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A combinatorial description of stability for toric
vector bundles

Lucie Devey

Abstract

The aim of this paper is to give a necessary and sufficient condition for the
stability of a toric vector bundle in the combinatorial terms of its parliament
of polytopes, a generalization of Newton polytopes for toric vector bundles by
Di Rocco, Jabbusch and Smith.

We also define subparliaments of polytopes and identify them with parlia-
ments of equivariant subbundles.

Introduction

While the geometry of line bundles on smooth projective varieties is relatively well
understood, some notions, such as positivity, become vastly more complicated in
higher rank, despite significant recent work on vector bundles. The notions of stable
base loci, Kodaira maps and litaka fibrations can be extended to vector bundles
(see [MU19]). Furthermore, positivity properties can be detected by looking at some
asymptotic base loci that can be defined on the variety itself, rather than on the
projectivization of the given vector bundle (see [BKK*15]).

Using the Harder—Narasimhan filtration (resp. the Jordan—Holder filtration),
any vector bundle can be built up from semistable (resp. stable) bundles. The
importance of knowing whether a given vector bundle is (semi)stable is thus funda-
mental, especially for the construction of moduli spaces.

The aim of this paper is to study slope-stability of toric vector bundles, since in
toric geometry, most complicated notions turn out to have a combinatorial descrip-
tion.

In [DJS18], Sandra Di Rocco, Kelly Jabbusch and Gregory G. Smith general-
ized the construction of the Newton polytope of a line bundle, associating to any
equivariant vector bundle & its parliament of polytopes PPg: a collection of convex
polytopes (P)ceq(s) indexed by the elements in the ground set of a matroid M (&)
associated to & representable in a vector space E = C'.

The wealth of information about a toric vector bundle & contained in its parlia-
ment is astounding. For instance, lattice points in the parliament of polytopes for
& correspond to a torus-equivariant generating set for the space of global sections
of & ([DJS18] Proposition 1.1). More precisely, a lattice point in the polytope P.
of PPs corresponds to a global section s, taking value e at the identity of the torus
T C X. In addition, we can also recover some positivity properties of &, such as
global generatedness (see [DJS18] Theorem 1.2), ampleness (see [DJS18| Corollary
6.7), or bigness (see [Ny20| Theorem 7.5). Parliaments of polytopes have been used
to find counterexamples as well. For instance, Example 5.3 of [DJS18]| exhibits a
toric vector bundle on P? that is ample but not globally generated, and Example 6.4
of [DJS18] exhibits a toric vector bundle on P? that is ample and globally generated



but not very ample. They have also enable one to find a criterion for a projectivized
toric vector bundle to be a Mori dream space (see [Np20] Theorem 4.18).

Our main result is an algorithm for the stability of toric vector bundles in terms of
their parliaments of polytopes. Indeed, we reduce the problem of stability to verifying
that the equivariant saturated subsheaves that come from flats (closed subset of a
matroid) of M (&) have slope less than the slope of &. Additionally, we define, for
any such equivariant saturated subsheaf # of & (and thus for .# = &), a polytope
called the average polytope Pz (see Definition 2.15) which can be visualized on the
parliament of &. It is the Newton polytope of ¢1(.%)/rk(.%). As such, the average
polytope of .# embodies the slopes of .# with respect to every polarization a of
X. In Definition 2.26, we define a total order <, between polytopes, such that
comparing average polytopes Pz and Pg corresponds to comparing the a-slopes of
their respective sheaves .% and .%’. It enables us to state our main theorem.

Theorem (2.27). Let X be a smooth complete toric variety. A toric vector bundle
& on X is a-(semi)stable if and only if for any flat f of the matroid M (&), we have

Py <, Ps (resp. Pz <, Pg) ,

for the total order <, between polytopes defined in Definition 2.26 and where F is
the equivariant saturated sheaf corresponding to the linear subspace (f) C E.

In particular, in [DDK20], the authors would like a computer program to check
(semi)stability of any equivariant torsion free sheaf with respect to any polarization.
This Theorem is an answer to their hope.

In another part of the article, we prove that any equivariant subbundle % of a
toric vector bundle & corresponds to a flat of M(&) compatible with the Klyachko
filtrations of &. We describe the parliament of the equivariant subbundles.

Proposition (3.3). The parliament of an equivariant subbundle F of an equivariant
bundle & is a subparliament of PPg or, in other words, a subset of PPg containing
only polytopes with indices in a compatible flat of the matroid M(&).

The last part of this article consists of exploring the geometric information that
can be reconstructed from the parliament of polytopes of a toric vector bundle. In
particular, we translate results of Payne (see [Pay08] Proposition 3.4, Corollary 3.6)
and Klyachko (see [Kly90] Corollary 1.2.4) in terms of parliaments of polytopes.

Proposition (5.5). The data of the parliament of polytopes of a globally generated
equivariant vector bundle &, up to translation of each direct component and quotiented
by GL,.(C), enables us to reconstruct the isomorphism class of the vector bundle &.

We start in Section 1 by recalling facts about matroids, giving the construction
of parliaments of polytopes from [DJS18] and fixing notation.

Section 2 furnishes the definition of average polytopes that allows us to visualize
the slope of an equivariant saturated sheaf. It also contains the most important
result of the article (Theorem 2.27): a combinatorial description of slope-stability of
equivariant vector bundles using parliaments of polytopes.

In Section 3, given the parliament of polytopes of a toric vector bundle, we de-
scribe the parliaments of its equivariant subbundles.

In Section 4, we treat the stability of the restriction of an equivariant bundle &
to a torus invariant curve in terms of the parliament PPgs. We also give examples of
a-(semi)stable equivariant vector bundle with non (semi)stable restrictions to torus
invariant curves.



In Section 5, we discuss the definition of parliament of polytopes and state what
data is encoded in the parliament of an equivariant bundle.
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1 Parliaments of polytopes and matroid terminology

Parliaments of polytopes were introduced in [DJS18| in order to give explicit poly-
hedral interpretations of properties to equivariant vector bundles.

The parliament of polytopes PPs of a given rank r-equivariant vector bundle &
over a smooth complete toric variety X is composed of at least r polytopes linked with
some combinatorial data: the polytopes are labeled by elements of a representable
rank r-matroid. We first recall some matroid terminology.

1.1 Matroid terminology

Matroids are a generalization of the notion of linear independence in vector spaces.

Definition 1.1. A matroid M is the data of a finite set G and a collection A, of
subsets of G, called bases, satisfying the following properties:

B1: A is nonempty;

B2: (basis exchange property) If A, B € B are distinct and a € A\ B, then there
exists b € B\ A such that (A\ {a})U{b} € B.

We call G the ground set and B the set of bases of the matroid M = (G, B).
Definition 1.2. An isomorphism of matroids ¢ : My = (G1, $B1) = Mo = (Ga, Ba)
is a bijection from G1 to Go such that
AE%l@(p(A)E%Q .
Definition 1.3. A representable matroid of rank r is a matroid isomorphic to
M=(G,%),
where G is a finite subset of some dimension r-vector space E and % is the set of

bases of E formed by vectors of G.

Definition 1.4. A flat of a matroid (G, &) represented in E, is a subset f C G C E
such that

(inG=r,
where (f) C E is the subspace spanned by the vectors in f.



1.2 Parliaments of polytopes

Consider a smooth complete toric variety X of dimension d with fan ¥ and a toric
vector bundle & on X of rank r with fiber at the identity of the torus F. Let us
denote by {vp, ..., v, } the set of vectors generating the rays p; of X. (See [CLS11] for
fundamentals on toric varieties.)

The construction of the parliament of polytopes of & requires the Klyachko clas-
sification.

Theorem 1.5 (Theorem 0.1.1 of [Kly90]). There is an equivalence of categories
between the category of rank r-equivariant vector bundle & on X and the category of
n+ 1 compatible decreasing Z-filtrations (E*(j)),,ex(1)

E  ifj< A
. H;, if Al <j<A
E'(jHy=<¢ ... _ _
(i) i AL <j< AL
{0} i AL <j
of a dimension r-C-vector space E, where the compatibility condition is the existence

of decompositions of E by 1-dimensional vector spaces LS indexed by u(c) € M" as
follows.

Vo€ X(d), 3(Ly)ueuo) 5t E= @ LS and Vp; <o, E'(j) = Z L7 .
u€u(o) (u,vi)>j
(CC)

Definition 1.6. The r points in u(c) are called the associated characters of o.

Remark 1.7. The compatibility condition (CC) implies the existence, for every max-
imal cone o € 3(d), of a basis

B, ={L|uecu(o)},

called a compatible basis. Nevertheless, given a maximal cone, a compatible basis
may not be unique (see Example 4.4 of [DJS18]) although u(o) always is.

Remark 1.8. An important feature is that for any maximal cone o € 3(d), the
equivariant bundle & splits equivariantly on U, as

Elu, ~ @ Ox (div(u) v, -

u€cu(o)
The parliament of polytopes of a vector bundle & is a collection of polytopes
{(Pe,e) | e € G(&) C E},

where G(&) is the ground set of a matroid M (&) defined in the following manner.
Consider all matroids containing

L(&) = (N E'G)| Giiefo,..my € 2"
1€{0,...,n},

as a meet-subsemilattice (as a partially ordered subset which has a meet ie. a



greatest lower bound). Among such matroids we select the matroids such that the
number of elements in the ground set is minimal and among those matroids, only one
up to isomorphism has a minimal number of circuits (minimal dependant sets): call
this matroid M (&). See Proposition 3.1 [DJS18]. Moreover, the ground set G(&) is
computable by Algorithm 3.2 of [DJS18].

Algorithm 3.2  Computing G(&)
7 < the dimension of the largest linear subspace of L(&)
G+ 10
for k =1tor do
for k-dimensional linear subspace V € L(&) do
G +—~GnV
if (G') CV then
G+ GUCBy, CBy is a basis of a complement to (G') in V
end if
end for
end for
return G

Additionally, if G}, and G% are ground sets resulting from Algorithm 3.2 applied
to L(&) then there exists an isomorphism ¢ of matroids sending G}, to G% and that
we call of type (*):

Definition 1.9. An isomorphism of matroids ¢ : M(GL) — M(G%) of type (%) is
a bijection

©0:GL = G%
which respects Algorithm 3.2 for &, that is to say which sends CBY, to CB% at Step
V' of Algorithm 3.2.

Indeed, in the proof of Proposition 3.1 [DJS1§|, £’ is unique but the unicity
of the free expansion of .#’ holds only up to isomorphism of matroids (Di Rocco,
Jabbusch and Smith used Proposition 10.2.3 [Whi08]).

We use the following notation for the ground set G(&) of M (&)

G(&) ={eo,...,e;} forsomel>r.
Definition 1.10. The parliament of polytopes of & is composed of the set of indexed
polytopes (Pe)ccc(s) defined as
P.:={meR? | Vpi € (1), (m,v;) <max{j|ec E'(j)}} ,

where the ground set G(&) is seen modulo isomorphism of matroids of type (x).

Remark 1.11. A parliament is a set of at least r indexed polytopes, all coming from
n X r hyperplanes

.....

A natural question is: given such a set of indexed polytopes constructed from a
family of decreasing separated-exhaustive Z-filtrations ((E(j))jez)pes(1), how can
we see the compatibility condition (CC)?

For any fixed maximal cone o, there should exists r associated characters u € u(o)
at the intersection of some hyperplanes

(Hi-,ki,u)mEU(l) with klu S {1, ...,T} .



These hyperplanes should be part of those defining some polytope Pr. in PPg. And
in the construction of the r associated characters of u(o), each hyperplane should be
used exactly once :

Vieo(l), {kia|ueu()}={1,..r}.

Ezample 1.12. Consider X = P? and its tangent bundle & = Jx. The Z-filtrations
are
Cc? ifj<0
fori=0,1,2, E'(j) =< (v;) if0<j<1
{0} otherwise

The ground set is G(&) = {vg, v1,v2} = X(1) and the parliament PPy is the follow-
ing.

(-, v2
(02

o
L
<
N
O

) =1
) =0

L
P Pm <> (%} 1
o N v O
L

\ PPs po

We associate to each maximal cone o a symbol (say [J) and we represent the associ-
ated characters u(o) by r symbols O on the parliament. The compatibility condition

(CC) is verified. O

(-, v1)
(-, v1)

2 Stability of equivariant vector bundles

In this section, we propose a necessary and sufficient condition for the (semi)stability
of a toric vector bundle & in terms of its parliament of polytopes PPg. This condition
can be either seen as an algorithm to check stability or as a visual property on the
parliament PPg.

2.1 Definition

We start by the definition of slope for equivariant coherent sheaves on smooth com-
plete toric varieties. It leads us to the definition of stability for toric vector bundles.
The slope of an equivariant coherent sheaf & depends on the choice of a polarization
(an ample divisor H or more generally a movable curve a positive for a certain vol-
ume form) of the variety X that we leave aside for now and on which we go back in
the next subsection.

Definition 2.1. Let X be a smooth complete toric variety of dimension n and let o

be a polarization of X. The slope of any equivariant coherent sheaf & with respect to

o 18 @)

C1 e

- € ,
rk(&) Q

where c1 is the first Chern class of &. The dependence on « is often omitted.

fa (&) =



Definition 2.2. An equivariant bundle & is a-semistable if for any nonzero subsheaf
F C &, the respective slopes satisfy the inequality

ta(F) < pal&)

It is a-stable if, in addition, for any nonzero subsheaf F C &, the strict inequality
Ha(F) < p1a(&) holds.
An equivariant bundle & is a-polystable if it is a direct sum of a-stable bundles.

Remark 2.3. As explained in Remark 2.4 of [HNS22], to prove that some equivariant
bundle & is a-semistable, it is sufficient to verify that pa(#) < pa(&) holds for
every equivariant saturated subsheaves 7.

We will need the following combinatorial description of equivariant saturated

subsheaves of &.

Theorem 2.4 (Proposition 2.3 of [HNS22] or Corollary 0.0.2. [DDK21]). Let & be
a rank r-equivariant vector bundle on a smooth complete toric variety X. Via the
Klyachko classification, & corresponds to a Z-filtration (E*(j))jez of E = C" for
each ray p; € £(1).

The equivariant saturated subsheaves F of & are then in one-to-one correspon-
dence with the subfiltrations

(F*(j) = E*(j) N F)jez  of (E'(j))jez »
for some vector subspace FF C F.

Remark 2.5. In the previous theorem, the subspace F' C E is enough to define .#
as an equivariant saturated subsheaf of &. Nevertheless, the equivariant saturated
subsheaves .Z of & do not exactly correspond to the flats of M (&). It might be that

(GE)NF)C F .

We prove in a next subsection that we may restrict the stability problem to verifying
that equivariant saturated subsheaves coming from flats of M (&) have slope o (%)
smaller than the slope 14 (&) of &.

For simplicity, we extend the definition of parliaments of toric bundles (Definition
1.10) to equivariant saturated subsheaves of toric bundles.

Definition 2.6. Let & be a toric vector bundle on X and let F be an equivariant
saturated subsheaf of &. The parliament of polytopes of F is composed of the set of
indexed polytopes (Py)gscc(7) defined as

P, = {m e R*| Vp; € £(1), (m,v;) <max{j| g Fi(j)}} .

where the ground set G(.F) is seen modulo isomorphism of matroids of type (x).

2.2 Polarization

Usually, the slope of a toric vector bundle on X is defined with respect to some ample
divisor H called a polarization of X. More precisely, it involves the self-intersection
product H*~ 1.

Proposition 2.7. There exists a one-to-one correspondence:

{ polarized toric varieties } — { lattice polytopes }



that associate to an ample divisor H on a toric variety X its Newton polytope Pp.

Proof. See Paragraph 2.1.2 of [Alel5]. O

Remark 2.8. The toric variety X being fixed, the set of polarizations of X can be
extended from ample divisors H to movable divisors L on X. This way the movable
divisor L polarizes X as well as the blow up of X making L ample.

Besides, consider a movable curve class « and require it to be positive along a
spanning set of rays. It comes from Theorem 3.12, Lemma 4.1 and Theorem 4.2 of
[LX19] that « can be written as

o= (L)

where L, is a unique big and movable divisor and () is the Boucksom positive prod-
uct!, which identifies with the intersection product on ample classes. It justifies that
in the definition of slope, H*~! may be replaced by a movable curve a positive along
a spanning set of rays.

The idea of generalizing slopes to movable curves came to Greb, Kebekus and
Peternell (see [GKP16]).

Definition 2.9. Let X be a smooth complete toric variety with fan X.
A polarization on X is a movable curve « positive along a spanning set of rays of 3.

By Minkowski’s theorem for polytopes (see [Sch93] Section 7), the data of a
polarization « is equivalent to the data of its weights, defined as follows.

Definition 2.10. By Remark 2.8, a movable curve o on X, positive along a spanning
set of rays, can be written as the positive self-intersection of a unique big and movable
divisor L,

a=(Ly") .

Let us denote Pr_, the Newton polytope of Lo and write f; for the volume of the face
of Pr,, which has external normal vector v;. We call the weights of o the numbers

d—1)!
fO’I’ pi € 2(1), t;, = fl(||’l)7|1|) > 0

Ezample 2.11. On P?| the polarization o = Dy = (D7~ ') has weights (1,1, 1).

Xeon 7
Vg
Vo 1 ”
Po
¢
Ezample 2.12. The polarization o = 2D; — D3 on Bl[o,l;o}]lﬂ has weights (1,2,1,1).
to =1
T \2 4 X AN 2 p2
V2
P3 v o P1
0
Po

Ldeveloped in [BDPP13] and constructed algebraically in [BFJ09]



2.3 Slope and weights

In this subsection, we consider a rank [-equivariant saturated subsheaf .# of a toric
vector bundle & on a toric variety X defined by the filtrations

F o ifj <A}
F/L . — .. ) ) . )
() (wiy if A} | <j<A
{0} if Al <.
We reformulate the slope of .%. In Proposition 3.1 of [Pay08|, Payne expressed the
Chern classes of any equivariant vector bundle. Kool extended this result, computing

the first Chern class of any equivariant coherent sheaf (see Corollary 3.18 of [Kool1]).
We may reformulate it as follows.

Theorem 2.13. The first Chern class of F is given by

l
) \k=1

pi€X(1

Proposition 2.14. If a has weights (t;),,ex1) (see Definition 2.10), then the slope

of F is
l
pa(F) =3 (1 ZAZ> -
k=1

Proof. In Section 4 of [LX19], Lehmann and Xiao show that the numbers ¢; are the
intersection numbers D; - . We then have that

k(P )pa(F) = c1(F)-a= <Z AZ) Dia=Y (Z AZ) t .
k=1 k=1 |

4 %

2.4 The average polytope

In this subsection, we consider a non-zero equivariant saturated subsheaf .# of a toric
vector bundle & on a toric variety X. By Theorem 2.4, it is defined by filtrations

F o ifj <AL
FOD =0 ) itai, <j<a
{0} if Al <.
where F'(j) = E'(j) N F, the (E*(j)),ex(1),jez being the defining filtrations of &.
The slope of . may be visualized using the notion of average polytope.

Definition 2.15. We define the average polytope Pgz of F to be the Newton polytope
associated to the divisor

1

a(F) 1 i

2y (s
A k=1

The average polytope Pg of % is a vizualization of the slopes of .%. In the

following proposition, we recover, for any polarization « of X, the a-slope of %, only
by means of the average polytope Pg.
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Proposition 2.16. The a-slope of an equivariant saturated subsheaf F C & with
average polytope Pz = Pp where D = ZpiGE(l) a;D; s

,UJa(gz) = Z aiti .
pi€X(1)

Proof. See Proposition 2.14 and Definition 2.15. O
Ezxample 2.17. The average polytopes of

F = ﬁ(DQ)EBﬁ(Dg), F = Fp2 and F = ﬁ(Do)@ﬁ(Dl)@ﬁ(Dg)

are the hashed polytopes in the following pictures

Pez N Pez yany
\d 4
N N7 ZN
% 2 IV
Y b P,
P, ;\ P., ?\ ;\ 1
PPo(py)we(p,) PPz, PPg(pyyoe(D)oo(Ds)

The difference between the two last pictures is the following. The hyperplanes
forming a '+’ in the middle have different multiplicities (1 or 2). Indeed, the tangent
bundle g2 has rank | = 2 whereas the splitting bundle &'(Dy) @ &(D1) ® 0(D2) has
rank [ = 3. The slopes with respect to the polarization « with weights (1,1,1) (see
Example 2.11) are

o (Fo2) =3 +3+1=2,

11 (0(Do) ® O(D1) ® O(Dy)) =42+ 141 =1, 5

Remark 2.18. Consider two equivariant saturated subsheaves %, and .%; with aver-
age polytopes P, and P, satisfying P» = vP; +v, where 7 is a coefficient of dilatation
and v a vector of translation. For any polarization «, we have the following relation
between their slopes

ta(F1) =7 X pa(F2) -
Indeed, let us denote by ZpiGE(l) a;D; and ZpiGE(l) b; D; the divisors associated to
Py and P». We then have that a; = vb; + (v, v;) for all p; € 3(1) so that

ta(F1) =7 X pal(F2) + Z <v,v; >D;|-a.
pi€X(1)

By the exact sequence of Theorem 4.1.3 [CLS11], we have Zpiez(l)@’ v;)D; = 0. As

a consequence, we may look at the average polytope as a polytope modulo translation.

2.5 Reduction to flats of M(&)

In this subsection, we fix a polarization o on X. Every slope will be computed with
respect to «. By the following Proposition we intend to prove that the (a-)stability
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of toric vector bundle & depends solely on the slope of its equivariant subsheaves
given by flats of M (&).
Proposition 2.19. Let & be a toric vector bundle on X and consider its parliament
of polytopes

PPs={P. | e G(&)} .

For any rank l-equivariant saturated subsheaf %y of &, there exists a flat G(&) N Fy
of M(&) defining an equivariant saturated subsheaf F1 having slope u(%1) greater
than u(%).

The following proof highly requires Subsection 1.2.

Proof of the proposition. By Theorem 2.4, the defining filtrations of %, are given by

(E'(j) N Fy)jez

where (E'(j))jez are the Klyachko filtrations of & and Fy is a subspace of E.

First, we may consider G(&) to be a ground set obtained by taking C'By to be
composed of a maximal number of elements in G(%) at each step of Algorithm 3.2
for

(jl, ,jn) S Zn} .

Indeed if G4 is another possible output of Algorithm 3.2 then there exists an isomor-
phism ¢ : M(G(&)) — M(G2) of matroid of type (x) (see Subsection 1.2). A flat
f=G(E)NF is sent to a flat f/ = GaNF' = (G N F) for some vector subspace
F' C E. Additionally if we denote by .# and .%’ the associated equivariant saturated
subsheaves, then the isomorphism ¢ respecting the steps of Algorithm 3.2, we have
that
W F) = u(F) .

This choice of ground set allows us to have that G(&) N Fy C G(F).

Now, we may distinguish between cases between G(&) N Fy = G(%p) and G(&)N
Fo # G(%). In the first case, G(%) is a flat of G(&) and by considering F; = Fjp,
we directly obtain the conclusion. We may hence assume that G(&) N Fy # G(%).

Second, we will need a series of lemmas. We use the notations of Subsection 1.2
and denote by CBynr, the basis appended to Gg, at Step V' N Fy of Algorithm 3.2
for %.

Lemma 2.20. Consider an index g € G(%o) of Py € PPg,. We have that
g€ CBynp, ©VI=V, where VI= mspan(h €G(E)| P, > Py ,
i=1

and P, >; P, means that the hyperplanes defining respectively Pp, and P, in the
direction v; are of the form

<'avi> :jh and <'avi> :jg ) with jh > jg :
As a consequence, we have that
CByanr, ={9' | Py =Py} .

Proof. By definition of the parliament PPg,, if ¢ € G(%) then the hyperplane
((-,v;) = jg) of Mg is defining P, if and only if g € E*(j,) \ E*(j; — 1).
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Now consider V' = (N, E*(j,) such that g € CByng,. The elements h with
P, >; P, for all i € {1,...,n} are those arising at a step V/ C V = (_, E'(j,) and
thus, by construction of the ground set G(&), are exactly the elements generating V.

Definition 2.21. We say that F € G(I, E) is a specialization of Fyy with respect to the
matroid M (&) if for every V € L(&), we have that

dim(FNV)>dim(FoNV) .
Lemma 2.22. If G(&) N Fy # G(%) then Fy has a specialization F such that
GENF2GE)NE .

Proof. Consider the first element g € G(.%y), in the order given by Algorithm 3.2 for
Fo, not belonging to G(&). It means that there exists some elements gy, ..., gs € G(&)
not all in G(%y) (say g1 ¢ G(%p)) generating g such that V91, ... V9 arise before
V9 in Algorithm 3.2 for &. Remark that we may only consider g;’s in V9 (the others
are not useful to generate g). First, the space V9 N V9, appearing before V9% and
containing g;, is equal to V9. We thus have that V91 ... V9 C V9.

Let H be any complementary space to (g, g1) in E containing (G(&) N Fy) (it is
possible by the assumption G(&) N Fy # G(Fy)), let p be the rotation of E fixing H
and sending ¢ to g1 and let finally F' = p(Fp) be the image of Fy by p.

We want to prove that for every V € L(&), we have that

dim(FNV)>dim(FpNV).
For any V € L(&), let us distinguish three cases:
o if V.C H then dim(FNV)=dim(F, NV).
e if VN {g,q1) = (g,91) then dim(F NV) = dim(FrNV).

e if VN{g,g1) = (h) then dim(FNV) =dim(Fo NV) + ¢,
0 ifhé¢{gg}
withe=¢ —1 ifh=g
Consider V € L(&). If Fy NV appears before Fy N V9 in Algorithm 3.2 for %,
then Fo NV C (G(&)NFy) C H so that dim(FNV) =dim(FyNV) .

Assume now that Fy NV appears after Fy N'VY in Algorithm 3.2 for Fy.
If g € VN Fy then FyNV9I C FyNV (the space Fy NV NV appearing before FpNVY
and containing g, is equal to Fo N V9). As V9 C V9, we are in the second case and

dim(FNV)=dim(F,NV).

If g ¢ VN Fy then V cannot correspond to the third case with & = g and
dim(FNV)>dim(FyNV).

It remains to mention that

GE)NF 2 (G(E)NF)U{g} 2 G(E)NF .
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Lemma 2.23. If Fy is a specialization of F then the slope of Fy is greater than the
slope of F
1(Fo) > w(F) .

Proof. If we fix a ray p; € X(1) then for any j € Z we have that
dim(F N E'(j)) > dim(Fy N E'(5)) .

Another way of saying it is that for all k € {1,...,1}, if AL and B} are the remaining
gaps after intersecting the filtration (E%(j));jez respectively with Fy and F then we
have that A} > Bji. We conclude by Proposition 2.14.

Finally, let us end the proof of Proposition 2.19. We consider a specialization F’
of Fy. If G(&) N F = G(F) then we define F; = F and it is finished. Otherwise, we
consider a specialization of F' as in Lemma 2.22. We continue recursively until we
obtain F satisfying G(&) N Fy = G(%1). By Lemma 2.23, we have the inequality

MESENIEDS .

Remark 2.24. This is a real improvement because finding every flat on M (&) is
algorithmic: take the closure of any subset of the finite set G(&).

Ezample 2.25. Consider the tangent bundle & = Z2 on P? (see Example 1.12). An
equivariant saturated subsheaf %y C & of rank 1 corresponds to a subspace Fy = (v).
If v ¢ G(&) then G(Fy) = {v} and the parliament of .% is composed of exactly one
polytope P, = {0}. Here, taking a specialization of Fy corresponds to rotate Fy to

(vo), (v1) or (va).

R) 2

PPs

PPy

The parliament of polytopes of this specialization would be composed either of P,,,
P,, or P,,. Visually, the average polytope is indeed bigger after specialization. <

2.6 Result

In this subsection, we state our necessary and sufficient condition for stability of toric
vector bundles. It involves comparing polytopes by means of the following order.

Definition 2.26. Let X be a smooth complete toric variety and o a polarization

with weights
(d—1)!

[lvil|

We define a total order on Newton polytopes of X by saying

ti:=D;-a=f; for every ray p; € ¥ .

Pl <, P < Zaiti < Zagti
7 1

where for j € {1,2}, P; is the Newton polytope of the divisor ), aé—Di.
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Theorem 2.27. Let X be a smooth complete toric variety. A toric vector bundle &
on X is a-(semi)stable if and only if, for any non-zero flat f C G(&) of M(&), we
have

Pg <o Ps (resp. Pz <, Ps) ,

where F is the equivariant saturated sheaf corresponding by Theorem 2.4 to the linear
subspace (f) C E.

Example 2.28. Consider the tangent bundle & = Jp» on P2. The non-trivial flats of
G(&) = {vo,v1,v2} are

fo={vo}, fi ={v1} and fo = {v2}.

They correspond to the three non-trivial equivariant saturated subsheaves %y, %1
and %, of &. Let us look at the average polytopes:

//////
77777 P
5552 ©
77
;

7777
7777
7

RN

o Po

P NN 1
Fo X v Z

< N
N N
S 2NN
ASNSANSY
NN N
NN
N RN
Y% NN
N NN
N RN
NN
N
N

By Theorem 2.27, the fact that Pg,, P#,, P2, <, Ps proves that & is a-stable.

Corollary 2.29. Consider any smooth complete variety X of dimension d and its
tangent bundle on & = Ix. Assume that we have

for all p; € £(1), —p; ¢ (1) .
Then a necessary condition for & to be semistable with respect to a polarization
a= (L4
is that o corresponds to (t;),,ex (1) such that for all ray p;, € (1)

EPiEZ(l) ti

Lig < pi
If X has dimension 2, this condition is also sufficient.

Proof. The Klyachko classification of & is given by
_ C? ifj<0
for p; € B(1), E*(j) = (vi) if0<j<1
{0} otherwise
The ground set of the matroid M (&) associated to & is given by
G(&) ={vi [ pi € E(1)} .

The parliament PPg is composed of the polytopes

Pp=((uysn (] () <0).

pi#pi€S(1)
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Each subset {v;} C G(&) is a flat of M (&) and its associated equivariant saturated
subsheaf .%; C & has slope

w(F)=t; while p(&)= z:dti .

If X has dimension 2, there exists no other flats. O

Remark 2.30. In particular, we recover the stability of the tangent bundle of P.
Indeed, the Picard number of P? being 1 and Pp, having f;/||vi|| = 1 (see Definition
2.10), every polarization corresponds to weights ¢; = a for some a € R;..

3 Subparliaments of polytopes

In this section, we first define subparliaments of polytopes and identify them with
parliaments of equivariant subbundles. Second, we give an example of toric subbundle
which is not a direct factor.

3.1 Subparliaments as parliaments of toric subbundles

Let us state our definition of subparliament of a parliament of polytopes.

Definition 3.1. Let f = G(&) N F be a flat of the matroid M(&) such that there
exists a compatible basis (By)sex(ay for & satisfying

forallo € ¥(d), #B,Nf=dimF .

Then we call f a compatible flat, and we call the subset of polytopes of PPs indexed
by elements of f = FNG(&)

{(Pe,e) | ee f}
a subparliament of the parliament of polytopes & .

Equivariant subbundles have been combinatorially described in [KD19]. We trans-
late their results in terms of parliaments of polytopes.

Proposition 3.2. Via the Klyachko classification, a rank r-equivariant vector bundle
& on X corresponds to a Z-filtration (E*(j))jez of E 2 C" for each p; € ¥(1).

The equivariant subbundles F of & are then in one-to-one correspondence with
the subfiltrations

(F'(j) = E'(j) N Fljez  of (E'(j))jez »

for some vector subspace F C E such that there exist ground sets G(F) and G(&)
resulting from Algorithm 3.2 for L(%) and L(&) with

G(&)NF = G(F)

and such that there exist compatible bases (Bg)geg(d) for & which, restricted to F,
satisfy the compatibility condition (CC) for F.

Proof. By Proposition 4.1.1 of [KD19], the equivariant subbundles % of & are then
in one-to-one correspondence with the subfiltrations

(F'(j) = E*(j) N F)jez of (E'(j))jez ,
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for some vector subspace F' C E such that {F, {E*(j)},,c0(1)} of E forms a distribu-
tive lattice.
Let us show that there exist ground sets G(.%), G(&) obtained by Algorithm 3.2
for L(.%), L(¥) with
GENF=G(Z) .

Consider the ground set G(&) obtained by taking a maximal number of vectors in
F in Algorithm 3.2. If V4, V5 € L(&), let us say that Vi < V, if V4 appears before
V5 in Algorithm 3.2. We denote by Gy the intersection of V' with the temporary
ground set at the beginning of Step V € L(&). During Step V, we need to add a
basis C By of any complement of (Gy) in V to the ground set. We choose this basis
to be composed of a maximal number of vectors in F' so that we have

VNF=({Gy)+(CBy))NF

=| > V'+(CBy)|NnF

V'=vinv
iV

=| Y V/|[nF+(CBvnF)

V'=vinv
ViV

> (V'NF)+(CByNF).

V'=vinv
ViV

The last step comes from {F, {E*(j)},,e0(1)} forming a distributive lattice of E. By
induction on the V' € L(&) appearing in Algorithm 3.2, Gy N F' generates every
(VinV)NF for Vi < V. We finally obtain that G(&) N F' generates every V N F for
Ve L(&).

Now if we denote by G“’Qfﬂ r the intersection of V' N F' with the temporary ground set
at the beginning of Step VN F € L(%) of Algorithm 3.2 (applied to .%), then

VNF =(G{np) +(CBVap) = > (V' N F) +(CBp) -
V'NF=(VinF)N(VNF)
(VinF)<(VNF)

Moreover, since Vi1 <V = (ViNF<VNF)and ViNF<VNF)= (V1NV <V),

we have

{(VINF|V' =VinVand V} <V}
={VNF|VNnNF=WVinF)Nn(VNF)and (ViNnF)<(VNF)} .

We may take CB{/ to be CBy N F, and we finally obtain G(#) = G(&) N F.

Moreover, for each cone o € (d), any compatible basis BL of F extends to a
compatible basis B, of E. Indeed, to construct a compatible basis B, (resp. BL),
we apply Algorithm 3.2 to

La(g) = { m El(]z)

piCo

(ji)picU} (resp. Lo (F) ={VNF|V € Ls(€)}) ,

taking CBy included in G (resp. taking CB{/ included in G N F). Extending the



17

bases BZ' is possible because G generates each V € L,(&) C L(&) as well as GN F
generates each VN F € L, (%) C L(.Z). O

Theorem 3.3. Let & be a toric vector bundle and let & be the equivariant subbundle
of & corresponding by Klyachko’s theorem to the filtrations (E*(5) N F);cz for each
pi € 2(1).

Then, for any choice of ground set G(&), the parliament of F is a subparliament

PPg = {(Pe,e) | e c f/} C PPs ,
where [/ = G(&)NF’ is some compatible flat with dim(F") = dim(F).

Proof. First, assume that the ground set G(&) for the parliament of & is obtained
via Algorithm 3.2 by taking at each step a maximal number of elements in F. Then
by Proposition 3.2, G(%#) = G(&) N F is a possible output for Algorithm 3.2 applied
to L(Z). Now if e € G(%) = G(&) N F then the polytope P. € PPz and

P, ={m| Vi, (m,v;) <max{j|ecE'(j)NF}}
={m| Vi, (m,v;) <max{j|ec E'(j)}}

is the same as the one in the parliament of &.

Second, if Gg is any other ground set obtained by Algorithm 3.2 then there is
an isomorphism ¢ : M(G(&)) — M(Gg) of matroids compatible with Algorithm 3.2
(see Subsection 1.2). Hence, the flat G(.#) = G(&) N F (generating F') is sent to a
flat GgNF’ (generating F') for some vector subspace F' C E of same dimension than
F. As a consequence, the parliament of % is the subparliament of & corresponding
to the compatible flat Gg N F”. O

Example 3.4. Consider the toric variety X = P? with T-invariant divisors Dg, D1, Dy
and the splitting, equivariant, rank 2-vector bundle & = & (Dy) ® &(Dy + D2) on X.
The corresponding Z-filtrations of E = C? are of the form

| C? ifj<0 C2 ifj<0
E'(j)=1{ {e1) if0<j<1 (fori=1,2) and E°(j) =13 (ez) if0<j<1
{0} otherwise {0} otherwise

where (e1) and (e3) are different lines in C2. The ground set is G(&) = {e1,e2}. The
toric subbundle .# = €(Dy) C & corresponds to the flat f = {ea} C G(&).

AN | P2
s g Xozn
\\ P \\\\\ | 2 O
D €1 N X ¢ p1
\d \.»(\ | V1
P., P., N Ug D
N
\ B PPs K . PP &

The compatibility condition (CC) for & is satisfied on taking
B, ={L% |u€cu(o)} ={e1,e2} forall o € X(d).

We see that for all o € 3(d), B, N f = {e2} generates F' = (f), the flat f = {ez} is
thus compatible. The parliament PPg is a subparliament of PPyg. &
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Example 3.5. Let us come back to Example 1.12 with X = P2 and its tangent bundle
E = Tpe.

\(\ PUZ JARY p2
\ b XX
V2
SV, O O
P1
P Pvl (%1
vo ;K () O
K PP Po

There exists no non-trivial equivariant subbundle % of & because the non-trivial
flats are fo = {vo}, f1 = {v1} and fo = {v2} and are not compatible. O

3.2 Subbundle that is not a direct factor

There exists equivariant vector bundles & with a non-trivial equivariant subbundle
Z that we cannot factorize in a direct sum of &.

Example 3.6. Consider the equivariant vector bundle & on P? defined by the filtra-
tions

C3 if j< -3 C3 if j <0
07\ <€1,62> if—3§j<—1 1/ <€2,63> 1f0§]<2
EO =93 ey it-1<j<1 PO ) if2<j<a
{0} otherwise {0} otherwise
c3 if j <0
2/ <61—€3,61—€2> 1f0§]<2
and - EX() =3 10 ey if2<j<4
{0} otherwise

where e; = (1,0,0), e2 = (0,1,0), e3 = (0,0,1). The ground set of M (&) is
G(@@) = {61762763761 — €g9,e1 — €3, — 63} .

Taking F' = (e3)*, we obtain an equivariant subbundle .%.

Pelfeg

V%]éﬂ

Ezxample 3.7. The following more simple example was pointed out to me by Bivas
Khan. Consider the tangent bundle & = T, of the Hirzebruch surface, the rays of
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the fan are vy = (1,0), v2 = (0,1), v3 = (—1,1), v4 = (0, —1).

My o Y P2
(%) O
%
P1
v v1
V4
P3 N 0

The linear space F' = (v2) defines a subbundle .# and & cannot be written as . % & ¥.
Here we will see that the obstruction to being a direct sum comes only from the
matroid (and not from the form of the polytopes). For the picture we tensorize &
and .7 by the line bundle & (D3 4+ D4) which does not change the stability.

A/Pvz

N
\

J

N

N

imm
[m}

Pv4 PPg

Remark that we could have taken the same filtrations on any complete smooth 2-
dimensional toric variety having a fan with 4 rays for instance X = P! x P!. o

In particular, these examples give rise to non-trivial Harder—Narasimhan filtra-
tions
0CFCé&.

4 Stability of restrictions to invariant curves

It is often useful to compare the a-(semi)stability of a toric vector bundle & to the
(semi)stability of its restrictions &|¢ to any torus invariant curve.

Remark 4.1. Theorem 2.5 from [BLG16] furnishes a sufficient condition to deduce
from the semistability of a toric vector bundle &, the semistability of its restriction
&|c to any invariant curves C : the characteristic class of & is 0

61(5)2 =0.

In this section, we explain how to see the (semi)stability of the restrictions &|¢
of a vector bundle & to a torus invariant curve given the parliament PPg.

In [DJS18] Subsection 3.1, Di Rocco, Jabbusch and Smith recover the parliament
of restrictions &|¢ to torus invariant curves from the parliament of polytopes of &.

Lemma 4.2. By the cone-orbit correspondence, torus invariant curves correspond
to a cone T € ¥(d —1). Since X is complete, there are two maximal cones o and o’
in X(d) containing T.

The parliament of polytopes of &|c is composed of the projection on T+ of the line
segments parallel to T+ joining the associated characters in u(c) and u(c) (renor-
malized by 1/||ur]|).
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Example 4.3. Consider X = Bljg.1.g] (P2) and let & be the equivariant vector bundle
& = 04Dy + Dg) ) ﬁ(?}Dl — Ds)

on X. The parliament of polytopes of & is

1

The parliament of & restricted to the torus invariant curve Dy is obtained the fol-
lowing way.

ANy d D
Pe0 Pe1 Pel C e Yo
— % &= £ Ae——F
. 7 0,0) Peq PPy
’ pg PPg lc
§k

The bundle &|p, would be stable if the segments P., and P., were of the same
length. In this example, there is not any torus invariant curve C such that &|¢ is
semistable.

A contrario, taking the movable curve o = 2D — D3, the corresponding (%), ex(1)
are tg = 1, t1 = 2, to = 1 and t3 = 1 (as in Example 2.12) and & is a-polystable.
Indeed, (%) = 4tg + t3 = 5 is equal to u(£) = 3t; —t3 = 5. &

Example 4.4. For any choice of movable curve «, the tangent bundle Zp2 of P2 is an
example of a-stable equivariant vector bundle & with a non stable restriction to a
torus invariant curve. &

5 Alternative definition of parliaments

We propose definitions for the parliament of polytopes of a toric vector bundle &.
For each definition, the data of the parliament of polytopes of some globally gen-
erated equivariant vector bundle & corresponds to some isomorphism class of &
(corresponding to the title of the subsection).
The naive definition for the parliament of polytopes of a toric vector bundle &
would be
PPs:={P. | ec G(&)}

which does not keep trace of the label of each polytope. This definition do not even
allow us to distinguish a rank 2- from a rank 3-vector bundle on P? : the tangent
bundle 52 and the splitting bundle Op2(Dg) & Op2(D1) & Op2(D2) have the same
parliament of polytopes.
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5.1 Equivariant isomorphism class of framed equivariant vec-
tor bundle

The definition we gave in Definition 1.10 for the parliament of polytopes of a toric
vector bundle & was PPgs := {(Pe.,e) | e € G(&)} where G(&) is defined modulo
isomorphism of type (x).

Definition 5.1. A framed equivariant vector bundle is a toric vector bundle with a
choice of isomorphism E = CT.

A morphism of framed equivariant vector bundle is a morphism of equivariant
vector bundle compatible with the framing.

Proposition 5.2. The data of the parliament of polytopes
PPg :={(Pe,e) | e€ G(&)} /(%)

of a globally generated equivariant vector bundle & is equivalent to knowing the equiv-
ariant isomorphism class of the framed equivariant vector bundle &.

Proof. In [Pay08] Proposition 3.4, the equivariant classes of a framed equivariant
vector bundle is uniquely determined by the following

({u(@)}oesa) »  {FUP)}pes))

where Fl(p;) is the flag appearing in the filtration (E%(j));. From the parliament we
recover the flag o o
Fl(p;) : {0} C E*(AL)C...C E'(A}))=FE

by considering all different vector spaces

E; ;= Z e.

(u,vi) >4,
u€ P, for some e€G(&)

Indeed, if e € E; ; then there exists u € P, such that (u,v;) > j and by definition of
P., we obtain that e € E*(j). And conversely, by Theorem 1.2 of [DJS18], as & is
taken globally generated, any u € u(o) belongs to some polytope and by (CC), we
have EZ(']) g Ei,j- O

5.2 Equivariant isomorphism class of equivariant vector bun-
dle

We may not want to deal with framings anymore. Let us thus quotient by the action
of GL,(C) on C".

Proposition 5.3. The data of the parliament of polytopes
PP i={(P..€) | e € G(&)} /(%) /GL,(C)

of a globally generated equivariant vector bundle & is equivalent to knowing the equiv-
ariant isomorphism class of the equivariant vector bundle & .

Remark 5.4. Here morphisms do not have to preserve the framings anymore.
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Proof of the proposition. Tt follows from Proposition 5.2 and Corollary 3.6 of [Pay0§],
the equivariant classes of a toric vector bundle is uniquely determined by

(fu@oes@ » Otriom,en)

where O p(,) is the GL,.(C)-orbit of the flag given by the filtration (E*(5));.

}pEE(l)

5.3 Isomorphism class of equivariant vector bundle

Finally, we may want an object which represents the isomorphism class of & and not
its equivariant isomorphism class. For that we need to quotient by the group 7' of
compositions of translations for each direct component.

Proposition 5.5. The data of the parliament of polytopes
PPg :={(P.,e) | e G(&)} /(x) /GL.(C) /T,

of a globally generated equivariant vector bundle & is equivalent to knowing the iso-
morphism class of & .

Proof. It is known that any line bundle &x (D) on toric variety is isomorphic to an
equivariant line bundle Ox (Dr) = Ox (D) ® x* for a unique u € M.

In fact this result has been generalized by Klyachko in ([Kly90] Corollary 1.2.4). If
two equivariant vector bundles & and .% are isomorphic then there exists characters
X1, ---s Xmm such that

& ® x; and Z; are equivariantly isomorphic,

where & =& @ ... &, and F = F & ... D F,, are some direct decompositions
of & and &.

As a level of parliaments, tensoring by a character x* corresponds to translating
the parliament of u € M. O
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