; — My and Q-manifolds structures with sheaf of functions

L(S(@icz-E7))-

1.5. Projective systems associated to graded manifolds. In this section, we give
a precise sense to the notion of the flow of a degree 0 vector field on a graded manifold.
For the standard definitions of projective systems the reader is referred to Appendix [A]
while now we specialize the Proposition from there to the context we are interested
in. Let (My, O) be a Z*-graded @-manifold over M, with the sheaf of functions O. This
sheaf of functions comes equipped with the (negative) filtration as in Definition [1.1] so
that A" := O/F'O is a projective system of algebras. Since NjenF*O = {0}, its projective
limit A* is canonically isomorphic to O.

If a degree 0 vector field v such that v[O] C F"O for some n > 1 is given, then for every
1 € N, the family of endomorphisms

O/F'O — O/FO
k
foe X wrt(f]
k>0
is well-defined because the sum is finite, it is an algebra endomorphism for all 7+ € N, and
is a morphism of projective systems of algebras. We denote its projective limit by ¢'”. By

construction, for all s,t € R we have e57e'? = e(**9? and €% = Idp. As a consequence et?
is a diffeomorphism of the graded manifold (M,, O).
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Proposition 1.21. Given a family (v,).en of degree zero vector fields on a graded man-
ifold (My, O) such that

U: O — F"O
the infinite composition Ouene® is a diffeomorphism of the graded manifold (Mo, O),
well-defined in the sense of [9)

2. ()-MANIFOLDS WITH CURVATURE

2.1. Normal forms outside of the zero locus of the curvature. For (M,, O, Q) a
Z*-graded Q—manifoldﬂ, recall (Equation that the vector bundle F; (in fact its dual)
is defined by applying the Serre-Swan theorem:
7 I, F'O_
NE:) == == ——.
< +1) (IQ) ) Izl F2O_]_
Definition 2.1. The composition
Op
F10,
is O(My)-linear and admits F*O_, in the kernel. It is therefore given by the contraction

with a canonical section of E1 that we call the curvature of the Q-manifold M and denote
by k.

FO 1—>00—>O<M0)

Equivalently, the curvature is defined by the following commutative diagram, whose hor-

izontal lines are exact:
F2O,1;> Fl(’),l — F(Ej—l)

F'Oy¢ Oo O(My)

Remark 2.2. The previous description of the curvature, although abstract, implies that
it is a canonical notion, but it can be described in a more explicit manner, upon choosing
a splitting. The polynomial degree is then well-defined, and i, is the only component of

@ of polynomial degree —1.
Q=ixt) Q"

i>0
where QI is the component of polynomial degree i of Q. Also, after having chosen a
splitting (which always exists in the smooth case) and local coordinates:

rk(E41) dim(Mo) rk(E;)

(2.2) = Z file) 5, + Z f] Ry ng

i€z\{0,1} j=1

Here the x;’s are the variables in the base manifold, the n;’s are the degree —1 variables,
the 6, ;’s are the degree j variables for j # 0, —1, the functions &;(x) € Oy are functions
whose projection in C*°(M)) are the components of the section &, f; € Oy, and ¢; ; € O;_;.
OJ

2We present the results of this section for Q-manifolds with a smooth base. All results in section
extend to @-manifolds over affine varieties or Q-manifolds over Stein varieties.This may no longer be true
for the results of Section |3} where we will treat non-smooth cases separately.
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It is well-known [15] that on a super-manifold of dimension (n,p), every point where
self-commuting odd vector field ) does not vanish on the zero section, there exist local
coordinates (1, ..., %, N1, ...,n,) such that

(2.3) Q= aim‘
Below is the equivalent of this statement for the Z*-graded case.
Proposition 2.3. Let (My, O,Q) be a Z*-graded Q-manifold with associated bundles
(E})iez+ over My. Quer every open set U C My over which the curvature k € T'(E)
is different from zero at every point, there is a splitting O(U) ~ T’ (g (@ieZ*Ej)> under
which

Q =i,
i.e. the degree +1 wvector field Q) is given by the contraction with the curvature.
Remark 2.4. In the situation when there is duality (in the sense of Section, Proposi-
tion [2.3| may be restated as follows: every open subset on which the curvature x € I'(E)
is different from zero at every point admits a dual Z*-graded Lie oco-algebroid for which

all the brackets (¢x)r>1 are equal to zero except for the 0-ary bracket (which is ). Also,
it immediately implies the existence of local coordinates as in Equation (2.2)) such that @

takes the form ({2.3)). O

The proof of Proposition [2.3| goes through the next three lemmas (see Definition for
the negative part ()_ of the vector field Q).

Lemma 2.5. There exists a degree —1 function a € F'O such that Q_(a) =1 € O.

Proof. Take any splitting O(U) ~ I’ <5 (Bicz+Ef )) Since the curvature  is a nowhere
vanishing section of Eq, there exists a € I'(E%,) C F'O such that (r,) = 1. We then
have Q(a) = (k,a) + F = 1+ F for some function F' € F'Oy= Oy NI = OyNZI,. As
a consequence, @ _(a) =1. A

Lemma 2.6. There exists a splitting O(U) =Ty <§(®i¢0E;‘)> such that @ = Q_.

Proof. The choice of a splitting O(U) ~ T’ (S‘ (@E*)) allows to decompose functions and

vector fields according to their negative degree, and any function of given degree decom-
poses as asum f =) g f™ with ™ a function of negative degree n (deg_(f™) = n).
For a degree +1 vector fields R, we have:

R=> R"™
i>—1

with R™ a vector field of negative degree n. Notice that, for instance, @Q_ = Q=1).
We construct by induction a sequence ®,, = e” (starting at n = 1) of graded manifold
isomorphisms that satisfy the following conditions:
(1) o, is a vector field such that 7, : O — F"O for all n € N (i.e. o\ =0 for i < n).
(2) the push-forward @,, of the vector field @ by ®, o--- o &y is of the form:

Quit = QY+ QU + -
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The sequence is constructed as follows: )y = ) and at each step we choose v,,1 =

—aQ"", with « as in Lemma . It follows from [Q,, Q,] = 0 that [QY, Q] = 0. As
a consequence, the push-forward vector of (),, by e?", i.e. the derivation:

o0

1
e Qe = Z Ead’f,nQ (all sums are finite for a given negative degree)

k=0

is given (up to components of negative degree > n + 1) by

Qn+[Qn, 7] = QY + Q1Y — Q7Y 0@ = QY + Q) — QY = QY.
The henceforth constructed sequence satisfies the required assumption. We then apply

Proposition to construct the infinite composition ¥ := O;>1€%. By construction,
the push-forward of ) through ¥ is ()_, which completes the proof. B

Lemma 2.7. There exists a splitting O(U) = T(S(®i0E)) such that QY = i,.

Proof. The proof consists in repeating the steps of the proof of Lemma by using now
the polynomial degree, which is well-defined in the negative part. We write

Q(—l) _ in+Q[0] -|—Q[1] SR

where [i] now stands for the polynomial degree. We then transport Q- through @,
Since [i,, Q%] = 0, the vector field obtained in such a way is now of the form:

A =+ QU+ QM+,
for new (@1 —i,) of polynomial degree > 1. We then construct recursively a collection of
isomorphisms of the graded manifold M that satisfy the requirements of Proposition |1.21}
since we only use negative variables at this point, the ideal of elements of polynomial
degree k in negative variables is included in F*O (cf. to be more precise [9])). Their
infinite composition intertwines Q- with i,. H

Proof. (of Proposition The statement follows from Lemmas and above:
Lemma [2.6| constructs an isomorphism of graded manifold under which ) becomes its
negative part part (J_, and Lemma constructs an isomorphism of graded manifold
under which ¢)_ becomes i,,. B

Corollary 2.8. Let (My, O, Q) be a Z*-graded Q-manifold. On every open set U C M,
over which the curvature k € T'(Ey) is different from zero at every point, the cohomology
of (O(U),Q) is zero in every degree.

Proof. The statement follows from the easily-checked fact that multiplication by the
function o € I'(E£7 ) defined in Lemma [2.5/is a contracting homotopy for @ = i,,. W

2.2. Geometry of the zero locus of the curvature of a ()-manifold.
Consider a @-manifold (My, O, Q), with associated bundle (E;);cz+ and curvature x €

['(E41) (see Definition [2.1)).
Definition 2.9. We call the zero locus ideal of O the image of
i.:(E) = O

and we denote it by (k). We call functions on the zero locus the quotient algebra O/(k).
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The space Z_ + OQ[Z_] C O is both an ideal of O and stable by @, so that the latter
induces a derivation Q" of the quotient

O
Ky =—o——,
I 4+ 0QT ]
so that (K4, Q) is a differential graded algebra.

Definition 2.10. The differential graded algebra (K, Q) is called the zero locus DGA of
a Z*-graded Q-manifold (Mo, O, Q).

Here is an important result.

Proposition 2.11. The zero locus DGA (K4, Q+) of a Z*-graded Q-manifold (M, O, Q)
is a positively graded Q-variety over the algebra C*(My)/(k) of functions on the zero
locus and there is a splitting

(2.4) Ki =Ty (S(®=1E%,)) .

Here (k) is the zero-locus ideal and T () (E) = I'(E) @ceo (ay) C°°(My)/ (k) for every vector
bundle E — M.

We start with a lemma.

Lemma 2.12. For any Z*-graded Q-manifold (My, O, Q):
OQI_1+I_-=(r)O+T1_,
where k stands for the curvature.

Proof. For any a € I'g- :
(5, ) = Qo] + Y | FG;
i>1
where F;,G; € O are functions of degree —i and +i respectively (the sum might be
infinite). This proves the inclusion
(k) O+I_COQIZ_]+Z_.

The converse inclusion is straightforward. W

Proof. (of Proposition [2.11)) As a consequence of Lemma above, the graded algebra
morphism

is surjective, so that the following sequence is exact:

Consequently:

(1) the degree of elements in I is non-negative by construction,
(2) degree 0O-elements can be identified with O(M,)/(k),
(3) for k > 1, degree +k elements are elements of degree k in the symmetric algebra
(over O(Mo)/(k)) of @iz I'(EZ;) @ O(My)/ (k).
This yields the isomorphism of projective O(Mj)/(x)-module in Equation (2.4). W

Definition 2.13. Let (Mg, O, Q) be a Z*-graded Q-manifold. We call zero locus NQ-
variety the NQ-variety with sheaf of functions K. and differential Q) .
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Remark 2.14. For (M, O, Q) be a Z*-graded @-manifold wit spliting, ) can be decom-
posed by the negative degree as an infinite sum:

RQ=qa1+q@++¢+...

with ¢; a degree +1 vector field of negative degree ¢ for ¢ > —1. Then, it is easy to see that
¢_1 induces the negative part of the Q-manifold and that ¢y (which commutes with ¢_1,
hence induces a derivation of K ) induces the differential Q) of the zero locus NQ-variety.

0

Remark 2.15. As explained in [I2], when the ideal x is the ideal of functions vanishing
on a submanifold X C My, then the distribution D := p;(I'(E_1)) is made of vector fields
tangent to X and its restriction to X is involutive on X. This singular foliation on the
submanifold X is the basic singular foliation of the N@-manifold (K., Q). The same
conclusion holds when X is a singular subset, provided that vector fields on X can be
defined in a appropriate manner (e.g.: an affine variety). [

3. KOSZUL-TATE RESOLUTION AND VECTOR FIELDS ON THE ZERO LOCUS
NQ-VARIETY

Recall that for any vector bundle £ — M, and any ideal I C C°(M,), we use the
following notation:

(3.5) I1(E) := T(E) ®cw oy C(My) /1.

If I is the vanishing ideal of a submanifold X; C M, (i.e. X is the zero locus of I), then
[';(E) is simply the space of sections of the restriction of F to X7.

3.1. Koszul-Tate resolutions. Let M, be a smooth manifold. We recall the usual
definition of a Koszul-Tate resolution of an ideal.

Definition 3.1. A Koszul-Tate resolutionE] of an ideal I C C*(My) is a Z_-graded Q-
manifold (My, O_, ) which
(1) is concentrated in non-positive degree O_ = @B;<0O; , with Oy = C*(M),
(2) and satisfies that the cohomology of the (total) degree +1 vector field §: O_ — O_
1s given by

Cx(My)/I, i=0

(3.6) H'(O_,0) = { 0, <0

Example 3.2. For M, = R" and [ the ideal of functions vanishing at 0, the graded
algebra exterior form Q(M;) equipped with 0 = i the contraction with the Euler vector
field is a Koszul-Tate resolution of I. In that case, only E,.; = T'M; is non-zero and the
curvature is the Euler vector field.

We start with a few remarks that may help to understand the notion.

Remark 3.3. Item (1) in Definition implies that the associated canonical graded
vector bundle E, of a Koszul-Tate resolution is concentrated in positive degrees F, =
@i 4. U

3We use the standard notations from [7].
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Remark 3.4. Let k € I'(E, ;) be the curvature of a Koszul-Tate resolution. The condition
on HY(O,¢) in Definition |3.1|implies that the curvature ideal (k) of k € T'(F,) coincides
with I, i.e. a function F' € C*(M,) belongs to I if and only if there exists a section
a € I'(E7%,) such that F' = (k, o) = 6(ar). O

We will need a variation of Definition [B.11

Definition 3.5. Let I C C*(M,) be an ideal, and consider a positively-graded variety
Ky on C®(My)/I. A Koszul-Tate resolution of K, is a pair made of

(1) a splitting of K, i.e.
Ky =T (S (@),
(2) a Koszul-Tate resolution of I with splitting
(C(S (®iz1£7)) ,9),
assembled into a Q-manifold (My, ©,8) with splitting
O ~ 5 (L (BigoE)))
where & is the extension of & which is identically 0 on @11 (Efl)
Here are a few comments about Definition [3.5

Lemma 3.6. Let (M, O, 5) be a Koszul-Tate resolution of K. as in Definition .

(1) Its zero locus DGA S O K.
Os(I-)+7-
(2) The cohomology of the complezx (O, 0) is given by:
i T IC-H =10
(3.7) H(0,¢) = { 0. i>0

Here the degree considered is the negative degree deg_ (compare with Equation
(3.6) where the index was running over the total degree, i.e. the total degree of &
is still +1).
Proof. The first item is a direct consequence of the identification:
OST_)+TI_=I10+T_={I+T (D1 E))).
Let us prove the second item. The cohomology of the complex
(3.8) (D(S(®i21E7,)) @c () T(S(@i21E7,)), 1d ® 0)

is T(S @is1 E*;) @coo(aap) O (Mp) /T =~ K. Now, (O,d) is the completion of the complex
(3.8)) with respect to the negative degree, but completion does not affect cohomology, and
the result follows. B

We conclude the section with an important definition. To any -manifold (M, O, Q) was
associated in Deﬁnition another Q-manifold, called its negative part (Mo, O/Z,,Q_).

Definition 3.7. We say that a Z*-graded QQ-manifold (Mo, O, Q) with curvature k has a
Koszul-Tate negative part if its negative part is a Koszul-Tate resolution of the curvature

ideal (k).
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3.2. Vector fields on Koszul-Tate resolutions I: the cohomology. The space X(O_)
of vector fields on a Koszul-Tate resolution (Mg, O_, ) of an ideal I C C*°(M,) form a
DGLA when equipped with the graded commutator and the differential ads. In particular,
(X(0-),ady) is a complex, whose cohomology we now compute.

To start with, let us notice that ((O_d6(Z_)+Z_)X(0O-), ads) is a subcomplex of (X(O_), ads).
The quotient complex is canonically isomorphic to a complex of the form

(39) F[(TM) — F[(E+1) — F[<E+2) =
recall Equation (3.5)) for the notation T';.

Definition 3.8. Let (Mg, O,0) be a Koszul-Tate resolution of an ideal I C C*(M,). We
call linearization of Koszul-Tate differential 6 at the zero locus the complex (3.9), and
denote it by (Xiin, Orin)-

Remark 3.9. The complex can be understood as follows when [ is the vanishing
ideal of a subset X; C M;: the differential of the curvature x : My — E; is a vector
bundle morphism:

Tk: TMy— TE+1

over k : My — FE.; Now, for any m € Xj, since k(m) = 0,,, there is a canonical
decomposition Ty, E1 = T,,M + Ey1|m, pre o T,k can be seen as a linear map T, M —
E. 1|, where pro being the projection onto the second component. This map easily
checked to coincide with the first bundle morphism in . All remaining morphisms in
are simply the restriction to X of the component of polynomial degree 0 of 4 (which
is by construction a degree +1 vector bundle endomorphism of FE,). [J

Let us now state the main result of this section. For a Koszul-Tate resolution, recall that
the negative degree is simply the opposite of the total degree. Also, ads is a negative
degree —1 operator. Also, the following remark helps to understand the statement.

Remark 3.10. A ads-cocycle g of degree 0 induces a vector field ¢ € X(My) which satisfies
qI] C I, and therefore induces a derivation ¢’ of C*°(My)/I. If q is an ads-coboundary,

then ¢/ = 0. O

Theorem 3.11. Let (Mo, O_,6) be a Koszul-Tate resolution of an ideal I € C*°(M,).
With respect to the negative degree, we have:

Hﬁi(:{lina 6l’in)a { S 0

(3.10) H(X(0_),ad;) = { 0 30

In particular, an ads-cocycle q of degree 0 is a coboundary if and only if its induced
derivation ¢! of C*(My)/I is zero.

Proof. Let us chose a splitting O_ ~ I' (S(@;>1F;)), and a family of affine connections
V* on Ej (recall Remark for notations). Consider the following bigrading (on the
“North-West” quarter):

O, ®X(My) fora>0andb=0,
(3.11) X(O)ap =R 0, ®@T(E_) fora>0andb< -1,
0 otherwise.

We adopt the following conventions:
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(1) All tensor products are over C'*(M,).
(2) A section e € I'(E}) is seen as the vertical vector field given by the derivation i,
of O_. Notice that for the negative degree, it is of degree —b.
(3) A vector field X € X(M,) is extended to a degree 0 derivation of O_ by X|ex]| =
V%€ for every section €, € T'(E}).
It is indeed a bigrading, since:

X(02)i = ®ax0X(0)aji—as

(infinite sums are allowed, since they converge with respect to the filtration (FO);>0).
With respect to this bi-grading, ads decomposes as follows:

£<Of)a+2,b73

ES(e X e p—

d®D

%(O*)a,b

lé@id

%(Of)afl,b

We can now use generic diagram chasing arguments: since all vertical lines are acyclic
in degree # 0, the cohomology is concentrated in the 0-th cohomology of the line a = 0,
which coincides with I';(T'M,) for b = 0 and I';(Ep) for b < —1. Equipped with the
induced differential, a direct computation shows that it coincides (with opposite signs)
with the differential of the complex (3.9). This proves (3.10).

Since all vertical lines are exact, a degree 0 ads-cocycle is exact if and only if its bi-
degree (0,0) component lies in the image of the vertical lines, i.e. belong to I @ X(Mj).
Equivalently, this means that this element induces the zero map on C*°(M,)/I. This
completes the proof. B

Here is an immediate consequence of Theorem [3.11}

Corollary 3.12. Let (M,, (’),5) be a Koszul-Tate resolution of Ky as in Definition .
With respect to the negative degree:

' K+ @coo (M) /1 H™(Xiin, Otin) <0
(3.12)H'(X(0),ad;) = { Ky @coo(my)/1 (@iz1l1(E—i) ® HO(Xin, 0in)), =0
0, >0

Proof. As in the proof of Theorem [3.11], one can use a family of connections on (E;);cz
to decompose the O-module X(O) as the sum of two submodules: one is

O X (®i21Ei D TM()) and O X (@izlE,,ﬂ

Both modules are ads-stable. On the second one, ad; = d® id, so that the cohomology is
concentrated in negative degree 0 and coincides with

D(S(®i>1 7))
I

Qoo (M) I'(Biz1 E-i) = Ky @coo(agy /1 L1(®iz1 E-i).
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The first one is the completion of the tensor product of I'(S(@®;>1E*;)) with the module
X(O_) of vector fields on a Koszul-Tate resolution of I, whose cohomology is given in
Theorem The differential being given by id ® adj, the result then follows from
Theorem and the fact that IC, is a C°°(My)/I-projective module, so that tensoring
with I, preserves cohomology. B

3.3. Vector fields on Koszul-Tate resolutions II: the extension. We now consider
another problem. As stated in Remark [3.10, for a Koszul-Tate resolution (Mg, O_,0)
of an ideal I, an ads-cocycle ¢ € X(O_) induces a derivation ¢’ of C>(M,)/I, and an
adg-coboundary induces a derivation equal to zero. In particular, there is a Lie algebra
morphism

(3.13) H°(X(0_),ads) — Der(C>(My)/I).

The second part of Theorem |3.11| implies that this morphism is injective. The following
statement shows that it is surjective.

Proposition 3.13. Let (My, O_,6) be a Koszul-Tate resolution of an ideal I C C*°(Mj).
Then the natural Lie algebra morphism|3.15 is an isomorphism

H°(%(0_),ad;) ~ Der(C*>(My)/I).

In particular, every derivation q' of C*(My)/I is induced by a degree O vector field q €
X(O-) such that [0,q] = 0.

Proof. Denote the projection C®(M;) — C=(M,)/I by F + F. Also, let us choose
(Uk, Xr)rex @ partition of unity of the manifold M, for which each Uy is a coordinate
neighborhood on which each one of the vector bundles Ej admits a trivialization.

Let ¢’ be a derivation of C°°(M,)/I. Let x4, ..., x, be local coordinates on the open subset
U, for some k € K. Consider any functions Fy, ..., F, € C*®(U,) such that ¢/(7;) = F;.

The vector field
- 0
0._
=) Fige
i=1

satisfies by construction that v?(I) C I, since it induces the derivation of C*°(U},)/I which
coincides with the restriction of ¢’ to Uy. These local vector fields v{ can be glued to a
vector field ¥ on My:

0 = Z XkVp-

keK
This vector field still satisfies v°[I] C I by construction.
Since I = §(I'(E%,)), for any local trivialization 7y,...,n, of £}, defined on the open
subset Uy, there exist functions (¢; ;)7 ;—; in C>°(U},) such that the collection of functions

ki :=0(n;), 1 =1,...,7 locally generates the vanishing ideal of the zero locus and
vo(n;) = 17 (k) = Z Gijkj = Z i;0(n;)
i=1 J=1

Consider the vector field
- 0
vy = Z ¢j,i77¢a—-

ij=1 1



NORMAL FORMS OF ZQ-MANIFOLDS 15

By construction, it satisfies
Wod=0do0u.
Since ¢ is C*°(My)-linear, the vector field

1._ 1
v -—E XkVE

also satisfies:

Wod=6ovh
Now, 1, ! extends to vector fields on O_, that we will denote by the same symbol. The
proof then consists in constructing recursively 1/ € ,<_; X(O_ ), such that

vio§ =601t
Provided that vy, ..., v; are constructed, the existence of vj;; follows from the fact that
19 0§ is valued in the kernel of §:
doriod=1""104=0.

Since the cohomology of (O_, ) is zero, 17 o § is therefore valued in the image of §, and
since O_ is a projective C*(My)-module, the existence of the vector field 17+ is granted.
Moreover, with respect to the bi-grading above (see Equation (3.11))),

V€ @ye (j41) X(O-)ap. As a consequence, the sequence

(3.14) ¢ = Zuj,

k
Jj=0

0

converges and the limit is the desired vector field ¢. B

Consider now a Koszul-Tate resolution of a graded variety given by K, as in Definition
. Again, notice that a total degree k and negative degree 0 vector field gy such that
[0, g0] = 0 induces a degree k derivation of K. If gy is an adz-cocycle, that derivation is
zero. Proposition [3.13] extends easily to give the following result.

Corollary 3.14. Let (M, O, 5) be a Koszul-Tate resolution of a graded variety Ky as in
Definition |3.5. There is a natural isomorphism:

HOM (2(0),ad;) = Der*(K )

where HOF) stands for the cohomology in negative degree 0 and total degree k and Der®
stands for deriwations of degree k of K. In particular, for any degree k derivation Q)
of Ky, there exists qo € X(O) of negative degree 0 and total degree k satisfying [5, q] =0
and inducing the derivation Q4 on K.

Remark 3.15 (Extension of derivations in the affine case). At the beginning of the proof
of Proposition |3.13]it was shown that in the smooth category any derivation of the quotient
algebra O/I, considered as functions on the zero locus, can be extended to a derivation
of the entire algebra of functions O. This is also true in the affine case.

Let My be an affine n—dimensional space over a field k of characteristic 0 (we think of
it as R or C) with affine coordinates (2*)"_;; and I C O(M,) = k[z!,...,2"] be an ideal,
then every derivation of = O(M,)/] admits an extension to a derivation of O(Mp).
Indeed, let ¢! be a derivation of K. Define ¢ such that q(zz) equals to the preimage of
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¢'[#] € K under the projection map O(M,) — K, where [2'] = 2//I. Let us extend ¢ to
the whole algebra of functions O(My) by the Leibniz rule. It is easy to see that ¢(I) C I
and ¢q/I = ¢'. Proposition remains therefore valid in the context of affine varieties
in algebraic geometry. [

Remark 3.16. The above statements (Theorem[3.11]and Proposition[3.13]) can be proved
in a the following alternative way. Let X,.,; = X,..(O_) be the Lie super subalgebra of
derivations o of O_, satisfying v(O_) C I_, where I_ = I © ,_, O;. In particular, X,
contains all derivations of positive negative degree. Since K = Oy/I ~ O_/I_, X, can
be identified with vector fields on the whole non-positively graded manifold (My,.O_),
that vanish at the zero locus; therefore X(O_)/X,., = X;, where X; = X(0O_) ®o_ K.
Notice that, since § € X, ., the subalgebra X, is closed under the adjoint action of 9.
Thus we have a short exact sequence of complexes

0 — (X, ads) = (X(0-),ads) — (X1,ads) — 0
which leads to the long exact sequence in cohomology
oo HY (X ads) — HY(X(02),ads) — H (X7,ads) — H™ (X, ads) — ...

Notice that (% I adg) coincides with . First we prove that the complex (%nuu, ad(;)
is acyclic. Combining this statement with the fact that any derivation of IC extends to a
derivation of O_ (see the beginning of the Proposition , we prove Theorem and
the remaining part of Proposition [3.13] altogether. [J

Remark 3.17.

e In fact, Theorem computed the cohomology of (X(Q),d) by using the spec-
tral sequence associated to the following filtration of X(O_): FPX(O_) is the
Lie subalgebra of vector fields on M which annihilate the subalgebra of functions
generated by all elements of negative degree 0,...,p — 1. This spectral sequence
converges in the second term. Its zero term gives sections of the graded vector
bundle 7* (T'My & E..), where Ey = @D, Ex and 7_ is the projection of (Mo, O)
onto My, while the first term of the spectral sequence - sections of the restric-
tion of TMy & E, on X together with the differential determined by the normal
linearization of ¢ along X.

e The “restriction” of vector fields to the zero locus X;(Q) is an N— graded C*°(M,)/1-
module, the homogeneous components of which of negative degree i = 0 and 7 < 0
are canonically isomorphic to X;(O_) and K ®o_ I'(F_;), respectively.

o @©;H'(Xyin, O1in) is a graded Lie-Rinehart C°°(M,)/I-algebra, which extends X;(O_);
furthermore, the latter is embedded into the former as a Lie-Rinehart C*°(M,)/I-
subalgebra consisting of all elements of negative degree.

O

It follows from Theorem that the ads-cohomology of vector fields on a Koszul-Tate
resolution (Mg, O_,0) of I are zero near any point outside the zero locus of I. We also
claim that non-trivial cohomologies of non-zero degree only appear on the singular part
of the zero locus of I. The following examples illustrate this phenomenon. Example [3.18
is provided to show that the positive degree part in cohomology of (f{((’)_), ad(;), where

((90, 5) is the Koszul-Tate resolution of an ideal I C O(My), is related to singularities of
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the zero locus of this ideal. Example tells us that, even in the complete intersection
case, the degree 1 cohomology of vector fields on a Koszul-Tate resolution can be non-
trivial.

Example 3.18. Assume that X C M, is a smooth submanifold, I is the ideal of functions
vanishing on X, ¢ is a Koszul-Tate differential which resolves I, such that X is the zero
locus of ¢ regarded as a homological vector field on a non-positively graded M. It is
possible to cover M by graded coordinate charts such that either such a chart does not
intersect X, then the corresponding i, is non-vanishing at all points, so we can use Lemma
2.5 and techmque from Corollary 2.8 to show that the ads;— cohomology of vector fields
over this chart are vanishing, or there are adapted coordinates (z’, y*, %, £%, (*) such thalﬁ

5:Zyaana +Z<aa—£a.

In such case the intersection of the above coordinate chart with X is given by equations
y* =n* = &% = (* = 0, therefore all sections of the restriction of TM onto X are of the

form
o(z, (%) +§aj (f“(x) 0 ) +za: (Aa aca (x)é’%*)

It is easy to see that { Dy aga’ 8?1, a?a} generate an acyclic complex w.r.t. 9, therefore

the cohomology of positive degree sections of T'M|x are zero over this coordinate chart
and thus on the whole X as § is linear under the multiplication on functions on M, which
allows us to apply the partition of unity technique.

Example 3.19. On M, = R?, equipped with affine coordinates (z,y), let I be the ideal
generated by xy, and X be an affine variety given by the equation xy = 0. A Koszul-tate
resolution of [ is determined by a homological vector field § = xya% on the non-positively
graded affine manifold (M, O_) with graded coordinates (z, y, ), where £ has total degree
—1. It is routine to check directly that, as stated in Proposition (3.13}

0 -
HOE(O-).0de) = {f0) 5 + 190 3 | 1.9 € C*(R)}.
Since a degree 1 vector field is a ads-cocycle, since [d, 8‘1] = yag, [0, gy] = $a§7 and

[, 56%] = :zrya%, and since the quotient of C*°(M,) by the ideal generated by x,y, zy is R,
we also have

HY(X(0_),ad;) = {Aa% )€ ]R} .

In particular, the degree 1 cohomology is different from zero.

3.4. Koszul-Tate resolutions and singular locus N(@-variety. Here is the main re-
sult of this section.

Theorem 3.20. Let My be a manifold and I C C*°(My) an ideal. Given

“In mathematical physics (y*,n%, £, (%) would be called contractible pairs.
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(1) a Koszul-Tate resolution (My, O_,d) of I with a splitting
O_ =T(S(@ix1 E))
(2) a positively graded Q-variety (K, Q) on C*®(My)/1 with a splitting
Ky =Ti(S(@ix1 %)),
there exists a Q-manifold (My, O, Q) with a splitting:

O ~ I'(5(®iez-E}))
(1) whose negative part is the Koszul-Tate resolution (Mg, O_,9),
(2) and whose positively graded NQ-variety is (K, Q).
Two such Q-vector fields are diffeomorphic through a diffeomorphism which is the com-
position of flows of degree zero vector fields as in Proposition [1.21), and that induce the

tdentity maps of the base manifold My, of the negative part O_, and of the positively
graded NQ-variety IC, .

Proof. The idea of the proof consists in applying perturbation theory techniques, and
construct () (and the degree 0 vector fields defining W) through a recursion by showing
that the obstructions for the next step are cohomology classes that vanish.
Let (M, ©,4) be as in Definition [3.5. The first step consists in applying Corollary :
there exists a vector field gy of negative degree 0 and total degree +1, such that [go, S] =0
(which implies that () induces a derivation of K, ) whose induced derivation of Ky is Q.
Now, the proof of the existence of the vector field () consists in constructing recursively
a family (g;);>1 such that

(1) Each ¢; is of negative degree i and total degree +1

(2) Q; = 6+ qo+ - - + q; satisfies [Q:, Qi] = 0 up to vector fields of negative degree

> 1.

For instance Qo = 8 + ¢o satisfies the recursion for i = 0 since:

[5 +Qo,0 + Qo] = [Qo, Qo]

and since [Qo, Qo] is of negative degree 0.
Now, by the graded Jacobi identity of the graded Lie algebra of vector fields X(O),

5+Q07[5+Q0,5+Q0]] =0,

so that ad; ([Qo, Qo]) = 0 is an adz-cocycle of negative degree 0. Now, since () induces
Q4+ on Ky and since Q% = 0, the class of [Qo, Qo] in Ky @ H(Xyin, 01in) is zero, so
that there exists a vector field g, of total degree +1 and negative degree +1 such that
[0, ¢1] = [90, q0]- As a consequence

QIZS+QO+QI

satisfies the recursion condition for 7 = 1. 3 A
The proof then continues easily by noticing that if Q; :== d+_,_, qx satisfies the recursion
assumption at order i, then
i
[Qi, Q] = Z[Qk, Gi-r) + R

k=0
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with R; of negative degree > 7 + 2 and ZZZO[QM ¢i—x) being the component of negative
degree i + 1. By the graded Jacobi identity, this implies that ZZ:O[QIC’ ¢i—| is an adj-
cocycle of negative degree ¢ + 1. Since cohomology is zero in that degree by Corollary
,'there exists a vector field ¢; ;1 of total degree 1 and negative degree i + 1 such that
— > 1—0lGk: gi—x] = adzgi+1 which in turn implies that
il
Qin1 =6+ ax
k=0

satisfies the recursion relation for i + 1. Now, the series

5 + i qi
=0

converges with respect to the negative degree filtration (F'Q);>o. We denote by Q its
limit. By construction, [Q,Q] = 0 (since [@, Q)] is a derivation that takes values in
Ni>oF'O = {0}), and @Q has total degree +1, so that (My, O, Q) is a Z*-graded Q-
manifold. By Remark [2.14] @ satisfies both requirements in the Theorem [3.20

Now, let us show that any two such vector fields can be intertwined by a diffeomorphism for
the desired form. Let @ and Q' be two vector fields as in Theorem [3.20, We will construct

a family uy, uy, u3, ... of total degree 0 and of respective negative degrees 1,2,3,... such
that the sequence of degree +1 vector fields defined by the recursion relation Qg = () and
(3.15) Qi1 = €11 Q;

(which is well-defined, see Section satisfies that @Q; coincides with @' in negative
degrees —1,...,7 — 1. Proposition implies then that the infinite composition of the
exponentials of the vector fields u; intertwines Q and @)’ through a diffeomorphism ¥
which is by construction of the desired form.

Let us first construct #;. We have:

Q = d+q+ ) a

i>1
Q = d+aq+ Y 4
i>1

where ¢;, ¢, are of negative degree i. Now, since both g, ¢ are adz-cocycles, so is gy —
qj- Since by construction, both go and ¢, induce the same derivation @4 on K., their
difference induce the trivial derivation of K. This implies that ¢y —g¢j is a ad;z-coboundary
by Corollary|3.12 and there exists a vector field u_; of negative degree +1 and total degree
0 such that

do — g6 = [0, u1].
By construction,

Q=1 (Q) =Q+ Z —adm

is well-defined, squares to zero, and satisfies again the requirements of Theorem [3.20]
Also, it coincides with @’ in negative degree —1 and 0.
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Now, assume that uy, ..., u; are constructed. Consider the decompositions according to
negative degrees:

Q =0+qy++d+ g+
tao Gt Gt
It follows from [Q;, Q;] = 0 and [@', Q'] = 0 that

i+1 i+1
adsgip1 = — Z[%; Gi+1-#) and ad;g; ., = — Z[QM Gi+1-k]
k=0 k=0

The difference i1 — ¢, is therefore an ads-cocycle. Since by Corollary .12} the coho-
mology is zero in degree i + 1, there exists a vector field u;; (of negative degree 74+ 1 and
total degree 0) such that ¢, = g;41 + adsui41. The vector field Q;1, defined as in (3.15)
satisfies the recursion relation for ¢ + 1.

By Proposition [1.21] the infinite ordered product of automorphisms ¥ = klim e“ko.. .0
— 00

e*1 exists and induces a diffeomorphism W of the graded manifold M. Furthermore, one
has PQU~! = klim ek o .. 0e™1(Q) and
—00

VU - Q € (F'OM) = {0},
Jj=>0

therefore ¥QU¥ ! — Q' = 0.
It is also clear that, since the total degree of each 1; is zero, deg, (u_;) = deg_(u_;) =i
for each 7 > 1, so that the positive degree of uy, up, u3,... is 1,2,3, ... respectively. This
implies that W(F) — F € Z, for every F' € O, and therefore that ¥ induces the identity
on the negative part O_ = O/Z, . These degree relations also imply that V(F)—F € Z_,
so that ¥ induces the identity of S(®;>1I'(E*,)), and therefore of its quotient . W
Here is an immediate consequence of the second part of Theorem [3.20]

Corollary 3.21. Any two Z*-graded manifolds (Mo, O, Q) and (Mo, O, Q') over the same
graded manifold (Mo, O), whose negative parts coincide and are Koszul-Tate resolutions,
and whose negatively graded NQ-varieties coincide, are diffeomorphic through a diffeo-

morphism as in Theorem [3.20.

4. LOCAL STRUCTURES NEAR POINTS WHERE THE CURVATURE VANISHES

4.1. @-structure in local coordinates. In the following, we consider local coordinates
of a graded manifold (M, O) of the form

(yh e Yy (xi)i617917 s 797"7 (n])JGJ)7

where Latin letters z;, y, will be used for degree 0 variables, the Greek letters ) (resp.
n;) will be used for variables of degree +1 (resp. of degree different from 0). Last, we will
also assume that the variables y; and 6, go “in pairs” and that there is the same number
r of them. Last, an expression like

o 0
R (93777,0—33.,8—77.)
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stand for any local vector field of the form:

> g+ 3 Byl

icl jed 1

where A;(z,n), B;(z,n) are functions that depend on the variables (x;)ier, (1;);jes only.
For any @-manifold (M, O, @Q), equipped with a splitting

»:O~T (S@H* E) ,
the anchor map p: E_; — T'M, is the vector bundle morphism defined by:

QAW u) = p(u)[f],
for every u € I'(E_;) and f € C®(M,). Above, Q[f]V) stands for the component of

polynomial degree 1 of Q[f]: since Q[f] is of degree 1, Q[f]V) is a section of E*,, so that
the previous definition makes sense.

Remark 4.1. By construction, the anchor map of a @)-manifold is a vector bundle mor-
phism p: E_; — TM, that depends on the choice of the splitting, although the vector
bundles £_; and T'M, do not. For instance, in a splitting as in Proposition for which
@ = i., the anchor map is the zero map. But it may be non-zero in some other splitting.
However, at every m that belongs to the zero locus of the curvature k € I'(Ey), the
anchor map p: F_; — M does not depend on the choice of a splitting, and is therefore
canonical. [

Remark [4.1] implies that the following theorem only makes sense when the point m is the
zero locus of the curvature k.

Theorem 4.2. Let (My, O, Q) be a Q-manifold. Let p: E_y — T My be the anchor map
corresponding to some splitting. Fvery point m € My on the zero locus of the curvature k
admits a coordinate neighborhood with variables (Y1, ..., Yr, (Ti)ier, 01, - .., 0, (1)) jes) on

which Q) reads:
. 0 o 0
Q ; kayk + <x7 777 ax.J an.)
where r is the rank of the anchor map p: E_y — T My at m.

We start with a remark and two lemmas, before proving a proposition crucial for the
proof of the above theorem.

Remark 4.3. Any degree 0 vector field v on a Z*-graded manifold (Mj, O) induces a
vector field v on My: A degree 0 vector field being, by definition, a degree 0 derivation
of O, it preserves both negative and positive functions, so it preserves the maximal ideal
Z, and induces a derivation of the quotient O/Z, which is isomorphic to C*°(My). This
induced derivation is a vector field on Mj. In coordinates, this assignment reads:

where (z, () are local coordinates of degree 0 and different from 0 respectively. [J

Lemmal4.4]extends to graded manifolds the well-known straightening theorem, also known
as Hadamard Lemma.
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Lemma 4.4. Let v be a vector field of degree 0 on a graded manifold (My, O) with M.

Every point of the base manifold My where the induced vector field v is different from zero

admits a coordinate neighborhood (y, (z;)icr, (n;);es) on which v = 8%.

Proof. The proof is rather straightforward: use the general form of the coordinate changes
on graded manifolds (cf. [9]). W
The following lemma is the result of an obvious computation.

Lemma 4.5. Every vector field Q, defined on a coordinate neighborhood (y, ze,1n,), that
satisfies [Q, %} =0 is of the form:

0 o 0
Q= T(l’-;ﬁo)a—y +R ($.,77., Oz, 3_77-) :

We can now prove the following statement:

Proposition 4.6. Let (My, O, Q) be a Q-manifold equipped with a splitting. Let p: E_1 —
T My be the corresponding anchor map. Every point m € My in the zero locus of the cur-
vature k such that p,, : E_y — T My is not the zero map admits a coordinate neighborhood
with variables ((y,xs), (0,1)) on which Q reads:

0 o 0

Proof. The map p : E_1 — T M, is different from zero at m € M, if and only if there
exists a section e in I'(E_;) such that the degree 0 vector field v := [Q,1i.] (which is of
degree 0) has a basic vector field z (see Remark different from 0 at m. By Lemma
, there exists a coordinate neighborhood (y, zs,7.) on which v = [Q,i.] = Z. Since

By
v,Q] = 0, Lemma [4.5] implies that in these coordinates:
0 o 0
= — + R — — .
Q T(x7?7> ay + (x7?77 ax.7 877.)

Now, 7(z,n7) = Q(y) is a degree +1 function whose component in I'((E_;)*) cannot be
zero in view of

ie7(7,m) = 1Q(y) = [ie, Ql(y) + Qic[y]) = (%(y) + Qiely]) = 1+ Q(ic[y])

and the fact that the projection of the degree 0 function Q(i.[y]) on C*(M,) has to be
an element of the zero locus ideal for degree reasons. We can therefore replace one of the
degree —1 variables in the coordinates 1, by 7(x,7n): we denote by @ this new variable.
Since 6 = 7(z,n) does not depend on the variable y, this change of coordinates does not
affect «98% and changes R in a vector field that again does not depend on y nor contains

a%' But it may contain a component in %. In conclusion:

0 - o 0 0
— 92 9, L 2 w2
Q ay + R <$7 T’? Y ax.7 8']7.) + S(x n) 89
Since Q*(y) = Q() = 0, we have S(x,,7,) = 0 and therefore:

J - a 0
Q_Qa_y_l—R(x’n’e’@_x.’@_n.)
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Since 6% = 0, we have:

~ 0o 0 0o 0 o 0
—  ~\)=A — B — =
R <'I‘7/r’7 97 ax.7 an.> (x7 777 ax.7 877.> + 6 (x7777 a$.7 8’]7.)

0 g 0 o 0
—0(—+B = A =
Q 9 <ay + (x7n7 ax.7 87].)) + ('r7n7 ax.7 877.)

There exists local coordinates (v, ., n’) leaving 6 untouched, where

Y A )
ay ’T]? ax.7an. _8y,.

We have in these coordinates:

so that

0 o o0 0
:9_+AI /7 /7 /7_7_7_ .
“ oy’ (x 10 a o oy
Since Q% = 0, A’ does not depend on ¢/, and:
0 o 0 0
— 9_ A// / / = T / / -
Q oy + (x,n,ax,., 0?71’) + (l’,n)ay,
We now replace 0 by 0’ =60 + T'(a',1'). Since (0 +T(2',1')) = Q(y') = &', we have
A" (20, 8%,., 6%‘, a%.) 0" = 0, so that A” has no component in a%. and the vector field )
has the desired form in these coordinates. This completes the proof. B
Proof. [Proof of Theorem The theorem is now an immediate consequence of Propo-
sition [4.6] upon making a finite recursion until the corresponding anchor map vanishes.

4.2. Examples and non-examples.

Example 4.7. Theorem when applied to a Lie algebroids, gives back a classical result
[5], which itself is similar to Weinstein splitting theorem for Poisson manifolds [19]. For
Lie oo-algebroids, Theorem gives back a similar statement in [4].

Example 4.8. For a Koszul-Tate resolution, Theorem [£.2] does not give any interesting
result, since the anchor is zero at every point of the zero locus.

Example 4.9. For a positively graded @)-manifold over a manifold M, the image of the
anchor map

p: T(E_1) — X(M))
is a singular foliation in the sense of [I], i.e. a locally finitely generated C°°(Mj)-sub-

module of X(M;) closed under Lie bracket. For Z*-graded @-manifold with splitting,
whose dual Lie co-algebroid with anchor maps (p,)n>1, it is natural to ask if

P on((S" @iez Ei) 1)
n>1

is still a singular foliation. The answer is no: it is certainly a C'*°(Mj)-sub-module of
X(M,), but, even when it is locally finitely generated, it may not be stable under Lie
bracket. Here is a class of counter-examples: Let M, be a manifold, X;, X5 vector fields
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such that [ X7, X5] is not in the C*°-module generated by X1, X5, let 61, 05,7 be additional
variables of respective degrees 2, 2 and —1, and consider

Q =10, X7 + nby X,.

It is straightforward to check that () is a degree +1 vector field squaring to zero. The
2-ary anchor map is not zero and its image is the C*°(My) module generated by X7, Xo,
which generated a C*°(My)-module; by assumption it is not stable under Lie bracket.

Example 4.10. Here is an example of a ()-manifold with a splitting, whose 2-ary anchor
is not valued in vector fields tangent to the zero locus:

0 0 0
Q= (o= )y, +C&q +eg
where x is a degree 0 variables and 7, (, &, € are variables of respective degrees —1, 3, —2, —3.

CONCLUSION / PERSPECTIVES

As mentioned in the introduction, the results of [9] on the Z-graded manifolds and the
technique of filtrations of functional spaces open a way to understanding the form of
various geometric and algebraic structures on them. This permitted for example, to extend
the results of [§] to the honest Z-graded case and develop them in [10]. In the current
paper we have added an important ingredient to the picture — a ()-structure — describing
thus the normal form of differential Z*-graded manifolds. Our common thread is that
"for a Z*-graded ()-manifold, only the zero locus of the curvature matters”: Proposition
2.3 should be understood as meaning that outside the zero locus of their curvatures, Z*-
graded ()-manifolds have a very trivial structure; then Theorem [3.20| makes more precise
this general idea, by stating that positive part of a @-manifold over its zero locus is
the only piece that matters when its negative part is a Koszul-Tate resolution; and last,
Theorem adds an other layer to the same general idea, by stating that, at a point in
the zero locus, the anchor map and its transverse ()-manifold are the only two non-trivial
pieces of information.

On top of the pure mathematical significance of the above results we expect them to have
straightforward consequences for gauge theories. According to [6], under rather natural
assumptions one can read-off a Q)-structure from the equations governing the theory. This
language is also widely used for various quantization problems. Then, as explained in [11],
a lot of information can be encoded in the language of mappings between ()-manifolds: the
equations of motion (i.e. extrema of the functional describing the model) correspond to
(@-morphisms, and gauge transformations (symmetries) to ()-homotopies. In this setting
reducing a @-structure to a (simple) canonical form by a homotopy would mean gauge
fixing in an intelligent way.

APPENDIX A. PROJECTIVE SYSTEMS OF ALGEBRAS

We call projective system of algebras a pair made of a sequence (A%);en of algebras, and
a family of algebra morphisms 7[if’j]: At — AJ defined for all integers i > j, subject to
the two following conditions: 7l~% = id 4 and

rI=HM o pli=d) — =k > 5 > ke
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A endomorphism of projective algebras is a family (¢!);cy of algebra endomorphisms
ol A" — A', defined for all i € N such that ¢Vl o 7li=3] = 7=l o ¢l for all i > j. The
following diagram recapitulates the above commutativity properties for all ¢ > j > k:

Al Lokl AF
T i) ,r[j%]/ I
ol ™~ Aj/ g
Jj]
A | Ak
i) =8
A

We define the projective limit A of a projective system of algebras to be the algebra of
collections i +— a’ € A’ such that 779 (a") = o/ for all i > j. By assigning to such a
collection its i-th component, one defines, for all i € N, algebra morphisms 7[>~ 4% —
All that satisfy:

=M o gloodl = gloookl s > g
For any morphism of projective algebras (4l');cy, there exists a unique algebra endomor-
phism ¢[*l: A% — A% such that ¢ o 7l = gloo=id o plool,

A>® loo—i] Al
@loel T @l T
A>® loo—i] Al

We call ¢l A% — A% the projective limit of (¢/");en.

Proposition A.1. Let (Ai,ﬂ[i_)j]) be a projective system of algebras. For any family
(¢N)Nen of endomorphisms of the latter such that (bgi; =1idy: for all N > i, the sequence
of algebra endomorphisms defined for all 1 € N by
G A A
a = ol ogh ogl(a)
= ¢l o ogll(a) (by assumption)

1s an endomorphism of projective systems of algebras.

The projective limit 1[>: A% — A% must be understood as the infinite composition of
all the (¢i)ien, it will therefore be denoted by Oiten ¢i or [y ¢i, where by “i 1€ N7
we mean the ordered index 1.
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