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Abstract

On an asymptotically conical manifold we prove time decay estimates for the flow
of the Schrodinger, wave and Klein-Gordon equations via some continuity properties
of the spectral measure. To keep the paper at a reasonable length we limit ourselves
to the low energy part of the spectrum, which is the one that dictates the decay rates.
With this paper we extend sharp estimates that are known in the asymptotically flat
case (see Bouclet and Burq in [BB21]) to this more general geometric framework and
therefore recover the same decay properties as for the euclidean case. The first step is
to prove some resolvent estimates via a limiting absorption principle. It is at this stage
that the proof of the previously mentioned authors fails, in particular when we try to
recover a low frequency positive commutator estimate. Once the resolvent estimates
are established we derive regularity for the spectral measure that in turn is applied to
obtain the decay of the flows.
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1 Introduction

In this paper we consider the Laplace-Beltrami operator on a quite general class of non compact
manifolds with ends, which includes, among others, all compact perturbation of the euclidean
metric. The geometric setting is the one of asymptotically conical manifolds that over the years has
attracted the interest of a substantial community with the aim to recover some of the properties
that hold in the flat case, such as resolvent or local energy decay estimates.

Broadly speaking we are interested in estimates on the operators
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(possibly perturbed by a potential) on an asymptotically conical manifold.

and the related evolutions e e



We start by giving a brief review of known results in this kind of setting. We consider only
the case of asymptotically conical manifolds, the reader can refer to the introduction of [BB21] for
more details about the literature in the case of an asymptotically euclidean geometry.

In [GHS13a] results on the behaviour of the flow of the wave and Schrédinger equations are de-
duced by a study of the asymptotics of the spectral measure when the spectral parameter converges
to 0. These properties of the spectral measure were later applied in [GHS13b] to prove bounds
on spectral multipliers for the Laplace Beltrami operator with a decaying potential. In [Wan06]
a similar strategy is used on a manifold which is exactly conical at infinity, where an asymptotic
expansion of the resolvent is used to study the long time behaviour of the Schrodinger flow. For
a particular class of initial data, dispersive estimates of the Schrédinger and wave flow are proved
in [SSS08]. In [VWO09], instead, the authors take a similar approach to the one of the present
paper using positive commutator estimates to prove dispersive properties for the flow of the wave
equation, although requiring a stronger decay on the potential. Some low frequency estimates of
the resolvent in weighted L? spaces can be found in [BR14b]. The estimates we will recover here
on outgoing and ingoing resolvents hold for all powers of the resolvent and are sharp with respect
to the behaviour in A, unike the ones presented in [BR14b] which only provide boundedness with
respect to .

In particular, the aim of this work is to give some decay properties in weighted L? spaces for the
resolvent and the spectral measure of the Laplace-Beltrami operator on an asymptotically conical
manifold. Our results are closely related to the ones presented in [BB21] where the geometry is the
one of R™, up to an obstacle, with an asymptotically Euclidean metric. Indeed, we have proved here
that even in the case of a manifold with an asymptotically conic end the same results as Theorem
1.2 and 1.3 in the paper by Bouclet and Burq hold.

We also consider the case of a non negative decaying potential, for which the proofs are easily
generalised. In particular, we consider a potential with decay of the order (r)f%s, r being the
radial coordinate (precisely speaking W € S™27¢ in the sense of Definition 1.1).

Once these technical results are attained, it is straightforward to apply them to the Schrédinger,
wave and Klein-Gordon flows in the low frequencies regime in order to obtain time decay estimates
(see Theorem 1.3).

The strategy adopted here follows similar steps as the one presented in [BB21] up to the proof of
low frequency exact Mourre estimates (Proposition 2.3). We refer to Section 2 for more details, only
mentioning here that key point is to get rid of the compact remainder in a parameter dependent
Mourre estimate.

The strategy used un [BB21] rests on the underlying Euclidean geometry and can not be applied
to this more general context.

Indeed, in our case the fact that the operator has non constant coefficients will not allow us
to commute derivatives with resolvents. Even though on the exact cone we will be able to recover
some useful features of the flat case like the fact that F(—A)~! is a bounded operator, we will
need a more careful spectral analysis to be able to apply similar properties. For example, in the
exact conic case we will reduce the problem to dimension one thanks to a separation of variables
argument and we will see how we can control our resolvent by studying the one dimensional resolvent
corresponding to the spherical Laplacian.

This is also the reason for our assumption on the dimension, that we will assume here to be
grater or equal than three (as opposed to [BB21] where all dimensions greater or equal than two
are covered). This will allow us to use Hardy inequalities on L? that will be necessary, for example
in Appendix D.

Let n > 3, in the following we will consider and (5,g) an n — 1-dimensional closed Riemannian
manifold with local coordinates (61,...,60,—1), we will use these objects to define the angular part
of conical manifolds.

We also need to define some notion of decay with respect to the radial variable.

Definition 1.1. Let f(r) an (h, k) tensor field, that is a section of the (h, k) tensor bundle (®"T'S)®



(®FT*S). Then f(r) is in the class S~ if its coefficients verify the following inequality
10,06 fiL 5 (r,0)] S (r) 7

1
locally uniformly in 0, for all I € N and a € N*~ 1,

In particular we will equip S either with the fixed metric g or with a metric g(r) depending on
the radial coordinate and which is a perturbation (in a S™" sense) of g, meaning that we assume

gr)—gesS™. (1.2)
The geometrical setting for all our analysis will be the following.

Definition 1.2 (Asymptotically conical manifold). Let (M, Gas) a manifold of dimension n with
K C M compact. M is said to the asymptotically conical if there exist R > 0 and a diffeomorphism
Q: M\ K — (R,+00) xS

m— (r(m),w(m))
such that r : M — [R,400) is a proper function and the metric G is given by
Gy = QU (dr® +r’g(r)).
Remark 1.1. Although with different notation, this is the same geometric framework as the one

used in [IN10].

If K :Uc C S — V. C R"! are the coordinate charts on S we will denote by II.,II;! the
pullback and pushforward on [R, +00) x S; moreover if (p)x is a partition of unity on S and ¢ a
smooth cutoff on [R, +00) we will make use of the functions

Yn(r,w) == @(r)ex(w) € C5° ([R, +00) x Uk)
which verify ) 1. =1 for large enough 7.
Remark 1.2. A function on M \ K can be identified with a function on (R, +00) X S thanks to .
As we will basically always consider the corresponding quantities on (R, +00) X S we will drop the
composition by €2, which rigorously is the one that allows to pass from a point on the manifold to a

point on (R, 400) x S. This means that we will simply use the notation (r,w) for a point of M \ K
and still denote by t,, I, or I, * the corresponding functions defined on M \ K.

In the subsequent table we group the different notations we introduced for the manifolds with
their respective metrics, Hilbert spaces and the associated Laplace-Beltrami operators.

manifold metric Hilbert space  L-B operator
M Gu = Q*(dr? +12g(r)) L*(M) P
[R,+00) x S G=dr*+1%g L% —Ag
We also define
G =dr® +r°g(r) (1.3)
the perturbed metric on [R, 4+00) X S and || - HLzG the L? norm with respect to this metric.

We will denote by | - || the norm of the operators on L*(M).

We remark that having quantified in (1.2) how much the metric g(r) deviates from g we can
compare the two operators —Ay and P and also obtain that the norms of L% and L?(M) are
comparable, meaning that their quotient is bounded by constants from above and from below.

We will first obtain some estimates on weighted L? spaces by Theorem 1.1 below that will then
be used to prove the result on the regularity of the spectral measure stated in Theorem 1.2. Both
these results are proved in the end of Section 3 in the free case. For how to adapt the proofs in the
case of the addition of a potential the reader can refer to Section 5.



Theorem 1.1. Letn >3 Ao > 0,1 € N and a > [. Also let W a multiplicative potential that on
M\ K is the multiplication by a real valued function in S™27°. There exists a constant C such that
for every A € (0, Ao] it holds

()~ (P+ W — A£i0) " (r) "% < oA™™{On/270
if l #£ % and
[(r) ™ (P+W =X+ 10)’%(7«)*‘1” < C|log |

) . _n
if n is even and l = 3.

Let Eq the indicator function of a set 2 C R, then for every u,v € L2(M) the map Q —
(u, Eq(P 4+ W)v) is a well defined Borel measure. To say that we integrate A with respect to this
measure we write d(u, Ex(P+W)v). We call this measure the spectral measure of P+ W associated
to w and v. It satisfies the property

(u, f(P+W)v /f d(u, Ex(P + W)v)
for any Borel function f, or in short
f(P+W)= /f(A) dE.

Theorem 1.2. Letn > 3, o >0, a > k and E\ the spectral measure of P+ W. The function

A ()7 G2 gy

is of class C*~*((0, Xo]). Moreover if a« > % then

2y

< \z Il
dN ~

These results can be applied to obtain decay estimates on the flow of the Schrodinger, wave and
Klein-Gordon equations in the low frequency regime.

Indeed, by writing the flow of the equation through an integral against the spectral measure we
can use the regularity results of Theorem 1.2 to obtain the desired estimates. The proofs carry out
analogously to the ones in [BB21] (see Section 5 therein).

Theorem 1.3. Let f € C5°(R). Then it holds
1) Schrodinger flow:

1(ry = F(P + W)™ W ()= S ()~ %
for a > [%} + 2.
it) Wave flow:
sin(tvP + W)

P (NI s

[{r) =" f(P+W)
and '
I(r) = f(P+ W)™ ) ™ S (7"
fora>n+1.
1) Klein-Gordon flow:

[(r) = f(P+ W)™V = S (1) 7
for a > [%} + 2.



The paper is organised as follows: in Section 2 we proceed to prove the existence of the limits
in (1.1) where the crucial step (Section 4) will be to check a technical assumption ensuring that a
strict Mourre inequality holds. This is the analogue in our context to what was done in [BB21].
Section 3 and 5 are then dedicated to the main results respectively in the free and potential case.

Throughout the whole paper we will have to consider convenient rescaled operators as follows.

Since we are interested in resolvents such as (P — X 4i0)~! we consider the operator P/\ which
it is convenient to study using rescaled pseudodifferential operators, that we now define.

Definition 1.3. A function a(r, 8, p,n) is in S’m‘“(RQ") if and only if for every j,k € N,a, 3 € N*~!
there exists a constant C' such that

. X pn—k—|B|
0905 9508 a(r, 0, p,m)] < C(rym 317 (<p> n %) (1.4)

with
r) 1 if r is in a compact set,
T =
rifr> 1.

The seminorms of the space are given by the smallest constants verifying the inequality.

Remark 1.3. Although we are using the same notation as the radial coordinate on the manifold,
here r is simply meant to denote the first variable of R™.

We consider the usual quantization of a symbol defined as
Op(a)f(r, 0) _ ﬁ //ei(r—r’)p+i(9—9/)na(r7 97 0, n)f(T/,el)dr/dé?/ dpd’l]
s

and we introduce the dilation operator with respect to r and its generator A, namely

e u(r,0) = e%u(etr, 0), A: iroy.

"
2i
For a symbol a defined on R®" a rescaled pseudodifferential operator is defined as
Opa(a) := ™ 0p(a)e™ ™. (1.5)
Taking 7 = ln()\%) implies a rescaling of the spatial variable by )\%, in other words

Opa(a) = Op(ax)

with ax(# 0, 5,n) and 7 := A\Zr, j:= A" 2p.
Analogously we define rescaled pseudodifferential opertors on manifolds as

Opa e (@)1he (AT 7, w) := T, Opa ()T} “1h (1.6)

for a symbol a supported in [R, +00) x Vi, x R™. We remark that Op,\,,,@(a)wn()\%r, w) maps C§° (M)
in the set of functions supported in [R, +00) X Uk.

For example, near infinity P agrees with the Laplace Beltrami operator on (R + o) X .S and
therefore in local coordinates it is given by

2 n-10, 1 Or|g(r,0)| Or
PNx=—"T——— — — Ay — ————. 1.7
/ X a2 T g e)) (L7
In terms of pseudodifferential operators this can be written as
P - (0) 1.8
U= Z Pax(@ox + a1,2) e (1.8)



Remark 1.4. Considering rescaled pseudodifferential operators is convenient since it allows us to
obtain a decay which is uniform with respect to A, meaning that the symbols in Op () will belong
to A-independent subsets of S™*(R?") for some m and . Indeed for ¥ > 1 we obtain

G’O,)\(ﬁena 7]) € S0’27 al)\(heal@ 7]) € S71’17

where the bounds on the seminorms are uniform in A\. The expressions for the symbols are

1

¢ v 1 e, -1
ao (¥, 0,5,m) == —p* — 7729]’ (A727,0)nmk,

aLa(, 0, pm) = = T = A Fw(N 2R 0)p — A (AT 2R O)pe,

2 Limiting absorption principle

As mentioned before, we focus first on the case of the operator without potential, since the addition
of W does not add much difficulty to the proofs as we can see in Section 5.

The section will be devoted to the proof of the existence of the limits (P/A—14i0) " in weighted
L? spaces thanks to a limiting absorption principle (specifically Theorem 1 in [Gér08]).

We look for a conjugate operator for P/, that is a selfadjoint operator which verifies some
positive commutator estimate and such that P/A € C?(A), meaning that for all u € L*(M) the
map

Rt e (P/A+4) e " 0 € D(P) (2.1)
is of class C?.

To get selfadjointness we will construct a candidate A* as the generator of a unitary group. Let

x € C§°(R) that is equal to 1 in a large enough neighborhood of 0, starting from the generator of

rDy+Dyr
2

dilations after localisation in the region {|r| > )\_%R} we obtain

4 ==X rD. ; D)0 _ o yaty (2% - ir@r) + %Tarx(/\%r).

If we consider the group of transformations
A A 1 by
Ut 50(7,7 0) = ’ det(Jac ¢t (Tv 6))‘ @(Qst (T7 9))7

with ¢7 the flow of the complete vector field ((1 — X)(A%r)r, 0,...,0), thanks to Theorem VIII.10

in [RS81] we can conclude that A7 is essentially selfadjoint on C§°([R,+o0) x S) with respect to

the measure induced by the metric G and that its closure is the infinitesimal generator of U} .
Moreover conjugating U by the function

0)]
0 — 19
v 0= )

1 _1
we obtain a group y3 Uﬁys 2 which is unitary with respect to the metric G defined in (1.3) and
whose generator will be

s g (o L B O i
Ay =(1—x)(A%r) (% ird; + 5or oo )T 57 Orx(A2T)
—(1 =) A+ Srox(W). (2.2)

To define a unitary group which acts on the Hilbert space where P is defined, namely L? (M), we
set N o
e ui= e u+



whose generator is an operator A which is selfadjoint on L? (M) and that is non zero only on the
manifold end where it coincides with A3.

For the continuity of P/)\ with respect to A*, which we recall is the property in (2.1), it is
enough to prove that the operators

[P/XiAMN(P/N+i)7",  [[P/A,iAMN,iAN(P/A+ i) (2.3)

are bounded, where the commutators are appropriately defined in the sense of quadratic forms.
Indeed, in general given an Hilbert space H with T, A selfadjoint and T bounded for the map

RSt e Te "y = Bt)ueH

to be C*(R) it is enough that k-th derivative %B (to) is a bounded operator of L(H) at some fixed
to, which in turn is implied if

T, [T,iA], ad%(T) := [ad% '(T),iA]

are bounded operators, in the sense of quadratic forms.

In our specific case we need to control only the commutator and the first iterated commutator
with T = (P/A+i)"" and A = A* and with some algebraic manipulations we see that it is equivalent
to the boundedness of the operators in (2.3). To prove this we will exploit symbolic calculus and a
parametrix for the operator (P/A — z)™! localised on the end of the manifold.

With standard techniques we can in fact prove the following.

Theorem 2.1. Let 1), , 1Z € S°, supported in (R, +o00) x Uy such that

P =1, P =1
and z € C\ [0,00). Then for any N € N there exist families of symbols bi,x,» € S=h=27 gnd
e € STVN such that

N—1
ST w)(P/A—2) 7 = 3 9(AEr,w)Opai(bia )P (A, w) + RY.
=0

with

1 1 _
RY. = p(ATr,w)0pak(rn s )0(ATr,w) (P/A = 2)7".
Moreover, all of the symbols also have seminorms uniformly bounded in \.
Before going on with the computations we will state a useful property. Briefly, commutators
between rescaled pseudodifferential operators essentially behave like commutators between differ-

ential operators, when we write them in symbolic form. We now give a formal description of the
result, while the proof, being quite technical, is postponed to Appendix C.

Definition 2.1 (Negligible operator of order N). Let N € N and set
LN (P N &GN,2N
Qn = (A2r) YTl = > Opa e (SV2Y),
we say that an operator is negligible of order N if it is of the form Q;BQ;\,I for some bounded

operator I3 depending on A.

Remark 2.1. The operator B depends on A since it will be the result of the composition of a
rescaled pseudodifferential operator of negative order with Qn. However, the symbols in Qx have
seminorms uniformly bounded with respect to .



The interest of this definition is that for such operators the arbitrary decay of Q;,l means that
when composing either on the left or the right with a pseudodifferential operator of any order (such
as differential operators or resolvents) will always result in a bounded operator. As for commutators,
the following holds.

Proposition 2.2. Let m,m’, u, i’ real numbers and the operators A, B on [R,+o0) x S defined as

A= Z Opx,x(a")is, B:= ZOP’\v“(bH)w”

with symbols in S™* and gm'm respectively and spatially supported in [R,+00) X V,.. Then for the
commutator it holds

[4,B] = 3" Opan(S™F™ 7 Dy 4 Ry

with Rn an operator which is negligible of order N for any N € N.

Remark 2.2. When we will need to compose a negligible operator with an operator on the right,
for example, we will make use of the decay on the right only so we will rather write Q]_\,lBQx,l in
the form 3" BOpx, (S~ =) for a suitable bounded B and M € N.

Remark 2.3. Although we interpreted commutators as derivatives of the map e (P/A+1i) " le
to perform computations we will rather use their symbolic form, as in (2.4) for example. Indeed,
on C§°(M) (which is dense in D(P)) we can prove that the derivative is indeed the commutator
[(P/) 4 i)~',iA*] which we can rewrite in terms of the commutator between P/ and i4*. Now
on smooth functions the action of P/A and A* is the one of differential operators that we can write
in the symbolic form used in (2.4).

—itA

Writing A* in its symbolic form as

AN =3 0par(SV + 27870 + C5R(R\ {0}))

and using Proposition 2.2 as well as Remark 2.2 we first find that

P/XGAN =37 0pac(8°2), 37 0pr i8] = 37 (0prn(5%2) + BOpa (57 74))  (2.4)

K

for some bounded operator B and some positive M.

Combining with the informations provided by the parametrix we find out that [P/),iA|(P/\+
i)7! is indeed a sum of bounded operators (symbols in 5%° correspond to bounded operators of
L?(M), see Proposition 3.4 in [BM16] and in particular inequality (3.13)).

An analogous result holds for the iterated commutator since we can still write

[[P/2,iAY,iA] =3 2 (Opa(8°%) + BOpa<(S~" 7)) (2:5)
and reason in the same way as before.

Remark 2.4. Actually, we remark here that we can iterate the argument since we can see that,
going on from (2.5), any iterated commutator is of the form

ad’ (P/X) = Z(OPA,H(go’Q) + BOpx o (§M—M)y).

K

We can therefore apply Theorem 2.1 as before to conclude that ad” , (P/\)(P/A+1i)~" is bounded,
which implies that P/\ € C*(A*) for any k.

Next, we will prove a positive commutator estimate for the P/A and to this purpose we first
need to make an assumption on a spectral localisation of the operator.



Assumption 2.1. For all @ > 0 and £ > 0 there exist Ao > 0 and f € C§°(R) equal to 1 in a
neighborhood of 1 such that

IAZr) " F(P/N)] < e
for all X € (0, Ao].

With this property, that we will check in Section 4, we can prove the desired inequality.

Proposition 2.3. Let Ao > 0 small enough, if Assumption 2.1 holds there exists I open bounded
interval containing 1 such that

17(P/N)i[P/X, AMN11(P/X) > 11(P/A).
for all X € (0, Ao].

Before going further on the proof of the result, we point out that thanks to this inequality
coupled with the fact that P/\ € C*(A*) we can apply Theorem 1 in [Gér08] to state that

sup sup [(AMT(P/A —1+ie) 1AM ¥ < o0 (2.6)

AE(0,7o] €>0
for s > %7 or equivalently
(A +4) 5 (P/X—1+ie) (AN +4)° € L(LP(M))

with operator norms uniformly bounded in A. Finally, thanks to the higher regularity of P/A with
respect to A* similar bounds can be proved for powers of the resolvent and therefore obtaining

(AN +0) 75 (P/A — 1 +£40) (A +40)7° € L(LA(M))

for any s > 1 — % and still with norms uniformly bounded in A. Indeed, our conjugate operator A*

is, in particular, uniformly conjugate to P/ according to Definition 5.1 in [BR14a] and, thanks
to Remark 2.4, it is also uniformly co-smooth with respect to A* (see Definition 5.3 in [BR14a]).
Following the ideas of [Jen85], it is proved in [BR14a] that with this kind of smoothness we have
estimates for powers of the resolvent analogous to the ones in (2.6).

To prove Proposition 2.3 we will split the commutator in the part at infinity where P is of the
form (1.8) and A* = A, according to (2.2), and treat the rest as a compactly supported perturbation
(we recall that on the compact part of the manifold A* is simply zero). Namely we can write

i[P/AAY] = (1= YAEr)IlP/A Al + X(AE)i[P/A AN (2.7)
for some smooth cutoff' X such that x = 1 on the support of x. In local coordinates the Laplace-
Beltrami operator —Ag on the fixed cone ([R, +o0) x S, G) is

n—1 1
8T7T—2

97 —

Ag.

Recalling the local coordinates expression in (1.7) we notice that on the manifold end we can write
P in function of Ag. In doing so, thanks to the fact that g(r) is a perturbation of g we can quantify
the decay of the remaining part.

Proposition 2.4. Let Ao > 0 and X € (0, Ao], then
(1= DA P/A=(1 - D(AZr)(~Ao/N)
3 (AFOpan(572) + Opan(57H) (A Erw)

with symbols that belong to bounded subsets of S™% and S~ respectively.



Notably this will be useful since we are taking the commutator with A given by

A=A+ A50pa a5 n(A2r,w) = 37 Opaw (51 )0 (A7, w), (2.8)

and this will allow us to take advantage of the fact that [—Ag,iA] = 2(—Ao) (recall that A =
5 — ir0r).

Proof of Proposition 2.3. Using the expression of A given by (2.8) (which we recall is supported for
r> /\7%) and by Proposition 2.4 we can compute

[P/AA] =3[~ 80/A A+ AE0ps (57" (A7, w)]

+ 3 [AZ0prn(5772) + Opa (™) n(AZ 1, w), Ops (S )hs (A7, w)]

=2(~A0/A) + > (AF0ps «(572) + Ops (57 (A o1, )

+ 37 BOps (57T M) ) (A1, w),
since —Ao/A =", Op%,g(S’O’Q)w,g()\%r7 w) (we apply here the calculus rules given by Proposition
2.2 and the observation of Remark 2.2). Noticing that on the support of 1/1,;()\%7", w)
AFOpaR(57%) = (A2r) Y Opas((A2r)"S™"2) = (AZ1) " Opa i (S°2),
and similarly
Opa k(S = (A2r) 1 0pas((r)§ 1) = (A2r) 1 0pa s (5°),

the quantity in (2.7) is then given by
i[P/X,iAY =(1 - 92)()\%” <2P/>\ + Z(/\%TYVOPA,IC(S'O’Z) + <)\§r>1OP,\,k(SO’1)>
+ (1= 0\ Y BOps k(57 7M)

+ X2 [P/, iAN.
Moreover, up to a compactly supported perturbation we can commute (1 — x) with any differential

operator and in particular the pseudodifferential operaotrs in the sum above are differential, given
that they are the result of a commutator between differential operators. We have obtained

i[P/X, AN — 2P/ = — 2X(\Zr)P/A
+3 () T Opa k(81 - X)(ATr)

+ 3T T 0pa k(3O (1 - )(AEr)
+ (1= )(A2r) Y BOps (S~ M)

+p(ATr)

10



for some ¥ € C5°(R\ {0}) with w(A%r) which includes the term )2()\%7') [P/),iA*]. We take the
composition with f(P/\) on the right and on the left, where f satisfies Assumption 2.1. Noticing
that by Theorem 2.1 and the spectral theorem

Opai(S°2)(1 = AP (P/A+ )", Opan(8™1) (1 — ) (AZr)(P/A+1) 7,

and
(P/IX+)f(P/N),  P/ANP/X+4)f(P/N)
are all bounded. we have the estimate

1£(P/A) (iP/A AN = 2P/X) F(P/OISIF(P/NRAR ) (P/A+0) 7| (2.9)
HIFP/NAED T+ IF(P/NAED T (2.10)
+ S IIF(P/N)BOpaL (S| (2.11)
+ £ (P/NEAER)(P/A+1)7Y. (2.12)

Thanks Assumption 2.1, up to choosing f with small enough support we can make all the
terms in the right hand side arbitrarily small. Indeed the assumption applies directly to the terms
in (2.10), for (2.11) the decay in r is provided by Opy,.(S™ =), while for (2.9) and (2.12) we
observe that we have compact support in r thanks to x and . In particular it holds

. 1
1£(P/X) (ilP/A, A% = 2P/A) F(P/N)] < 5
for all A € (0, Ao]. Now we simply have
) 1.3 1
FPINIP/A AMF(P/N) 2 2f (PINP/A(P/N) = 5 > 5 F(P/A) = 5

with the last inequality following from the fact that we can choose f with arbitrarily small support
such that 2f%(z)z > 2 f?(z). At last, we choose I C o(P) open bounded interval containing 1 and
small enough such that f is constantly 1 on I, then f(z)1;(x) = 1;(z) and applying 1;(P/A) on
the right and left of the previous inequality we have

1r(P/N)i[P/X, AMN1r(P/X) > 17 (P/X) = 11(P/)),

concluding the proof.

3 Main results

In this section we see how to prove the results stated in the introduction, having obtained from the
previous computations that

(AY ) (P/A —1£i0) (A + i)~ € L(L*(M)). (3.1)

with operator norm uniformly bounded in A.

We recall that this section is dedicated to the free case and details about the proofs for the
operator P + W can be found in Section 5.

The first step into proving estimates for the resolvent in weighted spaces will be to look at the
resolvent with some spectral localisations, such as

1)~ F(P/N) (P = A £i0) " ()|

for some f € C$°(R). To be able to use (3.1) we will need to bound (r) =% f(P/A)(A* +1)*, first we
notice that we can rewrite such operators in a more convenient way.
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Lemma 3.1. Let g € C5°(R), Ao > 0 and s, N € N. There exist a family of symbols (% x)re(0,x0] €
SN q family of uniformly bounded operators (Bx)xe(0,00] and (V) € C([R, +00) X S) sup-
ported in (R, +00) X U, with ¥1p = 1 such that

(A +0)°g(P/A) = 37 Opac(@50)Pu(A2r,w) + Ba(P/A + 1)~

for A € (0, Ao].

Proof. By Helffer-sjostrand formula we write g(P/X) in terms of its resolvent, then applying Theo-
rem 2.1 thanks to the expression of the symbols in the parametrix and using the property of almost
analytic extensions 4
~ , —1)y
o [B-F@0 -2 L) = S 00
we obtain symbols for g(P/\) that have negative decay in space and compact support in the angular
part. Namely we can write for any M € N

Ge(A21,w)g(P/A) = Opa s (S” M) de(A2r,w) + Ra(P/A+1) Y (3.2)

where R, includes the integral of the remainder part given by the parametrix. Next we need
to compose (3.2) on the left with powers of A of order less or equal than s. By choosing the
appropriate M (M = s+ N), we can conclude observing that (A*)? will have symbols in 577 (see
(2.8)) and that Ry is of the form

Ry = % /EZf(Z)OpA,n(SVL’fL)(P/)\ — z)fl(P/)\ + l)NL(dz)

for any L € N and symbols that have seminorms growing polynomially in 1/\]mz|L.

O

Now to be able to handle the powers of the resolvent appearing in the expression given by
Lemma 3.1 we will prove a very useful result that will also be extensively used in the following
section. First of all we have a preliminary result.

Lemma 3.2. For any A >0, p € [1,2] and integer N > 1+ % ( ) it holds

1
2

)

1
P

1_

1P/A+ )N o aryor2any < CAF (G

[NE

for some constant C > 0.

The result is derived thanks to the behaviour of the flow of the heat equation e~ *¥

_ _n(1_1
e liranorean < C 2672 peq 2 (3.3)

which is due to the fact that a Nash type inequality holds. Namely, for all u € C§° (M)

142 2 1
lull 5y < Collullfr apy 1P wll 2 ary (3.4)

for some C,, > 0.

The inequality is proved in detail in Appendix B, here we briefly record that it can be proved
by first considering the full cone R™ x S with fixed metric G so that locally we can apply the Nash
inequality on R™. The result still holds on M since on the compact part K we are locally on R™,
while on the manifold end we use the inequality we have proved for the cone.

Then to derive (3.3) we can first prove [le™"" || L1 (ar)— n2(an) S t~% thanks to (3.4) and the fact
that e~ tF preserves the sign and the L' norm. To conclude, (3.3) follows from interpolating the
previous bound with ||e_tp\|Lz<M>ﬁLz(M) < 1, which is to Hille-Yosida theorem telling us that P

generates a contraction semigroup e” ‘.
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Proof of Lemma 3.2. We can follow the same proof described in Lemma 3.2 of [BB21]. Writing the
resolvent via the heat kernel

(P/A+1)"N = %/ o t(P/A+1) N=1 g,
*JO

nl 1
tN=1=3(-3) i integrable on RT.

O

we apply (3.3) and the fact that, given the assumption on N, e~

Finally, thanks to Lemma 3.2 we also easily obtain polynomial decay for powers of the resolvent.
Lemma 3.3. Let n >3, for all s € [0, 3] N[0,N) and § > s it holds
I(P/A+ 1)) 7 S A°
for any XA > 0.

Proof. The estimate follows from Lemma 3.2 and Hélder inequality to bound (r) ™7 as an operator
from L*(M) to LP(M). O

Now, using the expression given in Lemma 3.1 we can easily derive the following proposition.
Proposition 3.4. Let g € C5°(R), a>1, Ao >0 and s € (0, 5] N(0,5). Then
1(A™ +0) g(P/A) ()1 S A°
for A € (0, Ao].

Proof. From Lemma 3.1 and the fact that operators with symbols in 599 are bounded, paired with
Lemma 3.3 to control | Bx(P/A+1)"" (r)~%||. We underline that a power A is generated from the
terms Opx,,{(gb?’k)z/?,{()\%r, w)(r)”* when moving the factor r~* into the rescaled pseudodifferential
operator. O

Combining (3.1) with Proposition 3.4 we can straightforwardly obtain bounds on the spectrally
localised resolvent.

Theorem 3.5. Let f € C5°(R), Ao >0 andl € N. Ifa>1 and s € [0,4]N(0,5) then
1) FPIN(P = A i0)™ (1)~ § X
for X € (0, Xo].

At the aid of this theorem and with the same reasoning as in Proposition 4.4 of [BB21] we
obtain a bound on the resolvent which is still localised but in a weaker way.

Proposition 3.6. Let \g > 0, there exists F' € C(R) equal to 1 near [0, o] such that for
leN\{%} and a > it holds

1(r) " F(P)(P = x£i0) ™" (r) 7| S Amn{on/270,

if l = % instead
[(r) = F(P)(P = A +i0)~ 2 (r) ™| < |log A
for X € (0, Ao].
Thanks to these preliminary steps we are now ready to prove the estimate without any locali-
sation on the resolvent.
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Proof of Theorem 1.1. Pick F as in the previous proposition, the result follows since Proposition
3.6 holds and (1 — F(P))(P — A £i0)~" is uniformly bounded in A by the spectral theorem.
O

As for the result on the spectral measure, we recall that thanks to Stone’s formula

de(N) _ 1 oy -1 o -1
Y _27riil—r>%((P A — ig) (P=X+ige)™ ),

we can equivalently consider outgoing and incoming resolvents so to use the result we just established
in Theorem 3.5.

Proof of Theorem 1.2. Let f € C§°(R) bounded and supported around 1 then we have
(= 5(P/N) (P A —ie) 7 = (P At ie) ) 0

in the strong topology as € goes to 0. Hence it suffices to consider the terms

1 —a I T e ) St S A _ -\ —1—7 —a
gz ) FP) ((P X\ — i0) (P — A+ 1i0) ) (r) (3.5)
for j =0,...,k — 1 to which Theorem 3.5 applies thanks to the assumption that o > k. O

4 Proof of Assumption 2.1

A crucial step in the work presented up to now was to obtain the positive commutator estimate
which allowed us to state that the outgoing and ingoing resolvents existed. Our main concern now
is to prove that the Assumption 2.1 we made to obtain this result is valid for the operator P we
are considering.

We will split the analysis into several steps by spatially localising the operator f(P/)) as follows

FP/X) =xf(P/N) + (1 = x)f(P/N)x + (1 —x)f(=L0/N)(1 — Xx)
+ @ =) f(P/ANA=x) = (1= x)f(=Ao/N)(1 - x)

where x = x(r) is a smooth cutoff which is constantly 1 on K and zero for large r.

Remark 4.1. The difference in the second line of the expression is well defined. Indeed, thanks to
the cutoff on the right we are restricting ourselves to functions supported on M \ K that can be
identified with functions on (R, +00) x S which is where both the actions of f(—Ag/X) and f(P/X)

make sense.

We recall that in Assumption 2.1 it is stated that for any « the norm of ()\%M*"‘f(P/)\) can
be made arbitrarily small up to spectrally localising P/ close to one. We will summarise here how
each term is treated and where the relative statement can be found.

o xf(P/N), (1 —x)f(P/A)x: their norm can be made arbitrarily small up to choosing A suffi-

ciently small. See Proposition 4.1, via Lemmas 3.2 and 3.3.

e (1—x)f(—Ao/N)(1—x): thanks to the multiplication by the decaying factor </\% 7y~ % the norm
can be made arbitrarily small up to choosing f with small enough support. See Proposition
4.4, via rescaling argument and Lemma 4.3.

e (1—x)f(P/AN)(1—=x)—1Q—=x)f(=Ao/N)(1—x): the norm can be made arbitrarily small up
to choosing A sufficiently small. See (4.14), via Hellffer-Sjostrand formula, Lemma 4.5 and
(4.13) (with intermediate steps in Lemmas 4.6, 4.8 and 4.11, where Lemma 3.3 is extensively
used).

We will start by showing how to bound x f(P/A) and (1 — x)f(P/X)x.
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Proposition 4.1. Let f € C5°(R) and x smooth cutoff on K, then
[ER) " Ocf(P/N) + (1 =0 F (P/NX)] S A
for all X > 0.
Proof. By the spectral theorem and Lemma 3.2 with p = 1 we have
1F /XIS NP+ D)X S IPA+ 1) Nt an-z2an S AT
Same holds for ||xf(P/N)|| and we conclude simply bounding <)\%7‘>7O‘ by 1. O

Then, in the term (1 — x)f(—2A0/A)(1 — x) we can take advantage of the fact that on the exact
cone ([0, 4+00) x S, G) we have scaling invariance.

Lemma 4.2 (Rescaling on the fixed cone). Let || - ||12 (cone) the norm with respect to the metric el
G
on the full cone [0,4+00) x S. Then for all A > 0

1 -« —a
H<>\2T> f(_AO/A)HLi(cone)*)LQf(cone) = ||<T> f(_AO)HL&(cone)ﬂLl(cone)'
G G G G

Proof. By the results in Appendix A we can reduce ourselves to the half line (0, +00) and prove
equivalently that

1 s —o
l{Azr) f(pk/A)H[,(L2(]R+,r"—1dr)):||<T> f(pk)HE(LQ(R‘F,r"—ldr)w

where pg, defined in (A.9), is given by

?  (n—-1) 1,
Pk = T2 Or + ﬁﬂk
with A? the k-th eigenvalue of Ag.
We can prove the equality by showing
1l .- —0o *
A2r) "7 f(px/A) = T (r) =" f (pr)TX (4.1)

with 7\ unitary operator.

O

Here and later we will need to compare the norm on the exact cone with the L? norm of R™
with respect to the Lebesgue measure, we give further details in the following remark.

Remark 4.2 (The flat norm on R™ and the one on the cone are comparable). The idea is to partition
the angular part S into open sets that are diffeomorphic to open sets of S*™! and take advantage
of the fact that norms on (0, +00) x S®!, with respect to the usual metric the metric dr?® 4 r2do,
are equivalent to norms on R".

Let (@)« the partition of unity on S and &; : U; — V; € R" ! the coordinate charts. In the
same way let U an open set of S"' C R" and ¢ : U — V C R" 7! its coordinate chart.

Without loss of generality we can assume V; C V so that it is well defined the diffeomorphism

k=¢p 'or;:SDOU; »UCS""

through which u € C§°(S) supported in U; can be identified with uwo s~ € C§2(S"™1).
The metric tensors on S and S™™! are represented respectively by positive definite matrices
such that
e < (@MO))k <Cl, T < (0 (@) < e,
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this means that up to multiplication by some bounded function we can pass from one metric to the
other so we will say that integrals with respect to dg or do are comparable and write

/ oyl dg =~ / (p5u) o 1| do
U;CS ucsn—1t

for w smooth on (0, 400) x S.

We remark here that £+ = /1;1 o ¢ is only defined on ¢~ (V;) C U since we need to require
that ¢ maps elements into V; C V which is where K;l is defined. However when we consider
(pj ok H(uo k™), we can extend it to U by putting it at 0 outside of ¢~ *(V}), since in this case
(p; o k1) cuts off near the boundary of ¢~ *(V}).

Considering the norm on the cone we have found that

/ pju dG ~ (pjuor™ ) r" tdrdo ~ / (pju) ok " da
(0,400) xU; (0,400)xU (0,+00)xUCR"™

where we still denote by x the diffeomoprhism (r,w) — (7, k(w)) through which we can identify a
function on the cone (suitably supported) with a function on (0, 4-00) x "', In particular we see
that the L2 norm with respect to the metric G on the cone is equivalent to the one on R™ where
we pick the Lebesgue measure.

Having got rid of the dependence on A thanks to Lemma 4.2, we can prove convergence in norm
as the support of f shrinks to 1 and therefore write

Lemma 4.3. For any € > 0 there exists f € C5°(R) with f(1) = 1 and small enough support
around 1 such that

”<r>7af(7A0)|‘L%(cone)~>L%<cone) <e
for all X > 0.

Proof. Let f € C§°(R) a fixed function such that f is 1 near the support of f so that we can write

(r) "7 f(=A0) = (r) "7 f(=A0) f(—A0),

here if the support of f shrinks to {1} then f(—Ao) converges strongly to 0, given that 1 is not
an eigenvalue. Moreover (r)~7 f(—A) is a fixed compact operator and therefore the composition
converges to 0 in norm.

To prove compactness first let g € C§(R) supported around 0 and (p,). a partition of unity of
[0, 4+00) x S with suppp. C [0,+00) X Us. If (un)n is a sequence of uniformly bounded functions
in L%(cone) we have

9(r) f(=Do)un =Y g(r)pe f(=Do)un € Ho ([0, +00) x S)

where each term is supported in an open bounded set [0, R) x U, thanks to the fact that g has
compact support and to the term of the partition of unity. Here, by H{ ([0, 4+-00) x S) we mean the
space defined by the performing the closure of C§° functions as in (A.3). Moreover the Sobolev
regularity of g(r)pnf(—Ao)un is given by the fact that f(—Ao) has image in the domain of —A,
which is contained in the Sobolev space (see (A.4)). By the spectral theorem and the uniform
bound on (un)n it follows

Hg(r)p'ﬁf(_AO)u"HLz([O,ﬁ)XUK) S ||9(7")Pnf”ooHun”m([o,ﬁ)xm) S

Moreover by definition Vg = (0r, 1/rVy) and from the fact that p. is a cutoff just with respect to
the angular variable (and therefore of the form p.(r,w) = p1(r)p2(w) with p1 =1 on [0, +00)) we
obtain

Ve 9(r)pef(=Do)un|* SIVa(gpi) f(=D0)unl* + 9o« Vg f (—Do)un |
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Sllg pellZe | F (= 20)un|* + g VapellIL/rf(—Ao)un |
+ 19115 |V (—Do)un .

Now we can bound ||1/rf(on)un||L2([0’§)XUK) by the L? norm of the gradient via the Hardy

inequality which paired with the equality ||Vgul| 2 = H(—Ag)%uHLg gives
G G

||V6 g(r)f(_AO)u"p"@Hiz((O,E)XUN) S ”JE(—AO)WLPKH2L2((o,§)xUﬁ)
1~
+ H(_AO)Qf(_AO)u"p"vHiz((O,ﬁ)xUn)

S HUnPK”i?((oﬁ)xUN) (4.2)
<1
where to get to (4.2) we use again the spectral theorem.

So for each fixed & the sequence (g(r) f(—2o)tnps ) is uniformly bounded in Hg ((0, R)xU,) and
it will then be diffeomorphic to a uniformly bounded sequence of Hj(2) with © an open bounded
subset of R" and where we take usual Lebesgue measure as discussed in the previous Remark
4.2. By compact Sobolev embedding we can then extract a subsequence converging on LQ(Q) and

composing with the right diffeomorphism we can recover a subsequence of g(r)f(—Ao)unps that
converges in L?((0, R) x U,). We have therefore proved compactness of g(r)f(—Ao).
Since the set of compact operators is closed with respect to norm convergence, considering

¢ € C§°(R) equal to 1 on B(0,1) we write
(1) "7 F(=80) = (1) 76 (55 ) F(=00) + (1) 7 (1 =) () F(=A0)

for some large R, with the first term that is compact and the second one norm converging to 0 as
R tends to oc. O

Since on the support of (1 —x) the manifold is diffeomorphic to (R, +o0) x S, and therefore the
norm of L?(M) is comparable with the one of L%, the previous proposition implies the same result
when we look at the norm of operators on L?(M).

Proposition 4.4. For any € > 0 there exists f € C5°(R) with f(1) =1 and small enough support
such that

(1 =) (A27) " F(—=Ag/N) (1 = X)|| <
for any XA > 0.

The rest of the section will be dedicated to the analysis of the term localised on the end of the
manifold, that is

Dy(A) == (1 =x)f(P/AN)(1 =x) = (1 =x)f(=A0/A) (A = X), (4.3)

in particular we will prove that Df(\) converges to 0 for any f € C§°(R) as A goes to 0. (We recall
the term is well defined, see Remark 4.1.)

Using Helffer-Sjostrand formula to compute functional calculus we will see we can reduce our-
selves to comparing the resolvents, in particular setting

Ry =0-0(5-2) a-u-0-0(F-2) -

we need to consider

D) = = [ 9:F:)R-(WL(a2).
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As we have seen in Proposition 2.4, on the support of (1 — x) we can compare P with —Ag and
more precisely, by expanding the expressions of A,y and Az we can decompose the operator in a
part on the fixed cone and a differential operator with decaying coefficients

(I=x)P/A=0=x) (=80 =V)/A

where V is of the form

1 ; 1 _
V= Z 0elle | ax(r,0)0, + Z by (r, 9);81 + Z ex'(r, 9)7267% Im*

l gl

with '
as €SV, bhesTt, dles. (4.4)

With this in mind, we will split Df(\) into several terms, since by algebraic manipulations we
obtain

Ra(N) == 1 (P/A=2) " [Pl (A= 2)" (1Y)

3 (A=) PX(-B0/A - 21 = X)

+ 3 (P/A=2)7 (1= 0V (=80/A— )7 (1 = X)
=: RL(\) + RZ(\) + RY (V). (4.5)

For RL()\) and R2(\) we can take advantage of the fact that the commutator is a differential
operator of order one in the spatial variable with compactly supported coefficients and then use
Lemma 3.3 to gain powers of .

Lemma 4.5. Let f € C5°(R), there exists 6 > 0 such that

Remark 4.3 (Notation). To make the notation lighter, in the sequel we will omit the pullback and
pushforward in the expression in local coordinates of V' and [P, x|, meaning for example that we
will still denote by a0, the operator on the manifold that corresponds to the derivative with
respect to the radial variable and to the multiplication by a on some open set of R™.

<N

/{C 3. F(2) B (V) L(d2)

fori=1,2 and for all X > 0.

Proof. The commutator [P, x| is supported away from the compact part of the manifold, here we
recall the expression of the operator in local coordinates is (1.7).The angular derivatives commute
with y, so first of all we have

[Pv X] = Z (pﬁ(flyﬂ(rv 9) + fQ,K(T7 0)87”)

with f1.x, fo.x € C§°(R™). Then using this relation in the expression for RL(\) we apply Lemma
3.3 to each term. First, let ¢ € R and consider

1 — —0 o —0 -
|5 = 27 @it pia- 97 a - )|
By Lemma 3.3 we can have estimates of the type

IP/A— 2 )| < %A (4.6)
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for all s € [0, %] N[0,1) such that s < £ and we also remark that

o from ()71 S Lfrm(r)* lloe S 1

for any o, given the compact support of fi .. We can therefore freely choose the exponent o and
picking o > 1 allows us to find s € (3, ) such that (4.6) holds. We observe that the (z)/|Imz|
factor in (4.6) is provided by

IP/A— 2 (/A + D) < %

Collecting all these informations together yields

TP =) e fin (PIA=2)7 (1= x)

with 2s — 1 > 0. We decompose similarly the fs term where this time we apply Lemma 3.3 only to
the resolvent on the left. We choose again o > 1 so to obtain (4.6) for any s € (3, %) and we still
have

llow f2,e ()71l S M 2,k (r) 7 |[Loe S 1.
Picking fgy,{ such that fzy,gfg,m = 1 we can observe that

|Foucr (P = 2)7 || Sl ot PR IIPE (P/A—2)7 |

1 1
SA2IVeP 22 2
[cliarel

=

<SAZ.

~

We conclude the proof, since

1 -1 -1 s+1-1 (2)
—(P/X— wf2,x0r (P/A — 1— SATT2
L(P/A =) oot (PA—2)7 (1) 2
with s+ 1 —1 >0 and 8. f(2) = O(|[Imz|™) for any M > 0.
The proof for R2()\) carries out in the same way. O

As opposed to RL(\) and RZ()), in the case of RY (\) we have V which is a differential op-
erator whose coefficients have only finite order decay, in particular the fact that ||(r)®a| L and
[|(rY*bL || L are finite only for oo < 14 v will limit our choice of exponents when applying Lemma
3.3.

However this will not be a source of difficulty in the first order terms of V since we can still
choose o = v+ 1 > 1 and get additional powers of X by bounding the operators 9.(—Ao)~"' and
%8[(—A0)71.

On the contrary, for the second order term ||(r)*cl!|| < 1 for a < v will limit us to 0 = v > 0
and moreover we will only be able to obtain the boundedness of 97 ,(—Agz) " (by projecting away
from the 0 eigenspace and using an elliptic parametrix in Lemma 4.9). This represents an additional
difficulty since we will then need to control operators like (—Ag)/r? (—Ag/X — z) L.

Lemma 4.6 (Bound on first order terms I). Let I defined by

I = % (P/X—2)"" (1= X)¢x(andy) (}AO - z) 7 (1 =x),

then there exists 61 > 0 such that

Il < 51 <Z> )
Il 4% L
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Proof. We start by mimicking the proof of Lemma 4.5, hence writing I; as

1 I . _
|5 2= 27 0170 - 0ectrr a0, (-s0pr -7 @ -0 (@)
We recall that a, € S™'7" so the fact that ||(r)* ™ a.|r~ < 1 suggests that this time we choose
o =v+ 1 in Lemma 3.3, therefore giving us

P/A—2)" ()" < 7<Z> A° 4.8
for any s € (%, %), We then proceed similarly to the previous proof, that is we estimate the
20 2
quantity

dr <_f° —z)l (1-x)

1
Slor(—=Ao) ™ 2 ||L%~>L%

-1
(—Ao)% (—fo - z)
L%—>L%

() (-2

The statement is proved since from the informations obtained up to now the bound on (4.7) is

1 _1
SA(IVa(=A0) 22— r2.

L2 12
¢ 7a

<Az,

1.4 (2)
Il < A5tz 1<7
I < T

with s + 4 —1> 0.

Once we have established

Lemma 4.7. Let ¢, a term of the partition of unity of S, then me%al(—Ao) 2 s a bounded

operator on L%.

we can bound, with the exact same reasoning as in Lemma 4.6, the remaining first order part
of RY (\).

Lemma 4.8 (Bound on first order terms II). Let I defined by
1 _ 1 _
L=+ (P/A~-2) (- x)wnbi;& (=A0/A—2)7" (1= ),

then there exists 62 > 0 such that

Il < 22 <Z> ]

Proof of Lemma 4.7. By ellipticity of the operator Ag, locally on coordinate patches we have the
following lower bound

|V§u|% = Zgl"j (9)6;u8ju 2 Co Z \aju|2 Z Co|81u|2
Lj J

for some Cp > 0, consequently for the operator on the manifold it holds
2 2 1 2)— 1 2
=0l vols = ( S = glly S A x Vgl|gdVols
lprdiul” dvol |Oiu|”|g(0)|do < a |Vaul|z1g(0)|do < G | Vaulzdvol
s 0 Jv, 0Js

(we recall Remark 4.3 about the notation used). We can conclude, since we have found

K

1
ot /rovull 2 S lond/rVull 2 S IVgull2 = I(—80)bull, .
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Now passing to consider the second order part in RY (z), that is

_ 1 _
I3 (P/IX=2)"" (1= x)enct’ 5071 (—Bo/A=2)"" (1 =X)

1
T
we remark first the useful property

Lemma 4.9. Let —Ag the Laplace Beltrami operator on (S,9), if ¢« s a term of the partition of
unity of S then ¢.93,(—Ag) ™" is a bounded operator on L*(S, dg).

Proof. Let u € D(—Ag) and Iy the projection on ker(—Ag), which is spanned by 1 and consequently
937 ou = 0. Moreover Il can be written as f(—Ag) for some f € C§°(R) supported around 0 and
with f(0) =1, we consider

0w =pnd]i(u— f(~Ag)u)

—o B0y + 1) E2EED (ag)(1 - f)(-Ag)u
— 0 B2 o1 AN = N)(=Ag) A
=pndj(=Ag +1) (—Ay) (—Ag)u. (4.9)

With standard computations we can find a parameterix for the elliptic operator —Ag, namely there
exist a family of symbols ¢® € S™?(R} ') and Ry operator with symbol in S~V (R} ') such that

(A7 +1) (Z H~0p(qN)HEI> =1+Rn.

On the support of ¢,; the resolvent (—Ag41)"" is a pseudodifferential operator of order minus two
and the composition with the order two differential operator (8?71) results in a bounded operator of

L*(S). By the spectral theorem (7A?+1<),<1A:§)<7A§>
9
from (4.9) which yields

is bounded and therefore the statement follows

2
lendjiull2csy S I(=Ag)ullL2s)-
O

As usual, we want to apply Lemma 3.3 to I3 and we will do so by taking advantage of the fact
that ||(r)”cZ'|| < 1 thanks to (4.4). However, applying Lemma 3.3 with ¢ = v > 0 would provide
a bound by A* with s € (0, §) which is worse than what we gained in the estimation of I and I,
where taking o = v + 1 produced a higher power of A\, namely with exponent s > %

We will then proceed differently by considering separately low and high angular frequencies.

Let ¢ a smooth cutoff function such that ¢ =1 on [0,n — 1].
1. Consider

1 ~1 . 2 1 (=Ao -
X(P/)\_Z) K @Naj,l()b(_A?)(]‘_X)ﬁ A -z
where we have bounded contributions given by
v gl <7">2 2 -1
(N7al, (A=) 5 ¢x05(=Ag) ¢(~Ag)(~Ayg)

(see (4.4), Lemma 4.9 and the support of ¢) and we are left to consider

(P/A—2)"Yr) """ and <’“>; (=Ag/A—2)"L.

By Lemma 3.3 and Hardy inequality (see Propositions 2.2 in [BR14b]) we can handle these
two remaining terms obtaining

|n=srn




1 v+l

where we can choose s € (3, %3+).

We notice here that we have used Lemma 3.3 in the same way as in the proof of Lemma 4.6,
where we had obtained (4.8). However here ¢! has less decay than a, which leaves us with
an extra growing term (r) to handle (we cannot bound (r)**cZ!, but only (r)cl'). For this
reason we take advantage of the localisation (1 — x) that we use to write a bounded term
where we collect all the factors depending on the radial variable.

2. The part localised at high angular frequencies is

SPIA =97 0051~ 6) (D)1~ )5 (~B0/A—2)

where the operators ’

(rel!,  pudii(—Ag) ™!
are bounded independently of A and z thanks again to (4.4) and Lemma 4.9. Additionally,
by Lemma 3.3

[(P/A=2)" )™ S A° (2) (4.10)

|[Imz|

for some s € (0, ). At this point we are left with
A (=09 (=AY A (FAg) (=4 -

where, as opposed to item 1, the localisation by (1 — ¢) requires some extra care.

- )
~ |Imz|

Lemma 4.10. Let n > 3 and ¢ € C§°(R) such that ¢ =1 on [0,n — 1], then for X € (0, \o]

(1 - ¢)(~Ay) 52D (% . 1)1

<, 1.
Ar2

~T

2 2
L6—>La

Proof. By the results of Appendix A.3 (Proposition A.2 in particular) we can rather consider the
one dimensional problem of bounding

i 1
sup || 73 (e +A)” (4.11)

,u.%>n—1

L2((R,+00),rm=1dr)—L?((R,+00),r"~1dr)

where we recall that py is given by

?  (n—-1) 1,
= — o+ =

Pk or? r i r2Hk
and (42, ex) are eigenpairs of —Ag. To bound (4.11) we will use an analogous estimate where the p?
are replaced by the eigenvalues of the Laplace Beltrami operator on the unit sphere (see Appendix
D). Indeed, we can separate the u; by the eigenvalues of —Agn—1, for whom we have the explicit
expression (J’?Yn = j(j + n — 2), namely once we fix k

ui e (Jf’n,alil’n} for a unique [ = I(k),

recalling that we restricted ourselves to the eigenvalues pi > n — 1. We can rewrite the operator

Pk as
2

2 2
Tl/_l Ol'n —Oin
o= o2 — =Y . )0r+—7f’2 4 B ln - L
——
Pi,n v
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with v > 0 and p;, which is the equivalent of p; where the A2 are replaced by the Uﬁn. If we
express the resolvent in terms of the heat semigroup

(pk+>\)’1:/ e*fke*fpkdt:/ e Pe PtV gy (4.12)
0 0

since v and p;,», do not commute of course e tPLntv) £ e=Pne=t byt from the Trotter product
formula (see Theorem VIIL.31 in [RS81]) we know that

t t
e tPLat) — Jim (e mPLnem )™
m——+oo

taking the limit in the strong sense. We can bound the kernel of (e_%“”e_%”)m with the one
of et thanks to the non negativity of v, and like this we obtain a pointwise upper bound on
(efﬁ’”v"e*%”)m by e~ *Ptn. Consequently, given that now e *®tnt) is bounded by e~ *in | by
(4.12) we see that we control (px + A)™' with (p;,, + A)™! for which the result in Corollary D.2

holds.
In particular from such corollary we obtain first that

I,n

’02

Snl

~n

L2((R,+o0),r"~1dr)—L2((R,+oc0),r"—1dr)

r2 (pl,n + )\)_1

2 2
uniformly in A\. Then since 1 < % < m,, for some constant m,, it follows that :2—" < my, going
in in
back in (4.11) we have found

2
Ul,n

r2

2
P
T2

sup (P + )7 S 1

p2>n—1

(pr + )\)71H S

where we are considering the norm of operators on L?((0, 4+oc), r™ dr).

With these two last steps we are able to bound the second order term.
Lemma 4.11 (Bound on second order term). Let Is defined by
1 _ i1 _
Is = $(P/A =) (1= X)pnck! 5031 (~Bo/A = )7 (1= ),
then there exists 63 > 0 such that

2
AP .
sl £ X%

Proof. Take ¢ spectral localisation on the interval [0,n — 1) and split I3 with the partition ¢(—Ag)
and (1 — ¢)(—Ag). Conclude by using item 1 (page 21) on the term localised on the angular
frequencies on [0,n — 1) and item 2 (page 22) together with Lemma 4.10 on the part localised at
high angular frequencies. O

Eventually, thanks to Lemmas 4.6, 4.8 and 4.11 and the properties of almost analytic extensions
we have

<N (4.13)

/C 9. 7(z)RY (V) L(dz)

for some § > 0, recalling the result of Lemma 4.5 and the definition of D¢ (X) in (4.3) we have found
that

DN =0 as A—0 (4.14)

which concludes the proof of Assumption 2.1.
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5 Adding a potential

We see here how we can generalize the arguments we presented in the case where we add a non
negative decaying potential. Let
Py =P+ W

with W an operator that on M \ K is the multiplication by a real valued function W belonging to
S727¢. The robustness of the approach lies in the fact that the symbolic structure of the operator
is not altered by the addition of such a potential. In particular, in local coordinates W can be
represented by a pseudodifferential operator Opy (5’ _2_5’0) and if x is a cutoff on the compact part
of the manifold we can still write the operator under the form

(1= x)Pw/X =" Opxx(aox +als) (5.1)

with ag,x € 5'0‘2, a‘f{& € S~b! that have seminorms uniformly bounded with respect to A.
We sketch here the main steps to obtain the corresponding results to Sections 2, 3 and 4.

e Since Pw has same symbolic structure as P the results of Section 2 hold with analogous
proofs, provided we assume the equivalent of Assumption 2.1 replacing P by Pw . Therefore,
by limiting absorption principle we obtain

(AN +0) 5 (Pw /A — 1 +40) 1A +4)° € L(L*(M))

fors>l—%.

e Once the existence of the outgoing and ingoing resolvents is established, all the proofs of
Section 3 carry on in the exact same way for Py .

e Lemmas 3.2 and 3.3 were crucial properties to be able to prove Assumption 2.1 and we have
noticed in Section 4 that they derive from the behaviour of the heat flow.

Indeed, as we have done before we can use Trotter product formula (Theorem VIIL.31 in

[RS81]) to write

—tP —t(P+W tp —tw
e tPW — mH(PHW) ),

lim (e"m"e ™
m——+oo

since W > 0 we can bound the kernel of e~ mPe m" with the one of e~ m’. Therefore, if

Kw (z,y,t) is the kernel of e 7" pointwise it holds
Kw (z,y,t) < Ko(z,y,1)

which allows us to recover for e W the same kind of estimates that we had for e *%.

Remark 5.1. Alternatively, we can recover the heat flow estimates by noticing that they
follow from the Nash inequality which holds true for Py also as we will see here. Thanks to
the non negativity of W and the selfadjointess of P we can easily see that
1
IPGul® = (P + W)u, u) = (P2u, PFu) + (Wu,u) > | P2ul]®
and therefore use the Nash inequality for P (namely (3.4)) to prove

1+2 2 1
lall sy S Tl 1Pl .

1
We notice that the fact |Pgu| > HP%uH implies that Py has no 0 eigenvalue nor resonance,
since 0 it is not an eigenvalue nor a resonance for P either.
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Once we get to the proof of Assumption 2.1 the only relevant difference is when considering
the term

D" (N) = (1 =) (Pw /N (1 = x) = (1 =) F(=A0/N) (1~ ),
applying Helffer Sjostrand formula we pass to comparison between resolvents and we have
an additional term involving W that is

RY () (Pw /X =2)"" (L= )W (=A0/A—2)"" (1~ x) (5.2)

N
T
and all the other terms can be bounded with the analogous of Lemma 3.3, hence providing
equivalents to Lemma 4.5 and (4.13).

For (5.2) we exploit the boundedness of ||{r)*"*w]|| L~ and applying Lemma 3.3 with ¢ = 1+¢
combined with Hardy inequality we obtain

for some positive 5. We can therefore conclude that [|[D} (\)|| converges to 0 as A goes to 0.

<N

/C 3. F(x)RY (V) L(d=)

A Operator on the exact cone and separation of vari-
ables

Let —Ao the Friedrich extension of the Laplace Beltrami operator on the cone ([R,+o00) x S,G)
with Dirichlet boundary conditions that in local coordinates looks like

—Apg=——— ——F— — =Aj. Al
0 or? rooor 27 (A1)
The quadratic form we need to define to derive the Friedrich extension is

@01, v) = (9w, 0r0) 2 + (1/r(=Ag)2u, 1/r(=0g)2v) 12 (A:2)

defined on elements of the space
{closure of Cy°([R,+o0) x S) with respect to ||ul|+ := (qo(u,u) + ||u|\2L3)% } (A.3)
G

that we will denote by Hg ([R, +00) x S). The domain of the Friedrich extension —A then is
D(=2o) = {u € Hy | |go(u,v)| < C(u)l|v]| 2, Vv € Ho} (A.4)

Since —Aj is selfadjoint on L?(S), we can consider an orthonormal basis (ex)x of the space such
that
—Dger = pier, 0=po < < ..., (A.5)

we can then decompose any function u € L?(S) on this basis
u(w) = Z (/ R dv015> er(w),
s

while a function of L% is of the form

w(rw) =3 ( /S e Ou(r, ) dvols) en(w) = 3 u(r)er(w). (A.6)

E>0 k>0

In particular we can identify a function in L% with its one dimensional coefficients. It is
straightforward to obtain the following.
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Proposition A.1. The map between Hilbert spaces

Lz — @ LA (R, +o0), r™tdr)

k>0

u (uk)k

is an isometry with
2 2
ullz2 = ||uk”L2((R,+oo),r"*1dr)' (A7)
G

k>0

Moreover, prescribing the action of one dimensional operators on the coefficients ux gives origin
to well defined operators on the Hilbert space L%.

Proposition A.2. Let (Ax)r a bounded sequence of bounded operators on L*((R,+o00),r™ ‘dr).
The operator A defined by
Au(r,w) =Y (Agug)(r)ex(w). (A.8)

k

. 2 .
is well defined on LZ with norm
ANz 2 = sup AN L2 ((Ro4-00),rm—1dr)— L2 ((Ry400),rn—1dr)-

Proof. Follows directly from Proposition A.1. O

With Proposition A.2 in mind we want to reduce —Ay to the action of suitable one dimensional
operators. Indeed, once a function is represented with respect to the orthonormal basis (ex)r as
in (A.6), the action of —Ag becomes multiplication by a scalar so going back to the expression in
(A.1) this suggests we set

?  (n—-1) 1,
= - — Or + — Ui A9
Pk 52 - + gk (A.9)

We can prove that the sequence of one dimensional operators (px)x corresponds exactly to —Ag.

Proposition A.3. Let u € H{([R,+00) x S), then u € D(—Ao) if and only if ux € D(px) for
every k and

2
D o IPrurllZz gyt ooy,rm—tar) < 400 (A.10)
P

Moreover

(= Qo) = prux, from which ||(~Ao)ullzz = D Ikl 2o (g ooy, e rar)-
k

Proof. Can be proved by direct computations, given that constructing py via Friedrich extension
its associated quadratic form is

Foo s o
qk(f,g):/ (f/g'+ri2uifg) r

R

with domain

[N

hit, = {closure of C5°([R, +00)) with respect to (qk(f, )+ ||f||%2((Ry+oo)’rnfld7.))

b

while the domain of pg is

D(pr) ={f € hark | lar(f,9)| < CNNIN2((R,+00),rn—1ar) Vg € Pt}
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The result of Proposition A.3 extends to the case of functions of —Ay, as we will see below, and
therefore it will be of use to simplify the argument in estimating norms in Section 4.

Proposition A.4. Let ¢ € C§°(R) then

p(=Do)u(r,w) = Y (w(pr)ur)(r)ex(w)

k
2
Jor any u € L.

Proof. The statement can be proved directly when ¢(—Ag) is a resolvent and can be generalised to
any ¢ € C§°(R) applying Hellfer-sjostrand formula to compute the right hand side of the equality.

O
B Nash inequality
We show in this appendix how to obtain an inequality of the type
1+ 2 2 1
lullsh sy < lull o 1Pl an
using the analogous result which holds for the free operator —A on R", namely
142 2 1 2
el S Ml o (=22) Bl 2 oy = [l o [0l 22 (B.1)

with a constant depending on n. (See [Nas58] p. 936).

We will proceed in two steps: first we will prove the inequality on a pure cone (thanks to (B.1))
and next we will pass onto M where on the manifold end, M\ K, we will use the result that holds for
a pure a cone, while on the compact part we will exploit the fact that locally we are diffeomorphic
to R™ where (B.1) applies.

B.1 Inequality on a fixed cone

Since we are considering the fixed cone ((0,00) x S, G) we can proceed as in Remark 4.2 to reduce
ourselves to norms on R™ for which holds.

Lemma B.1. Let u € C§°((0,+00) x S), then there exists Cy, > 0 such that

1+2 %
||UHL2<(0,+OO)><5) < Cn‘|u||L1((o,+oo)><5) HvGﬂ‘LHL2((O,+oo)><S)’

Proof. Recall the equivalence between the L? norms on ((0, 00) x S, G) and the usual L? norm with
respect to the Lebesgue measure mentioned in Remark 4.2. Then for each term in u = ;Pi (w)u
we can apply (B.1) and get

142 2 2
o @l o+ oy esy = sl S o5l o [V (050 2
with
2 2 2
”@JJU‘HZI(Rn) =~ ”Wju”Zl((O,J,-oo)xS) S.» Hu||zl((0,+oo)><5)' (BQ)
Considering polar coordinates on (0, 4-00) x S"~! the gradient is (8, 1/rVgn-1), s0
[Ven (‘PJ‘U)Hi?(Rn) = ||@j87"u||?22((07+oo)><8"*1) + Hl/rvS"—l(Lp]'u)Hi?((O,Jroo)xS"*l)
=~ l; (w)aruHQL%(o,Jroo)xs) + 11/7Vg(p; (w)u)|‘i2((0,+oo)><s)
2 2
S 0rullz2(0,400)xs) + 111/7Vg(05 (@) )12 ((0,4-00) x 5)- (B.3)
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Now observing that Vz = (§7%(0));£(1,...,0,—1)" when we rewrite Vg(p;(w)u) as [Vg, ;] +
Vg the commutator

Vg, 05 (w)] = (@"(0));,xVo(p; 0 k5 1) € CE(R"™Y),
is the multiplication by a bounded function and hence a bounded operator. So we have found
11/7Vg(w; (@)l L2(0,400)x5) < 11/705(W)Vgull L2((0,400)x5) || 1/7[Vg, 05 (W)l L2((0,400)x 5)
S/rVgull L2(0,+00)x5) F Clle/Tl L2((0,400)x 5)
S /rVaullLz o, +00)xs) + CllOrullL2((0,400)x 5)
thanks to Hardy inequality (Propositions 2.2 and 3.5 in [BR14b]) in the last line. The statement
follows combining (B.2), (B.3) together with this last estimate. O

B.2 Inequality on the manifold

We split the analysis into the part near infinity and the compact one. From what we have found
in the previous section, if x is a cutoff on the compact part at first we get

2 1+2 2
(1= x)ul = ~||(1 - X)U”L%" S - X)UHE%HVE((l = X)W L2((0,+00) x )
2
= 0= xul 21 iy IV = 00 2204500 x5)
2
< il 2 oy IV = X022 (0,0 5 (B.4)
The gradient we need to evaluate is

Va1 =0wlE S X ul* + (1 = x)0rul* + (1 = x) /rVgulz (B.5)

with X’ compactly supported in [R, +00) so that ||x'(r)||ze < 1 then passing to the L? norm and
using the Hardy inequality mentioned in the previous proof we can first bound the terms

2 2 —1 2 2 2
IX'ullzz + 11 =)ullzz. S 1) ullze +10rullz < [10rullzz - (B.6)
G G G G G

Then we will need to compare the gradient with respect to the fixed metric § and to the metric
g(r) via the following lemma.

Lemma B.2. Let g and g(r) two metrics on a closed manifold S satisfying the property in (1.2),
then there exists a constant C' > 0 such that

1VaulgllL2(s,a9) < CllIVgryulger llL2(s,ager) -
forr>1 and v € Hy(S,dg) N Hg(S,dg(r)).

Proof. Given the two gradients Vg = (¢7%(0));xVe and V) = (g(r,0)""%); Ve and property
(1.2) for large r we get

|\|V?U\§||L2(s,d§) S Z |V§(80»<U)|§|\L2(s,d§) S Z |VQ(T)((/JHU')|9(T)HLZ(S,dg(r))'

Consider the kernel of the operator —A,y, which is spanned by 1, and let
HS(T) := projection on kery2(—Agy,)),

in particular Vgu = Vg(u — Hg(r)u). Now the gradient of u is

11Vaulgll L2 (s,ag) = Va(u — Tgeyw)lzll L2 (s,49)
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SO MVt (@nu = Mgy u)) g 12 (5,dg(r)
S el Vo (u = Mgyl gyl 22 (s,ag ()
+ D 1Vgmerlom (w = g w)ll L2 (s dg(r)

0
SV ey ulgomllLz(s.agery + lu — WgyullL2(s,ag(r)) -

Let’s write the projection on the 0 eigenspace Hg(r) as f(—=Agyy) with f € C§°(R) such that
f(0) =1 and supported around 0, then by the spectral theorem

(1 — N)(~Dyr)
(—Ag()E

1
S I(=Ag) 2 ullL2(s,dg(r))

1
(—Ag(r)2u

0
lu = TgmyullL2(s,d9(r)) = ‘
L2(S,dg(r))

> IVg(ryulgm L2 (s,dg(r))
from which the statement follows. (I
Going back to (B.5) and thanks to (B.6) we obtain
IV (1 = X)) 122 ((0,100) x5) Sl\arUHi% +11(1 - X)/T\V?u\flli%
lorulZs + 111 = 0)/rIV ooy ulgio 2
SIVeulllz, = IPFulizqn -
Applying this estimate to (B.4) we have proved the desired inequality on the manifold end
142 2 E—
I = XUl S sy 1Pl . (B.7)
Using a partition of unity for the remaining compact part we easily derive the following.

Lemma B.3. Let u € C§°(M) then it holds

12 -
Hu||L2(M) < OnHuHLl(M)HPQUHL2(1\4)
for some C,, > 0.

Proof. Write u as (1 — x)u + xu and use (B.7) on (1 — x)u. Then xu is supported on a compact
set on which we can consider a finite covering (K;); with associated partition of unity (x;);. Each
K; C M is diffeomorphic to an open set of R", via a diffeomorphism v; and since the metric tensor
on M is represented by a positive definite matrix we have

/ x5 (xu) dG ~ x5 (xw) ot da.
M i (K5)

Applying again (B.1) it follows
142 2 o 2
I )l 2 Gy = 116G (Xl 2 (g S 16 (XN 1 ey [ VRR (X0 | 22 (R
2
S ull 2y ary (Ve ()l L2 ny + x| L2 gen))

2
=~ HuH}ﬁ(M) (IVa(xwll 2 ary + lIxull L2ean)
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2
S Ml any IV6 Ol 2 ary
2
< Hu”Zl(M) (”VGUHLZ(M) + HX/UHLQ(M))
2
Sl s any IV Gl 2

where we have used Hardy inequality (Proposition 2.2 of [BR14b]) to estimate ||xu|lr2(as) since
x(r) is bounded and (2.4) in [BR14b] to bound ||x"ullr2(ar)-
O

C Commutators and symbolic calculus

We will see here how to use symbolic calculus to compute commutators between pseudodifferential
operators on a manifold. First of all we point out that for Opx(-) described in (1.5) the usual
rules on the composition of pseudodifferential operators apply (for example see Proposition 3.1 in
[BM16]).

As defined in (1.6), instead, Opa,x(a™)1, acts on functions supported on U, C M so summing
up all the contributions ), Opa, «(a”)9. will be a pseudodifferential operator defined on the whole
manifold. We also underline that we will consider operators with spatially localised symbols, namely
supp a”® C [R,+0o0) X Vi x R".

We proceed to the proof of the result mentioned in Proposition 2.2.

Proposition C.1. Let m,m’, u, i’ real numbers and the operators A, B on [R,+o0) X S defined as

A= Z Op)\,n(an)’(/)ﬁv B:= ZOP}HK(bN)dJH

with symbols in S™* and G’ w! respectively and spatially supported in [R,+00) X V,.. Then for the
commutator it holds ~ , )
[A,B] =) Opao (8™ Ml 4+ R

with RN an operator which is negligible of order N for any N € N.

Proof. In the following B is a generic bounded operator that will be allowed to change from one
line to the other.

The composition AB is given by a double sum, by the support properties of the symbols b"
Opx,«(b™) will be supported in [R, +00) X Uy, while ¢, localises in [R,+00) X U,,. Hence for any
chart such that U,, N U, = @ the corresponding term in the sum is 0.

Next we start by looking at the easier case where we are composing two operators localised on
the same chart. We denote by wfn the pushforward on R™ of 1, through any chart [ whenever this
quantity is well defined, that is 1[)5" = Hflwm and we will extensively use the relations

Ul = Ty, T e = 9 T
This said, we have

OPxr (@) Opx, (0™ 1hw =I1cOpa (a™)II;; ! (1 I1, ) Opa (0T 1
=11 Opx (™)L TLe (W Opa(b™))IL; "
=I1,0px(a”™)Opx (b™); "),

where b = X b" € Smhm g still spatially supported on V. Thanks to the multiplication on
the right by II'4, the composition Opy(a”)Opx(b") is applied to functions localised on Vi so
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we can harmlessly extend the symbols to 0 outside of their support which will give us rescaled
pseudodifferential operators on R™ to which usual composition formulas apply. Consequently

OPa (@) Opa.x (b )b =T1,0p (@b Mahy + T Opa (S ~1rtr =1y - Ly,
=Opa (@b ) + Opy o (7™ —1btr =1y, (C.1)

Obviously the same holds for Opx, . (™)1 Opa,.(a®)1). so that when taking the commutator the
term Opa, . (a"b")1. cancels with Opx «(0"a™)ts.
Now for the overlapping terms with m # k let 1, equal to 1 on the support of v,,, by writing

I1,.Opx (b, ", = 1L, Opy (b)Y, (C.2)

when we compose with Opx m(a™)¢m on the left the cutoff ¢, € C®([R,+00) X Unm N Uy)
localises in a region where both the charts k and m are defined.

We pick smooth cutoffs & and 'Ll;m such that
Dutbe = s Dmtpm = tom
and since QZJEZL = 1 on the support of a™ we have
Oprm (@™ mtdn =ty Opa(a™ Iy (o)
=0 T Opa (" YL (tom )
+ (1= D) L Opa (@™ Ly (). (C3)

On the intersection U,, NU, both the expression in local coordinates given by the chart m and the
chart x are well defined and we can pass from one to another by composing with smooth transition

maps, like x o m~'. We notice that H;Ll (w,nl/;m) localises exactly in m(U,, N U,.) which is where

kom~! is well defined and we have the relation

OpA (™)L (Ymthe) = I om 1 OpA (@I T (Ymthe)

where a" is a symbol belonging to the same class of a". Indeed, we will prove in Proposition C.2
that conjugation by transition maps does not affect the decay of the symbol and that in particular
it holds _

Op)\’,i(dm) = Op)\’n(sm’”) + RN (04)

with R a negligible operator.
In the following sum we can first use (C.2) and then the expression found in (C.3)

ZZOmm )1hmOpx (b wm—ZZOpxm )P Opa i (b

—ZZ (Mg Opa (@)L )T e

%iOPA,n(bH))%
+ Z Z(l - Tzn)qz)mOpA,m (am)(d’mlzjﬁ)ol’k,ri(bn)d’n-

Noticing that II,.,,—1 = II,,'TI,, we can simplify some terms

M0, 1 =10, ' 1 =1t

Krom rom

yielding

Z Z Op)\ m 1/1mop>\ n '(pn = Z Z wmwmn OPA( )H wmwNOpA Fu(bn)w
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#3571~ 90) b Opam(@™) (e ) O w (b )ibi. (C.5)

First, thanks to the support properties of 1Z)m and JH and since the 1, sum up to one

anwmn OpA (@) P, T Opi (6T,

=1I1.0px(a 2 Zwmdjnn Opa (b™)IL .
= IL.Opx(a" )%Om(b”) . (C.6)
= Opa.n (@b )ihw + Opx,a:%‘m*m’*’”*“’*)z/?n (€.7)

where in (C.6) we fall in the same case as in (C.1) so we use (C.4) and the properties of composition
of pseudodifferential operators. For the term in (C.5) we have the part

(1= Jm Opa(a™ ), O 115!
where we have a composition of pseudodifferential operators with disjoint supports, hence the usual
formula for the composition produces the remainder only. This implies that we can write
R, = (1 - &n)";’mop&m(am)wm'&n = 'lZmOp)\,m(T)

with 7 € S7*V=*¥ for any N € N and that

> Rm=Qy'BQY.
Adding the contribution of Opy(b") gives us

> (1 = D) ImOpr m (0™ ) (W) Opa e (6°) =3 RnOps(

m

=Q1‘VIBQ1‘V10pA,n(bK”)HEI
=Qn}2Qn)2BAN Opx x (") Qn/2Qn )
=Qn/2BQx)s

meaning that thanks to (C.7) we have found
Z Z Opa, m mep)\ N( ) K :Op/\,m(dnbﬂ)qz}nJr

+ Opa (ST IR+ QN BQY -

By repeating the same procedure for the double sum that appears when taking the composition BA
we obtain terms Opy . (b"a")1.. Hence taking the difference AB — BA results in the statement.
O

We prove now the invariance of the symbol classes by conjugation with a diffeomorphism. This
will imply that passing from one chart to another, which means conjugating with a transition map
the operators on R", does not alter the decay of the symbols.

Remark C.1 (Notation). To simplify the notations of the kernels we state the proposition for
pseudodifferential operators, instead of the rescaled version Opy(a). However, given that the kind
of diffeomorphism we are considering leaves untouched the radial variable r, which is the only one
affected by the rescaling, the result generalises easily for Opa(a).
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Proposition C.2. Letv:V — W a diffeomorphism between open sets of R ™" with |0%y| < Cla,
|0y < ca and set P(r,0) = x(r)p(0) € C°([R, +00) x V) compactly supported in  and

IL, : C*(|R, +o0) X W) = C*([R, +00) X V)
v = v(r,y(9)).
If Op(a) has symbol a € S™" with supp a C [R,400) x W then
I, 0p(a)T15 "¢ = Op(a-)d + Ry

with a, € Smk 4 e C*([R,+00) X V) compactly supported in 0 and Ry a pseudodifferential
operator of negative order. In particular, Ry is the pushforward on R™ of a megligible operator of
order N for any N € N.

Before proceeding with the proof we remark that the integral kernel of Op(a) is

1
(2m)"

whereas the integral kernel of II,Op(a)IL; "¢ is instead

Kg,(’f', 97 7’,7 9/) =

/e““r’)”“(e*g/)"a(h 0, p,n)dpdn

1

ronl\
K’Y(Tvgvrve)f (27‘(’)"

[ (07O 56), (sl

\Jacvl(é"))dpdn-

To show that II,Op(a)IL; L4 is still a pseudodifferential operator, up to some remainder, we
will need to write its kernel K, as an oscillating integral with phase i(r — r')p + (6 — 6')n and a
symbol a, depending only on the variables 7,6, p and .

Proof. As we said we want the oscillating term in the integral to be e/ r=rp+i0=0m o ¢4 linearise
with respect to 6 we consider the Taylor expansion

¥(0) —~(0") = (-6 /0 dy (0 +t(0 —0"))dt =: (6 — 0" )M (6,6

with M (0, 0') invertible matrix. Performing a change of variable in K., which sends 1 to M (6,6")"'n
yields

K 0.07,0) = [ 00O 4G .07,/ o (C.8)

(2m)n
where we have set
A(r,0,7',0', p,m) := a(r,7(6), p, M(0,0") " n)x(r')p(6") M (6,6").

In the integral (C.8) it now appears the oscillatory term in the desired form as commented before.
To finally obtain the kernel of a pseudodifferential operator we must get rid of the dependence of
Aon (r,6).

Let © € C§°(R™) a cutoff function such that ©® = 1 near 0, we first consider the kernel K,
localised around the diagonal {r = r',0 = 0}, that is

O(r—1",0 — 0K, (r,0,7,8").

We use again a Taylor expansion: we expand A with respect to the variables 7,6 around the
point (r,0) up to order N, hence providing us with a polynomial of order N — 1 plus a remainder
term. In particular we can write

A(T7 97 T/7 0” p7 77) :A(T7 97 T? 07 p’ 77)
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LS ST O — ) — 0,35 AYr,0,7.0, p.1)

=1 j+|a|=l

+ D O =)y (0" =) )R (r,0,1",6', p, ).

j+lal=N

Here R7® are the terms coming from the Taylor remainder: they are compactly supported in (', ")
—k—18|

and such that 9505 R"*| < ((p) + %)H (property which is inherited from a).

We want to use this expansion in (C.8), observing that
(’I", _ r)j(@/ 7 a)aei(rfr')p+i(979’)n — Dngei(rfr’)pJ»i(GfQ/)n
we use this relation to perform integration by parts. Integral (C.8) then results in

1
(2m)"

'/ei(”_w)””w_e/)”z‘l(?ﬁOm9,p,n)dpdn

O(r—r",0—0"K,(r,0,r,0") =0(r —r",0 — ")

1
(2m)"

+O(r—1r,0-6)

TS [ D D5 335 ), 6.1.6.py o
L (e

1
_ / 9 _ 9/
+O(r—r, )(27r)"
E /ei(w_r)p“(e/_9)"DzDZ‘Rj’Q(r, 0,7',0', p,n)dpdn.

j+lal=N

Moreover we notice that by definition A preserves the decay of a with respect to r, p and 7, meaning
that

A(r,0,7,0,p,m) € S™*, (DiD;;aZ,@g‘rA)(r, 0,7,0,p,n) € Smleln=lel=i,
Up to the remainder term, we have obtained integrals which are the kernels of pseudodifferential
operators of symbol S”* as we wanted.

For the remainders we can prove that they are kernels of negligible operators in the sense of
Definition 2.1. The same can be proved for the contribution of (1 — ©)K, and this will allow us to
conclude the proof.

We now proceed to show that composing on the left and right with Qs := (r)¥(P + 1)° the
Taylor remainders results in a bounded operator for any fixed large S (we still denote by P the
corresponding expression in local coordinates).

Here the key point is that we are conjugating by Qs an operator whose kernel is of the form

/@(r -7, 06— 0')ei(r e ti(0 76)"D£D,C7“Rj’°‘(r7 0,7",0", p,n)dpdn. (C.9)

This kernel is smooth, with derivatives in (r',6’) which are compactly supported and such that in
the integral we have arbitrary fast decay in p and 7, since we recall j + |a| = N implies

D05 5 () + @)N ‘

Applying Qs on the right, where (P+ 1)S is selfadjoint, would lead us to differentiate the kernel
in v’ and @', while applying it on the left means taking derivatives with respect to r and 6. The
ensemble of these actions still results in a kernel which is bounded together with its derivatives,
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thanks to the properties we just stated. Notably, the decay in p and n allows to compensate the
growth which is generated when taking derivatives of the oscillating factor.

We can therefore apply Calderon-Vaillancourt theorem (Theorem 2.8.1 in [Mar02]) to con-
clude that the corresponding operator is bounded. (Actually here one needs to apply Calderon-
Vaillancourt to a suitably conjugated operator in order to have boundedness with respect to the
appropriate L? norm, that is LQG)

The same proof can be adapted to the contribution away from the diagonal after rewriting it as

1-0)(r—1r",0-0"
(r=r)M@ — 06"

/ ei(T_’”/)p‘”(@_gl)"(D,]JVID,[?A)(r7 07,0, p,n)dpdn

1-0)r—1,0—0)K,(r,0,7,60) :(

where we performed again integration by parts thanks to

(’I" _ T/)I\/I(e _ el)Bei('rfr')p«Hl(GfO/)n — Dé\/IDsei(rfr/);H»i(QfG,)’q.

Indeed, D,IJVID;?A also decays as

p—M—|B|
DY DEA| < (<p> + %)

with arbitrary M and § and hence the same arguments used for (C.9) can be replicated to conclude
that Qs(1 — ©)K,Qs is an integral kernel corresponding to a negligible operator.

O
D A uniform bound for the spherical Laplacian
Consider the Laplace Beltrami operator on the unit sphere
Agn— -1
S A + 02+ =Dy (D.1)
r r
given the relation between the radial and euclidean coordinates r = |z| we can derive
1 2 1 2
8r:mzxjaja 8r:szkZ$jaj,k
J k J
and therefore rewrite the operator in terms of euclidean derivatives as
ASn—l 2 TiTk A2 a Ty
—_ r2 = —ARn + Z |x‘2 8j,k + (n - 1) Z Waj (D2)
7,k=1 j=1
Proposition D.1. Let n > 3, there exists a constant C,, > 0 such that
—Agn- _
H%l (—Apn 4+ \) 7! < Ch. (D.3)
r L2(R™)—L2(R™)

for all A € (0, o).

Proof. We use the expression in (D.2). By the spectral theorem —Agn (—Agn 4+ A) "' is bounded
and by elliptic regularity results

TjTk
||

B (—Den + )7 <107 (—Azn + A

L2(R7)—L2(R")

)" |‘L2(R”)~>L2(R”)
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<lI.
Finally, since n > 3 we can apply Hardy inequality to conclude

LI 9 (—Agn +A) —Azn + )72

|2~

<
L2(R7L)HL2(R7L) |1'|
1
: H(*AR" +A)" 29,
. 2
n-—2
2
n—2"

L2 (]R”)*}Lz (]Rn)

L2(R™)—L2(R™)

HV(—AW +A)?

L2 <R7L>*)L2 (R”)

O

Let (07,,81,n(0)); the set of eigenpairs of —Agn—1, representing u € L*(R™) in spherical coor-
dinates and decomposing the angular part along the basis of eigenfunctions we have

—Agns

r2

_ i n—1 Oin B
(=Arn +X) " u(r,0) = Z ;T <_812~ - (T)ar + L UL,n (7)51,n.(0)

; r?
J
where we have used for —Agn the expression we can derive from (D.1).

The uniform bound of the previous proposition translates to the following bound on one dimen-
sional operators.

Corollary D.2. Letn > 3 and Uin the I—th eigenvalue of the spherical Laplacian on S"~, then
there exists Cp, > 0 such that

2 2 -1
in gz (n=Dy | Tin
" r " r?

r2

< Chp

LZ2(Rt,rn—1ldr)—L2(R*,rn—1dr)
for all A € (0, o).

We remark that the operator that appears in the statement is exactly p; ., that we defined in
the proof of Lemma 4.10.
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