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PROPAGATION OF CHAOS FOR TOPOLOGICAL
INTERACTIONS BY A COUPLING TECHNIQUE

PIERRE DEGOND, MARIO PULVIRENTI, AND STEFANO ROSSI

ABSTRACT. We consider a system of particles which interact through a
jump process. The jump intensities are functions of the proximity rank of
the particles, a type of interaction referred to as topological in the litera-
ture. Such interactions have been shown relevant for the modelling of bird
flocks. We show that, in the large number of particles limit and under min-
imal smoothness assumptions on the data, the model converges to a kinetic
equation which was derived in earlier works both formally and rigorously
under more stringent regularity assumptions. The proof relies on the cou-
pling method which assigns to the particle and limiting processes a joint
process posed on the cartesian product of the two configuration spaces of
the former processes. By appropriate estimates in a suitable Wasserstein
metric, we show that the distance between the two processes tends to zero
as the number of particles tends to infinity, with an error typical of the law
of large numbers.

1. INTRODUCTION

Systems of self-propelled agents undergoing local interactions are ubiquitous
in nature, from migrating cells [16] to locust swarms [2] and fish schools [18].
They form intriguing patterns such as coherent motion, travelling bands, os-
cillations etc. encompassed in the generic term of collective dynamics (see a
review in [24]). Most models of collective dynamics are based on mean-field
interactions (such as the Cucker-Smale [12] or Vicsek [23] models) or binary
contact interactions [4]. However, a third type of interaction has been sug-
gested following observations of bird flocks [1, 9] and referred to as “topological
interaction”. In this kind of interaction, the strength of the interaction of an
agent with another one is a function of the proximity rank of the latter with
respect to the former. The seminal paper |1] has been followed by a number of
papers studying various aspects of this phenomenon see e.g. |7, 8, 15, 20, 21|.

Mathematically, flocking of systems of topologically interacting particles
have been investigated in [19, 22, 26]. In [17], in addition to studying flocking,
the author proposes kinetic and fluid models derived from mean-field topolog-
ical interactions. The present work is strongly aligned with |5, 6, 13| where
kinetic models are derived for topological interaction models based on jump
processes. More precisely, [13] proves propagation of chaos and provides a
rigorous proof of the model formally derived in [5]. The proof of [13] makes
the limiting assumption that the interaction strength is an analytic function
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of the normalized rank (a concept precisely defined below) and is based on the
BBGKY hierarchy. In the present work, we propose an alternative proof of
the result of |13] based on the coupling method. The advantage of the cou-
pling method over the BBGKY hierarchy is that it only requires the interaction
strength to be Lipschitz continuous, a much more general and natural assump-
tion than that of [13]. On the other hand, [6] formally derives a kinetic model
for a more singular interaction. The mathematical validity of this formal result
is still open. The literature on propagation of chaos and derivation of kinetic
models from particle ones is huge and it is difficult to provide a fair account
of all relevant contributions in a short introduction. We refer the interested
reader to the reviews [10, 11] which provide a fairly detailed description of the
subject.

The outline of this paper is as follows. In Section 2, we present the model
and provide a formal derivation of the macroscopic model. We then state the
theorem and comment it in view of the previous results. Section 3 is devoted
to the proof.

2. PRESENTATION OF THE MODEL AND MAIN RESULTS

We recall the model and notations introduced in |5, 13] and state our result.
We study a N-particle system in R?, d = 1,2,3... (orin T? the d-dimensional
torus). Each particle, say particle i, has a position x; and velocity v;. The
configuration of the system is denoted by

Zy =z}l = {(wi, v) 1y = (X, V).
Given the particle ¢, we order the remaining particles ji, jo, - - - jy_1 accord-
ing to their distance from 7, namely by the following relation
|Ii—l’jh|<|l’i—l’jh+l|, h:1,2N—1

The rank R(i, k) of particle & = jj, (with respect to i) is h. Note that, if
B,(x) denotes the closed ball of center x € R? and radius r > 0, we have

R(i, k) = Z X, e (n),
1<h<N
ha#i
where X4 is the characteristic function of the set A.

Given a non-increasing Lipschitz continuous function
1
K :[0,1] > R" s.t. J K(rydr =1,
0

we introduce the transition probabilities

N __ K(T(Zvj))
VT RGE) 21

where r(i, 7) is the normalized rank:

C_RGH) 1 2
T(Z’j)_N—le{N—l’N—l""}'

T
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Thanks to the normalization in (2.1), we have that 3, 7/, = 1. We can also

rewrite Wz]\g as

= aNK(r(z',j)), (2.2)

1
(8% =
IV =D = ek (V)
and ex (N) is the error given by the Riemann sums

J K(z dx—;l 5 K(NS—1>' (2.4)

We are now in position to introduce a stochastic process describing alignment
via a topological interaction. The particles go freely: x; +v;t. At some random
time dictated by a Poisson process of intensity N, choose a particle (say i) with
probability % and a partner particle, say j, with probability m; ;. Then perform
the transition

where

(2.3)

(vi, v3) = (v, 05).
After that the system goes freely with the new velocities and so on.

The process is described by the following Markov generator given, for any
P e CHR?*N), by

N
Ly®(Xy, Vy) Z (X, Vi) (2.5)

2 Z B(Xn, Vi (v3)) — ®(Xn, V)],

where VX{(UJ) = (Ul e Vi1, V5, V441 -+ - UN) if VN = (Ul o UVi—1,Vi, V41 - - - UN).

Note that 7TN depends not only on N but also on the whole spatial configu-
ration Xy. Therefore the law of the process W¥(t) = WN(Zy;t) is driven by
the following evolution equation

N

atwa(m _ JWN(t)Zvi V.0 (2.6)

i=1

f WHZviD Y 3 (80K Vi) - (X, Vi),

=1 <3<N
i#£]

for any test function ®.

We assume that the initial measure W (0) factorizes, namely WV (0) = f&V
where fj is the initial datum for the limiting kinetic equation we are going to
establish. Note also that W (Zy;t), for t > 0, is symmetric in the exchange
of particles.

The strong form of equation (2.6) is

(at + i v - vxi) WN(#) = —NWN () + LyWN (#)
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where

N
LyWN(Xy, Vit Z > JduwﬁjWN(XN,V}V”(u);t)a(vi—vj).
i=1 <\

2.1. Heuristic derivation. We now want to derive the kinetic equation we
expect to be valid in the limit N — oco. Setting ®(Zy) = ¢(z1) in (2.6), we

obtain
@Jle Jf1“ Vi — Jf1 ‘P"‘JWNZWU‘P 1, V5). (2.7)

Jj#1

Here f{ denotes the one-particle marginal of the measure W". We recall that
the s-particle marginals are defined by

s

Nz, - wa(Zs,zs+1 o)z e edey, s=1,2-N (2.8)

and are the distribution of the first s particles (or of any group of s tagged
particles).

In order to describe the system in terms of a single kinetic equation, we
expect that chaos propagates. Actually since W is initially factorizing, al-
though the dynamics creates correlations, we hope that, due to the weakness
of the interaction, factorization still holds approximately also at any positive
time ¢, namely

f;\[%fl .

In this case the law of large numbers does hold, that is
1
20— )~ S
J
for W~ almost all Zn = {z1 .-+ zn}. Then

N o~
Triv.j ~ N _ 1 ( _ 1 Z B|JL —z IL Ik))

1
~ o 1K(Mp<B|m_m<x1>>)
where
M(Bre) = | ol (2.9
Br(z)
and p(z) = {dvf{(x, v) is the spatial density. Motivated by this remark, from

now on We use the following notation
o 1
My (Bja,—a,)(2i) = 7(i, j) = mz B, (Th):
k

Here M stands for ‘mass’ and the notation introduced is justified by the law
of large numbers.
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In conclusion we expect that, by (2.7), in the limit N — oo, f — f and
N — f®2 where f solves

o to= [ fo-Vap— [ 1o+ | Fenf Gt ) K (MyBiy o @)

which is the weak form of the equation

(00 0+ 92) fa0t) = = Fw0,t) + ) [ K (My(Bam () £ 0.0)

(2.10)
We remark that existence and uniqueness of global solutions in L!(R??) for the
kinetic equation (2.10) can be proved by using a standard Banach fixed-point
argument.

Once known f, we can construct the one-particle nonlinear process given by
the generator

LD6(,v) = (v- Vs — 1)d(, v) + f F(y, w)b(z, w)K(Mp(B‘I,y‘(:E))) dy dw.

We also introduce the N-particle process given by N independent copies of the
above process. Its generator is

LY®(Zy) = Vi - Vx,, ®(Zy)

# 30| [ @00 Vi () K (MylBirmy(00) 009 s = (X, Vi) |
1 (2.11)

2.2. Motivations and main result. This work aims to prove propagation
of chaos for the N-particle process described by (2.5). Propagation of chaos
consists in preparing a system of N particles with initial configurations i.i.d
with a given law fy and show that, considering any group of fixed s particles
between the N ones, this independence (chaos) is also recovered for future
times for the fixed s-group when N — oo. This is expressed mathematically
by saying that the s-particle marginal f¥(¢) introduced in (2.8) approximates
f®5(t) for positive times, where f(t) is the solution with initial datum f, of
the limit equation (2.10).

As mentioned in the introduction, the propagation of chaos result for (2.5)
was already obtained in [13] using hierarchical techniques. Indeed, the BBGKY
hierarchies are a powerful approach but their structure is such that the equa-
tion for the s-marginal depends only on the (s + 1)-marginal. In this case the
non-binary nature of the topological interaction does not allow to derive this
hierarchical structure, unless the interaction function K is real analytic and
therefore expandable in series, which is exactly the assumption made in [13].

The reason for this work is to provide a different derivation of the limit
kinetic equation, using the classic probabilistic coupling technique. In general,
given two stochastic processes X and Y, a coupling is a realization of a new
process on a product probability space that has as marginal distributions those
of X and Y. This approach brings a more natural and general proof, avoiding
the analyticity assumption on K.
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Theorem 1. Let f € C([0,T]; L*(R?*?)) solution of the limit equation (2.10)
with initial datum fy € L*(R?*®). Assume that the interaction function K is

Lipschitz-continuous and consider the N -particle dynamics such that Wy (0) =
QN
0 .

If N denotes the s-marginal as defined in (2.8), for t € [0,T] and s €
{1,..., N}, it holds that

15 () = & Ol gy < s (2.12)

where Ck 1s a constant depending only on the Lipschitz constant of K.

The topological character of the interaction bring us naturally to work with
norms of strong type and in particular with the L;/Total variation distance
(see also [3] where a distance similar to the Total Variation has been used
to prove the validity of the mean-field limit for a deterministic Cucker-Smale
model with topological interactions introduced in [17]).

Indeed, given two measures p; and po, from (2.9) we have

| M, (Br()) = Mp, (B ()| < o1 = p2|zv

where, given (X,.A) a measurable space and two measures p and v over X,
the total variation distance is defined as

| = v|rv = sup |u(A) — v(A)].
AeA

In the present work, we use the equivalence between the L! distance and
the Total variation for regular measures and the characterization of the TV
distance given by the Wasserstein distance

”M - V”TV = inf d(l’, y) d’ﬂ'(l’, y)7
meC(pv) Jx x X

where C(u,v) is the set of all couplings, i.e. measures on the product space
with marginals respectively p and v in the first and second variables, and
d(a,b) =1 — 0,y is the discrete distance (see [25]).

3. PROOF OF THE RESULT

3.1. Coupling and strategy of the proof. We introduce, as a coupling
between (2.5) and (2.11), the process t — (Zy(t); ¥n(t)) on the product space
RN » R24N where Yy (t) = (Yn(t), Wn(t)). The generator of the new process
is

Qn = Qo+ @N;
where

QO(I)(ZN;EN) = (VN'VXN +WN'VYN)(I)(ZN;ZN) (31)
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is the free-stream operator, while

Qn®(Zn; En) ZZAM B(Xn, Vir(vy); Yo, W (w;)) = ©(Z; )]
1=1j5#1
(3.2a)

+ D N (X)) = Ml [@(Xn, Vi (v7); En) — @(Zn; Sw)] (3.2b)

i=1j#i

+ZZ (i 3) = N [@(Zn: Y, WR () = @(Zwi EN)] (3:2¢)

+ Z fdu EN(W)[®(Zn; Yn, W(Z)( ) — ®(Zn; EnN)] (3.2d)

tends to penalize the discrepancies that can occur over time between Zy and
YN
Indeed, in (3.2a) the process jumps jointly on both variables with a rate
given by
i (Xn5yisy5) = m1n{7r (XN, 7 (i y)) ) (3.3)
where

7 (s 5) = I (M (B 0,1 (1)) ). (3.4)

In (3.2b) and (3.2¢) the jumps occur only for one of the pair, with a transition
probability given by the error between ); ; and # or 7#. Finally, in (3.2d),

EN(u) = JK(Mp(Byim(yi))) Fly.u)dy = 7 (i, y;)0(u — w))
i
is the last error due to the approximation of the limit kinetic equation by
the N-particle dynamics with transition probabilities given by 7 and will be
treated using the law of large numbers.

We remark that, since §{ K (z) dz = 1, formally we have’,

+00

JK p(Bla—y|(® )))p(y) dy =f0 drK (Mp(Br(:c))f ply) dH" " (dy)

lz—y|=r
_ L ” ArE (M,(B,(2) < [M, (B, (x))] = f K(2)de =

From this fact, it follows that Q) is a coupling of the two previously described
processes, i.e. we recover, considering test functions depending only Zy and
Y.y respectively, the two processes as the two marginals.

We want to prove that f and f{ (defined as in (2.8)) agree asymptotically
in the limit N — +o0. To do this we consider RN (t) = RN (Zy,Yn;t) the law
at time ¢ for the coupled process. As initial distribution at time 0 we assume

RN(0) = f&Y(Zn)0(Zn — En), (3.5)

1n general, the formula is true for p € L'(R%) and it is a consequence of the coarea
formula (see [14, Thm 3.12, p. 140]).
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Let Dy(t) be the average fraction of particles having different positions or
velocities, i.e. using the symmetry of the law,

N

Di(t) = deN(t)% S d(z,00) = JdRN(t)d(zl, o), (3.6)

i=1
where z; = (z;,v;), 0; = (yi, w;) and d(a,b) = 1 — d, is the discrete distance.

The aim is to show that Dy(t) — 0. This means the following: initially
the coupled system has all the pairs of particles overlapping. The dynamics
creates discrepancies and the average number of separated pairs is exactly Dy
which is also the Total Variation distance (L!(x,v) in our case) between fi¥
and f.

Notice that the convergence of the s-marginals fV towards f® claimed in
(2.12) is easily recovered by the fact that

20 = 1 (0) v < | (2,2 dRY (Zy. Eyit)
< Zfd(zi,ai) ARN(Zy,Sn;t) = sDy(t)
i-1
where §(a,b) denotes the discrete distance on the space R?4 x R2%,

3.2. Convergence estimates. Let S be the semigroup defined by the free-
stream generator Qo in (3.1). To estimate Dy (t) we apply the Duhamel for-
mula in (3.6) and we get

| ar @) = [ar*©)a(5Y e1.0)
+ L Car deN(T) @Nd(SﬁT(zl,al)>, (3.7)

where Qy is defined in (3.2).
The first term in (3.7) is negligible: indeed, from (3.5), we have

JdRN(o)d(sgV(zl,al)) _ de?N(ZN)d(StN(zl,zl)) —0.

Concerning the second term in (3.7), we define
7= (z vt —7)0), 27 = (2 +vi(t— T), ;)
and Xy = (z, +vi(t —7),...,on5 +vn(t — 7)); similarly for &, %) and Yy.

By (3.2) we get
| 4 ) Gua (Y (e10)) = Au(r) + As(r) + Aulr),

where

) = 3 [aR s (R 1, 5 550) — a0

j#1
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is due to the term of the generator @N where the velocities of the particles
jump simultaneously;

= 3% AR ) () = A 1) — i)
# 2[R ) — M ) — dlzrson)]

is due to the terms of the generator where only one of the two coupled processes
jump and

Az(r) = J dRN(7) J du & (w)d(z1;51") — d(z1;61)]
is due to the remainder term. Here &N (u) is £ (u) evaluated along the moving

frame of the free transport.

Here, we have used that d(z1,0;) depends only on the configurations of the
first particle; hence, the only non-zero contribution in the sum over 7 is given
for v = 1.

Concerning A, (7), it follows from (2.3) and (2.4) that
Lip(K)
N-—-1

lex (N)] <

and that, for N > 2Lip(K) + 1,

Lip(K
4e e

N-—-1"
using the inequality 1/(1 — z) < 4e” for x € (0,1/2). Therefore, from (3.3) we
get

ay <

N-—-1
By the symmetry of R and denoting C = 8y/e Lip(K),

) < gty 5 [ RO 0) + o] < CxDatr), 39

since d(zY); 7} < d(z;,0j)+d(21;01). Indeed the right-hand side is vanishing
iff 21 = 01 and z; = o; and, in this case, also the left-hand side is clearly
vanishing.

We now give a bound on Ay(7). Since Ay is the minimum between 77, and

T i, We have

)| < ¥, [ ARl (Xo) = ot 31,351 3.9)

J#1
From (2.2) and (3.4),

|7T{\,[j(XN) Ty ](yla%)| anLip(K )|MXN (Bf]‘) - Mp(Bij)L
where we are using the shorthand notation
Bij = B\i“l*iﬂ(fl) and Bly,j = B|§1fﬂj\(yl)'
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By the triangular inequality
| Mz, (B ;) = My(BY )| < |Mx, (B ;) — M, (BY )|
+ | M (BY ) — My, (BY )| + | My, (BY ;) — M,(BY ;).
Hence we divide the estimate (3.9) respectively in three terms:
| Ax(7)| < Ta(7) + Ta(7) + T5(7).

~

15

~—~

In T1(7) we are considering particles with spatial configuration given by
Xy and we want to estimate the discrepancy of the configuration over two
different balls B“”’*’j and By Since B“” = BY 1j iff 21 = 0y and z; = 0, using
that My, € [0,1], we have

| M, (Bf;) — Mg, (BY )| < d(z1,01) +d(2, ;).
Therefore, by the symmetry of RY,

Ty(7) < ayLip(K Z deN d(z1,01) + d(z5,05)]

7#1

< Ok Dy(7).

Regarding T5(7), we are considering the discrepancy of two different config-
urations over the same ball BY ;. Since

1N
|MXN( ) MYN NZ Zlao—z
using again the symmetry of the law, we get

T(7) < anyLip(K Z JdRN d(z1,01) < CxgDn(T).
i#l

The last estimate on T3(7) is a consequence of the law of large numbers.
After a change of variable, using the symmetry of the law RY and the fact
that this last term depends only on the Yy configuration, we have that

3(r) = aLip() Y. [ 49 ()| My (BY,) = M,(BY,),

£
where BY ; = B}y, _,,(y1). By Cauchy-Schwartz,

| f 4p® (7)| My, (BY;) — My (BY,)]

[y 2 o0 -

< 2 fdp@N s, (one) = My(BY) || Xy () — Mo(BY,) |

hi,ho#1

‘ 2

Thanks to the independence of the limit process, we get that the only non-zero
contributions are given when h; = ho and this happens only for N — 1 terms.
Hence

Ck
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Collecting the estimates on 77,75 and T3, we obtain that

A5(7) < O (D) + ﬁ) (3.10)

We conclude the proof estimating As(7). Since this term depends only on
the independent Yy configuration

a5l < [ DS [0 (M, B30 doty) — K4, (BY)

where we added and subtracted the term };; K(M,(BY;))/(N —1).

Applying again the law of large numbers on the first term and estimating
the second term thanks to

GK(N) < CK
l—ex(N)  N-1

we arrive at

Ck

N-1
Collecting the estimates in (3.8), (3.10) and (3.11) and using Gronwall’s lemma,
we conclude the proof of the theorem.

| A3(7)] < (3.11)
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