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DISJOINT AND COMMON HYPERCYCLIC ALGEBRAS
FREDERIC BAYART, FERNANDO COSTA JUNIOR, AND DIMITRIS PAPATHANASIOU

ABSTRACT. Over time the concept of hypercyclicity has been explored in different man-
ners and contexts, gaining new forms and applications. In particular when the space
has an adjacent structure, we can always look for sets of hypercyclic vectors compatible
with that framework. In this paper we deal with hypercyclic operators acting on Fréchet
sequence algebras and give criteria for the existence of common and disjoint hypercyclic
algebras.

1. INTRODUCTION

This paper goes over some structures of hypercyclic vectors in a linear dynamical system
(X, T), that is, a couple of a topological vector space X and a continuous linear operator
T on X. We say that a vector z € X is hypercyclic for T" when its orbit Orb(z,T) =
{z,Tz,T?z,...} is dense in X. Since its first appearance in the ’80s with the thesis of
Kitai (see [10]), this concept has been the object of multiple interesting generalizations
and modifications which yielded to many new related concepts (frequent hypercyclicity,
common hypercyclicity, disjoint hypercyclicity, etc.).

When the underlying space has a richer structure, it is natural to investigate the existence
of sets of hypercyclic vectors maintaining that framework. For instance, when X is an F-
algebra, that is, a metrizable and complete topological algebra, and denoting by HC(T')
the set of all hypercyclic vectors for T', it is natural to ask whether HC(T')U{0} contains a
non-trivial algebra. This is what we call a hypercyclic algebra. The first result in this vein
was done independently by Shkarin in [11] and by Bayart and Matheron in [3]. They have
shown that the derivation operator D : f — f’, acting on the Fréchet algebra H(C) of
entire functions endowed with the pointwise multiplication, supports a hypercyclic algebra.

In this paper we are interested in the existence of algebraic structures within two concepts
related to hypercyclicity, namely disjoint and common hypercyclicity. We will study them
in the context of weighted backward shifts on Fréchet sequence algebras. Precisely, we
assume that X is a subspace of the space w = CNo of all complex sequences, whose topology
is induced by a non-decreasing sequence of seminorms (|| - ||,),>1 and that X is endowed
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with a product - such that, for all x,y € X, all ¢ > 1,

- yllg < [lllq > [[yllq-

There are two natural products on a Fréchet sequence space: the coordinatewise product
and the convolution or Cauchy product. They are defined as follows. Let (a,)n>o and
(b )n>0 be sequences in w. Their coordinatewise product is defined as

Their convolution product is defined as

(@n)n * (bn)n = (Cn)n,

where ¢, = Y ,_,agb,—y for all n > 0. It is clear that ¢, and ¢ are Fréchet sequence
algebras for the coordinatewise product, and that ¢; is also a Fréchet sequence algebra for
the convolution product. Endowing H(C) with

Z a2 = Z la,|q"
q

n>0 n>0

and w with

q
(@)l = |zl
n=0

we also obtain that H(C) and w are Fréchet sequence algebras for both products (on H(C),
the Cauchy product of f and ¢ is nothing else but the product of the two functions f and
9)-
Our results will cover both the coordinatewise and the Cauchy product. Before go-
ing further, we mention that they behave very differently. The main point is that the
coordinatewise product preserves the support, whereas the Cauchy product mixes it. In
particular, if x and y are two vectors with disjoint supports, then (z 4+ y)™ = ™ + y™
for the coordinatewise product whereas this is not at all the case for the Cauchy product.
This explains why the latter case is considerably more difficult to handle.

As announced above, we will work with weighted backward shifts, one of the favourite
class of examples in linear dynamics. Given a sequence of nonzero complex numbers
w = (Wy)nen, the (unilateral) weighted backward shift B,, with weight w is defined by

Bw(xo,xl, . ) = (wlxl,ngg, e )

The weight w will be called admissible (for X) if B,, is a bounded operator on X. Tt is
known that, provided the canonical basis (e,) is a Schauder basis of X, B,, is hypercyclic
if and only if there exists a sequence (ny) such that for all [ € N, ((le e wnk+l)_1enk+l)
goes to zero.
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1.1. Disjoint hypercyclic algebras. The notion of disjointness was introduced in linear
dynamics in [5] and [6]; we shall limit ourselves to the case of two operators. We say
that two operators 77 and 75 acting on the same F-space X are disjointly hypercyclic if
there exists a vector x € X, called a disjointly hypercyclic vector for T7 and 75, such that
(Tra, TRx),>o is dense in X?. Many examples or counterexamples of disjointly hypercyclic
operators can be found in the literature. In particular, in [6] and in [7], our favourite
examples, weighted backward shifts, are studied in depth: in [6], it is characterized when
two shifts Bi' and Bj* are disjointly hypercyclic on ¢, when they are not raised to the same
power (namely r; < r3), whereas in [7] such a characterization is given when r = o = 1.
From the proofs given in [6] and in [7] we see that the two cases are very different, as it
will become clearer later on in this paper.

Assume now that X is an algebra. We say that 77 and 75 support a disjoint hypercyclic
algebra if there exists a nontrivial subalgebra A of X such that any non zero element of
A is a disjointly hypercyclic vector for 77 and T5. We will study whether two backward
shifts acting on a Fréchet sequence algebra X support a disjoint hypercyclic algebra or
not. When X is endowed with the coordinatewise product, mixing the arguments of [4]
with that of [6, 7], we will get a complete characterization of the existence of a disjoint
hypercyclic algebra for Bi* and Bj3? (to avoid cumbersome statements, we will focus on
the cases 11 =1y = 1 and r; = 1 < ry = 2). Despite the problem of the support, we will
also succeed to provide such a characterization when X is endowed with the convolution
product and r; = 79 = 1 (see the forthcoming Theorems 2.5, 2.10, 2.19). The most
difficult case is that of the Cauchy product and two shifts raised to different powers. We
shall concentrate ourselves on the multiples of B and D. In [6], it is shown that AB and
puB? are disjointly hypercyclic on /¢, if and only if 1 < A < g and that, for all A\, x> 0, AD
and pD? are disjointly hypercyclic on H(C). Under these assumptions we will even get a
disjointly hypercyclic algebra.

Theorem 1.1. Let A\, > 0.

a) AB and uB? support a disjoint hypercyclic algebra on ¢y (endowed with the convolution
product) if and only if 1 <\ < p.
b) \D and uD? support a disjoint hypercyclic algebra on H(C).

1.2. Common hypercyclic algebras. If (T)),ca is a family of hypercyclic operators
acting on the same F-space X, it is natural to ask whether it admits a common hypercyclic
vector, namely if (,., HC(T)) is non-empty. This is trivial if A is countable since each
HC(Ty) is a residual set. However, this becomes already an issue for the first natural
example which comes in mind, that is the multiples of the unweighted backward shift B.
It was proved by Abakumov and Gordon in [1] that indeed (., HC(AB) # @ where B
is seen acting on any ¢,-space or on cy. Further examples were given in subsequent papers
(for instance in [8], [2])

Suppose now that we have a family (7))ea of operators acting on the same F-algebra,
each one supporting a hypercyclic algebra. It is natural to ask whether (,., HC(T\)U{0}
contains a nontrivial algebra, which will be called a common hypercyclic algebra. Even when
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A has two elements, this is unclear. In this paper, we concentrate ourselves on the case
where (7)) is a family of weighted shifts acting on X.

Firstly, regarding Fréchet sequence algebras endowed with the coordinatewise product,
we have been able to get a general statement covering all the cases (and even more!) known
for the existence of a common hypercyclic vector. As a corollary of our work, we have the
following statement.

Theorem 1.2. (1) Let X ={,, 1 < p < 400, or X = ¢y endowed with the coordinatewise
product. Then the family (AB)x=1 admits a common hypercyclic algebra.

(11) Let X = 4,, 1 < p < 400, or X = ¢y endowed with the coordinatewise product. For
A > 0, define w(\) = (1 + A/n)p>1. Then the family (By))rso admits a common
hypercyclic algebra.

(iii) Let X = H(C) endowed with the coordinatewise product. Then the family (AD)x>o
admits a common hypercyclic algebra.

The statement of (ii) is particularly interesting. Indeed, for this family of weights, the
existence of a single common hypercyclic vector was only known for A > 1/p.

Again, it is much more difficult to handle Fréchet sequence algebras endowed with the
Cauchy product. Nevertheless, we will be able to give a general sufficient condition which
implies the following result.

Theorem 1.3. (i) Let X = ¢, endowed with the Cauchy product. Then (AB)xs1 admits
a common hypercyclic algebra.
(i1) Let X = H(C) endowed with the Cauchy product. Then (AD)so admits a common
hypercyclic algebra.

1.3. Organization of the paper. All the criteria of this paper are based on a Baire
argument. This idea first appeared in [3, Remark 8.28] and is a sort of Birkhoff transitivity
theorem for hypercyclic algebras. Here we adapt this criterion to produce either common or
disjoint hypercyclic algebras. Each section begins with its own particular criterion followed
by more practical criteria for the particular case of Fréchet sequence algebras and then we
apply these results on some classical examples.

1.4. Notations. The symbol N will stand for the set of positive integers, whereas Ny =
NU {0}. We shall denote by P;(A) the set of finite subsets of a given set A.

For x = > x,e, € w, the support of  is equal to supp(z) = {n € Ny : z, # 0}. The
notation cyy will denote the set of sequences in w with finite support.

For u € X? and @ € NI, u® will mean u$*---uj?. If z is any complex number and
m € N, 2!/ will denote any mth root of z.

When working on a Fréchet space (X, || - [,), it is often convenient to endow X with an
F-norm || - || defining the topology of X (see [9, Section 2.1]). Such an F-norm can be
defined by the formula

+00 1
EIEDS o min(l, flz]l,).

p=1
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In particular, an F-norm satisfies the triangle inequality and the inequality
(1) VA e C, Vx e X, || x| < (|A] + 1)||z]|,

a property which replaces the positive homogeneity of the norm.

We finally recall some results on unconditional convergence in Fréchet spaces (see for
instance [9, Appendix A]). A series Z::()) x, in a Fréchet space X is called unconditionally
convergent if for any bijection 7 : Ny — Ny, the series Z;ﬁ% Tr(n) is convergent. This
amounts to saying that, for any ¢ > 0, there is some N € N such that, whenever sup,, |a,| <
1, the series Z;r:f) T, converges and

+oo
E OnTy
n=N

ACKNOWLEDGEMENT. We thank the referee for his/her very careful reading of the paper
which leads to several significant improvements.

< E.

2. DISJOINT HYPERCYCLIC ALGEBRAS

2.1. How to get a disjoint hypercyclic algebra. As described in the introduction, we
adapt Birkhoff’s transitivity theorem to get a criterion ensuring disjoint hypercyclicity. We
may observe the similarity with [6, Proposition 2.3].

Proposition 2.1. Let T and T, be two operators acting on the same F-algebra X . Assume
that for each I € Pr(N)\{@}, there exists mg € I such that, for allU, Vi and Va nonempty
open subsets of X, for all W neighbourhood of zero, there exist u € U and N € N such
that

TNy e W, T (u™) € W for allmn € I, n# mq

TN (um) e Vi, T (u™) € V.

Then Ty and Ty admit a disjoint hypercyclic algebra.

Proof. For V,V' C X open and nonempty, for W a neighbourhood of zero, for I C
Pr(N)\{@}, let us define

ALV, V', W) = {u €X: INeN, TVw") € W for all n € I\{mo(I)}
TN (u™) € W for all n € I\{mo(I)}
TN (DY ¢ v, TN (umo D) e v’}

Fixing (V) a basis of open subsets of X and (W) a basis of neighbourhoods of 0, one can
verify that each set A(I, Vi, Vi, W;) is open and dense, hence (1, 1 ; A(L, Vi, Vir, W) is
non-empty and we can argue exactly like in [4, Theorem 2.1] to prove that any vector in
this intersection generates a disjoint hypercyclic algebra for T} and T5. ]

Similarly to [4], for the Cauchy product we will apply this proposition for my = max I
and for the coordinatewise product we will do the opposite choice myg = min/. The
corresponding corollaries are the following.
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Corollary 2.2. Let Ty and Ty be two operators acting on the same F-algebra X. As-
sume that for all m > 1, for all U, V} and Vo nonempty open subsets of X, for all W
netghbourhood of zero, there exist uw € U and N € N such that

TN(u™) e W, T (u™) € W for alln <m
TN (u™) € Vi, T (u™) € V.

Then Ty and Ty admit a disjoint hypercyclic algebra.

Corollary 2.3. Let T7 and Ty be two operators acting on the same F-algebra X. Assume
that for all positive integers mo < my, for all U, Vi and Vy nonempty open subsets of X,
for all W neighbourhood of zero, there exist u € U and N € N such that

TN (™) e W, T (u™) € W for alln € {mg+1,...,m;}
TN (u™) € Vi, T (u™) € Vs.

Then Ty and Ty admit a disjoint hypercyclic algebra.

2.2. Disjoint hypercyclic algebras for backward shifts - coordinatewise product.
We now show how these general results can be applied to get disjoint hypercyclic algebras
for backward shifts operators. We first begin with Fréchet sequence algebras endowed with
the coordinatewise product. We get complete characterizations either for the case where
the shifts are raised to different powers as for the case where the powers are the same.

We recall that a Fréchet space (X, (]| - ||;)) admits a continuous norm if there exists a
norm || - || : X — R that is continuous for the topology of X, namely there exists ¢ € N
and C' > 0 with ||z|| < CJjz||, for all x € X. In particular, for any ¢ large enough, || - ||,
itself is a norm. The following lemma is taken from [4, Lemma 4.1].

Lemma 2.4. Let X be a Fréchet sequence algebra for the coordinatewise product and with
a continuous norm. Then the sequence (e,) is bounded below.

This follows from the simple observation that, for all ¢ > 0, 0 < [le,|lg = [len-enlly < llenllZ,
which implies ||e,||, > 1.

2.2.1. Backward shifts raised to different powers. We first state a characterization of the
existence of a disjoint hypercyclic algebra for B; and B3 when B; and By are two weighted
shifts on the Fréchet sequence algebra X.

Theorem 2.5. Let X be a Fréchet sequence algebra for the coordinatewise product with a
continuous norm and such that (e,) is a Schauder basis. Let By = Bya) and By = B,
be two bounded weighted shifts on X. The following assertions are equivalent.

(i) By and B3 support a disjoint hypercyclic algebra.

(i1) For all p € N, for all m > 1, there exists a sequence of integers (ny) such that, for

alll =0,...,p,
1 1) —1/m k——+oo
(wl(+)1 e 'wfwrl) Cng+l » 0,
(2) (2) —1/m k—-+o0
(wl+1 .o w2nk+l) 62?’Lk+l O,
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w(l) - -w(l)
ng+i+1 2nk+l6 k——+o0 O
) ) e+ '

Wiy s Woy, 4y

(111) There exists a sequence (ny) such that, for alll > 0, for all v > 0,

(1) (1) - k—+o00
(W) e 0,
2) (2) \— k—-+oo
(wl+1 - 'w2nk+l) eny1 — 0,
RO NN
ng++1 2ny,+l1 k—+o00

(2) (2)
Wiyt Woy, 4y

Proof. (i) == (ii). Let m > 1l and let z € X, x = > "0 2,e,, be such that z™
is a disjoint hypercyclic vector for B; and B2. Let p > 1 and let (n;) be a sequence
of integers such that (B]]”’“ (™)), goes to eg + -+ + €, j = 1,2. Let us see what we
obtain for j = 1. Since convergence in X implies coordinatewise co(rll)vergen(clt)e, for all [ =

0,...,p, (wl(i)1 - -wfllk)ﬂxﬁﬁl) converges to 1. Hence the sequences ((w; - -wnk+l)1/mxnk+l)

are bounded below. Writing

1) (1) \—1/m 1
(wH‘l . .wnk-ﬁ-l) Onp+l = (1) (1) \1/m Tnp+1Cnp+l
(wl+1 T wnk+l) $nk+l
we get that (wl(}r)l e wfllk)ﬂ)fl/menkﬂ LasN;) Similarly we obtain for all [ =0,...,p,

2) (2 —1/m k—+o0

(wl(+1 o an)kJrl) Cony+l —_— 07
2 2 m k——+o0

(2) wl(+)1 " 'wén)k—i-lx?nkJrl — L

Moreover, write

p

Ng (. m\ _ (1) (1) m /
By*(2™) = 2 + E Wy g1 " Wopy 11 Tap, 1€+l T 25
1=0

with supp(z) C [0,n%) and supp(z’) C (ng+p, +00). Again, since convergence in X implies
pointwise convergence, we get

1) N m k—400 B
Wy gyt Wop T €1 — O foralll =0,....p

which in turn, in view of (2), gives

(1) (1)
nk(;;H (2)2nk+l Enp+1 225 0 for all | = 0,..op.

Wiy Wapy, 1

w

(11) = (4i7). This follows from a diagonal argument.
(i1i) = (i). We intend to apply Corollary 2.3. Let my < my be two positive integers,
let U, Vi, V5 be nonempty open subsets of X and let W be a neighbourhood of 0. Let x € U
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with finite support, let y; = >}, v;,e; belonging to V;, i = 1,2. We set

1/mo 1/mo

yu Yo
u=x-+ g i Enp+l E 1 €2np+1>
.. my

1=0 wl+1 nk—i- )/mo 1=0 wl+1 ank—i—l) 0

which belongs to U for all large values of k. We recall that, since the sequence (e,,) is

bounded below, for all [ > 0, the sequences (wl(}r)l x ~w£blk) +l) and (wl(i)l wéi)k +l> tend to

+00. Let n € {myg, ..., m} and let us compute B5™ (u™):

P n/mo

2n ny __ y2,l
B, (u") = Z (2) @) = _1¢

1=0 (wl+1 " Wap,, +l) "o

The assumptions tell us that By™ (u™0) = y, while By™ (u") tends to 0 if n > mg. On the
other hand,

v o o 0w
ng (. n\ __ 1,1 Z n/mo nk+l+1 2np+lI
Bl (U >_ E (1) 1) % 161 + Ys ) (2) mioe'nk-ﬁ-l'
1=0 (wH—l ’ wnk-i-l) wz+1 : w2nk+l)
Writing
(1) (1) 1) (1)
Wyt Wopy 1 . . 1 Wy i1 w2nk+le
@ @ Yo T L@ @ el T B @
(le w2nk+l) (wl+1 w2nk+l) I+1 g+l

we get that the second (finite) sum tends to zero for all n > mg, whereas the first sum can
be handled exactly as for Bs. O

Remark 2.6. If we are just interested in disjointly hypercyclic operators, our proof can be
easily modified to give the following extension of [6, Theorem 4.1] : let X be a Fréchet
sequence space such that (e,) is a Schauder basis for X. Let B; = B, and By = By
be two bounded weighted shifts on X. Then B; and B2 are disjointly hypercyclic if and
only if there exists a sequence (ny) such that, for all [ > 0,

(1) (1) -1 fe—-00
(lerl . wnﬁl) enpt1 — 0,

(2) 2 \— k—+o0
(wl+1 o ‘w2nk+z) €2ny+1 > 0,
) oD
ngp+l+1 " 2nk+l€ k—+oc0 0

2) ) e+ :
Wyyq - Wop, 1y

w

We point out that we do not need that (e,) is bounded below. This last assumption

was only useful when n > my, where we used it to deduce that (wl(i)1 X -wfllk) ;) and

(wl(i)l wéi)k +l) tend to 4+o00. For the existence of a disjointly hypercyclic vector, we

always have n = my = 1.

This remark also leads us to an interesting example of a couple of disjointly hypercyclic
operators not having a disjoint hypercyclic algebra.
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Example 2.7. Let B; and B3 be weighted shifts induced respectively by the weight se-

quences wfll) = (nfj) with wgl) =1 and wﬁf) =2, n > 1, both acting on the weighted ¢;(v)

with v, = n for all n > 1. By weighted ¢;(v) we mean the Banach space

() = {(@n)n s Y |2alvn < 00}

equipped with the weighted ¢;-norm

oo
H(xn)n” = Z |=’En|Un
n=1

For this example, all conditions of the previous theorem are satisfied for m = 1 (which
grants a disjointly hypercyclic vector) but, for m = 2 and for any sequence (ng)x, we have
that

—1/2 ng
(i) e, | = =1
( 1 k) k (n%)1/2

does not go to 0 as k — +o0.
Remark 2.8. In particular, if the sequence (e, ) is bounded (it is already bounded below),

the conditions of Theorem 2.5 are equivalent to say that there exists a sequence (ny) such
that, for all [ =0, ..., p,

(1) (1) k—+00

Wiy - Wy gy — > 100,
2) 2) koo
Wyt Wy, g — 7 100,

O
ny+I14-1 2ng+l k—+oo 0
NCRE :
I+1 2np+l1

w

In turn, this amounts to saying that B; and B3 are disjointly hypercyclic. Hence, all the
examples given in [6] support a disjoint hypercyclic algebra.

It is plain that this result can be extended for a finite list B"(,), ..., B''(,, raised to different
powers nq, ...,n,. The statement of precise conditions are left to the reader.

We close this subsection by addressing the case of w which is the prototypical example
of a Fréchet space without a continuous norm. The following result resembles [4, Theorem

48).

Theorem 2.9. If By = B,n) and By = B, are weighted backward shifts on w endowed
with the coordinatewise product, then By and B2 support a disjoint hypercyclic algebra.

Proof. For V; and V5 non-empty open subsets of w, I C N finite and non-empty and s > 0,
let us define

~ ~

E(I,s) = {P € Clz] : |[P(minl)| > 1/s, |P(max )| > 1/s,
|P(n)| < s forall n € N,
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P(n)zOWhenn¢I}

AL, 5, Vi, Vy) = {u cw: YPe E(ls), 3N >1, BN(P(u)) € Vi = 1,2}.

By a Baire category argument, it is enough to prove that each set A(I,s, Vi, V3) is dense
and open. The last property follows easily from the compactness of E(1,s). Thus, let us fix
I,s,V; and V3 and let us prove that A(/, s, Vi, V5) is dense. We set my = min(/) and m; =
max(/). Let U be a non-empty open subset of w. Let p € Ny, uo, ..., up, vig,...,0;, € C,
for : = 1,2, and £ > 0 be such that, for all z,y; and ¥ in w,

|; —w| <eforalll=0,...,pimplies z € U,

|yig —vig| <eforalll=0,...,pimplies y; € V;,i =1,2.

Let us first look at the sequence (wgl) x -wT(«Ll)). Three possibilities (which are not mutually

exclusive) can occur:

e cither (wgl) . -wﬁll)) is bounded and bounded below;

e or it admits a subsequence going to zero;

e or it admits a subsequence going to 400.
Thus, we get the existence of a subsequence (w!" - w{)) going to aip € [0,400]. We
then do the same with (wél) x -wffk) +1) and so on. By successive extractions, we get the
existence of a sequence of integers (ny) (we can assume that ng,; — 2nx > p and ng > p

for all k) and of a;p,...,a;, € [0,400], ¢ = 1,2, such that, for all [ = 0,...,p, and
i = 1,2, (wl(21~--w7(2+l) tends to a;;. We set A;; = {l € {0,...,p} : a;y = +oo},
Aio={le€{0,....p}: a;y=0}and A;5={l€{0,...,p}: a;; € (0,+00)}.

We fix now («a(k)), (5(k)) two sequences of non-zero complex numbers and (z;(k)),
i = 1,2, sequences in CP*! such that (a(k), B(k), z1(k), z(k)) is dense in C2P*2). We set

+oo +oo
r=u+ Zyl(k) + Zyg(k)
k=0 k=0

where, for [ =0,...,pand i = 1,2,

( 1/mo
il

a(k)1/mo (wl(j-)l o )1/mo

provided [ € A; 1,

ng+1
Yiing+1(k) = vl
= . provided [ € A; 5,
B (i, -y )1
\ zi (k) provided | € A; 3

and y; (k) = 01if j # ing, ..., ing +p.

We claim that x € U N A(1, s, V1, V3). The definition of ¢ and p ensure that x € U. Let
P € E(I,s). There exists an increasing function ¢ : N — N such that a(¢(k)) = P(my),
B(o(k)) — P(my) and a; P(z(¢(k))) — v, for all I € A;3 and i = 1,2. We claim that
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(Bfné(k)(P(:E))) belongs to V;, i = 1,2, provided k is large enough. It suffices to prove that

forl=0,...,pand i = 1,2, the I-th coordinate of B:nd’(k) (P(z)) tends to v;;. Assume first
that [ € A; ;. This [-th coordinate is equal to

(i (i) vy
Wiy Wl P 5 i
T\ gk (wfy -l
Now, since wl(_?l - -wffi(k)H tends to +o00, and my = min(/),
(4) (@) " Uil
i i il A i,
Wi Wy +lP z'7 i - P(m()) + 0(1>
oo a(g(k)V/mo(wyy - w) L )Hme a(¢(k))
and this tends to v;;. When [ € A, 5, the proof is similar since now, because wl(jr)l e wfjd))(k)ﬂ
tends to 0, and my = max([),
(i) (i) vy v
i i il A il
wyycw, P - - = P(my) +0o(1)
#06) Blo(k) Y™ (wfy - wy)) )Y B(o(k))
and this also goes to v;;. Finally, when [ € A, 3, the l-th coordinate of B,"*"™ (P(x)) is
equal to wf_?l . -wr(fi(kﬁlP(zi,l(gb(k))) which tends again to v;. O

2.2.2. Backward shifts raised to the same power. We now do the same for two shifts raised
to the same power.

Theorem 2.10. Let X be a Fréchet sequence algebra for the coordinatewise product with
a continuous norm and such that (e,) is a Schauder basis. Let By = By, and By = B
be two bounded weighted shifts on X. The following assertions are equivalent.

(i) By and By support a disjoint hypercyclic algebra.
(ii) For all p € N, for all m > 1, there exists a sequence (ny) such that

—1/m k
(w2 ) et 0, for all 1 =0, p,
(2) (2)
w ) w
(H) : k>03 is dense in w.
Wiy Wott /) 150

(i1i) There exists a sequence (ny) such that, for all v >0, for alll >0,

(1) 1) =7
(wz+1"'wnk+l) Eng+l

w? . p®
H ck>0% is dense in w.
Wiy Wott /) 150

k—+o0
0
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Proof. (i) == (ii). Let m > 1 and let * € X, x = > % z,e,, be such that 2™ is a
disjointly hypercyclic vector for By and Bs. Let also ()\(’“)) be a dense sequence in w of
vectors with finite support. We may assume that supp(A*)) c [0, k] and that, for any
fixed ko, there are infinitely many k such that A*) = \(k0)  We then choose an increasing
sequence of integers (ny) such that, for all k£ > 1,

k

n m 1

(3) Bi*(z )_Zel <E’
1=0

b 1

4 BYF(a2™) — 2Bl < 2

(@) ) -3l <

As we have already observed, (3) implies that, for all [ > 0,

(1) (1) \—1/m k—+o00
(wl+1 T wnk—l—l) Cng+l 0,
(1) (1) om koo,
wl+1 e wnk+lajnk+l L.

Let us now fix U a nonempty open subset of w and ky € N be such that A*) € U. Let
(ng)) be a subsequence of (ny,) such that A@*) = Mo for all k. By (4), we know that

@ O kovboo, ) (ko)
w) - .wn¢(k>+lgg;”¢(k)+l —— N\, for all I > 0.

Combining the two last properties, we find that

w? @
1+1 Pt koo (ko) o a11 1> ()
RO o o
Wi ™ Why 4

Hence, for k large enough,
(2) (2)
Wiyt Wy 4

@ ..M
Wiy Wy 4

eU.

>0

(i1) = (i17). This follows from a diagonal argument.

(1i1) = (7). Let my < my be two positive integers, let U, Vi, V5 be nonempty open
subsets of X and let W be a neighbourhood of 0. Let x € U with finite support, let
Yi = Y 1o Yis€r belonging to Vi, ¢ = 1,2. Without loss of generality, we may assume that
y1; # 0 forall [ =0,...,p. We then consider a sequence (ny) of integers such that, for all
[=0,..p,

(1) (1) \—1/m k—+o00
(wl+1 o 'wnk+z) Oenk-H 0,
w? @
(5) I+1 npt+l k—-4oo Y21
(1) (1) § Yo
Wiy~ Wiy L
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Observe that wl(}r)l e 7(11) 4 goes to +oo for all [ > 0. We finally set
1/mo

Y1
=2 + 1 (1) \1/m Cnp+l-

Clearly, u belongs to U (prov1ded k is large enough), By*(u") =y, and By*(u™) goes to
0 for all n > mg. Now, let us write

P (2) 2)

n/m w e wn
B;lk (UTL> = yl,é ’ (1l)+1 (l)k—HL €.
1=0 (wl+1 ' wn;ﬁ-l) "o
If n = my, then (5) tells us immediately that By*(u™) tends to yo. For n > my,
(2 2 g1
ymio wl+)1 T w7(zk)+l . yLlo Y2,
L () () \ag Free ) M) Yag L
(wl+1 o 'wnk+l) 0 (wl+1 : 'wnk+l) 0
Since (wl(}r)1 e é)ﬂ) tends to 400, this implies that By*(u™) belongs to W for k large
enough, so that we may apply Corollary 2.3 to prove that B; and By support a disjoint

hypercyclic algebra. U

Remark 2.11. If we are just interested in disjointly hypercyclic operators, our proof can be
easily modified to give the following result : let X be a Fréchet sequence space such that
(e,) is a Schauder basis for X. Let By = B,u and By = B, be two bounded weighted
shifts on X. Then By and By are disjointly hypercyclic if and only if there exists a sequence

(ng) such that ((wz(+)1 : w&)ﬂ)*lenﬁl) tends to zero for all [ > 0 and the set

(2) (2)

(wwl”wmﬂ> k>0

1) (1) =
Wiy Wyt /)

is dense in w.

Remark 2.12. In particular, if the sequence (e,) is bounded, the conditions of the above
theorem are all equivalent to say that B; and B, are disjointly hypercyclic. Hence, all the
examples given in [7] support a disjoint hypercyclic algebra.

Finally, we address the case of w.

Theorem 2.13. If By = B,,u) and By = B, 2 are weighted backward shifts on w endowed
with the coordinatewise product, then the following are equivalent.

(i) By and By are disjointly hypercyclic

(i1) By and By support a disjoint hypercyclic algebra.

(i1i) The set
@ @
Wiy Whyy - n>0
1 1 b=
wl(+)1 "wo(z+)l 1>0

18 dense in w.



14 F. BAYART, F. COSTA JUNIOR, AND D. PAPATHANASIOU

Proof. The implication (74) = () is immediate. Let us first show that (i) = (i77). Let U
be a non-empty open subset of w, p € Ny, ug,...,u, € C and € > 0 be such that, for all
Yy e w

lyp —w| <eforalll=0,...,pimplies y € U.

If x is a disjoint hypercyclic vector for By and Bs, there is a subsequence (ny) such that

p
Btz — E 2
1=0
and

P
Bytx — E wey.
1=0

That means that for all [ =0,...p,

1) (1)
Wy Wy Ty — 1

and
2 2
wl(+)1 o 'wizk)ﬂxnk-%l — W
from which we immediately get that

(2) (2)
Wiy Wy
(1) (1)
Wiy Wy

— Uy.

Next, we show that (iii) = (i7). For V; and V5, non-empty open subsets of w, I C N
finite and non-empty and s > 0, let us define

A ~

E(I,s) = {P € C[z] : |[P(minl)| > 1/s, |P(maxI)] > 1/s,
|P(n)| < s foralln €N,
P(n) =0 when n ¢ I}

AL, 5, Vi, Va) = {u cw: YPe E(l,s), IN > 1, BN(P(u)) € Vi,i = 1,2}.

By a Baire category argument, it is enough to prove that each set A(I,s, Vi, V5) is dense
and open. The last property follows easily from the compactness of E(1,s). Thus, let us fix
I,s, Vi and V3 and let us prove that A(7, s, Vi, V3) is dense. We set mg = min(I) and m; =
max(/). Let U be a non-empty open subset of w. Let p € Ny, uo, ..., up, vig,...,0;, € C,
for i = 1,2 (we may assume that vy; # 0 for all | = 0,...,p), and € > 0 be such that, for
all x,y; and y in w,

|x; —w| <eforalll=0,...,pimplies z € U,

lyis —viy| <eforalll =0,...,pimplies y; € V;,i = 1,2.
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Let by assumption (n) be a subsequence such that

(2) 2)

Wiy Whyy g Va1
ﬁ % /U_, l = 07 .. 7p.
Wiy Wayy g Ll

By passing to a subsequence we may assume that ng > p, that ngy — ng > p for all k,
and that there are ay, ..., a, € [0, +00] such that, for all [ = 0,...,p, (wl(i)1 . S)H) tends
to a;. Weset Ay = {l € {0,...,p}: a = +o0}, Ay = {l € {0,...,p} : a, = 0} and
A; ={l€{0,...,p}: a € (0,400)}.

We fix now (a(k)), (B(k)) two sequences of non-zero complex numbers and (z(k)) a
sequence in CP™! such that (a(k), 8(k), z(k)) is dense in CP*3. We set

“+oo
r=u+ Z y(k)
k=0

where, for [ =0,...,p,

( Ul/mo
Ll provided [ € A
1 1 ’
a(k)l/mo( ( ) ‘.wq(’),k)—‘,-l)l/mo
Ynpr1(k) = vl/ml
* (11),1 0 provided [ € A,,
5(k)1/m1 (wl+1 o 'wnk-i-l)l/ml
\ z1(k) provided [ € A3

and y;(k) =0 if j # ng, ..., ng + p.

We claim that x € U N A(1, s, V1, V3). The definition of ¢ and p ensure that x € U. Let
P € E(I,s). There exists an increasing function ¢ : N — N such that a(¢(k)) — P(my),
B(6(k)) = P(my) and a;P(z(¢(k))) — vy, for all | € As. We claim that (B;** (P(x)))
belongs to V;, 1 = 1,2, provided k is large enough. It suffices to prove that for [ =0,...,p
and i = 1,2, the I-th coordinate of B; ** (P(x)) tends to v;;. The details for the case i = 1
are identical as in [4, Theorem 4.8] hence we will present the case i = 2. Assume first that
I € A;. The I-th coordinate of By*" (P(z)) is equal to

(2) @) o)™
2 2
w el w P 2
I+1 Mg (k) H a(p(k))1/mo (wl(i)l .. .wfllj(k)-l-l)l/mo
Now, since wl(}r)l . -w%)(k)ﬂ tends to 400, and mg = min(7), we have for m > my,
(2 (2) (2) (2)
W1 Wny 4 Wiy Way )+ (w(l) o™ )1—,70 0
l+1 n¢(k)+l

(W, w®  ymima

n¢(k)+l wl+1 e wn¢(k)+l
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Hence,
1/m
0@ o ® o™
I+1 N () + 1 1
o a(¢(k))1/m0 (wl(+)1 o 'witqa)(k)H
(2) ©))
Wiy~ W41 o V1,
o0 Py ot
l+1 n¢(k)+l

)l/mo

and this tends to ve;. When [ € Ay, the proof is similar. Finally, when | € As, the [-th
coordinate of B,*"™ (P(x)) is equal to

2 2
0®, - 0®

2 2 neky Tl (1 1
w) - w® Pa(6(R) =~y D P(a((k))
Wiy« Whyo 41

which tends again to vsy. ]
2.3. Disjoint hypercyclic algebras for backward shifts - convolution product.

2.3.1. Backward shifts raised to different powers. We now turn to the case of Fréchet se-
quence algebras endowed with the Cauchy product, and we first study the existence of a
disjoint hypercyclic algebra for two backward shifts raised to different powers. This situa-
tion seems more complicated and we choose to present only two significant examples. The
first one is the multiples of B and B? on £;. It is known by [6, Cor 4.2] that AB and uB?
are disjointly hypercyclic if and only if 1 < A < p. We show that under this condition,
they even support a disjoint hypercyclic algebra. The proof will be done in two steps. We
first handle the case A < /2. The proof uses a shifting factor which is placed after the
term to approximate.

Theorem 2.14. Let 1 < X\ < p'/2. Then A\B and puB?, acting on {, endowed with the
Cauchy product, support a disjoint hypercyclic algebra.

Proof. We shall prove that the assumptions of Corollary 2.2 are satisfied. Let m > 1, let
U, Vi, Vs be nonempty open sets and let W be a neighbourhood of 0. Let p > 1, x € U,

1 € Vi, yo € Vo with supp(z), supp(y1), supp(y2) C [0, p] and let us write y; = > 7 yier,
i =1,2. Let finally § > 0 be such that B(y;,20) C V;. For o a large integer, we set

N =mo — 3p
4 — Y1, _oYm
LU= AN mg(m—1)/m” 17 \N/m
dor — Y2, - gi/m
2,0 — mluN/m(s(m—l)/m’ £2 = uN/m

p
z = E di€s-3p11 + €160
1=0
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P

2y = E da,1€20—6p+1 + €262
1=0

U=+ 21+ 29.

The terms e, and egey, are shifting terms which will be used to build an appropriate
approximating term when we will take the m-th power, despite the mixing of the supports.

It is easy to check that, provided o, hence N, is large enough, then v € U. We shall
prove that we also have

AB)N(u™) € Vi, (AB)N(u™) € W for n < m,
(uB?)N (u™) € Vo, (uB?)N(u™) € W for n < m.
The two last properties are easier to prove: there is no more difficulty to prove them than

to prove that uB? admits a hypercyclic algebra. Indeed, if n < m, then supp(u") C [0, 2no]
with 2no < 2N whence (uB?)" (u™) = 0. On the other hand,

p y 6
m 27l
U =z+ E N62m0'—6p+l + N62m0'
—o M K

with max(supp(z)) < 2N, hence
(uB*)N (u™) = yo + degy, € Va.

The proofs of the first two properties are more difficult: the powers of 25 are mixed with
that of 4+ 2. Such a mixing term does not always disappear when you apply BY. It is
also not always smaller than A=, But taking into account the strong condition p > \?, we
will show that it keeps smaller than A\~ if its support exceeds [0, N]. We start by writing

m
ut = ()" Y ( )l“azigzg

i\ B
7>1
p
- Y1, 0 m a, By
=z+ Z /\_Nem0'73p+l + )\_Nema + Z o B L2129
=0 atBiy=m NPT
721

where

m B m)!
a,B,7)  alBly!

is the multinomial coefficient and max(supp(z)) < N. For the first three terms, we proceed
as before to observe that, provided o is large enough,

p

)

()\B)N (Z + _f/y\l];f ema'_3p+l + _AN 6m0> =1 + (563p.
=0

Let us now look at (AB)N (2%272)) with v > 1 and v+ 8+~ = m. Expanding the product

and using the behaviour of the terms d;; and ¢, xazf zy is a sum of a finite number of
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terms cje; (this finite number does not depend on o), with

J <pa+ fo+2yo
1

lcj] < CamW

where the involved constant C, g, does not depend on o (of course, it also depends on z,
Y1, Y2, 0 and m). We then distinguish two cases. Assume first that § 4+ 2y < m. Then,
provided o is large enough, pa + o + 2y0 < N, hence (AB)N(2°272]) = 0. On the
contrary, if 8+ 2y > m, then

)\N

H()\B)N(xazfz;) B NFNTm T

< Caq

and the right handside goes to 0 since ;> A2, hence " A\? > \™. This shows that, provided
o is large enough, (AB)™(u™) € V;. Finally, for n < m, it is easy to check that

(AB)Y () = ; (o OB G,

We use exactly the same arguments to prove that
o A\B)N(z%272]) = 0 provided 8 + 2y < m;
o (AB)N(22272]) tends to zero as o tends to 400 provided 84 2y > m.
Hence, (AB)"™ (u™) belongs to W, which finishes the proof of Theorem 2.14. O

We turn to the case A > p!'/2. The proof follows a similar scheme, but we now put the
shifting term before the approximating term.

Theorem 2.15. Let 1 < A\ < pu < X2, Then \B and pB?, acting on (' endowed with the
Cauchy product, support a disjoint hypercyclic algebra.

Proof. Again we shall prove that the assumptions of Corollary 2.2 are satisfied. Thus, let
m > 1, let U, V;, V5 be nonempty open subsets of ¢; and let W be a neighbourhood of 0.
Let p> 1,2 €U, y; € V4, ya € Vo with supp(z), supp(y1) and supp(y2) C [0, p] and let us
write y; = Y o Yis€l, ¢ = 1,2. Let 0 > 2p and let € > 0 be such that the ball B(z,2¢) is
contained in U. For N a large integer, we define

1 p
= g D YN (o

1 P
29 = — 7~ E Y2,1€2N—(m—1)o+I
mem=tuN —o (m=1e

U=2T+ s + 21 + 29.

The definition of € ensures that, for N large enough, u belongs to U. Let us show that the
other assumptions of Corollary 2.2 are satisfied. First, consider n < m and write

u" = w; + we
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where

o Z (ayg>7) xa(geo)ﬁz;ly

a+pB+y=n
7<1
— n a B n o B.AS
W2 = Z a B,v)° (ee5)"2] + Z o B )" (ceq)’ 2] 25.
a+B+y=n 17 a+pB+y+6=n 5
7>1 5>1

The support of w; is contained in [0, N — (m — 1) +p+ (n — 1)o] C [0, N) since 0 > p
and n < m. Thus (AB)Yw} = 0. Moreover, it is easy to check that

1 1
|ws|] < C'max <>\2—N, M_N>

where the constant C' depends on z, p, €, y1,y» but not on N. Since 1 < A < pu, the norm
of (AB)Mwy can be adjusted to be arbitrarily small, so that (AB)Yu™ belongs to W. In

the same vein, write
n

u” = w4 w
where
r_ n a By n a )
wy = Z 0.8 x%(ee,)’z] + Z aﬁ(sw(eeg)zz
aty=n NPT atfto=n 7T
V<2 =1
/ n a B .6
wey = x%(eey) 2] 2
= 5 (o)
(o,8,7,6)€En
with

E, = {(a,5,7,5) ENy:a+pB+y+d=mn, (y>3and J =0)
or (6 >2andy=0) or (vzlandézl)}.
As before, the support of wj is contained in [0,2N), so that (uB?)" (w}) = 0. Since
1 1 1
Jusl < Cmox (S5 =z 5 )

and p < A2 < A3, we get that (uB?)" (u™) belongs to W provided that N is large enough.
Let us now inspect ™. We first write it

13 .
ut =+ 4y > yrien i+
=0

where

0 X (o Jerers

a+pB+vEFm
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- m @ m o
B= ) (a,m)x COEEDY (a,ﬁmé)x e

a+p+y=m a+B+y+o=m
v>1 6>1

with F,, = {(a, 8,7) e N3 : a+ 8+ =m, v <1} \{(0,m—1,1)}. The same proof shows
that supp(w) C [0, N — (m —1)o +p+ (m —2)o +p) C [0, N) and that (AB)" (i) tends
to 0 as N tends to +o00. Hence, (AB)Y (u™) € V; for N large enough. We also write

P

m o~/ 1 ~/

ut =wy A+ Y2,1€2N+1 + Wy
L

wy = Z (a’rg’fy)x“(aeg)ﬁzf—l— Z (Oé?ﬂg,é)xa(aeg)ﬁzg

a+B+y=m (a,8,0)€Fy,
v<2
/ § : m o By .0
Wy = T lee Z1 %
(OQB:’%a)EEm

F' = {(a,3,6) € Fyp: 6=1}.

Looking at the support of @] and at the norm of ), we show again that (uB?)Y(u™)
belongs to V5 for N large enough, showing that the assumptions of Corollary 2.2 are
satisfied. 0

We end up this section by proving the existence of a disjoint hypercyclic algebra for the
multiples of D and D?. The proof follows the scheme of that of Theorem 2.14, but we need
a more careful analysis.

Theorem 2.16. Let A\, ;u > 0. Then \D and puD? support a disjoint hypercyclic algebra
on H(C) endowed with the convolution product.

Proof. The scheme of the proof is similar to that of Theorem 2.14; nevertheless, we will
need to be more careful when we analyze (AD)N (2227 2]) for 842y = m. We fix m > 1,
U,Vi,Vo and W as above. Let ¢ > 0 and = € U with support in [0,¢]. Let now p > 1 be
such that 2p > ¢gm and such that there exists y; € V; with supp(y;) C [0,p], i = 1,2. We
again write y; = >}, ¥ie; and we consider 7 > 1 and § > 0 such that By, (y;,20) C Vi.
We then consider w > 1/m satisfying the following property: for all integers «, 8,7 > 0
with a + 8+ v <m and 5+ 27 > m, we have

(6) B+2y(m—m(m—1w) >m
(observe that when w = 1/m, then the left-hand side is equal to § + 2, which is greater
than m, and that there is only a finite number of constraints to satisfy). For o a large
integer, we set

N =mo — 3p,

Iy, o ((3p))!/mat/m
mePTIAN (N + 1)1 LT (3p)r/mAN/m{(N 4 3p)l]i/m’

diy =
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4o — N2y o §H/m
T mep NN + ) 2T pN/m{(2N 4 6p)l)e”

p
2= E dy 1€5—3p+1 + €160,
1=0

p
2y = Z d2,1€25—6p+1 + €2€20,
1=0
U=+ 21+ 22.
The first part of the proof of Theorem 2.14 carries on to our new context. First, we observe
that, using Stirling’s formula, we now have the crude estimates, for some C' > 0 and some
Kk > 0,
Cr?

0—0’

|dy| <

o] <

g1 <

€2 > g2mwoe — 52(m—m(m—1)w)o

(the very last inequality is a consequence of w > 1/m). Hence, we still have u € U provided
o is large enough. Looking at the support of u™ shows that (uD?)N(u") = 0 for all n < m,
whereas the values of €' and me}' 'dy,; ensure that

)
(2N + 6p)1)™1(6p)! "

Since w > 1/m, we clearly have ||(uD?)" (u™) — ys||, < 28 provided N is large enough.
Regarding (AD)", the support of each element and the definitions of d; ;, £; ensure that

ODN ) =+ et 3 () AD)N 6D
VgiﬁﬁTngm

(AD)N (u™) = Z (a g ’y) (AD)N (227 2]) for n < m.

a+B+y=n
v=1, B+2y>m

(uD*)™ (u™) =y +

Hence, it remains to show that (AD)N(2%202]) tends to zero as o tends to 4+oco when
a+pB+v<m,y>1and B+ 2y > m. We first assume that § 4+ 2v > m. The product
xazf zJ may be written as a finite sum (whose number of terms do not depend on o) > ; Ci€j
where

j < qo+Bo+2y0
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Caﬁﬁ"ig,ﬁ,'y
gBo+2y(m—(m—1l)w)o

lcj] <

Thus, using [|[(AD)Ve;|l, < AVj7jV, we get that for some different constants C, 5. and

Ka,B
o mo
Caaﬁa"/'%a,ﬁ;yo-

r — gBot2y(m—(m-1w)o "

[CYRRIEEEE)

The choice of w (sufficiently close to 1/m, see (6)) guarantees that this goes to 0 as ¢ tends
to +o00. Finally, assume that 8 4+ 2y = m and define

p
wy = E d2 120 —6p+1
1=0

so that

242 29 = x%2] (wg + £963,)”

.
= Z <Z) 5g_kxazlﬂw562(7_k)g.

Assume first that k£ # 0. Then

max (supp(:casz’;eg(v_k)a)) < gqa+ fo + 2vo — 5p
< gm+mo — dp
<N

since gm < 2p. This implies that
()\D)N(wazlﬂwlgeg(v,k)g) =0

and it only remains to handle the term 5395%15 €2v0. As before, it is equal to a finite sum

> ciej with j < ga + (B4 2y)o but now we can be slightly more precise on [c;|:

ag
007577/{:&,5,’)/

|Cj| < gBo+2ymwo

Therefore,

mo

o
Ca,ﬁ,*y "{a,ﬁ,'yo-
— 0—[30’+2'ymw0'

H ()\D)N(:vsgmazfegw)

Now, since w > 1/m and 5 + 2y = m, this tends to 0 as o goes to +o0c. This finishes the
proof of Theorem 2.16. U

Theorem 2.9 has the following analogue when we are dealing with the convolution prod-
uct.

Theorem 2.17. If By = B, and By = B2 are weighted backward shifts on w endowed
with the Cauchy product, then By and B3 support a disjoint hypercyclic algebra.
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Proof. We will apply Corollary 2.2. Let m > 1, U, V;, V5 be nonempty open subsets of w,
and W be a zero neighbourhood. Let also p € Ny, wo, ..., up,vig,...,vip € C, fori =1,2,
and € > 0 be such that, for all z € w,

|z —w| <eforalll=0,...,pimplies z € U,
|z —vy| <eforalll=0,...,pimplies x € V;,i = 1,2 and
|z)| <eforalll=0,...,pimplies x € W.

We set
P
xr = E Uje; + €9y + 21 + 29
1=0
where
P
. Z V1,1
21 = (1) (1) e2p(2m+1)+l
1=0 Wiy -+ Wepmyt
and

P
v
2y = Z ®) 2 @ C2p(mA1)+-
1=0 Wiyt -+ Wigpmyy
It is immediate that x € U. If N = 6pm, it is tedious but straightforward to check that
the support of BY(2"), with n < m, intersects [0, p] only when n = m. Specifically, for
I =0,...,p, the l-th coordinate of B{¥(2™) is the I-th coordinate of By (eh, 'z) which
equals to v1;. That means that Bl (z") € W, for n < m and By (z™) € V;. Similarly, it
follows that B2 (z") € W, for n < m and B2 (2™) € V, which concludes the proof. [

2.3.2. Backward shifts raised to the same power. We conclude this section by studying
the existence of disjoint hypercyclic algebras for two backward shifts (raised to the same
power). We will need something similar to the converse inequality of the continuity of
the product under the F-norm. This idea is captured by the notion of a regular Fréchet
sequence algebra which first appeared in [4].

Definition 2.18. A Fréchet sequence algebra (X, (|| - ||,)) is said to be regular when it
satisfies the following properties:

(1) X admits a continuous norm;
(2) (e;) is a Schauder basis for X;
(3) for any r > 1, there exist ¢ > 1 and C' > 0 such that, for all n, k& > 0,

lenllr - llexllr < Cllentlly:

We were able to get a general result saying that two disjoint hypercyclic backward
shifts support a disjoint hypercyclic algebra, a statement simpler than that regarding the
coordinatewise product.

Theorem 2.19. Let X be a regular Fréchet sequence algebra for the Cauchy product and
let By = B,a), Bo = B2 be two bounded weighted shifts on X. The following assertions
are equivalent.
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(i) By and By are disjointly hypercyclic.
(i1) By and By support a disjoint hypercyclic algebra.

(1) (1) )L

(iti) There exists a sequence (ny) such that ((w; - w “Len,+1) tends to zero for all

I+1° nk+l
{ >0 and the set
(2) (2)
(wuf”wmu> k>0
(1) 1) =
Wiy wnk—i-l >0

18 dense in w.

For the proof of Theorem 2.19 we will use property (3) from the definition of regularity
through the following lemma from [4, Corollary 4.14] which works as some kind of index
managing tool.

Lemma 2.20. Let X be a reqular Fréchet sequence algebra for the Cauchy product and let
(wy,) be an admissible weight sequence on X. Then, for all m > 1, for all N > 1, for all
r > 1, and for all p > 0, there exist C > 0 and q > 1 such that, for all n > mN, for all
se{l,...,N},

m—1

(wn—5+1+p) T (wn—1+p)m_1(wn+p>m_1||€n—ms+mp||r < C||6n—s+p||q‘

Proof of Theorem 2.19. The implication (i) == (i) is trivial. Let us prove the other
ones.

(17i) = (11). Let m > 1, let U, Vi, V5 be nonempty open subsets of X and let W be a
neighbourhood of 0. Let p > 1, x € U, y; € V1, yo € V5 with supp(z),supp(v1), supp(ys2) C
0, p] and let us write y; = > 7, y;e. Without loss of generality, we may assume y;,; # 0
forall [ =0,...,p. Let finally B be a ball for the seminorm || - ||, with radius ¢ such that
BcW,x+BCUandy +BCV;,i=1,2. We consider (n;) a sequence of integers

such that

(1) ()

1+1 " Wy,
2 2

wz(+)1 T wﬁzk)Jrl
(1) (1)

(w ) ten, 41 tends to 0 for all 1 =0,...,p

tends to 224 for alll=0,...,p

Wiy Whyiqy Y
(2) (2)
w ... w
M tends to 1 for all [ =3p,...,3p+ (m —1).
S0 )
[+1 ng+1l

We can assume without loss of generality ny > (m — 1)3p. We then consider, for each
k > 1, the integer J; defined by

nk+3p§ka <ng+3p+m
and we set Ny = Jp — (mJy — ng) > 1 so that 3p < Ji, — N < 3p +m. We finally define

1
2(m—1) 2
1 1
© T o _%@ﬁ%f' X min RO RSN 7
o<i<p \ i -l les s (w! R e A
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Y1,
d=——0; m
me™ "Wy q - Wy, 4y

u=x+ E dien,+1 +€ey, -
1=0

Let us assume for a while that the following facts are true:

(7) ellesll» = 0 as k — 400,
(8) |di| - |len,+illr — 0 as k — +o0, foralll =0,....,p
(9) amwgl) > wﬁi?]k — 0 as k — 4o0.

Then it is clear that u belongs to U for a large integer k and that B (u™) = 0 for i = 1,2
and n < m, since max(supp(u”)) < (m —1)Jy = ng — Ny < ng. We can also write

=2+ Z (1) — N (1) Tl T € em
1=0 Wiy wnkH
with
max(supp(z)) < (m — 2)Jy + 2Ny, + 2p < Ny + (m — 1) Jiy = ny.
Hence,

P o 0

+ ni+ i i

B;flk (um> = Z 1) (f) Yi,€ + EmwmjkfnkJrl e mekekafnk-
1=0 Wiy1 " Wy gy

When ¢ = 1, the above sum is equal to y;; when ¢ = 2, it goes to y,. Hence, we have to
prove that, for i = 1,2,

(i) (1) k—+oo

emw’V:le—nk-f—l o w’r‘:LJkeka_nk 0

Since (mJy — ng) is a bounded sequence, this amounts to saying that

m, (2) () koo,
€ mek—nk—f—l e mek 0

For i = 1, this is (9). For i = 2, we just observe that mJ, —ng € {3p,...,3p+m — 1} and

we write o o
(2) (2) ...
mek—TLk-i-l e mek wmjkfnk+1 wnk+(ka7nk) k_>+oo\ 1

M RN NG

mJy—np+1 " mJy mdg—ng+1 ng+(mdx—ny)
It remains to prove (7), (8), (9).
Let us first prove (7). By property (3) from Definition 2.18 and an easy induction on
m, there exist ¢ > 1 and C' > 0 (depending on r and m) such that, for all k¥ > 1 and all
1€{0,...,p},

1
2(m—1)

lenall-"" - llesq |l

_ 1
(HeNk-H” ||eJk||;n—1)z<m71)

1
< CHenkJrlH ;Y Y.
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Hence, 1
2(m—-1)
e
gw%mscnmX<7%ﬂﬂ%r>
wy

0<I<p e
k

and this goes to zero as k tends to +oc.
Regarding (8), we first write

1/2
e+l ! ; (m—1)/2
il - len,all- < C (W X max (HeJkHT, (w" - -wfnbk)l/m) .
wl “e R
If the maximum is attained for ||ey, ||, then using
lensillr - les 1" < Cllepm-1ygsnsllq
< Cllentilla;
we get
1/2
(&
\MWmegc<%¥ﬂ%r>
wl e wnk+l

and this goes to 0. Otherwise, we apply Lemma 2.20 with n = mJ;, and s = mJy — ny — [
to get

m—1 m m—1
(wi - wl )™ emll < Cwi -l )™ lemnsmilla

mdJj, i
= C(wi - wl) )" ems—mslly
< (w? - wl )" em -l
= (wgl) T U’?(mlk)ﬂ)m_l len+illg

whence

lewesille )"
Enp+lllq
WW%MéU<ﬁff%J ,

1 nk+l
which again goes to 0.
Finally, let us prove (9). Once more we apply Lemma 2.20 just as above and get, for all

[=0,...,p,
lex,aille "7 1\
(1) (wl e mek)

O
1 nk+l

1
1 1 —1)\ 2(m—-1)

(lewyally @il ymt)
m

(w%l) [N w(l) )Q(m—l)

nk—H
1
1 1 -1\ 2(m-1)
(Hlemgsally (-l )" )
(wg ) . e wflk)+l>2(m71)
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1
lengrelly "
= Cl . d )
(w;n )

nk+l
which achieves the proof of (9) since the last term goes to zero.
(i) == (iz7). The proof is exactly the same as the proof of (i) = (i) in Theorem
2.10, restricted to the case m = 1. O

The situation in w with the convolution product is easier as the next analogue of Theorem
2.13 shows.

Theorem 2.21. If By = B, and By = B, 2 are weighted backward shifts on w endowed
with the Cauchy product, then the following are equivalent.

(i) By and By are disjointly hypercyclic

(i1) By and By support a disjoint hypercyclic algebra.

(i1i) The set
@2 .2
wl+1 wn+l >0
(1) 1) ’ =
Wigr Wntr /) >0

Proof. The implication (i) = () is immediate and the equivalence (i) < (iii) follows by
Theorem 2.13. Hence, we establish that (iii) = (i7). We will apply Corollary 2.2. Let
m > 1, U, V1, V5 be nonempty open subsets of w, and W be a zero neighbourhood. Let
also p € Ny, ug, ..., Up,Vig,...,0ip € C, fori =1,2, and € > 0 be such that, for all x € w,

18 dense in w.

|z —w| <eforalll=0,...,pimplies z € U,
|z —vy| <eforalll=0,...,pimplies x € V;,i = 1,2 and
|z| <eforalll =0,...,pimplies z € W.
We may also assume that vy; # 0 for [ = 0,...,p. Let (nx) be a subsequence such that

(2) (2)
Wiy - Wy Va1

(1) (1) V1
Wiy e Wy 1,

We then consider, for each k& > 1, the integer J;, defined by
nk+3p§ka <ng+3p+m
and we set Ny = J, — (mJy — ng) > 1 so that 3p < Jp — Ny < 3p + m. Since evidently,

Ni ~ 25 we may assume that Ny > p, for all k > 1. We now set for k > 1,
p
T = Zulel+z+ejk,
1=0
where
p

V1,1
z=z(k) = Z 0 N

1=0 M- Wiy - Wyt
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We clearly have that x € U. For ¢ = 1,2 and n < m, arguing as in the proof of Theo-
rem 2.19, we get that the support of B;"* (z") intersects [0, p] only when n = m. Specifically,
the [-th coordinate of B (z™) is the I-th coordinate of B;* (me’};_lz) which equals to

(4) (@)
Wiyq - Wy, 4y

(1) (1)
Wiy - Wy

V1,1

and tends to v;; as k — oco. Hence, for k large, we have that B (z") € W, if n < m, and
B (z™) € V;, which concludes the proof. O

3. COMMON HYPERCYCLIC ALGEBRAS

3.1. How to get a common hypercyclic algebra. We begin this section by a parametrized
version of [4, Proposition 2.3]. Let us fix a topological space A which is a countable union
of compact sets.

Proposition 3.1. Let A be a countable union of compact sets and let (Ty)ren be a family
of operators in L(X) such that the map (X, x) — Th(x) is continuous from A x X into X.
Assume that, for all compact sets K C A, for all I € Pr(N)\{@}, there exists mg € I such
that, for all U,V non-empty open subsets of X, for all neighborhood W of 0, one can find
u € U such that, for all N € K, there exists N € N satisfying

Y (u™) € W for m € I\{mo}
Y (u™) e V.
Then the set of points generating a common hypercyclic algebra for (T\)xea is residual in

X.

Proof. By the Baire Category theorem, it is enough to show the result assuming that
A = K is a compact set. For V C X open and non-empty, W a neighborhood of 0,
I C P¢(N)\{@}, define

ALV, W) = {u €X:VAeA, AN eN, TV (™) € W for m € I\{mo(I)} and
TN (umo)y e V}

(here, mo(I) is uniquely defined by I using the assumptions of the lemma). The as-
sumption tells us that each set A(I,V, W) is dense. The compactness of A together with
the continuity of (A, z) — T\(z) ensure that these sets are also open. Fix now (V) a
basis of open sets of X and (W) a basis of open neighborhoods of 0 and let us con-
sider u € [, AL, Vi, W1). Let P € C[z] be non-constant, P(z) = > ; P(m)z™ with
P(m) # 0 for m € I and P(0) = 0. Let V be any non-empty open subset of X and let
k.1 be such that P(mo(1))Vi + (3, ome(n [P(m))Wy C V. Since u € A(I, Vi, Wy), for all
A € A, there exists N € N such that

TV (P(u)) = Pmo(D)TY (u™ @)+ >~ P(m)TY (u™) € V.
mz#mo ()
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Hence, P(u) belongs to [),., HC(T)) and the proof is complete. O

3.2. Common hypercyclic algebras for a family of backward shifts - coordi-
natewise product. We now specialize our study to backward shifts. Thus we fix X a
Fréchet sequence algebra under the coordinatewise product with a continuous norm in
which span(e;) is dense. Let (w(A))aea be a family of admissible weights. For simplic-
ity, we will denote by T\ the operator B, and by S\ the forward shift defined by

= (z/™).

Syre; = %(/\)eiﬂ. For x = (x,) € w, we Wlll also denote z1/™ =
1

Proposftion 3.1 will be interpreted under the following form.

Lemma 3.2. Assume that the map (A, x) — Th\(x) is continuous. Assume that, for all
mo < my €N, for all v € X with finite support, for all M > 0, for all O neighborhood of
0, one can find

e parameters Ai, ..., A\,
e sets of parameters Ay, ..., Ay C A with A C |J]_; A
o integers Ny,...,N, € N with Ny > M and N;1, — N; > M for all i,

such that

(i) s 5y (01/) € O;

(ii) 325 i1 T, ((S/]\\ij)movl/mo) ) € O for all m € [mg,mq], all i € {1,...,q}, all
A€ Ai,' ’
(iii) Ty ((le/mO Vmo) ) € O for allm € (mg,m], alli € {1,...,q}, all A € A;;

(i) T ((SNl/mo Vmo) ) —veO foralliec{l,...,q}, al X € A,;.

Then the set of points generating a common hypercyclic algebra for (T\)xea is residual in

X.

Proof. We apply Proposition 3.1. Let I C P¢(N)\{@}. We set my = min(I), m; = max([).
Let U,V,W be three non-empty open subsets of X with 0 € W. Let x € U, v € V with
finite support and let O be a neighborhood of zero such that t + O C U, v+ O+ O CV
and O+ 0O CW.

Let M be bigger than any integer in the support of x and v. The assumptions of the
lemma give us parameters Ay, ..., A, sets of parameters Ay, ..., A, and integers Ny, ..., N,.
We set

u::lH—ZS 1/m0 (v1/™0)

so that assumption (i) says that u belongs to U. Fix A € A and let i € {1,...,q} be such
that A € A;. We intend to prove that T} (u™) € W for m € I\{mg} and T, (u™) € V.
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Since we are working with the coordinatewise product and by the choice of M, we have

q m
=+ 3 (8,04
i=1
and

m q m
T)]\Vi(um) _ T)]\Vi ((S/]\\ii/MO (Ul/mo)> > + Z T){Vi ((Sf\\ii/mo (Ul/mo)) ) .
‘ j=i+1 !
Assumptions (ii), (iii) and (iv) and the choice of v and O allow us to conclude that
TN (u™) € W for m € I\{mg} and T}" (u™) € V. O

We now give a more concrete application. We first need a definition.

Definition 3.3. Let (2.4 )k>1.0er be a family of vectors of X. The series Zk21 Thoas @ E I,
are said to be uniformly unconditionally convergent if, for any neighborhood O of 0, there
exists K > 1 such that, for all a € I, for all sequences (wy) C [—1,1]N,

Z WETk o € O

k>K

Implicitly, in the previous definition, we assume that each series ) , wyxy o is convergent.
Of course, if I is finite and each series ), zy o is unconditionally convergent, then they are
uniformly unconditionally convergent.

Theorem 3.4. Let A = [a,b] be a compact interval and let (w(X))rea be a family of
admissible weight sequences. Assume that

(a) (e;) is an unconditional basis of X ;

(b) for each n, the function log(w,) is non-decreasing and Lipschitz on A, with Lipschitz
constant less than or equal to L, > 0.

(c) for all p > 0, for all mg > 1, there exists an increasing sequence of integers (ny) such
that

o the series Y o, L

7 €y, e unconditionally convergent for all
(le(a)---ank (a))
[=0,...,p;

. 1 . . .
e the series Y ;- (@ (@) S > 1,1 =0,...,p are uniformly

unconditionally convergent,
o forallk>1and alll =0,....p, witi(a) - Wi, (a) > 1;
> . 11/C,, =400, where C, = >} L.
Then the set of points generating a common hypercyclic algebra for (T\)xea is residual in

X.

Proof. Let us first prove that (A, z) — Ty(x) is continuous. We first observe that the
family (7))xea is pointwise bounded. Indeed, for all x € X, since all functions (w,,) are
non-decreasing, it follows from the unconditional convergence of ) ., w,(b)x,e,_1 that
the family (7)(z))xea is bounded. Hence, by the Banach-Steinhaus theorem, the family
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(T\)xen is equicontinuous. Now let us fix some (i, y) € A x X. For all (A\,z) € A x X, we
write

Ti(z) = Tu(y) = Ta(z — y) + Ta(y) — Tuly).
The equicontinuity of (7))xea ensures that, fixing e > 0, there exists 6 > 0 such that,
provided ||z — y|| < 6, then ||Ta(x — y)|| < € for all A € A. On the other hand, we write

TA(?J) - Tu(y) = Z (wn()‘> - wn(ﬂ))ynen—l-

Again, the unconditional convergence of Y, w,(b)y,e,—1 implies that there exists N > 1
such that, for all X € A, N

37 (wa(A) = wa(1)) ynens

n>N

<e.

Finally, we observe that the continuity of each function w, implies, provided |\ — pl is

small enough,
N

Z <w7L(/\) - wn(u))ynen—l
n=1

We now show that the assumptions of Lemma 3.2 are satisfied. Let v = Zfzo ve € X
with finite support, my < my, M > 0 and O be a neighborhood of 0. By linearity (which
is not destroyed by taking powers since we are using the coordinatewise product), it is
enough to verify that the assumptions are satisfied for v = ¢;. Let (ng) be the sequence
given by the assumptions of the theorem, and let K > 1 be such that, for all + > 0, for all
sequences (wy) C [—1, 1],

W,
(1()) Z é Cltn;yp—n; €0

E>K wl+1 (a> T wl+ni+k7ni (a)

< €.

Wi

(11)

Tm Cl+ny € O
E>K (wlﬂ(a) "'wl+nk(a)) o

Without loss of generality, we may assume that K > M. We then set N; = ng;. Since
the sequence (C},) is nondecreasing, we still have

ch = +o0.

i>1 -~ Nitp

Let 7 > 0 be a small real number (a precised condition on 7 will be fixed later) and
define \; = a, A\jiy1 = \; + =——. Let ¢ be the first integer such that A\,4; > b and define

CN;+p

A=\, Aigq) fori=1,... ,qz— 1, A, = [A\,b]. Regarding (i) of Lemma 3.2, we write
q q
1
(12) S]\ii/m (er) = —ClyN; -
; A 0 ; (wl+1(/\i) . wl-HVi()\i))l/ 0

Since each (w,,) is nondecreasing, using (11), we get that (i) is true.
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Let now i € {1,...,q}, A € A; and m € [mg, my]. Then

> 7 ((smten) ) = 32 et

j=i+1 j=i+1 (wl+1()\j) e 'wl+Nj()‘j))m/mO

Now, since
(wirr(Nj) - wisn, (Aj))m/mo > w1 (Ag) -+ wign; (Ag)
> wip1(a) - wien; N (@wigp Ny - N1 (Ag) - wien; (Ag)
and
Wi N, -N+1(A) - wign, (A) < wipn— v (A) - wigen; (A)

we get

Z T <( 1j/m°< )>m> N zq: w1 (a) '%-’it(Jz)\ijNi(a) CLHN; =N,

j=i+1 Jj=i+1

where «; j(A) € [0,1]. Hence, by (10), (ii) of Lemma 3.2 is satisfied. Finally, we have for
ie{l,...,q} and X € A,

B () ) = Gt e

If m = mg, we just write

‘ w1 (A) - - - wigen, (A) _ 1‘ < exp(

Z

wl+1(/\i) o "wl—&-Ni()\z‘)

(log wik(A) — log wl+k()‘z‘))> -1

£
Il

1

N;
< |exp (ZLl+k|>\ Ai |>
k=1
< lexp (Cvpp|A = Ail) = 1
< lexp(r) —1].

Hence, provided 7 is small enough, (iv) is satisfied and we may also ensure that
w1 (A) -+ wien (M)

< 2.
wz+1()\z') o 'wl+Ni<)\i) B
Hence, if m > my, using again the monotonicity of each w,, for all i € {1,...,¢} and all
A€ Ai,
wipt(N) - wgn (A 2

(w”l()‘i) o 'wl+Ni<)\i))m/m0 N (wl+1(a) - ~wz+N¢(a))1/mO.

Applying a last time (11) (with only one nonzero wy now), we get that (iii) is satisfied,
which closes the proof of Theorem 3.4. O
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Remark 3.5. If we are only interested in the existence of a common hypercyclic vector, we
have a similar statement by verifying the assumptions of Theorem 3.4 only for my = 1.

Before giving specific examples, let us explain the dependance between the behaviour of
(C,) and the choice of (ng). We work on X = ¢! and we assume first that w,(\) = X for
all n > 1, A > 1. In that case, C,, ~ n and the sequence n; cannot grow too fast in order
to ensure the divergence of ), 1/C,,. It is then natural to set n; = Ni for some N, and
this will be enough to ensure the uniform unconditional convergence of the series involved
in Theorem 3.4, because the product wy(A) - - - w,(\) = A" grows very fast.

Assume now that w,(\) = 1+ A/n. In that case, L, = 1/n and C,, behaves like log n.
This means that we may choose a sequence (n;) going very fast to +o0, like n; = 2. This
will be necessary to ensure uniform unconditional convergence, since now wq () - « - wy, (A) ~
n*, which grows much slowly, especially if we allow A to be close to 0.

Let us proceed with the details. We first give a result which should be thought as a
version for hypercyclic algebras of [2, Corollary 4.10].

Theorem 3.6. Let A C R be an interval and let (w(A))xea be a family of admissible weight
sequences. Assume that

(a) (e;) is an unconditional basis of X ;

(b) all functions log(w,) are non-decreasing and are Lipschitz on compact sets with uni-
formly bounded Lipschitz constants;

(¢) for allm > 1 and all X\ € A, the series >, (wi(A) -+ w,(N))"Y™e, converges.

Then (Nyep HO(T)) U {0} contains a non-trivial algebra.

Proof. We may assume that A = [a,b] is a compact interval. Let C' > 0 be such that all
functions log(w,) are C-Lipschitz. We then set ny = k, k > 0, and observe that, for all
1 >0,

1 1

€l4ngi—n; — €14k,
1 k+1i 7 1
k>1 (wl+1(a) "'wl+nk+i—ni(a)) m k>1 (le(a) "‘wl—i—k(a)) "

which shows that the assumptions on unconditional uniform convergence are satisfied. [J

Corollary 3.7. Let X be a Fréchet sequence algebra for the coordinatewise product with
a continuous norm and such that (e;) is an unconditional basis of X. Let w = (w,,) be an
admissible weight sequence and define

Ay = inf {)\ >0: Z )\*"/m(w1 . .wn)_l/men converges for all m > 0} )

Then (Nysn, HC(ABy) U {0} contains a non-trivial algebra.

This corollary includes the case of the families (AB) =1 on ¢, or ¢g and (AD)~o on H(C).
For families (AB) >0 on w the same result holds with an even easier proof, although this
space does not admit a continuous norm.

Theorem 3.8. The family (AB)\=o admits a common hypercyclic algebra on w for the
coordinatewise product.
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Proof. 1t is enough to prove that the sets of vectors generating a common hypercyclic
algebra for (AB)o<a<1 and (AB)j~1 on w with the coordinatewise product are Gy dense.
Since we know that B itself also has a G5 dense set of vectors generating a hypercyclic
algebra, we can gather the three cases 0 < A < 1, A =1 and A > 1 by a Baire argument (a
countable intersection of comeager sets is comeager).

The proof for the family (AB),~; imitates that of Theorem 3.4 and is left to the reader.
Let us consider the family (AB)o<a<1. Here we need another version of Lemma 3.2 obtained
by an application of Proposition 3.1 with m = max(I). The statement is the same but
with m; in the place of my. Let T\ be AB and S, be %F, where F' is the unweighted
forward shift. Let A = [a,b] C (0,1), let mg < m; in N and let v € w. Let M > 0 and
finally let O be an open neighborhood of 0 in w. There exist € > 0 and p € N such that

|z <eforl=0,...p = (x,)n €O0.

|exp(7) — 1| K™™ < ¢
We also fix a big integer N > max(p, M) (more conditions will be given later) and we
define N; =N forallz> 1, \y =aand \; = \;_1 + A for all @ > 1. Since > & = t0o,
there exists ¢ € N such that A1 > b. Let A; = [A\j, \iy1) for i =1,...,q.

By construction we have A C J{_; Ay, Ny > M and N;y — N; > M. Also, since N > p,
we get immediately that

q
38,0 €0
i=1

(3

and, for all m € [mg,m¢] and all A € A;,i =1, ..., ¢,

q N m
> T (8N,0m) e o.
j=i+1 J
Now, let m € [mg, m1] and A € A; for some i = 1, ..., q. We write

N;
TNi SNi Ul/ml m _ A Um/m1.
A )\1/""1 Am/ml

(2

If m = myq, then for all [ =0, ..., p,

N .
A s A\
N o —ul =y —1]|u]

)
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that is, T)]\Vi <5’Ni vl/”“) — v € O. Moreover, if 7 > 0 is small enough, we have

)\:/ml
A\
— < 2.
(M) -

If m € [mg, my), then for all [ =0, ..., p,

Ni Ni
A/ AT/

N; m
2) T gy

< o™ U mD) | rmma .

Hence, provided N is big enough, this is less than € since 0 < b < 1 and 1 — 2 L0

mi1

We can also get examples of families which are not multiples of a single operator.

Example 3.9. Let X = ¢ and consider w,(A) = 1+2, X > 0. Then (., HC(By))U{0}
contains a non-trivial algebra.

To include the ¢,-case, we need to change the choice of (ny).

Example 3.10. Let X = /,, 1 < p < oo and consider w,(\) = 1 + %, A > 0. Then
Nyso HC(Buw(ny) U {0} contains a non-trivial algebra.

Proof. Again, we need only to consider the case A = [a,b] with @ > 0. We apply Theorem
3.4 with Ly = 1/k and ny = 2% The uniform unconditional convergence of the involved
series is ensured by the inequalities

wy(a) -+ wy(a) > exp(clogn) = n® for some ¢ > 0

and

1
Z )) 1/m el+nk+i—ni

k>K (wl-l—l(a) e wl+nk+i_ni(a

1
S m
];{ (wl+1(a/> © o Wiggk+i_9i (a))l/
1

k>K
1
=G Z (2k — 1)e/m’
k> K
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As mentioned in the introduction, this last result is interesting even for the existence of
a single hypercyclic vector, which was only known for A > 1/p. The novelty here is that,
since the weight varies very slowly, we may take a sequence (nj) increasing much more
quickly to 400 without reducing the size of the intervals I such that, for all A\, u € I,
T\* Sykeo is close to ep. Allowing (ng) to be large helps to ensure the smallness of the sum
appearing in (12), even if the product wy(A) - - - w,(\) is not very large.

3.3. Common hypercyclic algebras for a family of backward shifts - Cauchy
product. In this subsection we are dealing with the question of the existence of common
hypercyclic algebras, for families of weighted backward shifts when the underlying Fréchet
sequence algebra is endowed with the Cauchy product. We will establish a general criterion
for the existence of such algebras which encompasses the case of the multiples of the
backward shift on ¢; and of the multiples of D on H(C) as particular cases. Again,
our main tool will be Proposition 3.1. Nevertheless, fixing [a,b] C A, we will not be
able to devise a partition of each [a,b] C A as in the proof of Theorem 3.4. We will
only succeed to do this for intervals [a, ka|, where k will be independent of a. To come
back to the assumptions of Proposition 3.1, we will need an auxiliary lemma. For a
family of admissible weighted sequences (w(A)) we will denote as usual by Ty = By the
corresponding weighted backward shift.

Lemma 3.11. Let X be a Fréchet sequence algebra under the Cauchy product in which
span(e;) is dense and let A C R be an interval. Let (w(\))xea be a family of admissible
weights and assume that the map (A, x) — Thx is continuous. Suppose that for all [ag, by] C
A, allm > 1 and all non-empty open set V- C X | there exists k := k(m,V,ag,by) > 1 such
that, for all a € [ag, bo], for all O open neighborhood of zero and for all My € N, one can
find w € X and My € N satisfying

(i) w has finite support and u € O;
(i1) for each X\ € [a, ka] N]ag, bo] there is N < My such that, for all x € X with supp(x) C
0, M), (TN (u+2)" =0 forn <m—1 and (T\)N(u+2)™ € V.
Then (Tx)aea admits a common hypercyclic algebra.

Proof. We are going to apply Proposition 3.1. So let K = [ag, by] C A, let I € Py(N)\{2},
set m = max(I) and let U, V,WW C X be non-empty open subsets, with 0 € W. We begin
by considering x given by the hypothesis. Let s be the first positive integer satisfying
agk® > b and define a; = Kk'ag, for i = 1,...,5—1, and a; = by. We will use the assumptions
of the lemma to construct a sequence of pairs (u(1), N7), ..., (u(s), Ns) satisfying, for all
1=1,...,s,

o u(i) e U;

o for all A € [ag, a;], there is N < N; such that (7)Y (u(i)*) € W, for n < m, and

(T3)¥ (u(i)™) € V.
This construction being done, it is clear that u := u(s) is the desired point we are looking
for in order to apply Proposition 3.1.
We fix u(0) € U with finite support and we let M (0) = max (supp(u(0))) and Oy such

that u(0) + Oy C U. For a = ayg, O = Oy and My = M(0) in the lemma we find v € X
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and M; =: N; such that u has finite support, v € Oy and, for each A € [ag, a;] there is
N < N, such that, for all x € X with supp(x) C [0, My], (T\)Y (u+ )" =0 for n <m —1
and (T))"(u + x)™ € V. In particular, for z = u(0) we have u(1) := u(0) +u € U and,
for all X € [ag,ay], there is N < Nj such that (7)) (u(1)*) = 0 € W, for n < m, and
(TN (") € V.

Assume that u(i) has been defined and let us define u(i+1). Instead of applying directly
the lemma we need to adjust things so that the corresponding interval is not just [a;, a; 1]
but [ag, a;41]. By the inductive properties of u(i), by the continuity of (A, z) — Thz and of
the product of X and by the compactness of [ag, a;], we can find O; an open neighborhood
of zero that

o u(i) +O; CU,;
o for all y € u(i) + O; and all X € [ag, a;], there is N < N; such that (7)) (y") € W,
for n < m, and (T\)V(y™) € V.

Now we apply the lemma with a = a;, My = max (supp(u(i))) and O = O; and we find
u € X and M; such that u has finite support, u € O; and, for each A € [a;, a;11] there is
N < M; such that, for all x € X with supp(x) C [0, My], (TA)V(u+2z)" =0forn <m—1
and (T3)Y(u+ )™ € V. We set N;y1 = max(M, N;) and u(i + 1) = u(i) +u. Applying
the previous result with = u(i) when X\ € [a;, a;11] or using that u(i + 1) € u(i) + O;
when \ € [ag, a;11], we finally get that for all A € [ag, a;11], there is N < N;,; such that
(TN (u(i+1)") =0 € W, for n < m, and (T)" (u(i +1)™) € V. O

Now we are ready to prove the main theorem of this subsection.

Theorem 3.12. Let A C R be an interval, let X be a regular Fréchet sequence algebra
under the Cauchy product and let (w(\))xea be a family of admissible weighted sequences
such that all functions log(w,) are non-decreasing and Lipschitz on compact sets with
uniformly bounded Lipschitz constants. Suppose that (e,) is an unconditional basis of X
and that

(a) for all A € A,

- 1
en € X;
; wi(A) - wn(A)
(b) for allm € N and all [ag, by] C A there exist ¢ € (0,1) and ko > 1 such that

m—1

9 g 3 ) )

wi(a) - 'w(m—l)N+n(a)

e, =0, for all a € [ag, bo).

N—o0
n=c

Then (T\)xea admits a common hypercyclic algebra.

Proof. First we observe that an application of the Banach-Steinhaus theorem as in the
proof of Theorem 3.4 yields that the map (A, x) — Thz is continuous. Given [ag, by] C A,
m > 1 and V C X open and non-empty, from condition (b) there exist ¢ € (0,1) N Q and
ko > 1 such that (13) holds. Since the functions A — w,()) are nondecreasing and by
unconditionality, (13) holds for all € (1, ko). Fix d € (¢, $+)NQ, take y = E?:o yje; €V
and find p > 1 and > 0 so that y + B C V, where B is the ball for the seminorm || - ||,
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centered at the origin and with radius 3n. By unconditionality of the basis (e, ), there exist
po > 1 and C,,, > 0 such that, for all z = ) z,e, and all § € {,

“+o00 —+00
E annen E Tnn

Take ¢ > p big enough so that

(14)

< CopollOloo
p

£0

(15) <,

D
(&
2 (o)) |

for all z € coo With ||2]|ce < ||Y]|oo(max(1, wy(by), ..., wy(bo)))? (this is possible by condition
(a)). We also fix M > 0 so that all the functions log(w,,) are M-Lipschitz on [ag, by]. By
continuity of exp we can find v > 0 so that

(16) |exp(z) — 1| < L, for all z € R with |z| < 7.
Corpo 1Yl o
We then choose 7 > 0 and x € (1, ko) such that
y d—c
17 < — — b <7 ——7-—.
( ) T M <I{ )O_T(m—l—i—d)q

Now let a € [ag, by|, O an open neighborhood of zero and M, € N be arbitrary. There exist
o > 1 and 0 > 0 such that By, (0,6) C O. Take r > 0 large enough such that cr > M,
and cr, dr € N. Later on we will request more conditions on the size of r. For j = cr, ..., dr,

let A\; be defined inductively by A., = a and \j 1 = A; + m. We notice that
dr—1 -
)\dr =a -+
]:Z (m—1)qr + qj
S a4 d—c
a+T
(m—14d)q
> Ka
Define
dr—1 p
ui=u(r) = Z Z dji€qj+1 + ECqr,
j=cr 1=0
where
Y1
dj,l = )

— me™  wi (A1) - Wen—1ygrgiet (A1)
1

o (w1<m> : -?ww(m)) -
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Let also M; := mgr. We shall show that ||ul|, < § if r is big enough. For the double sum
we have
m—1

dr—1 p dr—1 p

1 (wy /ﬁa) Wpgr (Ka)) m
SN de| = [P b i) T
j=cr 1=0 j=cr 1=0 l+1 ]—H (m—1)gr+qj+i\Aj+1 P
Now, we write the quotlent of weights as
w1 (@) -+ Win—1)qr4qj+1(@) (wi(ka) - - 'wmqr(m))%l

W1 (Ajr1)  Wn-Dygragirt(Njr1) — wi(a) -+ Wen-1)grigjri(a)

Using unconditionality of the basis (e,) as in (14), there exist 09 > o and Cyqy > 0
depending only on ¢ such that

dr—1 p
DD diseji
j=cr =0 o0
dr—1 m—1
<C TZ i yiwi (a wy(a) (wy(ka) - - -wmqr(/{a))mm e
> Voo
i j=cr 1=0 w1 ((l) U w(m—l)qT+Qj+l(a) N oo
m—1
W Kra)) m
< Co Z e melna)) =
n=cqr " W(im— l)qT"'”(a

g0

for some eventually null sequence z = (z,,) satisfying

[12]lo0 < Nlylloo (max(1, w1 (bo), ..., wp(bo))?) /m.
Therefore by assumption (b) and the unconditionality of (e, ), we conclude that the sum

er C: d;i€q541 converges to 0 when r — +o0o. On the other hand, for the term ce,,,

since X i 1s regular we find 0y > 0 and C,,, > 0 depending only on ¢ and m such that
1
1 Cqr
[wi(ka) -+ Wingr(Ka)]m
1 e 2
eqrll”
W (Ka)
1 lemarl
em T|0O
wy(Ka) « - Wpgr(ka) " "
1 "
wi(Ka) - - - Wgr(Ka)

ngqr”a =

[
1

[wlma) .

S Co,al |i

3=

S Oa, Emgr )

o1
and this converges to 0 as r — +oo. This shows that condition (i) of Lemma 3.11 is
satisfied if r is big enough.

Now, taking A € [a, kal, there exists k € {cr,...,dr — 1} such that A\ € [Ag, Aer1]. We
choose N = (m — 1)gr + gk < M; and take x € X with supp(z) C [0, M. Clearly
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we have max (supp((u - x)")) < (m—1)gr < N for all n = 1,...,m — 1, which implies
(Ty)™ (u + )™ = 0. On the other hand,

dr—1 p

(u + m)m =12’ + Z ngm_l J1€(m—1)gr+qj+l + 5memqr7

j=cr =0
with supp(z’) C [0, (m—2)gr+2(dgr+p)]U0, (m—1)gr+Mo). It follows that max (supp(z’)) <
N if r is big enough. We also have that (m — 1)gr + ¢j +p < N if j < k. Hence,

(TN (u + )™
p

m—1
= E :mg Ao g W(m—1)gr+qh—N+1+1(A) * * * Wn—1)gr+gh-+1(A) €(m—1)gr+qk— N+
1=0
dr—1 p

m—1
+ E E :mg W (m—1)gr+qj—-N+141(A) * ** Win-1)gr+qj+1(A) €(m-1)gr+qj— N+
j=k+1 1=0

+ gmwmqr—N—&—l()\) e wmqr()\)emqr—N
= Pl + P2 + P37
where, after substituting d;;, N and ¢ by their values,

P = i W1 (A) * + Wen—1)grrqr+1(A)
Wi1 (Akt1) *+ Win—1)grtq+1(Akt1)

Y€
1=0

P, = di:l y YG-Ratit (A)-- 'w(mfl)qurqu()‘)

YIC(i—k)q+l
weet(\ge) - Wone gt () © 000

j=k+1 1=0
w(?“—k)qul()‘) e 'wmqr()‘)

Py =
3 wi(Ka) - - Wngr(Ka)

€(r—k)q-

From the definition of A, ..., Ag,, by the Lipschitz condition on the functions logw, and
by (17), we get

(m—1)gr+qk
> log(wiei (V) — log(wiy;(Aes1))
j=1
(m—1)gr+qk
< Y [log(wi;(A) — log(wig;(Aesr))|
j=1
(m—1)gr+qk
< D MOwn— M)
j=1
= ((m — 1)qr + gk)M T
a T (m — 1)qr + gk

<.
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Hence, by (16) we have

‘ w1 (A) - 'w(mfl)qr+qk+l(>‘) 1
Wi (Apg) - 'w(m—l)qr+qk+l()\k+1)
(m—1)gr+qk
= lexp > log(wie(N) —log(wi(V) | — 1
j=1
_n
B Op,poHpro'

Writing

p
Pi—y = Oe with 6] < ——.

=0 o0 1Yl o

we get by (14) that [|P; — yl|, < 7. Furthermore, let us write

W(i—k)yg+141(A) * Win—1)griqj+1(A)
wl+1()\j+1) e 'w(mfl)qr+qj+l()\j+1)

—k)q (m—1)qr+qj+l
ws(ao) s(A)

w1(>\j+1) : y+1 H

_wl(ao) " W(i—k)g+l (ao)

w
J“) s=(j—k)g+i+1  °

s=1

Then we get since the functions (w,) are nondecreasing,
Zn
P, = e
i nzzq wi(a) - wn(ag) "

for some eventually null sequence (z,) with

12llsc < l[ylloc (max (1, w1 (bo), ..., wp(bo)))"-
By (15) we conclude that || ]|, < 7. Finally,

Wir—k)g+1(A) * Wingr(A) _ We—pyg1(Ka) - - - Wingr (Ka)

wi(ka) - Wmgr(ka)  —  wi(ka) - Wpg(Ka)
B 1
— wi(Ka) - W (Ka)
1

~ wi(ag) - wi—gyq(ao)’
hence || Ps||, < n if r is big enough. With this we conclude that
(D)™ (u+ )™ = yll, < 3n,
which shows that (T3)™(u + x)™ € V and completes the proof.

11 (Aj1)

41

g

We now apply Theorem 3.12 to multiples of the backward shift and of the derivative

operator.
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Example 3.13. On ¢; endowed with the Cauchy product, (,.; HC(AB) U {0} contains
a nontrivial algebra.

Proof. We apply Theorem 3.12 with X = ¢;, A = (1, 00) and w,,(A\) = A. We have that the
functions log(w,,) are continuously first differentiable hence uniformly Lipschitz on compact
subsets of A. Condition (a) trivially holds and, for (b), we have that

m—1

Z [wy(ka) -+ wyy(ka)] =

wi(a) - Wen—1)N4nla

a K(m—l)N

a—1 x aleNl

€n

n=cN

which, for m = 1, tends to 0 as N goes to +o0 for any ¢ € (0,1),x > 1 and a > 1, and for
m>1itgoest00foranyc€(0,1)and1<m<aﬁ. U

Example 3.14. On H(C) endowed with the Cauchy product, (,., HC(AD)U{0} contains
a non-trivial algebra.

Proof. We apply Theorem 3.12 with X = H(C), A = (0,00) and w,(\) = An. Again the
functions log(w,) are uniformly Lipschitz on compact subsets of A and condition (a) is
clearly satisfied. For (b) we fix m > 1, a >0, K > 1 and r > 1 and we have

wi(Ka) - - Wy (ka))m—D/m
Z:(( ) (ka))

n>eN wi(a)-- 'w(m—l)N+n(a)

—1)/m n
(m=D)N (f)
Z — 1 N+n) a

n>cN

€n

T/Cl n—l—m 1)N

:(%)(m - P D ey

(r/a) m—14+c)N
(m—1+cN)'

<C( (mN)Im=D/m 5

kay (m=1)N
-)
Since for all € > 0, Stirling’s formula implies
(mN)Im=L/m < ¢ Nm-1+eN
((m — 14+ c)N)! > CLN(m-lte—eN,

choosing € < 2¢, it follows that for all ¢ € (0,1), all Kk > 1, all @ > 0, all m > 1 and and all
r > 1, we have

<@)(m_1)N (mAN)Im=D/m 5 (r/a)m= N N 0
r ' (m—=14¢)N)! '

Hence, assumption (b) is satisfied. O

Remark 3.15. We can make use of the same ideas and prove that (ABy) >0 admits a
common hypercyclic algebra on w with the Cauchy product. In fact, the separating term
allows us to push all undesirable parcels to the right and that is all we need when the
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topology of w comes into play. One can even simplify the definitions of ee, and d;; as their
sizes are not important as everything will vanish by the support.

Question 3.16. Let X = {1, A = (0, +00) and w,(A\) = 1 + A/n. In the previous section,
we have shown that (,., HC(By(»)) is not empty. Does it contain (except 0) a nontrivial
algebra for the Cauchy product?

We cannot apply Theorem 3.12 for this family of shifts since (b) is not satisfied. Indeed,
using standard tools of calculus, it can be shown that, for alln € N, alla € A, all ¢ € (0, 1)
and all k > 1, there exists C' > 0 such that, for all N > 1,

iv: [wy(ka) - - -me(Ka)]% .

wi(a) - 'w(mfl)NJrn(a)

k(m—1) 1

> N

n

n=cN 1

For a = m = 2, it is impossible to find x > 1 such that the right hand-side goes to 0.
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