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Detection of very weak forces and precise measurement of time are two of the many applications
of quantum metrology to science and technology. To sense an unknown physical parameter, one
prepares an initial state of a probe system, allows the probe to evolve as governed by a Hamiltonian
H for some time ¢, and then measures the probe. If H is known, we can estimate ¢ by this method;
if ¢ is known, we can estimate classical parameters on which H depends. The accuracy of a quantum
sensor can be limited by either intrinsic quantum noise or by noise arising from the interactions
of the probe with its environment. In this work, we introduce and study a fundamental trade-off
which relates the amount by which noise reduces the accuracy of a quantum clock to the amount of
information about the energy of the clock that leaks to the environment. Specifically, we consider an
idealized scenario in which a party Alice prepares an initial pure state of the clock, allows the clock to
evolve for a time that is not precisely known, and then transmits the clock through a noisy channel to
a party Bob. Meanwhile, the environment (Eve) receives any information about the clock that is lost
during transmission. We prove that Bob’s loss of quantum Fisher information about the elapsed time
is equal to Eve’s gain of quantum Fisher information about a complementary energy parameter. We
also prove a similar, but more general, trade-off that applies when Bob and Eve wish to estimate the
values of parameters associated with two non-commuting observables. We derive the necessary and
sufficient conditions for the accuracy of the clock to be unaffected by the noise, which form a subset
of the Knill-Laflamme error-correction conditions. A state and its local time evolution direction, if
they satisfy these conditions, are said to form a metrological code. We provide a scheme to construct
metrological codes in the stabilizer formalism. We show that there are metrological codes that cannot
be written as a quantum error-correcting code with similar distance in which the Hamiltonian acts
as a logical operator, potentially offering new schemes for constructing states that do not lose any
sensitivity upon application of a noisy channel. We discuss applications of the trade-off relation to

sensing using a quantum many-body probe subject to erasure or amplitude-damping noise.

I. INTRODUCTION

Quantum mechanics places fundamental limits on how
well we can measure a physical quantity when using a
quantum system as a probe [1]. Quantum metrology is an
active research area addressing how physical quantities
can be estimated based on observations of a probe sys-
tem [2—4]|. As methods for accurately controlling quantum
systems steadily advance, increasingly sophisticated mea-
surement strategies are becoming feasible [5, 6], leading for
example to more sensitive gravitational wave detectors [7],
improved frequency standards [8], and ultra-precise quan-
tum clocks [9]. These technological developments accen-
tuate the need for a precise theoretical understanding of
the potential of quantum metrology and of the ultimate
limits on measurement accuracy.

Fundamental accuracy limits in quantum metrology
can often be phrased in terms of uncertainty relations,
wherein the accuracy of one physical quantity trades off
against the accuracy of a complementary quantity. For
example, a particle with a definite position has a highly
uncertain momentum, and vice versa. Such trade-offs

may be captured conveniently by entropic uncertainty
relations [10, 11]. One may envision a two-party scenario,
where the entropic uncertainty relation connects the first
party’s ignorance about a quantity A with the second
party’s lack of knowledge about a complementary quantity
B. Typically these quantities are values of non-commuting
observables.

In this work, we focus on a related but fundamentally
different type of uncertainty relation. Rather than a trade-
off between the values of two observables, we consider an
information-theoretic trade-off between time and energy.
Specifically, we envision preparing a probe state pipit,
which then evolves for a time ¢ as determined by some
Hamiltonian H. By measuring the probe p(t) at time ¢,
we attempt to infer the value of ¢ [12]. The time-energy
uncertainty relation relates the accuracy of our estimate
of t to the energy fluctuations of the probe state p(t) [13,
14]; a state with larger energy fluctuations evolves more
rapidly, allowing the elapsed time to be estimated more
precisely. Here, too, it is helpful to envision two parties,
one attempting to measure time, the other attempting
to measure energy. Indeed, such entropic time-energy



Fig. 1: A noiseless clock is initialized by Alice in |tinit) and
evolves for a time ¢t under the Hamiltonian H. Then Alice
sends the clock through an instantaneous noisy channel Na_, 5
to Bob, who receives the state pp, measures it, and estimates
t. The complementary channel ./\7 A— g describes the quantum
information that leaks to the environment. Eve receives the
state pg = N (¥(t)), measures, and estimates the energy
parameter of |¢(¢)). Our main result describes the trade-off
between Bob’s ability to estimate the time and Eve’s ability
to estimate the energy.

uncertainty relations have recently been established [15,
16].

For our purposes, a clock is a quantum system used to
measure a time interval. The clock is initialized at some
initial time and is measured at a later time, with the
aim of the measurement being to reveal the difference in
time between the initialization and the measurement. We
are particularly interested in how a noise channel affects
the accuracy of a clock. For that purpose we consider
the following idealized scenario, involving three parties
referred to as Alice, Bob, and Eve, which is amenable to
precise mathematical analysis (see Fig. 1). Alice prepares
a noiseless clock in the pure state vector |t¢init), then
allows that clock to evolve until some (a priori unknown)
time t. Rather than measuring the clock herself for the
purpose of estimating ¢, Alice stops the evolution of the
clock and sends it to Bob through a noisy quantum chan-
nel Ns_.g. As with any noisy channel, we can represent
Na_,p as an isometric map from Alice’s system A to BE,
where B is Bob’s system and F is the channel’s environ-
ment, after which F is discarded. In our scenario, Bob
receives B and Eve receives . We wish to study the
trade-off between what Bob can learn about the elapsed
time by measuring B and what Eve can learn about the
energy of the clock by measuring E. Intuitively, such a
trade-off is expected, because leakage to the environment
of information about the clock’s energy causes the clock
to dephase in the energy-eigenstate basis, obscuring its
evolution.

We consider the setting of local parameter estimation.
This means that the value of a parameter is already ap-
proximately known, and we wish to determine it to greater
accuracy. In this setting, the optimal estimate of the pa-

rameter is determined by the quantum Fisher information
(QFI). For example, if Fajice,+ denotes the QFI of Alice’s
state with respect to the parameter ¢, then by performing
the optimal measurement on her state, Alice can estimate
the value of ¢ with a mean-square error of 1/Fjyjice,¢- For
the purpose of locally estimating ¢t = ty + At to first order
in At, it suffices to know the quantum state p(tp) and its
first time derivative, and indeed the QFI is determined
by just these quantities.

Bob’s noisy clock, degraded by transmission through
the noisy channel N4_. g, has a reduced QFI compared
to Alice’s clock, and correspondingly Bob’s optimal mea-
surement yields a less accurate estimate of the time ¢
than Alice’s. On the other hand, Eve receives the state
of Alice’s clock after transmission through the comple-
mentary noisy channel Ns_, g, the channel obtained if
B is discarded after A is isometrically mapped to BE.
We imagine that Eve wishes to learn about the energy of
Alice’s clock, rather than about the elapsed time. More
precisely, Eve’s goal is to determine an “energy parameter”
denoted n and defined in Sec. II B, which is complemen-
tary to the time t. Because Eve, like Bob, receives a state
of the clock degraded by noise, the QFI of her state with
respect to 7 is in general less than Alice’s.

Our main result is an equality relating Bob’s QFI about
t to Eve’s QFI about n given by

FBob,t FEve,n

FAlice, t

+ —1. (1)

FAlice, n

This time-energy uncertainty relation, derived in §III
and Appendix E using semi-definite programming duality,
substantially differs from previous results [12, 17, 18] in
that it characterizes the trade-off between Bob’s and Eve’s
QFTI, rather than the trade-off between the inherent energy
variance and time uncertainty of the noiseless clock.

Figure 2 illustrates the setting of Eq. (1) in a con-
crete example. Alice initializes a single qubit in the pure
state vector |[4+) = (1) +|4)) /v/2, which evolves under
the Hamiltonian H = wZ/2. Here and in the following,
X,Y, Z denote the qubit Pauli-X, Y, Z operators, respec-
tively. At time ¢t = tg+At, the partially dephasing channel
N, = (1 —p)id + pDy is applied to Alice’s qubit, where
D () = (1 ()1 1) I+ ()14 (- We may describe
this channel by saying that the environment (Eve) mea-
sures the qubit with probability p in the energy-eigenstate
basis (i.e. along the Z axis of the Bloch sphere). The par-
tial dephasing attenuates the t-dependence of Bob’s state
pp(t) by the factor 1 — p, hindering his ability to estimate
the time. Eq. (1) captures the trade-off between Bob’s
information about the time (proportional to 1 — p) and
Eve’s information gain about the energy (proportional to
p).

The trade-off relation Eq. (1) can be a useful tool for
deriving upper bounds on QFI. The QFI for a mixed state
can be tricky to characterize in cases where a diagonal
representation of the state is not easily obtained. Along
these lines, it is useful to note that QFI obeys a data
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outcome of energy measurement
(with probability p)

Fig. 2: Illustration of Eq. (1) for a single qubit subjected to
partial dephasing. Alice’s clock state is initialized as |[+) =
(1) + |14)) /+/2 and evolves according to the Hamiltonian H =
wZ/2, where Z denotes the qubit Pauli-Z operator. At time ¢,
the channel N}, () = (1—p)(-)+p [ )R+ [ ()
is instantaneously applied to Alice’s clock state. In effect, Eve
measures the energy observable Z with probability p, and
Bob receives the partially dephased clock. Eq. (1) relates
Bob’s reduced information about the elapsed time to Eve’s
information gain about the clock’s energy. Unitary evolution
in Eve’s complementary energy variable 7, generated by an
optimal local time sensing observable, rotates the state into
a direction that is orthogonal to the direction of the original
evolution in time ¢ (see §IIB.)

processing inequality which ensures that, for any state
p and any quantum channel NV, the QFT of M (p) is no
larger than the QFI of p [19]. We can imagine that Eve
applies a channel to her state pg, obtaining the state p'y,

which she then measures for the purpose of estimating 7.

Using the data processing inequality, we conclude that

A Fy
Bob,t + Eve,n < 1 7 (2)
FAlice,t FAlice,n

where now Fy, , denotes the QFI of p; with respect to
7. Even if the QFI of pg is difficult to compute, the QFI
of plz may be easy to compute if the channel taking pg to
P is artfully chosen; then Eq. (2) provides a computable
upper bound on Fggp,¢. For example, in the case where
Na_p is an amplitude damping noise channel, a useful
upper bound on Bob’s QFI can be derived by applying
a completely dephasing channel to Eve’s state pp. We
apply this idea to an Ising spin chain in § VIII.

One consequence of Eq. (1) is a necessary and sufficient
condition for the clock’s sensitivity to be unaffected by
transmission through the noisy channel Na_,g: Fgob,t =
Fajlice,¢ if and only Fgye,, = 0. This condition can be
usefully restated in terms of the Kraus operators {Ej}
of the channel N4, 5. Recall that we aim to estimate
the time t = tg + At in the setting of local parameter
estimation, i.e. to linear order in At. Suppose that
after evolution for time tg, the state of Alice’s clock is
[¥), and that |§) = (H — (H)y)[) = PyH[) with
Pj; = 1 — |[¢)(¥|. Then the condition Fgye, = 0 is

equivalent to

(€| BB |v) + (| EfE;1€) = 0

Intuitively, Eq. (3) means that the action of the channel on
the clock cannot be confused with genuine time evolution.

forall k,5. (3)

Equation (3) may be recognized as a weakened ver-
sion of the Knill-Laflamme condition for quantum error
correction, the necessary and sufficient condition for the
action of a noisy channel on an encoded subspace to
be reversible by a suitable recovery channel [20]. This

condition may be stated as HLE;EJ-HL ox IIj for all
k and j, where II; is the projector onto the encoded
subspace. To write Eq. (3) in a similar form, consider
the two-dimensional subspace spanned by the mutually
orthogonal state vectors |¢) and |€); we call this two-
dimensional space a “virtual qubit.” Using the notation
[+) L = ), =) == [|[€)||71]€), the orthogonal projector
onto the virtual qubit is I, = |[+}+| + |-)(—|r, and
Z1, = |+X—|r + |=){+|r is the logical Z Pauli operator
acting on the virtual qubit. In this language, Eq. (3)
becomes

tr(L Bl Bl Z) =0 forall k,j. (4)
The condition Eq. (4) is reminiscent of a recently for-
mulated condition for quantum coding to improve how
measurement sensitivity scales with increasing sens-
ing time [21, 22]. In §VII, we explain how time-
covariant quantum error-correcting codes automatically
fulfill Eq. (3), providing some simple examples. In particu-
lar, we consider spins on a graph with Ising or Heisenberg
interactions and construct a state vector |¢) that fulfills
Eq. (3), where the noise model inflicts a single located
erasure.

We have derived the trade-off relation Eq. (1) in a
highly idealized setting, in which noiseless evolution of
Alice’s clock is followed by transmission to Bob through
the noisy channel Ns_.g. For an actual clock, the noise
acts continuously as the clock evolves, rather than after
the time evolution is complete. By focusing on the ideal-
ized setting, we have been able to perform a particularly
elegant analysis of the time-energy trade-off. But in § VI
we connect our results to the more realistic case of contin-
uous Markovian noise described by a master equation in
Lindblad form, noting that the two settings are actually
equivalent, or nearly equivalent, under certain conditions.
One can decompose the Lindbladian into a Hamiltonian
part and a noise part that contains all the jump operators;
if, for example, these two parts define commuting chan-
nels, then the Markovian evolution for time ¢ is equivalent
to Hamiltonian evolution for time ¢ followed by a noise
channel ;. Other cases where the Lindblad evolution is
compatible with a trade-off relation of the form Eq. (1)
(at least to a good approximation) are identified in § VI.

Although the time-energy trade-off provided the pri-
mary motivation for this work, we find that a trade-off
relation similar to Eq. (1) can be derived in a more general
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Fig. 3: Overview of our main results and structure of this work.

setting. Suppose that A and B are Hermitian operators,
and that ¢ = [¢)(¢] is a pure quantum state. We may
consider the “flow” in Hilbert space generated by A or
by B. That is, we consider a one-parameter family of
pure states close to v, generated by A and parameterized
by a, and a one-parameter family generated by B and
parametrized by b, such that

aa'(/} = _i[A7 w]v 3b¢ = _i[B’w]' (5)

In the setting of local parameter estimation, we suppose
that Bob wishes to estimate the parameter a and Eve
wants to estimate the parameter b, where a and b are
both small. Alice’s QFI about a is Falice,q, but Bob
receives the state via the noisy channel N4_,p, so his

QFI about a (Fpob,q) is in general smaller than Alice’s.

Alices’s QFI about b is Faiice,», but Eve receives the state

via the complementary channel N, A g, so her QFI about
b (Fave,p) is in general smaller than Alice’s. In §IIT we

derive the trade-off relation

FEve, b
FlAlic«ﬂ,7 b

FBob,a
FAlice,a

<142

where oy = [(M?)y — (M)2]'/? denotes the standard
deviation of the observable M. Note that, in contrast to
Eq. (1), this relation is an inequality rather than an equal-
ity. It is reminiscent of the Robertson uncertainty relation,

with the commutator quantifying the incompatibility of
the observables A and B.

Figure 3 summarizes the structure of this work and pro-
vides an overview of our results. In §II, we introduce the
setting of local parameter estimation, recall some useful
properties of the QFI, define the energy parameter n, and
review the concept of a complementary quantum channel.
We sketch the proof of the trade-off relation Eq. (1) and
its generalization Eq. (6) in §III (more details can be
found in Appendix E), and discuss some examples in §IV.
We use the trade-off relation to derive upper bounds on



measure T to
estimate tg + dt

4._..--7

Fig. 4: In the setting of quantum parameter estimation, the
task is to infer a parameter ¢ in a one-parameter family of states
t — p(t) through suitable measurements. For local parameter
estimation, we assume the value of the parameter is already
known to lie in the neighborhood of a given value to. The
measurement is required to refine the parameter estimation by
optimally distinguishing p(to) from p(to + dt) to first order in
dt. This setting is standard in the field of quantum metrology,
and the optimal sensitivity is quantified by a quantity known
as the Fisher information.

the QFILin § V. In § VI we discuss how the setting in Fig. 1
is connected with the more realistic setting of continuous
Markovian noise. In § VII we derive the necessary and
sufficient condition Eq. (3) for the clock’s sensitivity to
be undiminished by transport through the noisy channel
Na_, g, and discuss some of the implications of this con-
dition. Numerical results for our upper bound on QFI in
many-body systems are reported in § VIII. We summarize
and comment on our results in §IX. Many further details
are presented in the appendices.

II. SETTING

We review the standard setting in quantum metrology of
single parameter estimation. We then introduce our noise
model and the quantities that are relevant to formulate
our uncertainty relation.

A. Quantum parameter estimation

Consider a quantum state p(t) that depends on a single
parameter . The task we study is how well the parameter
t can be estimated by performing suitable measurements
(Fig. 4). In the context of this work, the parameter ¢ is
identified with physical time, although the results hold
for any general real parameter that the quantum state
might depend on.

We consider the setting of local sensitivity, where the
goal of the quantum measurement is to refine the precision
to which we determine the parameter if the value of the
parameter is already known to be close to a given value
to. More precisely, we seek a measurement operator T’
with minimal variance such that the expectation value of
T reveals the value of the parameter locally around ¢y to
first order in dt, i.e.,

(T) p(to+ary = to + dt + O(dt?) . (7)

Identifying the orders in dt we see that (7) is equivalent
to

(T)pto) =to and  tr(T Oip(to)) =1, (8)

using the notation 0;p = %. (We write a partial deriva-
tive instead of a total derivative in anticipation of other
variables which will be introduced later.) In the literature,
it is common to reuse the symbol ¢ for both the parameter
on which p depends as well as the reference value of the
parameter tg. We keep the distinction for clarity.

Here, we restricted the measurement to be projective,
as described by the Hermitian observable 7. A more
general POVM does not offer any more sensitivity in
sensing the parameter [1, 12].

A central result in quantum metrology is the quan-
tum Cramér-Rao bound, which states that the optimal
sensitivity to which one can determine the parameter ¢
locally around % is determined by a quantity called the
quantum Fisher information [1, 23, 24]. The quantum
Fisher information of the state p(tyo) with respect to a
direction d¢p (to) is defined as

F(p; 0ip) = tr(p R?) , 9)

where R is any Hermitian operator that solves the equa-
tion %{p, R} = %(pR + Rp) = 0yp, and where the quan-
tities p and Oip are evaluated at t3. The Cramér-Rao
bound can be formulated for our purposes as follows: For
any observable T that satisfies (8), we must have

1
F(p(to); dep (to))

and furthermore, equality in (10) can always be achieved
by a suitable choice of T. We refer to a choice of T" which
is optimal in (10) as an optimal local sensing observable
for t.

(T 1), > )

The operator R in (9) is called a symmetric logarithmic
derivative. When p and 0;p commute, we can choose
R = p~1oyp = (0/0t)Inp. A general construction of
R in terms of an eigendecomposition of p is given as
follows [25]. Consider an eigenbasis {|k)} of p that spans
the full Hilbert space, such that p = Y, Agx|k)(k| and
k=1,2,...,dim(s), then

2
= E —(k kDY kMK 11
Apt A #0

where the sum ranges over all pairs of indices k, k' except
those for which both Ay = 0 and A\gs = 0. The expression
for the Fisher information becomes F' (p; 8,5;)), where

Flpiow) = Y skl . 12

kK
)\k+)\k/7$0



The solution to the anti-commutator equation 1{p, R} =
Oyp is unique up to transformations of the form R
RJrP;-M PpJ- where M is an arbitrary Hermitian operator,

where Ppl =1 - P,, and where P, denotes the projector

1Ldppl
onto t.he suppoFt of p. In the event. tha‘g PP, ;é 0,
there is no solution for R. In such a situation, the optimal
estimation variance (10) is zero and the Fisher information
is not defined; such cases do not arise in the setting we

consider in this work.

We review the solutions to the anti-commutator equa-
tion %{p, R} = 0;p in Appendix B. In Appendix C, the
definition and elementary properties of the Fisher infor-
mation are reviewed using simple techniques based on
semi-definite programming. In Appendix D, we review a
derivation of the Cramér-Rao bound using these methods.

Observables T' that estimate the time parameter ¢ with
an accuracy that achieves the Cramér-Rao bound (10), i.e.,
the optimal local sensing observables, turn out to be the
projective measurements with outcomes associated with
the eigenspaces of a symmetric logarithmic derivative [1,
23]. Specifically, any optimal local sensing observable for
t is of the form

1

7}%,
F(p; %)

T =ty + (13)

where R is as above any solution to the anti-commutator
equation 1{p, R} = dp/dt (see Appendix D for a review
of the proof). Due to the freedom in the choice of R, all
optimal local sensing observables for ¢ differ by a term of
the form P[f-M P;- where M is any Hermitian operator.

In the remaining part of this section, we review a few
properties of the Fisher information for later use (see
Appendix C for details.) First is a scaling property: If
0<a<1and g €eR, we have

2
F(ap; Bop) = %F(p; dp) (14)

where the definition (9) is formally extended to positive
semi-definite operators p that satisfy tr p < 1. Second, in
case the state p and derivative 0;p commute, the Fisher
information takes the simple form

(0,0l =0 = F(p;dip) =tr[p~" (0p)?] . (15)

Finally, for general p, d;p, we can express the Fisher in-
formation in terms of a pair of convex optimization prob-
lems [26-28] as

~F(p; 0ep)
= max{tx[(9up) ] — tx[p 5]} (16a)
= mi% {tr(LTL) c V2L LTpl/? = 8tp} . (16b)

These two optimizations can be cast as semi-definite prob-
lems that are dual to each other. These optimizations are

convenient to derive bounds on the Fisher information, as
it suffices to exhibit suitable candidates in (16a) or (16b).

B. Time and energy parameters of the noiseless
clock

Now we turn to the setup depicted in Fig. 1, in which
Alice possesses a noiseless quantum clock which she sends
to Bob through a given noisy channel. In this subsection,
we study Alice’s noiseless quantum clock, and in the
following subsection we study the effect of the noise.

a. The noiseless clock. Suppose that Alice prepares a
quantum clock in a pure state living in a finite-dimensional
Hilbert space #4. She lets it evolve according to a
Hamiltonian H(t), generating a one-parameter family of
state vectors t — |1(t)). The time evolution is governed
by the standard Schrédinger time evolution

oy = % =

(17)
We now compute the Fisher information associated with
Alice’s clock locally around a time of interest ¢, following
the definition (9). For any ¢, we can choose R = 29y =
—2i[H, ], because {0y, 9} = 0:(v?) = Opp. Alice’s
Fisher information Fajice ¢ for the evolution [¢(t)) at the
time of interest ¢y is therefore given by

FAlicc,t = F(va _Z[Hv 1/’]) = 40?{ ) (18)

where ¥ and H are evaluated at time ¢, and where again,
we denote by op = [(M?),, — (M)3]'/? the standard
deviation of an observable M. Alternative expressions of
the standard deviation are given by

i = (M = (M))*) = (M, 4]*) , (19)

writing (M) := (M), for brevity.

Around the point ¢y, any optimal local sensing observ-
able for ¢ takes the form given by (13), which we can
rewrite in this context as

i[H, 1))
20%[

T=t— + Py MPy (20)

where M is any Hermitian operator. In the case where H
is time-independent, then Fjajice,+ does not depend on the
time of interest ¢y, but the optimal sensing observable T'
depends on g not only directly but also indirectly through
1 and 0;v. In the following, we fix ¢y and we only consider
the evolution |1)(t)) locally at to. Furthermore, we use
the shorthand [¢) := |¢(to)).

b. The energy parameter. The optimal local time
sensing observable T in (20), being a Hermitian op-
erator, can be used to generate a different evolution
in an alternative direction in the space of quantum
states. In our setup, we define ny = (H), and we con-
sider any family of state vectors n — |1(n)) such that
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Fig. 5: We define a parameter 1 that is complementary to
time evolution and that represents the energy of the state.
Consider a quantum clock modeled as a pure state i evolving
according to the Schrodinger equation 0yt = —i[H, 1], where
H is the Hamiltonian. Locally around to, the observable T’
that optimally distinguishes the neighboring states v (¢o) and
Y(to + dt) defines an optimal local time sensing observable. T
is the relevant measurement to carry out to optimally read
out the information about time stored in the quantum clock.
We now consider locally around v (to) the direction in state
space defined by 9,9 = i[T, ], i.e., a Schrodinger-type evo-
lution with —T' playing the role of an effective Hamiltonian.
It turns out that the optimal estimation procedure for the
parameter 7 is to measure H itself. Therefore, the parame-
ter 1 represents the energy of 1(n). The parameters ¢ and
n are, therefore, complementary to each other in the sense
that the generator associated with one parameter optimally
distinguishes neighboring values of the other parameter and
vice versa.

[Y(n=mno)) = |¢) = |1 (t=to)) and such that at the point
lv(n=no)) we have

O = i[T, 9] . (21)

This evolution can be interpreted as a Schrédinger equa-
tion with the effective Hamiltonian —T". An example of
such an evolution is

[ (n)) = T [g) . (22)

Interestingly, the evolution generated in this way locally
around [¢) turns out to be complementary to time evolu-
tion in the sense that we can derive a meaningful uncer-
tainty relation and that the parameter n can be identified
with the average energy of the state vector |¢)(n)) (see
Fig. 5).

More formally and to clarify the dependencies of |¢)
on t and 7, we consider a two-parameter family of state

vectors (t,n) — [(t,n)) with |1(to,n0)) = |¢) and such
that at the point (tg, 79) we have

O (to,mo) = —i[H, ¥, Ont (to,mo) = i[T, 9], (23)

where T is given by (20). For example, we could choose

[W(t,n) = exp{—i[(t —to)H — (n —m0)T]} |[v) . (24)

Unless indicated otherwise, the state vector |¢)) and
the corresponding derivatives 0y, 0,1 are henceforth
implicitly evaluated at (¢g,n0). We use the shorthands
[16(8)) = [(t, mo)) and [(n)) := [i(to, n)) to denote the
respective evolutions according to ¢t and n in which the
other parameter is fixed to 7 or tg, respectively; the name
of the argument (¢ or 7) determines which evolution is
meant.

Let us re-express the derivative 0,1 in terms of the
Hamiltonian. Using (20), we have

Opp =i[T0] = oy [ ULW] . (25)

H

A brief computation reveals that [[H, Y], 1/)} = Hy+yH—
2(H)Yv ={H — (H),v} and therefore

1
_20?{

G {H —(H),v} . (26)

Alice’s Fisher information with respect to the parameter
7 is given by the same expression as (18), but with H
and ¢t replaced by —T and 7, to get

. 1
FAlice,n = F(’(/}a Z[Tv M) = 40—% = 3> (27)
OH
where the last equality follows from
S(HE) 1
2 — T — 2 — <[ ) _ ) )
A= (Tt == = 9

To justify that the parameter 7 in the evolution (21) can
be associated with the energy of the state vector locally
around [¢), we compute the optimal sensing observable
for n and show that it is the Hamiltonian H itself (up to
terms lying outside of the support of ©). The optimal local
sensing observable that distinguishes ¥ (n) from ¢ (n+ dn)
is given by (13), but with the parameter ¢ replaced by
the parameter 7. Using (26), observe that the operator
R' = (H — (H))/o?% solves the equation {t, R'}/2 = 0,1).
From (13) and substituting ¢ by n, we see that the optimal
local sensing observable for 7 is simply no+ H — (H) = H.
That is, the optimal measurement distinguishing |4 (no))
from |¢(no + dn)) is the Hamiltonian H itself, up to a
term Pd-M Pj for any Hermitian M. (Alternatively, the
same conclusion would have been reached had we started
from (20) with ¢, H replaced by 1, —T. A more detailed
computation is provided in Appendix D.) Therefore, the
parameter 1 describes an evolution along which, locally
around [¢), we have 1o +dn = (H)y(y+ay)- In this sense,
7 represents the energy of the probe [¢(n)) locally around
To-

To summarize: The evolution ¥ (t) is generated by the
Hamiltonian H; nearby states ¢(to) and v (to + dt) are
optimally distinguished by a local time sensing observable
T. The complementary evolution ¢ (n) is one that inverts
the roles of H and T: The evolution 1(n) is generated
by T, and H is the operator that optimally distinguishes



neighboring states ¥ (ng) and t(ng + dn).

c. Single-qubit example. Consider a qubit initial-
ized in the state vector |¢ini;) = |+), where |£) =
[[1) £ ]4)]/v2, and let the qubit evolve according to the
Hamiltonian H = wZ/2 (i.e., Alice’s system in Fig. 2).
The time evolution of the clock is given by |1 (t)) = U;|+),

where U, = e *"H?; we see that

= cos(%t) |+) — isin(%) [—) . (29)

It is also convenient to note that

1 1
¥(t) = U +)(+U] = 5 + ;U] (30a)
1 1
=513 [cos(wt) X + sin(wt) Y] , (30b)
using the identity |[+)(+| = [1 + X]/2 along with

e 2 X e = cos(2a) X +sin(2a) Y. The time derivative
of the state is

Dup(t) = ~ilH, $(t)] = ' [Z, Ul+)(+U]]

_L§MP’ Q}M
=%MYW (31a)
= g [cos(wt) Y — sin(wt) X] , (31b)

using e~ 4?Ye!?Z = cos(2a) Y — sin(2a) X. The expres-
sions (30a) and (31a) manifest the fact that the state and
the derivative evolve in time by rotation around the Z
axis of the Bloch sphere, whereas we can read out from
the expressions (30b) and (31b) the information about
the time evolution of the components of the Bloch vector.
The average energy (H) () is

(o = U 0HU 22 =0 (32

for all t, noting that U; commutes with Z and that
(+]Z]4) = 0. The energy’s standard deviation at time ¢
is then

2

oh = (H2), ) ==, (33)

noting that Z2 = 1.

We now compute the time sensitivity and the optimal
time sensing observable locally around a given time t5. We
write |¢) = |¢(tp)) for short. The optimal time sensing
observable is given by (20), which we can compute as

(ignoring the degree of freedom PwlM Pj),

1 1
T—ty= E &Mﬂ (tO) = E UtoYUtTo

= % [cos(wt) Y — sin(wty) X| . (34)

The optimal sensing observable T is therefore aligned with
the direction on the Bloch sphere that is tangent to the
state’s evolution.

We now determine the parameter n. It is generated
by T as per (21), and we can compute the associated
derivative using (26) as

-y =225 =22, @)

Onh = 7 (36)

recalling that the Pauli matrices along different directions
anti-commute. The direction associated with the n pa-
rameter is aligned with the Z axis of the Bloch sphere
(Fig. 2) which is the direction in which the Hamiltonian
is oriented.

We can now compute the sensitivities with respect to ¢
and n using (18) and (27) as

1 4
Falice,t = 40’1%1 =w’ ) FAUCEW = o2 = w2 (37)

H

Finally, we can check that H is an optimal local sensing
observable for 1. First observe with ng = (H), = 0 that

(H ) (to,m0+dn) = dn tr(H 8,7w) =dn, (38)

using (36) along with Z? = 1. Hence, H satisfies the
condition (7) for the parameter 7. The variance of this
observable was computed above as

w? 1

G <H>)2> =i = 1 Fatice 0

(39)

and therefore H also saturates the Cramér-Rao bound.
It is an optimal local sensing observable.

C. The noisy channel and the environment

a. The noisy clock. Suppose that Alice sends the
clock from its noiseless environment to a receiver Bob
through a noisy channel N4, g (Fig. 1). Bob has access
to the noisy clock state

pB(t) = Nasp((t)) . (40)

We consider the sensitivity of Bob’s clock locally around
to, i.e., we ask how well Bob can distinguish pp(tg) from
pp(to + dt). We assume that the noisy channel Ny, p
does not depend on t. This setting is nonstandard in the



context of quantum metrology. Usually, one considers a
quantum clock that is exposed to continuous noise as it
evolves in time instead of the noise being applied sepa-
rately and instantaneously after the system has evolved
unitarily for a given amount of time. This alternative
setting represents the situation where Alice would like
to send a quantum reference frame to Bob over a noisy
channel [29]. We defer the discussion of the connections
between these two settings to § VI.

Locally around ¢, Bob’s optimal sensitivity is given via
the Cramér-Rao bound (10) by Bob’s Fisher information
with respect to time,

Fiob,t :=F(ps(to); Oipp (to)) - (41)

We may furthermore express pg and O;pp as

PB = NA—>B(¢) )
OB = Nap(0h) = Nap(—ilH,¥)) . (42)

Determining Fgop,+ in principle requires the usage of a
general expression of the Fisher information for mixed
states such as (9) or (12), which can be significantly more
cumbersome to manipulate as opposed to computing the
variance of the Hamiltonian in the case of a pure state
evolution.

b. The environment. Any quantum channel M4_ g
can be expressed as a unitary evolution over a larger
system, where the environment is initialized in a pure
state. This construction is known as a Stinespring dilation.
The initial pure state of the environment can be contracted
with the global unitary to give a more concise description
of the Stinespring dilation in terms of an isometry A —
BE. More precisely, any quantum channel N4_, g can be
written as

Nasp(:) =trg(Vaspe () V1), (43)

where F is a suitable environment system, and where
Va_,pE is an isometry mapping states of A into B® F.

The system E, which we call Eve, represents the quan-
tum information that is discarded by the channel N4_, .
Instead, we can consider a quantum channel that describes
what Eve gets if Bob’s system B is discarded. By tracing
out B instead of E in (43) we obtain the complementary
channel,

./VA%E(‘) =trg(Vasse () VT) . (44)

If we write the noisy channel in an operator-sum repre-
sentation with Kraus operators {E)} as

N()=> E()El, (45)
k

we may write a corresponding complementary channel as

Ny =" tr(ELE) [R)E |k (46)

kK’

for some orthonormal basis {|k)} on the environment
system E. The complementary channel is unique up to a
partial isometry on the environment system.

Our main result involves Eve’s sensitivity to the n
parameter of the state that she obtains if Alice’s quantum
clock is sent to F via the complementary channel. Namely,
we define

pe(n) = Nasp () . (47)
Recalling (26), we have

Dopis = 201}%[/@%({1{ —(H),eY) . (48)

As for v, 0s¢p, and 0,9, the states pp, pg and the deriva-
tives O¢pp, Oypr are implicitly evaluated at (to,70) un-
lgss specified otheerise. We also abbreviate N4_, g and
Na_.g by N and N for convenience and whenever it is
unambiguous to do so.

III. BIPARTITE UNCERTAINTY RELATION
FOR THE FISHER INFORMATION

A. Equality Fisher information trade-off for time
and energy and expression for sensitivity loss

Sending Alice’s clock to Bob through the noisy channel
Na_p reduces the clock’s sensitivity to the time param-
eter t. On the other hand, sending the clock to Eve
through the complementary channel N A— g enables Eve
to gain sensitivity with respect to the energy parameter
7. Our main result characterizes how these two effects
are related:

Theorem 1 (Bipartite time-energy uncertainty relation).
Suppose Alice prepares a probe in a quantum state vector
|t)) and consider the local parameters t, n defining direc-
tions in state space generated by H and T and centered at
[¢) = |¥(to,mo)) as in Eq. (23). Alice sends her probe to
Bob through a channel Na_.g; let Eve represent thf out-
put of the corresponding complementary channel Na_g
(see Fig. 1). Then

FBob,t FEve,n

+

=1, (49)

Fatice,t  Falice,n

provided the rank of N'(¢(t)) does not change at t.

Recalling Egs. (18) and (27), our uncertainty relation
is equivalently stated as

FBob, t
401%1

+ 0% Five,n =1 . (50)

Using the Cramér-Rao bound (10) we can relate the op-
timal sensing accuracies (5t3,p, ost)s (e est) asSOCiated



with the parameters ¢, 7 on Bob and Eve’s systems,

1 1 1 1

40—%{ <5t2Bob,cst> 40—% <5771%3ve,est

><1, (51)

noting that equality can be achieved with sensing strate-
gies that saturate the Cramér-Rao bound provided the
rank of N (¢(t)) does not change at t = t.

A proof of Theorem 1 proceeds by writing the Fisher
information on Bob’s end, i.e. after the application of
the noise channel, in terms of the Bures metric. The
environment Eve is introduced as the purifying space over
which the fidelity is computed via Uhlmann’s theorem.
The resulting expression is expressed as a semi-definite
program as in Refs. [30, 31]; suitably manipulating the
corresponding dual problem yields the relation (49). The
full proof is provided in Appendix E. We also provide an
alternative proof using a semi-definite characterization of
the Fisher information.

The condition the rank of N((t)) does not change
locally at the time ¢y ensures that we avoid edge cases
where the correspondence between the Fisher information
and the Bures metric is incomplete [32-34]. In edge
cases where this condition is violated, the uncertainty
relation (49) can be shown to hold as an inequality instead
of an equality (see below and Appendix E). The no rank
change condition is typically associated with situations
where the quantum Fisher information is discontinuous.
In such cases its operational relevance can be questioned;
we further discuss these points below in the context of
i.i.d. noise as well as in Appendix J.

The condition that the rank of M'(¢(t)) does not change
at t = tp is formalized by requiring that for any eigen-
value py(t) of N'(¢(t)) such that py(to) = 0 we also have
92p,(to) = 0. This more precise formulation is the form
of the assumption that is used in the proof. Observe that
any eigenvalue py(t) of N (¢(t)) that satisfies px(to) =0
necessarily also satisfies 9ypy (t9) = 0, since the value zero
is necessarily a minimum for pg(¢).

Another equivalent form of our uncertainty relation (49)
is one that quantifies directly the difference between the
sensitivity of the noiseless clock and the resulting sensi-
tivity on Bob’s end. Let us define:

AFgob,t = Falice.t — FBob.t = 40% — Fpob.t - (52)
A few simple algebraic manipulations of (49) lead to

FAlice,t
FAlicc, n

FAlice,t - FB0b7t = FEve,’r] ) (53)

which gives us an expression for AFgpop ;. We can fur-
ther spell out this expression using Eqgs. (18) and (27)
along with simple scaling properties that follow from the
definition of the Fisher information to find

AFBop,t = (20%)2FEV6,W = F(pE; 201%10an)
= F(pp; N({H,¢})) (54)
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where we have used (48) in the last equality.

Summarizing the above argument, we obtain an alterna-
tive form of Theorem 1 as an expression for the sensitivity
loss AFgop,+ in terms of the Fisher information that Eve
obtains with respect to a direction associated with the
anti-commutator of H and 1.

Corollary 2 (Expression for Bob’s sensitivity loss via
Eve). Consider the setting of Theorem 1 and assume that
the rank of N'((t)) does not change locally at to. Then

AF‘Bob7t = F(/\A/'(?ﬁ) ; ./{\/'({H, ¢})) ) (55)

where AFBO_bJ = Falice,t — FBob,t and where we recall the
shorthand H = H — (H). As a consequence,

Fpon,e = 403 — F(N(¥); N{H,¥})) . (56)

Two extreme cases can readily be identified. One is
where there is no noise and N = id is the identity process;
in this case the complementary channel is a channel that
outputs a constant state regardless of the input, A/ ()=
tr(-) 7 for some state 7g. In this case Eve obtains no
information about the probe’s energy, which can be seen
in our formalism by the fact that N'({H,v}) = 0 and
therefore AFgob,+ = 0. In the opposite extreme case,
the noise destroys its input entirely End sends it to the
environment, with correspondingly N = id. In this case
Eve has maximal sensitivity to the i parameter, Fiye , =
FAlice,n, and therefore Fgob, ¢+ = 0 and AFpop, ¢ = 40%,.

B. Trade-off relation in terms of a virtual qubit

In this section we simplify the setting required to pro-
duce the relation in Theorem 1, in an effort to identify
the fundamental concepts required for our uncertainty
relation to hold. It turns out that Theorem 1 can be
rephrased as an uncertainty relation between Bob and
Eve distinguishing states respectively along the Y and Z
Pauli directions of a virtual qubit space, which in the set-
ting of Theorem 1 is defined by the clock state vector |)
and its image H|v) under application of the Hamiltonian.

Consider the subspace of Alice’s Hilbert space spanned
by the probe state |¢)) and its time derivative o< H|1)).
This subspace defines a virtual qubit. We choose to iden-
tify the probe state with the +1 Pauli-X eigenvector. It
turns out that our uncertainty relation admits a restate-
ment as a relation between the sensitivity that Bob and
Eve can achieve with respect to Pauli-Y and logical Pauli-
Z directions of the virtual qubit. More precisely, we first
define

€) = Py H|Y) = (H — (H)) [¥) = Hl) ,  (57)
recalling P} = 1 —+). The norm of |¢) satisfies

= (€le) =k . (58)

I

11€)



Here, we assume that |£) # 0, otherwise the probe does
not evolve in time and all the terms in our uncertainty
relation are trivially zero. We can write the following
derivatives in terms of |£),

Orp = —i[H, ] = =i (|E)0W] = [¥)E])
205 Oy = {H, ¥} = )] + [¥)(E] -

An orthonormal basis of the virtual qubit can be chosen
as

(59a)
(59b)

Fr=lw), =l (60)

As the logical computational basis of the virtual qubit,
we choose

_ b
V2

L

0)r 7

[+ +1-)2], 1)z [+ —[-)z] -

(61)

This choice of basis is motivated to match the qubit
operators of a single spin-1/2 particle prepared in the
+X eigenstate and evolving according to a magnetic field
pointing along the Z axis.

Consider the logical Pauli-X, Y and Z operators defined
as usual with respect to the basis (61). They are expressed
in the |+), basis as

Xp = [+)0{+l = [-{-Ir , (62a)
Y = —i|=)+|r +il+)X-Iz (62b)
Zp = =)+ + 1+~ , (62c)
with furthermore
Yo=Y, Zu=——{HY}. (63)
oH OH

We see that the logical Pauli-Y and Pauli-Z operators
are parallel to the evolution respectively along t and

along n locally at |¢) = |¢(to,n0)), as we recall (59).

Our uncertainty relation can be stated in terms of a
metrological logical qubit as follows.

Theorem 3 (Uncertainty relation for the metrological
logical qubit). Let A, B and E be finite-dimensional
quantum systems. Let Ny_.p be a completely positive,
trace non-increasing map. Let Vai_,pg be such that
Nasp(r) = trg(VOVT) and VIV < 1, ie, V is a
Stinespring dilation of N'. Consider the complementary
channel N'a_, () = trp (V()VT). Let |+), be any two or-
thogonal and normalized state vectors on system A, and let
X1, Yp, Zy, be defined via (62). If (P @ P )V|—) =0,
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then

~

FN(); N(Y1)) + F(N(); N(Z1))
— 4= N0 . (64)

If (P, @ P )V|=)r # 0, then we have the inequality

~ ~

F(N@); N(Y2)) + FIN () ; N(Z1))
<A~ |NT(@)[-)p . (65)

The above theorem provides a more formal statement
that generalizes the earlier statement Theorem 1 to trace-
non-increasing maps and to sub-normalized states. The
metrological qubit construction also provides a clearer
mathematical picture of the symmetric role of Bob and
Eve in our uncertainty relation: Bob and Eve can be
interchanged (i.e., N' <> N ) provided we correspondingly
interchange |£) > i|¢). For a state vector |¢) evolving
with respect to a Hamiltonian H, the state |¢) = H|1)
is the derivative of |1) with respect to time, and i|)
can be thought of the derivative of |¢) with respect to
imaginary time. The symmetry in Theorem 3 between
Bob and Eve, which involves the interchange |£) <> i|€), is
reproduced at the level of the parameters ¢t and 7 by choos-
ing n to parametrize the one-family parameter of state
vectors |1(n)) in (21) governed by the imaginary time
evolution (24). The full proof of Theorem 3 is provided
in Appendix E 2.

In Theorem 3 a different condition is stated for equality
as in Theorem 1, where we require the rank of N (¢ (t))
not to change. These conditions turn out to be equivalent,
as shown in the following proposition. We defer the proof
to Appendix E 2.

Proposition 4 (Conditions for equality in the uncer-
tainty relation). Let {Ex} be a set of Kraus operators for
Na_p and Vi_,gg be a Stinespring dilation of N'. The
following conditions are equivalent:

o (P, @ P, ) VIE) =0;

e pp(t) does not change rank as a function of t locally
at the point ty;

e For any linear combination E = ¢, By, (with ¢i, €
C) such that ElY) = 0, then P} E|€) = 0.

B

In particular, it suffices that either pg = N (¢) or
pg = N(1) has full rank to ensure that these conditions
are satisfied, and thereby that our uncertainty relation
holds with equality [Eq. (64)].

As a consequence, the situations for which the condi-
tions (4) do not hold, and correspondingly for which our
uncertainty relation does not necessarily hold with equal-
ity, are edge cases that can be infinitesimally perturbed
into situations where the corresponding conditions hold.
Indeed, one can mix N with an infinitesimal amount
of depolarizing noise to ensure that Bob’s state is full



rank, and therefore to ensure that equality holds in our
uncertainty relation.

C. General uncertainty relation for any two
parameters

The uncertainty relation between position and momen-
tum can be generalized to any arbitrary pair of observables.
The Robertson uncertainty relation states that for any
two observables A, B, we have

oaop > = |(ilA,B])| . (66)

N | =

In the same spirit, we derive a generalization of (49)
that is valid for any two observables. Suppose Alice
prepares a pure state ¢ that can evolve along two possible
directions J,% and Oy, and sends the state through the
noisy channel N to Bob as in Fig. 1. We assume that
the directions along a, b are generated by two Hermitian
operators A, B as

8@#’ = _i[Aa ¢] ) 8bw = _i[B’ W : (67)

Bob is tasked with estimating a deviation locally to first
order around N () in the a direction, whereas Eve tries
to distinguish A (1) from neighboring states along the
b direction. The parameters a,b are analogous to the

parameters t,7n considered above, but the two directions
0¥, Optp can be arbitrary.

Theorem 5 (Bipartite uncertainty relation for any two
parameters). Let ¥ be a state vector and suppose that
A, B are two Hermitian operators that generate evolutions
locally at v in directions Og1p, Opt) via (67). Suppose we
apply a noisy channel as depicted in Fig. 1. Then

2
i|A, B
FBob,a FEve,b < 14+2¢/1— <Z[ 27 ;> ; (68)
Fatice,a  FAlice,b 400
where
Falice,a = F(iﬁ, aa/w) » FBob,a = F(N(w) ) N(aaw)) )

Five,y = F(N(¥); N () -

The proof of this statement is presented in Ap-
pendix E4. The argument of the square root never
becomes negative, thanks to the Robertson uncertainty
relation (66) for A and B.

We can identify two extreme cases of interest to gain
some intuition for the relation (68). First consider A, B to
be two complementary observables in the sense that they
saturate the Robertson inequality (66). Consider for in-
stance the Pauli-Y and the Pauli-Z operators on a qubit.
In this case the right hand side of the inequality (68)
equals one. There is a trade-off between the sensitivity
losses associated with Bob sensing along the N (9,v) di-

rection and Eve sensing along the N (Optp) direction, as

FAlice,b = F(¢7 3b¢) )

12

both terms on the left hand side of (68) cannot simultane-
ously be equal to one. On the other hand, we can consider
two Hermitian generators A, B that commute. (Perhaps
A, B act on different subsystems of Alice’s noiseless clock.)
In this case, the right hand side of (68) evaluates to the
constant 3. Our uncertainty relation no longer presents
any obstruction to both Bob and Eve sensing along the
respective directions a, b as well as Alice could, as there
is room for both terms on the left hand side of (68) to be
equal to one. This is the case, for instance, if A, B act on
different subsystems of Alice’s clock, and the respective
subsystems are sent to Bob and Eve via the noisy channel
and its complementary channel.

We can partially recover our Theorem 1 if we consider
the two generators A = H and B = —T, with H,T
defined in §IIB, leading to 0,% = 0;¢ and Opp = Oy%.
To see this, we first compute

1

(ilH,T1) = 3 GUH, ~ilH, v]])
= 201%{ (2(H?*) —2(H)*) =1.  (69)

Using (27) we further see that 40% 0% = 1. Therefore, the
square root on the right hand side of (68) vanishes and the
entire right hand side of the inequality evaluates to the
constant 1. With the identifications Fajice,t = FAlice,as
FBob,t = FBob,aa FAlice,n = FAlice7b7 FEve777 = FEve,ba we
recover the expression (49) with an inequality instead of
an equality. Theorem 1 can therefore be understood as a
special case of the inequality in Theorem 5 combined with
the additional statement that equality can be achieved
when A = H, B = —T and the rank of AV (¥(t)) does not
change at tg.

We furthermore provide a proof that the general un-
certainty relation (68) also holds in infinite-dimensional
Hilbert spaces, and even for unbounded operators. The
details of this proof are given in Appendix F. The proof
proceeds by considering a limiting case of the finite-
dimensional setting for larger and larger system sizes,
with additional care given to the definition of the Fisher
information in the infinite-dimensional case and to the
fact that the considered operators are not necessarily
bounded.

It is expected that the bound (68) can be further tight-
ened for observables that do not saturate the Robertson
bound. For instance, consider two independent systems
in a pure tensor product state, with one system evolving
with a parameter ¢t and the other with z: If we hand the
first system to Bob and the second to Eve, then there is
no sensitivity loss for either parties and the sum of the
Fisher information ratios should be 2. But the right hand
side of our bound is 3.



IV. A SELECTION OF EXAMPLES

We now explore some examples illustrating the appli-
cation of our main results.

A. Single qubit subject to partial dephasing

Consider the setup in Fig. 2 and described in §I11B,
in which Alice prepares a pure qubit in the |+) state
vector and lets it evolve according to the Hamiltonian
H =wZ/2. At time t, the qubit is in the state ¥(t) given
in (30) and its derivative 9,1 is given by (31).

Suppose that at time t, we apply the partially dephas-
ing noisy channel

N,=(1-p)id+pDz, (70)
where

Dz () = (1D INAT+ D DA (7

In the following, we will verify that our uncertainty rela-
tion holds in this setting, by first computing directly Bob’s
Fisher information with respect to ¢, and then computing
Eve’s Fisher information with respect to 7.

a. Direct computation of Fgob,i. Using Dz(X) =
0 =Dz(Y) we find from (30b) that Bob receives the state

1 1

pato) =75 | Lo

_ p) eiwto 1 (72)
Using (30a) along with the fact that the superoperator
action of Uy = e~ *#* and A, commute and that N,(X) =
(1 —p) X, we can alternatively write Bob’s state as

1+(1—-p X
pB(to) = Uy, %UJO

= (1= D) Xl + )Xl (73)

defining the rotated basis state vectors |+;) := Ui|+).
For the time derivative, using (31a) along with N, (Y) =
(1-p)Y we find

dupis (to) = Ny (90 (t0)) = S(L=p) Uy, YU, . (74)

We may compute the Fisher information with the for-
mula (12), using the eigendecomposition of pg(tp) given
by (73)

w2
Foon = (= [T [V 10)P +
2[(HY =) + 2 [~ [¥ )P +
1
73 1Y 1=)P]
= w2(1 —p)2 5 (75)
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using (+|Y|-) = (+|YZ|+) = «(+|X|+) = ¢ and
(HY[+) =0=(=[Y]-).

Recalling (37), the ratio of the Fisher information of
the noisy versus the noiseless clock is

FBob,t

=(1-p)*. 76
FAlicc,t ( p) ( )

b. Computation of Frye,,. Now we turn to Eve’s pic-
ture. We start with computing a complementary channel
to Np. We can use (46) for this effect from any Kraus
representation of AV,. It is useful to choose a represen-
tation with the fewest possible Kraus operators to sim-
plify our computation of Fgye ,. From (70), and using
Dz(-) =1()1/2+ Z(-)Z/2 we can read off a representa-
tion of NV, with the two Kraus operators

B =\ J1-51,

The complementary channel constructed via (46) takes
the form

EW = 52 (77)

51— %) tr[Z()] Etr()
(78)
Hence Eve’s state is
potto) =R (i) = |' 52 5] )

The derivative in the 7 direction is given by the image
of (36) under N, namely

Oupi (to) = Ky (0,0 (10) = 212 (1= D) x . (0)

We may now directly compute Fgye,, using (12),

FEve,nzég(l—g){owaro}
= % (2p—p°) . (81)

Using (37) we find that the ratio of Eve’s Fisher infor-
mation to Alice’s Fisher information with respect to n
is

Fgve
el —9p—pt=1—(1-p)?. (82)
FAlice,n

The fact that (76) and (82) sum to unity is a manifestation
of Theorem 1 in the present setting.

Consider now our Fisher information loss formula (55).



outcome of Pauli-X
measurement

Fig. 6: Single qubit probe evolving according to the Hamil-
tonian H = wZ/2 and subject to complete dephasing along
the X direction at time close to to. For almost every to, the
noisy probe remains maximally sensitive to time to first order
around to. This property might sound surprising, because
Bob’s state can be very mixed. In the purified picture, Eve is
given the outcome of a measurement of Alice’s state along the
X axis. Observe that in contrast to the setting in Fig. 2, this
information does not reveal any information about the energy
of Alice’s state.

Using (35) and H = H — (H) = H we have

Np({H,0}) = S N(2) =2 (1-2) x . (83)

./\A/'p({g,@/;})) using (12) as
No({H })) = 20 =p%) . (84)
We can then verify that the difference in Fisher informa-

tion between the noiseless clock and the noisy clock is
indeed

Then we can compute F(p B

F(pg;

AFgob,t = Fatice,t — Fiob,t = w?(1 — (1 —p)?)
= F(pr; N, ({H, 1)) - (85)

B. Single qubit subject to complete dephasing
along a transversal axis

Now we consider a variant of the above single-qubit
example: We replace the noisy channel by a complete
dephasing along the X axis (Fig. 6). The qubit is ini-
tialized in the state vector |init) = |+), where |+) =
[[1) + [1)]/v?2, with a Hamiltonian H = 7. After a
time ¢, the state is given by (29) and at all times we have
(H)y) =0 and o, = w?/4. At time t ~ to the clock is
completely dephased in the X basis, as described by the
noisy channel

Dx () = (1) [+XFH + (== =)= (86)
This completely dephasing map acts on the Pauli operator
basis as Dx (1) = 1, Dx(X) = X, and Dx(Y) =0 =
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Dx(Z). Bob receives the density matrix
wt
pB = COS ( )\+><+| + sin ( 5 )\—><—| . (87)

Now the complementary channel of Dx is again D x = Dx,
and so Eve gets the same density matrix as Bob.
a. Computation of Frye,n. Recalling (35), we find

(H),v}) = 5 Dx(2) =0,  (88)

Dx({H —

M\E

because Dx maps the Pauli-Y and Pauli-Z operators to
zero. Therefore Eve obtains zero information about 7, i.e.,
Fgve,n = 0. Therefore, there is no sensitivity loss for Bob
regardless of the time ¢ ~ ¢y at which the noisy channel
is applied, as long as the rank of pp(tp) does not change
locally at ty. The state pp changes rank whenever either
term of (87) vanishes, i.e., when ty is a multiple of 7/w.
At those discrete points, we hit the edge cases where our
main uncertainty relation does not hold with equality and
we cannot deduce that Bob has maximal sensitivity at
those points. However, at all other points ¢ty the clock
does not lose any sensitivity when sent to Bob.

The same conclusions apply for any noisy channel that
is a complete dephasing operation along an axis that lies
in the equatorial plane, by rotational symmetry of the
problem around the Z axis. (Any axis in the equatorial
plane can be described as a rotation of the X axis that
is equivalent to a time evolution of the system for some
given time t,. Because the Fisher information is invariant
under unitary transformations, the calculation of Bob’s
Fisher information of this qubit after complete dephasing
along that given axis at time ¢ is equivalent to calculating
the Fisher information after a complete dephasing along
the X axis at the time to — to — t4.)

b. Check by direct computation of Fgop,t. We now
compute Fgob, ¢ = F(pB ; Dz(atw)) directly, by using the
definition of the Fisher information. From (31b) we find

Dx(0w)) = —— sm(wto) X . (89)
If sin(wtg) = 0, which happens when ¢y is a multiple of
7 /w, we find that Bob’s state is locally stationary and Bob
has no sensitivity to first order in ¢. (For this discrete set
of points one could argue that the Fisher information no
longer represents the relevant sensitivity for Bob, since the
evolution should be considered to its leading order—here
the second order—and no longer only to first order.)

We now compute Fpop,: for all times ¢, where
sin(wtg) # 0. Observe that pp and Dx(0¢9)) commute.
Using (15) and X2 = 1, we find

2
w . _
Fpop,t = = sin?(wto) tr(pBl)
o wto) (wto)r 1 1
= S — ) cos| — +
o (5 2 /) Leos?(52) " sin?(+2)
=w?, (90)



using sin(wtp) = 2sin(wty/2) cos(wty/2) in the second
equality.

Overall, we see that Bob still has maximal sensitivity
even after application of the completely dephasing channel
along the transversal X axis, for all times except for the
discrete set of times tg where the rank of pp changes.
This conclusion matches our earlier conclusions obtained
via considerations from Eve’s perspective (except for a
discrete set of times tp).

It might appear counterintuitive that Bob’s state still
has as high a sensitivity as Alice’s noiseless state for almost
all ¢y, especially as Bob’s state can get arbitrarily mixed.
Indeed, pp coincides with the maximally mixed state for
times ¢y that are midpoints between the multiples of 7/w.
However, we see that pp(t) still varies with ¢ sufficiently
to enable optimal discrimination of nearby states to first
order around tg.

C. Probe in a GHZ state with one partial erasure

Consider as initial state an n-party GHZ state vector,

1
|GHZ>=E[IT~-T>+I¢~-~¢>],

and let the system evolve according to the local Hamilto-
nian H =Y, (w/2)Z where Z(*) denotes the Pauli Z
operator acting on the i-th site. Suppose that the first
qubit is lost with probability p. This is represented by
the noisy channel

NG =plo)orl@tri()+ (1 —=p) (),

where try traces out the first qubit and where |¢, ) is a
state vector in a new, orthogonal dimension that has no
overlap with the input state. A Stinespring dilation of
the first term in N is described as giving the first qubit
of Alice’s system to Eve, and the remaining qubits to
Bob; any missing qubits on either Bob or Eve’s side is
replaced by |¢ ). The complementary channel can thus
be computed as

(91)

(92)

N () =p tra.n() + (1= p)tr() [$L)(@L] -

We compute the sensitivity loss associated with the noise
according to (55). We have

(93)

HIy) ([t = L D] =PrHE) , (94

_nw

2v/2
noting that HJy) is already orthogonal to |¢) since
(H)y = 0. The optimal noiseless sensitivity is

FAlice,t = 40—%{ = 4<1/J|H2 W’> = n2w2 ) (95)

exhibiting the expected Heisenberg scaling for optimally
entangled probe states. We write {¢, H} = P,i‘H?/} +
h.c. = ogZy, with Z, defined in (63). The local reduced
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operator of {1, H} on a single site is

try ({9, H}) = =101 = 1D+ he. = == 20
(96)

where tr\i denotes the partial trace over all subsystems
except the i-th subsystem. Noting that tr({¢, H}) = 0,
we obtain
~ _ nw
N, 1Y) =p" 7. (97)
On the other hand, the reduced state of 1) on a single site
is simply the maximally mixed state 15/2 and thus

pp = KW) =pZ +1-p)loosl . (99)

As pg and J\Af({w, H}) commute, we can use (15) to see
that

2 2
APFpop.¢ = tr L? (p%Z) } —pn?w? . (99)

If p = 1, Eve is maximally disturbing and completely
blocks Bob’s ability to measure time, if p = 0 there is
no sensitivity loss. Any value in between interpolates
between these two cases.

Note that while it might appear here that Heisenberg
scaling (Fob,¢ o n?) is achieved for p > 0, this is an
artifact of the lack of scaling in n of our choice of noisy
channel and does not contradict the findings of e.g. [22,
31].

D. Estimating a signal Hamiltonian term

In this subsection, we briefly comment on the case
where the parameter to estimate is not time ¢ itself, but
a parameter f in the Hamiltonian that influences time
evolution. In other words, we now account for possible
other terms in the Hamiltonian that contribute to time
evolution but that reveal nothing about the parameter
of interest. We assume that the noiseless probe evolves
according to a Hamiltonian

Hf:H0+fG, (100)
where Hy does not depend on f, and where Hy and G are
time-independent. Refs. [35, 36] have determined that the
Fisher information with respect to f that one achieves
by initializing the system in some initial state vector |1)g)
and letting the system evolve according to H; for some
fixed time 7. Let U;(T) = e~ be the time evolution
operator, and define |¢;) = Us(T)|¢bg). The question
is, how much sensitivity does the family of state vectors
f = |¢y) offer with respect to f? The derivative relevant



for the Fisher information is given by [36]

Oppy = —i[Ky,y] , (101)
where
. _dU 2. (—iT)*
K;= —szlchf :Tkzzo T ady, (G) ,  (102)
where adps(G) := [M, G] and
ady,(G) := [M,[M,...,[M,G]] (103)

is the k-th commutator of M with G. The operator Ky
can be thought of as an effective “Hamiltonian” for the
parameter f, driving an “evolution” in [¢)f) with respect
to f according to (101).

If we send this probe state through a noisy channel fol-
lowing the setting in Fig. 1, then our uncertainty relation
can be applied, where the complementary parameter evolu-
tion is generated by the operator L = —i[K, wf]/(ZU%(f)~
That is, Bob’s sensitivity to f trades off with Eve’s sensi-
tivity to the parameter generated by L.

E. Symmetric codes against erasures via
superpositions of Dicke states

Based on the relevance of Dicke states for metrology [37—
41] and for quantum error correction [42—44], we can ask
whether our uncertainty relation can guide a search for
good clock states. To ensure good sensitivity even in the
noiseless setting, we seek probe states with a large spread
over energy eigenstates. So we consider a general superpo-
sition of Dicke states corresponding to different numbers
of excitations. We note an important class of permutation-
invariant codes are those developed in Refs. [41, 42].

Consider the n-spin non-interacting Hamiltonian H =
S (w/2) ZW. A Dicke state is an eigenstate of H that
is symmetric under permutations of the sites. Consider
the Dicke state

n\ ~1/2
|h2>::<> Z |s1...8n) ,
q Si::tl

> si=n—2q

(104)

where s; = £1 represents the eigenstates of Z and where
q=0,...,n. We construct our probe states as a superpo-
sition of Dicke states of different values of ¢. In general,
such a state vector can be written as

[DEDIEAAS (105)
q=0

for some arbitrary complex amplitudes {1,} that satisfy
Zq|wq|2 =L

As a noise model, we assume that k systems chosen
at random are entirely erased. Because the probe state
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Fig. 7: Fisher information of an even superposition of two Dicke
states of magnetizations mi1 = n—2q; and ma = n—2¢g2 on a n-
site non-interacting spin chain with local terms H; = (w/2)Z.
A good probe state has mi, mo far from one another (for a
large energy spread), but also far from the edges —n and n
(to avoid decoherence caused by the erasures). Here we set
n = 100 total spins, w/2 = 1, and k = 9 spins are lost to the
environment. Our tradeoff relation facilitates the calculation
of the Fisher information plotted above. It also gives an
interpretation of the loss in sensitivity with respect to the
noiseless case (where the GHZ state m1 = —mo = +n would
be optimal; leftmost and rightmost edges of the plot) as the
sensitivity that Eve gains with respect to the energy of the
state.

is completely symmetric, it does not matter which sub-
systems are erased; we may assume that the first k sites
are erased. The complementary channel to the erasure
of k subsystems is a channel that provides those lost
subsystems to Eve,

Jv() = trk+1...n(') )

where tryy1.., denotes the partial trace over sites k + 1
to n.

(106)

We compute numerical values for the quantities A Fpop,
and 40125,7 enabling us to infer Fgop, ¢ Consider the probe
state vector consisting of an even superposition of two
Dicke states with associated parameters ¢, g2

[¥) = [Ihg,) + Ihg,)1/V2 . (107)

The sensitivity of this probe state for n = 100 and subject
to k = 9 erasures is plotted as a function of ¢1, ¢ in Fig. 7
(with w/2 = 1). The sensitivity Fgob,; is obtained by
computing AFpep,: and 0% via (52). On the one hand,
our trade-off relation facilitates the calculation of the
remaining Fisher information after the erasures. On the
other hand, the trade-off relation explains that the high
sensitivity loss experienced for states with a broad spread
in energy (¢1 — 0 and ¢, — n) is directly related to the
fact that the environment can well infer the energy of the



state from few-site reduced states.

Because the noise is local, numerical computations
only have to take place on a smaller system representing
the local degrees of freedom. Because of permutation
symmetry globally and also locally (the reduced state also
lives in the local symmetric subspace), our computations
run on k + 1 dimensions and not on the full (n 4 1)-
dimensional symmetric subspace. We will return to the
example of permutation-invariant states on n spins in
§ VIII, where we consider an i.i.d. amplitude-damping
noise model instead of erasures.

V. BOUNDS ON THE FISHER INFORMATION

Because it might not always be simple to compute the
Fisher information trade-off quantity AFgop, in (55), we
provide a few bounds that might be applicable to different
settings, and that avoid the calculation of the symmetric
logarithmic derivative on Eve’s system.

A. Upper bound on Bob’s sensitivity by
post-processing Eve’s system

A useful bound for the Fisher information is the data
processing inequality [19]. The inequality states that for
any p(t), and for any t-independent completely positive,
trace-non-increasing map &, the sensitivity after applica-
tion of the channel can only decrease:

E(p(t)) = F(E(p(1))) -

A trace-non-increasing map can be used to describe only
a subspace of interest of a larger Hilbert space while
accounting for leakage outside of that subspace.

Consider our setup with Alice, Bob and Eve as in Fig. 1.
Suppose now that Eve sends her state to another agent,
Eve’, through a trace-non-increasing, completely positive
map N’ as depicted in Fig. 8a. The data processing
inequality ensures that Fgye,, 2 FRve’,. Combining this
with our uncertainty relation (49) yields

(108)

FBob,t

+ >N < 1.
FAlicc,t

FAhcc N7}

(109)

We can also obtain this inequality by starting from the
quantum Fisher information loss on Bob’s end (55),

(N/(pE); ( VH{H, )

which in turn provides an upper bound on Bob’s Fisher
information via (52) as

— F(N(p); N'(N({H,4}))) -

By choosing the map A’ suitably, one can potentially

A}PBob,t -
(110)

Fpob,t < 403 (111)
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Fig. 8: Combining our uncertainty relation with the data
processing inequality for the Fisher information yields new
bounds for the Fisher information. a. Suppose Eve applies a
suitably chosen map A to her system, resulting in a system
we denote by Eve’, on which the sensitivity to energy might
be significantly easier to compute. Eve’ can only have a worse
sensitivity to energy than Eve, so our uncertainty relation
gives an upper bound to Bob’s sensitivity to time. b. Suppose
that Eve’s output can be written as a composition of two maps
/Vo and N’ via an intermediate system Eveg. Then we obtain a
lower bound on Bob’s sensitivity to time by computing Evep’s
sensitivity to energy.

significantly simplify the computation of the Fisher in-
formation. For instance, N/ can be a dephasing map
that ensures that N’(pg) and N’ (N{y, H}) commute,
therefore enabling the use of Eq. (15) and removing the
necessity of computing the symmetric logarithmic deriva-
tive. Alternatively AV can be chosen to enforce some
symmetry that might be convenient for the computation
of the Fisher information.

The bound (111) can be spelled out in the case of in-
dependent and identically distributed (i.i.d.) noise on a
many-body probe state. Consider a single-site noisy chan-
nel A7 with Kraus operators {F,} for x =0,...,m — 1.
The full noisy channel is ' = N°". Its Kraus operators
are Fy, where © = (21,...,2,) is a collection of indices
z; = 0,...,m — 1 indicating which Kraus operator is
applied on the i-th site

n
E, = ®Ex )
=1

(112)

The complementary channel N can then be written in
terms of the Kraus operators of A as

= > (B Ee () |e)e] |

x,x’

(113)

where {|x)} is a basis of the Hilbert space of E.
Computing the Fisher information analytically on the
output of either A/ or A/ might not be straightforward



if the state and its derivative are mapped to operators
whose eigenbases are not aligned in any obvious way, which
would complicate the calculation of the symmetric loga-
rithmic derivative when computing the expression (55).
Herg, we see that by completely dephasing the output
of A/ in the computational basis, and projecting onto
the subspace of the environment associated with low-
weight Kraus operators of N, we obtain a lower bound on
AFggp,+ which translates into a upper bound on Fiop, ¢
that is easy to compute. Here, we assume that the first
Kraus operator Ej is close to the identity and that the
other Kraus operators represent “‘jump terms”. We mean
by “weight” the number of Kraus operators that are jump
terms.

We now choose a suitable completely positive, trace-
non-increasing map A in order to use (111) to obtain an
upper bound on the Fisher information at Bob’s end. In
the following, we assume that m = 2, but the argument
generalizes straightforwardly to noisy channels that have
more Kraus operators. We design the map such that it
(i) completely dephases the environment system in the
computational basis, and (ii) projects its input onto the
subspace associated with basis vectors |x) with small
Hamming weight |@|. Fix & > 0 and let

NG =Y Ja)a| () )| . (114)
x: |z|<k
Then we can see that
NoN))= > t(BLE, ())|a)z|.  (115)

x: |x|<k

The upper bound on Bob’s Fisher information with
respect to time comes from (111). Starting from (110)
and since the two arguments of the Fisher information
commute, we can use (15) to find

AFob,t > tr{ [(M o ) ()] ' [V o M) ({w, )]}

s [2Re(y|HE} Eoly)]”
x: |x|<k tf(E;LEw w)

, (116)

where we have used the fact that the output of A/’ o N is
diagonal in the computational basis.

The number of terms in the above sum, which cor-
responds to the dimension of the subspace associated
with basis vectors |x) satisfying |x| < k, is given by
() + (") +---+(§) = O(nF). For fixed k, this number
scales polynomially in n. The complexity of comput-
ing the numerator and denominator in (116) also only
scales polynomially in n as long as |¢) and H|¢y) can
be expressed using a representation that enables efficient
computation of local expectation values, such as a su-
perposition of a constant number of computational basis
vectors, or alternatively as matrix-product states [45]. We
discuss below the case of i.i.d. amplitude damping noise,
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where numerical evidence indicates that for small values
of p (say p < 0.1), even for n = 50 it can suffice to set
k = 4 to obtain meaningful bounds (see § VIII).

B. Lower bound on Bob’s Fisher information by
pre-processing Eve’s system

Let’s return to the original setting with Alice, Bob
and Eve as in Fig. 1. Suppose now that we can find
a completely positive, trace-preserving map Ny and a
completely positive, trace-non-increasing N’ such that
N =N o./\70. That is, we suppose that Eve gets her state
through an intermediary, which we call Evey as shown in
Fig. 8b. The data processing inequality now tells us that
Frye,n < Fgvey,n- Combining this with our uncertainty
relation gives us

FEveo )N
FAlice, n

FBob,t
FAlice,t

+ >1. (117)

A more explicit bound on Fgop, + can be obtained starting
from (55) and writing

AFBob,t = (PE;/\A[({H ¥}))
= F(N'(No(¥)) s N'(No({H,%})))
F(No(w); No({H,v})) -

We present two simple example uses of this type of bound.
The first example applies to permutation-invariant sys-
tems. The second example applies to the setting where
Eve’s state is reasonably close to being diagonal.

a. Permutation-invariant  system. Consider a
permutation-invariant clock state i and Hamiltonian
H. If the noise A acts only locally on at most k known
sites (or k/2 unknown sites), then A/ can be written
as the composition of a channel that traces out all
but k sites, and arlother channel that completes the
implementation of A/. To see this, observe that we can
write N'(-) = > tr(ET 5 (1)) 137)(4], where {E;} are
the Kraus operators of N'. By assumption, E]T,Ej acts
nontrivially on at most k sites. Therefore, the expression
tr(EJT,Ej (-)) only depends on the k-site reduced state
of the input. The full complementary channel can be
written as the composition of a channel that traces all but
k sites, and the channel pj, — 3., tr(E] E; pr) |5')(j]

(where here we reuse the notation ET,EJ» to denote the
action of those operators on only the é sites where either
operator acts nontrivially). Therefore, the sensitivity loss
AFgop,: can be upper bounded, for any noisy channel
consisting of Kraus operators of weight at most k/2, by
the sensitivity loss associated with &k located erasures.

b. If Eve’s state is nearly diagonal. Computing useful
expressions of the Fisher information when a diagonal
representation of the state is not known can be tricky.
The idea if pg is reasonably close to being diagonal is

(118)



to hope that one can essentially neglect the off-diagonal
elements of pgp and still obtain a good approximation of
the Fisher information via the formula (12).

Suppose we find an invertible matrix A (with hopefully
A ~ 1) and a diagonal matrix 7 = diag(7o,...,74y) = 0
such that

pp=ATAT. (119)
Such a matrix is given for instance by the LDLT/Cholesky
decomposition of pg. (The eigendecomposition of pg also
gives such a matrix A, but if we can compute an eigende-
composition one might as well use Eq. (12) to compute
the Fisher information directly.) Now we decompose N
by including a scaling factor a as
aN =N'"o Ny, (120)
with a = ||A]|72||[A7!||~2 and with the two completely
positive, trace-nonincreasing maps

. 1 1o

N — = N AT
o) = prpA MO a2
iy — LAy at
N0 = A0 AT (122)

If A is close to 1 then we have a =~ 1. Recalling the
scaling property (14) of the quantum Fisher information,
we find

AF’Bob,t

=F(pe; /\A/({H71/J})>

= “F(aN(); oN({H, 1))

< ~F(Ro(w); No({H, 9})

_1 NI Sy o
_aF<|A—1||2 A V(A ))

JAIR P (75 ATN({H 0} (A7)

(123)

In the last expression, the Fisher information is evaluated
on a state that is diagonal, so one can directly use (12).
Furthermore, if A is determined by a LDLT/Cholesky
decomposition then it is lower triangular and its inverse
can be computed efficiently (matrix multiplication of the
inverse with another matrix can be done by forward sub-
stitution).

C. Bound in terms of Eve’s access to the probe’s
energy

In this section, a further bound on Bob’s sensitivity
to time is presented which is given in terms of how well
Eve can approximate a measurement of energy on the
noiseless clock state. The properties that Eve can mea-
sure on the noiseless probe are given by the adjoint
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of the complementary channel: Eve applying an oper-
ator W on her system can equivalently be described
as the operator ./\AfT(W) being applied onto Alice’s sys-
tem, because tr(]\?(i/}) W) = tr(1/1./\A/'T(W)). One mea-
sure of how well Eve can approximate a measurement
of the Hamiltonian around |¢)) with an observable S
on her system is the minimum root-mean-squared error

ming_ gt [( (/\AfT(S) - H)2>w] Y21t turns out that the
minimum square of this quantity is a lower bound to
Bob’s Fisher information to time

Fgob,t = Hilnt 4<(ﬁT(S) — H)2>

124
Inig . (124)

While this bound is aesthetically interesting, finding the
optimal S in this expression is not significantly easier than
directly solving the semi-definite program (16a). Further-
more, a candidate for S in (16a) immediately provides
an upper bound on Fgep,, whereas a candidate in (124)
does not provide any useful bound on Fg,, because of
the direction of the inequality.

The bound (124) is proven as follows. Starting from (56)
and using (16a),

1
~Fg,
1 Bobt

= min [(FI2> — tr(w{]:[,./\A/'T(S)}) + <./\A/'T(SZ)>]

S=51
> i [() — ({1.59(5)}) + (W1 (5)1)]
= min<(FI—J\AfT(5))2> ,

125
Inin, (125)

where we have used N'(52) > [N(5)]2 (see Corollary 11
in Appendix A). Finally, we can replace H by H in (125)
because any shifts of H by the identity can be canceled
out by corresponding shifts of S by the identity.

D. If Eve can measure the probe’s energy almost
perfectly

If Eve has (approximate) access to the energy of the
probe state, then this (approximately) kills sensitivity
on Bob’s end. Suppose we can find an observable S
on Eve’s system such that |[N1(S) — H| < ||H| 6 and
|1 (52) — H2|| < |[H]|? 5. Then

Fpob,: < 128 || H|* . (126)

To show this inequality, we first write A = A/T (S)—H and
A= NH(S2)— 2, with | Al < |16 and | A7) < |||,



Then, from (56) and using (16a) we obtain

i Bob, ¢
= min [(77) — ({0, HYNT(S)) + (NT(52))]
< éﬂi&{_ tr({v, H} A) +tr(p A')}

N

20 H| A+ (A" < 36| H]* - (127)

E. Clock sensitivity loss for weak i.i.d. noise

Here, we consider an n-site system subject to weak
i.i.d. noise, where each site is affected by a noisy channel
N, such that N, — id if ¢ — 0. Clearly for ¢ = 0
there is no sensitivity loss. For a given clock state and
Hamiltonian, we develop a set of tools to understand and
determine to which order m in e the Fisher information
loss is suppressed, AFpob,¢ = O(e™).

The question is partly motivated by a similar question in
the context of quantum error correction. A quantum error-
correcting code of distance d can correct any (d — 1)/2
arbitrary single-site errors. In the case of a weak i.i.d.
noisy channel N2" affecting the n sites, a weight-[(d —
1)/2] error happens with probability of order O(e(@=1)/2) if
we assume that a single-site error happens with probability
O(e). This means that the chance of an uncorrectable
error occurring is upper bounded by O(e(®=1/2). In this
scenario, we see that the higher the distance of the code,
the better robustness is achieved against weak i.i.d. noise.
In the context of quantum metrology, we ask the following
analogous question: Can we determine the robustness of
the sensitivity of the clock to time when affected by a
weak i.i.d. noisy channel, a function of a certain feature
(analogous to the code distance) of the clock state, the
Hamiltonian, and the noisy channel?

There does not appear to be any obvious property of
the setup (analogous to the code distance) that immedi-
ately determines the order m in the Fisher information
loss AFpob,: = O(e™). Instead, we explain a general
procedure for how to obtain a bound on m when given a
weak i.i.d. noisy channel, a clock state and a Hamiltonian.

The simplest case presents itself if the complementary
channel ﬂl@” maps the clock state i onto a full-rank
state pp = Y pe|x)(x|p that is diagonal in the tensor
product computational basis on E. (This is equivalent to
all vectors {E|1)}2 being orthogonal on Bob’s system.)
In such a case we can use (12) to express the Fisher
information loss as

2
AF‘Bob,t = Z Do+ P

_ Z O(EQqEvm')
- Q(ﬁmin(rm,rm/ ))

x,z’

=0(™)

(x| NE"({H,v}) ||

x,z’

(128)
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defining 7, and gpa via pr = Q(*) and
|(:1:\./\/'6®"({FI,1/)})|3;/>} = O(e%=="), and with

m= min {2¢z e — e} - (129)
x,x

Te STE/

As we can see above, it is not obvious which x,z’
minimizes the expression in the exponent above. One
might have expected that events & whose probability
of occurring vanish faster than other events (large 7,
compared to other 74/) are less relevant and would not
contribute significantly to the Fisher information loss.
However, this is not the case; terms with high r,r, can
contribute to leading order to the sensitivity loss if the
corresponding term g, , is sufficiently small. If the state
pE is not diagonal, then it is unclear whether or not one
can easily determine the order of the Fisher information
loss.

VI. CLOCK SENSITIVITY IN THE PRESENCE
OF CONTINUOUS NOISE

The setting presented in Fig. 1 is nonstandard in metrol-
ogy, because in typical settings the noise and the signal
both get imprinted on the state in the same physical time
evolution process. It is more common to consider for
instance a Lindbladian master equation that governs the
time evolution of the clock state, with terms that encode
any noise processes via jump operators.

Here we consider the situation where the noise is de-
scribed by a Lindbladian master equation. Under suitable
conditions, we can decompose the time evolution into a
pure unitary evolution followed by some effective noisy
channel, and the time dependence of the effective noisy
channel can be neglected. In this case our Theorem 1 can
be applied to compute the sensitivity loss after some time
to.

One can follow a similar procedure in the setting where
the goal is to determine an unknown parameter in the
Hamiltonian when the overall evolution is governed by
a Lindbladian master equation. The full derivation is
presented in Appendix G. We can carry out a similar
decomposition in the case of a clock sensing an unknown
parameter in the Hamiltonian, while subject to continuous
noise described by a Lindblad evolution.

A. Decomposing a Lindbladian evolution of a clock
into a pure unitary time evolution and an
instantaneous noisy channel

Consider a clock initialized at time ¢ = 0 in the state
vector |tinit). Suppose that the dynamics p(t) of the clock
are given by the Lindblad master equation

op = Liot]p] (130a)



where

Etot = £0 + El ; Lo(p) = 77;[H5 p] ’

Li(p) = Z[Lij} - %{L}Lj,p}} .

J

(130b)

(130c)

Here we assume that the operators H and L; are time-
independent. The evolution up to a time ¢ is given by the
completely positive, trace-preserving map

& = ellFotln) (131)
The evolution driven by the Hamiltonian part £y of the
dynamics can be written as e?0(-) = et () et

We would like to compute the sensitivity of the clock
at a given time tg, meaning that the relevant quantity to
compute is the Fisher information

Fclock,t(t[)) = F(p(tO) ; 8tp(t0)) . (132)

We can decompose the evolution & as first a unitary
evolution according to H for a time t followed by the
instantaneous application of an effective noisy channel N;.
Define

N, = & e Mo = gtlfotla) o=tlo (133)

Here, e %40 is the inverse of the unitary evolution e*<°.
By construction, if we apply A; after applying e*“°, then
the overall effect is the same as letting the system evolve
for time ¢ under the full Lindbladian dynamics Lo + £4:
E = Nyetbo (134)
An alternative expression for A; is obtained from (133)
using the Baker-Campbell-Hausdorff formula,
N, = Gt (L1, Lol 4 (135)
Observe that if [£1, Lo] = 0, then we simply have A =
et“1. This is the case if [L;, H] = 0 for all jump operators
L;. In other cases, the map can be determined from (133)
directly if the superoperator & can be computed.

Let us introduce the family of states ¢(t) =
e~ Ht a1 et associated with the (fictitious) pure uni-
tary evolution of ;,; if we artificially turn off the noise
terms.

The derivative of the quantum state p(t) = E:(Yinit)
can then be written as

Duplt) = 01 [N (0(1)) ]| = Ni(0u (1) + (BN:) (1)) -
(136)

Therefore, the derivative of the noisy state can be decom-
posed into a sum of two terms, the first associated with
the unitary dynamics 9 (t), and the other associated with
the time dependence of the effective noisy channel N;.
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Plugging into (132), this gives us

Faoas = F(N () N(@w) + (@N) (@) . (137)
where now Feloek,t, N, 0N, ¢ and 9y1) are all implicitly
evaluated at t.

In the following, we consider settings where the local
time dependence of the state due to the time dependence
of the effective noisy channel terms can be neglected when
computing Fejoek, ¢~ (We will study in greater depth below
when exactly this situation arises.) ILe., for now we assume
that

Fclock,t ~ F(N(w) 5 N(at¢)) =: L'clock,U,t - (138)
Expanding 01, we obtain
Fclock,U,t = F(N(’l/)) 5 N(*Z’[H, 7/}})) . (139)

This quantity is what we defined as Fpop,+ in the context
of our main uncertainty relation.

The complementary channel /\Afto is directly determined
by the comple}r\nentary channel of the overall evolution up
to that time &, since the two channels only differ by a
unitary evolution e~**° on their input:

N, =& e toko (140)

This means that the Fisher information on Eve’s end with
respect to the complementary direction can be eAXpressed
entirely in terms of the complementary channel &, to the
entire evolution up to time tg:

AFclock,U,t = F(é\to (Vinit) 5 gto ({Hﬂ/)init})) )

with H = H — (H),), and Theorem 1 states that

(141)

Fclock,U,t = 401211 - AFclock,U,t . (142)

Now we turn to discussing when the approxima-
tion (138) is a reasonable assumption, by characteriz-
ing the error induced on the Fisher information. We
can use a continuity bound of the Fisher information
in its second argument (Proposition 26 in Appendix C)
to try to get a handle on the error terms involved in
the approximation (138). Denote by d the error in the
approximation (138),

0= Fclock,t - Fclock,U,t ; (143)
then we have
10l < F(p; (:N)(¥))
+ [F(p; (‘9t/\f)(1/))) Fclock,U,t] 1/2 . (144)

That is, the relative error in the approximation (138) is
demonstrably small if F(p; (9,N)(¥)) is much smaller



than Fiock,u,:. We can rewrite this term using (136) as

(ON) () = Oup(t) — Ni(—i[H, ¥ (1)])
= Liot[p(t)] — E(—i[H, o)) -

The above expression is given in terms of the Lindbla-
dian map and the overall evolution map, and can aid in
determining an analytical or numerical upper bound to
the quantity F(p; (ON) (w)) In Appendix G, we study
two single-qubit examples that are subject to continuous
dephasing along various axes in order to illustrate the con-
nections between the Lindbladian setting and the setting
in Fig. 1.

(145)

VII. ERROR-CORRECTION CONDITIONS FOR
ZERO SENSITIVITY LOSS

The uncertainty relation (55) enables us to provide a
characterization of when the noise reduces a probe’s sen-
sitivity to time. In this section, we study the situation
where the sensitivity loss AFpop,; introduced in (52) is
equal to zero. This is a situation where the probe is
chosen cleverly enough such that the noise has no effect
on sensitivity. The main contribution of this section is a
set of necessary and sufficient conditions for AFgop, ¢+ =0,
which bear resemblance to the Knill-Laflamme conditions
for quantum error correction [20] and which are closely re-
lated to the Hamiltonian-not-in-Lindblad-span condition
of Refs. [21, 22].

A. Conditions for zero sensitivity leakage

In the following, we suppose that our uncertainty rela-
tion holds with equality, i.e., that the conditions given in
Proposition 4 hold. Recall the expression for the Fisher
information loss on Bob’s end (55), and consider the ex-
pression (16b) for the Fisher information. If AFpep ¢ = 0,
then there exists an operator L such that tr(LTL) = 0
and p'/2L + LTp'/2 = N'({s, H}); the former condition
implies L = 0 and thus the latter implies N'({¢, H}) = 0.
Therefore, we see that AFgop,+ = 0 if and only if

N({y,H}) =0, (146)

i.e., {1, H} must lie in the kernel of the superoperator
N. Tt is instructive to rewrite this condition in terms of
the “virtual qubit” introduced in § III B. With Z; defined
n (62), then (146) becomes

~

N(Z)=0. (147)

Alternatively, the above condition is equivalent to requir-
ing that for all operators O,

tr[NT(0) Z] =0, (148)
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meaning that error operations of the form A/f (O) should
not have any overlap with the “logical” Z operator on
the qubit subspace.

So the task of finding probe states that perfectly counter
the noisy channel N can be formulated as ensuring the
logical Z Pauli operator in the logical qubit subspace
spanned by |+) = |¢) and |—) x [£) = PQPLHW) is in the
kernel of the complementary channel to the noisy channel.

Note that simply looking for zero sensitivity loss is not
sufficient to find the best probe states; we still need to
make sure that |¢)) has as large energy variance as possible
to ensure good sensitivity.

An alternative representation of the zero sensitivity loss
condition can be obtained if we consider an operator-sum
representation of the noisy channel in terms of Kraus
operators {E)} as in (45). The condition (146) is then
equivalent to the condition

(| EL By |€) + (€| BLE, |) =0 for all k, k. (149)

These may be interpreted as Knill-Laflamme-like condi-
tions for optimal sensitivity. Whereas for a traditional
quantum error-correcting code, we require any two code
words |1;), [1);) to satisfy <¢1|E£,Ek|wj> o d; j, here we
require that the error operator E;Ek/ cannot map the
state |¢) onto the vector |€), or at least not in a way
that is not suitably anti-symmetric. The weird antisym-
metrization in (149) can be expressed in a more elegant
form if we switch back to the picture of the logical qubit
spanned by |¢) and |£). Analogously to (147), we may
rewrite the condition (149) as

tI‘[ZLHL Ek/Ek;HL] =0 5 (150)
where I, = |[+){+| + |—){—|z is the projector onto the
virtual qubit subspace spanned by |¢)) and |£). The full
Knill-Laflamme conditions applied to the subspace 11y,
would require Iy Ey ExI1;, o< II. The condition (150) is
simply a weaker condition where only the corresponding
projection onto the logical Pauli operator Z, is considered
and where the projection onto the other Pauli operators
is unconstrained.

The form (150) also helps clarify that for zero sensitivity
loss, the terms in (149) need not vanish individually. In-
deed, only the Hilbert-Schmidt projection of I1;, Eys Ey Iy,
onto Zj, is required to vanish, and not in principle on
YL or Xp. An example below in §VIIH 1, consisting of
a single-qubit subject to transversal noise, will illustrate
this point.

The conditions (150) are reminiscent of quantum er-
ror correction for operator algebras, where we require a
code to preserve the outcomes of any operator in a given
algebra [46—48]. In fact, if the algebra associated with
any choice of optimal sensing operator of the form (20) is
preserved, then our conditions (150) are satisfied. Indeed,
suppose that [T, N'T(W)] = 0 for any operator W on Eve
and for a fixed choice of M in (20), meaning that the
Abelian algebra generated by T is correctable [46-48)].



Then taking the expectation value (-), of this commu-
tator we find 0 = ([T, NT(W)]) = tr([v, TINT(W)) o
tr(Zp, ./\AfT(W)), using (25), which holds for all W, and
therefore our Knill-Laflamme-like condition (148) holds.
The converse implication is unclear, in part because the op-
timal sensing operator is not unique and different choices
can generate different algebras.

The conditions (149) are actually tightly related to the
Hamiltonian-not-in-Kraus-span condition of Refs. [21, 22,
30, 31, 49-51]. There, it was shown that there exists a
clock state vector |¢) that achieves Heisenberg scaling in
the presence of noise using quantum error correction if
and only if the Hamiltonian signal term is not in the linear
span of the Lindblad noise operators. Here we argue that
the Hamiltonian-not-in-Kraus-span condition is in fact
equivalent to the existence of a state |¢)) that satisfies our
zero sensitivity loss conditions (149). (In our setting, the
clock state vector |¢) is a given fixed state.) As we have
a discrete noisy channel, we consider the Kraus operators
{E)} of the noisy channel instead of Lindblad opera-
tors. If H = Zak/7kE};,Ek, and supposing the condi-
tions (149) are satisfied for some |¢), then by taking a lin-
ear combination Y ay i of the conditions (149) we obtain
0 = 2(¢|H Py HJy) = 20%;; therefore the conditions (149)
cannot be satisifed by any 1 that has nonzero energy vari-
ance. Conversely, we know (see, e.g., Refs. [21, 22, 50])
that if the Hamiltonian is not in the span of the noisy chan-
nel’s Kraus operators, then there is a code space 11, possi-
bly involving an ancilla system, with NE], E,II = cr 11l
such that [II, H] = 0 (i.e., IT is spanned by a subset of
energy eigenvectors) and such that IT contains a state vec-
tor |¢) with nonzero energy variance; then for any k, k&’
we have (| Ef, E,PLH|y) = (|IIE], By PFHII|)) =
(|TLE], ByIL P{H |9) = cpr 1o (00| PH |¢b) = 0 using the
fact that [P}, I1] = [H, II] = 0, so the conditions (149) are
satisfied. Therefore, if the Hamiltonian is not in the span
of the Kraus operators, then there exists a clock state
vector |¢) that suffers no sensitivity loss after being ex-
posed to the noise locally at tg. This state is constructed
in the above mentioned references using a quantum error
correcting code.

We can ask whether there is a relation between our
conditions for no sensitivity loss and when the sensitiv-
ity can achieve Heisenberg scaling in the system size [2].
The Heisenberg scaling refers to situations where Fgop, ¢
scales like n?, where n is the number of systems that
are jointly prepared in the clock state vector |¢),. (If
no entanglement is present between the n systems, the
best scaling that can be achieved is Fpop,: x n.) We as-
sume that the clock state vector [¢),, has a variance that
scales quadratically in n, i.e., [0 (1,)]* x n?, as other-
wise even the noiseless clock does not achieve Heisenberg
scaling. Suppose the conditions (149) are satisfied: Then
Fiob,t = 4[on(¥,)]? o< n? as there is no sensitivity loss,
and the Fisher information displays Heisenberg scaling.
On the other hand, even if there is some loss of sensitivity
due to the noise, the Heisenberg scaling might survive.
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Suppose, for example, that we consider two independent
one-dimensional spin chains, each consisting of n/2 sites
that are prepared in a GHZ state and that evolve accord-
ing to an on-site Z Hamiltonian. Both spin chains are
independent probes whose sensitivity each scales as ~ n?,
and therefore the overall probe state exhibits Heisenberg
scaling. Now consider the noisy channel that erases one
of the spin chains. Half the sensitivity is lost; because
there is sensitivity loss our Knill-Laflamme-like conditions
cannot be satisfied. However, the single spin chain that is
left for Bob still exhibits Heisenberg scaling. This shows
that Heisenberg scaling is guaranteed if the environment
has zero sensitivity to energy (and the noiseless probe
itself has Heisenberg scaling), but that there are also sit-
uations where the environment induces sensitivity loss
without hindering the Heisenberg scaling of the probe.
In the language of Refs. [21, 22|, this corresponds to a
Hamiltonian that might have both a parallel component
to the signal as well as a perpendicular component that
can be exploited to achieve Heisenberg scaling. We see
that zero sensitivity loss implies Heisenberg scaling for a
family of state vectors |¢) that are sufficiently entangled.
But there are states that achieve the Heisenberg scaling
even if some sensitivity is lost due to the noise.

When the zero sensitivity loss conditions (146) hold,
then by definition there must exist a sensing observable
for Bob to estimate the parameter ¢, whose sensitivity
matches that of Alice. We can extract this optimal sens-
ing observable from our technical analysis using semi-
definite programming (see Appendix E2). Namely, in
Appendix E 3 we show that if the zero sensitivity loss con-
ditions hold, then the operator ipN (|€)(¢)|) is Hermitian.
Furthermore, the operator

Rp = =2iN([)W)p~! + 2ip "N (Jo)E) Py (151)
is also Hermitian and satisfies ${Rp, pp} = N (Y1), i.e.,
we obtain an explicit expression of the symmetric loga-
rithmic derivative on Bob’s end. The optimal sensing
observable on Bob’s system is then given via (13) as
Ty = [Fiob.t) "' Rp + to. That is, when a clock state and
associated Hamiltonian fulfill the metrological code con-
ditions for a given noise channel, we obtain an explicit
expression for the optimal measurement on Bob’s end.

B. Metrological codes and metrological distance

We now introduce the concept of a metrological code.
The idea is to study the qubit space spanned by the vectors
) and [£) = H|y) = (H — (H)) |). If the state loses no
sensitivity upon the action of a noisy channel, one could
expect these states to span some kind of quantum error-
correcting code space. We can see that they do not neces-
sarily form a full error-correcting code as follows. Consider
the single-qubit state [1) = [+) = [|0) + [1)] /V2 evolv-
ing under the Hamiltonian H = woz/2, which we expose
to an error channel whose Kraus operators are propor-



tional to 1 and X. We see that the condition (149) is
satisfied, given that [£) = |—) = [|0) — [1)]/v/2 is orthog-
onal to |+) and that |+) is an eigenstate of both 1 and
X. Yet a quantum state stored on this qubit would be
corrupted by the noise, as the bit flips would be uncor-
rectable. We identify a concept that is weaker than a full
error-correcting code, which applies precisely to states
that satisfy the condition (149). Here, we assume that the
setting is specified as a pair of orthogonal states |¢), |£),
whereby |¢) is presumably obtained from a Hamiltonian H
as [€) = (H — (H)) ). Specifying the full Hamiltonian is
not necessary as the relevant quantum Fisher information
quantities can be fully expressed only in terms of |1)),|£).

Metrological code. Let & be any set of operators. We
say that the state vectors |1) and |€) form a metrological
code against the errors & if for all E,E’ € &, we have

tr[ETE (1)) + [¢)¢l)] =

As a consequence of the zero sensitivity loss condi-
tion (149), a metrological code prevents sensitivity loss
against any noise channel whose Kraus operators are linear
combinations of elements in & (as long as the conditions
of Proposition 4 are satisfied).

A natural class of errors to consider is the set of all
operators that act on only a subset of n components of a
composite quantum system A = A; ® Ao ®---® A,,. The
weight wgt(O) of an operator O acting on the n systems
is defined as the number of systems on which O acts
non-trivially. Specifically, if O is expanded in the Pauli
operator basis (or in any tensor basis using a single-site
operator basis that includes the identity matrix), all non-
identity elements in tensor products of basis operators that
appear in the decomposition of O must be supported on
a fixed set of wgt(O) sites. Equivalently, the expectation
value of O on any state can be computed exactly even
after tracing out all but a given set of wgt(O) sites.

We say that the pair of state vectors 1) and |€) form
a metrological code of distance d,, if it is a metrological
code against all operators of weight at most d,,, — 1; i.e.,
for all operators O satisfying wgt(O) < d,,,, we have

tr[O(IE)w] + w)EN)] =

Metrological codes of distance d,,, have the property that
for any noise channel A" whose Kraus operators {Ej}
are such that Wgt(E};,Ek) < d,, for all k', k, the associ-
ated sensitivity loss is zero (as long as Proposition 4 is
satisfied).

Metrological codes are, roughly speaking, in between
classical and quantum codes. On one hand, they are
not full-blown classical codes because condition (153)
requires protection against both X- and Z-type physical
noise. Because of this, the pair |¢)) o [0)™ + |1)" and
|€) o< [0)™ — |1)™ of GHZ states is not a metrological
code of nontrivial distance because single-qubit Z errors
cause a logical-X error, thereby violating (153). On the
other hand, metrological codes are not full-blown quantum

(152)

(153)
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codes because the sensitivity conditions say nothing about
other types of logical noise. In other words, noise can
cause logical-Y and logical-Z errors for a metrological
code, but not for a bona-fide error-correcting code.

C. Uncertainty relation equality and conditions for
metrological codes

In order to deduce from Eve’s lack of sensitivity to
energy that Bob loses no sensitivity to time, it is necessary
to ensure that the conditions of Proposition 4 hold. When
we presented Proposition 4, we already noted that the
situations where these conditions are not satisfied are edge
cases that can be perturbed away. Here, we strengthen
this statement for metrological codes: If a metrological
code for a given noise channel happens not to satisfy
the conditions of Proposition 4, then the noise channel
can be infinitesimally perturbed to obtain a situation for
which these conditions hold, and furthermore, the zero
sensitivity loss conditions (146) are preserved.

Proposition 6. Let Vai_,pp be an isometry, let
) a-€)a with (10]€)a = 0 and let () = tr(V () VT),
N()=trp(V () VT). Suppose that N(|€)(w| + [)(E]) =
0. We furthermore assume that there exists a unitary
operator Gg acting on the system B with the proper-
ties that 0 = PPBGBPPB = PCBGBPCB = PPBGBPCB =
P, GpP,y, where (g = N(|§)(§])-
Then for any € > 0, there exists an isometry V)

with |V =V| < ¢ and such that (PL ®PL )V’|§)

0 as well as N’(|§><1/J|+|1/J><§D = 0, where plz =
trE{V’wV’T}, Py = trB{V’wV’T}, and ./\7'()
trp{V’ () V'T}.

The proof is presented as Proposition 37 in Appendix H.
Note that the existence of such an operator G can always
be ensured by augmenting the B system to include a qubit
which N prepares in a fixed pure state |0) for all inputs;
the operator Gp can be chosen to flip the qubit to |1).
The additional qubit can represent an additional “failure”
flag such as, for instance, an additional photon that is
emitted at the output of the noise process.

D. Sensitivity loss of metrological codes under
weak i.i.d. noise

a. Sensitivity loss under weak i.i.d. noise. If we en-
code a logical quantum state using a quantum error cor-
recting code of a distance d, and each site has a small
probability O(e) of incurring an error, then we know
that the errors that the code cannot correct occur with
probability at most O(e%/2). In turn, this implies that
the infidelity of recovery of the logical information also
scales as O(e“?) with a constant ¢ depending on which
convention for the infidelity measure we choose. It is then



natural to conjecture that if |¢)) and |£) form a metro-
logical code of metrological distance d,,, then the loss in
Fisher information must similarly be upper bounded by
O(edm), for some universal constant c.

Interestingly, the order of the Fisher information loss in
€ is not directly related to the metrological distance of a
metrological code. In fact, there are examples of metrolog-
ical codes with large metrological distance, but for which
the Fisher information loss is always of order e. This be-
havior appears to contradict the expectation that events
of vanishing probability should not significantly influence
observable properties of the system (such as its sensitivity
to time). An explanation stems from the fact that the
operational interpretation of the Fisher information via
the Cramér-Rao bound involves an implicit averaging of
the error over infinitely many samples. It might turn out
in the present case that events with vanishing probability
can contribute nonnegligibly to the quantum Fisher in-
formation. To remedy this issue, it would be desirable to
consider a measure of sensitivity that accounts for finite
data acquisition. One such measure was put forward in
Ref. [52]. We refer to Appendix J for a more detailed
discussion.

E. Clock states from time-covariant quantum
error-correcting codes

Here, we explore a simple method to construct states
that satisfy the zero sensitivity loss condition, using time-
covariant quantum error-correcting codes. A code is said
to be time-covariant code with respect to a given Hamilto-
nian H if H (and hence also time evolution generated by
H) is a nontrivial logical operator. In the following, Pauli
operators X, Y, Z carry an index indicating the qubit on
which the operator acts. This strategy is the one pursued
by, e.g., Refs. [22, 49-51].

a. Four nearest-neighbor interacting qubits in a square
pattern. As a warm-up example, we first consider how to
leverage the [[4, 2, 2]] code for quantum metrology with a
Hamiltonian on four qubits with ZZ interactions arranged
in a square pattern. Consider four qubits arranged in a
square as depicted in Fig. 9. The Hamiltonian is defined
by placing a ZZ interaction on each side of the square,

H:w(Z1Z2 +Z1Z3+ZQZ4+Z3Z4) . (154)
The [[4,2,2]] code [53, 54] has stabilizers X3 X2X3X,
and Z1Zs7Z37,. The logical operators X1, Z; and Xs, Zo
for the first and second logical qubits are X1 = X; X3,
Yg = XlXQ, Zl = leg, and 72 = Z1Z3.

Observe that the Hamiltonian is a logical operator:
The second and fourth terms in (154) have the same
action on the code space as the first and third terms,
respectively, because they differ only by the stabilizer
Z17Z57374. When acting on the code space, we have

HII =2w(Zy + Z3)IL. (155)

25

a b. [ )
1 2 ®
° ® ! o
® 77
XX
° (+ XX
.3 .4 N +YY)

Fig. 9: Metrology with interacting qubits. a. Consider four
qubits in a square with nearest-neighbor ZZ Ising interactions
(alternatively with additional XX and YY interactions). A
clock state with maximal sensitivity and zero sensitivity loss
under a single located erasure can be obtained via the time-
covariant [[4,2,2]] code. b. We can extend the construction
based on the [[4, 2, 2]] code to any number of qubits interacting
with respect to any graph of ZZ interactions (alternatively
with additional XX and Y'Y interactions), while offering pro-
tection against a single located erasure.

Let us choose the clock state as a logical state with the
largest possible energy spread under this Hamiltonian,

1o —
) = 7 [[00) +[1D)] ,

where [00) and |11) refer to logical state vectors with
the first and second logical qubits in the given logical
computational basis states.

Now we check our Knill-Laflamme-like condition. Hav-
ing distance 2, the code can correct a single erasure
at a known location. Crucially, the operator [¢) =
(H — (H))[¢p) = 2w[|00) — |TT)]/+/2 is still in the code
space because H is a logical operator. Then from the
Knill-Laflamme conditions we know that (£]|O;|¢) =0
for any single-site operator O;, because |€) and |¢) are
orthogonal vectors in the code space, and hence our con-
ditions (149) are satisfied for single located errors.

If we have some freedom in engineering our Hamiltonian,
there are other choices of logical operators to use in the
Hamiltonian that would achieve a similar sensitivity while
also offering protection against single located erasures. For
instance, we could ignore the second logical qubit (or treat
it as a gauge qubit) and the Hamiltonian could be chosen
to act only on sites 1 and 2 as H = 2wZ; = 2wZ, Zs.

We see that the probe state (156) does not lose any
sensitivity to time if a system is erased at a known location.
The variance of |¢) is given by

(156)

o = (| H2| ) = 1602 . (157)
Because we have not specified how this model scales with
n, we cannot talk yet about achieving Heisenberg scaling.

In this example, the sensitivity is in fact as good as you
can get without any noise at all, for any probe state: The
state (156) is a superposition between two states that have
extremal eigenvalues with respect to H, which is optimal
in the absence of noise. What is special about the state



vector |¢) is that it retains its sensitivity even after a single
located error, which is not in general the case of other
probe states that would be optimal in the noiseless setting.
For instance, the state vector [[0000) +[0110)]/v/2 has
the same sensitivity as |¢) if no noise is applied, but it
does not satisfy our conditions (149) and so is subject to
sensitivity loss under single-site errors.

The above construction can also be applied if we include
X X and YY interactions between the neighboring qubits
on top of the existing ZZ interactions (enabling us to
model, e.g., Heisenberg interactions):

H=w) [s:XiX; + 5,3, + ZiZ;] , (158)
(4,9)

with the additional coupling constants s, s, allowing
for some anisotropy in the interaction strengths. In this
case, the interaction terms are again all logical opera-
tors, which can be seen from the fact that X; XsX3X,
and Yl}/2Y3Y4 = (X1X2X3X4)(Z1ZQZ3Z4) are stabiliz-
ers. Our zero sensitivity loss conditions are therefore
still satisfied. To compute the variance of |¢)) under this
new Hamiltonian, we need to determine the action of
the additional terms on [¢). The X terms give us again
X 14X when acting on the code space following the same
argument as for the Z terms. Now |¢) is a maximally
entangled state vector between the two logical qubits, sat-
isfying (A; ®@1)|y) = (T, ®ZQT)|LZJ> where (-)7" denotes the
matrix transpose in the (logical) computational basis, and
where A; is a logical operator acting on the i-th logical
qubit. For the Y terms we then find

Y1Ya|y
Y1Ys|y
YaYy|yp
YaYy|yp

= _Y271|¢> = —ZEIW = Z'?1|1/J> )
= —y172|1/)> = —Y171|1/)> = _Z?1|7/)> )
=Y1Yaly) = —iYa|y) ,
= Y1Ya|)) = iY1[9) .

NP RGN

(159)

Thus the sum of all four Y interacting terms vanishes
when applied onto |1). The variance of H is hence given
by

Hly) = 2w[71 +Zy + Sm(y1 +Y2)] 1)

using the fact that |¢) is a maximally entangled state
vector between the two logical qubits, and
o = (Y| H? ) = dw? (1 + s2) . (161)
The increase in the variance 0% when we switch on
transversal interactions can be simply associated with
the increased norm of the Hamiltonian. Had we defined
the clock state (156) with a —1 relative phase, then the
Y'Y terms would contribute instead of the X X terms and
we would get 0% = 4w?(1 + si)
b. Time-covariant codes lead to states with no sensi-
tivity loss. The construction above based on the [[4, 2, 2]]
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code exploited a key property of that code with respect to
the Hamiltonian, namely time covariance [44, 55-58]. A
time-covariant code with respect to a given Hamiltonian
H is a code for which the time evolution generated by H
is a (nontrivial) logical operator. If we can find a time-
covariant code with respect to the system’s Hamiltonian,
then the clock state can be chosen to lie within the code
space, so that errors that affect it can be corrected, all
while evolving non-trivially in time and thus serving as a
clock.

However, there are constraints on the possibility of con-
structing time-covariant codes. Consider a Hamiltonian
that is a sum of terms of weight at most k, which we
call a k-local Hamiltonian. Any code that can correct up
to k arbitrary errors at known locations cannot be time-
covariant with respect to a k-local Hamiltonian, because
the Hamiltonian would be a sum of correctable terms
that cannot have a nontrivial action that preserves the
code space. On the other hand, physical systems like spin
chains and the AdS/CFT correspondence as a model for
quantum gravity offer natural examples of time-covariant
codes that can approximately correct against low-weight
errors [43]. The above example using the [[4, 2, 2]] code
is a concrete case of a time-covariant code with respect
to a 2-local Hamiltonian and which can correct a single
erasure at a known location.

We can see that whenever we can find a time-covariant
code with respect to a given Hamiltonian, then we can
construct from the code a clock state with zero sensitivity
loss. Consider a code space II and suppose that the
Hamiltonian H is a nontrivial logical operator. We can
choose 1) to be any logical state vector that has nonzero
variance with respect to H. Let |£) = (H — (H))|¢),
noting that |£) lies in the code space. Denoting by {Ej}
the Kraus operators of N, we see that <¢\E;£,Ek|§> x
(¥]€) = 0 from the Knill-Laflamme conditions of the code,
and therefore the conditions (149) are satisfied. Therefore:

Observation 7 (Clock state from a time-covariant code).
Let 11 be the projector onto a code space that corrects errors
of the error channel N'. Assume that the code is time-
covariant with respect to the Hamiltonian H. Then any
logical state vector 1) and associated |£) = (H — (H))|v)
satisfy the conditions (149). Furthermore, if Il defines a
[[n,1,d]] quantum code, then |¢) and PJ-HW)) define a
metrological code of metrological distance d.

That is, any logical state of the code satisfies our Knill-
Laflamme-like conditions for zero sensitivity loss. The
sensitivity is maximized by picking the state with the
largest energy variance.

If we are given an e-approximate quantum error-
correcting code that is time-covariant, that is, if the error
correction procedure is allowed to fail with some prob-
ability € > 0, then we can still use a state lying in the
code space to construct a clock state with little sensitiv-
ity loss. Approximate quantum error-correcting codes
can be characterized by the fact that the channel that
maps the code space to the environment, /V(H(~)H), is



close to a constant channel Athat always outputs a fixed
state |59, 60]. Specifically, N (II(X)II) ~ tr(X) 7 for all
X, for some fixed state 7g. If we pick a logical state vec-
tor |¢) with nonzero energy variance, then we have that
{4y, H} = {3, H}II is a logical operator and therefore
N ({¢, HY) = N (T{y, ) ~ tr({1, H}) 72 = 0 since
(H) = 0. Therefore AFg,p ¢ in (55) satisfies AFpop, ¢ & 0,
and Fgob,t & Falice,t = 40%[. This choice of a clock state
is hence expected to lose little sensitivity under action
of the noisy channel. Deriving a universal quantitative
bound on Fgob,+ in this scenario in terms of € does not
appear easy. In such a scenario, a direct use of our un-
certainty relation (49) [or of a corresponding bound such
as (118)] seems likely to be the most straightforward
way to obtain useful quantitative expressions for Fyob,
in the case where the clock state is prepared using an
approximate error-correcting code.

F. Clock state for interacting many-body systems

Consider now an arbitrary interaction graph, where
each vertex is associated with a single qubit (Fig. 9b) and
consider the Hamiltonian

J
H=3 > (ZiZ; + 5. X:X; + 5,Y3Y;)
(4,4)

(162)

where the sum ranges over all graph vertices 7, j that are
connected by an edge, and where s,, s, are arbitrary real
coefficients. (In fact, the coefficients s, s, may also vary
for each pair of sites 7, j, though we omit the dependence
here for clarity.) We recover the Ising model with s, =
sy = 0 and the Heisenberg model with s, = s, =1. We
denote by m the number of edges in the graph, which is
also the number of terms in the sum.

We define the clock state vector |4} as follows. Denote
by |0™) and |1™) the all-zero and the all-one state. Choose
any bit string @ and let |) be the corresponding spin
configuration, where each bit corresponds to one of the
qubit basis vectors on the corresponding vertex. We
assume that x violates a number ¢ out of the m possible
7 Z-interaction terms, i.e., we denote by ¢ the number of
pairs of bits in « that differ and that are connected by an
edge in the graph. (It might not be possible to violate all
the interaction terms simultaneously, as the graph might
be frustrated.) An assumption we will need later is that
the bit strings 0™, 1™, and «x all differ on at least four
sites. Now define

) =

[[07) +[17) + |z) + [2)] (163)

1
2

where the bit string x is obtained by flipping all the bits
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of . We then have
J
4
J
t3 ;(SinXj +5,YiY;) [¥) -
z’J

Hlp) = —[m|0") +m[1") + (m — 20)|z) + (m — 2¢)|&)]

(164)

The X X and Y'Y operators applied on |¢)) generate terms
associated with new bit strings where, each time, two bits
are flipped and a possible phase is acquired. These new
configurations are all orthogonal to |0™), [1™), |x), and |Z)
thanks to our assumption that the chosen configurations
differ on at least four sites. So we have

<H>¢:é[2xm+2x(m—20)] :%(m—c). (165)

With H = H — 2(m — ¢)1 and [¢) = H|¢), we see that

§) = %[CIOW +[1") — ) — c[z)] (166)

J
+5 <Z%(sgcxixj +5,YiY5) )
2,7

To check the zero sensitivity loss conditions (146), we com-
pute the following expression for any single-site operator
Oi7

(¥10i]€)

o]

[¢(010;]0) + ¢ (1]0:]1)

J
t3 Z(MOI' (52X X + 8, YY) [¥)
(3,9

= i [ctr(Oi) - Ctr(Oi)] +0=0,

. (167)

where x; (respectively ;) denote the value of the i-th bit
in @ (respectively ). The terms corresponding to X X
and YY interactions vanish because all configurations
0™, 1", @, and x differ on at least four sites, and XX
and YY flip two bits of the basis vector state on which
they are applied (with a possible phase). Therefore the
zero sensitivity loss conditions (149) are satisfied, and
the clock state can suffer a single located erasure while
retaining full sensitivity.

The energy variance of the probe state is given by

op = (W|(H — (H))?|v) = (£]€)
= %J202 + (contrib. from XX/YY terms) . (168)

The contribution from XX and Y'Y terms is zero if the
configurations 0", 1", &, x all differ on at least five sites
(or in the case of Ising interactions with s, = s, = 0).

The question of whether this achieves n? scaling de-
pends on how we choose the graph and the string x to
grow with n. In the case of a square lattice with nearest-



neighbor interactions, we have that the number of edges
scales like the number of vertices (m ~ 2n) and we can
simultaneously violate all ZZ interaction terms by choos-
ing an alternating configuration of 0’s and 1’s. In this
case 0% ~ J?n?, achieving Heisenberg scaling. For other
graphs, the question of whether 0% ~ n? is determined
by how the number of edges scales with the number of ver-
tices in the graph, and how many of those ZZ-interaction
terms can be simultaneously violated. If there is a lin-
ear relationship between these quantities then Heisenberg
scaling is achieved, noting that only a single error at a
known location can be incurred without sensitivity loss.

G. Metrological codes from stabilizer codes

In this section, we present a general scheme to construct
metrological codes based on the stabilizer formalism [61]
and study some simple examples. We show that our
construction is strictly more general than constructing
time-covariant error-correcting codes. Our aim is to study
and illustrate our general construction; the Hamiltonians
in our examples are not intended as practical schemes to
be engineered with near-term technology.

Consider the Pauli group G, on n qubits, defined as
comprising all tensor product operators on n qubits
of single-site Pauli operators and the identity opera-
tor, with all possible prefactors £1 and +i [61]. Con-
sider a subgroup S C G,, presented as S = (S1,...,S¢)
with independent commuting generators S, ...,.S; such
that —1 ¢ S. The normalizer of S in G, is N(S) =
{E€G,: VgeS, EgET € S}. A state is said to be
stabilized by S if it lies in the simultaneous +1 eigenspace
of all S € S; the elements of S are called stabilizers. The
code space associated with the Pauli stabilizer group S
is the subspace spanned by all states that are stabilized
by §. If & C G, is a set of error operators such that
for all E,E' € & either E'TE ¢ N(S) or E''E lies in S
up to a phase, then a fundamental theorem of quantum
error correction states that the subspace of all common
+1-eigenstates of the operators {S;} forms a code space
that can correct any error in &. One defines the distance
d of the code as the minimal weight of an element in
N(S)\ S, i.e., of a nontrivial logical operation. Then,
the code can correct any ¢ errors at unknown locations as
long as 2t + 1 < d.

As a simple example, consider the n-qubit GHZ state
vector [1) = [[1™) +[|{™)] /v2 and the Hamiltonian H =
Yty Z5. We have [€) o [|1") = [J™")] /v/2. Suppose our
error model consists of an arbitrary number of X errors.
From (149), since acting with X operators on |¢)) can
never generate any overlap with |£), we see that [¢), |£)
form a metrological code against any number of X errors.
We now present an overview of our procedure using this
example. In our procedure, we first find a set {S;} of
independent commuting Pauli operators that stabilize
|1). We fix a set of error operators &, which we choose
in our example to consist of all n-qubit Pauli operators
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that are a product of only 1’s and X’s. Suppose that
we are given an operator H with the following property:
For any operators E, E’' € &, there exists a S € S such
that {H,S} =0 and [E'TE, S] = 0. The state vector |1))
is stabilized by the choice of commuting Pauli operators
Z1Z2, ZQZ3, sy Zn_lZn, X®n. Multlplylng all but the
last stabilizer by X®”, we obtain the following choice of
independent stabilizer generators

Y1 Yo X3 Xy X0,
X ..

X YaYaXa. o Xy ..
Xn_oVo1Y,, X® . (169)

For any site j, the operator Z; anti-commutes with all
the above stabilizer generators. Our structural constraint
turns out to apply in this case; it will be detailed later.
Our construction then implies that the pair (o), H|¢)) is
a metrological code. Here, |£) = H|v) is in fact the state
vector that is stabilized by all the operators {—S;}.

a. Statement of the construction. Our construction

is given by the following theorem.

Theorem 8 (Metrological codes from stabilizer states).
Let § C Gy, be an abelian subgroup of the Pauli group with
—1 ¢ S, and let |¢) be stabilized by S. Let H be any
Hermitian operator such that H|p) # 0 and let & C Gy,
be any set of Pauli error operators. Assume that for all
E,E' € &, there exists S € S such that {H,S} =0 and
[E'E,S] = 0. Then |[¢), H|1)) form a metrological code
against &.

We recall the definition of a metrological code as satis-
fying the condition (152). On the other hand, a defining
property of a time-covariant code (recall definition in
§ VILE) is that the Hamiltonian H must be a logical oper-
ator, and thus, for a stabilizer code, must commute with
all the stabilisers of the code. This is not in contradiction
with Theorem 8 since the stabiliser group S in the the-
orem is not necessarily that of the code for which H is
a logical operator. Below, we present examples of metro-
logical codes; some are error-correcting time-covariant
codes in disguise, yet others cannot be written as a time-
covariant error-correcting code with similar distance as
the metrological code.

Proof.  First, let Sp € & with {H,Sp} = 0; such a
stabilizer must exist from our assumption. We then have

(WIH|¢) = W@|HSo|¢) = =(0|SoH [¢) = —<1//|H(|11%)
and thus (H), = 0. Let

&) = H[y),

with (£|¢) = 0 automatically satisfied. Let E,E’ € &.
We need to show that (152) holds. From our assumption
there exists an S € S with {H,S} =0 and [E'TE, S] = 0.

(171)



We have

(WIHETES|4)
= —(y|SHE""E|y)
= —(€|ETEy)

and thus (¢|E'TE|vy) = 0, confirming that (152) holds

and that [¢),]¢) indeed constitute a metrological code
against &. [

(E|E"E|v)

(172)

In the remainder of this section we review some exam-
ples of codes resulting from the construction of Theorem 8.
We begin by connecting our construction with error-
correcting codes in which the Hamiltonian is a nontrivial
logical operator, i.e., time-covariant error-correcting codes.
We present an example of a time-covariant code based
on the 7-qubit Steane code, and we then show that all
time-covariant error-correcting codes are special cases of
Theorem 8. We then show that there are metrological
codes that cannot be formulated in terms of a corre-
sponding time-covariant error-correcting code; i.e., there
are schemes that enable the communication of a clock
state through a noisy channel that achieve zero sensi-
tivity loss without having to construct a full quantum
error-correcting code.

b.  Ezample based on the [[7,1,3]] Steane code. As an
example of a time-covariant code, we consider an example
deriving from the Steane stabilizer code [62]. The latter
is given by the following generators along with the logical
Y, A operators:

S1 = X4 X5 X6 X7,

So = XoX3X6Xr,

S5 = X1 X3X5X7,

Sy = Z425Z¢Z,

S5 = Z3Z3 257,

Se = 2173757,

X = X1 X0 X35 X4 X5 X6 X7,
7 = 7,2y 257475 %6 % .

(173)

Let |10) = |+) be the state vector in the logical space asso-
ciated with the +1 logical eigenspace of the X operator,
and consider the Hamiltonian

H =78, = 7,227 (174)
The Hamiltonian is a logical operator, being stabilizer-
equivalent to the logical Z operator, and rotates the state
vector |[¢) to |€) = H|¢¥) = |=). (The above choice of H
was preferred to the choice H = Z because it has lower
weight.) The code is therefore time-covariant with respect
to the action of H, and we for this reason already know
that it is a metrological code of metrological distance 3.
To illustrate our construction, we explain how the same
conclusion can be reached by applying Theorem 8. We
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now define a set of stabilizer generators that serve to define
the state [¢) of the resulting metrological code. The new
stabilizer generators {S;} are obtained by multiplying

cach of the S; by X, all while including X itself, as
Sy = XS5 = X1 XX,
Sy = XS = X1 X4 X5,
S5 = XS5 = X2 X4Xe,
Sy = XSy = X1 X2 X3V, Y5YsYx,
S5 = XS5 = X1V2Y3 X4 X5 Y6 Y,
Se = XS5 = V1 XoY3 X, Y5 XsY7,
Sr =X = X1 Xo X3 X, X5 X6X7.

(175)

One can verify that H anti-commutes with each S; listed
above. (For the application of Theorem 8, it is convenient
to use a choice of stabilizer generators that anticommute
with H.) Let & be the set of all single-site operators.
For any E,E’ € &, we will show that thereisa S € S
with {H,S} = 0 and [E'TE,S] = 0. If one of the S;
has support outside of that of E'TE, it will do the job.
Alternatively, any product of an odd number of the S;
will also do, for instance

515253 = X3X5XG,

518287 = X1 X6 X7,
595357 = X3X4X7.

(176)

One can verify that for any two among the seven sites,
at least one operator among S1, S, S3, 515253, 515257,
555357 has its support outside of those two sites. Since
these operators all anti-commute with H, we have that
for all E,E’ € &, there is a S € (Sy,...,S7) such that
[E"'E,S] = 0 and {S,H} = 0. From Theorem 8, we
see that |¢) and |§) = H|v) must form a metrological
code against &, and is therefore a metrological code with
metrological distance 3.

c.  Time-covariant codes. In this paragraph, we show
that the assumptions of Theorem 8 are in fact always
satisfied for time-covariant stabilizer codes like the 7-qubit
Steane code example above.

Let S = (51,...,5,) be a stabilizer code with a non-
trivial logical operator Z. Let X be a logical operator
that anti-commutes with 7u and define the stabilizer
group S = (X 51, XSs,..., XS, X). Observe that Z anti-
commutes with all the chosen generators for S. (Such
an operator X must always exist, cf. e.g. [61, Proposi-
tion 10.4].)

We show the following: For any Pauli operator A ¢
N(S)\ S, there exists S € S such that [S, A] = 0 and
{S,Z} = 0. This property implies that for a given set
of errors & that are correctable for 3, i.e., if we have
E""E ¢ N(8)\S for all E, E' € &, then the conditions of
Theorem 8 are satisfied, where the Hamiltonian is H = Z.

Suppose first that A € § € S. Then A commutes with
all stabilizers in S, including X which anti-commutes



with Z. Now suppose that A € G, and A ¢ N(S),

e., thereisa § € S With {A,S} = 0. If [A,X] = 0,
then the choice S = X € S satisfies [S, A] = 0 and
{S,Z} = 0. If, mstead we have {4, X} = 0, we can set
S = XS to find S7Z = XSZ XZS =-7ZXS=-78
and AS = AXS = —XAS = XSA = SA, and thus
{S,Z} =0 and [S, A] = 0 as required.

d. Ezample: A [[4,2,2]] code state with an auziliary
qubit. Whereas in the earlier 7-qubit Steane code exam-
ple the state vectors |¢)) and |£) both lie within a subspace
of a distance d = 3 code, the following example illustrates
a situation in which [¢) and |£) cannot be contained in a
code space that can correct the same errors against which
the states form a metrological code. I.e., Theorem 8 can
be used to construct metrological codes that cannot be for-
mulated as time-covariant quantum error-correcting codes
with respect to the same errors. Consider the 5-qubit
Pauli operators

S1 = X1 .Xo,
So = X3X4,
S5 = X1X3, (177)
Sy = X,
Sy = 2172273 7,.
We can see that the stabilizer group & = (S1,...,S55) is

generated by

e the stabilizers for the [[4,2,2]] code on the first four
qubits (Z1Z223Z4 = S5 and X1X2X3X4 = Slgg);

e the logical X operators of the first and second log-
ical qubits of that [[4,2,2]] code (X1X3 = S3 and
X1X2 Sl) and

e an independent stabilizer fixing the state of the 5th
qubit (X5 = S4).

We choose the Hamiltonian

H=Y17,Y5. (178)
The Hamiltonian can be written as a product of three
terms: A logical Z operator on both logical qubits of the
[[4,2,2]] code (Z1Z,), a' Y operation on the 5th physical
qubit, and a single X; on the first physical qubit. The
Hamiltonian is not a logical operator of the [[4, 2, 2]] code.
Also, a suitable permutation of the qubits would make H
geometrically local, should this property be desired.

We can verify that H anti-commutes with each of the
stabilizers Sip,...,S5. Furthermore, for any two sites
i,7, one of the Sy acts as the identity on the sites i, j;
therefore, for any two-site operator A, there always exists
a stabilizer S with [S, A] = 0 and {S,H} = 0. We can
apply Theorem 8 to deduce that |}, |€) define a distance-3
metrological code.

The state vector |¢) can be expressed in terms of the
logical +1 X eigenvectors |[++) of the [[4, 2, 2]] code, and
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in terms of the |+); physical state vectors, as

[y = |ﬁ>1234 ® |+)5

7(|+++++> +———+) . (179)
Recalling Y|+) = Fi|F) and Z|+) = |F), we find
[€) = H|v) = ﬁ(+++”> +[+=—+-)
7(I+ﬁ+> [—++-)) ®=)s - (180)
We see that
(W Xs5]9) =1, (€1 X516) = - (181)

so it is not possible for |¢),|£) to lie in the code space of
a distance d = 3 quantum error-correcting code.

This example shows that metrological codes are a class
of codes that is broader than traditional error-correction
codes as there are certain errors that the former does
not have to completely correct. Metrological codes might
therefore offer additional possibilities to find noise-resilient
schemes for communicating clock states across a noise
channel.

e. Metrological toric code. A further example applica-
tion of Theorem 8 is based on Kitaev’s toric code 63, 64].
We consider a two-dimensional square lattice of dimension
L x L that wraps around a torus. We define star operators
A, and plaquette operators By as depicted in Fig. 10a,
where x ranges over all pairs of the lattice coordinates.

First, we can always use the toric code to form a time-
covariant code, by choosing a state vector |¢)) in the code
space (for instance |++)), and choosing the Hamiltonian
to be a logical operator (for instance, Z; + Z5). This code
being by construction time-covariant, it is necessarily a
metrological code with distance equal to the lattice side
length L.

For the sake of the example, we construct here a metro-
logical code from the toric code that cannot be written as
a time-covariant error-correcting code of similar distance.
Our example is meant to (i) illustrate our construction as
combining states that lie either in the simultaneous +1
or simultaneous —1 eigenspaces of all the stabilizer gener-
ators of some given stabilizer code, (ii) furnish another
example of a metrological code that cannot be phrased
in terms of a time-covariant error-correcting code with
similar distance, and (iii) illustrate how a metrological
code can be a terrible quantum error-correcting code—
any single plaquette or star operator acts nontrivially on
the subspace spanned by the state and its time evolution
state. Our example is more of a conceptual illustration
than a practical proposal, as it requires a Hamiltonian
that is highly nonlocal.

To better explain our example, we first define the anti-
toric code as the code whose code space is stabilized by
all negative star —A, and negative plaquette operators



Fig. 10: Metrological code based on the toric code. a. Star (Az)
and plaquette (Bg) operators generate the stabilizer group
of the toric code, where x is a pair of integer coordinates
on the two-dimensional lattice. Two encoded logical qubits
have logical Pauli operators X1, Z1, X2, Z2 corresponding to
strings of physical Pauli X or Z operators that wrap around
the torus. b. In our metrological code example based on the
toric code, we map a state from the toric code to a state of a
related code which we call the anti-toric code. The anti-toric
code is the subspace stabilized by all the operators {—Az}
and {—Bz}. Assuming the lattice side length is even, the
depicted operator H anticommutes with all star and plaquette
operators, meaning that it maps a logical state of the toric
code to a logical state of the anti-toric code. Picking [¢) in
the code space of the toric code and choosing the depicted
operator H as the corresponding Hamiltonian yields an ex-
ample of a distance-Q(L?) metrological code. Interestingly,
this metrological code cannot be phrased in terms of a time-
covariant error-correcting code of similar distance, since |¢)
and H|y) can be distinguished by measuring a single star
or plaquette operator. This example shows that there are
additional possible schemes for sending a clock state through
a noisy channel without any sensitivity loss, without resorting
to a time-covariant quantum error-correcting code.

—B.. Being equivalent to the standard toric code, the
anti-toric code also has distance L and we can see it also
has the logical operators X1, Xo,Z1,Zo defined as for
the toric code.

As the state vector |[¢) of our metrological code, we
simply choose a logical state vector of the toric code;
we can conventionally fix it to be |[00)¢oric stabilized by
71,7 along with all the toric code stabilizers {4} and
{Bgz}. For the Hamiltonian we choose an operator H that
anticommutes with all star and all plaquette operators.
Such an operator is depicted in Fig. 10b; we assume for
convenience that L is even. The operator H has the
property that it maps a code word of the toric code (i.e.,
a state vector ) satisfying Agz|) = |¢) = Bgl®)) to
a code word of the anti-toric code (we have A H|y) =
—HAg|y) = —H|v¢) and similarly for B,). We can verify
that the assumptions of Theorem 8 are satisfied. The
operator H anticommutes with our choice of stabilizer
generators for |¢). Also, for any operator O of weight
< L?/4, there must be a star or plaquette operator that
has disjoint support with, and therefore commutes with,
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O. (Indeed, there are (L/2)? disjoint plaquette operators
that cover all qubits; an operator that has overlapping
support with all plaquette operators must therefore have
support on one qubit in each plaquette. The bound
can presumably be improved by accounting for the star
operators as well.) As a consequence of Theorem 8, the
state vectors (1), |£) = H|v)) form a metrological code
of distance L?/4.

Is the space spanned by (|1}, |€)) secretly a code space
of a similar-distance code in which H acts as a logical
operator? We can rule out this possibility because the
state vectors |¢) and |£) can easily be distinguished by
measuring any single star or plaquette operator, recalling
that Az|Y) = Bgltp) = [¢) but that Agz|¢) = Bgzl&) =
—1€). The environment only has to measure a weight-4
operator to determine whether [¢) or |£) was encoded.

f- Simultaneous +1 eigenspace and simultaneous —1
eigenspace of stabilizers. The intuition behind the con-
struction in Theorem 8 is that if we can choose |¢) to be
stabilized by S = (S1, ..., Se), then we might want to pick
|€) to be stabilized by the closely related stabilizer group
S = (-51,...,—S¢). This idea was already illustrated
by the example above based on the toric code, where the
Hamiltonian maps a code word of the toric code to a code
word of the anti-toric code. We now show in general that
such a construction is a special case of Theorem 8.

Let S = (51,...,5¢) be a subgroup of the Pauli
group with —1 ¢ S, where Si,...,S; are a choice
of independent commuting stabilizer generators. Let
S = (=81,...,—S¢). Let & denote any set of Pauli
operators with the following property: for any E, E’' € &,
there exists S € S such that —S € &’ and such that
[E'TE,S] = 0.

The two stabilizer groups S, S’ share many stabilizers,
including 5152, $1S53, ..., S1.5¢;. We can pick a Pauli
operator H such that H anticommutes with S; and such
that H commutes with each of the operators 5155, S1.93,
.oy 5180 (see, e.g., Ref. [61, Proposition 10.4]). Observe
that for all i = 2,...,¢, we have

HS; = HS}S; = —S1HS,S; = —S?S;H = —S;H (182)

and thus we have that {H,S;} = 0 for all i =1,...,¢.
Suppose |¢) is stabilized by S. Then H|i) is stabilized
by &', since

SiH[Y) = —HSi|p) = —H|[1)). (183)

Furthermore, supposing F,E’ € &, by assumption we
have S € S such that —S € S’ and such that [E'TE, S] =
0. We can write S = 5;,5,,---5;, in terms of our
choice of independent generators S; above. Writing
-8 = (=)™ (=8;,)(=8Si,) -+ (=Si,,), we see that m

must be odd, as otherwise, we would have
= 8= (=1)(=8;)(=8i) -+ (=Si,,) ¢ S".

This observation implies that {H, S} = 0, because we can
anticommute H through the product of an odd number of

(184)



S;’s. Therefore there exists S € S such that [E'TE, S] = 0
and {H,S} = 0. At this point, all the assumptions of
Theorem 8 are satisfied, implying that |¢), H|¢) form a
metrological code that can protect against the error set

8.

H. Further examples of metrological codes

We now present two additional examples of state vec-
tors |¢), |€) that satisfy the zero sensitivity loss condi-
tions (150). These metrological codes serve to illustrate
the sense in which the conditions (150) are weaker than
the conditions for quantum error correction.

1. Single qubit subject to complete X/Y dephasing

Consider the qubit example studied in § IV B, where
the clock state vector |+) evolves according to H = wZ/2
and is exposed to complete dephasing along the X axis
around a given time t5. From Eq. (88) we immediately see
that the zero sensitivity loss condition (146) is satisfied for
all ty. In this setting, the clock state loses no sensitivity
after complete dephasing in the X axis for any ty, with
the exception of possible discrete points where the rank
of pp(t) changes (see §IV B).

Alternatively one could also check the form (149) of
the zero sensitivity loss conditions. For any ty, we have
from (29) that

§(t0)) = H1b(to))
= %[COS(%tO>|_> - iSiH(%tO)H')} : (185)

At this point, we can compute
(W H+XH1€) + (El1+)X+ )

= g [reos((g) (g + tsn () eos(*3")]
= D) 7 COS B S 9 7 81 D) COS D)

=0, (186)

and similaly for (19][—)(~||€) + (€] |=)~||%) = 0, show-
ing that (149) are satisfied for all ¢g.

An interesting aspect of this example is that there
exists no recovery operation that can restore the noiseless
clock state vector |¢(tg + dt)) accurately to first order in
dt. Let us consider for simplicity the point ¢y = 7/(2w).
Using (29), (31), and (87), we have at that point

Yo = [+l pmlin) =
0 (o) = —5X . Dx(@w (1) = —5X , (187)

where |+i) = [|1) +i[|)]/V2. We seek a completely
positive, trace-preserving map Rec such that Rec(pp(to +
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dt)) = (to + dt) + O(dt?), which means that

Rec(g) = |+i)(+i] , Rec(X) =X . (188)
There is no completely positive map that satisfies these
constraints. If there was such a Rec map, then we would
have Rec(|+)(+]) = Rec(1/2) + Rec(X/2) = |+i){+i| +
X/2=1/2+Y/2+ X/2. One can easily check that the
final expression has a negative eigenvalue, contradicting
the requirement that Rec be completely positive. We
conclude that in general, a metrological code does not
necessarily come with a recovery operation that enables
an agent to recover the noiseless clock state, even if the
agent can sense the parameter to the same precision as
before the application of the noise.

2. A superposition of a simple state and a generic pure state

Consider a one-dimensional chain of n qubits. Consider
a generic pure state vector |x), chosen for instance ran-
domly from the Haar measure on the n-qubit system. For
a given d,, > 0, let us perturb the state vector |x) to |x)
by projecting it onto the subspace of all computational
basis states that do not contain fewer than a number d,,
of 1’s,

%) =) = ] le)al.

|| Zdm

(189)

If |x) is generic in some suitable sense (e.g., chosen Haar-
randomly), then |x) ~ |x) and |||x)|| = 1. The present
example metrological code is constructed by picking |¢) =
|0™), which is the computational basis all-zero state, and
1€ =17 130 = 1o-

We proceed to check that the zero sensitivity loss con-
ditions (146) are satisfied as long as operators of the form
E,:,Ek have weight at most d,, — 1. If o C {1,...,n}
denotes a subset of at most || = d,, — 1 systems, then
the reduced operator of |x){0"| on the sites labeled by
can be written as

tr, [IX00" ] = (La,, ® (0"~ ]) [R) (0" | =0,

because |x) has no overlap with bit strings that have
(n — d,,) or more zeros. Hence

by, ([0)E] + lewl) = 0.

For any operator O of weight wgt(O) < d,;,, the condi-
tion (153) is thus satisfied and [¢)), |£) form a metrological
code of distance d,,.

An interesting observation is that this code does not
form a quantum error-correcting code in the usual sense.
The reason is that the environment, by receiving a few
sites, can tell the difference between whether the state
|t} or the state vector |£) was prepared. More precisely,
the environment can test whether the received qubits are

(190)
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all in the state vector |0). If this is the case, it is much
more likely that the original state vector was |1)) and not
|€), as long as tr\, (X) is sufficiently distinct from [0)(0[,
(which is the case for a Haar-random state).

For some choices of |x), the metrological code can be
interpreted as a quantum error-correcting code that pro-
tects only against certain types of errors. For instance, we
can choose |x) = [1)®™ in the above and our conclusions
still hold; this choice corresponds to a classical repetition
code that can correct bit flips but which is vulnerable to
phase flips.

Yet, there are choices of |y) for which this interpreta-
tion appears more problematic. Consider for instance the
choice |x) = |+)®". From the above argument we have
that [¢) = [0)®™ and |€) ~ |+)®" form again a metrologi-
cal code. Again, the environment can distinguish |¢)) from
|€) with access only to a few sites. Here, the environment
can use either an X or a Z measurement to (imperfectly)
distinguish between the two state vectors |0) and |+). It
is hence not obvious how to interpret this code as an
error-correcting code that is tailored to biased noise.

While this example might illustrate the conceptual
differences between quantum error correcting codes and
metrological codes, we expect this construction of a metro-
logical code to be of limited practical use as it would
require a Hamiltonian that is extremely nonlocal.

VIII. MANY-BODY SYSTEM SUBJECT TO
I.I.D. AMPLITUDE DAMPING NOISE

In this section we consider a system consisting of n
spin-1/2 particles evolving under a many-body Hamilto-
nian H that is either non-interacting or that has Ising
interaction terms. The system is exposed to i.i.d. ampli-
tude damping noise. First, we consider a non-interacting
Hamiltonian with an on-site magnetic field, and in the
second part of this section we consider a Hamiltonian
with Ising interactions.

We consider an i.i.d. amplitude damping noise model,
meaning that each site is independently exposed to the
noisy channel

N(Pd)() _ E(()P) () E((JP)T JrEip) () E§P)T ’

a.

g _ (vi-p 0 g _ (00
0 o 1) 7 VP 0]

sticking to the convention that the first basis vector is |1)
and the second one is |}). The amplitude-damping noise
is often also called the spontaneous emission channel.

As in Fig. 1, the system is initialized in a state |tinit)
and evolves according to H; at time ¢ty we apply the
noisy channel [N;ﬁ).]@” to obtain Bob’s state. We seek to
characterize the Fisher information of Bob’s state with
respect to time.

In this section, we present simple numerical compu-
tations of the upper bound (116) for i.i.d. amplitude
damping noise for different clock states. In the first part

(192)
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of this section, we suppose the spins are exposed to a uni-
form external magnetic field aligned along the Z axis. We
present numerical calculations of Bob’s Fisher information
and our lower bound (116) for a choice of clock states,
and we numerically optimize the initial state to achieve
better output sensitivity. We also consider the alternative
setting in which the clock is exposed to continuous ampli-
tude damping noise at the same time as it evolves under
this Hamiltonian. Here, it turns out that the unitary and
noise parts of the Lindbladian commute as superoperators,
and that our bounds can be directly used to characterize
the sensitivity of the clock operating under the regime of
continuous noise. In the second part of this section, we
place the spins on a 1D chain with strong Ising interac-
tions. We present numerical calculations of Bob’s Fisher
information and our lower bound (116) for a choice of
clock states; we numerically show that the sensitivity loss
for the metrological code state given in (163) is suppressed
to first order in the amplitude damping parameter.

A. Non-interacting Hamiltonians

The system of n spins is assumed to evolve under the
Hamiltonian

n

H= Z%Z

i=1

(193)

We compute Bob’s Fisher information with respect to
time of a selection of states after exposure to the channel
N = [N;‘pd).]®". First we consider the GHZ state, which
has the optimal sensitivity if no noise is present:

1
[Yanz) = E[ITTMT) + D] (194)
The GHZ state satisfies
Fatice,t[Yanz] = 4(H?)gnz = n*w? . (195)

We can also consider the product state vector of all spins
pointing in the +X direction,

1

e = 9" = —= [N+ 1" (196)
Then
Filice,t[V+] = 4(H?) ; = nw? (197)

Our upper bound (116) on Bob’s Fisher information for
these states is presented for n = 12 and for n = 50
in Fig. 11. In Fig. 11a and b are also depicted an ad
hoc lower bound for the state vectors |¢guz) and |4+7)
for the same values of n and w. We can see that for
our choice of the amplitude damping noise model and at
least for our choice of states, the upper bound on Fgep,;
provided by (116) is reasonably tight for & = n. The
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Fig. 11: Quantum Fisher information of a system of n spin-1/2 particles with the Hamiltonian H = ), wZ;/2 (with w = 2)
after the application of an amplitude damping channel of parameter p on all sites. a. Here n = 12. Solid lines depict our upper
bound (116) with & = n = 12 for the state vectors [¢quz) (red), |[+") (blue), and |tunir) (green), which are defined in the main
text, as well as for the family of states corresponding to an even superposition of the most excited state and a symmetric state
(Dicke state) |h}) with a fixed number n — j of excitations (shades of orange) with j = 3,6,9. Dotted lines are corresponding
ad hoc lower bounds for the state vectors |)cuz) and |[+") (see main text). Dash-dotted lines are the corresponding exact
values of the quantum Fisher information, which can still be directly computed for n = 12. The curves corresponding to
the superpositions of pairs of Dicke states illustrate situations where upper bound is not tight. The inset depicts our upper
bound (116) for different values of k = 1,4, 8,12 for the state vectors |guz), |[+") and |¢unir). The value of k corresponds to
a projection onto the subspace on Eve’s system associated with errors of weight less than or equal to k which is included in
our bound (116). The three vertical gray lines indicate values of p for which p**! = 1072 for k = 1,4, 8; these lines roughly
indicate the values of p beyond which the this projection is expected to fail with a probability exceeding ~ 1073, Indeed, for
our choice of noisy channel and states, our bound (116) for each k is reasonably tight up until values of p for which p*** is no
longer negligibly small. b. The same computations are repeated for n = 50 and w = 2. Solid lines depict our upper bound with
k = n for the same states as in (a), and dotted lines depict an ad hoc lower bound for |[+™) and |¢cuz). The red vertical lines
in the inset depict values for p for which the total weight of the i.i.d. amplitude-damping Kraus operators E, with |x| > k
exceeds 1073 for k = 1,2,5,10 when applied onto the GHZ input state vector |¥)cuz). These values of p are where our upper

bound (116) for the corresponding k value is expected to no longer be accurate.

inset of Fig. 11a depicts the same bound for different
choices of the value k = 1,4, 8,12. Recall that the bound
includes a projection onto Eve’s subspace associated with
error operators of weight at most k. The probability that
this projection fails is the total probability of observing
an error with weight greater than k; this probability
is of the order of pF*'. In the inset of Fig. 1la, for
k = 1,4,8 we display gray lines identifying the values
of p for which p**! = 1072, Values of p beyond the
corresponding gray line represent situations in which the
projection is expected to fail with probability greater
than the order of ~ 1073, Here, we see that our bound is
indeed reasonably tight up until the corresponding value
of p. In the inset of Fig. 11b, we determine more precisely
the total weight of the events neglected by ignoring Kraus
operators of weight greater than k. Namely, for k£ =
1,2,5,10, we compute the smallest value of p for which
Yok tr(EL By [Wauz)(Yauz|) > 107%. We see that
these values of p correspond approximately to where our
upper bound (116) fails to accurately predict the value
of the quantum Fisher information on the state vector

[Ycuz)-

We can ask, which state vector |1} has the best sensitiv-
ity after application of the noisy channel for a given value
of p? Here we use the understanding brought by our main
Fisher information trade-off relation. In this case, Eve
receives any photons emitted by spontaneous emission,
which tell her exactly which sites suffered a decay. As
a consequence, if Eve observes a number k of photons,
then she can safely guess that the energy of Alice’s state
must have been at least the energy corresponding to k
excitations. Eve has therefore obtained information about
the energy of Alice’s state. This observation provides a
simple explanation for why the GHZ state has a high
Fisher information loss even for small values of p: When
Alice exposes a GHZ state to the noise, then Eve can esti-
mate the energy of Alice’s GHZ state by noting whether
or not she observes a photon. If Eve observes even a single
photon, then she can safely guess the energy associated
with the all-excited state, and if she observes no decay,
she guesses the energy of the ground state. (Her guess
is wrong with probability (1 — p)™, corresponding to the
probability of the all-excited state suffering no decay.)
Our trade-off relation thus tells us that we seek a state



with a large energy spread, but for which a decay would
not betray the value of the total energy of the state. As
the effect of the decay becomes more significant with in-
creasing p, some of the energy spread is sacrificed in order
to make the state more resilient to Eve’s probe.

Here we consider states that are invariant under per-
mutations of the n spins, motivated by the fact that the
Hamiltonan is permutation-invariant (see also [41, 42]).
These states live in the symmetric subspace and can be
written in the basis of Dicke states of the symmetric sub-
space. A Dicke state is a permutation-invariant state
with a fixed number of excitations. More specifically, for
q=0,...,n we define

hy = (Z)/ S Ja) .

|z|=q

(198)

where the sum ranges over all strings @ with x; = 1,4,
and where |x| denotes the number of sites ¢ where x; = |.
In the standard basis {|0) = |1),|1) = |})} for spin-1/2
particles, the value || is the Hamming weight of the
corresponding computational basis state x.

A general pure symmetric state vector can therefore be
written as

BEDIAIOE (199)
q=0

We can consider an even superposition of two Dicke states
(as in §IV E). Namely, for 0 < ¢1,¢2 < n we consider the
state vector

1
V2

Our upper bound on the sensitivity of the state vector
[1g,:q.) for all qi,qo is depicted in Fig. 12 for n = 50
and the values of p = 0.01,0.05,0.1,0.25. In contrast
to the case of erasures (§IV E), the states among this
family where our bound is large have one of the terms
being close to the maximally excited state (¢ = 0 or
g2 = 0). (The bound is not necessarily expected to be
tight, in light of the gap that is apparent for n = 12 in
Fig. 11a between our bound and the exact value of the
quantum Fisher information. The discussion that follows
aims to identify states that can potentially have high
sensitivity, while ruling out states that are certain to have
low sensitivity.) This property can again be understood
from our trade-off relation. In the case of erasures, Eve
receives the entire reduced state of the systems that have
been lost. If ¢4 = 0 or go = 0, then the reduced state on
each subsystem is the pure state vector |1); since it is a
pure state, it is easier for Eve to distinguish it from the
reduced state of the other Dicke state vector |hg,). In the
case of amplitude damping, Eve only knows whether a
decay happened or not on each site and she cannot access
the full reduced state. An alternative phrasing of this
argument is to express erasures as a random operation

|{/;ql;qz> = [|h21> + |h22>] : (200)
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Fig. 12: Upper bound (116) on the quantum Fisher information
of a superposition of two Dicke states on n = 50 spin-1/2
particles after being exposed to i.i.d. amplitude-damping noise.
A Dicke state with ¢ excitations is an even superposition
of all states with exactly ¢ excitations. For each q¢i,q2, the
considered state is an even superposition of the two Dicke
states with a number ¢; and g2 of downwards-pointing spins
respectively. Each plot corresponds to a different value of the
single-site amplitude-damping noise parameter p. Our bound
attains its maximum on this family of states (black crosses)
for states that are an even superposition of the highest excited
state and of a weakly excited Dicke state that is separated from
the ground state. This separation hinders Eve from accurately
guessing the energy of Alice’s state, which via our trade-off
relation improves the state’s sensitivity after application of
the noisy channel. The bound is computed with £ = n = 50.

XY, Z applied onto each site; equivalently, a random
operation from the set {o4,0_, Z} is applied on each site,
where o+ = [X+iY]//2 are the creation and annihilation
operators of the qubit excitation on a specific site. In
the case of amplitude damping, the Kraus operators have
no overlap with o4, meaning that physically, there is
no event in which excitations are created in the system.
Such events, however, happen in the case of erasures.
If Eve receives the information that k& such events have
occurred, she can safely assert that the energy of Alice’s
state could not have exceeded the energy of the state that
can still accommodate k further excitations. Thus, the
state ¢; = 0 can easily be ruled out by Eve in the case of
erasures if she receives a report of even a single o4 event.

Another interesting choice of state is the uniform su-
perposition of all Dicke states, giving rise to

1 n
Sl
vn+1 =0

The intuitive reason we expect this state to achieve a good
sensitivity after the noise is that if Eve observes emitted
photons, she gains comparatively little information about
the energy of Alice’s state as opposed to if the state

[Yunie) = (201)



is a superposition of few spaced-out Dicke states. The
Fisher information of this state after the application of the
amplitude damping noisy channel is depicted in Fig. 11.

A more systematic, numerical optimization of Fgop,: by
varying Alice’s state using different Ansétze for the coeffi-
cients {1, } indicate that the Fisher information obtained
by states of the form (200) can be marginally exceeded
for specific values of p by states for which the amplitudes
{14} are concentrated around two values ¢; = 0 and some
value ¢o, but with some broadening to include some weight
on neighboring Dicke states to ¢qo. Interestingly, there
appears to be many states with very different profiles
of {14} that achieve a very similar sensitivity after the
application of the noisy channel.

One particular such state is the state vector |#nalt Gauss)
of the form (199) where the 1, coefficients are a half-
Gaussian centered on the all-excited state as

_ (a/m)?

1
|whalf-Gauss> = § wq |h;r;> s '(/Jq = Ee 2w (202)
q

where c is determined from the normalization condition.
Empirically, we find that this state with a value of w = 0.4
yields a sensitivity after application of the noisy channel
that is competitive with respect to the other studied states.
The half-Gaussian spreads with over the entire Dicke basis.
The amplitude of the ground state is v,, = 6_1/(2w2)1/}0 ~
0.041)9. Here again, the state vector |¢hait-Gauss) balances
a broad spread in energy values while still preventing Eve
from easily finding out the energy of Alice’s state.

For our numerical calculations, we employed the stan-
dard Python NumPy and SciPy toolboxes along with
QuTip [65, 66]. The permutation invariance of our set-
ting greatly simplifies the calculation of terms of the form
tr (El,Ezw) and tr (EL,EE{FI, ¥}) because Ey is a tensor
product of single-site operators. Similarly, the reduced op-
erator on a given number £ of sites of any operator acting
on the symmetric subspace can be computed easily by com-
binatorial considerations in a basis of the symmetric sub-
space [41-43]. Even for n = 50, our pinched bound is easy
to compute even for k ~ n in the permutation-invariant
setting: To determine the diagonal matrix elements asso-
ciated with /(1) and N'({H,v}), it suffices to compute
terms of the form tr(E}FE,v) and tr(ELE,{H,}) for

operators Ey of the form EY" ®E6®(n7w) (the other terms
are determined by symmetry).

B. Strongly interacting Ising Hamiltonian with a
noisy channel

Consider a one-dimensional spin chain with nearest-
neighbor ZZ couplings, with the Hamiltonian

n—1
J
H=Y" 5 ZiZjs1- (203)

=1

36

Our upper bound on Bob’s sensitivity to time, computed
using the expression (116) for various states, is plotted
in Fig. 13 for n = 12 and n = 50, with J = 2 in both
plots. We first consider the state vector corresponding
to an even superposition of a ferromagnetic all-zero state
and an antiferromagnetic state vector

2z
V2

Since {4 ...y and [{1)1...) are energy eigenvectors of
respective energies w(n — 1) and —w(n — 1), we see that
the state vector [1r_¢) has energy variance 0% (Vgar) =
wZ(n — 1)2. For comparison, we compute the true values
of the Fisher information (for n = 12), plotted as dashed
lines in Fig. 13a, as well as an ad hoc lower bound, plotted
as dotted lines. As can be seen in Fig. 13, our upper bound
yields tight bounds on the time sensitivity of the many-
body interacting probe, as witnessed by its proximity to
the true value and to the ad hoc lower bound, provided p
is not too large and k can be taken to be large enough.
The next probe state vector we consider is

[Wear) = —= [ )+ AT 0] (204)

[eoterar) = 3 (WL )+ (1111 ..}
T ) L)

The state vector |teode-f.af) S the state (163) using the
antiferromagnetic configuration as the bit string . Recall
that this state satisfies our Knill-Laflamme-like conditions
for a single located error. Here we study how this state’s
sensitivity is affected when exposed to i.i.d. amplitude-
damping noise. Our upper bound on Bob’s Fisher infor-
mation via (116) is plotted in Fig. 13 for n = 12 and
n = 50, alongside that of |¢r..¢). The probe state remains
almost maximally sensitive when p is small, in contrast
to the probe |1 .¢) which immediately loses sensitivity
at what appears to be a linear rate with p. This is a
manifestation of the fact that the sensitivity of the probe
state is unaffected by a single error, and only in the event
that two simultaneous errors occur does the sensitivity
decrease.

Finally, we consider for comparison the natural probe
state given by an ensemble of independent spins, each
pointing in the X direction

(205)

H) =8+ @84 (206)
where |+) = [|1) + |[1)]/V/2 is the +1 eigenvector of X.
Our upper bound computed for the spin-coherent state
vector |[4+™) is plotted in blue in Fig. 13. We can see that
this probe state performs significantly worse than the
entangled probe states for p < 0.4. This is expected, since
such a probe’s noiseless sensitivity scales only linearly
in n, as opposed to the quadratic scaling of the sensitiv-
ity of the |¢fas) and [eode-f.af) Probe states. However,
the robustness of the spin-coherent state to the noise is
significant. At larger values of the amplitude damping
parameter (p ~ 0.5 for n = 12), the other probe states
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Fig. 13: Numerical calculation of the upper bound on the sensitivity of a many-qubit state after i.i.d. amplitude-damping
noise, for different states evolving according to the one-dimensional Ising Hamiltonian H = ) j(J /2) Z;jZj4+1. a. Upper bound
on Bob’s Fisher information Fgob(t) for n = 12 qubits as a function of amplitude-damping parameter p, for the state |i)¢as),
which is an even superposition of a ferromagnet state and an antiferromagnet state (in red), for |[tcode-t-af) Which satisfies our
Knill-Laflamme-like conditions for a single located error (in green), and for the spin-coherent state vector |[+)®" where |+) is
the +1 eigenvector of X (in blue). Spin-coherent states are typically used in non-quantum-enhanced metrology. For each state,
bounds are shown for various values of k, where k is a parameter in the additional noisy channel acting on Eve’s system which is
used to derive the upper bound; bounds with larger values of k are harder to compute but are tighter. The upper bounds can
increase again for p = 0.4 because the bound only accounts for low-weight Kraus operators, and higher-weight errors cannot be
ignored in this regime. Dashed curves indicate the true Fisher information values, determined by direct computation, and the
dotted lines are lower bounds associated with [¢r.af) and [tpcode-t-af). The red curves for k = 6,7, 8, the associated true value,
and the lower bound appear superimposed. b. Upper bounds for the states |tr.af) and |[tcode-t-af) for n = 50 qubits, zoomed in
on low values of p. Dotted lines are lower bounds on the Fisher information for these states. Computing the true values of the

Fisher information in this regime would require more advanced methods, such as tensor networks [28].

have all but lost their advantage in sensitivity.

For our numerical calculations, we employed the stan-
dard Python NumPy and SciPy toolboxes along with
QuTip [65, 66]. Our source code is published on
Github [67]. To compute the trace terms in (116) we
express |1) and H|¢) as superpositions of a small num-
ber of computational basis vectors over the n sites. The
traces then factorize into tensor factors enabling their
efficient computation. For the spin-coherent state we
work with the local X basis instead of the Z basis, such
that the spin-coherent state becomes a basis state in this
picture. The direct computation of the Fisher informa-
tion is performed via an eigenvalue decomposition of the
full n-body noisy probe state pp to transform the anti-
commutator equation 3{pp, R} = N(—i[H,]) in a basis
where pp is diagonal, and then solving element-wise to
determine R. The ad hoc lower bound is computed by
numerically solving the symmetric logarithmic derivative
in a restricted subspace consisting of the computational
basis vectors that appear in the decomposition of the
probe state and those bit-strings that are close by in
Hamming distance. The resulting value is guaranteed
to be a lower bound, because the map that projects the
state down to any subspace of the state space is a trace-

non-increasing, completely positive map for which one
can apply the data-processing inequality satisfied by the
Fisher information [19] (see Proposition 22 in Appendix C
for details).

IX. CONCLUSIONS AND OUTLOOK

Our results present a new paradigm for characterizing
the sensitivity of a quantum clock or sensor when exposed
to noise, by establishing a quantitative trade-off between
the quantum Fisher information of the noisy system with
respect to the parameter of interest and the quantum
Fisher information that the environment acquires with
respect to a complementary parameter. Information trade-
offs are interesting because they reveal properties of the
mathematical structure of quantum theory, which in turn
determine what tasks can be accomplished within the
laws of quantum mechanics. Here, our results provide a
guiding principle for finding noise-resilient clock states:
In order to avoid sensitivity loss due to the application
of a noise channel, clock states should hide their energy
from the environment.

Energy-time uncertainty relations have historically been



harder to formulate than position-momentum-type uncer-
tainty principles, because there is no global time observ-
able in quantum mechanics in the same sense as there is a
position observable. Our work contributes an additional
type of time-energy uncertainty relation, complement-
ing existing uncertainty relations such as Mandelstamm-
Tamm-type uncertainty relations [13], Fisher-based un-
certainty relations with a single system [12], and entropic
uncertainty relations [15]. Our relation exploits a type of
complementarity between the local optimal sensing oper-
ator for time and the Hamiltonian (Fig. 5), in the same
spirit as uncertainty relations derived in Refs. [1, 12]. Our
relation furthermore connects the estimation capabilities
of two distinct parties (Bob and Eve); in this sense our
results can be seen as a Fisher information counterpart of
the entropic uncertainty relations for time and energy [15].

A. Summary and discussion

An overview of the results presented in this work can
be found in Fig. 3.

a. Time-energy sensitivity tradeoff. Our main result
is a quantitative time-energy sensitivity tradeoff relation
in the setting of Fig. 1. If a quantum system is subjected
to an instantaneous noisy channel, then the loss in sensi-
tivity to time trades off exactly with the environment’s
ability to sense the energy of the system as laid out in
Eq. (1).

The setting of our uncertainty relation (Fig. 1) is un-
conventional for quantum metrology: A quantum clock
usually accumulates noise continuously as time evolves,
much like a quantum probe usually accumulates noise
continuously while sensing an unknown parameter. Our
setting is instead the communication scenario studied in
Ref. [29]: Alice possesses a noiseless quantum clock that
already encodes some time value, and she sends it to Bob
over a noisy communication channel. In this alternative
setting one can analyze the quantum information that
leaks to the environment, which is more challenging to do
if we consider continuous noise.

An appealing feature of our tradeoff relation is that
Bob’s time sensitivity and Eve’s sensitivity to energy are
related by an equality. Concretely, this feature means that
not only does a gain in energy sensitivity imply a time
sensitivity loss by Bob, but also a loss in time sensitivity
for Bob automatically implies a gain in energy sensitivity
by Eve. In contrast, uncertainty relations in quantum
mechanics often relate two observable uncertainties or
two entropic quantities via an inequality. For instance,
a Schrodinger particle in one dimension that has a large
variance in the momentum observable need not have a
narrow variance in the position observable.

Our results furthermore hold for an arbitrary pure
probe state vector |¢)) and Hamiltonian H. We evade the
question of formally optimizing over the probe state vector
|1y itself—a central question in quantum metrology that
many contributions on using quantum error correction
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for metrology address [21, 22, 50, 68, 69]—by identifying
instead what features a probe state vector |t) must exhibit
to avoid being affected by the noise. The alternative
expression of the Fisher information obtained by our trade-
off relation can potentially facilitate the computation of
the Fisher information when optimizing the clock or probe
state, potentially improving state optimization schemes
such as those in Refs. [70, 71] in the presence of noise.
Our trade-off relation also offers a guideline to seek good
clock states, especially in settings where it might not be
possible to reliably prepare the probe state that has the
absolute best sensitivity: Noise-resilient clock states need
to hide their energy from the environment.

Importantly, it is not necessarily the probe state which
is least affected by the noise that is the most sensitive.
Another state might exhibit a better sensitivity after the
noisy channel, even if its sensitivity loss is greater, by
ensuring that it is initially sufficiently more sensitive. As
an extreme case, this point is illustrated by the ground
state of a qubit affected by amplitude-damping noise; the
ground state trivially remains unaffected by the noise but
has no sensitivity, whereas the +X eigenstate has a better
sensitivity, even if it is affected by the noise.

b. The setting of continuous noise. In certain specific
settings, the setup in Fig. 1 remains a good approximation
of a quantum clock exposed to continuous noise described
by a Lindbladian master equation (see § VI). A sufficient
condition that guarantees the accuracy of this approxima-
tion is to ensure on one hand that the Hamiltonian part
Lo of the evolution commutes (as a superoperator) with
the noise part £1 of the Lindbladian that contains all
the noise operators, and on the other hand that the time
derivative of the state is primarily driven by the Hamilto-
nian and not by the noise. More precisely, in the notation
of § VI, the sufficient condition consists in checking that
[Lo, £1] = 0 as well as ensuring that 9; A" contributes only
a negligible part of the Fisher information F (p; 8tp) [for
which a rigorous bound can for instance be computed in
Eq. (144)]. The second condition is rarely expected to be
violated, as sensors are typically designed to have their
signal imprinted on their state through their Hamiltonian
evolution; noise is usually a degrading process and is typ-
ically not the mechanism by which the signal is acquired.
If the Hamiltonian of a many-body system consists only
of single-site Z terms, then both i.i.d. dephasing noise
and i.i.d. amplitude-damping noise commute (as a super-
operator) with the Hamiltonian part of the Lindbladian.
Furthermore if the Hamiltonian H commutes with the
individual Lindblad jump operators, then the correspond-
ing evolutions also commute as superoperators; this is
the case for instance if H consists of arbitrary-weight
terms containing only Z operators and in the presence of
ii.d. dephasing noise. In the case where [Lg, £1] # 0 the
setting can still formally be mapped onto the setting of
Fig. 1, by defining the effective noise as the full evolution
map with a unitary applied on the input, as long as the
time dependence of the effective noisy channel can be
neglected. In this case, determining the effective noisy



channel in general might be difficult.

c. Tradeoff with generalized parameters. The trade-
off relation for time and energy can be extended to other
parameter evolutions. First of all, there is a choice in
how % evolves along the ¢ and 1 parameters: Any choice
of |1(t,n)) such that Eq. (23) is satisfied at (tg,n0) (but
not necessarily at other even neighboring points) leads to
the same Fisher information quantities Faice,¢, FAlice,
Fgob,t, and Fgye,r, so our trade-off relation directly ap-
plies. An alternative choice for the 1 parameter is an
evolution generated by the Lindbladian master equa-
tion 9,y = L[y] with Llp] = 3, [LepLl = {LL Lk, p} /2],
where Ly = o' \/(er. + ¢)[¥)(ex|, where {|ex)} are eigen-
vectors of the Hamiltonian, where H = 3 ey e )(ex|, and
where ¢ > 0 is chosen large enough such that ex+c¢ > 0 for
all k. (We have the opposite sign for 0,1, but this can be
corrected by redefining 7 — —n, and this does not impact
the Fisher information.) We can check that this choice
of 0y1 satisfies Eq. (26) at (to,70), and therefore also
Eq. (23). Another interesting choice for ¢ (¢,n) is to set
[ (to, m)) = el7= /78| (19, mg)) for 7 in a neighbor-
hood of 7, recalling H = H — (H),. Again, we see that
Eq. (26) is satisfied. This evolution is non-unitary, but one
can check that it does preserve the trace of 1 locally to
first order at ny: We have 0, tr(¢)|n0 =tr({H,v}) =0.
Either of these choices of evolution might be relevant
depending on the specific application, though we expect
the primary application of our trade-off relation is to help
characterize Bob’s Fisher information to time, in which
case the specific choice of how the clock state is stated to
evolve along n might not be important.

The trade-off relation can further be extended to an
inequality that is valid for any two arbitrary parameters
(§IITIC). The trade-off between the Fisher information
that Alice and Bob respectively have with respect to ei-
ther parameter is then quantified by a value that depends
on the commutator of the generators of the two parame-
ters (Theorem 5). The appearance of the commutator in
this expression reinforces its central role in quantifying
the incompatibility of physical observable quantities. Our
main time-energy trade-off relation can be partially recov-
ered from the more general Theorem 5 by plugging in the
local generators for time and energy; however, our main
time-energy trade-off relation includes an achievability
statement (equality instead of an inequality) which Theo-
rem 5 does not reproduce. While Theorem 5 appears to
be tight whenever the Robertson-Weyl uncertainty rela-
tion (66) is saturated for the two generators, the bound
can likely be improved when considering two generators
that have a small commutator.

d. Bounds on the quantum Fisher information. Com-
puting the quantum Fisher information for general states
involves the calculation of the symmetric logarithmic
derivative in (9). This object is straightforward to de-
termine for pure states, it is simple when represented in
the diagonal basis of the state, and it can be computed
using numerical methods such as the Bartels-Stewart algo-
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rithm [72]. However, in the absence of a simple diagonal
representation of the state, it is in general difficult to char-
acterize analytically the Fisher information or to derive
useful bounds on the Fisher information that apply in
general settings of mixed states, especially if the state is
rank-deficient or close to the boundary of state space. Our
results provide an alternative expression for the Fisher
information in the scenario of Fig. 1. Combined with the
powerful semi-definite methods for the Fisher information
reviewed in Appendix C, we provide a general toolbox to
characterize the Fisher information for mixed states in
a variety of situations. For instance, for an interacting
many-body system subject to noise that acts locally, the
noise process might be well approximated by an environ-
ment that is small relative to the full many-body system.
In this case, the computation of the Fisher information
on Eve’s end happens on a smaller-dimensional system.
This observation is for instance a main component of our
bound (116).

By applying known Fisher information bounds on Eve’s
system, our trade-off relation enables us to straightfor-
wardly obtain an opposite bound for the Fisher informa-
tion of Bob’s noisy state (see § V). (Upper bounds on
the Fisher information can be difficult to obtain; see for
instance Refs. [31, 73].) An example of such a bound to
apply is the data processing inequality for the Fisher infor-
mation [19]: Further processing of a state that has been
exposed to the unknown parameter can only decrease the
sensitivity with respect to that parameter. This procedure
is useful when Eve obtains a state that is not diagonal
in the computational basis, making the Fisher informa-
tion harder to compute. In such cases, we can dephase
Eve’s state to set all the off-diagonal matrix elements to
zero. The resulting Fisher information for Eve can only
decrease; by our trade-off relation this immediately yields
an upper bound on Bob’s Fisher information. This bound
for instance facilitates the computation of the sensitivity
loss of a state exposed to weak amplitude-damping noise,
as discussed in § VIIL.

e. Metrological codes. Our main uncertainty relation
leads to necessary and sufficient conditions for when a
clock state loses zero sensitivity when a given noisy chan-
nel is applied (§ VII). These conditions are a weaker ver-
sion of the Knill-Laflamme conditions for quantum error
correction. Given a clock state vector |¢) and a Hamilto-
nian H, we can consider the virtual qubit L spanned by
the vectors |¢) and H|vy). The clock state vector |¢) loses
no sensitivity under the application of a noisy channel
with Kraus operators {Ej} if and only if all operators of
the form E;L,Ek, when projected onto the virtual qubit,
do not have any overlap with the Pauli-Z operator on the
virtual qubit. It would be in principle possible to prove
these zero sensitivity loss conditions directly on Alice’s
and Bob’s systems, without invoking our trade-off relation;
however, characterizing when Eve’s Fisher information
is zero provides an immediate proof whose simplicity we
have not been able to match with alternative techniques.

The zero sensitivity loss conditions (146) bear similar-



ities with classical codes, where there is only a commu-
tative algebra of observables that one wishes to repro-
duce [46, 48]. Intuitively, the conditions simply ensure
that there is a measurement on Bob’s system that will
reveal the time parameter as well as the local time sens-
ing observable on Alice’s system. In contrast to fully
quantum error correction, however, there is in general no
recovery operation that will restore the pure clock state
accurately to first order in the parameter (see § VITH 1
for a simple counterexample). An intriguing aspect of
the zero sensitivity loss conditions are that they do not
appear to be formally equivalent to quantum error cor-
rection with respect to specific set of noise operators.
(The results of [22, 50] appear to indicate that it might
be possible to implement certain metrological codes as
an error-correcting code involving ancillary systems.) In
some cases, such as the qubit example of § VIIH 1, the
clock state can be thought of as an error-correcting code
that only corrects a certain type of error (X or Y Pauli
errors). But this is not generally the case—there are exam-
ples of a clock state and a (highly nonlocal) Hamiltonian
that fulfill the metrological code condition for low-weight
errors, but that are not quantum error-correcting codes
with respect to neither low-weight X errors nor low-weight
Z errors (§ VITH2).

The conditions for zero sensitivity loss are closely re-
lated to the recent series of works detailing how to use
quantum error correction for metrology in the presence of
noise [21, 22, 50, 68, 69, 74, 75]. The main difference with
our results is the setting that is being considered. We ask
which initial clock states one can prepare on the clock
system such that no sensitivity is lost when a noisy chan-
nel is applied (and what the associated optimal sensing
measurement after the application of the noisy channel
is), whereas the mentioned references consider the set-
ting where, during the time a probe system is exposed
to the signal and the continuous noise, one can control
the probe [76] to repeatedly apply the recovery procedure
associated with the quantum error-correcting code.

Metrological codes might be useful for ancillary mea-
surements of error syndromes [77]. Consider an ancillary
qudit (of dimension greater than two) which extracts a
bit-valued error syndrome via an entangling gate, cor-
relating a pair of states |¢)), |¢) with respective binary
syndrome values 0, 1. If the ancillary subspace participat-
ing in syndrome extraction satisfies the zero sensitivity
loss conditions (146) against physical noise, then, by defi-
nition, a measurement in the {|9), |£)} basis will not be
affected by such noise. In other words, the loss conditions
ensure protection against X-type logical noise, yielding
more robust syndrome extraction using a Z-type mea-
surement. However, such conditions do not preclude any
Y -type logical noise. They also do not guarantee fault
tolerance, which would require that ancilla errors not
spread to any logical encoding via backaction.

f- Numerics for many-body systems. Characterizing
the quantum Fisher information of a state exposed to
a noise channel using the bound presented in § VA is
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convenient in the setting of a many-body system subject
to noise that acts locally. In the case of n qubits prepared
in a permutation-invariant state and exposed to an i.i.d.
amplitude-damping noise channel, we empirically find
that the bound (116) with k = n appears reasonably tight
for the states that we investigated and for small values
of the noise parameter p; furthermore, for a selection of
states including the GHZ state, the bound appears to
remain tight even in the regime of high values of p. Our
bound can be computed for systems of size n 2 50 on a
standard desktop computer.

If instead of on-site terms we consider only Ising-type
nearest-neighbor interactions, we can study the robustness
of the example ‘metrological code’ introduced in § VITF
to an i.i.d. amplitude-damping channel with local noise
parameter p. This state retains its sensitivity after a sin-
gle located error. Our numerics show that in the presence
of i.i.d. noise, the decrease in the quantum Fisher infor-
mation scales only as p?, and not linearly in p as for the
other studied states with similar sensitivity. We observe
that if we expose the interacting system to continuous
amplitude-damping noise, then the noise part and the
unitary part of the Lindblad evolution don’t commute as
superoperators; it is then possible that the advantages
of the metrological code state might not persist in the
setting of continuous noise.

B. Outlook

Our trade-off relation is perhaps most relevant in an
intermediate regime where the clock is exposed to a signal
without the possibility for intermittent quantum control.
In such cases, the noise is expected to spoil any Heisen-
berg scaling that could be achieved using quantum error
correcting schemes due to the lack of recovery operations
during the evolution (see, e.g., Refs. [22, 31]). Provided
the setting can be modeled with a single noisy channel, our
results present an alternative expression for the sensitivity
of the noisy probe in this regime where the sensitivity
is not yet dominated by the asymptotic scaling. Our
results might therefore help identify which states present
sufficient robustness to the noise to present an advantage
in sensitivity with respect to commonly used states (such
as a GHZ state or a spin-coherent state).

In the situation where the clock evolves according to a
Lindbladian master equation, and the Hamiltonian and
noise parts of the Lindbladian fail to commute as super-
operators, one might expect in certain cases to still be
able to consider time-dependent noise using the following
trick. Let us identify the system A as a full copy of the
bipartite system B ® FE, and let the unitary evolution
of |¥(t)) cover both systems. A time-dependent channel
&(+) can be written as &(-) = trg [U(t)(-)UT(t)] where all
the time dependence is encoded in the unitary U(t) and
where the environment system E' is chosen suitably. We
then select the noisy channel N4_,p = trg that simply
performs the partial trace over E; the complementary



channel is correspondingly N, A—g = trp. While writing
a Markovian master equation in this form might require
a huge environment system FE with rapidly mixing in-
ternal dynamics, we expect that our formalism can still
account for simple time-dependence in the noisy channel
in this way. Note also that the unitary U(¢) only has to
approximate on B the noisy channel & locally to first
order around a fixed value of the parameter (e.g., t = 0)
in order to determine the Fisher information.

A potential domain of application of our main uncer-
tainty relation is for quantum thermometry [78|, where
the goal is to estimate the temperature of a quantum
system. In the simple setting of quantum thermometry
where the temperature of the system is known to some
approximation, and a measurement is performed in order
to refine that knowledge, the optimal measurement to
carry out is an energy measurement [78]. Since our main
result (1) involves the sensitivity of a party with respect
to a parameter representing the energy, which is optimally
measured using the Hamiltonian of the noiseless system,
we expect that one can leverage our main results to yield
new sensitivity bounds for quantum thermometry.

Our results are also likely to be relevant in situations
where only a restricted set of operators can be measured
on a system. Such a restriction could be imposed by
limitations in control for a given experimental platform.
Suppose we prepare a clock state vector |1)) evolving
noiselessly according to a Hamiltonian H. We would like
to measure the clock at time ¢ = %3, but we are only
permitted to use a measurement from a given set of mea-
surements. What is the optimal local sensitivity that
we can achieve? Should the set of allowed measurement
operators form an algebra, then the problem is equivalent
to sending the clock through a channel that represents
the projection onto that algebra. Our results then imply
that the resulting sensitivity trades off exactly with the
sensitivity that one can achieve with the set of measure-
ments in the commutant of that algebra, with respect to
the complementary parameter 7.

It might be possible to extend our results to the multi-
parameter metrology regime where more than one pa-
rameter is estimated by Bob. There are known uncer-
tainty relations that determine trade-offs between the
precision to which individual parameters can be simulta-
neously estimated by a single party [18, 68, 79-82]. In
fact, the ¢ and n parameters form a so-called D-invariant
model [81, 83|, the latter referring to a multi-parameter
quantum statistical model in which the tangent space is
invariant under taking symmetric logarithmic derivatives.
D-invariant models are interesting in multi-parameter
quantum metrology, because different sensitivity bounds,
which in general are difficult to relate, can be shown
to coincide [81]. It seems plausible that known multi-
parameter uncertainty relations can be extended to the
present bipartite setting, either where all parameters are
simultaneously estimated by Bob while Eve simultane-
ously estimates a set of complementary parameters, or
where a number of parties estimate each individual pa-
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rameter, where each party might be part of the output or
the environment.

Also, our results apply locally to first order around
a given fixed value of the unknown parameter; whether
similar results can be derived in the global parameter
estimation regime [83-87] is unknown. Global parameter
estimation might be more relevant for applications to
atomic quantum clocks [88, 89].

Along a similar vein, there are settings where one seeks
to compute different variants of the quantum Fisher in-
formation. For instance, the so-called right-logarithmic
derivative (see, e.g., Ref. [82]) is often used to bound
the standard quantum Fisher information. Alternative
sensitivity measures include the truncated Fisher infor-
mation [52], which not only give useful bounds on the
standard quantum Fisher information but can be more
relevant in the regime of limited measurement data. An
interesting question would be to study whether our results
extend to such generalized sensitivity measures.

Entropic uncertainty relations play a central role in
quantum cryptography [11, 15, 16, 90], and cryptographic
schemes have been studied for quantum metrology [91].
It is possible that our parameter estimation trade-off
can similarly form the basis of cryptographic schemes in
which a parameter encoded in a quantum state is to be
shielded from a malevolent eavesdropper. Furthermore,
the Fisher information is closely related to relative en-
tropy measures [82, 92, 93|; we might expect our trade-off
relation to translate into a statement about Rényi relative
entropies.

The development of quantum atomic clocks as ultra-
precise time references [94] makes it all the more important
to achieve a thorough understanding of how noise can be
prevented from spoiling sensitivity. We also anticipate
that our results will be relevant for recently developed
atomic clocks built with a lattice of interacting atoms [9]
and correlated many-body sensing probes [6, 95|, as these
platforms will offer new possibilities for metrology by
exploiting the strong interactions between the particles.
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APPENDIX

We first introduce some preliminaries and notation that will be used throughout the Appendices.
All Hilbert spaces are finite-dimensional unless otherwise indicated, and all projectors are Hermitian.
A pure quantum state is a vector |¢) in the Hilbert space that is normalized to unit norm, and the
terminology pure quantum state is also used by extension for the associated density operator |1)(1)|.
Quantum states are positive semidefinite operators p with unit trace, tr(p) = 1. A subnormalized
quantum state is a positive semidefinite operator p satisfying tr(p) < 1. States are normalized to
unit trace unless explicitly specified as being subnormalized.

For any Hermitian operator O, we denote by Po the projector onto the support of O, and by
P35 =1 — Py its complement. For any positive semi-definite operator A, we denote by A~ its
Moore-Penrose pseudoinverse, i.e., the operator obtained by taking the inverse on the support of A.

We denote by ||A]| the maximal singular value of an operator A. We also define the Schatten

one-norm as | A||; = tr VATA.

It will prove convenient to “vectorize” operators by viewing them as vectors in Hilbert-Schmidt
space using the following representation. The vector space of operators acting on a Hilbert space 7
is isomorphic to J# @ . Let |1)) denote the element

d
My @li) e @, (207)

i=1

where {|i)}¢_, is a fixed basis of /. We define the “vectorized” representation of any operator A
acting on . as |A) = (A® 1)|1). Similarly, we define (1| = Z;j:l(ﬂ ® (i| and (A = (1|(AT ® 1).
We recall the useful identity

(X @)= 1o X)), (208)

and note that |1)) = [1)) is the vectorized operator representation of the identity matrix 1. We denote
a rank-one operator |¢)(¢| in this representation as |¢,¥), with |p, ¥ ) = |¢) ® (|¢)* and (¢, ¥| =
(¢l @ ((1])*. The Hilbert-Schmidt inner product in this notation is simply tr(A'B) = (A|B). The
matrix elements of A in any basis {|¢)} are also simply given by (¢|A|¢') = (¢, ¢'| A)). A superoperator
€ acting on an operator M is denoted by £|M ). The superoperator consisting of a left-multiplication
by A and a right-multiplication by B, i.e., M — AM B, is represented by |M) — (A ® BT)|M).
The identity superoperator id is represented by 1 ® 1. Also, (A|E|B) = (B|ET|A)*, where £F
is the usual superoperator adjoint defined by tr(MET(N)) = tr(£(M)N). In the following and
unless otherwise stated, superoperators are expressed in this representation, unless they are explicitly
applied onto an operator with the notation £(-).

We now compute a few quantities that often recur throughout these appendices. Let |¢) be a state
vector and consider the evolution d;¢) = —i[H, 1] where H is any Hermitian operator. Let M be any
Hermitian operator. We have

((2V) = (it 0)?)

—tr[Y(HYHY — HYH — H* + pHYH)]
= tr(¢H?) = [tr(yH))? ; (209)

—ili[M, 9], )] = (M — M) = p(Mrp — M) = {M, 9} = 2(M) ¢
={M — (M), vy} . (210)
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Appendix A: Auxiliary lemmas

The notion of Schur complement will serve multiple times in these appendices, so we state it here.

Theorem 9 (Positive semi-definiteness via Schur complement). Let A € C**" B € C™*™ be
positive semi-definite matrices. Let W € C"*™ be an arbitrary compler matrixz. The following
statements are equivalent:

(i [V‘ST Vg} >0,

(ii) WP =0 and A>WB 'WT
(iii) PzW =0 and B> WTA7IW .
Moreover, (ii) implies Py W = 0 and (i) implies W P35 = 0.

For a proof, see, e.g., Ref. [96]. With respect to the proof of similar statements in standard
textbooks, we can see that (ii) implies P4 W = 0 as follows: Hitting the inequality with P1(-)P%
and noting that WB™'W' > 0, we see that Py W B~'W1P; = 0, which implies P4 WB~1/2 = 0,
Therefore, P£W = 0 using the fact that W P4 = 0. Similarly, (iii) implies W Pz = 0.

Now we present a simple method to relate operator inequalities before and after the application of
a completely positive map.

Lemma 10 (Positive semi-definiteness of block matrices under completely positive maps). Let
A, B,W € C" "™ be complex matrices and assume that

4 0. "

Let ® be any completely positive map that maps operators on C" to operators on C™. Then

B(A) DW)
LP(WT) @(B)] >0 (A2)

Proof. The matrix (A2) is obtained by applying the completely positive map ids @® onto (Al). =m

While the above lemma is fairly trivial, paired with Theorem 9 it enables us to show less obvious
inequalities such as the following.

Corollary 11 (Image of matrix squared under a sub-unital, completely positive map). Let M
be a Hermitian operator and let ® be any completely positive map that satisfies ®(1) < 1. Then
O(M2) > [O(M)]2.

Proof. Observe first that [1‘](1/12 Ml =[m1 ]T[M 1] > 0. With the sub-unitality condition on ® and
Lemma 10, we have

O(M?) &(M D(M?) (M
[¢((M)) g )} > [cb((M)) <1>((11))] 20. (A3)

Vv

Thanks to Theorem 9, this implies ®(M?) > ®(M) 17t ®(M) = [®(M)]>. .
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Appendix B: Solutions of the anti-commutator equation

In this appendix, we briefly review the solutions of the anti-commutator equation
1

where M is the unknown operator, N is a fixed operator, p is a sub-normalized quantum state, and
{A, B} := AB + BA denotes the anti-commutator.

For any sub-normalized state p, it is convenient to define the Hermiticity-preserving super-operator
R, as

Ro() = 5{n ()} - (B2)

Note that R, is neither completely positive nor trace-preserving. The operator R, is self-adjoint,
since tr(NR,(M)) = & tr(N{p, M}) = 5 tr({p, N}M) = tr(R,(N) M). It is interesting to study the
superoperator R, as a linear operator in Hilbert-Schmidt space. In vectorized operator space, it is
represented as

1
Ry=5(pel+1®p"). (B3)

This matrix is Hermitian and positive, and it is positive definite if and only if p has full rank. The
fact that the vectorized matrix representing R, is positive is not to be confused with the usual notion
of a superoperator being positive, which means preserving the positivity of its argument. Here, R,
has a positive semi-definite vectorized representation, which means that (A |R,|M})) > 0 for all
operators |M).

Suppose for a moment that p has full rank. Then the superoperator R, can be inverted, because
its vectorized operator matrix representation has full rank, and we denote the inverse by R;l. The
operator M =R '(N) is then the unique solution to the anti-commutator equation 1{p,M} =N.
If {|k)} is a basis of the Hilbert space that diagonalizes p as p = >, pi|k)(k|, then (B3) provides a
diagonal representation of R,, and we obtain the familiar expression of R;l as

2 / / : —1 2 / /
———— |k, K ) (kK [N) s fe,  RyNN) = ————(k|N|K) k)R] . (B4)

RUN) =D
p p
i PR + Di i PR + Di

If p is not full rank, then we define R;l as the Moore-Penrose inverse of the superoperator R, i.e.,
we take the inverse on its support. From (B3) we can identify the kernel ker R, of the superoperator
R, as the space spanned by operators of the form |¢,1)) where P,|¢) = P,l1)) = 0, where P, is
the projector onto the support of p. If {|k)} is a basis of the Hilbert space that diagonalizes p as
p = > . pr|k)(k|, then (B3) is diagonal in the basis {|k,k’)} and we see that the expression (B4)
remains the correct expression for R;l, provided we only keep those terms in the sum for which
pr +pr # 0.

We may now state the following useful proposition that characterizes the full solution set of the
anti-commutator equation ${p, M} = N for M.

Proposition 12 (Solutions to the anti-commutator equation). Let p be any sub-normalized quantum
state, let N be any operator, and let R, be given by (B2). Let P, denote the projector onto the
support of p and let PPJ‘ =1 — P,. Then the set S of solutions of the equation Y = R,(M) for the
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operator M is

: 1 1 .
s {@ it PANPL#0; (B5)

{’R;l(N) + PPLM’PPL : M’ any operator} if PPLNPPL =0,

where R;l denotes as above the Moore-Penrose pseudoinverse of the superoperator R,. Furthermore,
if Y is Hermitian, then the set Sy of Hermitian solutions of the equation N = R,(M) for the
operator M is
0 if PANP-+£0;
Su = ’ / .. . g g 7 (B6)
{R;l(N) + PPJ-M' Plf- : M'"" any Hermitian operator} if PPJ-NPPJ- =0,

where R, 1 (Y) is always a Hermitian operator.

This proposition is essentially obvious if we think of superoperators as linear operators in Hilbert-
Schmidt space. Indeed, it is well known that the general solution to a system of equations given in
matrix form can be expressed by the matrix pseudoinverse, plus anything that is in the matrix kernel.

Proof. Let P+ be the superoperator projector onto the kernel of R,. In the vectorized-operator
representation, we have P+ := P> @ (P;-)" as can be seen from (B3). Let P = id — P+ be the
superoperator projector onto the complementary operator subspace, which is the support of R,.
Observe that R,R,' =R, 'R, = P and that R,P+ = 0.

The claim we want to show is that if P-|N) # 0, then there is no solution to the equation
|IN) = R,|M); otherwise, then the equation is satisfied if and only if

M) = RN +PH M) (B7)

for some operator |[M'). The condition P+|N)) = 0 is necessary for any solution to the equation
IN) = R,|M) to exist, as otherwise |N})) would not be in the range of R,. We can therefore assume
for the rest of this proof that P+|N) = 0.

Suppose M solves R,|M) = |N). Applying R, " on both sides, we have P|M) = R, '|N), which
determines |M)) on the operator space projected onto by P. On the complementary space (associated
with P1), the operator |M)) can be arbitrary because this subspace is the kernel of R,,. A general
operator in this subspace can be written as P+|M")) for some operator M’. This proves that the
solution M must have the form given in the claim. Conversely, if

M) =R;HN) +PH M) (B8)

for some operator [M"), then we see that R,|M) =R, (R,'|N) + P+|X")) = P|N)) = |N)), thus
proving the claim.

If N is Hermitian, then ’R;l (N) is Hermitian because R, and hence R;l, is Hermiticity-preserving.
Any two Hermitian solutions My, M7, as seen above, must differ by a term P;-M ! Plf- for some
arbitrary M’; because the difference My — M; is Hermitian, M’ can be chosen to be Hermitian as
well (specifically, one can set M = (M’ + M'")/2). "

We now compute the map R;l() in the case the reference state is a pure (normalized) state vector

[¥).

Proposition 13 (Computing R, when p is a pure state). Let |¢)) be a (normalized) state vector
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and let Pi- =1 — [¢)|. Then for any Hermitian O we have

R, (0) =2(0 — PyOP;) — (O)y¢) . (B9)

Proof. Define O := O — Pj;OPj; — (O) 4. By linearity, we have
R,HO) =R, (0) = (O)y ¥, (B10)

noting that %{1/},1/}} = 1 and therefore R;l(w) = 4. The operator O satisfies Plj-Oqu; =0 and
(O)y = 0, the latter implying that Ot = Pj;@z/). Then

O = ¢+ Py)O( + Py) = POy + 40P = {4,0} ,

and therefore R;l(é) = 20. From (B10) we then find

R, (0) =20+ (0)¢ = 2(Z — PyOPy) — (O) . .

Appendix C: Semidefinite programming methods for the Fisher information

In this appendix, we review some methods based on semi-definite programming [97, 98] for
computing the Fisher information, and review some elementary properties of the Fisher information.
Let p be any sub-normalized quantum state, and let D be any Hermitian operator that satisfies
PPLDPPL =0 (recall PpL is the projector onto the kernel of p). Define the quantity

F(p; D) == tr(pR?) , (C1)

where R is any solution to %{ 0, R} = D. For a normalized state p and for traceless D, the quantity
F(p; D) corresponds to the Fisher information associated with a one-parameter family of states
A py taken at a value of A where py = p and dpy/d\ = D. We allow sub-normalized states p and
operators D with nonzero trace in the definition (C1) for later technical convenience. We require
that P,;-DP,~ = 0 as otherwise the anti-commutator equation 3{p, R} = D has no solution for R.

The definition of F(p; D) does not depend on the choice of R that solves %{p, R} = D. Indeed,
Proposition 12 guarantees that any two solutions differ only by a term PPLM ! PPL; such a term does
not contribute to the trace in (C1). We may therefore write, using the notation of Appendix B,

F(p; D) = tr(p [R;1(D)]?) . (C2)

We now write this expression as a pair of convex optimizations. These expressions have been

derived in Refs. [26, 28|; we provide a proof using our notation for self-consistency.

Proposition 14 (Fisher information in terms of convex optimization problems). Let p be a sub-
normalized quantum state and D be a Hermitian operator that satisfies P;-DP;- = 0. The quantity
F(p; D) defined in (C1) is equivalently expressed as the following optimizations:

F(p; D) = max 4[tr(DS) — tr(pS?)] (C3a)
=min {4tx(LTL) : p/?L+ LTp"/* =D} , (C3b)

where the first optimization ranges over all Hermitian operators S and where in the second optimization
L is an arbitrary complex matrixz. Optimal choices for the variables are S = (1/2)R;1(D) and
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L = p'/28S, noting that {p, S} = D. Furthermore, alternative forms for the minimization are

F(P;D)=4min{tr(N) : {opT g] >0 with O+0'=D, N>0} (C3c)
:min{tr(]) : {me DT]’K] >0 with K=K, J>o} : (C3d)

in which optimal choices are O = pS, N =SpS, K = —i[p, 5], and J =R, (D) pR,*(D).

Note that the condition in the optimization (C3d) implicitly enforces the fact that P)-(D + iK) = 0
(see Theorem 9); this can make it more complicated to guess a candidate for K in (C3d) if p does
not have full rank, especially if P;-D # 0. Also, note that if there is any feasible choice of candidates
in (C3c), then automatically PPLO =0 and OTPPl = 0, such that PPLDPPL = Ppl(O + OT)PPL =0.
Therefore, finding feasible candidates automatically enforces the condition in the definition (C1). A
similar argument holds if feasible candidates are found in (C3b) or (C3d).

Proof. The maximization (C3a) is a quadratic optimization can be cast into a semi-definite program
using Schur complements (Theorem 9). We stick closely to the formalism of Watrous [98, 99]. We
introduce a variable (Q > 0 with the constraint @ > S? expressed as a Schur complement condition:

1
Z{maximization in (C3a)} = maximize :  [tr(DS) — tr(pQ)] (C4)
over variables: S =5S".Q >0

subject to : [—QS _]IS} >0.

(The sign of —S in the last constraint is for later convenience.) We now determine the corresponding
dual problem. Let [ M O] > 0 be the Lagrange dual variable corresponding to the primal constraint,

o' N
with M, N > 0 and O arbitrary. The primal constraint can be written as
-10 01 00
< .
[ 0ear [0 Jos<[t%or @

The dual objective is obtained by collecting the constant terms of the constraints and taking the
inner product with the corresponding dual variable. Here we only have the right hand side of (C5)
and we obtain the objective that is simply to minimize tr(N). There are two dual constraints, one
for each primal variable S and @; to a Hermitian variable corresponds an equality constraint and to
a positive semi-definite variable corresponds a positive semi-definite constraint. The primal objective
gives the constant terms for each constraint, which are (...) = D and (...) > —p. For the left hand
side of the first constraint we obtain the term try ([ 3} $][94]) = O + OF. For the left hand side
of the second constraint, we find —trl([?)/lf 2] [(1) g]) = —M. We thus obtain the following dual
problem:

(C4) = minimize tr(V) (C6)
over variables M >0, N >0, O,
subject to O+ O0f =D |
M<p,

M O
{OT N}>O'

Equality with the primal optimization problem holds thanks to strong duality, which is ensured by
the Slater conditions [98, 99]. We can further simplify the dual problem. First, the choice M = p is
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optimal: Indeed, for any optimal choices of variables with M < p, we can replace M by p while still
achieving the same value. Therefore,

(C6) = minimize tr(N) (C7)
over variables N >0, O,
subject to O+ 0" =D |

p O
{OT N]>O'

Using the Schur complement argument again (Theorem 9), we find that n > Ofp~10O, and for the
same reason as above, there is an optimal choice of variables with Y = Ofp~1O. Hence

(C7) = minimize :  tr(OTp~10) (C8)
over variables: O arb.
subject to: O+ 0" =D
PrO=0.

We may introduce the variable L = p~!/20, which yields

(C8) = minimize :  tr(LTL) (C9)
over variables : L arb.

subject to : pl/QL + LJ',ol/2 =D.

We recognize the optimization in (C3b). At this point we have shown that both optimizations in the
claim, Egs. (C3a) and (C3b), are equal thanks to semi-definite programming duality. It remains to
show that the common optimal value is F(p; D) as given by (C2).

To find optimal variables, we examine the complementary slackness conditions [99] corresponding to
the primal-dual problem pair (C4) and (C6). Namely, taking the product of an inequality constraint
with the corresponding dual variable turns the inequality into an equality for optimal primal and
dual choices of variables. For the primal constraint this gives us the equalities

QM — SOt =0 QO —SN =0;

(C10)
—SM+0"=0; —SO+N=0.

From —SM + O = 0 along with the optimal M = p we deduce that pS = O and thus p'/2S =
p~ /20 = L. Plugging this into the constraint in (C9) we find

pS+Sp=D. (C11)

The solutions of this anti-commutator equation have been studied in Appendix B, leading us to the
primal candidate

|
S=35R, (D) . (C12)
Plugging this choice into (C4), along with the choice Q = S?, we obtain
P

(C4) > %tr(DR;l(D)) — itr(p[R_l(D)]Q) = iF(p; D), (C13)

where we have used the fact that tr(DR,'(D)) = (D|R,'|D) = (DIR,'R,R,'|D) =
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_ _ _ 2
(R,MD) IR, IR, D)) = tr(p [R;H(D)]7).
By construction, L = p'/2S satisfies the constraint in (C9), noting that we have used the assumption
that PpJ-DP[f- = 0 as in the proposition statement. The corresponding value attained in the dual

problem is

(C9) < tr(LL) = %tr(p[lel(D)]Z) = iF(p; D), (C14)
noting that tr(LTL) = tr(pS?). Combining Egs. (C13) and (C14) with the above statement that
(C4) = (C9) proves the first part of the claim.

The alternative form (C3c) is nothing else than (C7). Now we show the alternative form (C3d).
Consider the optimization (C7). Decompose O = O + iO; into Hermitian and anti-Hermitian parts
with Op = (O +01")/2 = O};, Or = —i(0—-0")/2 = O}. The constraint on O indicates that the
Hermitian part Or of O must satisfy 20r = D. The second constraint then becomes

[ p D/2+i01}

>0.
D/2—i0; N >0 (C15)

Conjugating by [§ &) ], we see that this condition is equivalent to

P D + 2i0;
>0.
[D —2i0; 4N } >0 (C16)

Now we set K = 20 and J = 4N, showing that the optimization (C3d) is equivalent to (C7) (up to
a factor of 4), and therefore equal to F(p; D).
For completeness, we exhibit optimal choices for K,.J. Choose K to be the anti-Hermitian part of

pR;(D), ie., K = ()R (D) — R;'(D)p)/(2i). Then

D+ik = %(pnp—l(p) LR (D)) + %(pRp_l(D) ~ RN (D)p) = pR; (D) , (C17)

and its Hermitian conjugate is D —iK = R, "'(D)p. Now choose J = (D —iK)p~"(D +iK) =
R, (D)pR,(D); the constraint in (C3d) is satisfied thanks to Theorem 9. The value reached by
this choice of candidates is then the optimal value tr(J) = F(p; D). u

The expressions in Proposition 14 lead to simple proofs of elementary properties of the Fisher
information.

Proposition 15 (Simple bounds for the Fisher information). Let p be a sub-normalized quantum
state and D be a Hermitian operator that satisfies PPLDPPl = 0. Then we have

ID|* < F(p; D) < tx(p'D"?) (C18)
where D' = 2D — P,DP,.

Proof. First we show the lower bound. Let |¢) be a (normalized) eigenvector associated with the
largest eigenvalue of D (in magnitude), such that (¢|D|¢$) = || D||. For some s € R to be determined
later, we choose the optimization candidate S = s|@)(¢| in (C3a). Then the corresponding objective
value is

F(p; D) > 4tx(DS) — 4tx(pS?) = 45| D|| - 45*(¢[p|¢) - (C19)

The latter expression is maximal when 0 = (d/ds)( --- ) = 4||D|| — 8s(¢|p|¢), i.e., when s =
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D]/ (2{¢|p| ). We obtain the bound

L R )
F(p: D) >2 _ - > ID|?, €20
(03 D) 22050151 ~ ololer ~ t@lole) = 1P (G20)

recalling furthermore that (¢|p|¢) <1
For the upper bound, consider the optimization problem (C3b) and choose the candidate L =
p~ /2D’ /2. This is a feasible candidate because

p/?L + L'p'? = P,D' + (h.c.) = 2P,D— P,DP,+ (h.c.)
=2P,D(P,+ P;)) — P,DP, + (h.c.)
= P,DP, +2P,DP;- + (h.c.)
=2(P,DP,+ P,DPy + P, DP,) = 2D, (C21)

where h.c. stands for the Hermitian conjugate of the entire preceding expression, and where we
furthermore recall that P;-DP;- = 0. The objective value attained by this choice of candidate is
F(p; D) <4tr(L'L) =tr(p~'D"). ]

Proposition 16 (Right logarithmic derivative (RLD) bound [83]). Let p be a sub-normalized quantum
state and let D be a Hermitian operator satisfying P;‘DP;‘ = 0. Let G be any operator (possibly
non-Hermitian) that satisfies (pG + G'p)/2 = D. Then

F(p; D) < tr(pGGT) . (C22)

Proof. Use L = p'/2G/2 in (C3b). "

Proposition 17 (Fisher information under parameter rescaling). Let p be a sub-normalized quantum
state and D be a Hermitian operator that satisfies PJ‘DPJ‘ = 0. Then for any a <1, B € R,

F(ap; BD) = 6—2F(p D) . (C23)

Proof. Let S, L be optimal variables in (C3a) and (C3b) for F(ap; 8D). Let " = (a/B)S and
L' = (/a/B)L. Then

iF(ap BD) = tr(BDS) — tr(apS?) = % [tr( —tr(pS”?)] < %2 iF(p; D) ; (C24a)
1 2 1
ZF(ap; BD) = tr(LL") = i tr(L'L'T) > % 1 F(p; D), (C24b)

noting that L’ is a valid choice of optimization candidate in (C3b) for F(p; D) because p'/2L’ +
L'1pY2 = (1/8)((ap)?L + Li(ap)"/?) = D. .

Proposition 18 (Fisher information bound for trace-decreasing maps). Let 1)) be a (normalized)
state vector and let |€) be any wector such that (|&) = 0. Let N be any completely positive,
trace-non-increasing map and let 0 < a < 1 such that NT(]I) < al. Then

FN([9)(@) s M)W + [)ED) < 4afglé) - (C25)
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Proof. Let O = N(|¢)¢]) and N = N(|€)(&]). These choices are feasible in (C3c) because applying
the completely positive map N ® ids onto the positive semi-definite matrix

{WWI w)(&l}

1)
ol e | = ] i @20 (C26)

19

gives again a positive semi-definite matrix. This choice of variables yields the objective value

(A (IE)ED) = tr(NT(1)[€)(€]) < al€|€). proving the claim. -

Proposition 19 (Joint convexity of the Fisher information). Let {pr} be a set of sub-normalized
states and {Dy} be a set of Hermitian operators such that Py Dy Py = 0. Let {ax} be a real positive
coefficients such that Y, ayp tr(pr) < 1. Then

F(Z QkPk; Z@ka> < ZakF(Pk ; D) (C27)
% %

k

Proof. For each k, let Ky, Jy be optimal choices in (C3d) for F(p;C ; Dk). Set K =), o, Kj, and
J =73 arJi. Then

p  D+iK Pk Dy, +iKy,
= . >0, 2
D—iK J } Zk:“" {Dk K, 0 (C28)

and so K, J are feasible candidates in the problem (C3d) for F (p; D). The objective value achieved
for this choice of variables gives the bound F(p; D) < tr(J) = >, ap tr(Jy) = 3 arF (pe; Dy). m

Proposition 20 (Additivity of independent probes). Let pa, ply be two sub-normalized quan-
tum states on two systems A, B, and let Dy, D’y be two traceless Hermitian operators such that
P} DaP), =0 and Py, Dy Py, =0. Then

PB P

F(pa®plg; Da® plg+pa® Dy) = F(pa; Da) + F(pp; Dp) - (C29)

Observe that the second argument on the left hand side corresponds to the derivative of the state of a
composite system that remains in a tensor product, (d/dt)(pa®ps) = (dpa/dt)Qps+pa®(dp's/dt).

Proof.  Here we may directly guess a solution R to R, , e, (R) =D4 ® plg + pa ® Djz. Compute
first

1 1
Rosary (1a@Mp) = 5 {pa @ pp, 1a® Mp} = 5 pa@ {pp, M} , (C30)

so we see that, setting

R=14®R,(Dp)+R,,(Da)® 15, (C31)
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we have R, @, (R) = pa @ Dz + D ® pjp. Then
F(pa® plg; Da® plg + pa @ D) = tr((pa @ plg) R?)
_ 2 _ 2
= tr((PA @ pp) (ﬂA ® [Rpé(DlBﬂ + [R,1(Da)]" @15
+2R; (D) R, (Dy)))
= F(pa; Da) + F(pp; Dp) (C32)

where in the last line we have used tr(pARp_Al(DA)) = tr(DA — PPLADAPPLA) =tr(Da) =0. n

Proposition 21 (Fisher information for pure states). Let |1) be a sub-normalized state vector and
let D be a Hermitian operator satisfying tr(D) =0 and PjDPj =0. Then (D)y =0 and

1
(trep)?

F(y; D) = [4tr(vD?)] . (C33)

Furthermore, if tr(v)) = 1 and D = —i[H, ] for some Hermitian operator H, then

F(¢; D) =40} = 4((H?)y — (H)7) . (C34)

Proof. TFirst of all thanks to Proposition 17 we assume without loss of generality that tr(y) = 1.
Then, to see that (D) = 0 we write

0 =tr(D) = tr[(¥ + Pj)D] = (D) + tr [P DPj | = (D) . (C35)
Using (C2) and Proposition 13, we then find
F(¢; D) =tr(¢ (2D)?) = 4tr(¢D?) . (C36)

If furthermore D = —i[H,)] for some Hermitian H, then we use (209) to see that tr(¥)D?) =
(H?)y = (H)3, "

Proposition 22 (Data processing inequality for the Fisher information [19]). Let p be a sub-
normalized quantum state and D be a Hermitian operator that satisfies PPLDP/,L = 0. Let £ be any
completely positive, trace-non-increasing map. Then

F(p; D) > F(E(p); E(D)) (C37)

Proof. First we show that Pé(p)é’ (D)Psl(p) = 0, ensuring that the right-hand side in (C37) is well

defined. Decompose D = PpDPp—l—PplDPp—I—PPDPPL = DO—I—DS7 defining Dy = (PpDPp)/Q—&—PpDPpL
p Do
Dg cl

:(gg ) iél()f))] > 0, and therefore thanks to Theorem 9,

P4, E(Dy) = 0. Then P E(D)P4, = 0 recalling D = Dy + D,

Let S be optimal in (C3a) for F(E(p);E(D)), thus satisfying F(E(p); E(D)) =

such that PpLDO = 0. For ¢ > 0 large enough, we have { } > 0 thanks to Theorem 9. Applying

the completely positive map idy ®E we obtain [
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4[tr(SE(D)) — tr(E(p) S?)]. Choosing the candidate £T(S) in (C3a) for F(p; D) we obtain

F(p; D) = 4[tr(DEN(S)) — tr(p[€7(9)]?)]
> 4[tr(E(D) S) —tr(p&T(S?))]
=4[ (E(D) S) — tr(£(p) 5%)]
— F(£(p):£(D)) . (€3%)
where we have used Corollary 11 in the second inequality. "

In the case of commuting state and differential, the symmetric logarithmic derivative reduces to a
matrix inverse as described by the following proposition.

Proposition 23 (Fisher information for commuting state and derivative). Let p be any sub-normalized
quantum state and let D be a Hermitian operator that satisfies P;‘DP;‘ = 0. Suppose that p and D
commute. Then

F(p; D) =tr(p~'D?) . (C39)

Proof. This can be shown from the properties of the symmetric logarithmic derivative, but we give
a simple alternative proof using our convex optimizations for fun. Choose S = p=1D/2 in (C3a),
which we note is a Hermitian operator because p and D commute. This gives F (p; D) > (C39).
Similarly, the choice L = p~'/2D/2 in (C3b) provides the opposite bound. n

The following proposition interprets the Fisher information for sub-normalized states according to
the definition (C1) as the Fisher information of a normalized state that was projected onto a smaller
subspace. This interpretation works as long as the sub-normalized state does not change trace along
its evolution, meaning that the derivative D has zero trace.

Proposition 24 (Fisher information for sub-normalized and normalized states). Let p be any sub-
normalized quantum state and let D be any Hermitian operator that satisfies both tr(D) = 0 and
PPJ-DPPJ- = 0. Define p', D', with an additional new Hilbert space dimension, as

p = ; D = . (C40)

0 1 —tr(p) 0 0
Then

F(p; D) = F(p'; D') . (C41)

Proof. Let P denote the projector onto the subspace of the Hilbert space on which the upper left
block of p', D" acts. Let R =R, (D), and define

R =

(C42)
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Multiplying together block-diagonal matrices preserves the block-diagonal structure, hence

1
%{p',R'} - gt 0 (C43)

Then with the definition (C1),
F(p'; D") =tr(p'R?) = tr(pR?) = F(p; D) . "

We can furthermore prove a relation between the Fisher information of two different directions in
state space that might be associated with two different parametrized evolutions.

Proposition 25 (Relation between the Fisher information of two directions). Let p be a sub-
normalized quantum state and let D, D’ be two Hermitian operators that satisfy P‘)LDP‘,l =
PPJ-D'P;- =0. Then

F(p; D) < F(p; D') + {F(P;DJrD')F(p;D—D’)T/Q : (C44)

Proof. Define the shorthand AL = D + D’. We compute
Flo: D) = x(p [R; (D) + R, (A0)])
=F(p; D) +tx(p [(R;l(A_))2 +{R;1(0). R (a)}])
= F(p; D') +tr(p {%R;l (A-) +RN(D), RN (A)}) (C45)

where in the last equality we have used M? = {%M , M} for any operator M along with the linearity
of the anti-commutator in the first argument. Furthermore, we see from the definition of A_ that

1 1

DN =

Then

(C45) = F(p; D') + %tr(p {R;l(Ag , R;l(A,)})
= F(p; D') +Retr(p R, (A1) Ry (A-))
=: F(p; D/) + CP(A+,A,) , (C47)

where C, (A+, A,) is defined as the second term in the above expression. From the Cauchy-Schwarz
inequality,

(A A <ue(p[Ry (a0)] ) (o[R5 (40)] ) (C48)
Hence

(C47) < F(p; D) + [F(p; Ay) F(p; A—)} 7 (C49)
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as claimed. [

Using a similar idea, we can also prove a continuity bound on the Fisher information with respect
to its second argument.

Proposition 26 (A continuity bound of the Fisher information in its second argument). Let p be
any sub-normalized quantum state and let D, A be any Hermitian operators such that P;-DPPJ- =
0= P;‘AP;‘. Then

|F(p; D+ &) = F(p; D) = F(p; A)| <2[F(ps D)F(p: 8)]. (C50)
As a consequence,
‘F(p; D+ A) - F(p; D)‘ < F(ps &) +2[F(p; D)F(p; A)]"7 . (C51)
Proof.  Using the formula F(p; D') = tr(D' R, '(D")) for the Fisher information, we write
F(p; D+A) =tr((D+A)R, (D + A))
=F(p; D)+ F(p: A) +2tr(DR, ' (A)) , (C52)

recalling that R;l is superoperator self-adjoint. The claim follows by bounding the last term in the
above expression using the Cauchy-Schwarz inequality, to get

tr(DR,H(A))] < \/tr(DRp—l(D)) tr(AR, 1 (A))
:\/F(p;D)F(p;A). u

We can consider more precisely how Fgop,: behaves when seen as a function of the noise channel
N, for channels N that are close to the identity channel id. More specifically, we prove a continuity
bound for the quantum Fisher information F (N (¢); N(9;))) at the point A = id, when that
quantity is seen as a function of N.

Proposition 27. Let |¢) be a pure state and let D be a Hermitian operator such that (D), =0 and
sz_Dsz_ =0. Let € > 0 and let N be a channel with |N —id||o <e. Then

F(6,D) > F(N(6),N(D)) > F(, D) = 8e|| DIl | D] - (C53)

Observe that the stated conditions on D are satisfied if D = —i[H, 1] for some Hermitian operator
H.

Proof. Let ¢ > 0 and let N’ = id + A where A is a Hermiticity-preserving superoperator with
||Allo < €. The first claimed inequality immediately follows from the data processing inequality. We
now prove the second inequality. Using Proposition 13, let S = %R;l(D) = D. Since this S is known
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to be optimal in Eq. (C3a) for F(w; D), we can compute

F(y; D) = 4{u[(D) 8] - e[y 57 }
4{ r[N (D) S] [NW)) 52]} {tr[A(D) S] —tr [A(¢) 52]}

< FWN(), N (D)) + 4| AD)|[,18]lse + 4[| A ||, IS13
< F(N (@), N(D)) + 8¢ D11 Dl - (C54)
using ||D||s < ||D||1, and thus proving the claim. "

Appendix D: Optimal local sensing and the Cramér-Rao bound

Here we review which operators achieve the optimal variance in estimating an unknown parameter [1,
12, 23, 24, 83]. An unknown parameter ¢t of an evolution p; of a (normalized) quantum state is
estimated locally around ¢y using an observable T', whose measurement outcomes are the estimates
of the parameter. We ask for the observable to have the correct average and first order deviation,
(T)prysar = to +dt + O(dt?); except in edge cases, this condition can be enforced by a suitable
scaling factor and a suitable shift by the identity. The conditions then become (T'),, = to and
tr{(Optls,) T} = 1. We seek to minimize the operator T"s variance <T2>pt0 — <T>f2)t0. We call such an
operator with minimal variance an optimal local sensing operator, and the square root of the minimal
variance is the optimal estimation error Atuyn(to) locally at ty9. That is, the optimal estimation
error locally at ¢y, along with an optimal local sensing operator at ¢y, are given by the following
optimization problem:

AZlto) = min  tr{p (T~ 1012}, (DY)
s.t. tr{ptOT} =t , tr{(atpt|t0)T} =1.

In the event that Jip:ly, = 0, there is no operator T that satisfies the given conditions. We
conventionally set At,,. = 00, since the state is locally stationary and no observable is able to detect
a first-order deviation in the parameter t.

A more general scheme would enable an agent to use a generalized measurement given by a POVM
instead of an observable T'. However, as shown in e.g. Ref. [1], the optimal POVM can in fact be
chosen to be a projective measurement. Therefore one cannot sense a parameter more accurately
using a POVM instead of an observable.

The following proposition fully characterizes the locally optimal sensing observables (cf., e.g., [1]).
In the following, we write as a shorthand p and 0;p instead of p;, and O p¢lt,-

Proposition 28 (Locally optimal sensing). Assume Orp # 0. Then any operator T that is optimal
in (D1) is of the form

T =t1+ (A2, )R, (8p) + PLMPYE (D2)

for some Hermitian operator M.

If Pff‘(atp)P[f‘ =0, then At2,. = [F(p; 0,p)] " with the Fisher information defined in (C1), and
M can be arbitrary.

If PJ-(atp)PJ- #0, then At2 . =0 and M satisfies tr(M Pff-atpPpJ-) =

Let’s further note that if 9;p = 0, we have F(p; 9;p) = 0. Therefore, provided that PpJ-atpP;- =0,
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we can in full generality write

1
A = D3
unc F(p : atp) ’ ( )

along with the convention that Aty,. = oo if F(p; &gp) = 0. In our setting, the optimal sensing
scheme always achieves the value of the Cramér-Rao bound.

Proof of Proposition 28. Without loss of generality, we assume tg = 0 throughout this proof;
this is achieved by shifting the parameter to center it at zero, implying the corresponding shift
T — T =T —tyl. We thus consider the optimization problem

At?lno = 721%“11 tr{pto T2 } y (D4)

st tr{p, T} =0, tr{(Optls,) T} =1.

First of all we observe that the first condition, tr(pT") = 0, can be ignored without changing the
optimal value of the problem. Indeed, for any T that satisfies tr((9;p)T) = 1 but with tr(pT) # 0,
we can define 77 = T — tr(pT) 1, with tr(pT”) = 0 and tr((8,p) T) = tr((0yp) T") since tr(d;p) =
dtr(p) = 0; then tr(pT"?) = tr(pT?) — [tr(pT)]? < tr(pT?), meaning that T’ not only satisfies
tr(pT”) = 0 in addition to the other condition, but it achieves a better objective function value.

We can recast this optimization as semidefinite problem, following Ref. [83, 100], by using Schur
complements (Theorem 9):

A 2 — : D
bune = min - tr(p@) (D5)
st.: tw((Op)T) = 1;
Q -T
>
210,

The associated dual problem takes the following form, noting that strong duality holds thanks to
Slater’s conditions [98, 99].

2 _ _
Atyne = A,C}o,né?fb., pER p—tx(C)
st.: A<p
B+ Bt = w1Op
A B
>
TN
_ (B!
papax oo tr(B'p™'B) (D6)
st.: B4+Bl=pdp
P,B=0B
_ (It
Lamax oo tr(LTL) (D7)

st.: pMPL4LTpY? = oy,

using again Schur complements and where we introduced the variable L via B = p'/2L, and where
P,=1-— Ppl is the projector onto the support of p.

A powerful characterization of the whole family of optimal solutions to a semi-definite problem
with strong duality are the complementary slackness relations. An inequality constraint multiplied
by the corresponding dual variable becomes an equality for any choice of primal and dual optimal
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solutions [98, 99]. Here, this means that
- A B
[—QT 1T} [BT c] =0. (D8)
This gives us the following relations that must be satisfied for any choice of optimal variables:
Qp=TB'; QB=TC; BT =Tp; C=TB. (D9)

The third equality (BT = T)p) along with the dual constraint in (D6) implies that pT + T)p = 11 Op.
Proposition 12 asserts that the solutions are necessarily of the form T' = (u/2)R ;" (8:p) + P;-MP;-
for some Hermitian M.

Now first suppose that Plf- (O¢p) Pj‘ = 0. The primal value achieved for a T" of this form, and for
any p and M, is

2
primal achieved = tr(pT?) = %F(t) , (D10)

with F(t) as in (9). From complementary slackness we have Bf = Tp and hence tr(Bfp~!B) =
tr(pT?) = p?F(t)/4. The dual problem therefore reaches the value

dual achieved = pu — p?F(t)/4 . (D11)

Optimality implies that the primal and dual values are equal, u?F(t)/4 = p— p®F(t)/4 and therefore
p=2/F(t) (note p = 0 is ruled out because the primal constraint tr((;p) T') = 1 would be impossible
to satisfy). Therefore the optimal solution to the problem is

1

Now suppose that PPJ- (atp)Pff- # 0. Then there cannot be any solution for L in the constraint
in (D7) unless p = 0 (the left hand side vanishes entirely if we hit it with P;-(-)P,- but not the right
hand side if 4z # 0). Then T = P,-X P,-, which implies tr(pT?) = 0, and furthermore M must satisfy
tr((8yp)P;- M P;") =1 from the primal constraint. The dual candidate L = 0 yields objective value
of zero in the dual problem, and therefore the optimal value of the optimization problem is zero,
At =0. [

unc

Appendix E: Proof of the sensitivity uncertainty relation

The goal of this section is to prove the statements made in § III. The setting is the one introduced in
§ II. We provide two independent proofs of the uncertainty relation. The first proof is more intuitive
and straightforward. The second proof is slightly more general and provides greater insight into
some technicalities that underpin the uncertainty relation. The second proof directly relates the
semi-definite characterizations of the quantities Fgop,; and Fgye,y, making it easier to analyze edge
cases, to gain insight on what choices of semi-definite variables are optimal, and to consider the more
general situation where A is a trace-non-increasing map.

1. Proof via the second order expansion of the fidelity

The strategy of our first proof of our uncertainty relation is to provide a direct proof of the
statement presented as Corollary 2; we have already seen in the main text that the statement in
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Theorem 1 is equivalent to Corollary 2.

First observe that without loss of generality, we can assume that the Hamiltonian is time-
independent. This is because the Fisher information only depends on the state and its local
time derivative at ¢, which is given by Eq. (42) and only depends on the value of the Hamiltonian at
the fixed value ¢ of interest.

Our proof proceeds in a similar fashion to that of the channel-extension bound developed in
Refs. [30, 31, 73]. While our uncertainty relation could also be derived from the results in those
references, we provide a self-contained proof for completeness and consistency of notation.

A remarkable property of the Fisher information is that it is directly related to the Bures distance
and the fidelity of quantum states [1, 12, 25, 101] according to

d2
Fpop,t = —4 a2 F(PB(t)J)B(t/)) s (El)
t=t

where F(p,p/) = ||p"/?p""?|1 = tr[(p1/2p’p1/2)1/2} is the root fidelity between two quantum
states [61], where ||A||; denotes trace norm, i.e., the sum of the singular values of A. Note that at
t' = t, the fidelity reaches its maximum value 1. We assume that p(t) is does not change rank at
t' = t, avoiding edge cases where the expression (E1) is incomplete [32-34].

By Uhlmann’s theorem, and writing |p(t)) g = Va—pr|t(t)) 4 in terms of the Stinespring dilation
Va_pr of N given in (43), we have that

Flpp(t),pp(t) = max |(p(t')|pr W |p(t))sE

WEg unitary

; (E2)

where Wg is a unitary operation on E. We therefore have the following equivalent expressions:

Flpp(t), ps(t') = max Re (Y (t)|a VI We Vass g [$(1)) 4 (E3a)
= max Re (y(t')]4 N (W) (1) 4 (E3b)
= max Re (4(1)|4 IO NT (W) [b(1)) 4 (E3c)
= max Retr (N (9a(t) e =0) W) (E3d)
= [N (@e ), (E3e)

where the complementary channel N is given by (44). In the above expressions, the maximization
can be taken over operators Wg that are unitary, or equivalently, it can be relaxed to all operators
W satisfying |[Wg| < 1.

The optimal unitary Wg is given by the polar decomposition of the operator N (weiH (t/_t)). For
t' =t + dt with a small dt, we have that the optimal W is close to the identity, which is the optimal
for ' = t. Let us expand Wg = 1 — idtS — (1/2)dt?S, + O(dt?) for general matrices S and S,
to be determined. The unitary constraint W}EWE = 1 for all dt implies that S = ST and that
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So + Sg = 2578 =252, Starting from (E3c) and expanding up to order dt? we find

F(pp(t), pB(t"))

= max Retr{d)(]l +idtH — — T(]l —idtS — S;dﬂ)} +0(dt?)

S=ST, Ss

=1+ S_I%EJ}X {dtRetr [m/)H — ’L?/JNT(S)}
1
2

di? 2 t i 3
=1+ — max Retr{—wH — YN (Ss) + 20 HN (S)} +0(dt”) , (E4)

+ dt?Re u«[ SUH? = SuNT(S2) + pHNT(S)| + O(ar*) }

2 s=st

recalling that N T(1) = 1, and where the first-order term vanishes because a product of two Hermitian
operators has a real trace; with the factor ¢ the term is killed by taking the real part. Continuing
with only the second order term we find

&2 )
| Fls)os(t)
- S_né??csz{tr(¢H2) - %tr(/\A/(w) (S +S3)) + tr[{w, HYNT(S)] }
= gr;%}g{—tr(wﬂ'% - tr(/v(w) 5?) + tr[./v({w, H}Y) S}} , (E5)

where we have used the identity 2Retr(40) = tr(A(O + OT)) for Hermitian A, the identity
2Retr(ABC) = tr({4, B} C) for Hermitian A, B, C, as well as the condition Sy + S;r = 25?2 that
came from enforcing the unitarity of Wg.

It is instructive to briefly comment on the situation of a time-dependent Hamiltonian. The
derivation of the above expression, especially (E3c) and the expansion of the time evolution operator
leading up to (E4), looks like it necessitated the assumption of time independence of the Hamiltonian
and that a time-dependent Hamiltonian might have led to a different result. In fact, we obtain the
same result with a time-dependent Hamiltonian, which can be seen as follows. Write

H(t) = H+tH + O(t?) (E6)

and expand the time evolution operator via the time ordered exponential as UT(t/ —t) =
Tei [ aHe) — 4 (M H@) — [P @) [T HE) + O(®) = 1+ idtH +
(dt?/2)(iH' — H?) + O(dt?), then we see that the only difference in the expressions leading up
to (E4) is an additional term Re tr{tiH’dt*} which is equal to zero.

Now, we proceed to prove the uncertainty relation. With the definition AFgob,+ = Falice,t — FBob, t
we have

AFisg o = 4(6r(WH?) — (tr(0H))) +4 | Flps(t), ps(r)

t'=t

= max {46 [N ({v, H}) ] - 4[N () 8] —4(ae(w )"} , (ET)
recalling that Fajice,r = 40% = 4(<H2> — <H>2) and using the expression (E5). Observe that AFpop, ¢
is necessarily invariant under a constant shift of the Hamiltonian H +— H + c1, because such a
shift does not influence the evolution (t) and therefore both Fajice,r and Fpob,¢ are invariant
under such shifts. [This invariance can also be checked explicitly by carrying out the corresponding
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transformations H — H + cl and S — S + ¢l in (E7).] Applying the shift H — H — (H),, yields
(E7) = grizg}%{éltr [N ({, H}) S] — 4tr[N () 82 } , (ES)

using the shorthand H := H — (H),. At this point we recognize the expression of the Fisher informa-
tion from Proposition 14, with p = N'(¢)) and D = N ({1, H}). Let’s briefly check that the require-
ment PplDPpl = 0 in Proposition 14 and in the definition of the Fisher information (C1) is satisfied.

v yH N(@p) N(pH) .
Thanks to Theorem 9, we have [}—w FM;H} >A0, ar_ld furthermore, by Lemina 10, _[K/(Hw) R(EOH) > 0;
by Theorem 9 again, this implies that P> (¢ H) = 0. Therefore Py N ({¢, H}) P;- = 0. It follows
that

AFpob.1 = (B8) = F(N(): N({v, H})) . (E9)

as claimed.

2. Direct proof using the semi-definite characterization of the Fisher information

For this section, we fix [¢),|¢) be such that (¥]1¥) =1 and (¥ |€) = 0, and let N be a completely
positive, trace non-increasing map. Let Va_pg be a Stinespring dilation of N, ie., N(:) =
trp(V () VT), and let N'(-) = trg(V (-) VT). Let

D}y = —i(Ie)w] — [¥)¢) ; DZ = )W) + )¢l - (E10)

Suppose that |®p.g) is a maximally entangled ket between two suitable sub-spaces of B and F
that are sufficiently large to ensure that there exist M, A matrices on B satisfying

Vig) = (A®1)|®p.E) ; VI§) = (M @1)|[®p.k) - (E11)

(Alternatively, one can embed both B and E into larger systems B’, B’ with B’ ~ E’, on which
one can consider the canonical maximally entangled ket |95, 5/) = > |k)p/|k) g with respect to
the canonical bases of B’, E’. We then define |®p.g) by projecting down |®,.5.) onto B ® E.)
Throughout the following, we only ever consider operators that are in the support of the reduced
operators of ®g.p on B and E.

We define the operation tg_g(-) := trB{@B:E () ® ]lE]} which is the partial transpose oper-
ation with respect to the bases used to define |®5.g). Equivalently, a defining property of this
operation is that for any operator Xp, we have (Xp @ 1g)|®p.g) = (1 @ tp_e(XB))|Pp.g). Fur-
thermore, for any M, we have tg_, (M) = [tB_”g(M)]Jr and for any X,Y we have tg_,g(MN) =
tpe(N)tpp(M). Similarly, we define the inverse operation tgp_,p(-) = tr{(IDB;E [1p® ()]} which
has the same properties.

Observe that AAT = N(|[¢)]) = pp and MMT = N(|€)(£]). Furthermore, we define W via the
polar decomposition of A = p!/2W, with

A=p'?W At =wTpl/2 . At =wip=/2, At =p7 2w (E12)

The operators A~! and A~T are the Moore-Penrose pseudo-inverses of A and AT, respectively, as
can be seen by computing AA~! = P, and A™'A = WIP,W as well as ATA=T = WP, W and
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A—TAT = P,. Furthermore, we have

N (DY) = —i(MAT — AMT) | (E13a)
N(DF) = trp{Mp®p.pA}, + Ap®p.p M}
=tpop[ATM +MTA] . (E13b)

We may also relate these objects to the state on Eve’s system, via the partial transpose operation tp_. p.
Observe that V|y) = (A ® 1)|®p.r) = (1 ® tgg(A))|®p.r), and therefore pp = trg(VyVT) =
[tBHE(A)] [tBHE(A)}T = tBHE(ATA) = tBHE(WTpBW). Then PPE = tBHE(WTPpB W) and PPJ;S =
tpp(WTP;, W). We begin with a characterization of when our uncertainty relation holds with
equality.

Proposition 29 (Conditions for uncertainty relation equality). The following statements are equiv-
alent:

(i) (P, @ PL)VIE) =0

(ii) We have P MWTPL =0 .
(ii) We have P N([ENEN Py, = Poy N (1€)XW )5 N ([0)(EN) Pay, -
(iv) We have PN (|0 P = PLN (60" N (19)E) P -

(v) Let {E}} are Kraus operators for N'. For any linear combination E =", ¢, Ey, with ¢;, € C
and such that E|¢) = 0, we have Py, E[¢) = 0.

Furthermore, consider the setting of Theorem 1 and suppose that |€) is defined as |£) = (H — (H))|v).
Then (i)-(v) are furthermore equivalent to

(vi) For any eigenvalue pi(t) of N'(1(t)) such that pg(to) = 0, we have d?py (to) =0 .

Observe that all the conditions above do not depend on the choice of Stinespring dilation and/or
on the choice of the Kraus operator representation, as all such choices differ by a partial isometry on
the E system. In other words, if the conditions above hold for particular choices of V, N and {Ek},
they hold for all other choices as well.

Proof of Proposition 29. We have the following implications.
(i) < (ii): Consider

(Py, @ POVIE) = (P, M) ® Py )@ e = (P Mtp_p(P,,)) ®1)|®)pE . (E14)
tBHE(WTpBW). Then PPE = tBﬁE(WTPpBW) and PPJ;E = tBHE(WJrP;;BW) = tBHE(PpJ;B); and

(E14) = (PL,M P;:) ®1)|®)pp . (E15)

Therefore we have that (P, @ P;.)V[¢) = 0 is equivalent to 0 = P;; M ﬁpLB .

(ii) = (iii): Let K = PEN(E)w)pp"” = Prtrp(M®ppAt)py'? = PEMWTP,. Now assume
that (ii) holds; then K = P;-MWT and we have KK = PXMM'P}- = PN (|€)(¢]) Py, show-
ing (iii).

(i1i) = (ii): Conversely, assuming (iii) and if K = P;N(K)(M)pgl/z = P;MWT'P,, we have by
assumption that KKT = Py MMTP} = (Py MWTP,)(P,MW'P,)t + P;- MWTP-W M'P,-. This
means that 0 = (PPJ-MWTP;-)(P;-WMTPPJ-). The latter equation can only hold if PPJ-MWTPPJ- =0,
showing (ii).
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(i) < (iv): Condition (i) is symmetric if we replace B <+ E (and correspondingly N <+ A), meaning
that the condition holds if and only if the condition with B and E swapped also holds. Therefore, we
can swap B <> E in the other conditions and those will also hold if and only if (i) holds. Condition (iv)
is obtained by performing this transformation on (iii).

(i) = (v): We choose the representation V = > Fy ® |k)g and assume (i), i.e., that we have
(B, ® Py )VIE) = 0. (E16)

Let {ci} with ¢; € C such that ), ¢ Fx|t)) =0 and let E =), ¢y Ey. Define |e)g = )" cj|k)p. We
have

(el (@) le) = S (el k) tr(BxwEL) (K le) = tr[ (3 enlr) w (3 enB) ] = |[BIo)|* =0, (B17)

Kk’

which implies that |e) g € ker N'(¢)), i.e., P le)p = |e)p. Applying (1 ® (e]) onto (E16) we find

0= (B, ® (e[B;,)VIE) = Y _(Po, Exl&)) elk) = B, ElE) (E18)
k
showing that (v) holds.
(1) <= (v): We now suppose that condition (v) holds. Let |x;)r be a set of orthonormal states that
span the support of P, ie., P}, = >-iIxi)xjle. Fix any such [x;) and define EU) =3 (x;|k) Ey.

PE’

We repeat (E17) by replacing |e) — |x;), cx — (x; |k) to find

0=(GIN@)x) = ... =BV, (E19)

which implies that E()|¢)) = 0. We use the assumption that (v) holds to deduce that P EW|¢) =0;
we note the latter expression holds for all j by repeating this argument for each j 1nd1v1dually Then

(Pt @ PL) VIO = (P @ Yo had0ul) VIE) = DBk Erle) @ (1) (s 1))

k,j

=Y (PLEVO)®x;) =0, (E20)

J
showing that (i) holds.

(#ii) < (vi): Now consider the setting of Theorem 1 and suppose that |¢) is defined as [§) =
(H — (H))|¢). We invoke Ref. [33, Eq. (B15)], which in the present context reads

(Ak|Orp| Ae)
PJ‘(?fp Z 3t2p +2Z \ k| fp| 0) 7 (E21)
k:
Pr=0 Pk>0
pe=0

where {|\r)} is a complete eigenbasis of p with eigenvalues py. Using Eq. (11) one can check that
the second term on the right hand side satisfies

Ak |Oip| A
QZ W 2tr{p~" (8ip) P, (Oep)}
k,L:

pr>0

pi=0 = 2tx{p " N (|)e]) PEN(IE)wD} (E22)

using the fact that dyp = N(—i[H,¢]) = N (=i[&)(¥] + i[¢)(¢]) and that N (X¢)P,- = 0 for any
X. On the other hand we can see that 97p = ON (—i[H,v]) = N(—i[0.H,¢] — [H,[H,¢]]), and
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recalling that A(X w)Pff— = 0 for any X we obtain
tr(P) 97 p) = tr(Py N(2HYH)) = 2tr(Py N(HyH)) = 2tr(Py N([€)(])) (E23)
writing H = H — (H)y and where |£) = H|¢)).

Now suppose that (iii) holds. Then

(B23) = 2tr(P, N ()W) p~ ' N (JU)ED) = (B22) (E24)

and therefore the first term on the right hand side of (E21) must vanish, and since 92py, > 0 for all k
for which pj, = 0 as p, reaches a minimum at that point, we must necessarily have that 9?py = 0 for
all those k.

Conversely, if the first term on the right hand side of (E21) vanishes, then we have

tr (P, N(EW]) p~ N ([0)ED) = tr (PN (E)XED) - (E25)

By applying the completely positive map ids @A onto the matrix <|‘1§>) (<$|‘ E’; <<§€|‘ ) and further conju-

gating by (ﬂ Pj) we find that

p N()ENPE
{P,JLN (1€)wl) P,%N(|§><§|)Ppl} =0 (E26)

From the Schur complement (Theorem 9) we find that

PEIN (0D = N (€] o~ N | B > 0. (E27)

But a positive semi-definite operator has trace zero if and only if it is identically equal to zero, so
with (E25) we find that P;-[N(|)(€]) — N([€)(W]) p~ N ([#)(€])] P;- = 0, showing that (iii) holds. =

Our main technical theorem is the following.

Theorem 30 (Time-energy uncertainty relation in the virtual metrological qubit picture). Let
A, B and E be finite-dimensional quantum systems. Let Na_,p be a completely positive, trace-
non-increasing map. Let Va_,pg be such that Na_pg(-) = trE(V(«)Vf) and VIV < 1, ie., V is
a Stinespring dilation of N'. Let Na_,g(-) = trp (V()VT). Let [¢) be any sub-normalized state
on A, and let |£) be any vector on A such that (¥|£) = 0. Define DY = —i(|&)(y| — |¥)¢]) and
DZ = €)W + [¥)(€]. Then

F(N(y); N(DY)) + F(N(y); N(DF)) < 4¢|NT (@) e) . (E28)

Furthermore, if (P;;g ® P;-E)V|§> =0, then equality holds.

First, we remark that both Fisher information expressions in (E28) are well-defined in that we
1 YyplL _ L N(DZYPL ; ; igs
always have PN(w)N(DA)PN(¢) =0 and Pﬁ(w)N(DA)P/V/(w) = 0 as required in the definition (C1).
These conditions can be verified by first noting that the following matrix is positive semi-definite,

)l el _ )
[|5><w| |§><§|} B [|s>] Wl (el =0, (E29)
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and applying either completely positive map idy QN or ids @N to obtain

N()l) N(w)El . N N(w)e|)
M) Mexeh] = ° [J\Af(|g><1/}|) een| = (E30)

Then, Theorem 9 ensures that de;w)./\f(hl))(ﬂ) = 0 and therefore PAJ7(¢)N(DX)P/€'/(¢) = 0; likewise

1 A7(DZ\ DL _
PN(WN(DA)PAVM =0

Proof of Theorem 30. Let A, M be operators acting on B such that V|¢) = (A ® 1)|®) and
V|E) = (M ®1)|®). We can write
Dp = N(D}) = tr(=i(VIEW VT = VIg)XEVT)) = —i(MAT - AMT) | (E31a)
D = N(DX) = trp(VIW@|VT + VIY)EVT) = trp(MOAT + ADMT) ; (E31b)

where in (E31b) the operators M, A act only on B with a tensor product with the identity on F
implied but & = &g = |P)(P|pr. Now consider

i{4<gp\ﬁ(1)|g> — Flpg; BE)} = tr(MM") — max {tr(ﬁEsE) - tr(pES]%;)} , (E32)
Sp=5}

using Eq. (C3a) and noting that (¢|NT(1)[€) = tr(N(|€)(€])) = tr(M MT). Then, using (E31b), and
writing ¢(-) = tg_,5(-) as a shorthand,

(E32) = min {tr(MMT ) = tr((MBAT + ADMT)Sg) + tr(SpA®AT SE)}
Sp=S1,

— min {tr(MMT)ftr(Mt(SE)ATqLAt(SE)MT) +tr(A(t(sE))2Af)}

Sp=51,
- S]Eriigm{tr(MMT) — tr(MS'AT+ AS'MT) + tr(AS2AT) |
_ : _ i o Nt
= min, tr((M AS')(M — AS') ) , (E33)

where the optimization now ranges over all Hermitian operators S’ acting on B. On the other hand,
using Eq. (C3b),

iF(p; D) = min{tr(LTL) o pVPL LTt = D} , (E34)

where p, D refer to operators on B. To prove the inequality (E28), which is the first part of our main
theorem claim, our strategy is to show that for any candidate S’ in (E33), there is a valid candidate
L in (E34) that achieves the same value. This statement then implies that (E34) < (E33) as desired.

Recall that AAT = p (where p = pp for short in this proof), and therefore the polar decomposition
of A can be written as A = p!/2W for some unitary matrix W. Let S’ be any Hermitian operator
that is candidate in the optimization (E33), and let L = iW (Mt — S’AT). Then one can verify that

p'?L+ LTp'/? = iA(MT — S'AT) —i(M — AS)AT = —i(MAT —AMT) =D, (E35)

and thus L is a feasible candidate in (E34).  Furthermore it holds that tr(LTL) =
tr((M — AS")(M — AS’)"), thus proving the inequality (E28).

We now show that, assuming (P;; ® P;.)V|[¢) = 0, the inequality becomes an equality. The proof
strategy is to go in reverse direction above, starting with an optimal candidate L in (E34), and
constructing a candidate S” in (E33) that achieves the same value. From Proposition 29 we see that
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(ij;3 ® Pj;a)V|§> = 0 is equivalent to

PIMWIPF=0. (E36)

Let L be an optimal candidate in (E34), i.e., such that p'/2L+Lfp*/? = D and F(p; D) =4tr(L'L).
Without loss of generality, we may assume that P,L = L, since otherwise P,L would yield a better
optimization candidate in (E34). Denoting by Py'"P and Py'® the projectors onto the support and
the range of an operator X, and defining Pp = WTPPW, we have

PYs = PP = p, | PP = P = Wip,W =P, (E37)
Pf=1-P,, Pl=1-P,.
Let us compute the object LP,":
LP} = P,LP; = p~ V2 (p! 2L + L1 p!/?) Pt
= p 2 (—i(MAT — AMT)) Pt
=ip '/?(AM") P} = iP,WM'P;- = iWP,M'P;}- =iWM'P} (E38)

where we have employed (E36) in the last equality.

Now let’s get started with constructing S’. Our goal is to find a Hermitian matrix S’ such that
L= iWw (M- §'AT) . (E39)

Indeed, this would ensure a valid candidate in (E33) reaching the same value as tr(LTL). The
equality (E39) is equivalent to both simultaneous conditions

LP, = iW(M' - S'ADHP, ; LPr = iw (M - s'AhP}- (E40)

The latter follows immediately from (E38), noting that ATPPJ- = 0. It suffices, therefore, to find a
Hermitian matrix S’ such that the first equality in (E40) is satisfied.

Let A—! = WTp~1/2 noting that A='A = ]5,, and AA~! = P,. Define
S = A [AMT + iAWTL} (A 4 PEMIA 4 A MPE (E41)

First we show that S’ is Hermitian by proving that the term in brackets in the first term above is, in
fact, Hermitian. Using AWT = p'/2 we can compute

AMY 4 iAW TL] = [AMT 4 z'AWTL]T = (AM' — MAY) +i(p"/2L + LT p'/?)
=—iD+iD=0, (E42)
using properties of L noted above and using (E31a). Therefore S’ is Hermitian. Then
iW(M" - S'A"P, =iWM'P, —iWP,M'P, + P,LP, — iWP,}-M'P, = LP, , (E43)

noting that PPJ-AT =0, (A"HTAT = (AA~1)T = P,, and recalling that P,L = L. With this choice of
S, the first equality in (E40) is thus also satisfied, thereby completing the proof. m
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3. Additional equivalent conditions for zero sensitivity loss

The following theorem provides additional conditions under which zero sensitivity loss is achieved
(see § VII), leading to an explicit form of Bob’s optimal sensing observable whenever these conditions
are satisfied.

Theorem 31. We use the notation of Appendix E 2. Suppose that the conditions for our uncertainty
relation equality (Proposition 29) hold. Then the following statements are equivalent:

(i) We have F(N'(¢); N(DY)) = 4(¢|INT(1)]€).

(ii) We have tr(E}, E,D%) = 0 for all k, k', where {Ey} is any set of Kraus operators for N
(iii) We have N (D%) = 0.

(iv) We have ATM + MTA = 0.

(v) The operator ip*/>? MW is Hermitian.

(vi) The operator ip N (IE)¢]) is Hermitian and N'(|§)(€]) = N (I )p~ "N ([¥)(E])-
(vii) The operator ip N'(|€)(v]) is Hermitian and (¢|NT(1)[€) = tr[N(|E)@])p TN ([9)(€])].

Furthermore, if these conditions are satisfied then

Ros (N(DY)) = 2N (IEX0 D™ + 2ip N ([9)(ED P, - (E44)

PB

Proof. The proof of (i)« (ii)<>(iii) is presented in the main text (§ VII).
(iii) = (iv): Write 0 = N'(D%) = trp{®p.g[ATM + MTA]}. Observe that trp{®p. (-)} is the
partial transpose map with respect to the bases used to define ®p.5; therefore ATA + MTA = 0.
(iv) & (v): We compute
it PMWT — (ip" MW = iW (ATM + MTA)WT | (E45)
which vanishes thanks to the assumption that (iv) holds. Conversely, because W is unitary we may
only have (E45) = 0 if ATM + MTA = 0.
(iv) = (vi): Recall that p = AAT and N'(|€)(]) = trg (V[E)NY|VT) = MAT. Then ipN(|{)(¢]) =
iAATMAT. To check that ipN'(|€)(¢)|) is Hermitian we compute
iPN(€)) — (PN (WD) = iA(ATM + MTA)AT =0, (E46)
using our assumption that (iv) holds. Furthermore, we have
0=p 'PW(A'M + MIA)WTP = PL,MWTP;- ; (E4T7)
recalling point (ii) of Proposition 29, we find that
tpl —
MWTP=0. (E48)
Then
N(ENEN = MM = MW (B, + PAYWM' = N Do N ()(e]) - (E49)

(vi) = (vii): This implication follows immediately from (&|NT(1)]&) = tr(N(|€)(£])).
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(vii) = (i): Our proof strategy for this implication is to show that the expression of the symmetric
logarithmic derivative in (E44) is correct, and that the corresponding Fisher information at Bob’s
end has no sensitivity loss. Let

R =—2iN([&)(w])p~" + 2ip~ "N (Ju)(E Py - (E50)

We can see that R is Hermitian by writing

R = =2 (P, + PL) N (€)™ + 2ip~ N ([W)el) P
= —2ip [N (E)eN] o™ + (2PN (E))p ™! +he) . (E51)

The first term is Hermitian by assumption and the second term is manifestly Hermitian. We note for
convenience that RP, = —2iN (|¢)(¢])p~! and P,R = 2ip "N (|1)(¢|). We can compute

1
5 (PR + Rp) = iN([0)€]) — iN(IEN]) = M (DY) . (E52)
Combining with the fact that P;* RP;- = 0 we have that R, ' (N (Dy)) = R (see also Proposition 12),
thus proving (E44). The Fisher information at the output of the mapping N is therefore
FN(); N(DY)) = te(pR?) = tr[p (2ip™ "N ([0)(ED) (~2iN (1€) (W )p )]
= 4tr(V (€)W )p *1N(|¢>< |)) AEINTD)[€) - (E53)

We conclude that (i) holds. "

4. Proof of the generalized bipartite Fisher information uncertainty relation for any two
parameters

In this appendix, we prove the generalized uncertainty relation (68) that applies to any two
parameters generated by unitary evolutions.

Proposition 32 (Uncertainty relation for any two parameters with associated generators). Let |1)
be a state vector on Alice’s system, and let A, B be two Hermitian operators. The latter generate two
respective parametrized evolutions

aa'lp = _Z[Aﬂ/’] 5 abﬁ’ = _i[Ba 'LZJ] . (E54)

Consider the setting depicted in Fig. 1, where N' can be any completely positive, trace-non-increasing
map. Then

2
Fo a Fve A7B
Boba | TBEveb g o 1_<1[2]2> '
Fatice,a  FAlice,b 4005

(E55)

Corollary 33 (Uncertainty relation for any two parameters). Let |¥(a,b)) be any state vector
depending on parameters a,b. Then

FBob,a | FEve,b (i[0a, 5b¢]>2
— + — < 14241 - .
FAlice,a FAlice,b 4 <(aaw)2><(ab7/))2>

(E56)

(Proof on
page 71.)

(Proof on
page 71.)
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We first prove the following lemma.

Lemma 34. Let [¢) be any state vector and let M be any completely positive, trace-non-increasing
map. Consider two Hermitian operators C, B generating respective evolutions

We write p = M(v), Oc.p = M(—=i[C,9]) and pp = M(—i[B,4]). Then for any z,y > 0,

. . k2 . zy  4[Re( B>]2
U%F<p,8tp)sJ%F(p,acp)H(Hy)%—(x R (E58)

where C = C — (C)1 and B = B — (B)1. In addition, suppose that C can be written as C = ia[A, )]
for some Hermitian operator A and some o € R. Then the above inequality takes the form

Y F(p; 0p) < ——g F(p; ep) + 4l +y)y 1 — —~ (il4. B)) (E59)
O’% P;0P) X 0420'3.1 P5 Ocp r+y (x n y)2 0—310—23
Proof of Lemma 34. For any x,y > 0, define the shorthands
~ o = Y
c=Y" (o), B=YY(B_(B) . (E60)
oc OB

Observe that 0’% =z and 0125, = y. Furthermore, we define for convenience Dx = M(—i[X,]),
observing that Do = 9.p and Dp = Oyp. Then using Proposition 17 we see that

Y

F(p: Dg) = —F(p: Dc) ; F(p;D3)=gF(p;DB)~ (E61)

x
2
e
Invoking Proposition 25,

(E62)

9

F(p; Dg) < F(p: Dg) + [F(ps M) F(p: A—)]1/2

where Ay = Ds £+ D = Dey 5. We proceed to compute the second term on the right hand side of
this inequality. The data processing inequality (Proposition 22), along with Proposition 21, gives us

F(p; Ay) < F(¢; —i[C £ B,)) = 4 Var, (C £ B) , (E63)

where we write Var,(X) = (X?), — ((X),)?. We find

4Vary (C+ B) =4((C £ B)?) =4(C*+ B>+ {C,B}) =4(x +y) £ 8Re (CB) . (E64)
Then
42 Var, (C + B) Vary (C — B) = 4°(z +y)* — 82 [Re (CB)]* |, (E65)
OG0B

where C' = C — (C) and B = B — (B). Combining the above,

[F(p; AP (o Af)} 1/2 <4z +y) \/1 e j—yy)Q 4[R§g§§>]

(E66)

Plugging this expression back into (E62), along with (E61), proves (E58). Now suppose that
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C = ia|A, ] for some Hermitian operator A and for a real number o. Then (C) =0 so C = C and

Re (CB) = aRe (i[4,

Y] B) = aRe (( [iH )| B|v) — (|iAB|1))
= aRe(—i(AB)) =

( i(AB) +i(BA)) = %(z’[A,BD = %@[A, B)). (E67)

Equation (E59) follows from this and using the fact that o2 = (C?) = o?(—(Ay —A)?) =
a?((A%) — (A4)?) = a?0?. n

Proof of Proposition 32. Consider the evolution v (a, ¢), where the parameter a is generated by
the first given Hermitian operator A and where the parameter c is generated by the complementary
generator C' (as per Fig. 5 in the main text) given by

1

5&/’ = i[Ca w] , = m

(—i[A, ) . (E68)

Recall Fajice,c = 40?j = 022 from (27) with H - A and T — C. Our time-energy uncertainty
relation, in its form of Theorem 30, asserts that

72FBoba+0-,24FEvcc<]-~ (E69)
407 ’ ’
Now we invoke Lemma 34, with M = /i\/'7 ¢, b, C =ia[A, 9], a = —(20%)7!, B,and z = y = 1/4.
From (E59) we find

1 Lo

}>
F ve, F ve, c 2 E
408 Bve,b < 04 FRve, e + (E70)

i[A,
dojof;

We find, applying (E69) and (E70) in succession,

1 1 1
— Fj ob,a Fve 1- Fvec Fve
40?4Bb,+4UBEb UAE +4}23Eb
<1+24/1— M (ET1)
~ 4o 2 2
0A%B
This shows the desired uncertainty relation. [

Proof of Corollary 33. The main idea of this corollary is to note that the Fisher information only
depends on the state and its first derivative with respect to the parameter, and that any derivative
0,1 can be written in the form 9,9 = —i[A, ¢] for some Hermitian generator A. Therefore we seek
Hermitian operators A, B such that 9, = —i[A, ] and Oyyp = —i[B, ], such that we can apply
Proposition 32. We let A = i[@a¢, ¢] and B = i[@bw, w], and we compute

_Z[A7'¢] - [ [ aw ¢ ] {3a¢ w} 8 - 8a¢ ) (E72)
using (210) and the fact that (9,¢) = tr[0a1)] = 04 tr(vb) = 0. Similarly,
—i[B ] = O . (E73)

We can therefore apply Proposition 32. It remains to compute the quantities appearing in the right
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hand side of (E55). We have

(i[A, B]) = itr{z/) (1[0, %], i[0), wﬂ}
= ite{ [0, ifdu. ¥]] (o v]) }
= r{ ~ifilow. vl ] (i, v]) }

= tr{(@az/)) (i[abwvw])}
= (i[0att, 1)) | .

using the cyclicity of the trace and invoking (E72) for the fourth equality. Furthermore

% = (A%) — (A)? = ((i[0at), ¥))?) — (i[0ut, ¥])°
~{((8at0) ¥ — ¥ (Ba)) ((Oat) ¥ — ¥ (0a¥))))
= <¢ (8a1/)) (@ﬂ/)) 1/1> = <(5a¢)2> ) (E75)

where we have made use of 9 (9,%) ¢ = 0. Similarly 0% = <(8b¢)2>, which ends the proof. ]

Appendix F: Generalizations to infinite-dimensional Hilbert spaces

While the main text has put an emphasis on discussing notions of quantum metrology making use
of finite-dimensional quantum systems, in this section, we generalize the above findings to the setting
of infinite-dimensional Hilbert spaces. A specific attention is given to unbounded operators, as many
physical systems of practical use fall under this category.

1. TUncertainty relation for any two parameters
We start with a generalisation of Theorem 5 to infinite dimensions (c.f. Proposition 32 ).

Theorem 35 (Uncertainty relation for infinite-dimensional systems). Let A, B be two self-adjoint
operators (possibly unbounded) on a separable Hilbert space €4 with domains D(A) and D(B),
respectively. Let |) € D(A) N D(B) and |(a)) € D(A), (b)) € D(B) for some b,a € R where
[Y(a)) := e~ R, |(b)) := e ®Blp). Let Va_pp be any isometry H#y — Hp @ Hw, where
the Hilbert spaces #p, #% associated with Bob and Eve are also separable and possibly of infinite
dimensions. Consider the two pure state evolutions given by (E54). Then (E55) holds, with the
following quantities defined by

(i[A,B]) := i(Ay,By) — i(Bep, A)), (F1)
(a%) = (M, ) (F2)

and
Fur(y) :=liminftr [ o) (5) 2| € R, (F3)

where M € {B,E}, y € {a,b} and pgl() is an l-dimensional sub-normalised density operator and
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R = R(l) is defined in Eq. (11) on an l-dimensional Hilbert space for pg\l/l). Specifically,
! ! 1
P81 (w) = trone [PELVassipa()VL ePl] (F4)

where \FE := B, \B := E, and ng)g is the orthogonal projection onto the first | basis elements of a
basis for #p @ HE. Furthermore, the derivative of pg\l/[) (y) is defined via

) = war [ PRV me A pa VPl (F5)

where
d%PA(a) = i[Yp(a)) (Y (a)|A = iA|[Y(a)) (Y(a)], (F6)
%PA(b) :=1[h(b)) (1 (b)[B — iBJ2p(b)) (1 (b)]. (F7)

Proof of Theorem 35. The proof will proceed in two steps. First we will approximate B and A
by bounded operators (if they are already bounded, then this first step is not necessary, although
the approximation will nevertheless be well defined). Second, we will approximate these bounded
operators by finite dimensional operators. Then we will apply Eq. (E55) before taking a sequence of
limits in which the approximations vanish. We start with a few elementary definitions and results
which will be necessary for our proof.

Let A, (A,)n, be bounded operators on a Hilbert space 5#. We define all bounded operators we
consider to have domain equal to the entire Hilbert space. We say that A,, converges (as n — 00) to
A in the strong limit if A, ¥ — AW as n — oo for any ¥ € #. We denote this as A, - A. Some
properties are the following.

i) Let A, (A)n, B, (Bu)n, C, (Cp)n, be bounded operators on a Hilbert space 2. A, > A,
B, 3 B and C, = C imply A, B, > AB and A,,B,C, > ABC.

Proof. (A,B, — AB)V = A, (B, — B)V + (4,, — A)BV. By the uniform boundedness principle,
A, > A implies ||A,| < ¢ for some ¢ € R for all n. Therefore,

1(An By — AB) V|| < ¢[|(Bn — B)¥|| + [|(An — A)BY, (F8)

where the r.h.s. tends to zero as n — co. This proves the first claim. For the second, simply
define A,, := A, B,,. Hence A,, > AB and thus 4,,C,, > (AB)C, hence proving the second

claim.

ii) A, > A implies e7#4»t % ¢4 for ¢ € R.

s=t

i i CiAns —iA(t— et i iA(—
Proof. e=#Ant — g7iAL = g=idns—iA(l=s) = —i [ dse”"4n5(A, — A)e=*A(*=%). But we have

s=0
(A, — A)e~* A=) 2 () point-wise in s, where 0 is the bounded operator mapping all vectors in
A to the zero vector in . Thus via i), e 4% (A,, — A)e™"A(=%) % () point-wise in s and the
result follows by dominated convergence.

iii) Let A be self-adjoint and possibly unbounded. Let f, (f,)n : R — C be uniformly bounded
functions with f,, — f as n — oo point-wise. Then f,(A4) > f(A).
Proof. See Ref. [102].
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We can now prove the theorem. Let (P](Vn))n be the orthogonal projections onto the span of the first
n basis elements of a separable Hilbert space /. Consider two bounded operators A and B on %,
and define A,,, B,, by

i, :=PMEP™, B, :=PMEP". (F9)

Furthermore, consider the sequence of states (pg’l))ml on 3, and (pg’l))n)l on %, where

n,l l n n l
p50(a) 1= e [PV s P (@) (@) PSVEL 5 PHE]

(n,1) pY (n)y 1 O] (F10)
o5 (0) 1= te [PELVAL pEPS (0n 0D Wn(®)) PLVE s PEL]
where [1h,(a)) := e~ 1)), |th, (b)) := e~Bn|3)) and the sequences of derivatives, (d%pg’l)(t))ml on

A, and (dip(E” )( ))n, On HE are

d n, n - Ire e n
=t (@) = tr [Py Vac e PS” (il (@) (n (@)[Rn = ikl (@) (0 (@)]) PLVVEL 5Pl |

d n, n . 5 2 n
0 0) = tep [P Vs e PS” (iln(5)) (6 (0)[Ba — B () (¥n (B)]) PV Pl -
(F11)

We can use Egs. (F10) and (F11) to construct the Fisher information for these states. Since
VA*BEVATABE‘ = 1 pg, where 1 is the identity operator on S5, it follows that

n n T n
P~ (PpVassePS”) (PYeVasssPi) >0 (F12)

for all I, n. Hence, by Kraus’ Theorem, Eq. (F10) are completely positive and trace non-increasing
maps evaluated on inputs |9, (a)) (1, (a)|. Since Proposition 32 holds for any completely positive,
trace non-increasing map, we can apply it to our setup. This yields

F(p" (@) T (b))
F(oP@) P m)

recalling that the uncertainty relation also applies to sub-normalized positive operators, and where

<142 (F13)

F( ™) (q )) — 452, (F14)
F( (")(b)) — 452, (F15)
51 = (Bt ) — (0 R)?) (F16)
o = (Bt But) — (0Ba)?) . (F17)

We can now take the limit n — oo on both side of Eq. (F13). Due to property i), it follows

oo (57(@) i F (o) - % 7 (F18)
F (i @) F () o



(0]

where
F (pi‘oo)(a)) =462, (F19)
F (p(;")(b)) =452, (F20)
= (A dp) — wdn?) ", (F21)
G 1= (<Bw,3w> <¢,1§¢>2)1/2. (F22)

Observe that the quantities lim,, F(,ogl’l)(a))7 limy, o0 F(pgl’l)(b)) cannot diverge, since it would

contradict the inequality (since the Fisher information is non-negative). This observation follows
alternatively from applying the data processing inequality (108) to bound Bob’s Fisher information
in terms of Alice’s, followed by talking the n — oo limit. Similarly for Eve’s Fisher information. By
direct calculation, we observe that the Fisher information F' of a state p on a d dimensional Hilbert
space, according to Egs. (9) and (11), is given by

d
F= Z (pr +piw)? +pk' ( | |k,> 7 (23)
kk'=1
s.t. pr+pyr >0
where p = ZZ:1 pi|k)(k|. Hence
ds (1) (n.d) (n.d) ?
(n,1) 7 Py dpg’ (a)
Jim F(pf (@) = tm 37 i 4y | FESE )| (F20)
ke k' =
st p{™ ”+p1(” Do

where dp(l) is the dimension of Bob’s reduced system, which is ! independent, and p(n l)(a) =

ZZB gl)p,(cn l)|k n,l)(k,n,l|. Observe that all terms in the summation must be finite in the limit,

since they are all non negative and we are guaranteed that the r.h.s. of Eq. (F24) does not diverge.

Observe that for terms in the summation for which lim,, pén’l) (n D 0, the summation can

be interchanged with the limit. However, while for terms such that p(" 4 + pg}’l) > 0 for all n, but

lim, o0 pj" + pil "

of the limit and summation will result in the lower bound

= 0, the summation and integration cannot be interchanged, the interchange

) dp(l) p(oo N dp (oo z)( 2
. T, k /
nILH;OF(pB (a)) > Z o O (ool <k 00 l| |k oo, l)| , (F25)
kk'=1 Dy
s.t. pgfo”-&-pk/ >0
where p(oo l)( )= ZB(II) ,goo’l)|k,oo,l><k,oo,l|, with
(D (a) := lim trp [PV peP™ PV L PY F26
pp " (a) = =, e | FppVA-BEL A ([¥n(a@))(¥n(a)]) PA" VAL pePrE (F26)
! - - 1
= trg [P{LVasse (10(0) (0(@)]) VAL pp Pl - (F27)

where [¢(a)) := e~"|4)) and using properties i) and ii). Similarly, use properties i) and ii) again to



76

obtain
d o0 . n . e e n
(@) = lim trp [PLVaspPY” (i10a(0) (n(@)hy — ia[Ya(0) (Gn(@)]) PYOVEL 5 p Pl
(F28)
= trp [PELVas i (@) (0(@)[E — iBjd(a) (b (@)] ) Vi 5Pik] (F29)
Likewise, we obtain the same expression for lim,, F(pgb’l)(b)) that we have achieved for
. n,l
Tim F (o5"(0)), (F30)

but interchanging a — b, A — B and trg — trp.

Now that we have an expression for the bound which holds for bounded operators A and B, our
next step is to move to unbounded operators. For this task, we define sequences of bounded operators
(A)m and (By,)m as

A B

= mi=—— . F31
1+ 42/m’ 1+B2/m (F31)

Ap

We now evaluate Eq. (F18) choosing A equal to A,, and A equal to A,,, followed by taking the
limit m — oo on both sides of the equation. Since by iii), it follows that 1/(1 4+ A%/m) > 14
and 1/(1+B2/m) > 14, where 14 is the identity operator on .4, we have that A,,%» — Ay and
Bt — By for all ¢» € D(A) N D(B), and we find

litm 0 lim o0 F (5" Lm0 1imy o0 F (507 (b A, B])>
im im (PB (a)) N im im (PE ( )) <14+2(/1— % . (F32)
F(p) (@) F () 404205
where
F (p(f’m)(a)) =402, (F33)
F (o)) =403, (F34)
1/2
Op = <<A¢7A1/1> - <¢7A¢>2> ; (F35)
o\ 1/2
oy i= ((Bu,BY) — (4,B0)7) . (F36)

The r.h.s. of this inequality is now of the form in the corollary statement. We continue with the Lh.s.
First observe that

. . (n,l)
Jm Jim P (o5 (@)) > (F37)
ds(l) (00,00,1) (00,00,1) 2
P P (a)
Z (Oo,oo,l’)“ EXH (k,oo,oo,l| B o |k/,oo,oo,l> , (F38)
kok' =1 (P TPy )

s.t. pioo,oo,l)+p(k?o,oo,l)>0
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where pggoo’oo’l)(a) = Zi(ll)pl(:o’oo’l)|k,oo7ooJ)(k,oo,oo,l\, with
(00000 () — i o | POV J j vi ..pY F39
05 (a): m trg | PppVa-BEe [hm (@) (¥m (@) ) Vi, pePrE| - (F39)

d 00,00 . a7 T . T T
GaPs” ™) = Tt [PEpVissp (il (0)) (i (@)]& — ol (@) 0 (@)]) Vi 5 PER]
(F40)

and |1y, (a)) = e~ |yp). To see that Eq. (F38) holds, observe that the same reasoning to why
the limit and summation could be interchanged going from Eq. (F23) to Eq. (F24), holds for the
limit m — oo also. Now define f,,(z) = e—iaw/(1+2*/m) anq f(x) = e~%®_ Assumptions in iii) hold,
thus e~%@Am % =74 hence using ii) 1/(1 + A2/m)e~"%m 2 e~ Furthermore, since, by definition
ety € D(A), we have H|p(a)) € 4. Taking all these things into account, we conclude that

P50 (@) = tr | PYVansme (@) (0(@)) Vi 5 PS] - (F41)
Lo (a) = tr [PELVA 5 (1@ @ 0) A — (@) (@) Vi ppPls] - (F42)

Likewise, we obtain the same expression for lim,, o lim,, o F (p(;’l)(b)) that we have achieved for
lim,, o0 1imy, o0 F(pgf’l)(a)), but interchanging a — b, A — B and trg — trg. Lastly, by comparing
the r.h.s. of Eq. (F38) with the r.h.s. of Eq. (F23), one sees that lim,, o lim, o F(pg’l)(a)) is
given by evaluating the Fisher information for psi,oo’oo’l)(a) (defined by Eq. (F41)) with derivative
d%pgo’oo’l)(a) (defined by Eq. (F41)) according to Egs. (9) and (11). The same observation holds
for Eve’s Fisher information. Hence to conclude the proof, we take liminf; ,,, on both sides of the

equation. -

2. Time-energy uncertainty equality in infinite dimensions

In fact, building on the previous result, we get the following statement in the case where the
commutator in the previous theorem vanishes. This can be viewed as a generalisation of Theorem 1
to the unbounded operator case.

Theorem 36 (Time-energy uncertainty relation for infinite-dimensional systems). Let |¢)) be a state
vector in a separable Hilbert space 74 of possibly infinite dimensions, let H, X be self-adjoint operators
(possibly unbounded) with domains D(H) and D(X), respectively, so that |1p) € D(H)ND(X). Define
o = [(Hap, HY) — (1p, HY)?]'/2, which is finite due to 1) € D(H), and P;- =1 — P,, where P,
denotes the projector onto the support of p. Define analogously as before

ilH, Y]

2
20%

T =ty — + Py XPy (F43)

where X captures the freedom left when defining the optimal local time sensing observable, and consider
for real t,n and to,ng the two-parameter family |V (¢, n)) with Y (to, o)) = |[¥), again b = |) (Y| and
[ (t,m)) = exp{—il(t —to) H — (n —m0)T]} [¢¥) - (F44)

Let, as in Theorem 35, Vao_,gg be any isometry 7€y — A ® #%, where the Hilbert spaces #p, H 5
associated with Bob and Eve are also separable and possibly of infinite dimensions, and define
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Fa, Fp, Fg analogously as in Theorem 35. Then the uncertainty principle

(t
(t

=
=

~—

(n
()

+ <1 (F45)

<
<

holds.

Indeed, even in the infinite dimensional setting for unbounded operators, the uncertainty principle
can be attained with equality, so that

=1 (F46)

still holds true.

Proof of Theorem 36. The proof follows the same line of thought as that of Theorem 35, with some
differences. To start with, consider the bounded operators H and X on .7#4 and define for a positive
integer n the truncated operators H,, as

H, =P AP, (F47)
and
T, .= PVTP, (F48)

with T being defined as in Eq. (F43) with T being replaced by T and X by X. As above, one can
define the time evolved states as

[¥n(tsm)) = exp{—i[(t — to) Hy — (1 = n0)Tn]} [9) (F49)

with [¢,) := |1, (to,m0)). In the same way as before, for positive integers [ (and n), we can consider
the sequence of positive operators (pgf’l))ml on 5 defined as

o (1) 1= trp [ PYRVa- e P (n(tm)n (b)) PSVEL puPk] . (F50)
and

n,l l n n l

P50 () = trp | PELVasme P (n (b m)Walt, ) PYOVAL puPlL| . (F51)

Using these quantities, and proceeding as in the proof of Theorem 35, since this is a valid finite-
dimensional setting in which the above proof in terms of a semi-definite program holds true, one
has

Fgob,t . N 3 ,
] ] 3 T Hn n’Hn n/ "7Hn n g ve,n — 1 5 F52
A Hpp, Hythn) — (Y, Hpthn)? (Hp1p Yn) — (¥ Un)” Five,n (F52)

with equality, since [p) € D(H) N'D(X) and hence the state vector is in the domains of H and X.
Here,

Faon, = F(p%" (t0) 5 805" (t0)) - (F53)
with

n,l n,l
P50 () = o (), (F54)
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and Fgye,, defined analogously based on p(;’l)(n) with p(;’l)(.) = pg’l)(to, .). The limit to the
infinite-dimensional setting involving the suitable limit of n — oo and | — oo can be performed as in
Theorem 35, while maintaining equality for each n and [. n

Appendix G: Calculations for the case of continuous Lindbladian noise
1. Sensing an unknown parameter in the Hamiltonian

Consider a probe initialized in the state vector |¢init) and subject to the Lindblad dyanmics

=L ), (G1)
with
L&) = L8 + Lrest ; £8(p) = —ilwG, p) ;
. 1
Erest(p) = _'L[Hrestvp] + Z l:Lij;‘ - i{L;r‘Ljvp} . (G2)
J

Here, w is the unknown parameter to be estimated. The overall evolution up to some total time T is
given by

(@)
Eéfj) — Tl HLhrest] (G3)
As we did earlier, we can decompose the overall evolution into the unitary evolution driven by the

signal (which depends on the unknown parameter w), followed by an effective instantaneous noisy
channel N ,:

gé:.d) = NT,w eTLS‘;;) s (G4)
where N, is given by
W) e
Nrw=ER) e This (G5)

We are interested in the sensitivity of the probe to the parameter w, locally around wy, after letting
the probe evolve for some fixed time T'. The sensitivity is given in terms of the Fisher information

Fr, o (w0) = F(pT.w 5 (Ouprw) (o)) - (G6)

Defining the (fictituous) family of states

Urw = €T iy TG

‘ (G7)
awa,w = _ZT[Ga wT,w] 3

we may write

FTVUJ(WO) = F(PT 5 NT (awa,w) + (8wNT,w) (wT)) ) (G8)

where we omit the subscript (-),, on all objects which are ultimately evaluated at w = wp.

Again as earlier we assume that we can neglect the second term in the derivative in (G8), and
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carry on with the approximation
FT,w ~ F(NT;WO ("/’T,wo) 5 NT,wo (auwT,w)) = %,nul;t . (GQ)

As above we are now in the setting of our main uncertainty relation; we can identify the above
quantity with Fgop, + in Theorem 1, where now the relevant evolution generator is 7'G. Theorem 1
then implies that

Fpmt = AT?0g, — AR
AF;,T} — TQF(-/VT,wO (7/JT,wo) ; ./\AfT,wO ({G', 1/1T,wo })) , (GlO)
where ./\A/vao is a channel that is complementary to N7, and where G = G — (G) with (G) =

N ~ (@)
tr[G ¢7,,]. As earlier, the complementary channel can be written Np o, = Er.u, e Thsig .

The absolute error § in the approximation (G9) can be bounded as earlier using Proposition 26 in
Appendix C as

1/2

161 < F(p3 (0uNT0) (¥T0)) + [F (03 (OuNT0) (Y700)) F11S] (G11)

Similar arguments to those presented earlier apply when computing d,N7,, in order to bound d; we
have

(0uNT.L) ($10) = Bup — ES (—iT(G, o)) - (G12)

Any numerical or analytical upper bound on F(p; (9,N7.w)(¥1.w,)) then directly gives an upper
bound to |§] in (G11).

2. Example: Continuous dephasing noise along the Z axis

A qubit is initialized in the state vector
1

V2

and evolves according to the Hamiltonian H = wZ/2. Suppose that the qubit is subject to continuous
dephasing along the Z axis. This noise is represented by the Lindbladian jump operators

[Yinit) = [+) [+ W], (G13)

Lo = AN, Ly =AU (G14)

In vectorized operator notation (same conventions as in the appendices of our work, i.e., row-major
convention), we have

. _
El_Z[LJ‘@)Lf2[L;Lj®]1+n®(L;Lj)T] - ! —y |
0

0 1

_ _ | Tw _ tH(Lo+L1) _
- ( : ) - iw ’ &r=e - e—Vttitw

ef'ytfztw

Lo
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.
.

&

T

Fig. 14: Top view of the Bloch sphere for a single qubit prepared in the +X eigenstate, evolving under
the Hamiltonian H = wZ/2 and subject to continuous dephasing along the Z axis. The derivative of the
state can be decomposed into a “longitudinal part” along oy (t) associated with the Hamiltonian dynamics,
and a “radial part” along —X (t) associated with the noise terms. The assumption that enables the mapping
from the Lindblad setting to our bipartite uncertainty relation setting is that the noise component (“radial”
component) contributes negligibly to the overall time sensitivity of the clock.

The full evolution map, represented as an operator in terms of matrix elements p;; = (i|p|j), is

—itw—"yt

_ Poo po1€
Elp) = proette =t P11 : (G15)

The next steps for this example are: (a) a direct computation of Bob’s sensitivity; (b) a calculation
of Eve’s sensitivity to energy via our effective picture; and (c) an assessment of the error made in the
approximation (138).

a. Direct compuation of the sensitivity of the noisy probe. At a time ¢, the state is

1 1 6—itw—’yt
p(t) = 5 |:€itw'yt 1 :|
1 et 1+e X
=U L‘“ ) } Ul = Utf(]tf
1+e 7t 1—e
= ——5—UlHHU + —— U =)0 (G16)

where we use the shorthand U; = e~*1t. The last expression in (G16) provides a diagonal form for p
which will serve in the calculation of the Fisher information. The derivative of the state is

VR 0 (—iw — y)e~ w7t
Ll = 500 =5 | 1y o /
e i i
== [—7 U, XU, +wUtYUt} : (G17)
noting that U XU, = |:ei0tw ei(;m] and U, YU, = |:Z-69tw ﬂ'e;“«“ } We can interpret this derivative in

terms of two different dynamics: One oc w UtYUtT which drives the rotation around the Bloch sphere
and one o< —yU X U: which drives decoherence (Fig. 14). The matrix elements of the derivative in
the eigenbasis {Ui|£)} of p are

. € . . €
(+HUf pU+) = — (HUf pU| =) = iw

. . . e
(~U] p U +) = —iw (~|Uf pU =) =~ (G18)
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where (+|Y|-) = (+|YZ|+) = i(+|X|+) = i. Now we compute the Fisher information using
Eq. (12) as

Fclock,t = F(p(tO) ; p(to))

2 2 2 2

2 et e to et 92 e—7to
:1+e*7t0 ¥ 5 + 2|iw + 2|iw 3 +1—e*7t0 Y 5
227t
2 24t 2
=we M0 4~ T oo - (G19)

b. Ewve’s Fisher information w.r.t. energy. Now we turn to using the methods of our manuscript
to characterize the sensitivity of the noisy probe. As described in § VIA, we turn to computing

Faoex,u,e = F(p(to) ; Nip (010 (t0))) (G20)

for the instantaneous effective noisy channel V; and fictitious unitary evolution (¢) defined in § VI A.
We will then later discuss how good of an approximation Fijock,u,+ is to the original desired quantity

Fclock, t-

We decompose the full evolution & as in (134). Since [H, L;] = 0, we have

1
M = et[’l =

poo  pore
N N:(p) = . G21
) [Pm e pn ] (G21)

This channel can be described by the two Kraus operators

L+e T
B =/ +; 1 E@:,/i; Z. (G22)

The (fictitious) pure unitary evolution of the initial state vector |[¢in;t) = |+) is

1 1 e—itw
= L UT =2
w(t) - Ut wmlt Ut 9 |:eztw 1 :| . (G23)

We compute Eve’s Fisher information with respect to energy, which characterizes the sensitivity
loss of the noisy probe. For any ¢, a complementary channel to (G21) is given by

~ e " tr(p) Vi—e=27t tr(Zp)
Nilp) = | ji=2sr 2 G24
v l w(Zp) =5 () (624
We would like to compute
F(N(W); No({H — (H),$})) . (G25)

Noting that (H) ) = 0 for all ¢ and that i, = (1 + X)/2, we can compute

{H - (H), ¢} = {%Z Ut Yinit UI} = %Ut {Z#} Ul = %Z : (G26)
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We then see that

Ni(W) = [HS 12] : N(22)=% [\/1_067_2% Vi _Oe—w (G27)
Then using Eq. (12) we find
F(N(¥); N({H - (H),v})
=0+2 {“j(l - 62“0)} + (same term) + 0
=w® (1 —e 2%) . (G28)

In the present picture of the effective noisy channel being applied instantly after unitary evolution of
duration tg, we see that Eve obtains no information about the energy direction for ¢ ~ 0. However,
for large t Eve obtains near-perfect information which hinders Bob’s sensitivity. Since the noiseless

Fisher information is w?, we have via our uncertainty relation that

Fpop,t = w?e™ 2700 (G29)

Our method therefore correctly gives us the first term in (G19). We can also check by direct
calculation that the first term in (G19) is indeed the Fisher information of the noisy clock state if we
neglect the term in the derivative that is associated with the time derivative of the effective noise
channel itself. First observe that

1 0 —iwe v
Oy = 2 [iweit“ 0 ] ’ (G30)
1 0 —jwe w7t we ™ i
N = o 0| =G Y UL (@31)

We see that the object N (9;1)) is exactly the part of the derivative p with respect to the full dynamics
that is associated with the Hamiltonian evolution of p, i.e., it is the “longitudinal” component of the
derivative depicted in Fig. 14.

We use again Eq. (12) of our manuscript, recalling the diagonal form for p given in (G16):

we~to we~to

Fuoek,u,e = F(p; N(0)) = 0+ 2 |+ 2‘ 5 ' +0=w?e 2o, (G32)
The difference between Fiock,u,¢ and Feioek,: is
, 2e" 2t
0= Fclock,t - Fclock,U,t =7 m . (GSS)
The relative error of the approximation is
1 2 1
2 (G34)

Fclock,U,t w2 11— 672’%0 .

(We computed the relative error with respect to Feiock,u,+ because it is simpler.) We can see that § is
small relative to Feoek,u,¢ if the ratio «v/w of the loss rate to the qubit’s energy gap is small.

Numerical plots for w = 1,7 = 0.1 are presented in Fig. 15.
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1.2
\
\
1.0
0.8 1 —— F.L of noiseless clock (= 403)
0.6 1 ‘ - F.l. of noisy state w.r.t. full dynamics
—— F.l. of noisy state w.r.t. unitary component only
0.4 1 —— F.l. of noisy state w.r.t. noise component only
0.2
0.0
T T T T T T
0 10 20 30 40 50
15.0 —— relative F.l. of noiseless clock (=F.I. xtg)
12.5 A ‘ - relative F.I. of noisy state w.r.t. full dynamics
10,0 - —— relative F.I. of noisy state w.r.t. unitary component only
’ — relative F.I. of noisy state w.r.t. noise component only
7.5 1
5.0 1
2.5 1
0.0

Fig. 15: Fisher information (F.I.) of a single qubit prepared in a +X eigenstate evolving according to the
Hamiltonian H = wZ/2 and subject to continuous dephasing along the Z axis. The horizontal axis represents
the time to at which we consider the clock sensitivity, and the vertical axis is the value of the different
versions of the Fisher information (top plot) and relative Fisher information (bottom plot). The relative
Fisher information is the Fisher information times t3, which is relevant if we are interested in the relative
sensitivity to time. In these plots we have set w =1 and v = 0.1 (see main text). We verify from these plots
that the time dependency 9:N; of the effective Inoisy channel contributes negligibly to the overall Fisher
information; this example in the setting of continuous noise can therefore be reduced to a setting as in Fig. 1.

c.  Error bound for the mapping from the Lindblad master equation to our setting. As a sanity
check we compute the error bound (144). We have

0
—~e Ot
N = e et 7 (G35)
0

and thus

1 0 —ye VteTiwt _

@MW) =5 | gt g = —e VXU (G36)
The matrix elements in the state’s eigenbasis are
(TS QN +) = —ye ", (+|T (@N) U =) =0,

(~|UON)U|+) =0, (~|US (ON)U | =) = et . (G37)
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Then we can compute

; ON 2 —7to |2 —vto |2 p_ €7
F(ﬁh t (W) = mh@ | + mhe | =4y 1 e—2vt0 (G38)
Our bound (144) on the error § becomes
6 9 e—2"/to e—2’yt0 G
< -
< 4y 1—c—2to + 2w —— (G39)

The bound is consistent with our computed value of §. However, in this case our bound is loose: The
second term in our bound would suggest that the relative error with respect to Fiock,u,+, behaves
only as y/w (if v < w), whereas we know from our explicit calculation of ¢ that the behavior of this
relative error is 72 /w?.

3. Example: Continuous dephasing noise along the transversal X axis

Consider the qubit state vector
1
V2

Suppose that the evolution of the qubit is given by the Lindbladian (130) with

[¥) =1+) = —= [N +11)] - (G40)

w
H=3Z Lo = A+ Ly =Al=X-]. (G41)
One checks that the action of L, on the Pauli operators and the identity are
Etot(]]-) =0 s Etot(X) =wY s Etot(Y) = —wX — ’YY s ﬁtot(Z) = —’}/Z . (G42)

Therefore, Lo, can be represented in the orthonormal basis {|1)/v/2,|X)/v2,|Y)/V2,|Z)/V2} of
Pauli operators (denoted with subscript P) as

00 0 O
00 —w O
[Liot] p = 0w v 0 (G43)
00 0 —/,
One can verify that this matrix is diagonalized as
0
L] =5 | ™ 51 (G44)
ot] p A B
-
1
Ae=—Fia, a=sVAP—77, Ao =u?, dd+Ao=—v,
1 0 0 0 1 0 0
0 A M 0 1 0 =w —iAy 0
S = w w S — 2 2o G45
0 1 1 0] 0 & 2= 0 (G45)
0 0 0 1 0 O 0 1
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Fig. 16: Trajectory on the equatorial slice of the Bloch sphere of the state of a qubit initialized in the state
vector |+), evolving under the Hamiltonian H = (w/2)Z and subject to continuous dephasing along the X
axis. Here w =1 and v = 0.1.

We can solve the dynamics analytically using this diagonal representation to compute the matrix
exponential as

1 10 0 O
%)
_ [ptLiot] — et -1 _ 0 ezs Exy 0
gt - [6 ]P =5 et)\, S - 0 eyr Cyy 0 ’
e 00 0 e/,
Cow =€ 7 [cos(at) + 21 sin(at)| , eay = —€yq ,
W 3 “ (G46)
eyr = —e 2 sin(at) , Cyy = Can -
o

This gives us a useful expression of the linear operator & acting on the operator basis of Pauli
operators. If we let the initial state ¥, = |+)(+| evolve for a time ¢, we obtain

pl0) = Euti) = & (157 )
= % + 6_;; [(cos(ozt) + % sin(at)) X+ gsin(at) Y] . (G4T)

See Fig. 16 for a plot of the trajectory of the state p(t) in the X-Y plane of the Bloch sphere.

We can compute the derivative 9;p by directly differentiating the expression (G47) or by simply
applying the Lindbladian since we have determined its action in the Pauli basis:

Op = (cos (at) —|— — sm(at))wY + gsin(at) (—wX — 'yY)]

M\E

e %t [—g Sln(at) X+ (cos(at) - % sin(at))Y] (G48)
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Fig. 17: Relative Fisher information with respect to time of a single qubit prepared in |+) and evolving
according to the Hamiltonian (w/2)Z and exposed to continuous dephasing along the X axis at a rate .
The blue curve shows the sensitivity as a function of time ¢o of the probe to the signal if we turn off the
noise. In orange, the exact Fisher information F (p; O p) is computed directly. In green, an approximation
to the desired Fisher information ignores the contribution of the time dependency 8:N; of the effective noisy
channel. This approximation is the quantity that appears in our trade-off relation in the alternative setting
where Alice sends a noiseless quantum clock over a noisy channel to Bob. Because the unitary and noise
parts of the Lindbladian do not commute as superoperators, invoking our the trade-off relation requires the
channel NV; to be determined via (133). Here w = 1, v = 0.1.

The approximation we make to apply our uncertainty relation is to replace this expression for d;p by

E(—ilH, inst]) = & (—i Bz 1+2XD =Y &v)

W o_at[ W, Yo
=€ [fa sin(at) X + (cos(ozt) + % sm(ozt)) Y} . (G49)
We see that the two expressions (G48) and (G49) differ by a term (2a) ~'ywe ™7/ sin(at)Y, which
is small as long as v < w.

The Fisher information Fjock,; given by (132) and Feioek,u,¢ given by (138) are plotted in Fig. 17
as a function of ¢3. Our approximation matches the exact Fisher information well, except for an
out-of-phase oscillation of relatively small amplitude. This error to the contribution of the phase
damping is expected to be attributable to the difference in sign of the smaller terms in Eqgs. (G48)
and (G49).

Appendix H: Perturbing the noisy channel to restore equality in the uncertainty relation for
metrological codes

In this appendix, we study how to perturb a noisy channel A in order to restore uncertainty
relation equality for a metrological code. We prove Proposition 6 of the main text, which shows that
equality in the uncertainty relation can be restored by an infinitesimal perturbation of the Stinespring
isometry, all while preserving the zero sensitivity loss conditions (146) (it might be necessary to
enlarge Bob’s system with an auxiliary qubit). The proposition is slightly reformulated to emphasize
the fact that we can apply the same construction also without regards to the zero sensitivity loss
condition.
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Proposition 37. Let Va_,pg be an isometry, let |)a,|&)a with (¥|€)a = 0 and let N(-) =
trp(V () VT), NG = trg(V (1) VT). For any e > 0, there exists an isometry Vi_, pp with
V' =V| < € and such that (PPL,B ®PpL’E>V/|£> = 0, where ply = trg{V'y¥V''} and pf =
trp{V'yV'T}.

Furthermore, assume that N'(|€)(ap| + [#)(€]) = 0 and assume that there exists a unitary operator
G p acting on the system B with the properties that P,,GpP,, =0, P.,GpFPr, =0, P,,GpPr, =0,
and Pe,GpP,, =0, where (g = N (|£)(¢]) and (g = NENE]). Then the perturbed isometry V' can
be chosen to also satisfy N (|€)(w| + |¥)(E]) = 0, where N'(-) = trg{V' (-) V'T}.

Proof.  Write N(-) = trg(V (-) VT) and let

~

e =N(@); pe =N() . (H1)

The strategy to perturb V is to include an infinitesimal rotation that rotates the state V) into
the direction of another suitably chosen state |x)pr. We first compute some properties of a general
such rotation, and then we will prove the stated claims.

Let € > 0. Let a > 0 such that 4sin?(a/2) < e. Let |x)pp be a state with the property that
the reduced state on B lies in a subspace that is orthogonal to the reduced state pg of V|¢), i.e.,
P,;|x) = 0, or equivalently, |x) g lies in the support of P;; @ 1. The state |x)pe will be fixed later.
Let {|,u(j)>}j be a basis of BE with |u(M)pp = V() and [4®)gE = |x)pr- Let

Wepnp = (cos(@)|u) + sin(a) ) ) (D] + (cos(a) @) = sin() @) ) (1)

+ Y N (H2)
j=3

and note that Wgr_, gr is a unitary close to the identity, effecting the rotation Wy = {COS(O‘) - Sin(a)}

sin(a) cos(a)
between |u(1)>BE and \M(2)>BE- The eigenvalues 601, 05 of Wy are determined from 6, + 605 = tr(Wp) =
2cos(a) and 016 = det(Wp) = 1 as 61 = 05 = ™. As the operator norm is the maximal singular
value, we find |[Wy — 1]joc = max{|e’* —1[,]e”* = 1]} = (1 — cosa)? + (sinw)? = 2 — 2cos(a) =
4sin2(a/2) < €, and HW — ILHOO < e Now let V! = WggV, with

IV = Vlloo < IW = Ul Vliow <€ (H3)
We find
po = trp (V'6V')
= trps[cos?(a) [ ){pur| + cos(a) sin(@) (1) (pal + [2)pua]) + sin (@) [z2) o]
= cos?(a)) p + cos(a) sin(a) trp [VIWXI + |x><w|VT} +sin’(a) X -
= cos?(a) pp + sin(a) X - (H4)

The last equality holds thanks to our assumption that P,,|x) = 0.

We now prove the first part of the proposition. We can assume without loss of generality that
rank(PpJ;E) < rank(PpJ;g), by exchanging the roles of the B and E systems if necessary. Let {|xx)p},,
{Ix4) 5} | be two orthonormal families of states lying in the support of PPLB and PPLE respectively,
with K = min{rank(Py: ),rank(P;: )} = rank(P5, ). Define [x)pe = (1/VEK) 3. |xx)B @ [xk)E- By
construction, we have that xg = (1/K) Z,If:ﬁk)(k\}; = P;;E/tr(PpJ;E). It follows that the state (H4)
has full rank, and therefore our conditions for our uncertainty relation equality are fulfilled.

Now we prove the second part of the proposition, and we assume that N (D%) = 0, with DZ =
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1)) + [1){€]. The proof strategy is similar to above, to introduce a small “rotation” to fix the
support of the state pg all while preserving the zero sensitivity loss conditions (146).

Without loss of generality, we may assume that H |€ >H = 1. We define for later convenience

21, = )]+ )l Iz = )] + 6] 5 Zr=Zp+ (1 -Tp), (H5)

noting that Z;, is the unitary operator that flips the normalized states |¢) and |¢) and acts as the
identity on the subspace that is orthogonal to |¢), |£).

As stated in the claim, we assume that there exists a unitary operator Gp with the properties
that PpBGBPpB = O, PCBGBPCB = 0, PPBGBPCB = O, and PCBGBPPB =0.

Let 0 <e < 1. Let @« =¢/2 with 0 < aw < 1/2 and let
V' = (cos(a)V +sin(a) GV Z1) . (H6)
Then
V' = V|| = ||(cos(a) = 1) V + sin(e) GBVZH

< (1= cos(a))||V|| +sin(a) |GV Z]
< 2sin*(a/2) + sin(a) < 2|af , (HT)

using sin(«) < |o| and with |a| < 1/2.

We first show that the perturbed isometry V' also satisfies the zero sensitivity loss conditions. Let
/\7/() = tFB{V’ () V'T} and we compute

~

N'(Zy) = trB{V’ 7 V’T}
= trB{cos2(a) VZ,vi
+ cos(a) sin(a) [v Z, 2 VG + GpV iz 7 vq
+sin?(0) GpV 21217, VIGh |
=0, (HS)

using trB{VZLVT} = /\A/'(ZL) =0 and ZLZLZL = 71, as well as the fact that

trp[GpVZLZLVT] = trp [GaV[[9) (W] + [€)EVT]
=trp[GpP,, VYVIP,, + GpPr, VEVIP:,| =0, (H9)

using the fact that P,,GpP,, = 0= P:,GpFPr,.
We then have
o = tep{ V' w vt
= tI‘B{COSQ(a) VoV T + cos(a) sin(a) | V) e VIGE + GBV|§><1/J|VT} + sin?(a) GBV§VG}L3}
= cos?(a) pg + sin*(a) (g , (H10)

where the two middle terms in the long expression vanish because trg{GgVI[)y|VT} =
trp{ Py, GpPe, VIE(W[VT} = 0.
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Similarly,

Cp = tep{ V'€Vt
- trB{cos2(a) VeVt + cos(a)sin(a) [V\gxwwfe; + GBV|w><g|vT} +sin?(a) GBVWTGg}
= cos?(a) Cp + sin?(a) pg (H11)

Any state |c)g that lies in the kernel of p; must satisfy
0 = (el plple) = cos2(a) felpr ) +sin(a) {e|Cale) (H12)
which in turn implies 0 = (¢|pg|c) = {(¢|(g|c). We then find

(L5 ® (cln) V'I&)|” = (cle tra (V'EVT) [)n

(cl¢kle)

(el [c0s(a) G + sin* () p] o) &

0. (H13)

Therefore (15 ® Piﬂ) V’|€) = 0, implying that (PpLjEe ® PIZ) V’|€) = 0 and our uncertainty relation
equality conditions are satisfied. [

Appendix J: Behavior of metrological codes for weak i.i.d. noise; metrological codes,
uncertainty relation equality, and discontinuities of the quantum Fisher information

In this appendix, we consider a metrological code (|¥),]£)) on n qubits, with a metrological
distance d,,, > 1. For any noise channel that acts on fewer than d,, qubits, we have seen in § VII
that AFgop,: = 0. Instead of noise acting on few qubits, we now consider examples of i.i.d. noise
channels [Nl(p )]®”, where each channel Nl(p ) acts on a single qubit and depends on a noise parameter
p such that Nl(p =9 —id. We ask: For constant n, to what order in p is the loss in quantum Fisher
information AFpop, ¢+ suppressed?

Let us first consider a similar question in the conventional setting of quantum error correction,
where a logical state is encoded into a physical state, is exposed to a noise channel, and is subsequently
decoded to attempt to recover the initial state. If a state |1), encoded with a distance-d quantum
error-correcting code, is exposed to a weak i.i.d. noise channel in which a single-site error happens
with probability p, then after a subsequent decoding operation, the fidelity of the state with respect
to the original state differs with the ideal value one by at most O(p?/?). ILe., the fidelity loss is
suppressed by the quantum error correction procedure to an order in the noise parameter that is
proportional to the distance of the code. This suppressed fidelity loss is explained by a fundamental
principle in quantum information: Two states (respectively two channels) that are e-close in trace
distance (respectively diamond distance) may not be distinguished by any physical operation, except
with probability of the order at most O(e). In the case of weak i.i.d. noise, any error operator
whose weight is larger than (d — 1)/2 only occurs with probability at most O(p??). Consequently,
no experiment should be able to distinguish the weak i.i.d. noise from a noise operator with only
weight-[(d — 1)/2] operators with probability better than O(p?/?), for which the quantum error
correction scheme enables perfect recovery.

By analogy, it is natural to expect that the quantum Fisher information loss AFgop + should scale as
~ p®m  where d,, is the metrological distance of the metrological code, and where ¢ is some constant.
However, this is not the case, as we will see in the remainder of this appendix. While AFpgyp, ¢ exhibits
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the expected behavior for certain examples of metrological codes, we can find counter-examples
in which the quantum Fisher information loss scales as AFgop,+ ~ p despite the state forming a
metrological code of an arbitrarily large, but fixed, metrological distance d,,. This counter-example
shows that when measuring the accuracy of Bob’s estimate to the time parameter in terms of the
quantum Fisher information, the code distance is not necessarily related to the loss in sensitivity of
the state. This might be worrying, since the metrological distance of the metrological code wouldn’t
be related to the degree of protection offered by such codes in suppressing the sensitivity loss. We
argue, however, that the quantum Fisher information might not be the relevant sensitivity measure to
study in such regimes. More specifically, we know that there are regimes in which we should question
the operational relevance of the quantum Fisher information, because infinitesimal perturbations
in the state or the noise channel result in observable consequences in the purported sensitivity as
reported by the quantum Fisher information. We attribute this behavior to the fact that it ignores
the error associated with the estimation of the expectation value of the optimal sensing observable
from a finite number of measurement repetitions. Based on our examples, we hypothesize that the
settings where AFpop, ¢ £ O(p?/?) fall into this regime. While confirming this hypothesis would
invalidate known counterexamples in which a high metrological distance can still lead to a high
accuracy loss, a full proof of the protection offered by metrological codes in the general setting
remains elusive. Such a result would further require (a) establishing a measure of sensitivity that is
robust to perturbations of the physical setting by accounting for limits on the number of available
measurement repetitions and (b) showing that its loss is suppressed as a function of the metrological
distance of the metrological code.

In the following, we first compute the quantum Fisher information loss of some states that form
metrological codes after exposure to weak i.i.d. noise. In order to explore the cause of the behavior
of some examples that appear problematic, we study more closely some properties of the quantum
Fisher information: We argue that there are regimes in which the quantum Fisher information, being
discontinuous, cannot be a representative measure of sensitivity, and we attribute this problematic
behavior to the failure to account for the number of finite available measurement repetitions. Finally,
we consider a restricted setting with additional assumptions on the state and the noise channel, in
which we prove the expected bound on the quantum Fisher information loss AFgop,: < O(pdm/ ).

1. Examples of metrological codes exposed to weak i.i.d. noise

We now consider three single-site noise channels: the amplitude-damping channel, the dephasing
channel in the Z basis, and the bit-flip channel. In the basis {|1), |{)}, the single-qubit amplitude-
damping channel has Kraus operators

® _(ViI-p 0\ @ _ (00
Ea.d.,0_< 0 1) ) Ea.d.,l - <\/]3 0 : (Jl)

The second noise channel we consider is the dephasing channel in the Z basis, described by the Kraus

operators
(p) _ Jy_p (1O} (p) _p(L 0
Ed};phas.,() - 1- 5 <0 1> ) Ed];phas.,l - \/g <0 ~1 . (J2)

Finally, the bit-flip channel is described by the Kraus operators

) / p (1 0)\ (p) p (01
El()zijt—ﬂip,o =4/1- 5 (0 1> ) Ebzi)t—ﬂip,l = \/;(1 0/ - (J’?’)
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Fig. 18: Quantum Fisher information loss AFgop,: after exposure of [tcode) [cf. Eq. (J4)] to i.i.d. amplitude-
damping or dephasing noise in the Z basis, as a function of the noise parameter p. Based on our intuition of
standard error-correcting codes, we might have expected that AFgon,+ only depends on an order in p (for
p — 0) that is directly related to dp, (or di,/2). In case of either noise model, we fit the data points where
p < 0.1 to In(y) = aln(p) + b (which corresponds to a power law y « p®) to obtain the order in p to which
AFgob,: is affected. We see that for amplitude-damping noise, the loss in quantum Fisher information is
suppressed to only depend on p to second order; for dephasing noise, the loss is affected to first order in p.
The quantum Fisher information loss due to an i.i.d. bit-flip noise channel (not shown) behaves very similarly
to the dephasing noise.

a. Four-qubit code state based on the [[4,2,2]] code

Consider the state vector introduced in § VIIE and § VIIF,

[Weoae) = 5 [P + 1LY + 11440 + [1411)] (34)

Consider the Hamiltonian consisting of ZZ terms on the edges connecting the four qubits when they
are arranged in a square, as in Fig. 9a; with a suitable normalization we obtain

eone) = 3 [T + [HL0) — 1144 — [11113] (J15)

We've seen that (|tcode); |€code)) forms a metrological code of metrological distance 2.

Let us consider how the quantum Fisher information of this state drops when exposed to i.i.d.
amplitude-damping noise and to i.i.d. dephasing noise. The quantum Fisher information loss AFgop, ¢
is plotted in a log-log plot as a function of p in Fig. 18. We fit the computed values for points with
p < 0.1 to the model In(y) = aln(p) + b in order to determine the quantum Fisher information loss
order (as y o< p*). We observe that while the quantum Fisher information loss is indeed only affected
to second order in p for amplitude-damping noise, it is directly affected to first order for dephasing
noise. The behavior of this small-scale example is not necessarily surprising, although it rules out an
optimistic conjecture that states of the form (J4) could have their loss in quantum Fisher information
be protected to second order in p against any i.i.d. noise channel, as could have been suggested from
Fig. 13.
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b. Repetition code in the +/— basis

Now we investigate a larger example that shows that the metrological distance is not always
indicative of the order of quantum Fisher information loss in the noise parameter. On n qubits, let

[¥) =", [€) =-)®" . (J6)

Here, the Hamiltonian corresponding to these states is the nonlocal operator H = Z®™. (Note that
this example differs starkly from a standard ensemble of n spins where the Hamiltonian is as a sum
of Z terms on each site. In that case, |£) would be a superposition of strings that consist of all |+)
state vectors and a single |—) state vector.) The (|1),]£)) given above form a metrological code of
distance d,, = n. Indeed, any operator O with wgt(O) < n cannot make |1)) non-orthogonal to [£),
and the conditions (153) are satisfied.

We show that if we expose this state to i.i.d. dephasing noise along the Z axis, the quantum Fisher
information loss is indeed suppressed to the order O(p"/ 2), as we would expect. On the other hand,
if we expose the state to i.i.d. bit-flip noise, which can be seen as dephasing noise along the X axis,
then the quantum Fisher information loss is not suppressed as expected and we find AFgop, ¢ ~ p.

Let us first consider i.i.d. dephasing noise along the Z axis. We show that the quantum Fisher
information loss is indeed suppressed to order O(p n/ 2) for this noise channel. We now prove this

statement. We may choose for the noise channel Négz)has( )= (1-p/2)(:)+(p/2)Z(-)Z the Stinespring

VAﬁBE:\/1—§n®|0>E+\/gZ®1>E

=lpr)etla®Me+p-)ella®|l)s, (J7)

isometry

with respect to some basis |0),|1) on E, and with

pe) =y f1- 20+ B (18)

This choice leads to the complementary channel

N o) = Q11D a b o |2+ (L[ a =)o |5 - (J9)

We find

oy = Al 1004 = 5 [l -+ Yoo 1e] = (157 D)
A 104-0 = 3 [t = o 1e] = B (1-2) (T 0) - w10
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We can then compute

AFob,t = F ([0 (D] ™5 [N ] =" (12" 4+ [ =)+1°7))
() D () )
- ) )
- (1-5)" S

2
(@| X" |a)

; (J11)

where x, 2 are bit strings and where Ay = (1 — p)®lp»~1=l is the eigenvalue of p%? associated with
the eigenvector |z). Observe that (x| X®™|a') = 6z 5, where Z is the bit string obtained by flipping
all the bits of . Then

A+ Az = (1 _p)\wlpnflm\ + (1 _p)nflm\plm\ _ Q(pmin(lwlynflw\)) — Q(pn/Z) , (J12)

noting that min(|x|,n — |x|) < n/2. Therefore,
(J11) = p" Zo )y =0p?) . (J13)

Ie., the quantum Fisher information on Bob’s end after exposure of the state to i.i.d. dephasing
noise along the Z axis is well protected, in that the loss is suppressed to the order O(p"/ 2). Observe
that pg is full rank, and therefore our uncertainty relation holds with equality in this setting.

Consider now the i.i.d. bit-flip noise channel [Néﬁ)ﬂlp]‘g’" determined by the single-site Kraus

operators Ek(fi)t)—ﬂip,o and Et(fi)t)-ﬂip, 1- We find
N o (0D = [+ N o (N1 = (1 = p)[+X ] - (J14)

We would like to compute
Fion,e = F (NI (H)HE™) 5 IR 187 (=l =017 + 4 1°7))
= F(|+)+E" 5 =il(1 = p)| =)+ +he.)
— 4 [l - ) e ] 4 (15)
where the last equality follows from Proposition 21. With
(7] [0 = P+ he] = i1 —p)=], (716)
we find
(J15) = 4(1 — p)>" =4 — 8np + O(p?) . (J17)
Therefore, for bit-flip i.i.d. noise, we have
AFgp, ¢[bit-flip] = 8np + O(p?) , (J18)

meaning that the quantum Fisher information loss is linear in p despite the high metrological distance
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.

Note that, in the case of i.i.d. bit-flip noise, our uncertainty relation equality conditions are not
satisfied, since the rank of pp changes locally as a function of time. I.e., we should not expect
our uncertainty relation to hold with equality. This fact does not impact our calculation of the
quantum Fisher information loss (J18), since we determined this value by direct computation on
Bob’s side. However, based on this example, we are tempted to hypothesize that settings in which a
high metrological distance does not inhibit a high accuracy loss under weak i.i.d. noise coincide with
the settings in which our uncertainty relation does not hold with equality. In the remainder of this
appendix, we provide additional indications in favor of this hypothesis.

2. Discontinuities of the quantum Fisher and uncertainty relation equality conditions

We briefly return to study the behavior of the quantum Fisher information in a simple example in
which our uncertainty relation equality conditions are not satisfied. In such cases, the state on Bob’s
side changes rank, and it is known that the quantum Fisher information can be discontinuous [33,
34, 103].

The definition of the quantum Fisher information that we use [Eq. (9)], which can differ from
the expression stemming from the second-order expansion of the Bures metric [33, 34, 103], directly
expresses the accuracy to which one can sense an unknown parameter via an observable that reveals
the true value of the parameter locally in expectation value (see Proposition 28 in Appendix D).

It is a fundamental principle in quantum information that a quantity that is measurable in a
physical setting should be robust to infinitesimal perturbations of the quantum state. Yet, how
is possible that the quantum Fisher information is discontinuous, if it directly corresponds to the
physically operational sensitivity to which one can estimate an unknown parameter locally? We
attribute this discontinuity to the assumption, in Proposition 28 in Appendix D, that the sensing
observable reveals the true parameter value in expectation value. An expectation value needs to be
estimated using multiple rounds of measurements, and depending on the outcome distribution of the
observable, an arbitrary large number of measurements might be required to accurately estimate its
expectation value. In the following example, we study how the optimal sensing observable diverges
close to discontinuity points of the quantum Fisher information; namely, the discontinuity can be
associated with diverging eigenvalues of the observable associated with eigenstates that are outside
the support of the state at the discontinuity point.

Overall, this example indicates that the operational relevance of the quantum Fisher information
might break down in certain regimes where it is not possible to accurately estimate the expectation
value of the optimal sensing observable.

The following example is based on Refs. [33, 34, 103]. Consider the example of §IV B: A qubit
state evolving along the equator of the Bloch sphere is collapsed by the noise channel along the X
axis of the Bloch sphere. Bob’s quantum Fisher information is constant and equal to w? almost all
the time, except when the state is exactly a +X eigenstate, in which case Bob’s quantum Fisher
information is equal to zero. The state on Bob’s end is given by Eq. (87) as

wt, Lo /wit
pp=pel )+ Fpo Nl pe=eos?((5Y) . po=si?(5R). (1)

When Bob’s quantum Fisher information Fgop, + is nonzero, there is always an observable O whose
expectation value reveals the true parameter value locally, i.e. (O)t,4dt) = to + dt + O(dt?), and
whose variance is (0?) — (O)? = 1/w? (cf. Appendix D). The optimal sensing observable is given by
the suitably normalized symmetric logarithmic derivative (Proposition 28) and can be computed,
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when wtq is not a multiple of 7, to be:

_ i -1 _ i L / /
O-tal= R 0n) = oz 30 L kO KK

2 2

= m(ﬂ(@P)\HHXH + m<—|(atp)|—>|—><—|

(e (4] o )

Il

\

\
=+
=

where we used that (9ip) = —(w/2)sin(wty) X [cf. Eq. (89)], and therefore that (+|(d:p)|£) =
F(w/2) sin(wty) = Fw sin(wtp/2) cos(wty/2).
As a sanity check, we can verify that O satisfies

(O) p(totdry = to + dt + O(dt?) , (J21)
as well as
1
06 =(0%)p, = (0), = =5 - (J22)

As the state gets closer to a discontinuity (for instance at ¢y = 0), this optimal sensing observable
has one eigenvalue that diverges (for to = 0, this eigenvalue is associated with the eigenvector |—)).
At the discontinuous point, the derivative is zero locally, so no observable will ever be able to correctly
reveal the true value of the parameter to first order locally. The state doesn’t change to first order in
t at alll We can attribute the discontinuity to the fact that an optimal sensing observable for one
state might turn out to no longer be an acceptable sensing observable for a neighboring point. In
other words, while the variance of an observable is continuous both as a function of the state and
of the observable, the optimal variance in the local sensing scenario is discontinuous because the
conditions of the optimization (D1) are discontinuous.

At the discontinuity tg = 0, the derivative 0yp vanishes locally, and it is impossible to find an
observable O such that (O),+at) = to + dt + O(dt?). By convention we set the corresponding
quantum Fisher information to be zero; first, it’s convenient because we don’t have to modify the
definition of the quantum Fisher information, and second, it expresses the fact that we cannot
have any sensitivity locally to first order in the parameter by measuring the expectation value of
an observable. If the quantum Fisher information is defined starting from the Bures distance, a
mismatch will be observed; this mismatch could be interpreted as a failure of the Cramér-Rao bound.

Operationally, even for ¢y not at one of the discontinuities, the use of the expectation value as the
way of reading out the parameter in the estimation process might be problematic. Estimating the
expectation value of O to good accuracy, for tg = 0, requires that we observe sufficiently many times
the |—) outcome, even though the latter only appears with the vanishing probability sin®(w(to +dt)/2).
If we do not repeat the measurement on enough copies, we would only empirically observe |+) events
and we would erroneously estimate the expectation value of O to be equal to — [tan(wto/2)] /w, and
that its variance is zero. Not only this result would be wrong as it doesn’t depend on the actual
value dt that we wanted to measure, but the variance is certainly incorrect since the optimal variance
when an infinite number of measurements is available is 1/w?. There might be opportunities for
defining and investigating refined measures of sensitivity that can account for the finite amount of
measurement outcomes that can be collected in the estimation process.

The above example illustrates that the quantum Fisher information can be problematic to interpret
in certain regimes close to points where the rank of the state can change. This type of regime can
occur for metrological codes, if the noise happens to fix the state vector |¢) while not fixing other
states that are infinitesimally close to |¢)), resulting in a rank change for Bob and Eve’s states. We
observe that in the context of metrological codes exposed to weak i.i.d. noise, the quantum Fisher
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information is not actually discontinuous as a function of the noise parameter; rather, it is the
order in p of the Fisher information loss that can behave unexpectedly. That the quantum Fisher
information loss must be suppressed at least to the order O(p) follows from our continuity bound
Proposition 27, noting that the weak i.i.d. noise channel is O(p)-close to the identity channel.

3. Suppression of quantum Fisher information loss in a restricted setting

Here we show that, when considering a metrological code exposed to weak i.i.d. noise in a restricted
setting with additional assumptions, the quantum Fisher information loss AFpop, ¢ is suppressed to
the expected order O(p®=/ 2), where d,, is the metrological distance of the metrological code.

Proposition 38. Let 1), |£) define a metrological code of metrological distance d,,. Let N7 be a
single-site noise operator with a Kraus representation {E§’“)},§;1 that is such that ||E£k/)|\oo =0(yp)
for k' # 1. Furthermore, if  denotes a string of Kraus operator labels with z; € {1,..., K}, and if
E, = (®1, E:fxi)), we assume that the states { Ez|¢)}_ are all nonzero and orthogonal, and that
|Eel)ll > Qp'*!/?). Then AFgob,e = O(p*/?).

This result follows fairly straightforwardly from Eq. (128) in § VE.
Proof. Using the notation in Eq. (128), with ¢ = p, we have that AFpe,; = O(p™) with
m = I:;[:limlll{qu’ml - min(rm, rmf)} , (J23)
where 75 and ¢, are defined via

(V| ELEL|v) = Q(p™=) tr{ BT, B, (1)) + [¥)E]) } = O(pt==') (J24)

setting by convention ¢, = oo whenever we have tr{EL,Em(|£>(1/J| + [¥)¢€])} = 0. From our
assumption that E|¢) # 0, we see that r, is always finite.

We now consider different cases for @, x’. Suppose first that |z| + |x’| < d,,,. Then, since |[¢), |£)
form a metrological code of metrological distance d,,, we have gy o+ = 0o. Now suppose instead that
|z| + |2'| > d;,, implying that either |@| > d,,/2 or |&'| > d;n, /2. Then, since | Ez|v)|| = Q(p/®1/2),
we find

(W ELEx V) = | Balt)|* = Q(p'*) , (J25)
so we can pick r, = |x|. Since Egii) = O(/p) for each z; # 0, we have

tr{ L, Ex (JE)X0| + [0)E]) } = (€| BL By |¥) + (| EL By )
= (VD)= =l 0(1) = O(ple'I+1=D/2) (726)

so we can pick ¢z o = (|2’ + |2[)/2. Then
2Qe o — Min{rg, ey} = || + || — min{|z|, |2'|} = max{|z|,|z'|} > dn/2 . (J27)
In all cases, we have 2¢g v — min{ry, 75 } > dy,/2 and thus
AFpon,e < O(p™/?) (728)

as claimed. n
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There are two strong assumptions made in the above proposition. First, we assume that the Kraus
operator representation satisfies tr{El,Em )} X Og 2, Or equivalently, that pg is diagonal; such a
representation always exists but might be difficult to find. Second, the state on Eve must not be
rank-deficient, or equivalently, there is no Kraus operator F, that has zero probability of occurring
when the channel is applied onto the state 1. It is not immediately clear to us how to generalize the
above proposition to weaken either of these assumptions.
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