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A NEW CLASS OF CRITICAL SOLUTIONS FOR 1D CUBIC NLS

ANATOLE GUERIN

ABSTRACT. The aim of this article is to prove the existence of a new class of solutions of
1D cubic NLS with an initial data related to a sum of Dirac masses, of critical regularity

F(L*°), and belonging to H?® for any s < f%. This problem is motivated by the lack

of result for critical regularity initial condition, and also by the study of the vortex
filaments dynamics approximated by the binormal flow. Our result is based on a scattering
approach, after performing a pseudo-conformal transformation, and on fine estimations
of oscillatory integrals.

1. INTRODUCTION

1.1. The cubic NLS on R.
The starting point of this article is the cubic nonlinear Schrédinger equation on R:

(NLS) i0pu 4 % + |ul*u = 0.

This equation has been largely studied from theoretical and applied points of view, and
appears in several areas of physics such as optics and plasma.

In the following, all the results will be valid for both focussing and defocussing cases.
For simplicity we shall consider the focussing case.

Let us first recall the local well-posedness results in Sobolev spaces. It has been proven
in [I2] and [§] that the equation is well-posed in H® for any s > 0. However, it is no longer
the case when s < 0. For exemple, in [9] a norm inflation phenomena is pointed out.

Then, the critical Sobolev space associated with the scaling invariance u\(t,z) :=

Au(\%t, \x) is H 2. Fors < —1, it has been proven in [7] and [I8] that norm infla-
tion happens along with a loss of regularity, and in [2I] that we have in fact a norm
inflating phenomena around any data. For —% < s < 0, the control of Sobolev norms
of Schwartz solutions on the torus and the line is proven in [I7] and [19]. More recently,
global well-posedness has been proven in [I4] for any s > —%.

On the other hand, the critical Fourier-Lebesgue space associated to this equation is
F(L*>), i.e. Fourier transform in L*°. The well-posedness has been proven for initial data
with Fourier transform in LP for p < +oo in [22],[13] and [10].

One would like to consider the initial value problem with data a sum of Dirac masses.
Unfortunately, Dirac masses are in F(L>) and borderline in H _%, and the problem is
ill-posed for data up = adg. Indeed, in [16] the authors proved, using Galilean invariance,
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2 A. GUERIN

that there is either no weak solution or more than one to that Cauchy problem. More
precisely, supposing uniqueness, the solution for ¢t > 0 of (NLS) is:

- T

etar

7

(1) Ug(t, ) = e’ Int

but does not converges towards ug as t goes to zero.

However, this issue can be bypassed by a change of phase, which shows that
ev'aw
Vi
is the solution of the renormalized equation with initial condition ady. As a mater
of fact, similar problems have also been treated using renormalisation in context of Gibbs
measures, such as in [20] or [6]. Once this obstruction has been identified, Banica and Vega
constructed in [I] and [2] solutions of (NLS|) that are smoother perturbations of u,.

Now, we shall recall the results related to a sum of several Dirac masses. Let ¢ > %, let
(o))jez € 1%(C) ﬂ and set:

(2) M=) ol

JET

Ya(t,z) =

It has been proven in Theorem 1.3 of [5] that there exists T' > 0 and a unique solution of

(NLS) on (0,7 of the form

Z.(z—j)Q
4t

_ _—2MInt €
(3) Uga,y (@) = Z Aj (t)T,
JEZ
where

Aj(t) = el (o 4 Ry (8)),
with (R;) ez a family of functions such that for any 0 < v < 1:

(4) sup 7| R;(7) [z < C(T, [lovj]2.0)-
o<r<T

In this article, we construct much more solutions of (NLS|) as large perturbations of the
particular one given by . The theorem involves the pseudo-conformal transformation
given by:

T()(t,7) = ﬂf (3:5)

and the pseudo-conformal operator:
z .
(5) It ) = (5 +itV) f(t.2)

lwe define the space (> with sl e,q = Z(l + 1307 s
jez
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Theorem 1.1. Let s € N*, (a;) € 1> withq — s > 5, uy € H*N H=2N W such that

uy () .
6 VpeZ Vk< € H"(R).
(© » <5 S eH'®)
Let .
—2iM Int:—
ur(t, ) = ugq;) +e Yy (—5) .

Then, if ||oj||2.q is small enough, there exists T1 < T and u a unique solution of (NLS)
on (0,T1], such that:

U — Ufa;} — 6721’M1nt7- (eitagu-i-(x)) € C((O7 T1]7 LQ(R))7

with:
M B
vk € [0, s], )(—z‘)kﬁ [u(t,x) - u{aj}(t,x)] e 2MInty (e“@%vku+(x)) ] L =0,
Moreover, if VFu, € (x*L?) for all k € [0, 5], then:
u—up € C((Oa Tl]a L2(R)),

with:

k . __—2iMInt (T b~ T _ 1=
(8) VEke]o,s], IJ [u(t,x) Ugay ()| —e (2> u+< 2) L otz )

In particular, for k =0 we have:
-
(9) lu—wusl[r2 = Oz ).

The condition @ is not very restrictive and is only about % being small enough at
equidistant points. The fact that those points are in Z/2 is not surprising since bounds in
terms of 1/d(x,Z/2) already appear in proofs of [5].

The proof of Theorem [1.1|starts by performing, as in [5], a change a phase

o(t, ) = MMt 2),
leading to the Wick renormalisation of equation (NLS):
2M

(10) i + O + (JI* = ==)9 = 0.

Then we perform a pseudo-conformal transformation:

(11) b(t,x) = T()(t, ) = ez/“tfv (1 ";) .

The equation is then equivalent to

(12) 10 + 20 + %(W —2M)v =0,

and Theorem rephrases for as following. Denoting

(13) vy (t, ) = T (e*M lntu{aj}) + o2y, (x) = A(t,z) + eitagm_(x),
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where

i — 1 432 i
(14) A(t,z) = Ze_l‘ajmnt(ojj_i_ Rj(z))€_zt]7+17],
JEZ
we want to find ¢y > 0 and v solution of such that v — vy € C([T1,00), H*(R)), with a
decay given by

(15) vk e [0,5], V(v — ) (B2 = O 2 ).

This v will write

2 .
o) = 3 eIl Wt (e L T () 1 (2) + r(t, ).
JET t

for some remainder term r of decay given by . Note that this will prove the decay ,
but not yet. This latter estimation is obtained by using Schrodinger linear evolution
properties, as explained in section [2.5

Although a bit computational, the proof can now be sum up as a fixed point theorem
in an appropriate Sobolev space, using the Duhamel’s formula as the functional, as in [I].
The expansion of the cubic non linearity will provide several terms that we will group in
powers of €%y . The smallness hypothesis on lajll;2.s comes from the linear term. The
term that will provide the weaker time decay is the quadratic one, with conjugated phases.
Finally, we perform the reverse pseudo conformal transformation in section to conclude
with the proof.

Concerning the tools at our disposal, we will deal with oscillatory integrals, on which we
often perform integration by parts after a Fourier transform, that gives sharper estimates
than the use of Sobolev embeddings.

1.2. Link with vortex dynamics singularities.

In addition to the study of low regularity solutions of the 1-D cubic Schrodinger equation,
this article is also motivated by the study of dynamics of vortex filaments. More precisely,
we are referring to a model derived from Euler equations by Da Rios in 1906 in [I1] called
the binormal flow:

(BF) Xt = Xz N Xz

where y is an arc length parameterized curve in R? and where the vortex is supposed to
be located near x(t). For further informations and references about this equation, see for
instance the introduction of [5].

If T represents the tangent vector of a solution y, then T solves the Schrédinger map
with values in S?:

(16) Ty =T A Ty

Moreover, Hasimoto constructed in [I5] a correspondance between solutions of and
solutions of using the Frenet frame, considering the curvature of x (¢, x) as the modulus
of the NLS-solution and the torsion as the derivative of its phase. This transformation
stands in the spirit of the Madelung transform.
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In [5], Banica and Vega showed that the solution we are proving the stability depicts,
via the Hasimoto transform, the evolution of a polygonal line through the binormal flow. In
a few words, every Dirac mass correspond to the formation of a corner in x(t) at arclength
parameter x = j € Z, as the one developed by the self-similar solution of of curvature
%. Hence, the odds are high that the class of solutions exhibited in Theorem could
correspond to the evolution of a curve with several corners through binormal flow. With
the convergence rate of (’)(téf) in Theorem u, the method should be the same as for
the case of one corner done in [3] and [4]. However, this method is quite intricate, and
adding much more complicated terms when considering several Dirac masses makes this
task dense enough to be the object of a future work.

2. SCATTERING IN SOBOLEV SPACES : PROOF OF THEOREM [I.1]

The proof follows the same path as the proof of Theorem 1.4 in [I] and is based on
a scattering argument. To do so, we introduce an appropriate functional ¢ on wich we
perform a fixed point argument. The analysis will be much more delicate here, due to
the increased complexity of the function A(t,z) defined by (14)), (in [1], only one term is
considered).

2.1. Fixed point functional.
To say that v solution of is close to vy at infinity tends to consider the functional:

0o 2 _
¢:vu(t,z) — vi(t,x) —I—i/ cit=")9; <_\v221\4v — (10, + (9931)111) dr.
¢ T

Since A solves , we have

|A|? —2M

§0y + Oz )01 = (10 + Op) A + (10) + D)2, =
( Jui = ( )A + ( Yeit0y -

A.

We will control the non linear term in v by comparing it to the nonlinearity of v;:
oo 2 2
B _ . i(th)ag o |’U| —2M |’L)1| —2M
d(v) — vy —H/t e < 5V + o v
2 2
—2M AlF —=2M
R TN T

2T 27
We then develop the vi-cubic term:
(Jor]? = Myvy =((A+ ™ u ) (A + e 5uy) — 2M) (A + e u )
=(|A]? — 2M) A + 2|A]2e"%u, — 2M ey, + A2 "0y 4 2 A0z |

+Z( eitag u+)2 + | ez‘tag Uy |2 ez‘tag Uy,
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SO we get
®© . 2_2M Z_2M
P(v) —v1 = +i/ eit=)% <— i v+ o U1> dr
t 2T 27—

oo
—|—Z/ i(t—7)02 (( 2|A|2 zTaxu+_|_2Mez7-3xu A2€ T 8xu 2A|6”a’“u 2
t

—Ze%Taf%ui | it02 £ |2 iTO2 +)%)d7.
Finally, after expending |A|?, the functional ¢ writes
(17) (¢(v) —v1)(t, x)
1 e [Tt (200 (2w
t

2T 27
(19) — 2 /Ooe@ M98 §7 gmilapl~las ) I gi(p— J)%TpajeijQZpQTeiTagu+dl
t P#J g
(20) _ 9 / > ilt—r)o2 S illapl ol nrtio=)g
! (p.g)E2?
2 2 d
(21) x (@R; + Ryo; + RyR;)et 1 Teimdiy 2L
-
(22) _ Z/OO 6’i(t—7‘)8§A2€—’LT8§u ﬁ
t T
o0
A A . d
(23) —i/ ez(t—7)8£(2A|€z7'6£u+|2+A(€zragu+)2)77
t
oo
A A d
(24) _ Z/ 61(15—7')8£|errd2 ’2 m’dqur?T
t

=Iw)+Jo+ Jp+ Jo+ Jg+ Je,

where I(v) is the first term and the J, are the following source terms. Since we will treat
each integral’s norm independently, we won’t be regarding whether its sign is positive or
negative. We won’t either keep the — in the phase as it doesn’t affect the computation.

Thanks to their behavior, the R; terms will be very easy to treat as well as J. where we
can largely exploit dispersion of the Schrédinger operator:

(25) €%y 00 < Hu+HL1
NG

Then, the fact that there is a phase depending on j or p in some of these integrals will
produce a shift after an integration by parts and requires the hypothesis on a5 /(- + Z/2).

Finally, the limiting 1/ t2 decay comes from using dispersion estimates for Jj.

We want to apply the fixed point theorem on ¢ : X5 — X, where
= {v € C([to; ), L*(R))/[lv — v1]ls < 6},
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with
1Fls= 3 supt| V()02
0<k<s tOSt
for p and § strictly positives, to be chosen later.
The first step is to verify that ¢(Xs) C Xs.

2.2. Estimates on the fixed point argument terms.
In this subsection, we give estimations for each of the terms listed above.

Lemma 2.1 (Estimation of I(v)). Let I defined by (18):

0o 2 2
I(v) = z/ (i(t—7)02 <(|U| 2M)v  (Joi 2M)U1> dr,
t 2T o2

2 2 2
Qo C(to, ||al];2.s U v —v
1(0)lls J7lv —vills ol + (270 ez )+ eIz + | ”IHS .
I to! (1 +27v) to(1+ p) to

Note that we don’t need any smallness hypothesis on u if we choose ¢ large and ||c|[;2.q
small.

then,

Proof. The idea of the proof is to first apply Strichartz inhomogeneous inequality with the
admissible couple (0o, 2) and then use dispersion inequality and also after usual
upper-bounds:

00 2 2
o | [t (2000 _ (P 200,
to<t t 2T 2T L2
L 0 9 9 dr
Ssupt [lv]"v = Jv1[Fv1 = 2M (v — v1) || 2 —
to<t t T
< u > 9 9 dr
Ssupt (2M + [Jv1zoe + lvl[zoo)llv = villz2—
to<t t T

< Y 9 9  dr
Sllv— vl supt M + [lorl[pe + l0llzee) =
to<t to T

2M > dr
N g(—i—supt“/ 3|01 |2 00 + 2||v — 1 200)
o= wnlls (25 +supet [ sfoalf + 200 05

oM 6llajlla,  Clto, |lovlzs 6 |luil? o0 dr
Sl =l { 220 4 Holiee y Tlelle) 6Tl gy [y e 575 )
% % to! (1 +27) I+p o to<t Ji T

Since q > %, we have also controlled in the last steps the ! norm with the [?>* norm of
(o) jez, using Cauchy-Schwarz. Finally, we apply Gagliardo-Nirenberg’s interpolation

(26) [P < Ul z2llf ) e

2Where < means ”< up to a constant”.
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on the last integral:

suptt [ o — vl <sup et [ o= wrllal Vo - on) a7
- = v—0 2 v— 2=
toSI?t t HiLe Thtw _tOSI?f t e Ve Thte
_lb-ul?
- )
G

to conclude that

loslZe | Cltosllaglliza) | NurllZa | flo — o)
()]s < llv—wvils LU o J el L t“ s

We now have to control the gradient of this integral with the following lemma.

Lemma 2.2 (Estimation of VI (v)). Let I defined by (I8):

oo 2 2
I@O::{/ EAF¢W3<UU| 2M)o (v 2A4ﬁu>dn
t 2T 2T

then, for k € [1,s]:

2
lajlliza \* | ( Cltosllallize) | [y [lw.s 5\’
sup ¢4 1012  lo—urls | ( v T e
to<t 7 (n+ )t Vio(5 + 1) 2utfy
Proof. To obtain this, we need the following computations.Using Gagliardo—Nirenberg in-

terpolation (26)), we have for k € [0,s — 1]:

1 1 )
(27) IVE( — 1) (#)] < CIIVH (0 = v) ()| 211V (0 = 0) (D172 S w
Since V¥ commute with the Schrodinger operator, we have

Hvku-‘rHLl

Vi

Thus, we can control the k™" gradient v, with k € [0, s — 1], introducing v;:

(28) |VEeitOiy | <

|VFusl 6
NART
A T
(30) < Mgl + o + 1

Vit

(29)  [V*o(t)] < OIVFui(6)] + [VH(0 = v1) ()] SIIVEAl L +
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using that for each k, ¢ — k > % to control ||V* Al with the /%9 norm and . We then
do the same with the k" gradient of v for k € [1,s — 1] using Leibniz formula:

k
k
Ve <3 (p) VP[0l
p=0

k
k [VPui| 1 5>
31 < E VPA| oo + —>F""" + —
o Np:o <p> (H I Vit tH
k—p
k—p IV Puy|lpr | 6
(32) X (HV Al + 7\/5 + )

Now, let k € [[1,s — 1], the first step is to use L>L? Strichartz estimates on I:

o dr
sup t*|[V*I(1)] 2 < sup t“/ IV (JoPo = forPo1)l| 2 + [2MV* (0 = 01)|| L2 —
to<t to<t t T

We compute the first term here:

(MQU - \U1’21}1)

M- 1

k
( ) (VPoVFE—Py? — VPG VR Pyl 4 VPGV Py? — VP VR Py?)
p

3
I
o

k -
<p) (VP(v —01) VP + VP (v? — )V Pay)

M- 104+

<]]:) (VP (v — Ul)kapv2 + VP[(v —vp)(v + vl)}kapv*l)

3
I
o

M-

B e

p =0

3
I
o

Therefore, using the preliminary computations:

sup ¢ V*I(t)]| 2
to<t

k

<M il + sup ¢+ / Ny (k)nvam)HLGvk—Pv?nm
T to<t t b

p=0

kEp
dr
+ ZZ( >< ) (V90— v1) || 12| VEPor|| Loo (|| VP~ %0 oo + || VP~ %01 ]| Lo o

p=0g=
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2M lo = vills <X [k —p : [Vuylp 6
<2, = e VIA| oo + W EHILE | 9
o= ulls +supr [ }j otls 37 (K27 (1 + 1770l 2

7=0

. k—p—J 5
k—p—]A - Hv u-l—”L1 o
(1973l + G

[v—vils f— IVFPu ||
+SU‘pt“/ ZW IV* P A oo M-

to<t p=0 ¢=0

- VP My [ 6 [V9uq |2
P4 o A UL O g g L
R - R R = E

We are now left with integrations:

2
2M Qg 2 C t , || Qg ,S ,8 C(S
suptﬂHVkI( Ol <llv—v1lls | 2= + logliza | Clto.] JHZ;) + ||u+‘1|wl S —
to< H H (1 +27)t, Vio(s + 1) 2ut;

llovj 12,4 1 [ J
+ + + +
( oot Vioz ) 2utt

| vj|l;2.q _‘_C(tO’HO‘jHlZS) n g |[yy.s
Y 1 ?
J (47t Vio(s + 1)

wich implies the conclusion of the Lemma for k € [1,s — 1].
For k = s, we proceed similarly but instead of estimating

L > s dr
sup v — w1 [|v]| oo [ VPV oo —
to<t t T

by using Gagliardo-Nirenberg on ||V*v|| e, we rather write

o dT
sup t“/ ([lv = villpee vl Lo [V (v = v1)ll g2 + [[v — 1] g2 [v]| oo | V01 || oo ) —
to<t t T
Similarly, instead of estimating
e dr
Supt“/ v —villpee |1l L2 V0] oo —,
to<t t T
we rather write
1 OO s s dT
sup ¢ ([lv —v1l[zee 1]l [V (v = v1)| 22 + [[v — w1l g2 [lv1][ Lo [[ VP01 Loe ) —,
to<t t T
and obtain a similar bound. O

Lemma 2.3 (Estimation of V*.J,). Let J, defined by (19):

. 2 2 z j2-p2 o2 dr
Ja(t,CL’) _ —Qi/ ez(t—T)ﬁx e—z(|ap| —|aj ) InT z(p j)ia—pajez I Tez’rdmu+7’
E : .
t P#J
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then

sup V4,12 < Cll ) s |7
0

+Z/2

Proof. The first step is to perform a Fourier transform on the space variable and set the
domain exploit the linear phase in z:

vk t .%' _ezt(') / / Zf k 17'5 zxﬁza a; e i(Jap|?—|aj|? )lnT —ir(— 15 p)2

psﬁj
x (e - LoDy rag
=% N " @ma /sz g ( _p)/OOeiT(j—p)(jI’”Jrﬁ—j;’)e—iuap2—|a| yin @ dg
P#] t

As p # j, for all £ except £ = & we now perform an integration by parts on the 7 variable
to gain integrability:

/Oo eir(jfp)(ifj%p+%)efi(‘ap|2*‘aj‘ )inT 270 dr
t

i
ctG—P)(E=5243)  p—illap[?~|ay[?) Int 0o LiT(j-p)(E—15E+3) (ei(lapIQIajz)lnT>
=— — . —I—/ — — . dr.
%(J—p)(ﬁ—%Jr%) ¢ t (G —p)E—F+35) T T
Undoing the Fourier transform, we have:
eit&%i efi(|ap\27|aj|2)lnt p y
VF I (t z) = - Z o apaj tvk[ i(p=3)3 ta%r(x)]
P#j
itd2 ) —i(|ap|?—|;]|?) InT 22 ) e .
L& / Z (e v ) ayaei T Tvk[SZ(p—J)ieZTagui(l»)]dﬂ
1 t T
P#] T
where
" ut(§)
(33) W) =5

€43

To conclude, we now take the L? norm and use the fact that (o) € 1% ¥ to obtain that:

sup t[|[VF Jo L2 < C(H%Hm)
to<t

+Z/2



12 A. GUERIN

Lemma 2.4 (Estimation of V*J,). Let J, defined by (21)):

Jy = — 21‘/ i(t—7)02 Z e*i(\aplzf\aj\Q)lnr+i(pfj)%(07pRj + Ryaj + RyR;)
t

then

t#
sup t*(| V7, (t) 2 < C(to, ||| 2.4 ) sup = Nl e
to<t to<t t

Proof. This proof is straightforward: we exploit the integrability provided by the decay
of the R;’s:

> —i(lapl?—]aj1?) In T (— N o
IV*Jo(0)] 12 < / S femilonP ol (R 4 By + BpR;)

(p,g)€Z?
2 2 X N -
o il Tvk[ez(p_ﬁ?e”a%ﬁ(x)]HLQQ
T T
0 dr
<[ X Cltlaglan
b (pjez?

SO

t#
sup t*(|V* 7y (t) 2 < C(to, ||aj]| 2. ) sup = s | e
to<t to<t t

Lemma 2.5 (Estimation of V*J,). Let J. defined by (22)):

[ i(t—7)02 42 —ir2——dT
Jo=—1i e *A%e ¢u+7,
t

then

n

70) t )
+ sup —||u .
-%/QHH“ sup £ s s

H
sup t*[| V¥ Je| r2 < C(to, [l [l2.) (Sup
to<t to<t t

Proof. The proof is in two steps, according to the following decomposition:

P /oo 6i(t—’r)392¢ Z We_w#Hm%je—i(mj|2_\ap|2)1n76—z‘ra£ﬁdl
: ()ez? "
. 2 _— = —_— - p2442 . pti ; 2 2
_/ ez(th)az Z (a—pR] + RpOT]—F RpRj) 6717T+1x7671(|a1‘ +|ap|®)InT
' (p)ez?
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The diagonal term of J., could be controlled with inhomogeneous Strichartz with the couple

(4, 00) of dual (%, o0), but we rather use IBP in Fourier space on the whole term to obtain
a better time decay:

0o 2, .2 .
()02 P e TN L P VIINT _ire2_dT
vqu :vk/ ez(t T)0% E apoe i i i(aj )2+ ap|? )h’lTe iTOG— +
' () EZ?

2, .2 )
zt62/ /ng iT€? zazf Z OépOéJ _irPD ZJ e—i(\aj\2+|oép\2)lnTeiT(ﬁ—i-%)Q

(j,p)€Z?
+
qu£+p23ma—
—l 1r€—— +
ZS apa]/zgk (e P ])
(J.p)EZ?

o) 2 )
X/ e—iTp 2t —i(|aj\2+|o¢p|2)lnT—i—i‘r(pJ”) 227’{2 z‘r{(p-‘,—j) de€

-
_itd? 3 apaj/ (i€)ke zmg—£+P+J)

(4:p)€Z?

o . .
% / efi(|aj‘2+|ap|2)lnTeiT(2£(£+%)+%)deé‘
t T

We now perform for any & except the countably set of roots of the phase an IBP on the
time integral:

/ % omilloy P Hap ) In T gir(26(e+ 250+ 2) 4T
t T

(24€(€ + BEL) + Byt 26(€+ 2y + 2

Undoing the Fourier transform, we have:

T

o—illoy > +lap|?) Int it(26(6+ 25 )+ B /oo T EEHEE) B [ (s +|ap[?) InT .
-
t T

. itH? 2, .2 .
k " it P (a2 —|ap[?) Intgk—1 it B e 2 pj
V¥, = 5 E ajope A e il =lap ) Intz [e" 2 Tt +(a;)]
(J,p)€Z?
zt82 2 —i(|aj|?+|ap|?) InT . S
P2+ e J P _ . (ptd) . o2 ;
§ : / Oé]Oép —itE— ( vk 1[617' 7 Lo ZTazuzj_](x)].
T
(4,p)E€Z? -

where uf’rj has been defined by . As for J,, we conclude with this term by taking the
Lo norm on the space variable and use the fact that («;) € 29
g

up 94T 3 < Clllaglle) sup
to<t to<t

uy ()
‘ + Z/2 Hk-1 )
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Finally, as for J;, we use (4)):

to<t

[o¢]
sup V41 1 <Cltar oy la)sup e [ |
"

t
<C(to, llajllizs) [ us || e sup —,
to<

¢t
hence:
t* || ay() tH
sup t"|| V¥ J, < C(to, || R <su — + ‘ + su U )
tOI; | 2 (to, [1R2j[72.x) 0<P t | -+z2| t0<p ﬂ” e
O
Lemma 2.6 (Estimation of V*J,). Let Jy defined by (23)):
Jy= Z/ z(t T 82(2A|6”893’LL |2 +A( iT02 +)2)ﬁ,
¢ T

then

sup t*[|V* Jyl| 2 < C(to, H%sz)sup T ||u+||L1||u+HHk
to<t to<t t2

As announced, this is the limiting term for the time decay.

Proof. The proof is straightforward, we just use direct upper-bounds and dispersion esti-
mate on the Schrodinger group.

_;zi 2 dr
sp |7 Tz <supe [ 3 (ol + IRV Flem P P e (€ (@)1
to<t

0 2 dr
<C(to, ’O‘j”llk)sul)t#/ | e lle ™ || oo —
to<t t T

lus e dr

D
C(to, [lail;2.6) su t“/ U k
(to, [l )togp t v || g NG

T

t
<C(to, [lejlliza) sup — [[ug [ prllug [l -

1
to<t t2

The last term J,. is easier to control, using again Schrédinger dispersion inequality.

Lemma 2.7 (Estimation of V*J,). Let J. defined by ([24):
J /OO i(t—7 62| iT02 |2 iT02 dr
=— e’ ey |fe Sy —
e ] + + .

then

o k < t 2
sup t||V¥ el 2 S Sup s 7w |l s
to<t
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Proof. 1t is straightforward to write that:

> 92 02 dr
([ Je ()] s S/ H!e”awmlze”axmllmj
t

> : dr ur |2 |l :
S [ e e I O g Pl el
t

2.3. The stability.
Regarding the results of the previous part,

tH tH tH
[¢(v) = vills < C(to, us, [loyl2.0) <|U —v1|s + sup — + sup — + sup 1> ;
to<t t to<t ty to<t t2

so we have the stability inclusion ¢(X5) C Xs for ||o[;2.¢ and § small and ¢y large enough,

and choosing p < max(3,7).

2.4. The contraction.
In order to apply the fixed point, we still have to prove that ¢ contracts.
Letvand vin Y.

From
oo 2_9oM b2 — 2M
o) - o(0) = [ ez (M2, L PEZ25 ) oy

yields

sup 4| 6(v) — ¢(9)]| 2

to<t

< sup t* / lof?o — (65 — 2M (v — )2 2
to<t t T

< u [ 9 12 ., dr
Ssupt (2M + |[vl|zoe + ([0l 7ee) v — Ol 2 —
to<t t T

2M o0 dr
— tH 2 e 0D |2 e) ——
. +su<p /t (lo(m)lzee + ()7 )Tw)

to<t

2M x ~ dr
W + Su};t#/t 2l|lv — v1]|3 00 + 2[|T — v1 |30 + 4”1}1||%oo)71+ﬂ)

2M oo U 2 52 d
suv—auZ(umw / sl + sl g ) )
t t

TQM 7-1+H

T3

%+8|’AHLOO 8[| |7 (26)
w to(L+p) (1 +2u)
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Moreover, for k € [1,s — 1]:
sup t||V*(¢(v) — ¢(2))]|2
to<t

oM oo [ F
<M||v—f)|]5—|—supt“/ Z( >||vp (v — 0)|| 2| VFP0?|| oo
t

to<t p=0

kK p

) (7 v Py - g~ dr
DS (p) (B)I9eto = s 92l 9l + 197 50l) | &

p=0 ¢=0

k-p Vo) o

<y — Y (A o

<o — ol / ()( ) (1ot + el 2
- T 5 i

<IIV 8 qAHLHT*TTL pu

_ VEPy, )
tlo=als 7300 (5 (7) (19raon + Tl 20
p=0 ¢g=0 q

: AT
2 P9 All 7 oo L B L
(or-eaum + el £ 2

As for Lemma [2.2] we must avoid estimating

L & s dr
supt v =0l 2 lwr][ Lo | Vw2l oo —,
to<t t T

by using Gagliardo-Nirenberg on ||V*v||ze. Therefore we rather write

& dr
sup t“/ (lv = ol e [|wr ]| Loe |V (wo = v1) [l 22 + lv = Ol L2 lwi || Lo [[ VP01 ]| Lo ) —,
to<t t T
for (w1, ws) € {9, v}%
To conclude, we finally use the Gagliardo-Niremberg interpolation inequality
_ . r =1l
lv =ollzee < llv = BllZV(0 = D)7 <
so that
L © s dr
sup ¢ (lv = ol zoe lwll Lo [V* (w2 — v1) [l g2 + llv = 0l p2lfwr || Lo [[ VP01 ]| Lo ) —
to<t t T
OO [walls Vku+HL1 dr
<supt!|lv — v S/ w L°°< +||V*A )
sup o s [ I

Putting it together, we have that
[6(v) = d(@)lls < llv = 0llsC(to, lejlliza, uy),
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therefore ¢ contracts for ||a;||;2.¢ and 6 small and ¢ large enough, and solutions exists on
[to,00). This ends the first part of existence of solutions of Theorem (1.1

2.5. End of the proof: estimates (7)) to @D

Let v the solution of ([12)) on [tg,c0) constructed in Section [2} Note that we also dispose
of the following estimate ([15) on v:

(34) Ve [0,s], [V —v)(t)|2 =02 ).

First we set T} = % and use the pseudo conformal transformation on v to obtain 1,

a solution of on (0,71] that satisfies:

[N

o(t,z) =T (Y)(t,z) = ef;w <1 f) '

Since v; is defined by , we have that:
ot x) = T(EM ™ gy (1 2)) + €% u (),

and estimate becomes:

=02 ).

VE € [0, s], Hv’“ [7' <¢(t,x) - eziMlntU{aj}(t,x)> - eita§u+(x)} ‘ L

Then we normalize back the solutions v of to obtain an estimate on the solutions u
of (NLS) on (0,71]. As T preserves the L? norm, we use the fact that, for J defined in the
introduction by we have:

VI = T(=i)*J%,
to obtain estimate :

vk € [0, s], H(—z)ka [u(t,z) — u{a; }(t,x)] — e”2M It (eitagvku+(a:))‘ = (’)(t%_),

L2

Finally, when V*u, € (z*L?) for all k € [0, s], the L? estimate (8) comes from Schrodinger
evolution properties applied to the perturbation and has already been done in section 2.2
of [1]:

(35) 7 () - (~i5) & (-5)

. )|l =0ow.

L2
The last estimate @ is exactly estimate with £ = 0 and Theorem is proven.
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