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About the Schwarz method in a geometrical multi-scale
domain

Marie-Claude Viallon

Univ Lyon, UJM-Saint-Étienne, CNRS UMR 5208, Institut Camille Jordan, 10 rue Tré�lerie,
CS 82301, F-42023 Saint-Etienne Cedex 2, France

Abstract. A model parabolic linear partial di�erential equation in a geometrical multi-scale
domain is studied. The domain consists of a two-dimensional central node, and several one-
dimensional outgoing branches. The optimized Schwarz method in substructured form is ad-
justed to the problem. The convergence of the GMRES method to solve the interface system
is stated and we look at the accuracy with which the solution of the problem can be approxi-
mated. Comparisons are made with related schemes also based on solving Robin problems at
the node.

Mathematics Subject Classi�cation : 35K05, 65F10, 65N08, 65N12, 65N55.
Mots clés : �nite volume scheme, parabolic problem, multi-scale domain, domain decomposition,
stability and convergence of numerical methods, optimized Schwarz methods, Robin interface
condition.

1 Introduction

In this paper, we consider a model problem set in the geometrical multi-scale domain Dε

that consists of a two-dimensional (2D) central node Ω(0) and p one-dimensional (1D) outgoing
branches Sj, j = 1, ..., p (see Figure 1). The node is delimited by segments γj, j = 1, ..., p, at
some distance δ from the junction. Denote xej the local coordinate in the direction of the j-th
branch. A complete description can be found in [3]. The model problem is the heat equation in
hybrid form :

∂vj
∂t

(xej , t)− ∂2vj

∂xej2
(xej , t) = fj(x

ej , t), xej ∈ (δ, lj), t ∈ (0, T ), j = 1, ..., p,

vj(x
ej , 0) = 0, xej ∈ (δ, lj), j = 1, ..., p,

vj(lj, t) = 0, t ∈ (0, T ), j = 1, ..., p,
∂u
∂t

(x, y, t)−4u(x, y, t) = f(x, y, t), (x, y) ∈ Ω(0), t ∈ (0, T ),
u(x, y, 0) = 0, (x, y) ∈ Ω(0),
∂u
∂n

(x, y, t) = 0, (x, y) ∈ ∂Ω(0)\(∪pj=1 γj), t ∈ (0, T ),

(1)
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Figure 1 � The geometrical multi-scale domain Dε (example with p = 5).
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supplemented by the transmission conditions

u(x, y, t) = vj(δ, t), (x, y) ∈ γj, j = 1, ..., p, t ∈ (0, T ), (2)

1

|γj|

∫
γj

∂u

∂n
(., t)dγ =

∂vj
∂xej

(δ, t), j = 1, ..., p, t ∈ (0, T ). (3)

This is a multidomain formulation of the heat equation where the subdomains Ω(0) and Sj, j =
1, ..., p, do not overlap. The interfaces are the segments γj.

A monolithic �nite volume scheme of hybrid dimension for solving directly the model pro-
blem was de�ned in [3]. Domain decomposition methods that result in interface systems at
each time step, and that depend on the 1D and 2D separated problems, were also used. The
interface systems were solved by using the matrix-free GMRES method. In the present paper,
the boundary conditions for the 2D separated problem are only of Robin type. We extend and
study in particular the optimized Schwarz method in substructured form (see [2], [1] and the
references in it), since due to the heterogeneity of the domain, non-overlapping methods are
particularly well suited. This work is to study the convergence and the accuracy of the GMRES
method to solve the interface systems.

The paper is organized as follows. Section 2 presents the substructured form of the Schwarz
method to solve the model problem. In Section 3, convergence of the GMRES method to solve
the interface system is proved. In Section 4, we give numerical experiments.

2 The Schwarz scheme

To de�ne the Schwarz scheme, we start from the monolithic scheme. The discretization is
carried out in [3]. The description of the mesh of the 1D branches (Nj points x

ej
i , i = 1, ..., Nj,

with xej0 = δ, x
ej
Nj+1 = lj, j = 1, ..., p), and of the admissible mesh T of the 2D node (with a

family of points xK chosen in each control volume K) is not provided here for briefness reasons.
The time step is k ∈ (0, T ), let tn = nk. The value vnj,i is an approximation of vj(x

ej
i , tn). The

value unK is an approximation of u(xK , tn).
The values on the right (subdomain Sj, j = 1, ..., p) and on the left (subdomain Ω(0)) of

the interfaces are coincident due to the transmission conditions (2), and their approximations
are both denoted by vnj,0 in [3]. Let us now introduce and denote unγ,j the approximation on the
left. The numerical approximation of the �uxes is simply done by �nite di�erence due to the
orthogonality condition of the mesh T :

F j,n+1
1/2 = −

vn+1
j,1 − vn+1

j,0

h
ej
1/2

, (4)

F n+1
K,σ = −m(σ)

dσ
(un+1

γ,j − un+1
K ),∀σ ⊂ γj , σ ∈ EK , (5)

j = 1, ..., p. The discretization of the transmission conditions is un+1
γ,j = vn+1

j,0 , j = 1, ..., p,
vn+1
j,1 −v

n+1
j,0

h
ej
1/2

= 1
|γj |
∑

σ⊂γj ,σ∈EK
m(σ)
dσ

(un+1
γ,j − un+1

K ), j = 1, ..., p.
(6)
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Let qj 6= 0, j = 1, ..., p. Let us now de�ne the quantities :
rn+1
j =

vn+1
j,1 −v

n+1
j,0

h
ej
1/2

+ qjv
n+1
j,0 , and rn+1

−j
= −vn+1

j,1 −v
n+1
j,0

h
ej
1/2

+ qjv
n+1
j,0 ,

rn+1
0j = 1

|γj |
∑

σ⊂γj ,σ∈EK
m(σ)
dσ

(un+1
γ,j − un+1

K ) + qju
n+1
γ,j ,

rn+1
−0j

= − 1
|γj |
∑

σ⊂γj ,σ∈EK
m(σ)
dσ

(un+1
γ,j − un+1

K ) + qju
n+1
γ,j ,

(7)

j = 1, ..., p, that discretize the following Robin quantities :

± ∂vj
∂xej

(δ, t) + qjvj(δ, t) and ±
1

|γj|

∫
γj

∂u

∂n
(., t)dγ + qju(x, y, t)|γj , j = 1, ..., p. (8)

The notation for the Robin quantity is r when the normal derivative is directed from the 2D
domain to the 1D domain, and r− in the opposite direction.

The Schwarz method requires Robin quantities as unknowns on the left and right of the
interfaces. Therefore our purpose is to make a change of unknowns. To begin with, if qj 6=
−1/h

ej
1/2, qj 6= −sτj, j = 1, ..., p, we can easily check that

F j,n+1
1/2 = −

qjv
n+1
j,1 −r

n+1

−j

qjh
ej
1/2

+1
,

rn+1
j =

qjh
ej
1/2
−1

qjh
ej
1/2

+1
rn+1
−j

+
2qj

qjh
ej
1/2

+1
vn+1
j,1 ,

(9)

 F n+1
K,σ = −m(σ)

dσ

(
rn+1
0j + 1

|γj |
∑
σ⊂γj,σ∈EK

m(σ)
dσ

un+1
K

qj+sτj
− un+1

K

)
,∀σ ⊂ γj , σ ∈ EK ,

rn+1
−0j

=
qj−sτj
qj+sτj

rn+1
0j +

2qj
qj+sτj

1
|γj |
∑

σ⊂γj ,σ∈EK
m(σ)
dσ

un+1
K ,

(10)

j = 1, ..., p, where sτj = 1
|γj |
∑

σ⊂γj ,σ∈EK
m(σ)
dσ

, and that (6) is equivalent to

rn+1
0j = rn+1

j , and rn+1
−j

= rn+1
−0j

, j = 1, ..., p. (11)

By introducing the constants ωj and ζj which break down these equalities into

rn+1
0j = ωj, r

n+1
j = ωj, and r

n+1
−j

= ζj, r
n+1
−0j

= ζj, j = 1, ..., p, (12)

we arrive at the substructured version of the Schwarz scheme :{
ωj − SR−R1D,j (ζj) = 0, j = 1, ..., p,

(ζ1, ..., ζp)− SmdRmdR−2D (ω1, ..., ωp) = 0,
(13)

that is considered in this paper, where the operator SR−R1D,j is de�ned by SR−R1D,j (ζj) = rn+1
j , where

rn+1
j is given by (9)2 with (vn+1

j,i ) solution of the 1D separated problem with the boundary condi-

tion rn+1
−j

= ζj, and the operator SmdRmdR−2D is de�ned by SmdRmdR−2D (ω1, ..., ωp) = (rn+1
−01 , ..., r

n+1
−0p )

, where rn+1
−0j

is given by (10)2 with (un+1
K ) solution of the 2D separated problem with the boun-

dary condition rn+1
0j = ωj, j = 1, ..., p. The notation "mdR" is to remind us the mean value of

the normal derivatives of the solution on γj. Note that in both cases, the normal derivative in
the Robin type boundary condition is directed outward.

We choose to refer to each scheme discussed in this paper according to the input and output
values of the operators that de�ne it, starting with S2D, and ending with S1D,j. The Schwarz
scheme (13) will be also referred to as mdRmdR−R−R(ω, ζ).
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3 Convergence

Theorem 1 Assuming qj > 0, j = 1, ..., p, the GMRES method to solve the interface system
(13) is convergent. The method converges towards the Robin values given by the monolithic
scheme to solve (1-2-3).

The proof will be presented in a forthcoming paper. It consists of making the connection
with the iterative Schwarz method. Then writing it as a Richardson iteration, thereafter limited
to interfaces.

4 Numerical experiments

We solve the model problem (1-2-3) in a domainDε with one node and two branches (p = 2),
with |γ1| = |γ2| = ε = 0.2, l1 = l2 = 1, and δ = 0.5.

The problem that is solved is related to a polynomial function f that has already been
considered in [3] and [5].

The tests have been done with k = 0.002 (500 time iterations) and h = 0.02.
The solutions obtained by using successively the Schwarz method, and related interface

systems based on Robin problems are compared with that of the monolithic scheme. The
interface systems are solved by using the GMRES method, and it takes four (2 × p, double
trace formulation), even two (p, single trace formulation) iterations to achieve convergence. The
GMRES method can therefore be considered here as a direct method. However computations
are sometimes inaccurate. Our main concern is to better grasp this lack of accuracy. At the
same time, schemes that work well are highlighted.

For the sake of simplicity, it is assumed that q1 = q2 = q. An overall error curve is examined.
It is well known that existence and uniqueness of the separated problems with a Robin condition
as (8) where the normal derivative is oriented towards the outside, is obtained as soon as q > 0.
However it is interesting to look at what happens by reversing the orientation. For this, the
study range includes both negative and positive values of q. We compare the results obtained
for values of q between −200 and 200, from 10 to 10, q 6= 0. These values are chosen such that
|qj| < sτj.

4.1 Diagonal preconditioning. The variants.

We assess the stability and accuracy of the GMRES method to solve (13) by computing
the L2 norm of the di�erence between the solution obtained from this reduced system and the
solution of the monolithic scheme. This L2 error reaches 10−14 when the reduced system is
solved with a direct method instead of GMRES. In [5] where Dirichlet and Neumann separated
problems are considered, it was noticed that this milestone of 10−14 was not always reached
with GMRES, but that a simple diagonal preconditioning of the interface systems improved
the quality of the results.

Let us explain the setting up of this preconditioning for the Schwarz method. The linear
system of the Schwarz scheme takes into account in all cases (9-10-12). Written in block form
(as in [4]), let us consider the submatrix Aγγ of the coe�cients of ωj and ζj in (9)2 and (10)2.
The diagonal preconditioning consists in making one coe�cient per line of Aγγ equal to 1 (the
same choice for every j). Since p = 2, fours variants are tested, each one referred to by listing
the name of the variables assigned a coe�cient equal to one, �rst in (9)2 related to the 1D
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Table 1 � The number of iterations in time where the GMRES method converges with non-zero
relative residuals, and the L2 error.

- Number of non-zero relative residuals L2 error
Variant ω − ζ ω − ω ζ − ω ζ − ζ ω − ζ ω − ω ζ − ω ζ − ζ
q = −150 20 0 0 10 3.2 10−10 7.4 10−13 1.7 10−12 1.2 10−10

q = −50 10 0 0 20 5.1 10−11 7.4 10−13 2.6 10−13 5.5 10−13

q = 50 500 2 0 500 1.9 10−6 4.8 10−11 8.0 10−14 1.7 10−5

q = 150 30 0 0 130 2.8 10−9 1.4 10−12 6.2 10−13 1.3 10−6

separated problem, and then in (10)2 related to the 2D separated problem : ω− ζ, ω−ω, ζ−ω,
ζ − ζ. The original scheme (13) is the variant ω − ζ.

The 1D separated problems of the Schwarz scheme are well de�ned if qj 6= −1/h
ej
1/2 = −100.

The 2D separated problem is well de�ned if qj 6= −sτj.
During the course of the calculations, it happens that the GMRES method converges with

non-zero relative residuals to solve interface systems associated with some iterations in time.
In this case the L2 error is well above 10−14. It is typical in the area of values where the
separated problems are not de�ned and where the condition number are too large. Some values
are highlighted in Table 1. Actually, an error as small as 10−11 can already mean that the
GMRES method converges badly. The variant ω−ω o�ers the widest range of values for q that
can provide an accurate result. It produces results that can be seen from Figure 2a, for values
of q = −200 + 10 i, i ∈ {0, ..., 40}, except q = 0 and q = −100 replaced with q = −99,−1, 1. If
90 < q < 200, the results are regular and the L2 error is less than 10−12 and reaches 10−13. This
is also the case (this was not expected by Theorem 1 which simply gives a su�cient condition)
at the other end of the interval when −80 < q < −40 and q < −120. So we are able to provide
a range of values for q, for which GMRES for the Schwarz scheme gives accurate results.
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Figure 2 � Di�erence between the monolithic solution and the solution given a) by the scheme
mdRmdR−R−R on the left and b) by the scheme mdRmdR−RR− on the right, with two or four
unknowns.

4.2 Single trace formulation

A restriction of the system to one unknown per interface is another lever identi�ed in [5] to
reach the 10−14 threshold for the L2 error. Indeed the matrices of the interface systems with two
unknowns (p unknowns, p = 2, single trace formulation) have a better condition number. These
methods are more classical (see for instance [4]). We construct the two unknowns schemes from
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(13), by replacing ωj with a function of ζj, or vice versa. The system of unknowns ωj is a Robin
equation, the system of unknowns ζj will be named a zeta equation.

After a diagonal preconditioning is implemented (interesting even for matrices of very small
size 2× 2), it can be seen from Figure 2a that the two unknowns schemes are more stable than
the four unknowns scheme for all the positive values of q, especially the zeta equation. The
zeta equation gives accurate results for a larger choice of positive values of q than the Schwarz
scheme, and allows to reach the expected threshold 10−14 for the L2 error.

4.3 Schwarz-related schemes.

The Robin boundary conditions in the Schwarz scheme are expressed with the normal
derivative directed outwards. Let us see what happens when we change the direction of the
normal derivative for the 1D Robin problems. Consider the schememdRmdR−RR−(ω, ζ) de�ned
by {

ζj − SRR−1D,j (ωj) = 0, j = 1, ..., p,

(ζ1, ..., ζp)− SmdRmdR−2D (ω1, ..., ωp) = 0,
(14)

where the new operator SR−R1D,j is de�ned by S
RR−
1D,j (ωj) = rn+1

−j
, where rn+1

−j
is given by (9)2

with (vn+1
j,i ) solution of the 1D separated problem with the boundary condition rn+1

j = ωj. The
problems 1D are well de�ned if qj 6= 1/h

ej
1/2 = 100.

The results (with the variant ζ − ω that gives the best results) can be seen from Figure
2b for values of q = −200 + 10 i, i ∈ {0, ..., 40}, except q = 0 and q = 100 replaced with
q = −1, 1, 99. The results are regular and accurate when q is negative, since henceforth the
problem is de�ned when q = −100 and then the permutation of the input/output variables of
the 1D problems improves the stability. A su�cient condition for guaranteeing existence and
uniqueness of such 1D problems is q < 0, whereas it is q > 0 for the 2D problem. However,
despite this contradiction, one sees here that valuable results are obtained with q < 0, indicating
that the impact of the 1D part of the problem is far from negligible.

The Robin equation is the only one two unknowns scheme that follows. Once preconditioned,
it allows to reach the expected threshold for the L2 error and is more stable and as accurate as
the four unknowns scheme.

4.4 Dirichlet values as output.

To obtain the substructured Schwarz method, we wrote that the physical transmission
conditions were equivalent to equalities between some Robin quantities from which we de�ned
boundary conditions for the 1D and 2D separated problems. It is also possible to choose Diri-
chlet or Neumann quantities. These choices give rise to other interface systems of which many
examples can be found in [5]. Without trying to be exhaustive, let us just look at the scheme
mdRDDR(α, ω), de�ned by{

ωj − SDR1D,j(αj) = 0, j = 1, ..., p
(α1, ..., αp)− SmdRD2D (ω1, ..., ωp) = 0,

(15)

where SDR1D,j solves a 1D Dirichlet separated problem and provides Robin values, and SmdRD2D

solves the 2D Robin separated problem and provides Dirichlet values.
The variant ζ − ζ gives the best results which can be seen from Figure 3a. Except in the

central area, an accuracy of 10−12 is achieved for any negative value of q.
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Figure 3 � Di�erence between the monolithic solution and the solution given by the scheme
mdRDDR with two or four unknowns.

The Robin equation deriving from (15) is not signi�cantly di�erent from the four unknowns
scheme except that there is no more oscillation for positive values of q. But the Schur equation,
with the right preconditioning depending on q, allows us to achieve the desired objective :
except in the central area, the error is in the order of 10−14. The range of values for q that give
an accurate result is the largest obtained, for q < 0 as well as for q > 0. The combination of
Dirichlet boundary conditions (that solve the instability problems that arise for some negative
values of q with the Schwarz scheme) and a single trace formulation leads to a clear improvement.
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