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A combinatorial description of stability for toric
vector bundles

Lucie DEVEY

Abstract

This paper aims is to give an algorithm for the slope stability of toric vector bun-
dles (or equivariant reflexive sheaves). We also provide a visualisation of stability in
terms of their parliaments of polytopes, a generalization of Newton polytopes for toric
vector bundles by Di Rocco, Jabbusch, and Smith. We finally define subparliaments of
polytopes and identify them with parliaments of equivariant subbundles.

Introduction

Stability has been introduced in the context of classifying vector bundles, by constructing
moduli spaces of semistable bundles or sheaves. Using the Harder-Narasimhan filtration,
any vector bundle £ can be built up from semistable coherent sheaves. In 1963, Mumford
extended the works of Grothendieck (see [Gro57] Theorem 2.1) and Atiyah (see [Ati57])
by classifying vector bundles on curves (see [Mum63]). In this paper, we consider the
generalisation of Mumford-stability to vector bundles on varieties of any dimension called
slope-stability and introduced in 1972 by Takemoto ([Tak72]). This paper aims to study
the toric case.

Consider a toric variety X with torus T A toric vector bundle over X is a vector bundle
& over X, equipped with a T-action such that the projection map = : Spec(Sym¢&) — X
is T-equivariant and T acts linearly on the fibers.

Our main result is an algorithm (as wished in [DDK19]) to test the slope-stability of
toric vector bundles, or more generally equivariant reflexive sheaves £. See Subsection
1.4 for the description of the algorithm and Appendix A for the algorithm implemented
in Macaulay2. So far an algorithm existed only for the special case of tangent bundles
(see [DDK19] and [HNS19]).

In a second section, we work on visualizing the stability of a toric vector bundle on
its parliament of polytopes, a construction of Sandra Di Rocco, Kelly Jabbusch, and Gre-
gory G. Smith (see [DJS14]) generalizing the construction of the Newton polytope of a
toric line bundle. The parliament of polytopes PPs is a collection of convex polytopes
(Pe)ecc(e) indexed by the elements in the ground set of a matroid M (€) associated to
& representable in F ~ C": the fiber of £ over the identity. The wealth of information
about a toric vector bundle £ contained in its parliament is astounding. For instance, lat-
tice points in the parliament of polytopes for £ correspond to a T-equivariant generating
set for the space of global sections of £ (see [DJS14] Proposition 1.1). In addition, we
can also recover some positivity properties of £, such as global generation (see [DJS14]
Theorem 1.2), ampleness (see [DJS14] Corollary 6.7), or bigness (see [Ng20] Theorem
7.5). In our stability study using parliaments, we define in Definition 2.16 for any equiv-
ariant saturated subsheaf of £, a polytope called the average polytope. It is the Newton
polytope of ¢ (F)/rk(F). For any polarisation « of X, we define a total order <, between



polytopes, such that comparing average polytopes of subsheaves corresponds to compar-
ing their a-slopes. To check stability, we need to compare the slope of £ with the slope
of its subsheaves. Checking the equivariant saturated subsheaves is sufficient for general
toric bundles (see [Koo08], and [DDK19] or [HNS19]). These nice results allowed the
same authors to have a finite check for the stability of tangent bundles. We prove that for
toric bundles of rank less or equal to 3, it suffices to check the flats of the matroid of any
parliament of polytopes of £ define subsheaves that check stability (see Section 2.4).

In Section 3, we develop the theory of parliament of polytopes by defining subparlia-
ments and identifying them with parliaments of equivariant subbundles.

Theorem 1. The subparliaments of the parliaments of £ are the parliaments of the equiv-
ariant subbundles of £.

In Section 4, we explain how to detect the stability of restrictions to invariant curves
on the parliament. We give examples of (semi)stable toric bundles with non stable re-
strictions to toric curves. The last part of this article explores the geometric information
that can be reconstructed from the parliament of polytopes of a toric vector bundle. In
particular, we translate some results of Payne (see [Pay07] Proposition 3.4, Corollary 3.6)
and Klyachko (see [Kly89] Corollary 1.2.4) to the language of parliaments of polytopes.

Proposition 2. The data of the parliament of polytopes of a globally generated equivariant
vector bundle &, up to the translation of each direct component, and quotiented by GL,.(C),
enables us to reconstruct the isomorphism class of the vector bundle £.
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1 Stability of equivariant vector bundles

Let X be a smooth complete toric variety of dimension d with fan ¥ and torus 7. The
lattice of characters and its dual lattice are denoted by M and N. We denote by X (k)
the cones of dimension k. Let £ be a given rank r equivariant vector bundle over X and
E be the fiber over the identity of the torus. Let {vo,...,v,—1} be the set of primitive
generators of the rays p of ¥. (See Chapter [CLS11] for more fundamentals on toric
varieties.)

In this section, we give an algorithm to check whether an equivariant reflexive sheaf & is
stable with respect to a given polarisation.

1.1 Equivariant vector bundles and Klyachko classification

A combinatorial description of equivariant vector bundles has been given by Klyachko in
Theorem 0.1.1 of [Kly89].



Theorem 1.1. There exists an equivalence of categories between the category of rank r-
equivariant vector bundles £ on X and the category of compatible decreasing Z-filtrations

(EP(5))pes)

E if j < A

H, if A7 < j < Af
Er(j)=4¢ ...
Span(u,) ifA;_; <j<A?
{0} ifAR <j
of a dimension r C-vector space E together with a compatibility condition as follows. There
exist decompositions of E into 1-dimensional vector spaces LS satisfying

Vo€ X(d), 3(L)ueuo) st E= @ Liand Vp =0, E°(j)= > L;. (CC)

u€u(o) (w,vp) 23

The sets u(c) C M are uniquely determined by £ as they satisfy

VoeXd), &, = P Ox(div(w)lu,.
ueu(o)
they are called associated characters of £.

Remark 1.2. We might have A} = A7 ,,. In that case, the filtration (E”(j)); does not
contain any r — k-dimensional vector space.

Perling extends this classification in Theorem 5.19 of [Per01].

Theorem 1.3. There is an equivalence of categories between the category of equivariant
reflexive sheaves F on X of rank r, and the category of n decreasing Z-filtrations of a
dimension r C-vector space F' where we do not impose the compatible condition.

Definition 1.4. We will call the sequences
AP(E) := (A}, ..., A?) forall p € (1)

the jumping loci of £.

1.2 Definitions

We start with the definition of slope for coherent sheaves which leads us to the definition
of stability. The slope of a coherent sheaf £ depends on the choice of a polarization «,
where « is either H%~! for an ample divisor H or more generally a movable curve.

Definition 1.5. Let X be a smooth complete toric variety of dimension d and let « be a

polarization of X. The slope of any coherent sheaf £ with respect to « is

a(€) = Clr(f()g)a cQ,

where ¢, is the first Chern class of &.
The dependence on « is often omitted.

Definition 1.6. A coherent sheaf & is a-semistable if for any nonzero subsheaf F C &, the
respective slopes satisfy the inequality

ta(F) < pa(E) .



It is a-stable if, in addition, for any nongzero subsheaf F C &, the strict inequality p(F) <
e (E) holds.
A coherent sheaf £ is a-polystable if it is a direct sum of «a-stable sheaves.

Lemma 1.7. As explained in Remark 2.4 of [HNS19], to prove that some equivariant bundle
& is a-semistable, it is sufficient to verify that p.(F) < p(E) holds for every equivariant
saturated subsheaf F.

We need the following combinatorial description of equivariant saturated subsheaves of

£.

Theorem 1.8 (Proposition 2.3 of [HNS19] or Corollary 0.0.2. [DDK20]). Let £ be a
rank r-equivariant vector bundle on a smooth complete toric variety X. Via the Klyachko
classification, £ corresponds to a Z-filtration (E*(j));cz of E = C” for each ray p € 3(1).
The equivariant saturated subsheaves F of £ are then in one-to-one correspondence with the
subfiltrations

(Fr(j) = EP(j)NF)jez  of (E?(§))jez,

for some vector subspace F C E.

1.3 Polarization, Weights and Slope

Usually, the slope of a coherent sheaf on X is defined with respect to some ample divisor
H called a polarization of X. More precisely, it involves the self-intersection product
H?='. In [GKP14]), to do birational geometry, Greb, Kebekus, and Peternell generalize
slopes to movable curves on any complex, projective manifold X.

Let us explain it in the toric case. The set of polarizations of X can be extended from
ample divisors H to movable divisors L on X. This way the movable divisor L polarizes
X as well as the blow-up of X making L ample. In [LX16], Lehmann and Xiao studied
movable curves on toric varieties.

Proposition 1.9. A movable curve o on X, positive along a spanning set of rays', can be
written as the positive self-intersection of a unique big and movable divisor L,

o= <L¢Cxl_1> )
where () is the Boucksom positive product?.

Proof. See Theorem 3.12, Lemma 4.1 and Theorem 4.2 of [L.X16]. O

To compute the positive intersection product of big toric divisor classes L,..., L,, we
consider a higher birational model on which Ls,...,L, are nef after removing some positive
linear combination of exceptional divisors D;,. Then (L4, ..., L,) is defined as

(L —Dy)-...- (L, — D) .

As such, the positive intersection product restricts to the intersection product on ample
classes. Moreover, it satisfies that (L) = Vol(L) for any big divisor.

By Minkowski’s theorem for polytopes (see [Sch93] Section 7), the data of a polarization
« is equivalent to the data of its weights, defined as follows.

Ithat is to say o - D, > 0 for rays’ generators v, generating Ng. It is equivalent to o having a positive
volume for a certain volume function that they define
2developed in [BDPP04] and constructed algebraically in [BFJ06]



Definition 1.10. Let us denote by Py, the moment polytope of L, (see Proposition 1.3) and
write f, for the volume of the face of Py, which has external normal vector v,. We call the
weights of o the numbers

(d—1)!
[0l

forpeSA), t,=f,

Note that we have t, > 0.

Example 1.11. On P?, the polarization o = Dy = (Dg~!) has weights (1,1, 1).

Xoxn
V2
Vo v1 "

Po

Example 1.12. The polarization o = 2D; — D3 on Bl[o;l;o]IP’z has weights (1,2,1, 1).

[ =1

Xox P2
V2
P3 P1
U3 U1
Vg

Po

¢
We consider now a rank r-equivariant reflexive sheaf £ on X defined by the filtrations
E if j <A}
oy =
(7) Span(u,) if A?_, <j < A
{0} if A? < j.

We reformulate the slope of £. In his original paper [Kly89], in Remark 3.2.4, Klyachko
expressed the Chern classes of any equivariant vector bundle®. Kool extended this result,
computing the first Chern class of any equivariant coherent sheaf (see Corollary 3.18 of
[Koo08]). One can show his formula is equivalent to the following.

Proposition 1.13. The first Chern class of £ is given by
a@)= > (Z AQ) D,.
peS(1) \k=1
Proposition 1.14. If the polarisation o has weights (t,),ex (1) (see Definition 1.10), then

the slope of £ is
1 T
Ha(€) =Y ( ZA@) ty .
k=1

p

Proof. In Section 4 of [LX16], Lehmann and Xiao show that the ¢, are the intersection

3See also Proposition 3.1 of [Pay07]



numbers D, - o. We then have that

K(E)pta(€) = c1(E) = (Z AZ) Dy-a=3 (Z AZ) ty -

14 k=1

1.4 A finite check of stability and algorithm

The following theorem has been pointed out to me by Diane Maclagan. Fix a polarization
a.

Theorem 1.15. Let £ be any equivariant reflexive sheaf on a toric variety X. There exists
a finite set I of equivariant saturated subsheaves F of £ such that £ is a-stable (resp. «-
semistable) if and only if

pa(F) < pa(E)  (resp. pa(F) < pa(€))

forany F € I.

Proof. By Proposition 1.14, the slope of an equivariant reflexive sheaf £ only depends on
its jumping loci (A”(£)) pex(1)-

Second, if F is an equivariant saturated subsheaf of £ (it is enough to check those by
Lemma 1.7), then for each ray p, its p-jumping loci form subsequences of those of £. This
fact follow easily from Theorem 1.8 and by observing that

EP(j1) = EP(j2) = E (1) N F = EP(j2) N F

holds for any subspace F' C E.

Let us conclude by the facts that 3(1) is finite and for each ray p € 3(1), there is finitely
many subsequences of the jumping loci A?(€) = (A7, ..., A?) of (E”(j));ecz. As a conse-
quence, the finite set I may be composed of one representative F (if it exists) for each
choice of subsequences of the jumping loci (A?(&)),. O

In the following, we present the algorithm in Appendix A that checks the stability of a
given toric reflexive sheaf £.

The main mission of the algorithm is to check for a given vector (d, x),ex(1),keq1,...,r}
whether there exists an F such that

dim(E?_,  NF)>d, Vpex(l), ke {l,..,r} (1)

holds.
This can be achieved by constructing, for every p € (1) and k € {1, ...,r}, a matrix M,
being the concatenation of two matrices

M, =M | M.

The first matrix M1 = (2q,p)ae{1,...,r},be{1,...,1} CONtains the variables xy 1, ..., z,; that are
the coordinates of vectors defining our future F' (if it exists). The second one M5 contains
the coordinates of vectors defining EX_, _ ;.
Let I be the ideal defined by the k+1—d,, ; + 1 minors of M, ; and J be the ideal defined

by the /-minors of M;.

Proposition 1.16. There exists an equivariant saturated subsheaf F of &£ such that (1)

holds, if and only if. /T + J # /1.



Proof. Let us call F' the vector space spanned by the columns of M; even though it may
have a dimension less than /. The inequality dim(E”_, ,, N F) > d, is equivalent to the
matrix M, j having rank

k(M) = dim(E?_, | + F) = dim(E_, ;) +dim(F) —dim(E/_, | NF) <k+l—d, .

As a consequence, F satisfies (1) if and only if F € V(I). Moreover, remark that F has
dimension [ if and only if its matrix M; has rank [ which means that F' ¢ V' (.J).

Let us conclude by saying that /T + .J # /I implies, by the Nullstellensatz, that V(1) N
V(J)=V({I+J)#V(I)andso V(I)\ (V(I)nV(J))is non empty. O

Let us continue with a lemma.

Lemma 1.17. Consider two vector spaces F and Fy of the same dimension I. Assume that
for every ray p € ¥.(1), for any j € Z, we have that

dim(F N E*(5)) > dim(Fy N E*(5)) .
Then the slope of F is greater than or equal to the slope of Fy
w(F) > pu(Fo) -

Proof. If (A7), and (By),,, are the jumping loci of 7 and Fy, then for all & € {1,...,1},
p € X(1),

A2 = min{j | dim(Fo N EP(j)) <1 — k+ 1)
B} =min{j | dim(FNE*(j)) <l—k+1}
satisfy A} > Bf. We conclude by Proposition 1.14. O

Remark now that from the data of dim(E?_, , N F'), we can recover the jumping loci
and the slope of 7. Similarly, we may define the slope 110 ((d,.x),,x) associated to the
vector (d, k) pex(1),ke{1,...,r}- Checking that £ is stable amounts to checking that the slopes
defined by the vectors (d, 1) ,es(1),kef1,...,r} Such that there exists such an F satisfying (1)
are less than u,(€). Indeed, by Lemma 1.17, the slope p(F) would be greater or equal
to f1a((dp.x)p.x) and the condition

ta((dp)p,) < Hal€)

should be satisfied.

Remark 1.18. Note that as the last step requires Grobner bases, our algorithm has high
complexity. In the next section, we reduce the complexity (from exponential to linear) in
some special cases. See subsections 2.4, 2.5.

2 Parliaments of polytopes and stability

Parliaments of polytopes were introduced in [DJS14] in order to give explicit polyhedral
interpretations of properties to equivariant vector bundles. The parliaments of polytopes
PPg of € are composed of at least r polytopes linked with some combinatorial data: the
polytopes are labeled by elements of a representable matroid of rank r.

We first recall some matroid terminology. See [Kat14] for more fundamentals.



2.1 Matroid terminology
Matroids are a generalization of the notion of linear independence in vector spaces.

Definition 2.1. A matroid M is the data of a finite set G and a collection 9, of subsets of
G, called bases, satisfying the following properties:

B1: % is nonempty ;

B2: (basis exchange property) If A, B € 2 are distinct and a € A\ B, then there exists
b e B\ Asuchthat (A\ {a})U{b} e A.

We call G the ground set and 2 the set of bases of the matroid M = (G, %).

Definition 2.2. An isomorphism of matroids ¢ : My = (G1,%1) = My = (Ga,%>) is a
bijection from G to G such that

A€%1<:>90(A)€%2.
Definition 2.3. A representable matroid of rank r is a matroid isomorphic to
M= (G, %),

where G is a finite subset of some dimension r-vector space E and 2 is the set of bases of E
formed by vectors in G. We say that M is represented in E.

Definition 2.4. A flat of a matroid (G, %) represented in E, is a subset f C G C E such
that

Span(f)NG=f.
2.2 Parliaments of polytopes
The construction of parliaments of polytopes of £ requires the Klyachko classification.
Definition 2.5. The r elements in u(o) are called the associated characters of o.

Remark 2.6. The compatibility condition (CC) implies the existence of a basis B, for
every maximal cone o € ¥(d), given by a generator of L7 for each u € u(c). We call B, a
compatible basis. Nevertheless, a compatible basis may not be unique (see Example 4.4
of [DJS14]) although u(c) always is.

Remark 2.7. An important feature (equivalent to (CC)) is that for any maximal cone
o € X(d), € splits equivariantly on U, as

Elv, ~ B Ox (div(w))|u, -

ueu(o)
A parliament of polytopes of a vector bundle £ is a certain collection of polytopes
{(P.e) e G(E) CEY},

where G(€) is the ground set of a matroid M (€) defined in the following manner. The
matroids, called M (£), associated to £ can be seen as minimal matroids generating

L&) = m E*(jp) | Up)pesqy € 2"
pEX(L)



as a meet-subsemilattice (as a partially ordered subset with a meet i.e. a greatest lower
bound). Despite Proposition 3.1 [DJS14], this matroid is not unique*. However, the
ground sets G(&) generating the matroids M (€) are the possible outputs of Algorithm
3.2 of [DJS14].

Algorithm 3.2 Computing G(&)
r < the dimension of the largest linear subspace of L(&)
G+ 10
for k=1tordo
for k-dimensional linear subspace V' € L(£) do
G+~ GnV
if Span(G’) C V then
G + GUCBy, CBy isabasis of a complement to Span(G’) in V
end if
end for
end for
return G

Additionally, if G}, and G% are ground sets resulting from Algorithm 3.2 applied to L(€)
then the same number of elements is added at Step V. Indeed, CB},, CB} are bases of a
complement to Span(G’!), Span(G’?), which have same dimension

dim(Span(G’®)) = dim (Span (vV'n V)vmvgv) Ve e {1,2}

in V. The equality holds because, as L(£) is stable by intersection, the vector spaces
V' NV that are different from V, are steps of the algorithm and are already generated by
G'¢ at Step V. Therefore, there exists a map ¢ sending G}, to G%, we call it of type (x).

Definition 2.8. A map ¢ : M(G}) — M(G%) of type (%) is a bijection
0:GL = G%

which respects Algorithm 3.2 for £, that is to say which sends CBji, to CB% at Step V of
Algorithm 3.2.

We use the following notation for a ground set G(&) of M (E)
G(€) ={eo,...,e;} forsomel>r.

Definition 2.9. Any output G(&') from Algorithm 3.2 gives rise to a parliament of polytopes
of £. These are the sets of indexed polytopes (P.)ccc(e) defined as

P, :={me Mg|V¥p <€ X(1), (m,v,) <max{j|ee€ E?(j)}},

where G(&) is seen modulo isomorphism of matroids of type (x).

Example 2.10. [Example 3.6 in [KM16]] To a fixed toric vector bundle, we associated a
finite number of parliaments of polytopes, corresponding to each isomorphism class of
matroids obtained by Algorithm 3.2. Here we give some counterexamples of the unique-
ness of M (&). Consider the canonical basis {e1, ez, e3} of C3.

“4see Example 2.10 for counterexamples
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For the first counterexample, let X be the projective plane P? and let £ be the toric bundle
of rank 3 defined by the following filtrations

C? ifj<o0
EFi(j)=4q Vi if0<j<1
{0} ifl1<j

where V = Span(e; ), V1 = Span(e; +¢e3) and Vo = Span(es, e3). The meet-subsemilattice
is

Lyi(€) = {{0},Span(e;), Span(e; + e2), Span(ez, e3), C*}} .
Two non-isomorphic matroids are given by G; = {e1,e1 + e3,€2,e3} and Go = {e1,e1 +
€2, ez + e3, e3}. Here the non-uniqueness comes from L, (£) nonbeing stable by sums.
A second example can be found on P2, let £ be defined by the following filtrations

C3 ifj <0
. Vi ifo<j<l1
Pi =
B G) Span(e;) ifl<j<2 ’
{0} if2<j

where V, = Span(ej,es), Vi = Span(ej,e;) and Vo, = Span(ej,es + e3). The meet-
subsemilattice is

Ly(&) = {{0}, Span(e; ), Span(ey, e2), Span(ey, e3), Span(ey, e + eg),(C?’}} .

Two non-isomorphic matroids are given by G; = {e1,ea,ea + e3,e3} and G = {e1,e1 +
€2, €3 + e3,es3}. Here the non-uniqueness comes from Ly(£) U {G2} nonbeing stable by
iterated sums and intersections. O

Remark 2.11. By Remark 1.3, an equivariant reflexive sheaf is defined by filtrations as
toric vector bundles. We extend the definition of parliaments of toric bundles (Definition
2.9) to preparliaments of equivariant saturated subsheaves of toric bundles. A preparlia-
ment that satisfies the compatibility condition (CC) will be a parliament, and the corre-
sponding equivariant saturated subsheaf a toric bundle. We keep the notation PPr for
preparliaments.

Proposition 2.12. A preparliament is a set of indexed polytopes constructed from a family of
decreasing separated-exhaustive Z-filtrations ((E”(j));jez)pex(1)- Let us denote the |X(1)[xr
hyperplanes used in the construction of the polytopes by

(Hp,k = ({, ”p> = AZ))pEE(l), ke{l,...,r} "

A parliament is a preparliament such that for any fixed maximal cone o, there exists r
associated characters u € u(o) at the intersection of some hyperplanes

(prk’p,u)pEU(l) with kmu S {1, ey T‘} s

such that these hyperplanes are part of those defining some polytope Pr. in PPg and in the
construction of the r associated characters of u(o), each hyperplane should be used exactly
once :

Vpeol), {kpu|ucu(o)}={1....r}.
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Example 2.13. Consider X = P2 and its tangent bundle £ = Tx. The Z-filtrations are

C? ifj<0
fori =0,1,2, E*i(j) = ¢ Span(v;) if0<j<1
{0} otherwise

The ground set is G(€) = {vg, v1,v2} = X(1) and the parliament PP; is the following.

0
1 S P, A
N
1

>

Vo)
,

\

/ )\
" [(])
/
()

U2

s

<\.. V-

-

3
o
&V
<
()
O

) =0

S

RN e
;\ PPe Po

1

~ ~—

We associate to each maximal cone o a symbol (say [J) and represent the associated
characters u(c) by r symbols (J on the parliament. The compatibility condition (CC) is
verified. O

Example 2.14. A contrario, the equivariant reflexive sheaf on P? defined by the filtrations
Cc3 ifj <0
Span(u;,u) f0<j<1

Span(u;) ifl<j<2’
{0} otherwise

fori =0,1,2, Efi(j) =

where ug, u1, us, uz belong to a same plane P and u does not, is not a toric bundle, but
we can still construct its preparliament of polytopes. It contains five polytopes indexed
by ug, u1, us, uz and u, but there is no compatible basis for any maximal cone o € X(3).

¢

Remark 2.15. We may define a virtual (pre)parliament of polytopes of an equivariant
reflexive sheaf £. It means that each polytope in the parliament is considered virtual.
This way, we are keeping a trace of the defining hyperplanes even if £ does not have any
positivity property.

2.3 Stability of equivariant vector bundles

Most positivity properties of a toric vector bundle can be detected on its parliaments of
polytopes. We may expect other properties such as stability to be visualisable on the
parliaments. This notion is important, especially in the spirit of constructing moduli
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spaces of toric vector bundles. In this section, we give an algorithm for the (semi)stability
of a toric vector bundle £ in terms of its parliament of polytopes PP. In this section, we
assume, for simplicity, that all the (pre)parliaments are virtual (see Remark 2.15).

We consider a nonzero equivariant saturated subsheaf F of an equivariant reflexive sheaf
& on a toric variety X. By Theorem 1.8, it is defined by filtrations

F if j < A}
NN I
FG) Span(u,) if A? < j< A
{0} if A < j.

where F*(j) = EP(j) N F, the (E*(j)),ex(1),jez being the defining filtrations of £. The
slope of F with respect to o« may be visualized using the notion of average polytope.

Definition 2.16. We define the average polytope Px of F to be the moment polytope asso-

ciated to the divisor z
C1 (]:) 1
715

Notation 2.17. We may also use the notation Py if it appears to be more convenient.

The average polytope Pr of F is a visualization of the slopes of F. In the following
proposition, we recover, for any polarization « of X, the a-slope of F, only using the
average polytope Pr.

Proposition 2.18. The a-slope of an equivariant saturated subsheaf F C £ with average
polytope Pr = Pp where D = 5y a,D, is
palF) = Z aptp
pEX(1)

where o has weights (t,) ,cx(1). Geometrically, the a-slope is the mixed volume of the average
polytope Pr with the polytope Pj,, encoding the polarization

MOK(]:) = V(P]‘-7PLQ7"'7PL(,)5 .
———

d—1 times

Proof. See Proposition 1.14 and Definition 2.16. O
Example 2.19. The average polytopes of

F=0(Dg)®d0O(Dz), F=Tp2 and F =0O(Dy)® O(D1)® O(D3)

are the hashed polytopes in the following pictures

\<\ Pe, AL \<\ Pe, L
N N
\g\’\ﬁ\ 5% b Jany K‘«2/ z oy
/2'= U ¥ N
PE[J ;\ ;\Pel PEO ;\ ;\Pel
PPo(py)so(D,) PPr, PPo(py)ao(D1)a0(D2)

5This beautiful remark has been pointed out to me by Christian Haase.
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The difference between the two last pictures is the following. The hyperplanes forming
a’+ in the middle have different multiplicities (1 or 2). Indeed, the tangent bundle 7p:
has rank [ = 2 whereas the splitting bundle O(Dg) ® O(D1) & O(D2) has rank | = 3. The
slopes with respect to the polarization « with weights (1,1, 1) (see Example 1.11) are

1o (O(Do) ® O(Dy)) = &
fro (Tp2) =1 +1+1 =2,

1o (O(Dg) & O(Dy) & O(Dy)) =1 + 1 41 =1 .

To compare slopes between sheaves with respect to a polarisation & amounts to compare
average polytopes using the following order.

Definition 2.20. Let X be a smooth complete toric variety and « a polarization with weights

(d—1)!
tp = Dp.a:fpW foreveryray p € ¥ .

We define a total order on moment polytopes of X by saying

Pi<a Py = Yldit, <Y abt, (or <= V(PP < V(P PEY)
P P

where, for j € {1,2}, P; is the moment polytope of the divisor afDy, and V (-, ...,-) is
the mixed volume of polytopes.

Using Definition 2.20, Theorem 1.8, and Lemma 1.7, we may reformulate the definition
of stability (Definition 1.6) of toric vector bundles into the following proposition.

Proposition 2.21. An equivariant reflexive sheaf £ is a-stable (resp. «-semistable) if and
only if for any nonzero subspace F' C E, we have

Pp <, Pg (resp. Pr <, Pg),

where Pr is the moment polytope of the preparliament PPx obtained by considering the
parliament P P¢ and keeping only the hyperplanes corresponding to the jumping loci of F.

Let us reformulate Theorem 1.15 in terms of parliaments of polytopes.

Theorem 2.22. Let £ be any equivariant reflexive sheaf on a toric variety X. There exists a
finite matroid M (€)® representable in E such that & is a-stable (resp. a-semistable) if and

only if
Pr <, Pg (resp. Pr <, PE),

for any space {0} C F = Span(f) C E given by a flat f of M(E)%.

Remark 2.23. The matroid M (£)* does not depend on a.

2.4 Case of rank less or equal to 3

The purpose of the following theorem is to prove that if £ has rank less or equal to 3, then
the matroid M (€) of any parliament of £ checks stability.

Theorem 2.24. Let X be a smooth complete toric variety, let £ be a toric vector bundle
on X, of rank less or equal to 3, and let (PPs,G(E)) be any of its parliament. Then & is
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a-(semi)stable if and only if for any nonzero flat f C G(£), we have
Pr <o Pge) (resp. Pr <, Pge)) ,

where F is the equivariant saturated sheaf corresponding by Theorem 1.8 to the linear sub-
space Span(f) C E.

Proof. By Lemma 1.17, it is enough to show that for any vector space {0} C Fy C E, there
exists a flat f C G(&) with F' = Span(f) of the same dimension than F| and satisfying

dim(F NV) > dim(Fy NV) forall V € L(E) .

In the case where dim(Fy) = 1, take I generated by a vector of G(€) in [y g v 20y V-
It is possible because [, (0 V' is nonzero (¥y being included into it) and G(€) has
been constructed such that Span(G(€) Ny ¢ ravegor V) = Ny st rnvzqoy V- It con-
cludes the proof for bundles of rank 2.

It remains the case where dim(Fp) = 2 and rk(€) = 3. Let us denote by

1 1 2 2
VL VEVE LV

the vector spaces of L(£) such that dim(Fy N V) = . Remark that b is either equal to 1
(and V2 = E) or 2 (and {V?,VZ} = {F,E}). If b = 2 then there exists a flat f C G(€)
such that Span(f) = F; and we are done. Assume thus that b = 1 and let us distinguish
cases.

* If there exists ki, ky € {1,...,a} such that V| , V! of dimension 1, then F; is also
generated by a flat

f=Aei €2}
of G(£), where V}! = Span(e;), V. = Span(e;). We can take F = Fj.

* If there exists exactly one V! of dimension 1, then take a generator e; € G(&) of
V! and any other vector e; € G(£). We define F as F' = Span(ey, e3). As for all
k # k1, we have that dim(V}!) > 2, dim(F) = 2 and both V}! and F are included in
E of dimension 3, it holds that

dim(FNV}) > 1=dim(FynVyY) .

e If for all k € {1,...,a}, we have dim(V}!) > 2 then, by our last argument, any
dimension 2-space F' = Span(f) generated by a flat of G(&) satisfies

dim(FNV}) > 1=dim(FonVy}) forallke{1,..,a}.

O

Example 2.25. In general, the flats of a matroid M (€) are not enough to know that £ is
not (semi)stable. Consider X = P! x P! and the equivariant reflexive sheaf defined by
the filtrations
C> ifj<0
for p € (1), E*i(j) = { V. ifo<j<1 |,
{0} otherwise

where the vector spaces V; are defined as 1, = Span(e; + e3,e3), Vi1 = Span(e; — e, e4),
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Vo = Span(ey, e5) and V5 = Span(es, e3 + e4 + €5).

€4 r---~
€9 ,/ /1
rr-->iest+eqtes
! [
, | I
> €1 1/ \)
|

/
v

€1=€ Jp_ Span(es, ) ~ Span(es, e4, €5)

A matroid that can be obtained by Algorithm 3.2 is given by the ground set

G={e1+es+es, e1+ex—e3, e —ex+2eq, €1 — ez — 2ey,

e1 + 3es, e1 — 3es, ea + deg + dey + des, eg — deg — dey — 4des} .
Consider the vector space F' = Span(ey, e2). The slope of £ and F are

2+24+242 8
W) === =2 and a(F)

Cl41+141

2.
2

Consequently, £ is unstable, but it cannot be seen by looking at the flats of G. Indeed, we
have that

* Aflat f of dimension [ = 1, 2 or 3 satisfies
Span(V; N f) = Vi N Span(f)

and its associated saturated subsheaf F has thus slope u(F) =1/l = 1.

¢ A flat of dimension 4 either
Span(V; N f) = V; N Span(f)

and its associated saturated subsheaf has slope 4/4 = 1, or is of the form V; + V; =
Span(ey, eq, €], €5) with e}, ¢}, in G and its associated saturated subsheaf 7 has slope

F)=58=2.
w(F) 4 o

2
Remark 2.26. We may enhance Example 2.25 by proving that all the flats of all the ma-
troids M (€) of a parliament are not enough to check the (semi)stability of £. Indeed,
we may force the ground set to be exactly the set G of Example 2.25. It suffices to in-
corporate 1-dimensional spaces V' = Span(g) for any g € G into the filtrations (take for
instance X = P! x P! x P! x P).

2.5 A generalisation of the case of tangent bundles

Let X be a smooth complete toric variety of dimension d and let £ be any equivariant
reflexive sheaf £ on X with Klyachko filtrations given by vector spaces of dimension 0,
1 and d and general jumping loci Af. For instance, the tangent bundle £ = Tx on X
satisfies these conditions as its Klyachko description is

c if j <0
for p € (1), E*(j) = ¢ Span(v,) f0<j<1
{0} otherwise
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Note however that the tangent bundle case has already been treated in [HNS19] or
[DDK19].

We prove that M (€) is a matroid that checks stability. The only matroid M (&) associated
to £ has ground set given by G(€) = {e, | p € X(1)}, where the spaces Span(e,) are the
1-dimensional vector spaces appearing in the Klyachko filtrations of £.

Proposition 2.27. The equivariant reflexive sheaf £ is a-(semi)stable if and only if for any
nonzero flat f C G(&), we have

Pr <, Pe (T‘esp.P]:San),

where F is the equivariant saturated sheaf corresponding by Theorem 1.8 to the linear sub-
space Span(f) C E.

Proof. The vector spaces in

L) = ﬂ EP(jo) | Up)pesq) € zr!
pEX(L)},

are of dimension either 0, 1 or d. Hence, any saturated subsheaf 7, C £ corresponds to a
subspace F, C C? having intersection with elements of L(&) either

LNV ={0}, FNnV=Vanddim(V)=1, orF,nV=F.

Each V € L(€) of dimension 1 has a generator gy in G(£). Let us consider a flat f of
G(€) obtained starting with the set of generators g,y € G(€) of the vector spaces V € L(E)
of dimension 1 included in Fj, and adjoining elements of G such that the vector space
F := Span(f) satisfies dim(F') = dim(Fp). By Lemma 1.17, we have the inequality

1w(F) = pu(Fo)

and the flats of G(&) are enough to check the (semi)stability of £. O

Remark 2.28. In the tangent bundle case, we recover the criterion for stability given in
Proposition 1.2. of [HNS19].

Example 2.29. Consider the tangent bundle £ = Tp> on P2. The nontrivial flats of G(£) =
{Uo, V1, ’UQ} are

fo=A{vo}, fi ={v1} and fo = {va}.

They correspond to the three nontrivial equivariant saturated subsheaves Fy, F; and F;
of £. Let us look at the average polytopes:

2
2%
,P]'-l

By Theorem 2.24, the fact that Pr,, Pr,, Pr, <, Pg proves that £ is a-stable. &
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3 Parliaments of equivariant subbundles

In this section, we first define subparliaments of polytopes and identify them with parlia-
ments of equivariant subbundles. Second, we give an example of a toric subbundle which
is not a direct factor.

Let us state our definition of subparliament of a parliament of polytopes.

Definition 3.1. Let f = G(€) N F be a flat of the matroid M (E) such that there exists a
compatible basis (B, ),cxa) for £ satisfying

forallo € X(d), #B,Nf=dimF .

Then we call f a compatible flat, and we call the subset of polytopes of PPg indexed by
elements of f = FNG(E)

{(Fe,e) [ e [}

a subparliament of the parliament of polytopes E.

Equivariant subbundles have been combinatorially described in [KD18]. We translate
their results in terms of parliaments of polytopes.

Proposition 3.2. Via the Klyachko classification, a rank r-equivariant vector bundle £ on
X corresponds to a Z-filtration (E”(j))jez of E = C” for each p € 3(1).

The equivariant subbundles F of £ are then in one-to-one correspondence with the subfiltra-
tions

(Fr(j)=Er@G)N F)jeZ of (Ep(j))jez,

for some vector subspace F' C E such that there exist ground sets G(F) and G(E) resulting
from Algorithm 3.2 for L(F) and L(£) with

G(E)NF = G(F)

and such that there exist compatible bases (B, ),cx(a)y for € which, restricted to F, satisfy
the compatibility condition (CC) for F.

Proof. By Proposition 4.1.1 of [KD18], the equivariant subbundles F of £ are then in
one-to-one correspondence with the subfiltrations

(F'7(5) = EP(4) mF)jeZ of (Ep(j))jez 5

for some vector subspace ' C E such that {F,{E”(j)},co1)} of E forms a distributive
lattice.
Let us show that there exist ground sets G(F), G(€) obtained by Algorithm 3.2 for
L(F), L(G) with

GE)NF=G(F).

Consider the ground set G(&) obtained by taking a maximal number of vectors in F
in Algorithm 3.2. If V;, V5, € L(£), let us say that V; < V4 if V; appears before V5 in
Algorithm 3.2. We denote by Gy the intersection of V' with the temporary ground set
at the beginning of Step V' € L(£). During Step V, we need to add a basis C By of any
complement of Span(Gy ) in V to the ground set. We choose this basis to be composed of
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a maximal number of vectors in F' so that we have

VN F = (Span(Gy) 4 Span(CBy)) N F

- > V'+Span(CBy) [NF

V’:va
Vi<V

= Z V| NF +Span(CBy NF)

V’:va
Vi<V

Z (V'NF)+ Span(CBy NF) .

V'=vinv
Vi<V

The last step comes from {F, { E”(j)} ,e-(1)} forming a distributive lattice of E. By induc-
tion on the V' € L(£) appearing in Algorithm 3.2, Gy N F' generates every (Vi NV)N F
for V; < V. We finally obtain that G(£) N F' generates every V N F for V € L(E).

Now if we denote by GY, the intersection of V N F with the temporary ground set at
the beginning of Step V N F' € L(F) of Algorithm 3.2 (applied to F), then

V N F = Span(Gy ) + Span(C B ) = > (V'O F) + Span(CB{x) .
V'NF=(VinF)N(VNF)
(VinF)<(VNF)

Moreovey, since Vi < V= (Vi NF<VNF)and (ViNF<VNF)=WNV<V),we
have

{(V'AF |V =vinVand V; <V}
={VNnF|V NnF=(WVinF)n(VNnF)and (ViNF)<(VNF)}.

We may take C'B{, to be CBy N F, and we finally obtain G(F) = G(£)N F.
Moreover, for each cone o € ¥(d), any compatible basis BL of F' extends to a compatible
basis B, of E. Indeed, to construct a compatible basis B, (resp. BL'), we apply Algorithm
3.2to

L) = { N E°G,) (jp>p@} (resp. Lo(F) = {V N FIV € Ly (E)}) ,

pCo

taking CBy included in G(€) (resp. taking C By, included in G(£) N F). Extending
the bases B! is possible because G(£) generates each V € L,(€) C L(£) as well as
G(F) = G(E)N F generates each VN F € L,(F) C L(F). O

Definition 3.3. Consider a toric vector bundle £ and a parliament of polytopes PPg of £. A
subparliament of polytopes of PPs is a set of the form

PP;:{(Pe,e) | BEG(S)HF} C PPg

for some vector space F, which is a parliament meaning that it satisfies the compatibility
condition (see Proposition 2.12).

Theorem 3.4. Let £ be a toric vector bundle and let F be the equivariant subbundle of £
corresponding by Klyachko’s theorem to the filtrations (E(j) N F')jez for each p € ¥(1).
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Then, there exists a parliament PPg of £ such that a parliament of F is a subparliament of
Pe

PPr={(P.,e)|ec G({)NF} C PPs .
Proof. Consider a ground set G(€) for the parliament of £ obtained via Algorithm 3.2
by taking at each step a maximal number of elements in F'. Then by Proposition 3.2,
G(F) = G(&) N F is a possible output for Algorithm 3.2 applied to L(F). Now if e €
G(F) = G(€) N F then the polytope P, € PPr and

P.={me Mgr|VpeX(1), (mv,) <max{j|ec EF(j)NF}}
={m e Mg [Vp € X(1), (m,v,) <max{j|eec E’(j)}}

is the same as the one in the parliament of £. O

Example 3.5. Consider the toric variety X = P? with its T-invariant divisors Dy, D; and
D, and the splitting, equivariant, rank 2-vector bundle £ = O(Dy) & O(D; + D) on X.
The corresponding Z-filtrations of E = C? are of the form

C? ifj<o0
E*fi(j) =4 Span(e;) if0<j<1 (foralli=0,1,2),
{0} otherwise

with e; = ey, and where Span(e;) and Span(eg) are different lines in C2. The ground
set is G(€) = {e1,ep}. The toric subbundle 7 = O(Dy) C & corresponds to the flat

f={eo} CG(&).

\<\ Y ,,:i\ ,,,,,,,, b
\ Y . T Xox 7
Pe \\\ : IU2
NS ' G & © o
\\ : fU1
Pe, k Fe, Vo O
K PPe K ' PPr Po

The compatibility condition (CC) for £ is satisfied on taking
B, ={L{ |uecu(o)} ={e1,e} forallo e X(d).

We see that for all o € 3(d), B, N f = {ep} generates F' = Span(f), the flat f = {eg} is
thus compatible. The parliament P Px is a subparliament of P Ps. O

Example 3.6. Let us come back to Example 2.13 with X = P? and its tangent bundle
E = Tp2.

o Xon 7
\\ v
® o | ©
P P1
P vy V1
V0o ) D
k 0
;\ PPg Po

There exists no nontrivial equivariant subbundle F of £ because the nontrivial flats are
fo=A{vo}, f1 = {v1} and fo = {v2} and are not compatible. O

Corollary 3.7 (Theorem 1). The subparliaments of the parliaments of £ are the parliaments
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of the equivariant subbundles of £.

Classifying toric vector bundle requires to understand Harder—Narasimhan filtrations. Let
us define an equivariant vector bundle £ with a nontrivial equivariant subbundle F that
we cannot factorize in a direct sum of £.

Example 3.8. Consider the equivariant vector bundle £ on P? defined by the filtrations

C3 if j < -3 C3 ifj<0
Span(ej,ep) if —3<j<—1 Span(eg,e3) if0<j <2

PO (7)) — P1(5) =
EG) Span(e;) if —1<j<1 7’ E2G) Span(es) if2<j<4
{0} otherwise {0} otherwise
C3 ifj <0
0/ - Span(el —e3,e] — 62) if 0 <j<?2
EP2 —

and () Span(e; — e3) if2<j<4

{0} otherwise

where e; = (1,0,0), e2 = (0,1,0), e3 = (0,0, 1). The unique possible ground set of M (&)
is
G(€) ={ei1,e2,e3,€1 —ea,e1 —e3,e2 —e3} .

Taking F = Span(ez), we obtain an equivariant subbundle F.

) PPg N - PPr
P€2—63 \\ :
P@l—BQ A )
o i o
P€3 \\ ! PES
. Py PN - P, L
In particular, this example gives rise to nontrivial Hardér—Narasimhan filtrations
0CFCeE,
that we may visualise on the parliament of polytopes P Ps. &

4 Stability of restrictions to invariant curves

The a-semistability of the restrictions £|¢ of a toric vector bundle £ to a torus invariant
curve is much easier to view on the parliament of £. Moreover, it is often useful to
compare the a-semistability of a toric vector bundle £ to the semistability of its restrictions
&|c to any torus invariant curve.

Remark 4.1. Theorem 2.5 from [BLG13] furnishes a sufficient condition to deduce from
the semistability of a toric vector bundle &, the semistability of its restriction £|¢ to any
invariant curves C': the characteristic class of £ is 0

r—1
2r

A(g):CQ(g)_ 61(5)220.

In this section, we explain how to see the (semi)stability of the restrictions | of a vector
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bundle £ to a torus invariant curve C, given a parliament PPs. In [DJS14] Subsection
3.1, Di Rocco, Jabbusch and Smith recover the parliaments of restrictions £|¢ to torus
invariant curves from the parliaments of polytopes of £.

Proposition 4.2. By the cone-orbit correspondence, torus invariant curves correspond to a
cone T € X(d — 1). Since X is complete, there are two maximal cones o and ¢’ in X(d)
containing T.

If PP is a parliament of £, then a parliament of polytopes of £|¢ is composed of the projec-
tion on 7+ of the line segments parallel to 7+ joining the associated characters in u(c) and
u(o) (renormalized by 1/||u|]).

Example 4.3. Consider X = Bljg.. (P2) and let € be the equivariant vector bundle
£ = OX(4D0 + Dg) D Ox(?)Dl — Dg)

on X. The unique parliament of polytopes of £ is

A Yy 4 D
P, P,

PPe

N

The parliament of £ restricted to the torus invariant curve Dy is obtained the following
way.

C(—)EC

The semistability of such restriction £|¢ should be easier to understand as torus invariarit
curves C are isomorphic to P'. Moreover, in 1957, Grothendieck classified vector bundles
on P!,

Theorem 4.4 ([Gro57] Theorem 2.1). Every holomorphic vector bundle £ on P! is holo-
morphically isomorphic to a direct sum of line bundles:

EXOpi(d) @ ®Op(dy).

The problem of semistability is then reduced to verify if d; = ... = d,. This can be
achieved by looking at the parliaments of polytopes of £. The operation on parliaments
corresponding to restricting the toric bundle to an invariant curve is explained in Propo-
sition 4.2. We obtain the following result.

Theorem 4.5. Let C be a torus invariant curve on X. C corresponds to awall 7 € ¥(d — 1)
between two maximal cones o,0’ € 3(d). A toric vector bundle £ is semistable if and only
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if the normalized lattice distance between associated characters u € u(o) and v’ € u(¢’) in
the one-dimensional lattice (7 + u) N M is the same for any pair u, /.

The following example concerns a semistable vector bundle such that its restriction to an
invariant curve is not semistable.

Example 4.6. Consider X = Bljy.1.q (P?) and let € be the equivariant vector bundle
£ = Ox(4D0 + Dg) D Ox(ng — Dg)

on X. The parliament £p, of £ restricted to the torus invariant curve Dy is obtained the
following way.

The bundle £|p, would be stable if the segments P,, and P,., were of the same length. In
this example, there is no torus invariant curve C' such that £|¢ is semistable. A contrario,
taking the movable curve o« = 2D; — Dg, as in Example 1.12, with its corresponding

(tp)peﬂ(l)

gives £ is a-polystable: u(Ly) = 4tp + t3 = 5 is equal to p(Ly) = 3t; —t3 = 5. O

Example 4.7. For any choice of movable curve o, the tangent bundle 7p: of P? is an
example of «-stable equivariant vector bundle £ with a nonstable restriction to a torus
invariant curve. &

5 Alternative definition of parliaments

We propose definitions for the parliaments of polytopes of a toric vector bundle £. For
each definition, the data of a parliament of polytopes of some globally generated equiv-
ariant vector bundle £ corresponds to some isomorphism class of £ (corresponding to the
title of the subsection).

Remark 5.1. If we consider virtual polytopes as proposed in Remark 2.15, the condition
of global generateness becomes superfluous.

The naive definition for a parliament of polytopes of a toric vector bundle £ would be
PP;:={P.|ec G(E)}

which does not keep a trace of the label of each polytope. This definition does not even
allow us to distinguish a rank 2- from a rank 3-vector bundle on P?: the tangent bundle
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Tp2 and the splitting bundle Op:(Dg) @ Opz (D7) & Op2(D2) have the same parliament of
polytopes.
5.1 Equivariant isomorphism class of framed toric vector bundle

The definition we gave in Definition 2.9 for a parliament of polytopes of a toric vector
bundle £ was PPg := {(P.,e) | e € G(E)} where G(€) is defined modulo isomorphism of

type (%).

Definition 5.2. A framed equivariant vector bundle is a toric vector bundle with a choice of
isomorphism E = C".

A morphism of framed equivariant vector bundles is a morphism of equivariant vector bun-
dles compatible with the framing.

Proposition 5.3. The data of a parliament of polytopes
PPe:={(Pe,e) | e € G(E)} /(¥)

of a globally generated equivariant vector bundle £ is equivalent to knowing the equivariant
isomorphism class of the framed equivariant vector bundle £.

Proof. In [Pay07] Proposition 3.4, the equivariant classes of a framed equivariant vector
bundle is uniquely determined by the following

({u(0)}oes@ » {FUp)}oesq)) 5

where Fl(p) is the flag appearing in the filtration (£”(j));. From the parliament we
recover the flag
Fi(p): {0} C EP(A?)C...C EP(A])=F

by considering all different vector spaces

Ep,j = Z €.

<uﬂ’p>2ja
u€ P, for some e G(E)

Indeed, if e € E,; then there exists v € P, such that (u,v,) > j and by definition
of P., we obtain that e € E*(j). And conversely, by Theorem 1.2 of [DJS14], as & is
taken globally generated, any u € u(o) belongs to some polytope and by (CC), we have
Er(j) C E, ;. O

5.2 Equivariant isomorphism class of toric vector bundle

We may not want to deal with framings anymore. Let us thus quotient by the action of
GL,(C)onCr.

Proposition 5.4 (Proposition 2). The data of a parliament of polytopes
PPe :={(Fe,e) [ e G(E)} /(x) /GL:(C)

of a globally generated equivariant vector bundle & is equivalent to knowing the equivariant
isomorphism class of the equivariant vector bundle £.

Remark 5.5. Here morphisms do not have to preserve the framings anymore.
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Proof of the proposition. It follows from [Pay07] Corollary 3.6 that the equivariant classes
of a toric vector bundle are uniquely determined by

({u(cr)}aez(cn ; O{FI(P)}pez(l)) ’

where O(ri(p)}, 5, 1S the GL,(C)-orbit of the flag given by the filtration (E”(j));. We
conclude by Proposition 5.3.

5.3 Isomorphism class of toric vector bundle

Finally, we may want an object that represents the isomorphism class of £ and not its
equivariant isomorphism class. For that, we need to quotient by the group T of composi-
tions of translations for each direct component.

Proposition 5.6. The data of a parliament of polytopes
PPe :={(Fe,e) [ec G(E)} /(x) /GL(C) /T,

of a globally generated equivariant vector bundle & is equivalent to knowing the isomorphism
class of £.

Proof. It is known that any line bundle O x (D) on toric variety is isomorphic to an equiv-
ariant line bundle Ox (Dy) = Ox (D) ® x* for a unique u € M.

This result has been generalized by Klyachko in ([Kly89] Corollary 1.2.4). If two equiv-
ariant vector bundles £ and F are isomorphic then there exists characters x1, .. ., X, such
that

& ® x; and F; are equivariantly isomorphic,

whereE =6 ®... @&, and F = F; $...® F,, are some direct decompositions of £ and
F.

As a level of parliaments, tensoring by a character x* corresponds to translating the
parliament of u € M. O
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A Algorithm

The following algorithm, that you may run in Macaulay2, requires two inputs: a toric
bundle in Klyachko’s description, for instance, you may consider

E = tangentBundle (projectiveSpaceFan 2) ;

and a polarisation given by its weights (t,) ,cx(1) as for example
H=rho > 1 ;

The program goes as follows.

loadPackage "ToricVectorBundles";
loadPackage "PositivityToricBundles";
loadPackage "NormalToricVarieties";

E tangentBundle (projectiveSpaceFan 2);
H = rho —> 1;

Sigmal = rays E;

N = length (Sigmal);

r = rank E;

Slope = (poss,1) —> —sum(flatten flatten apply(toList(0 .. N-—1),
rho — H(rho) % entries(submatrix((filtration E)#((rays E)#rho),
poss(rho)))))/1;

SlopeE = —sum(flatten flatten apply( toList(0 .. N—-1),
rho —> H(rho)+entries ((filtration E)#((rays E)#rho))))/r;

1 =1
while 1 < r do (
D subsets(r,1);
R =0QQ[x {1,1}y .. x {r,1}];
possibility = 0;
while possibility < ((#D)"N) do (
poss = rho —> D#( (possibility//(#D)” (rho) )%(#D) );
M = (rho,a) —> matrix(pack(x_{1,1}..x {r,1},1)) |
submatrix ( (base E)#((rays E)#rho),
toList (0..(poss(rho))#a) );
Irhoa = (rho,a) —> minors(l+(poss(rho))#a—a+1M(rho,a));
I = ideal ();
for rho from 0 to N-1 do (
for a from 0 to 1-1 do
I=I+Irho (rho,a) );
J = minors (I, matrix(pack(x_{1,1}..x {r,1},1)) );
if radical (I+J)!=radical(I) and Slope(poss,l) >= SlopeE
then break print ( apply(toList (0..N-1),
rho —> poss(rho)),1) );
possibility = possibility +1 ;);
1 = 1+41; );
if (1 ==r and possibility == ((#D)"N)) then print "E is stable"
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