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Abstract

We prove approximate Lipschitz stability for monochromatic phaseless inverse scattering with background in-
formation in dimension d > 2. Moreover, these stability estimates are given in terms of non-overdetermined and
incomplete data. Related results for reconstruction from phaseless Fourier transforms are also given. Prototypes of
these estimates for the phased case were given in Novikov (2013 J. Inverse Ill-Posed Problems, 21, 813-823).
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1 Introduction
In this work we continue studies on phaseless inverse scattering for the stationary Schrodinger equation:

—AY+ V(@)W =FEy, zeR? d>2 FE>0, (1.1)

where
V € L>=(R%), and is compactly supported. (1.2)

For equation (|1.1)), under conditions ([1.2)), we consider the scattering solutions ¥+ = ¢ (z,k), k € R?, k2 = E,
such that

VF(z, k) = e 4 % (z, k); (1.3)
\x|(d_1)/2 (afﬂ _ Z|k’|> wsc(%k/‘) 0 as \cc| — 400, (1.4)

uniformly in z/|z|. In particular, we have that

cilkll=] z 1
SC — S
(2, k) = |z (@172 c(d, [k|) f (kv || |x|> +0 <|x|(d+1)/2) as |z| = +oo, (1.5)
c(d, |k]) == —mi(=2mi)4=D2|R|[d=3)/2  for \/—2mi = \/2me 1™/, (1.6)

The coefficient f = f[V] arising in (1.5)) is known as the scattering amplitude for equation (1.1)). In turn, |f|? is known
as the differential scattering cross section for equation (1.1)).
Note that f is defined on
d— d—
Mp={kleR": k?=1"=E}=8"2 xS (1.7)

We recall that in quantum mechanics complex values of 1 and f have no direct physical sense, whereas [¢)|? and
|f|? admit probabilistic intepritations and can be measured (Born principle going back to [5]). In particular, |f(k,1)|?
describes the probability density of scattering of the quantum mechanical particle with initial impulse k into direction
N # k/|k|.

We consider the following monochromatic phaseless inverse scattering problem for equation (|1.1)) under assumptions

[2):

Problem 1. (A) Reconstruct a compactly supported potential v from the differential scattering cross section | f[v+w)
given on some appropriate M’ C Mg for some known compactly supported background potential w sufficiently
separated from v.
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(B) Reconstruct a compactly supported potential v from the differential scattering cross sections |f[v]|?, | f[v + w1]|?,
ey | Flo+w,]|? given on some appropriate M' C Mg for some known compactly supported background potentials

w1, ..., Wy, Sufficiently separated from v.

Actually, in Problem we consinder the Schrédinger equation with V = v + w, while in Problem [l B)| we
consider n + 1 Schrédinger equations forV=v+w;,j=1,..,n,and V =v.

Approximate reconstruction for Problem En dimension d > 2 was developed in [20], [9].

Approximate reconstruction for Problem [I{B)| in dimension d > 2 was developed, in particular, in [1}, [2], [9],
[18, 19], [20].

We also consider Problems in the Born approximation, when the phaseless scattering data are reduced
to the phaseless Fourier transforms. In this respect, we continue, in particular, studies of [20, [I].

In the present work, we give the first approximate stability results for Problem and Problem forn = 1.
Related results for reconstruction from phaseless Fourier transforms are also given. Prototypes of these estimates for
the phased case were given in [16].

In addition to Problem there are also other phaseless inverse problems for equation and for related equations;
see, for example, [3], [@, [7], [8], [I0], [11], [12], [13], [14], [5], [21], [22], [23], [24], and references therein.

In particular, in connection with phaseless inverse scattering with background information for equation at
positive energies E for d = 1, we refer to [3] and references therein.

The main results of the present work are formulated in Section [2} see Theorems and Propositions [2.5( and
Preliminary results required for the proof of these theorems are given in Section Theorems and are
proved in Section [dl Propositions [2.5 and [2.6] are proved in Section

2 Main results

We assumne that:

vi, va € L®(RY), d>2, (2.1a)
supp vy, suppvs C D, suppw C €, (2.1b)
D, Q are open convex bounded domains, D N Q) = &. (2.1c)
We also assume that:
v) — vy € W™L(RY) for some m > d, (2.2)

||ijOO < N17 .] = 1727 ||U1 _’UQ”WLJ < N?a

where

WL R = {u:07u € L}R?), |J| < m},

2.4
ol = e 19712 . 24
ulloe = llull Lo ra)- (2.5)
Finally, we assume that:
[wlleo < N1, @(p) > er(L+1]p)) ™%, peRY (2:6)
for some ¢; > 0 and 8 > d. Here w is Fourier transform of w, defined by
~ 1 ;
u(p) = Fu(p) = 7d/ P u(x)dx. (2.7)
(271') Rd
For examples of w satisfying (2.6)), see [2], [25].
In addition to Mg defined by (1.7, we also consider its subsets I'l, C Mg, for 7 € (0, 1):
m={k="kp@p),l=1(p) :p€ B, 5} 2.8)

ke(p) =p/2+ (E —p*/4)?3(p), le(p) = —p/2+ (E — p*/4)"*y(p),
where +y is a piecewise continuous vector—function on R¢ d > 2, such that

()| =1,~(p)p =0, p e R". (2.9)

Let C(Mg) denote continuous functions on Mg, and C(I'},) denotes their restrictions on I'%,.



Theorem 2.1. Let functions v, vy satisfy assumptions (2.1)—(2.6), and dist(D,Q) > diam D. Then, for any € €
(0,1/2),

lvr = val| Lo by < CLEZ % f[or + w]|? — | f[vz + w]|? ||c rf) + CpE~ (375 (2.10)
for E > E; = E{(D,N1,Q,B,¢1,7,¢), where T € (0,1), Ey is defined in C’l = 2K2K3, Cy = 2K, and constants
K, = Kl(d m)Na, Ko = ¢] 1K2( ,B,¢), K3 = K3(d, 8) are defined in ,

Theorem 2.2. Let functions v, vy satisfy assumptions .7. Then, for any € € (0,1/2),

lor = vall 2 (py < CLE> 2| (| flor + w]|? = [ flv2 + w]|?) = (If[va] | — \f[v2]|2)\|0(rf) +CE~GTOE (211)
for E > E5 = E5(D, N1, Q, ﬂ,cl,r e), where 7 € (0,1), Es is defined in C’l =2K5K3, Cy = 2K, and constants
K, = Kl(d m)Na, Ko = ¢ Kg( ,B,¢), K3 = (d, 8,a) are defined in ,

Theorems [2.1] and [2.2] are proved in Section [4]
One can see that Theorem [2.1] is a stability result to Problem [[[A)] while Theorem is a stability result to

Problem for n = 1.
Remark 2.3. For the phased case, the prototype of (2.10), (2.11) is as follows:

m—d
lor — vall oo (py < ALEF||f1 — follory) + A2 B~ 5T, (2.12)

where TV E = 7(E)WE = EYC) A) = A (N1, D), Ay = Ay(Ny, Nao, D, m); see [16].

Following [16], we say that (2.10)), (2.11)), (2.12) are approximate Lipschitz stability esimates.

One can see that the right hand sides of (2.10), (2.11]), ([2.12) are sums of two terms. The first one is Lipschitz
term with respect to data difference, and the second one is approximate but decaying for high energies. In addition,
its decay is very fast for large m, that is for smooth vy — vs.

Remark 2.4. The second (approzimate) terms in estimates (2.10), (2.11) are similar to the error estimates in formula
(3.12) in [9] for iterative reconstructions u’,, when j — oo.

Note that in formulas 7 - ) the norm of difference is taken on I'y,, where 7 could be very small. In fact, 7
can even decrease as E — —|—oo but not very fast, that is 7(E)E'/2 > E7, for v = (7 e) Trd Therefore, Theorems
23] 22] can be considered as stability results for non-overdetermined and non-complete data.

We recall that, for the case of Born approximation for small V| scattering amplitude reduces to the Fourier transform:

VIR D) =~ V(k=1), (k1) € Mg. (2.13)
Therefore, Fourier analogs of Theorems 2.1} 2:2] can be summarized as the following result:

Proposition 2.5. Let functions vy, vy, w satisfy assumptions (2.1)—(2.6), and dist(D, Q) > diam D. Then, for any
e €(0,1/2),

[ — v2ll Loy < CLE> #|||F(v1 + w)[* — | F(vz + ) loes,, z) + CoE (G- 57, (2.14)
for E > Es = E3(D,N1,Q, 8,c1,7,€). In addition, if the condition on supports is relaxed to dist(D, Q) > 0, then
m—d
||’01 — U2||L00(D) < ClE%7€||(|.F(U1 + w)|2 — |.7'-(U2 + w)|2) — (‘./_'.1)1|2 — |.F’U2|2)||C(BQ1_\/E) + CQE_(%_E)W (215)

for E> Ey = E4(D Nl,Q B,c1,7,€). Here C1, Cy are the same as in , , and Es3, E4 are defined in (5.3)).

The estimates , l j follow from - up to values of F3 and Ejy.
Note that estlmates (2.14]), - ) have con81derable similarity with some of results of [9] and, in particular, with
estimate (1.11). These results of [9) can be specified also as the following approximate Lipschitz stability estimates:

Proposition 2.6. Let functions vy, ve, w satisfy assumptions (2.1)~(2.6), and dist(D, Q) > diam D. Then

fid
o1 — val| oo (py < CLTPHETE | Fog + w)|? — | F(vz + w)Plles,, ) + Cart (2.16)
or IE > Es. In addition, if the condition on supports is relaxed to dist(D, > 0, then
for E > Es. In addition, if the conditi is relaged to dist(D, Q) > 0, th
m—d
lor = val| e (p) < CrrP MBS |[(IF (01 + w) [ — | F vz + w)[?) — (|Forf? — \Foal*)les,, z + Cor " PETT
(2.17)
for E > Es5, where E5 = ( ) is defined in C’l d, 3, ¢1) is defined in ), Co = Ca(d,m, N1, Ny, D, ), B, ¢1)

is defined by (5.9 . ) for (2.16] , and by (5.11] - for

Propositions [2.5| and |2.6| - are proved in Section [5| l These proofs are based on the explicit reconstruction formulas
of [20]. The proof of Proposition follows the scheme of proofs of Theorems The proof of Proposition
is more straightforward. This straightforward scheme can be also used for the case of Proposition [2.5] This approach
leads to somewhat different constants Ci, Cs, E4, E5 in formulas (2.14]), (2.15]).



3 Preliminaries

3.1 Direct scattering

Starting from v, in order to find 1)+ and f, one can use, in particular, the Lippmann-Schwinger integral equation

Utk = e [ G =g V) (. . (3.1)
B 1 e d¢
Gl k) = - (2m) /]R €2 — k2 —i0’ (3.2)
and the relation
1 —ily
AVID = g [ eV )" 0. k)i, (33)

where z, k, 1 € R?, k? = 2 = E; see, for example, [6].
To deal with equation (3.1]) and formula (3.3]), it is convenient to use the following Agmon estimate:

IA=GF (k)M || Loy Lorey < aold, )K", [k = 00, s> 1/2, (3.4)

where A is the multiplication operator by the function (1 + |z|?)*/2, G* (k) denotes integral operator with Schwartz
kernel G*(x — y, k).

In particular, it follows from that is uniquely solvable in L>®(R?) for fixed k, for |k| = EY? >
p1(d,5, IV l,e), where

p1(d, s, N) = max(2ag(d, s/2)N, 1), (3.5)
and the following estimate holds:
IA*72% (2, k) = A7 2™ 2 may < bi(d, )|V loo,s kI (3.6)
for [k| > p1(d, s, ||V]|eo.s), k € RY. Here
lulloo,s = ess sup (1 + |z])*|u(z)], s > 0. (3.7)
zeRY

‘We also have that

~

fIVI(R 1) = VI(k = 1) + 8 f[V](K, D),

’ (3.8)
6F VIR, D] < ba(d, 8)(|V ]| oo,s) B2,
for k,1 € R, |k| = |I| > p1(d, s, |V ]co.s)-
In connection with (3.4)), (3.6), (3.8), see [17].
3.2 Estimates for direct scattering
We consider scattering potentials V; of the form
Vi=vi+w, j=1,2 (3.9)
where v1, vg, w satisfy the assumptions of Section 2] Note that the following properties hold:
Villoo = llv; + wlloo < N1, [[Va = Villoo = [lv2 — viloo, (3.10)
suppV; € (DUQ),  supp(Vi —V2) € D, '
for j =1,2; see (2.1)-(2.6)). Note also that:
|Va — V4| = |vg — v1| are bounded on D,
. (3.11)
Vo=Vi=w on R\ D.
We also consider
fi= f[‘/]} :f[vj+w]a Jj=12 (3.12)



In view of , , 7 , , we have that
fi (k1) = V3] (ks 1) = Vi (k = ) + £ (k. ),
0f;| <a(DUQINEE™Y2, j=1,2,
for (k,1) € Mg, E > (p1(d, s, \s(D UQ)Ny))?, where p; is defined in (3.5), a1 (D UQ) = by(d, s)A\2(DUQ), s > d, and
As(U) == (14 I;leazf{{|x|)s (3.14)

(3.13)

We also have the following Lemma (see [16]):
Lemma 3.1. Let v;, V;, and f; = f[V;], j =1,2, be as in (2.1)), (3.9), (3.12). Then the following estimate holds:
fa(k, 1) — fi(k, 1) =0a(k = 1) —01(k = 1) + A(k, 1),

|A(k, )| < as(DUQ)N; vz — v1 || B2,

for k, 1 € R4 VE = k| = |I| > p1(d, s, \s(DUQ)N1) and some positive az(D U Q). Here Ny, D, Q are as in (3.10),
B11).

Let u(U) be Lebesgue measure of a domain ¢/ C R,
We also have the following Lemma, which will be used in Section [

Lemma 3.2. Let V; = v; +w, j = 1,2, be as in Lemma[3.1, Then
|| £ o2 +w](k, D) = [ flor + w](k, D) + [(@1 + @) (k = 1)]* = [(@2 + @) (k = D] <

(3.15)

<2 ((QW)_d(al,u(D) + azp(D U Q)) + CL1G2N1E_1/2) NYE™2||vy = v1]| oo, (316)
(k,1) e Mg, EY?>pi(d,s,\s(DUQ)N), (3.17)
and
[0z + @ = [or + @] (p) < 2(27) 2 (D UQ)u(D)N1|jva = vi]lo,  Vp € R, (3.18)
|[02 + @* = [or + @[ (p) < 2(27) " u(DUQ)N[G2 —T1[(p), Vp € RY, (3.19)
|02 + @|* =[] — [B1 + @ + [01*| (p) < 2(27) > u(D)p(Q)N1[Jvz = v1le,  Vp € R, (3.20)
|[2 + @[* — 02 — [01 + @ + [31]?] (p) < 2(27) " u(Q)N1[2 — 1| (p), Vp € RY, (3:21)

where ay, az are as in (3.13)), (3.15), D, Q, N1 are as in (3.10), p1 is as in (3.5), As is as in (3.14), s > d.
This Lemma is a variation of Lemma 3.6 in [9].
Proof of Lemma[3.3 Note that, for z1, 22 € C,

|,22|2 - |zl|2 =Zo(20 — 21) + 21(22 — 21)- (3.22)
Using for f; in place of z;, and , , we obtain
o2 = AP =Talfe = 1) + AT = T0) = (Vo + 8F2) (Vo — i+ A) + (T +82) (Vo — Vi + A) =
= Va2 = [VA]> + 6 £1(Va — Vi) + 0 /2 (Va — Vi) + 6128 + 6 fa A + Vi A + THA.
From (3.23), using (3.10), (3.13), (3:15), (3.11)), we conclude
[1fol? = 11 = (Va* = [Vi*)| < 20 NFE™2|Vy = Vi| + (VA + Ve )as N1 [[Ve = Vil B2+
201 N2E~ Y20, N, |V — Vol E-Y2 < 2 ((27r)_d (a11(D) + asu(D U Q)) + a1a2N1E—1/2) N2E=12||Vy — Vi ||o.

(3.24)
Formula (3.16|) follows from (3.9)), (3.24]).
Using (2.1), (2.7), (3.11), (3.22), we obtain
02+ B — o1 + | = |+ D)@~ 01) + (01 + @) 5 — )| < 5
< 2(21) 74 p(D U Q)N |0y — 01| (p) < 2(27) 2 (D U Q)N (D) ||vz — v1 | oo-
Analogously to (3.25), we obtain
52 + B2 = Bl = 61 + B2 + 0] < [@ + @)@ + 52 — (o1 + @)D — 01| <
(3.26)

< [@ =008 + (B — 58] < 202m) “u(Q N[> ~ 1] < 2(2m) > u(D)u(Q) N e — v
Thus, (3.18)—(3.21) are also proved.



3.3 Phase retrieval formulas of [20]
Let v = v1 and w be as in . Then

o(p) = (@(p)) ' F (xp-a - (F(|[Fo+w)* = |F@)*) =W)), peR,
and if dist(D, Q) > diam D, then
o(p) = (@(P)) ' F (xp-a - (F'(|Fo+w)?)-W)), peR?

where

W(zx) := (277)"1/ w(z + y)w(y)dy.

Rd

Formulas (3.27)), (3.28)) were given in Section 3 of [20].
In formulas (3.27)), (3.28), D — €2 is defined by
D-Q={z—y, zeD, yecQ}cR?

and xp_gq is a function such that

xp-o(z) =1, z€D-Q,

Xp-a(x) =0, dist(z,D —Q) > ¢,
xp—a(z) €[0,1], 0<dist(z,D—Q) <e¢,
xp—a(z) € C®(RY),

for some

e (0,dist(D — Q, Baiam p)), for Theorem ,
(0,dist(D — Q,Q — D)),  for Theorem [2.2

In particular, we have that

Ro-alp)] < ¢ @)y epe

L+ 1pl)7’

for any o > 0, and some C(0) = C(xp—q,0) > 0; see formula (82) of [20].

4 Proof of Theorems [2.1] and 2.2
4.1 Proof of Theorem [2.1]

We start with the following inequalities:
o=l < | [ P @100) ~ 5oy < 1) + 1)
R

I(s) = /| )~ Talplldn, () = / 151(p) — D2(0)dp,

lp|<w

where z € D, k € (0,7VE), 7 € (0,1). Here and below 7 is the parameter of Theorem
Estimating I is as in [16]. Due to (2.2)), (2.3), we have that

[01(p) — V2(p)| < az(m, d)N2(1+ [p])~™,
and, therefore,

(d)a3(m7d)N2 1

c
hir) < m—d gm—d’

where c(d) = |SY.

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)



Estimating I is as follows. Due to (3.28)), we have that

01(p) = 02(p)l = [(@(P) ™' F (xp-a(z) - FH(IF(v1 + w)* = |F vz +w)*)) | <
<1@P) M (Fxp-al * [|F (w1 +w)[* = [F(v2 +w)?])

where * denotes the convolution
nen(e)i= [ -y
Rd

for test-functions vy, vs. In (4.5)) we also used the following property of the Fourier transform:

F(p1p2) = (Fepr) * (Fpa),

for test-functions 1, @s.

Using formulas (2.6)), (3.33), (4.5), we obtain that:

(k) < / - e (14 [pD)? (1FxD-al * |F(vr +w)[* = |F(vz2 + w)P|) dp < e C(0) (I3, 8) + Lu(x,0));

L8 = [ bl [ ) R——
Ip|<k |p’|§§\/E+fi (1 + ‘p -Pp |)a

g(p/) /

I4n,5:/ 1+pﬁdp/ = dp/,
R S S e

where
9" = IF (o1 +w) (@) = |F (v2 +w) ()],
and §V'E € (k,27VE — k).
Applying formula (3.16) for |p'| < By, /7, ,, and formula (3.18) for [p'| > B; 7, ., we obtain that
Gy, for |p/| < SEY? + k,
g(p/) < ' | /| 1/2
Go, for|p/| > 6EY? + &,

where

(4.10)

(4.11)

(4.12)

Gy = ||[ffor +w]” — [ f[v2 +w]*[lc +2 ((QW)‘d(alu(D) +aou(DUQ)) + ala2N1E_1/2) NEE™Y2 (1 — valo

Gy :=2(21) "2 (D) (D U Q)N ||lv1 — v2]|oo-

(4.13)
(4.14)

-1/
Here and further || - ||¢ denotes the uniform norm for functions on C’(Fg‘mE ' 2)/2)7 and || - || is defined by (2.5)).

Estimating I3 and I4. To estimate I5 defined by (4.9)), we use that
I3 < G1(Ar + Ag),

where

Av= [ @l | i
1:= Y4 —_—
lpl<r p—pi<n L+ 10 =p'))7

A= [ @)y v
2 1= -_
Ipl<x p—p' |2k, | <sEV2 4k (L+ [P —D'])7

Note that in ([#.16) the condition |p'| < §E'/? + & is fulfilled automatically, due to the choice of x and 4.
We have that

/ a-1
/ L,S/ Mzc(d)B(d,a—d),
p—p|<x (L4 |p=P[)7 o<r<co (1+7)7

where c(d) = |S?|, B is the beta-function.

(4.15)

(4.16)

(4.17)

(4.18)



Therefore,

_ d)r¢=tdr _ c*(d)B(d,o — d)
A §/ e(d)r® Y1 +r)Bdr / of < ! 14 k)BF, 4.19
! 0<r1<k ( ) ! ( 1) ! 0<r<oco (1 + T)U B + d ( ) ( )

In addition, for arbitrary « > 0, such that 0 —d — a > 1, we have that,

dp’
P RO
el TS T =P
dp’
< 1+|p de/ - <
/,m( e | TR T = P
dp’
- 1 Bd / N
T+ r)ra a/m( T AT g S (4.20)

1
)

1 / c(d)rd=tdr
< (1+1p ’de/ <
(1+r)7—d-= Ipl<w Pl re(0,00) (14 7)dte
1
)

= A(d)B(d,a) (1+ r)P*d
c(d)rd (1+ r)ﬁdr e(d)B(d,a) < 5td  (Qfnria

F
- (1+K30 4= a/0<r§rc

Therefore, we estimate A; + As of (4.15) as

A+ Ay < W (B(d,a —d)+ (lfgﬂa) . (4.21)

In order to estimate I defined by (4.10), we use (4.14) and obtain

dp’ c(d)ri=tdr
ISG/ (1+p)de/ 7_63/ (1+pl)5dp/ <
R Pl |z 24k (L4 |p—p'])° ? Jipl<n | re(0,00) (L+7)7

(4.22)
< G2/< (1+\p|)ﬁd c(d)B(d, o) <G2C (d) (d, @) (1_|_,€),3+d

(1 + 5E1/2)a—d—oz - ﬁ +d (1 + 6E1/2>U—d—a :

Final part of the proof. Let

-1
k=E", 72(;—6)@, O’=<;—6> B+d)(d+1), a=d, s=sd)=d+1/2, d=71. (4.23)

Then, for £ > 771/21—7, we have that & € (0,7VE) and $VE € (k,27VE — k).

Using formulas (4.1)), (4.4), (4.8)—(4.10), (4.13)), (4.14), (4.21)), (4.22), and (4.23)), we obtain that

o1 — valleo < Ky E-(32) 557 4

1 _ KsE>¢||lvy — v 0o (4.24)
S (K?,E% (I FTon + wll? ~ 1 Flon + 0]l + KaB 2y — uglc) + S22~ el )

(1 + TEI/Q)U—d—a
c(d)az(m, d)No

m—d

Kl = Kl(d,m,Ng) =
c2(d

. Ky = Ky(w,0) =c;'C(0), (4.25)

~—

K3 = Kg(d, ﬂ) S 2

(B <d7 0= d) + B(d, d)) ) (4.26)

B+d
Ky = Ki(D,Q,d, N}) < 2 <(27r)d(a1(d, DUQu(D) + as(DUQu(D UQ)) + 2210((62 f (;f)(‘;((g 5 g%) N2,

(4.27)
K5 := K5(D,Q, Ny,d, 3) = 2(2) 2 u(D)u(D U Q)le. (4.28)
Let
By = max(Eroot, 7 737, pi(d, 5, A (D UQ)N)), (4.20)
where E,,,; is the maximal root of equation for E
Ky K3 K E~° + KoKs B2 5(1 4 7EY?)-otdte — /9, (4.30)



p1 is defined in (3.5)), As is defined in (3.14]). Note that E,..¢ exists, since

1
5—5—(0—d—a)/2<0.

Therefore, for £ > E1,
KyK3KyE~° + Ko K5 B2 5(1 4 7EY?)~0td+e < 179,

In view of (4.32)), the coefficient with ||va — v1]|co in the right-hand side of (4.24)) is less than 1/2. Therefore,

m

—d 1_
R+ 2K K B2 0|l — [ A1l e

[va — o1 ]|eo < 2K, E~(37¢)

for £ Z El.

(4.31)

(4.32)

(4.33)

T+xETY/?
Note that 7V E > &, for E > F, see ([#.23)), (£.29). Therefore, F(E+ B2 ¢ 'y, and ||-|lc = ”'HC(F“*"E_UQ)/Z)) <
E

| - [l¢(ry,)- This completes the proof.

4.2 Proof of Theorem [2.2]

Proof of Theorem is similar to the Proof of Theorem up to the following changes:
e For estimate of I we use formula in place of .
e Formulas and are replaced by

(@)~ ([Fxp-al * (I(1F(v1 + w)[* = |F(vz + w)?) = (|For]* = |Foz*)[)) ,
) = |(IF (o1 + w)()? = [F(v2 +w)()?) = (For(p")]* = |Fo2(p")?)]-
e Taking into account , formulas , are replaced by
G1 = [|(Iffor +w]* = [ flvz +w]|?) = (|f[oa]]* = | Flo2] Pl o+
+4 ((27r)*d(a1,u(D) +au(DUQ)) + a1a2N1E71/2) NZ2E7Y2||vy — va)|oe,
Go = 2(2m) 2 (D) u(Q) N1 [|v1 — 2o

(4.34)

(4.35)

(4.36)

(4.37)

e In formula ([4.24)), the term ||| f[vy + w]|?> — |f[ve + w]|?||c should be replaced by ||(|f[vy + w]|? — | f[va + w]|?) —

(f[]l? = | Flv2] Pl
e In formula (4.27) constant K4 should be replaced by 2Kj.
e Due to (4.37)), in formula (4.28)) constant K5 should be replaced by

c2(d)B(d, d)
B+d

K5 = 2(2m) "2 u(D)u(@) Ny
o We define
By = max(Eroot, 7~ 727, p2(d, 5, \s(D UQ)NY)),
where F,..,; is the maximal root of equation for F
2K, K3 Ky B¢ + Ky Ks B 5(1 4+ §EY/2)~otdte = 1/9,
for Ko, K3, K4 defined by —, and K5 defined by .
e For F > F5 we have the following formula in place of
2Ky K3 K B¢ + Ko K5 EZ5(1 4+ 7EY?)-otdte < 179,

for Ko, K3, K4 defined by (4.25))-(4.27), and K5 defined by (4.38]).

(4.38)

(4.39)

(4.40)

(4.41)



5 Proof of Propositions and

5.1 Proof of Proposition
We repeat the proofs of Theorems up to the following changes:
e In formulas (4.13)), (4.36)), G1 should be replaced by

G1 = [[|IF (1 +w)l* = [F(o2 + ) Ples, g, ) (5.1)
G = | (1F (o1 +w)2 = |F (v + 0)[2) = (Foil? = [Fos ), p. oo (5.2)
respectively.
e Consequently, formula should be replaced by K4 = 0.
e We define F3, E4 as
Es = maX(ETOOt73,T_1/2%“f, 1), (5.3)
E, = max(EmotA,T_l/?%W, 1), '
where Eyoot,3, Eroot, 4, are the maximal roots of the equations for E :
K2K6E%’E(1 + TE1/2)70+d+oc =1/2, 5.4

KyK7E?~¢(1 4 rEY/?)~otdta — 1/9.
respectively; if there are no roots, we take Ero0; = 0, for j = 3 or 4. Here, K5 is as in (4.25), K¢ = K5 defined
in (4.28), and K7 = K5 defined in (4.38).
5.2 Proof of Proposition [2.6

We repeat the proof of Section till to formula (4.21), where we use change (5.1). We estimate I of (4.10) via
formula (3.19) and formula (4.3)) as follows:

—d ~ _ ~
I(k,6) S/ 1+ |p|)5dp/ 2(2m) ﬂ(DUQ)N1|/U2(P) vl(p”dp’ <
p|<k |p'|>6VE+k (1 + |p —D |)U
<20m - upuaN [ i)y [ T TLE
Ipl<k p|>6vE+r (L4 |p—p/ )7 (1 + [p/[)™ (55)
2(27m) (DU Q)N ,d)N: '
< 200 DU / (1+ Ipl)/’dp/ alm D% 4y <
(1+7VE)° Ip|<k w25vEs (1+ 7))
2(2m)~4u(D U Q)az(m, d) N1 Nac?(d) 1
- (1+7VE)*=8=4(3 + d) 1+ %T\/E)m*d(m — d)'
We fix our parameters as follows:
k= (1/2)EY? oc=f+d+1, a=d, 6=r. (5.6)
Using formulas (1), (€4), (8)-(E10), (E21), (-1), (-5) and (5:6), we obtain that
[[v1 — v2]|eo < ClTﬁerE% I|F(v1 + w)|2 — F(vy + w)lQHc(B%\/E) + CQTi(mid)Ei m;d, (5.7)
_ c2(d B(d,d
Cl = C’l(d,ﬁ,cl) S Cl 1C(ﬂ + d+ 1)5_(*_; <B(d,ﬂ + 1) + 23(—(1+i> B (58)
2m=dc(d)az(m,d) Ny 2(2m) e te(d)C(B 4 d+ 1)u(D U Q)N
C’2 = CQ(dvmavaN%DvaBvCl)g m—d 1+ 3m_d+1(,6+d) 9 (59)
for
E > Es:= Es(1) = 4/7°. (5.10)
Formula (2.16) is proved.

Note that, increasing FEs, we can down constant Cs.

In order to prove formula (2.17)), it is sufficient to replace (3.19) by (3.21) in (5.5)), and (5.1) by (5.2)) in (5.7). In
this case Cy should be defined as

02 = OQ(d,m,N17NQaQ7B7CI) S

9m=de(d)a(m, d)Ns (1 . 2(2m) "4t e(d)C(B 4 d + 1)u(Q)N1> _ (5.11)

m—d 3m—d+1(5 + d)
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