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THE C*-ALGEBRA OF A TWISTED GROUPOID EXTENSION
JEAN N. RENAULT

ABSTRACT. This article extends the main results of [10] to the case of a twisted groupoid.
More precisely, it gives a decomposition of the C*-algebra of a twisted locally compact
groupoid with Haar system in presence of a normal subgroupoid. When the normal
subgroupoid and the twist over it are abelian, one obtains another twisted groupoid
C*-algebra. This is applied to C*-algebraic deformation quantization and to multiplier
representations of locally compact abelian groups.

INTRODUCTION.

The Mackey normal subgroup analysis (also called the Mackey machine) describes the
representations of a group G in terms of a normal subgroup S and of the quotient H =
G/S. A semidirect product of groups G = S x H such as the group of rigid motions or
the Poincaré group is the simplest example. From the C*-algebraic perspective, it gives
a description of C*(G) as a crossed product. In the simple case of a semidirect product,
we easily have

C*(SxH)=C"(S)xH=C"(H,C*(S))
A semidirect product is a trivial extension. When the extension is not trivial, a twist

appears. We use here the formalism of twisted crossed products as defined by P. Green
in [7].

Theorem 0.1. [7, Proposition 1] Let S be a closed normal subgroup of a locally compact
group G. Then
C*(G) = C*(G,C*(S), 1s)

where the right handside is a twisted crossed product.

When S is abelian, one can go one step further, namely using the Gelfand transform,

one has R R
C*"(Sx H)=C*(H,C*(S)) =C"(H,Cy(S)) =C*"(S x H)

The last term is a groupoid C*-algebra, where the groupoid S % H has less isotropy than
the initial group S x H. One may want to iterate the process. It is then necessary to ex-
tend the Mackey machine to a groupoid G rather than to a group. The original motivation
of this work was the analysis of nilpotent group C*-algebras. However, the examples and
the applications, presented in the last section, are limited here to the Heisenberg group
and to twisted locally compact abelian groups. This article is based on a joint work [10]
with M. Ionescu, A. Kumjian, A. Sims and D. Williams which considered the case of an
untwisted groupoid. The proofs for twisted groupoids are essentially the same; moreover,
the twisted case can be deduced directly from the untwisted case, as in [I1], Proposition
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3.5]. Nevertheless, it seems preferable to give a complete presentation of the general result
for further references and for applications. The main results give isomorphisms of C*-
algebras. It is equally important to understand these results as correspondences between
representations of groupoids or groupoid dynamical systems. This is done here, using the
disintegration theorem of [I9] as the essential tool. This theorem is recalled in the first
section and most of the paper relies on [19] only. The main theorem [3.4]is illustrated by
two applications, given in the last section. First, it shows that two C*-algebraic defor-
mation quantization of a symplectic linear space, namely Connes’ deformation based on
the tangent groupoid and Rieffel’s strict deformation quantization, are the same. Second,
the main results of [2] on multiplier representations of locally compact abelian groups are
easily recovered, in a fashion very close to [7), Section 7], but with the advantage of giving
explicit pictures of the C*-algebra of the twisted abelian group.

In order to use the disintegration theorem [19, 4.1], we shall usually assume that the
locally compact groupoids are second countable and that the C*-algebras and C*-bundles
appearing in the definition of a groupoid C*-dynamical system are separable. Note how-
ever that, in the framework of groups and twisted group crossed products studied in [7],
one can write a representation as an integrated representation without this assumption.
The following notation will be frequently used: given twomapsp: X - T andq:Y — T
with the same range, their fibered product over T is denoted by X %Y when there is
no ambiguity about the maps. To distinguish bundles of algebras (or of linear spaces)
from algebras, algebra bundles will usually be denoted by calligraphic letters such as A
while algebras will be denoted by Roman letters such as A. For example, if p : G — X
is a bundle of groupoids with Haar systems, C.(G) and C*(G) denote the bundles with
respective fibers C.(G(z)) and C*(G(x)). On the other hand, C.(G) and C*(G) denote
the usual x-algebras of the groupoid GG, which are the sectional algebras of the above

bundle.

1. GROUPOID C*-DYNAMICAL SYSTEMS AND THEIR C*-ALGEBRAS

Definition 1.1. A groupoid extension is a short exact sequence of groupoids
S—G—H

with common unit space G?). Equivalently, an extension of the groupoid H is a surjective
homomorphism 7 : G — H such that 7(¥ : GO — H© is a bijection (we shall assume
that G(© = H©® and that 7(©) is the identity map). We shall write i = 7(7) when there
is no ambiguity about the projection map.

Then S = Ker(r) is a subgroup bundle of the isotropy group bundle G’. Moreover, it is
normal in the sense that for all compatible pair (v, s) € G xS, ysy~! belongs to S. Note
that subgroupoids which are normal in this sense are necessarily subgroup bundles of the
isotropy group bundle. Note also that H is naturally isomorphic to the quotient groupoid
G/S. Since the normal subgroupoid S of G determines the extension, we shall often use
the terminology of normal subgroupoid rather than extension. Then H is the quotient
groupoid. We assume that H and G are locally compact Hausdorff groupoids and that
7 is continuous and open. In particular S is a closed normal subgroupoid of G. We also
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assume that H has a Haar system « (here and in the rest of the paper, Haar systems are
assumed to be continuous, as in [I8, Definition 1.2.2]) and that S has a Haar system /.
There is a homomorphism ¢ : G — R such that for all v € G, YBEN =L = §(5) BT,
This homomorphism is called the modular cocycle of the extension. Its cohomology class
does not depend on the choice of 5. For all z € G its restriction to the group S, is the
modular function of S,. It is continuous (see [10, Lemma 2.4]). Given o and (3, we define
the Haar system A for G by the formula:

[ ronax) = /H / FOt)dF* 0 (£)doc(3)

Definition 1.2. Under these assumptions, we say that S — G — H is a locally compact
groupoid extension with Haar systems.

It will be convenient in the sequel to define an extension with Haar system as a pair
(G, S) where S is a closed normal subgroupoid of the locally compact groupoid G which
admits a Haar system and such that the quotient groupoid H = G/S admits a Haar
system. We shall keep this convention and this notation throughout the paper.

Definition 1.3. [19] A groupoid C*-dynamical system (or dynamical system for short)
is a triple (G,S,.A) where G is a locally compact groupoid, S is a closed normal sub-
groupoid, and A is an upper semi-continuous bundle of C*-algebras over G(°) endowed
with a continuous action G*.A4 — A such that S is unitarily implemented in the multiplier
algebra bundle M (A), meaning the existence of a bundle homomorphism x from S to the
unitary bundle of M(.A), such that

(i) the map S * A — A sending (s, a) to x(s)a is continuous;
(ii) s.a = x(s)ax(s)~! for all (s,a) € S * A;
(iii) x(ysy™1) = v.x(s) for all (,s) € G* S.
In [I9, Section 3], it was assumed that the kernel S was abelian, in the sense that it was

a bundle of abelian groups. However, as shown in [10], this assumption is not necessary
and most results of [19] remain valid.

Recall the construction of the crossed products, as in [19 Section 3|. Let (G, S,.A) be a
groupoid C*-dynamical system. We assume that H = (/S has a Haar system (a®),cqo
and that S has a Haar system (8%),cq. One first form the *-algebra C.(G, S, A). Its
elements are continuous functions f : G — A such that

(i) f(7) belongs to A, for all v € G

(i) f(s7) = f(y)x(s7") for all (s,7) € S+ G;
(iii) f has compact support modulo S.

The product and the involution are respectively given by

frgly) = / Flrg(r ) dam ) (7)

and
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One defines the I-norm as

17 = mase (sup / 17 lda®(3),sup / 1Y llda(3)).

The crossed product C*-algebra C*(G, S, A) is the completion of C.(G, S, A) for the
full C*-norm which is defined as ||f|| = sup, |[[L(f)|| where L runs into the set of all
representations of C.(G, S, .A) in Hilbert spaces which are I-norm decreasing.

Definition 1.4. [19, Définition 3.4] A representation of a dynamical system (G, S,.A)
is a pair (u, H) where p is a measure on G quasi-invariant with respect to (H,«)
with module A and H is a measurable Hilbert bundle over G(¥, endowed with a unitary
representation of G and a representation of A such that

(i) y(af) = (ya)(v€) for all (v, a,&) € G+ AxH;
(i) s& = x(s)¢ for all (s,&) € S *H.

It is called non-degenerate if the representation of A is non-degenerate.

In [19], it is assumed that  is defined over a Borel subset U C G(©) whose saturation
[U] is p-conull. However, as shown for example in [25, Section 8], there is no loss of
generality in assuming that H is defined over G(©.

Definition 1.5. The integrated representation of the representation (u,#H) of the dy-
namical system (G,S,.A) is the representation L of C.(G,S,.A) on the Hilbert space
L*(GO, y; H) such that for f € C.(G, S, A) and &, € L>(GY, u; H), one has

(€1 L()n) :/(507’(’7)|f(7) [y(n o s(v)]) A™2(5) da® () dp(x)

for a.e. z.

Note that the integrated representation of a non-degenerate representation is non-
degenerate. A straightforward application of the Cauchy-Schwarz inequality shows that
integrated representations are I-norm decreasing. The disintegration theorem [19, The-
orem 4.1] says that, if G is second countable and A is separable, every non-degenerate
representation L which is continuous for the inductive limit topology is unitarily equiv-
alent to an integrated representation and therefore is I-norm decreasing. Since I-norm
decreasing representations are necessarily continuous for the inductive limit topology, the
three properties: I-norm decreasing, continuous for the inductive limit topology and uni-
tarily equivalent to an integrated representation, coincide in this case for non-degenerate
representations of C.(G, S, .A) and define exactly the non-degenerate representations of
C*(G, S, A). The fact that every non-degenerate representation of C*(G, S, A) is unitar-
ily equivalent to an integrated representation is also true under other assumptions, for
example if G is a group.

2. MACKEY ANALYSIS OF A TWISTED GROUPOID C*-ALGEBRA.

2.1. Twists. We have given earlier the general notion of an extension. The following
special case has been introduced by Kumjian in [I3] in the framework of groupoids.
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Definition 2.1. A central groupoid extension
GOXT—% =G

where T is the group of complex numbers of module 1, is called a twist. Then, we say
that (G,X) is a twisted groupoid.

We need to distinguish arbitrary extensions as above and twists, because they do not
play the same role in this study. While a twisted groupoid is denoted by (G, ) where
Y} is the middle term, an arbitrary extension will be determined by a closed normal
subgroupoid and denoted for example by (G, S) where S is the kernel of the extension.

2.2. Twisted extensions. Let (G,¥) be a twisted groupoid. Then (%, GO xT, G x C)
is a groupoid dynamical system with the action o(s(0),a) = (r(0),a) for (0,a) € ¥ x C
and x(x,0) = 0 for (2,0) € G© x T. If G is a locally compact groupoid with Haar
system, we can construct the crossed product C*-algebra, which we denote by C*(G, %)
rather than C*(3, G x T, G(® x C) and which we call the twisted groupoid C*-algebra.
The principle of our version of Mackey analysis is to decompose this C*-algebra when G
possesses a closed normal subgroupoid S endowed with a Haar system. This is a strong
condition, which is often not satisfied by the isotropy bundle itself.

Definition 2.2. We call (G, 3, 5) a twisted extension with Haar systems when (G, X)) is
a twisted groupoid, S is a closed normal subgroupoid of G' with Haar system and G/S
has a Haar system.

In the sequel, we shall denote H = G//S the quotient groupoid and 7 : G — H the
quotient map. We shall denote by (a”),cqo [resp. (8%),cqo] the Haar system of H
[resp. S |. We denote by (A\*),cq the Haar system of G described earlier. The following
diagram summarizes the situation:

GO xT=—GO xT

|

%) ¥ —"" % H
i P
S G—"—H

2.3. The tautological groupoid dynamical system. It can be shown just as in the
untwisted case (see for example [14, Theorem 5.5]) that the twisted group bundle (S, %s)
with Haar system ( defines an upper semi-continuous bundle of C*-algebras over G(©),
with fibers C*(S;, ¥|s,) which we denote by C*(S, s).

It is endowed with an action X % C*(S, X)) — C*(S, ¥|s), where

(r./)(o) =6(p(r))f(rtor), for T€X, f€ Ce(Ss(ry ZISS(T))v o€ p_l(ST(T))

The introduction of § is necessary in order to preserve the convolution product of the
twisted group C*-algebras C*(S;, s, ).

Proposition 2.1. The triple (3,%5,C*(S,X|s)) is a groupoid C*-dynamical system,
which we call the tautological groupoid dynamical system of the twisted extension.
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Proof. The continuity of the action map 3 x C*(S,Xs) — C*(S5,%s) is proved just as
[10, Proposition 2.7]. The action of ¥g on C*(S,%s) is implemented by the bundle
homomorphism x : g — UM(C*(S, Xjs) which associates to o € p~*(S,) the canonical
unitary x (o) in the multiplier algebra of C*(S,,p~'(S,)). Explicitly, for f € C.(S;, Es,)
and 0,7 € p~1(S,),

(x(@)f)(r) = 8"(p(0)) f(o™'7)
One checks just as in [10, Section 2] that the conditions of Definition [[3] are satisfied. [

The relation between the twisted groupoid (G, X)) and the groupoid dynamical system
(X,%)5,C*(S, Xs)) is very clear at the level of their representations:

Proposition 2.2. Let (G,X) be a twisted locally compact groupoid with Haar system
and let S C G be a closed normal subgroupoid with Haar system. Then (G,%) and
(X, %5,C*(S, Xis)) have the same representations.

Proof. As recalled earlier, a representation of (G, ) is a pair (i, H) where p is a measure
on G which is quasi-invariant with respect to (G, ) and H is a measurable Hilbert
bundle over G(©) endowed with a unitary representation ¥ — H such that (z,t)¢ = t£
for (z,t) € GO xT and ¢ € H,. On the other hand, a representation of (3, 215, C* (S, X))
is a pair (11, ) where  is a measure on G(®) which is quasi-invariant with respect to (H, )
and # is a measurable Hilbert bundle over G® endowed with a unitary representation
¥ * H — H and a non-degenerate representation C*(S,%s) * H — H such that

(i) 7(al) = (ra)(1€) for all (1,a,§) € G C*(S, Eig) * H,;

(ii) o€ = x(0)§ for all (0,&) € (Eis) * H.
We show that (i, H) can be viewed as a representation of (¥, %s,C*(S,Xs)) and con-
versely. According to [1l, Proposition 5.3.10], a measure p on G is quasi-invariant with
respect to (G, A) if and only if it is quasi-invariant with respect to (H, «). Their respective
Radon-Nikodym derivatives A and A are related by A(y) = 0(7)A o w(vy). Moreover a
(X, G x T)-Hilbert bundle and a (3,C*(9, Xs))-Hilbert bundle as defined above are in
fact the same object. Indeed, let H be a (3, G® x T)-Hilbert bundle. Then by restric-
tion, it is a (Z‘S,G(O) x T)-Hilbert bundle. Just as in the group case, integration gives

a one-to-one correspondence between (Xg, G© x T)-Hilbert bundle and non-degenerate
C*(S, Xs)-Hilbert bundles. The explicit formula for a € C.(S;,Ys,) and £ € H, is

ot = [ alo)o€)5 P 6)d57(5).

One checks easily that the relation (i) is satisfied. The relation (ii) simply expresses the
fact that the representation of C*(.S, X|s) on H is the integrated form of the restriction to
Y|s of the unitary representation of X. O

One deduces that the C*-algebras are isomorphic:

Theorem 2.3. Let (G,%,S) be a second countable locally compact twisted groupoid ez-
tension with Haar systems. Then the twisted groupoid C*-algebra C*(G,X) is isomor-
phic to the crossed product C*-algebra C*(X,X5,C*(S,X|s)) of the dynamical system
(27 Z|Sa C*(Sa Z|S))
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Proof. The proof is essentially the same as in the untwisted case [10, Theorem 2.11].
Consider the map

j : Cc(Gv Z) — Cc(zv Z‘S,C*(S, Z\S))
which sends f € C.(G,X) to g = j(f) where

9(7)(0) = 6"2(p(7)) f (o), (0,7) € g * X.

It can be shown exactly as in [I0, Section 2| that it is a *-algebra homomorphism, con-
tinuous in the inductive limit topology and with dense range in in the inductive limit
topology. Therefore it extends to a surjective x-homomorphism

J:CNG,XE) = C"(X,55,C(S, X)s)).

Let (u,H) be a representation of (G,Y) defining respectively the representation L of
C*(G,X) and the representation L of C*(¥,X5,C*(S5,X|s)). We show that L = Lo j.
For a better legibility, we write 7 = p(7) for 7 € ¥. Given ¢ € L*(GY, u,H) and
f € C.(G, %), we have a.e.

= | 1 e a7 N
= | [ o) lrosts(r a7 r6)a5 0 6)da rs ()

On the other hand,
LUGNEE) = [ 300 ()] A (s () ()
= [ [0 rrels(r)) 5 2 0)a ) ) () ()
= [ [0 flom) lore(s(m)) 5 A0 6) A7 (7)o ()
= [ [ ) o5 57201057 () () ()
= [ [ 1) ot (s 67 2887 s ()5 () ()
= [ [ #70) Frot(sr)] A7 (6)d8°0 (3)do ()

This shows that L = L o 5. From the definition of the full norms, we deduce that j is
isometric. Therefore, j extends to a *x-isomorphism

J:ON(G,XE) = C"(X,55,C* (S, X)s)).

In the case of an untwisted groupoid, one obtains
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Corollary 2.4. Let G be a second countable locally compact groupoid with Haar system
and let S C G be a closed normal subgroupoid with Haar system. Then the groupoid
C*-algebra C*(G) is isomorphic to the crossed product C*-algebra C*(G,S,C*(S)) of the
dynamical system (G, S,C*(S5)).

In the case of a group, one recovers Green’s Theorem [0.1] given in the introduction.

3. THE ABELIAN CASE

When the normal subgroupoid S in the locally compact twisted groupoid extension
with Haar systems (G, %, S) is abelian and the restriction X5 of the twist is also abelian,
one can go one step further by using the Gelfand transform for the bundle of abelian
C*-algebras C*(S,%s)). Let us first consider a general abelian groupoid C*-dynamical
system.

3.1. Abelian groupoid C*-dynamical system.

Definition 3.1. We say that a groupoid dynamical system (G, S,.A) is abelian when A
is a continuous bundle of commutative C*-algebras over G,

This is not Green’s definition of an abelian system as in [7, Section 7], which means that
H = G/S, instead of A, is abelian. Note also that we do not assume here that the groups
S, are abelian. The sectional C*-algebra A = Cy(G(?), A) is abelian, hence isomorphic to
Co(Y), where Y is the spectrum of A. The space Y is fiberd above G®. The bundle map,
denoted by s : Y — G© is continuous and open. The fiber above z € G is written
Y. We write A = Cy(Y) and A, = Cy(Y,). The action of G on A induces an action on
Y which we write as a right action so that (v.f)(y) = f(yy) where f € Co(Ys(y)) = Asy)
and y € Y,(,). Because the action of S is unitarily implemented and A is abelian, S
acts trivially on A. Therefore, the action of G is in fact an action of H = G/S. The
semi-direct product groupoid of the action is denoted by Y x H. It carries a twist X, given
by a pushout construction. We first observe that the homomorphism x : S — UM/(A)
which implements the restriction of the action to S gives a map

X:Y*S—=T  (y,t) = (x(t)(y)

It is a continuous groupoid homomorphism which satisfies x(y,vty~™") = x(yv,t) for all
(7,t) € G x S. Here is a general definition.

Definition 3.2. Given a groupoid extension S — G — H and an H-bundle of abelian
groups T', we say that a group bundle morphism ¢ : S — T is equivariant if p(ysy™!) =
Fo(s) for all (vy,s) € G * S, where % is the image of v in H.

We give now the general pushout construction (the reader is directed to [I1] for a full
exposition). It is summarized by the following diagram.

S >y G > H
A
T > G > H

Here are the details.
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Proposition 3.1. Let S — G — H be a groupoid extension, let pr - T — G© be a
locally compact abelian group bundle endowed with an H-action and let ¢ : S — T be
an equivariant group bundle morphism. Then there is an extension T — G — H and a
morphism ¢, : G — G that is compatible with . They are unique up to isomorphism.

Proof. We define

T+«G={(ty) eTx G, [pr(t) =r(7)}
It is a groupoid over G with multiplication

ENEY) = @A), vY)
and inverse
=G,

Endowed with the relative topology, it is a locally compact topological groupoid. Then S
embeds into it as a closed normal subgroupoid via i : S — T*G given by i(s) = (¢(s71), s).
We define G := T x G/i(S). Equivalently, G is the quotient of T'x G for the left action of
S given by s(t,v) = (tp(s™1), s7). Its elements are of the form [t, ] where (t,v) € T * G
and satisfy [t,7] = [tp(s7!), s7] for s € Sy(;). Let us spell out its groupoid structure. Its
unit space is G(°) with obvious range and source maps. The multiplication is given by

[t A1 YT = [E(7E), 7]

and its inverse map is given

A =),

The map & : G — H given by z[t,7] = m(y) is a surjective homomorphism and z(®)
is the identity map. Its kernel is identified to T" via the map j : T — G defined by

J(t) = [t,pr(t)]. The map ¢, : G — G is given by ¢,(y) = [r(v),7] for v € G.
U

Definition 3.3. The above extension 1" ~— G — H is called the pushout of the extension
S — G — H by the morphism ¢ : § — T.

To apply this construction to our abelian groupoid C*-dynamical system (G, S, A), we
first consider the extension

S—G—»H
Taking the semi-direct product, we obtain a new extension
Y+«S—YxG—-Y xH
We view Y x T as a group bundle over Y with the trivial action of Y x H. The map
@:Y xS =Y xT givenby o(y,t)=(y,x(y,1))

is a group bundle morphism which is equivariant in the above sense. We define the
extension

YXT—YX—>»YxH
as the pushout by this morphism. Explicitly,

Y={[0,y,7]:0€T,(y,7) €Y xG}
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where
[0, y,t9] = [0 x(y, 1), y,7],  V(t,7) € SxG
Note that X is a twist over the semi-direct product Y x H. We now use the same method

as in the proof of Theorem 2.3/ to show that the dynamical systems (Y xH,¥) and (G, S, .A)
have isomorphic C*-algebras: we first show that they have the same representations.

Proposition 3.2. Assume that G is second countable and that A is separable. There is
a natural one-to-one correspondence between the representations of (Y x H,X) and those

of (G,S,A).

Proof. A representation of (Y x H,3) is a pair (i, H), where u is a measure on Y quasi-
invariant with respect of (H,«) and H is a measurable Hilbert bundle over Y endowed
with a unitary representation of ¥ such that (0,y)¢ = 0¢ for all (0,y,£) € T x (Y «H).
On the other hand, a representation of (G,S,.A) is a pair (u, H), where u is a measure
on GO quasi-invariant with respect of (H, ) and H is a measurable Hilbert bundle over
G endowed with a unitary representation of G' and a representation of A satisfying
the conditions (i) and (ii) of Definition Z2 Let us sketch how to construct (u, H) from
(11, H). We let p be pseudo-image of p under the map s : Y — G(©. The measure p can
be written as p = [ pydu(z) where (p;)cqo is a family of measures along the fibers of
s. According to [1, Corollary 5.3.11] or [2I, Proposition 3.1}, the quasi-invariance of
is equivalent to the quasi-invariance of p and the equivalence p.n).h ~ psn) for a.e. h.
Moreover, the respective Radon-Nikodym derivatives A of p and A of p are related by

A<y7 h)T(y7 h’) = é(h) where ps(h)-hi1 = T<'7 h’)pr(h)

We define for z € G the Hilbert space H, = L*(Yy, ps; H)y,). A fundamental family of
square-integrable sections of H provides a fundamental family of measurable sections of

H=(H,)scco. Given (v,&) € G« H, we define

(&) () = 7(y, ) *[Ly, 7)€ (yy) for y € Yy,

One can check that it is a unitary representation of G. Given (a,§) € Cy(Yz) X H,, we
define

(a&)(y) = a(y)é(y) for ye Y.

It is a representation of A satisfying the conditions (i) and (ii) of Definition Con-
versely, let (u,7{) be a representation of (G,S,A). It defines in particular a represen-
tation M of Cy(Y) on L*(GO®), u,H) such that for a € Co(Y) and & € L*(GO, u, H),
(M(a)f)(z) = ay,&(x) for H—a.e._ z. By the representation theory of commutative C*-
algebras, there exists a measure p on Y and a measurable Hilbert bundle H over Y
such that M is unitarily equivalent to the representation by multiplication operators on
L*(Y, 11, H). One can check that y is a pseudo-image under s : Y — GO of . We write
pas pp = [ pydu(x). This gives the disintegration L*(Y,pu,H) = L*(G, u,H') where
H, = L*(Y,, px,_’}'-[‘yx). Since the unitary operator implementing the unitary_equivalence
of the representations commutes with the operators of multiplication by h € L®(G©, ),
the Hilbert bundles H and H' are isomorphic. From now on, we assume that H = H’ and



Twisted groupoid extensions 11

that Cy(Y') acts by multiplication. According to [8 Proposition 1, page 82] and condition
(i), the unitary operator

L(y) = L (Yags Psts Hivi)) = L (Ve(0), rys Hiyi)
is of the form

L(7)é(y) = 7(y, %) *uly, 1)E(yy) for y € Yo,

where 7(., h) is the Radon-Nikodym derivative dpsp).h ™" /dprn) and u(y,v) is a unitary
operator from H,; to H, defined for a.e. y. Note that this implies that the measures
psny-h~" and p, ) are equivalent. As seen earlier, together with the quasi-invariance of i,
this implies the quasi-invariance of p with respect to (H,«). Then, one can check using
condition (ii) that

[0,y,7€ = Ouly,v)  for  [0,y,7]€X and §€Hy
is well-defined and defines a unitary representation of > on H. O

The isomorphism of the next theorem can be viewed as a partial Gelfand transform.
When S = GO, then G = H, the twist ¥ is trivial and the theorem reduces to the
well-known isomorphism of C*(H,.A) and C*(Y x H).

Theorem 3.3. Let (G, S, A) a groupoid C*-dynamical system where A is abelian. Assume
that G is second countable and that A is separable. Let Y be the spectrum of the abelian
C*-algebra Co(G©, A). Then the twisted crossed product C*(G, S, A) is isomorphic to
C*(Y x H, X)), where ¥ is the above twist.

Proof. There is a natural map j from C.(Y x H,X) to C.(G, S, A) which we describe
now. An element of C.(Y x H,X) is a continuous function f : ¥ — C which is compactly
supported modulo T (since T is compact, this equivalent to be compactly supported)
and which satisfies f[0'0,y,~] = f[0,y,7]0'"* for 6,6/ € T and (y,7) € Y x G. It is
completely determined by its restriction to § = 1. Let us set g(y,v) = f[1,y,7]. This is
a complex-valued function defined on Y x G which is continuous with compact support
modulo Y x S and which satisfies

9(y,s7) =gy, Mx(y. )" Y(s,y,7) €S*xY xG

We define j(f) by j(f)(v)(y) = f[1,y,7]. It is a continuous section of the bundle 7*A over
G, it has a compact support modulo S and it satisfies j(f)(sy) = j(f)(7)x(s7!) for all
(s,7) € S*G. Thus it is an element of C.(G, S, A). It is clear that the map j is injective.
Slnce the inductive limit topology on C.(Y,) C Cy(Y,) is finer than the topology of uniform
convergence, it is continuous with respect to the inductive limit topology. Let us show
that j is a *-homomorphism. Writing its elements f, g as complex-valued functions on
Y % G, the x-algebraic structure of C.(G, S,.A) is given by

Frgly) = / FDglyr. T dr D), ) = Farar D

This makes clear that j is a *-homomorphism. One checks also easily that j is continu-
ous when C.(Y x H,¥) and C.(G, S, A) are endowed with the inductive limit topology.
Moreover, j has dense range: we return to the original description of C.(G, S, .A) as the
space of compactly supported continuous sections of a Banach bundle B over H. Then
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J(C.(Y x G, X)) is a linear subspace of C.(H, B) which satisfies conditions (I) and (II) of
[5, Proposition 14.6]. Indeed, for A continuous function on H and f € j(C.(Y x G, X)),
the function \f defined by

MO = A fy,y)  Y(y,7) €Y xG

belongs to C.(Y x G,X). The fiber By, of the bundle B can be identified with the Banach
space Co(Yy(n)). In this identification, the evaluation at h of the elements of C.(Y x
G,Y) gives the whole subspace C.(Z,)), which is dense in Cy(Z, ). This shows that

(C (Z x G,%)) is dense in C.(G,S,A) in the inductive limit topology. By definition
of the full norm, j extends to a *-homomorphism from C*(Z x H,Y) onto C*(G, S, A).
To show that it is injective, it suffices to show that for all non-degenerate representation
L of C.(Z x G,Y), there exists a representation L of C.(G,S,A) such that L = L o
j. We can assume that L is the integrated representation of (u,#) as in the above
proposition. We denote by (i, H) the corresponding representation of (G, S,.A) and by
L its integrated representation. The Hilbert spaces of these representations are naturally
identified, namely L?(Z,u,H) = L*(G©,u,H). Let us show that L = Lo j. Given
&,me L2(GO u,H), we have:

// ()] £1L, 95117 (5 )L, 9 i) dosy () A2(3)de® (3) ()

(&1 Loj(f)n) = /(é or(y) (AN (mo s(y))A2(F)da® (7)dp(x)

=//f[1,y,7](§(y)|[Lyﬁ]n(m))f(y,7)1/2é‘1/2(7)da5(y)(v)dpx(y)dﬁ(x)

/flyv ) | [y /() A2y, 4)da ™ (3)dp(y)
— (€1 (/)

O

Remark 3.1. Just as in [10, Proposition 3.2], a shorter proof avoiding the explicit form of
the integrated representations can be obtained by observing that the above x-homomorphism
J is isometric with respect to the [-norm. We have chosen this presentation because the
explicit correspondence given in Proposition between the representations of the two
systems has its own interest.

3.2. Abelian twisted extensions. We return now to our initial problem, which is the
analysis of a twisted groupoid C*-algebra C*(G,X) in presence of a closed normal sub-
groupoid S having a Haar system. As said earlier, we make a further assumption, whose
present form I owe to Alex Kumjian.

Definition 3.4. We say that a twisted extension (G, X, S) is abelian if

(i) the group bundle S is abelian and
(ii) the group bundle X5 is abelian.
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Condition (i) is stated for convenience only since it is implied by condition (ii). When
the twisted extension is abelian, the bundle of C*-algebras C*(S,¥g)) is abelian. Since
the groups S, are amenable, it is a continuous bundle of abelian C*-algebras (see [14]
Theorem 5.5]). Thus, (2, Xs,C*(S5, X|s)) is an abelian groupoid dynamical system in the
above sense. We combine Theorem and Theorem to obtain our main result.

Theorem 3.4. Let (G,%,S) be a locally compact abelian twisted groupoid extension.
Assume that G is second countable. Then the twisted groupoid C*-algebra C*(G,%) is
isomorphic to the twisted groupoid C*-algebra C*(Y x H,X) where Y is the spectrum of
C*(S,X5)), H=G/S and the twist X is obtained by a pushoul construction.

Remark 3.2. The interest of this result is that it diminishes the isotropy. In the rather
exceptional case when the isotropy bundle itself S = G’ has a (continuous!) Haar system
and satisfies the assumptions of Definition 3.4, then H = G/S is a principal groupoid and
sois Y x H.

For applications, it is necessary to be more explicit about the space Y, the action of
H on it and the twist X. Recall that we assume that the locally compact abelian group
bundle S has a Haar system. Therefore, we endow its dual group bundle S with the
topology of the spectrum of C*(S), as in [I5] Section 3|. Then the abelian group bundle
Y|s, as an extension of S by G x T, has a Haar system and its dual group bundle ZA]‘ S
has also a natural locally compact topology. An element of S [resp. f]| s] will be denoted

by (z,x), where z is a base point and x € S, [resp. x € (2|S)$] . We first consider the
general case of an abelian twist (S, X).

Definition 3.5. Let X x T — ¥ — S be an abelian twist over an abelian group bundle
S. Its twisted spectrum is defined as

= {(z,x) €Y suchthat x()=6 V6eT}

An element (x, ) of the twisted spectrum defines a trivialization of the twist (S,, 2,).
We shall see soon that these trivializations always exist when 5, is locally compact. The
twisted spectrum S% is an affine space over the dual group bundle S: the action of S
on S* is the usual multiplication: given y € SE and p € S, Xp € SE is defined by
(xp)(o) = x(0)p(d) for o € ¥, and where ¢ is the | image of o in S,.

Remark 3.3. In [4], the authors give a similar description of the twisted spectrum when
the twist X is given by a symmetric 2-cocycle. Then, the twist is obviously abelian. It
may be useful to recall here that, according to [I12] Lemma 7.2], a Borel 2-cocycle on a
locally compact abelian group is trivial if and only if it is symmetric. Moreover, if the
topology of the group is second countable, every twist is given by a Borel 2-cocycle. Thus,
a twist over a bundle of second countable locally compact abelian groups is abelian if and
only if it is pointwise trivial. This result can also be deduced from the following lemma.

Lemma 3.5. Let (S,%) be an abelian twist over a locally compact abelian group bundle
S. Assume that S has a Haar system 3. Then,

(i) the spectrum of the abelian C*-algebra C*(S,X) is the twisted spectrum S*;
(ii) S* is a locally compact space endowed with a free, proper and transitive action of
the dual bundle S.
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Proof. According to [20, Lemma 2.4] (see also [7, Section 1]), the map © : C.(X) —
C.(S, %) such that
@(F)(a)z/F(@a)Qd@

T
extends to a x-homomorphism from C*(X) onto C*(S, ). This gives an inclusion of the
spectrum of C*(S, %) as a closed subset of the spectrum 3 of C*(X). We have already
seen that an element of 3 is given by a pair (z,x), where z € S© and x € .. According
to [20, Lemma 2.4], an element (x, x) of 3 belongs to the spectrum of C*(S, %) if and
only if it defines a representation of (5, 3), which means here that x(6) = 0 for all § € T.
This is the above definition of S=. The space S can also be identified topologically with
a subset of ¥ via the map p — po p, where p : X — S is the projection. The action
5% % S — 5% defined above is the restriction of the pointwise multiplication DI )
According to [15, Corollary 3.4], this map is continuous. O

We return to our twisted abelian extension (G, X, S). We denote by S* rather than
S¥Is the twisted spectrum of (S, Y)s). Let us describe the action of H = G//S on S, The
groupoid H acts on the group bundle X;s by conjugation: h.c = o1~ !, where 7s(7) = h.
The transposed action on the dual group bundle i[g, defined by (xh)(c) = x(ror71),

preserves the twisted spectrum S® Tt is easily checked that this is the action arising from
the action of H on the bundle of C*-algebras C*(.5, Xg).

The above pushout diagram defining the twist X becomes:

SZx % —— Y —— S¥xH

g | H

SExT —s Y —— SExH

where o(x,0) = (x, x(0)) for (x,0) € 5% * ¥ys.
Explicitly, X is the quotient of the groupoid (S* ¥ % %) x T by the equivalence relation

(x,o1,0) ~ (x,7,0x(0)), Voe&Xs.

Remark 3.4. In [I1, Proposition 3.5], the above Theorem B4l (the twisted case) is de-
duced from the similar result for the untwisted case, established in the previous work [10],
Theorem 3.3].

4. EXAMPLES AND APPLICATIONS

4.1. Deformation quantization. Rieffel has introduced a notion of C*-algebraic defor-
mation quantization and illustrated it by a number of examples in [22]. On the other
hand, Ramazan, generalizing Connes’ tangent groupoid, has produced deformation quan-
tization of Lie-Poisson manifolds by using groupoid techniques (see [16] [14]). Our Theo-
rem [3.4] shows that the two approaches agree on the basic example of a symplectic finite-
dimensional real vector space (V,w). Then, for every h € R, 05 = /2 is a T-valued
2-cocycle on (V,+). It is shown in [23] that & — C*(V, o) can be made into a continuous
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field of C*-algebras and in [24] that it gives a C*-algebraic deformation quantization of
the Lie-Poisson manifold (V,w).

Proposition 4.1. Let (V,w) be a symplectic finite-dimensional real vector space. Then
the sectional C*-algebra of the continuous field h — C*(V, o) is isomorphic to the C*-
algebra of the tangent groupoid over a Lagrangian subspace of V.

Proof. We first observe that the sectional algebra can be viewed as a twisted groupoid
C*-algebra C*(G, X), where G is the trivial group bundle R x V over R and ¥ is the twist
defined by the 2-cocycle o(h,.) = o5. Let V. = L @ L’ be a direct sum decomposition,
where L and L’ are complementary Lagrangian subspaces. This gives the extension

RxL—G—>RxIL

The abelian group bundle S = R x L satisfies the conditions of Definition 2.2l with respect
to the twisted groupoid (G, ). Therefore, by Theorem B4 C*(G, ) is isomorphic to
C*(Y x (Rx L"), X), where Y is the twisted spectrum and the twist ¥ is obtained by the
pushout construction. Let us determine them explicitly. The action of H = R x L’ on
Yjs = R x L x T is given by

(h,y).(h,x,0) = (h,z,e”™@Yg)  where heR, yel ,ze€L AcT

Since Y| = R x L X T, the twisted spectrum Y is R x L, where L denotes the dual group
of the abelian locally compact group L. The action of H on Y is given by

(h, x)(h,y) = (h, xpn(y)), where heR,xe€L,yecl

and for i € R, ¢y, is the group homomorphism from L’ to L such that

< on(y),x >=e ™Y where z €L, yel/

The semi-direct product Y x H is a bundle of semi-direct products Lx,L'. Forh # 0, pp
is an isomorphism and L, L is isomorphic to the trivial groupoid Lx L. For h=0, we
get L x L/, where the first term is a space and the second is a group. We use again w to
identify L’ with the dual L*, which is the tangent space of L. Thus L x L' is isomorphic
to the tangent bundle TL and the groupoid Y x H is isomorphic to the tangent groupoid
of the manifold L. One can check that we have an isomorphism of topological groupoids.
To conclude, we show that the twist X is trivial. By construction, X is the quotient of
(Y x ¥) x T by the equivalence relation

(R X, & + v, on(, 0)pp, 0) ~ (R, X, 0,9, 0 x(2)p)
where h € R, x € L,zeL,veV and p,9,0 € T. The map
(Y x %) x T — (Y x H) x T
sending (A, x,x + y,1,0) to (h, x,y, ¥vx(z)on(x,y)0) where h € R, x € LxeL yel,

and ¢, 8 € T identifies topologically this quotient. This is also a groupoid homomorphism.
Therefore, X is isomorphic to (Y x H) x T. O

The above example can also be presented via the Heisenberg group H = V x R with
multiplication (v, s)(w,t) = (v+ w,w(v,w) + s+ t). Mackey’s normal subgroup analysis,
under the form of Theorem [3.4] applied to the center {0} x R gives the first deformation.
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The second deformation can be obtained by applying this analysis to the subgroup L x R.
In conclusion, we have three isomorphic C*-algebras: C*(H), C*(G, %) and C*(Y x H).

4.2. Twisted abelian groups. The twisted abelian groups which appear in the previous
example illustrate the following general theory. Green gives in [7, Section 7] an elegant
presentation of the main results of [2] about multiplier representations of abelian groups.
As noted by Kumjian in [13, 1:12 Ezample |, the introduction of twisted groupoids is quite
natural in this context. We put here the theory of multiplier representations of abelian
groups into our framework and deduce directly its main results. We consider an arbitrary
twisted group
TS5 %56

where G is a locally compact abelian group. We write ¢ = p(o) and identify T with its
image j(T). The bicharacter of the twist is the function b : G x G — T such that

b(o,7) = [o,7] = oTo 1771,

It defines a continuous group homomorphism ¢ : G — G , Where G is the dual group, such
that ¢(x)(y) = b(z,y) for all z,y € G. We shall write & = ¢(x) whenever it is convenient.
The dual map ¢ : G — G is the complex conjugate: p(x) = p(x) = p(z)~ .

Lemma 4.2. Let (G,Y) be a twisted abelian group. The following conditions are equiva-
lent:

(i) the center Z of the group 3 is reduced to T,
(ii) ¢ is one-to-one.

Proof. Indeed, by definition, the kernel of ¢ is the image under 7 of the center of . [

Definition 4.1. We say that the twisted abelian group (G, X)) is irreducible if the equiv-
alent conditions of the previous lemma are satisfied. One also says that b is totally skew.

Lemma 4.3. [12] Let (G,Y) be a twisted locally compact abelian group. The following
conditions are equivalent:
(i) the group ¥ is abelian,
(i) b is identically equal to one,
(iii) the twist is trivial.

Proof. The equivalence of (i) and (ii) is clear. We have already mentioned the equivalence
of (i) and (iii) in Remark B3l Explicitly, it is clear that if the twist is trivial, then the
group X is abelian. Conversely, if the group X is abelian, Lemma shows that the
twisted spectrum is not empty. Any of its elements gives a trivialization of the twist. [

Remark 4.1. One may compare this lemma with a classical result in the theory of abelian
groups: an extension of abelian groups is trivial whenever its kernel is divisible (see for
example [6, Theorem 24.5]).

Lemma 4.4. Let (G, %) be a twisted locally compact abelian group and let S be a closed
subgroup of G such that X5 = p~1(S) is abelian.
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(i) There is a unique group homomorphism g : G/S — S which makes the following
diagram commutative:

S —% G "5 aG/s
llp\s }" yos (%)
6/\5 7 (A;' i S,

where @5 is the restriction of ¢ to S and G/S is identified with S+ C G.

(ii) For all (h,s) € G/S x S, we have pg(h)(s) = [r,0], where T is a pre-image of h
for the quotient map s : ¥ — X/Xs = G/S and o is a pre-image of s for the
map p : Xjg — S.

(ili) The dual map ¢g is P)s.

Proof. Since X5 = p~'(S) is abelian, ¢(S) is contained in S+ and ¢ passes to the quo-
tients. The formula in (ii) results from the definition of . By definition, for s = p(c) € S
and h = 7x(7) € G/S, we have

ps(s)(h) = @s(h)(s) = [1, 0] = [0, 7] = @(s)(h) = H(s)(h).

O

The condition of being maximal abelian in the next lemma, which is prompted by the
Lagrangian condition of the previous section, appears already in [13, 1.12. Example]. It
is also an assumption made in [3, Theorem 3.1].

Lemma 4.5. Let (G, X)) be a twisted abelian group and let S be a subgroup of G such that
Yig =p 1(S) is abelian. Let pg:G/S — S be as above. Then
(i) @s is one-to-one if and only if g is mazimal abelian in X;
(ii) ps has dense range if and only if X5 N Z = T, where Z is the center of ¥;
(ili) @g is an isomorphism and Z = T if and only if  is an isomorphism and Xs is
maximal abelian in 3.

Proof. For (i), we compute the kernel Ker(pg): an element h = mx(7) belongs to Ker(pg)
if and only if [r,0] = 1 for all 0 € Xjg. Thus, Ker(pg) is the image under 7y, of the
commutant g of ¥js in . It is reduced to 1 if and only if Xy = Xjs. For (ii), we consider

the dual map ¢g : S — G/S. It is defined by a similar expression: ¢g(s)(h) = [r,0],
where 7 is a pre-image of h under 7y and o is a pre-image of s under p : ¥jg — S. An
element s = p(o) belongs to Ker(¢g) if and only if [7, 0] = 1 for all 7 € ¥. Thus Ker(pg)
is the image under p of Xjg N Z. It is reduced to 1 if and only if ¥g N Z = T. This
gives (ii) since the injectivity of ¢g is equivalent to the denseness of the range of ¢g. For
(iii), we use the commutative diagram (%) of the previous lemma. Suppose that ¢ is an
isomorphism. Since ¢ and ¢ are onto and open, so is ¢g. If moreover, Y5 is maximal
abelian in X, then, by (i), g is one-to-one. Therefore it is an isomorphism. Conversely,
suppose that pg : G/S — S is an isomorphism. Let us show that © is a proper map.
Let K be a compact subset of G such that K = K. There is a compact subset L of
G such that m(L) = ¢g'(i(K)). Let s € S be such that i(s)L N ¢ '(K) # (. Then,
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7o pg(s) = ¢ oi(s) belongs to K2 Since 7 is proper and ¢g is an isomorphism, the
set M of such elements s is relatively compact and so is p~'(K) C i(M)L. If moreover,
7 =T, then, by Lemma [£2] ¢ is one-to-one. So is ¢. Therefore ¢ has also dense range.
In conclusion, ¢ is an isomorphism. O

In this context, Theorem [3.4] becomes:

Theorem 4.6. Let (G,Y) be a twisted locally compact abelian group and let S be a closed
subgroup of G such that s = p~(S) is abelian. Then C*(G,X) is isomorphic to C*(S*
H,Y) where H = G/S acts affinely on S= through the above map ¢g and the twist X is
obtained by the pushout construction.

Proof. Note that we do not assume that G is second countable because one can write
the representations of C*(G, %) and C*(S* x H, X)) as integrated representations without
this assumption. The subgroup S satisfies the assumptions of Theorem 3.4 Therefore
C*(@, %) is isomorphic to C*(S* x H,%). The action of H on the twisted spectrum S

is given by (xh)(0) = x(tor™") where y € 5%, 7 € 5, 0 € ¥ and h = m(7). Since

(o) = x([r,0)0) = [, o]x(0) = h(5)x(0),
this is indeed the affine action of H through the map pg. O

Remark 4.2. Since the group G is amenable, the C*-algebra C*(G, X) is nuclear and equal
to the reduced C*-algebra C%* ,(G,3) (in [18, Section I1.3], this is proved when the twist
is given by a 2-cocycle, but the same proof holds in the general case).

For the choice S = p(Z), where Z is the center of ¥, Theorem [L.6] provides the following
reduction to the irreducible case.

Theorem 4.7. [7, Proposition 34] Let (G,3) be a twisted locally compact abelian group.
Let S be the image in G of the center Z of 3. The twisted C*-algebra C*(G,X) is isomor-
phic to the C*-algebra of a locally compact bundle of isomorphic irreducible twisted abelian
groups (H, EX)XESZ7 where H = G/S and S= s the twisted spectrum of S. Therefore, it
is the sectional algebra of a continuous field of C*-algebras of irreducible twisted abelian
groups.

Proof. Since in this case, ¥|g = Z is the center of the group X, we have for h = m5(7)
with 7 € ¥ and s = p(o) with o € Z, ps(h)(s) = [r,0] = 1. Therefore, the action of
H = G/S on the twisted spectrum S* is trivial. Thus the semi-direct product S* x H is

the cartesian product S% x H. The twist ¥ obtained by the pushout construction is of
the form

Y ={(x,a), xe€STacy}

where ¥, is the twist over H obtained by the following pushout construction:

7 —— Y s H

Lol

T — X, — H
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According to Theorem L6, C*(G, ) is isomorphic to C*(S¥ x H, X2). The twisted groupoid
(SZ x H,Y) is a twisted group bundle whose bundle map is the projection onto S® and
fibers are the twisted abelian groups (H,X,). Let us show that they are irreducible.
Recall that an element y € S¥ corresponds to a trivialization of the twist

T 7z5%s

Every z € Z can be written uniquely as z = x(z)o, (%) where Z = p(z) and o, : S — Z is
a homomorphism such that poo, = idg. One checks that the pushout ¥, can be identified
to the quotient group ¥/o, (5). Indeed, along with the obvious maps, this quotient group
satisfies the properties of the pushout:

7 — ) T s H

| ] |
T —— /0 (S) —— H

Here the map y. is the quotient map. The relation z = x(z)o,(2) shows that its restriction
to Z is x. By uniqueness of the pushout (see for example [11, Theorem 1.5]), ¥/0,/(5) is
the pushout up to isomorphism. Let us show that this twist is irreducible. Let a,b € X
such that their commutator [a,b] belongs to o, (S), say [a,b] = o,(s). Since [a,b] € T,
p([a,b]) = 1. Hence s = pooy,(s) =1 and [a,b] = o(1) = 1. If this true for all b € X,
a belongs to the center Z of ¥. Then y.(a) = x(a) belongs to T. Let us show that
the twisted groups (H,X )Xesg are all isomorphic. Let x,x € S®. Since the group S

acts transitively on S there exists pE S such that X' = px. Since the restriction map
G — Sis surjectlve there exists p € G which extends p. Then, the map 7 +— p(7)7
is an automorphism of 3 which induces an isomorphism p, : 3/0, (S) — X /07 (S). Since
it is the identity map on T, it is a twist isomorphism. For the last statement, we have
already noted that a bundle of amenable groups, possibly endowed with a twist, give rise
to a continuous field of C*-algebras. OJ

Remark 4.3. Theorem 3.1 of [2] says that every twist (G,X) is the pullback of an irre-
ducible twist (G/S,%;). One can check that ¥ is the pullback of ¥, with x € S*.

This theorem reduces the analysis of the C*-algebra of a twisted abelian group to the
irreducible case. We consider now an irreducible twisted locally compact abelian group
(G,X) and choose a maximal abelian subgroup in ¥. It is necessarily of the form ¥g
where S is a closed subgroup of G.

Theorem 4.8. Let (G, ) be an irreducible twisted locally compact abelian group and let
S be a closed subgroup of G such that ¥ is mazimal abelian in X. Then C*(G,X) is

isomorphic to C*(S® x H, %) where the action of H = G/S on S* is affine, free and
manimal.

Proof. Since in this case, according Lemma (4.5 the map ¢g : H — S is one-to-one and
has dense range, the affine action of H on S¥ is free and minimal. U
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Corollary 4.9. [7, Proposition 32] Let (G, %) be an irreducible twisted second countable
locally compact abelian group. Then C*(G,X) is simple and nuclear. It is isomorphic to
the C*-algebra of compact operators on L*(S) if and only if © is an isomorphism of G
onto G.

Proof. According to [20, Corollary 4.6], this C*-algebra is simple and we have already
noted that it is equal to the reduced C*-algebra and that it is nuclear. If ¢ is an isomor-
phism, so is ¢g. Then S® % H is isomorphic to the trivial groupoid S x S. One deduces
that C*(S® x H,¥) is isomorphic to the C*-algebra of compact operators KC(L?(S)). If
© is not an isomorphism, ¢g is not an isomorphism. Therefore, the orbits of the action
of H on S* are not locally closed. There exist non-trivial ergodic measures [I7, Theorem
2.1]) and therefore factor representations which are non-type I [9, Theorem 5.4]. U

Remark 4.4. The groupoid S¥ i H is uniquely ergodic, in the sense that the only non-zero
measures on 5= which are invariant under H are those defined by a Haar measure of S.
As far as I know, the bijective correspondence between invariant measures and traces
of the C*-algebra of a (twisted) principal locally compact groupoid with a Haar system
has only been established in the étale case. Therefore, we cannot conclude directly that
C*(G, %) ~ C*(S® x H,%) has a unique trace. This is shown in [7, Proposition 32] by
using the dual action. Let us repeat the proof given there, using groupoid C*-algebras as
much as possible. One introduces the dual action of G on C*(G, %), defined by

a f(r)=x(Nf(r), xeG, [eC(GY¥), Tex

According to [I8, Theorem I1.5.7], the crossed product C*-algebra C*(G,C*(G, X)) is
isomorphic to the twisted groupoid C*-algebra C*(G x G, X), where G acts on itself by
left translation on itself (the second G is a space) and ¥ = ¥ X G. Since G X G is a trivial
groupoid, one can see that C*(G x G,X) is an elementary C*-algebra. Let E be the
canonical generalized expectation of the crossed product C*(G, C*(G, X)) onto C*(G, X).
If 7 is a densely defined lower semi-continuous trace on C*(G, X)) which is invariant under
a, one defines the induced weight 7 = 7 o F, also called the dual weight, on the crossed
product. It is a densely defined lower semi-continuous trace. The invariance is in fact
always satisfied here: we have for x = ¢, 7 € ¥ and f € C.(G, %)

a;(f)(r) = [o.7]f(r) = f(lo.7]7) = foma™") = x(0) " fx(0)(7),

where x (o) is the canonical unitary in the multiplier algebra of C*(G, X). This shows that
a; is a generalized inner automorphism, hence 7 o a; = 7. One deduces that Toa, =7
for all x € G when the twist is irreducible. Since C*(G, C*(G, X)) has a unique trace and
the map 7 — 7 is one-to-one, C*(G, X) has a unique trace.
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