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PI output feedback for the wave PDE with second
order dynamical boundary conditions

Christophe ROMAN!

Abstract—The paper focuses on a one-dimensional wave
equation subject to second order dynamic boundary conditions
with source terms on a Hilbert space. The purpose is the regula-
tion of the wave velocity toward a given constant by the means
of a Proportional-Integral action. The regulation problem is
reformulated as a stability problem over an attractor which
is not bounded in the state space. The asymptotic stability
of which is established using La Salle invariance principle in
Hilbert space. In order to proceed, this paper proves that the
evolution problem associated with a maximal linear operator
(or equivalently linear C)-semigroup of contraction) gives
precompact trajectories. This result is used on the considered
wave equation on the state space-attractor quotient. The state
space-attractor quotient is proven to be a Hilbert space.

I. PROBLEM STATEMENT

The considered system is for all ¢ > 0, Vz € (0, 1),

vu(w,t) = (a(z)ve)e (@, 1) — q(z)ve(z,t) + f(2), (la)
vie(1,t) = —arvg (1,t) — qroe(1,8) + U() + f1,  (1b)
01:(0,t) = azv,(0,1) — q2v¢(0,t) + fo, (1c)
v(+,0) = vy, wve(-,0) =vy. (1d)

The parameter a(-) is only space dependent and stands for
the elasticity of the wave equation. The parameter ¢(-) is
a viscous coefficient. The parameters ¢, q2, a1, as are
boundary coefficients. We assume that a(-) € H'(0,1),
q(-) € L?(0,1), a1, as, and ¢o, are strictly positive, and that
q1 € R. As ¢(+) is positive, it is also named viscous damping
coefficient. The source terms f € L2?(0,1), f1, fo € R
are supposed unknown, therefore, their values are not used
in the control law computation U(¢). The functions vy
and v; are the initial conditions. Note that considering a
weak formulation of the system (1), one can show that
a € L?(0,1) is sufficient to obtain well-posedness. In detail,
v, and a are in dual space, and the dual of L? is L? for
the weak formulation. In the case of the strong formulation
a € H™! the dual of H'. The following inclusion holds
H'cL?cH™.

The objective is to regulate v;(-,¢) to v, by the means
of a proportional-integral control law using the measurement
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of the velocity collocated with the actuation, i.e., v¢(1,t), in
other words,

t
U(t) = —k(ve(1,t) — o) — kz/ (ve(1,t) — vi)dt. (2)
0
This can be equivalently written as

{ U(8) = —k(ve(1,8) = o) — ki (1),
7:]71(t) = Ut(lv t) - ’Uiefa 771)(0) - O

In the literature boundary conditions of this type (1b)-
(1c) can be linked to Wentzell’s boundary conditions [8].
It involves a modification of the usual state space. This
modification results in our case to the addition of two finite-
dimensional state variables, in a similar way as in [17],
[5], [7] and [2]. When the wave equation is more than a
one-dimensional, the reader is referred to [8] and references
therein.

The regulation problem on the one-dimensional wave
equation with dynamic boundary condition has attracted the
attention of many researchers in the control community.
Some of the applications in mind are the crane regulation
[6], [5], [7] and [2], drilling torsional vibrations [16], [18],
piezoelectric control [12], and flexible structure [9]. The
closer approach associated with the paper is [18] where
the velocity regulation with a PI is considered. However,
note that, the controlled boundary condition is not a second
order dynamical one, opposite to the case here. Nevertheless,
due to the boundary the authors consider in [18], they
can achieve exponential stability even with small viscous
anti-damping at the boundary opposite to the actuation. In
the case under consideration, only viscous damping at the
opposite boundary is considered, and asymptotic stability
is achieved. In [2] the wave equation is subject to two
dynamic boundary conditions but they focus on the position
stabilization, and no viscous terms are considered.

An identification procedure has been proposed in [14] for
the system (1) without source terms on experimental data.
This means the considered problem can be associated with
a experimental setup.

To the author knowledge, this paper is the first one to
consider a one-dimensional wave equation with in-domain
viscous damping subject to two dynamical boundary con-
ditions, which achieves velocity regulation by collocated
boundary output feedback. Collocated boundary output feed-
back means that the actuation and the measurement are at

(3a)
(3b)



the same boundary, and that the control law needs only the
output to be computed.

Notations: Given u : [0,1] x RT — R, we denote the
partial derivative of w with respect to its first variable values
at (z,t) € [0,1] x R* by

ug(z,t). )

Similarly we denote the partial derivative of u with respect
to its second variable at (x,t) € [0,1] x Rt by

ug(x, t). (3)

Consider I a space, L?(I;R) denotes the class of equiva-
lence of square-integrable functions from [ to R. Moreover
L?([0,1]; R) is abusively denoted L?(0, 1). Furthermore H™

denotes the Sobolev space W2, e.g.
we H e uel? o e L2 (6)

in which v’ denotes the derivative of w.

II. MAIN RESULT

Consider the following change of variable for all (z,t) €

[0,1] x [0, 00)
(s t) = v(z,t) — ol + %))[ 0™ + f,] /0 ﬁds
[N [ a0 + folands,
n(t) = no(t) - kizzl) /01[ viq(s) + f(s)]ds
—%[ Gu + fo] + qulesz Lo @

Direct computation gives that the variable u(x,t) is the
solution of the following system:

upt(x,t) = (aug)z(z,t) — q¢(x)us(z,t) (9a)
up(1,t) = —a1ug(1,t) — kpue(1,8) — kin(t)  (9b)
N(t) = ue(1,7) (9¢)
ut(0,1) = —goue(0,t) + asu,(0,t) (9d)
u(,0) =wug, u(-,0)=wu1, n(0)=mno, (%e)

where k, = q1 + k.

Note that 7, — n corresponds to the feedforward gain of
the system (1).

The state is

X(t) = [u('at)v ut('vt)’ ut(lvt)a W(t)» ut(ovt)] €H.
(10)

where H denotes the state space of the weak solutions,

H = {H'(0,1) x L?(0,1) x R3}. (11)
The state space for the strong solutions is
V= {H?(0,1) x H*(0,1) x R?}. (12)

The regulation objective of (1) is the stabilization of (9)
with respect to the following subspace

S:={z€H:z =d(ae), dER, 25 =0(ae.),

23 = 24 = 25 = 0}. (13)

In order to characterize the distance between an element
of the state space and the set S we consider the following
functional

1

I'(2) ::/ [21(2)? + 29(x)?]dx + 25 + 25 + 22
0

It yields

I'z)=0&z€S. (14)

The following result is stated.

Theorem 2.1: Consider the system (9). Assume that
kp >0 and k; > 0 then there exists a strictly positive
constant M such that for all £ > 0

L(X(t)) < MT(X(0)). (15)

In addition,
rx@) — 0.

t—o0

(16)

In other words, the system is asymptotically stable with
respect to the attractor S defined in (13).

It follows that the velocity regulation of the system (1)
associated with the control law (3) is achieved for k; > 0
and k > —q;.

The proof of this theorem is quite technical as classical
Lyapunov functionals are not sufficient to prove exponen-
tial stability (this is proven in Appendix B), and that the
computation of the eigenvalues is tedious. The proof is
based on Lyapunov analysis in order to prove stability, then
asymptotically stability is obtained using LaSalle invariance
principle.

Note that in order to use the invariance principle in infinite
dimensional space, we have to establish the precompacity
of the trajectories [10, Theorem 8.4.3 on Page 85]. In the
sequel the following statement is proven: The trajectories
of a evolution problem associated with a linear maximal
monotone operator (equivalently linear Cp-semigroup of
contraction) are precompact (see Theorem 3.7 below for a
precise statement of this result). This allows future applica-
tions to other regulation problem.

III. PROOF OF THEOREM 2.1
A. Stability analysis

Consider the following Lyapunov functional

V(X)) = /0 (s (2, )2 + a(2)us (, )% da

+ 1,02

02+ .12
i (7



Deriving and using integration by parts one directly gets

V(X)) = —2(/0 o(2)us (2, 1) 2dz

(1) a(0)
aq a9

+ kp——u (1,4)% + go—>us (0,8)%).  (18)

B. Convergence analysis

We start by computing the largest invariant space where
V = 0 which expression is given in (18).

Lemma 3.1: The largest invariant space where V =
which is also given by the overdetermined system

up(z,t) = (aug)s(z,t) — q(x)ur(2, 1), (192)
u(1,t) = —aug (1,t) — kpu(1,8) — kin(t), (19b)
n(t) = w(1,¢), (19¢)
utt( ) AUy (07 t) — q2U¢ (07 t)a (19d)
ug(1,t) =0, (19¢)
ut(0,t) =0, (19f)
ue(+,t) = 0(a.e.), (19g)
is S defined in (13).
Proof : One obtains
w(0,1) = 0 = u (0,¢) = 0, (20)
an:/utxt 0, @
1
/ up(x,t)de = 0= / u(z,t)de =d, de R, (23)
0 0
1 1
/ ug(z, t)de =0 = / uge(x, t)dx = 0. (24)
0 0

Integrating (19a) with respect to = from 0 to 1, using (23)
one gets

0= a(0)u,(0,t) — a(l)uy(1,t). (25)

Considering (19b) with (21) it holds
arug(1,t) = kin(t). (26)

Considering (19d) with (20) it yields
asu,(0,t) = 0. 27

Gathering last three equations one gets that 7(t) = 0, and
with (22) one concludes the proof. |

As previously written in order to use LaSalle invariance
principle, we need the precompacity of the trajectory [10,
Theorem 8.4.3 on Page 85]. Indeed these properties can be
used to establish that the w—Ilimit set is nonempty and is an
invariant set in H using the theorem in [17, Theorem 3.1].

As far as we know, the establishment of the trajectory
precompacity is based on the dissipativity or maximal mono-
tonicity of the operator in H, e.g. [6], [5], [7], [12], and [13].
In the case under consideration, we do not have a maximal

monotone operator in . Moreover the set S defined in (13)
and which represents the w—limit candidate is not bounded
in H. This means that the trajectories cannot be precompact
in H, and also that we cannot use the weaker result in [17,
Theorem 3.1 (ii)] which requires only boundness.

A set is said to be precompact if and only if for every
e > 0, there exists a finite collection of open balls in M
of radius € whose union contains M. Precompacity implies
boundness but the converse is not true.

Note that the notion of precompacity is completely de-
pending on the embedding space. The idea is to study
the system in another Hilbert space where the operator is
maximal monotone. The space, where solutions are given, is
changed in order to be able to establish the precompacity in a
classical way. The next lemma concerns the aforementioned
Hilbert space.

Lemma 3.2: Consider the quotient space H/S. It is a
Hilbert space associated with the following scalar product,

1
(u, 2)3)s :/0 [ua()22(7) + a(z)uy (z) 7 (2)]dz
a(1) (0)

a
+ 7(U323 + ki’u,42’4) + —uszs.
ay a2

(28)

The proof of this lemma is based on the following
theorems. Note that notations have been changed in order
to match with this paper ones.

Theorem 3.3 ([15, Theorem 1.41 (d)]): Let S be a closed
subspace of a topological vector space H. If H is a Banach
space so is the quotient space H/S.

Theorem 3.4 ([15, Theorem 1.34 (d)]): Suppose /V ()
is a seminorm (subadditive and absolute homogeneous) on
a vector space H. Then {z : \/V(z) = 0} is a subspace of
H.

Theorem 3.5 ([15, Theorem 1.18 (b)]): Let A be a linear
functional on a topological vector space. Assume A(z) # 0
for some z € H. The null space Ker(A(-)) is closed.

Proof of Lemma 3.2: First one directly gets that v/V is
a seminorm on H, i.e.,

VVig+2) < VV(Q) +VV () (29)
VV(az) = aly/V(z). (30)
Second one gets that S = Ker(V(-)) = Ker(y/V(:)) =

Ker((:, )3,/s)- Moreover using Theorem 3.4 one gets that
S is a subspace of H.
Third, consider the following families of functional

A1[s](z) = /Os 21 (z)dz, (31)

As[s](z) = /OS zo(x)dx. (32)

Both are indexed by s € (0,1]. Consider also the three
following functional

A3(z) = 23, A4(2) = 21, As(2) = 2. (33)



It is direct that all A; are linear. Note that by construction
the intersection of the null spaces is

(1 Ker(Aifs](-) () Ker(Ai(1)=8. (34
1 =1..2 1=3..5
s € (0,1]

Therefore using Theorem 3.5 and the fact that any intersec-
tion (finite or infinite) of closed sets is a closed set, one
obtains that S is closed.

Fourth, using that S is a closed subspace of H and
Theorem 3.3 it yields that H/S is a Banach space.

Finally, proving that (28) is a scalar product on /S (this
is direct) one concludes the proof. |

Now let us consider the abstract evolution problem as-
sociated with the partial differential equation (9) in /S,
ie.,

(35a)
(35b)

d
SA(D) + AX(1) =0,
X(0) = A,

in which the unbounded operator A is defined as follows

— 2
—(azy) + Az
z€Dom(A), Az= |a121(1) + kpzs + kiza|, (36)
.
—a221(0) + g25
with
Dom(A) ={z € V/S: z(1) = 23, 22(0) = z5}. (37)
The link between the different variable is
Z1 ’LL(', t)
z2 ut('u t)
X@t)=z=|z3| = [w(1,t) (38)
24 n(t)
24 ut(0,1)

Lemma 3.6: The operator A is maximal monotone in
1/S.
Proof : One computes that

1
o Aehrys = [ a@)alede + 122 4,002
0

>0. (39)
This proves that the operator .4 is monotone (see [1, Chap-
ter 7 on Page 181]). In addition if we establish that

R(I+G) =H, (40)
then the operator .4 is maximal monotone (see [1, Chapter 7
on Page 181], R stand for the range of the operator). In other
words, let y € H/.S, we have to solve

z€D(A), z+Az=y, (41)

which means that

21 — 22 =1, 42)
2o — (az1) + q22 =y2, (43)
z3 4+ ar121(1) + kpzs + kizg =ys, (44)
24 — 23 =Ya, (45)
25 — ap21(0) + g225 =Ys, (46)
using the fact that z € D(A) one gets

1+ )z — (az1)" = (L + Q)1 + v2, (47a)

(1 +kp+ k)21 (1) + ar21(1) =
(1 +kp + Ki)y (1) + ys — Kiya, (47b)
(1+¢2)21(0) — aoz1(0) = (1 +g2)y1(0) +y5.  (47c)

This is a classical stationary problem (e.g. see [1]) with
Robin’s boundary conditions, using standard result (as done
in [1, Example 6 On Page 226]) with (1 4+ q)y; + y2 €
L?(0,1), one gets that (47a)-(47c) has a unique solution
21 € H?(0,1). Note that it holds y € H < y € H/S and
y €V <y € V/S in the case under consideration, in which
‘H and V have been defined in (11) and (12). Now one can
check that the element z = (21, 22, 23, 24, 25) With

z1 is a solution of (47), (48a)
22 =21 — Y1, (48b)
ys — kiys — a(1)z1(1)
= 4
2 R (480)
24 = Y4 + 23, (48d)
_ /
25 = Ys a(O)zl(O) (486)

1+¢go

satisfies (42)-(46). Moreover using (47a)-(47c) on (48) one
gets that z satisfying (48) is in D(.A). This concludes the

proof. |
Now we need to establish that the trajectories are precom-
pact.

In the cited literature (e.g., [5] or [13]) the precompacity is
proven, on the one hand, establishing the canonical embed-
ding from D(A), equipped with the graph norm into H/S
is compact, and, on the other hand, using the dissipativity
of the operator —A.

However, assuming the linearity of the operator, it occurs
that there exists a more direct and general way gathering
scattering result of the literature. This way is summarized in
the following theorem.

Theorem 3.7:

Consider the following abstract evolution problem
dX(t
% +GX(t) =0, (49a)
X(0)=4, € E. (49b)

The trajectory (under existence condition) is defined as

Y(X) = |J T,

t>0

(50)

in which T is the Cy-semigroup associated with G.



If G is a linear maximal monotone operator in the Hilbert
E then the trajectory ~y(Xp) resulting from the abstract
evolution problem associated with G is precompact in F.

The proof is given in Appendix A. Note that G maximal
monotone is equivalent to 1" is a Cyp-semi-group of contrac-
tion. It also yields also that the associated evolution problem
is well-posed see [1, Chapter 7].

C. Conclusion of the proof of Theorem 2.1

Due to Theorem 3.7 the trajectories of the system under
consideration are precompact in H/S. We can use LaSalle
invariance principle on Hilbert space in [10, Theorem 8.4.3
on Page 85]. We get that the system (9) trajectories converge
toward .S at infinity for any initial point. Using that the sys-
tem is stable with respect to S, one concludes that the system
is asymptotically stable with respect to S. Observing that
v/I'(+) and \/V(-) are equivalent seminorms, one concludes
the proof.

IV. CONCLUSION

This paper presented a proportional integral control on a
one-dimensional wave equation. The wave equation was sub-
ject to two second order boundary conditions with viscous
damping. The PI-control achieves the regulation problem
in an asymptotic stable way. The paper also established
that evolution problems associated with a linear maximal
monotone operator have precompact trajectories. This result
is really useful because (i) the maximal monotonicity is
related to the well-posedness of the evolution problem in
Hilbert space. It is therefore often either a property we have
or we have to prove. (ii) The linearity is easily checked.

APPENDIX
A. Proof of Theorem 3.7

The proof is based on three observations:

(i) If G is a linear maximal monotone operator and
(G +I)~! is compact, then y(Xp) is precompact.
(ii) If G is monotone, then (G + I)~! is a Lipschitz
continuous function with 1 as a Lipschitz constant.
(iii) A linear operator T on H is compact if | Tz]] — 0
whenever z — 0.

The assertion (i) is based on the following theorem and
its proof.

Theorem A.1 ([4, Theorem 3]):

Let A be a (generally multivalued) accretive operator in
a Banach space X such that R(AA + I) D D(A), for
sufficiently small A, and let S be the contraction semigroup
on D(A) generated by —A. Assume that 0 € R(A) and
(M + I)~! is compact for some A\ > 0. Then (Xp) is
precompact for any X €

(A).

Note as A is a maximal monotone operator in # then
D(A) is dense in ‘H which is also equal to R(AA+1T), VA >

0 see [1]. Moreover as A is linear 0 € R(A). We recall that
R stand for the range of an operator.

The observation (ii) is directly adapted from the following
lemma.

Lemma A.2 ([3, Lemma 2.1 (a)] ):

Let Graph(—A) be a dissipative set and A > 0. Then
(M + A)~! is a Lipschitz continuous function with A~! as
a Lipschitz constant.

The fact that A is monotone implies that the graph of —A
is a dissipative set.

The last observation (iii) is a direct consequence of the
following theorem.

Theorem A.3 ([19, Theorem 1.14 on Page 11] ):

A linear operator 7' on H is compact if and only if
|ITz,|| — 0 whenever z,, — 0 weakly in H.

Proof of Theorem 3.7 : Consider that G is a linear and
monotone operator. One gets as G is linear and monotone
that

(G+I)"'o=0 (51)
then using (ii) one gets that
G+ D)~ 2] < Iz (52)

Therefore ||(G + I)*lzﬁ — 0 when z — 0. From (iii) this
gives us that (G + I)~' is compact, now using (i) we get
that the trajectories are precompact. |

Note that Theorem A.1 and Lemma A.2 have been
established for nonlinear/ multivalued accretive/dissipative
operator/semi-groups.

B. Equivalence of Lyapunov analysis under change of vari-
able

The purpose of this appendix is to prove that one can-
not prove exponential stability using a Lyapunov function
candidate in their classical but general form for the system
under consideration. First we start by establishing Lyapunov
functional computations for a class of dynamics which
contains (9). Then we apply the result to the dynamics under
consideration.

1) Lyapunov functional computation for a class of system:

Proposition 1: Consider X (z,t) € R" withn € N, z €
[0,1] and ¢ € [0, 00), whose dynamics is

Xi(z,t) = A1 () X (2, 1) + Aa(2) X (2, t), (53)

in which A;(z) € R™*™ and As(z) € R™*". Consider also
Xi(t) € R™ and X3(¢) € R! with | > max{m,n} and
Xo(t) € RP and X4(t) € R¥ with k > max{p,n}, whose
dynamic satisfies

d
&Xl(t) = A3 X3(t), (54)
d

L Xo(t) = Ay X4(t), (55)

dt



in which A3 € R™*! and A4 € RP*¥. Furthermore, assume
that there exist A5 € R™*! Ag € RP*F A5 € R™"**, and
Ag € R™*¥ such that it holds

X1 (t) = A5 X3(t), (56)
Xo(t) = A Xa(t), (57)
X(1,t) = A7 X5(1), (58)
X(0,t) = Ag X4 (t). (59)

Consider now the following functional
1
VX0 X0) = [ X7 (a0 Po(e) X )
0

+ X1 () PLXa(8) + X5 (1) PaXa(1),
(60)
in which Py(z) € R**", P, € R™*™ and P, € RP*P are
symmetric positive definite matrices. If

As(z)" Po(z) — Po(z) Az(x) = 0, (61)
then it holds
- —/0 X7 (2,4)Q0(2) X (x, £)da
— Xs()T Q1 X3(t) — Xa(t)T(0,£)Q2X4(t),  (62)
with
Qo(z) = —A{ (z)Po(x) — Po(z) A1 (x) + (Po(z)Az(2))a,
(63)

Q1= —AYPiA; — AT P A3 — AT Py(1)As A7, (64)
Qo = —AT Py Ag — AT Py Ay + AL Py (0)AsAg.  (65)

Equation (63)-(65) are similar to Lyapunov equation in finite
dimensional case, therefore, we will also refer to as it. These
equations can be used to evaluate the decay rate as it is
done for hyperbolic PDEs in [11] for example. Note that the
dynamics under consideration is indeed related to first-order
hyperbolic PDEs. However, we prove in Appendix B3 that
each representation is equivalent with respect to the stability
analysis (in the present case, where we consider velocity
stabilization (regulation)).

The condition (61) which is also present in [11] is a
sufficient condition for ensuring the computability of the
Lyapunov derivative. To the author of knowledge, there does
not exist Lyapunov analysis on first-order hyperbolics PDE
and wave equation such that this condition is violated.

Proof of Proposition 1: From (60), the derivative along
the state trajectory, using the dynamics of X, X, and X5
in (53)-(55), is

1
0
+ XTI Ao (2)" Py(2) X + X" Po(2) Az (2) X, ) dz
+ X3()TAT P X (t) + XT (1) PL A3 X5(t)
+ X4()T AT Py Xo(t) + X (t) Py Ag X4(t).  (66)

Using integration by parts, and (56)-(57), one concludes the
proof. |

2) Lyapunov stability analysis: Consider (9) in a vectorial
framework,

X _ ut(mat) :| X _ |:ut(17t):|
w0 =] 00="") @
ut(l,t)
X3(t) = |(aug)(1,1) (68)
n(t)
Xo(t) = [w(0,1)],  Xu(t) = {(alz:x(?(’ota)t)} (69)
It yields
Xt(xvt) = Al(x)X(xat) + AQ(x)Xm(xat)v (70)
in which
- 0 0 1
Moreover it holds
Xi(t) = A3 Xa(t), (72)
where o
Ay = [‘f” _? _ﬂ . (73)
Then one can also get
Xo(t) = Ay X4(t) (74)
in which
Ar=[~n ] (75)
One obtains
X(1,t) = A7 X5(t), Xi1(t) = A5X5(t) (76)
where
1 00 1 00
A7_{0 1 0}’ A5_{0 0 1} 77
Finally, it yields
X(0,t) = AsXu(t), Xo(t) = AeXa(?) (78)
in which Lo
Ag[o J, Ag=1[1 0]. (79)
Considering
_ |pi() p2(z) _|P3 Ps
T TR o PR A A
P> = ps. (81)

which are symmetric positive definite matrices given that
o €[0,1], pr(2) > 0, a(@)p1(2)? = pa(z)® > 0. (82)
ps >0, ps >0, psps—p3 >0, ps >0  (83)

Py(z) satisfies (61) with Ap(x) given in (71). The applica-
tion of Proposition 1 gives



qp2 + api + azp

aph, + azps + 2qa
Qo(x) — Do 1;2 qgapi 1 (iC)
P2
(84)
2(pskp —ps) —a()p2(1)  Hyps —a(l)pa(1)
Q1= *pz(l)
*
kips — psa + kpps
Ps o0ty (85)
2k;ps
0 0 2 0 0) — pg-2-
0, — |(©P2(0) +2psaz a(0)p1(0) —pogisy (86)
* p2(0)

Some necessary conditions for Qo(z), @1, and Q2 to be
symmetric positive definite matrices are ph(z) > 0, p2(0) >
0, and p2(1) < 0. It obviously does not exist for such a
function. We cannot establish the exponential stability using
the aforementioned Lyapunov analysis.

3) Equivalence of change of variable: Considering
Proposition 1, if there exist some Py(z), Pi, and P, sym-
metric positive definite matrices such that Q;(x), Q2, and
@3 are also symmetric positive definite matrices then Iy
such that V' < —4V then exponential stability with respect
to ker(V'(-)) yields.

The purpose of this section is to show the equivalence in
terms of exponential stability analysis for bijective change
of variables with respect to the Lyapunov analysis suggested
in Proposition 1. In the above section, it has been shown that
for the problem under consideration (9) considering classical
quadratic Lyapunov functional (60) one cannot get Qo(z),
@1, and Q- to be positive definite. This section is about
proving that this holds for any reformulation of the stability
analysis (for any change of variable, for example for the
associated coupled first order hyperbolic PDE with ODE).

We start by a list of propositions concerning change of
variables in the present context. Consider the following
change of variable

Z(x,t) = Go(x) X (z,1) (87)
Zy(t) = G1 X1 (t) (88)
Zy(t) = G2 Xa(t) (89)
Zs(t) = GsX3(t) (90)
Zy(t) = G4 X4 () 1)

in which Gy(z) € R™*" is invertible for all z € [0, 1], Gy,
G4, G5 and G4 are also invertible.

Proposition 2: If X is a solution of (53), then Z defined
in (87) is a solution of

Zy = B1Z + By Z, (92)

with
By = (GoA; — GoAxGy ' (Go)s) Gyt (93)
= GoAG ' + GoAr(Gy M), (94)

By = GoAxGyt. (95)
Proof : The proof is done by differentiating (87) with
respect to x and ¢, and using (53). |
Proposition 3: Consider (87), it holds

1 1
/ XTPyXdx = / ZT Ry Zdz, (96)

0 0

with

Py =Gl RyGy, or Ry=(GIH)'RGyt.  (97)

Proof : The proof is obtained directly using (87). W
Proposition 4: Consider (87) and (97), both conditions
(61) and

BTRy — RyBy =0 (98)
are equivalent.
Proof : Using (97), (61) is equivalent to
ATGTRoGy — GTRyGo Ay = 0. (99)

Multiplying by G;' at right, by (GZ)~! at left, and then
using (95) one obtains (98). |
Proposition 5: If P is symmetric positive definite, and G
is invertible, then GT PG is symmetric positive definite.
Proposition 6: P is a symmetric positive definite matrix,
we denote it by

P30 (100)

The two following sentences are equivalent:
—ATPy — PyA;s + (PyAs), > 0. (101)
—BTRy — RyBy + (RyBs)s > 0. (102)

Proof : Expressing Py as (97) in (101), then multiplying
by (GF)~' at left and by Gy' at right, it holds using
Proposition 5 that

— (GoA1Gy ") Ry — RoGoA1Gy
+(G§) " H(Go)E RoGoA2Gy !
+ (Ro)sGoA2Gy !

+ Ro(Go)IAQGal + RoGo(AQ)IGal ; 0. (103)
From (98), using (95) one gets
RoGoAsGyt = (GoArGy )T Ry. (104)

From (103), using (104), adding zero in the form
ROGOAQ(Gal)w — ROGOAQ(Gal)w =0, and using (93)—
(95) one finally obtains (102), and concludes the proof. H
Proposition 7: If X, and X5 are solution of (56) and (57),
then Z; and Z; defined in (88) and (89) are solution of

Z1 = B3Zs(t), (105)
Zy = BaZy(t), (106)

in which
Bs = G1A7G3', By = GyAsGyt. (107)



Proof : The proof is straight from the definitions (88),

(89) and (107). |

Proposition 8: If X is a solution of (58) and (59), then
Z defined by (87) is a solution of

Z(1,t) = By Zs(t), (108)
Z(0,t) = B Z4(t), (109)
in which
B; = GoA7G3"', Bg = GoAsGy'. (110)
Moreover it holds
BIRy(1)ByBr = (G3H)T AT Py(1) A2 A,G5 Y, (111)
BI'Ry(0)BaBs = (G )T AT Py(1) A2 AsGL Y. (112)

Proof : The proof is straight from the definition (87),
(95) and (110). ]
Consider the following definition

No(z) = =B (z)Ro(z) — Ro(2)B1(z) + (Ro(2)Bz(2)).,
(113)

N, = -BIR,B; — BIR, B3 — BYRy(1) B, B,
(114)

Ny = —BYR,Bs — BY RyBy + BY Ry(0) By Bs.
(115)

Theorem A.l: Considering (87) and Proposition 1, both
following sentences are equivalent

« There exist P > 0 such that Q 2 0.
e There exist R > 0 such that N > 0.
In the above sentence P denotes (FPy, Pi, P») and P 2

0 means P, ; 0, P, ; 0, and P» ; 0. The same idea
for Q = (Qo, Q1, QQ), R = (}%07 Rl, RQ), and N =
(No, N1, N3). The N is the () computed with B and R is
the place of A and P it has been defined in (113)-(115).
Proof : The proof is established using Proposition 6,
Proposition 7, and Proposition 8. The link between P and
R is
Py = GYRyGy, P =GTRGy, P»=GIR,G,
(116)
]
4) Conclusion on the equivalence of Lyapunov anal-
ysis: In finite-dimensional systems and also in infinite-
dimensional system it is obvious that the Lyapunov analysis
does not depend on the variable we choose the dynamics
to be stated by. If a system is stable, it is stable for every
basis of the state space. However, that quadratic Lyapunov
functional kept their form for exponential stability analysis
was not so obvious, but as previously shown in Appendix B
it is obtained without much difficulty. Moreover the link
between the weighting coefficient is not surprising (116).
Nevertheless for the wave equation under consideration, this
allows us to state that the system (9) cannot be proven
exponentially stable using quadratic Lyapunov functional of
the kind (60).
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