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ERROR ESTIMATES OF A THETA-SCHEME FOR SECOND-ORDER MEAN
FIELD GAMES

J. FREDERIC BONNANS!, KANG Liut?*® AND LAURENT PFEIFFER!

Abstract. We introduce and analyze a new finite-difference scheme, relying on the theta-method,
for solving monotone second-order mean field games. These games consist of a coupled system of the
Fokker-Planck and the Hamilton-Jacobi-Bellman equation. The theta-method is used for discretizing
the diffusion terms: we approximate them with a convex combination of an implicit and an explicit term.
On contrast, we use an explicit centered scheme for the first-order terms. Assuming that the running
cost is strongly convex and regular, we first prove the monotonicity and the stability of our theta-
scheme, under a CFL condition. Taking advantage of the regularity of the solution of the continuous
problem, we estimate the consistency error of the theta-scheme. Our main result is a convergence rate
of order O(h") for the theta-scheme, where h is the step length of the space variable and r € (0,1) is
related to the Holder continuity of the solution of the continuous problem and some of its derivatives.
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1. INTRODUCTION

Mean field games (MFGs), introduced in 2006 independently by J.-M. Lasry and P.-L. Lions in [24] and M.
Huang et al. in [19], describe the asymptotic behavior of Nash equilibria in stochastic differential games, as the
number of players goes to infinity. In this type of games, players have symmetric dynamics and payoff function.
The latter function depends on the own strategy of a given player and on an interaction cost depending on the
distribution of all players. Mean field games have important applications in various domains, like crowd motion
[22], sociology, biology, macroeconomics [5], trade crowding [13], and finance.

Second-order MFGs (see [1,11,24]) are coupled systems, including a backward Hamilton—Jacobi-Bellman
(HIB) equation and a forward Fokker-Planck (FP) equation. The source term of the HJB equation depends
on the solution m of the FP equation while the velocity (the optimal control) v in the transport term of the
FP equation depends on the solution u of the HJB equation. Under appropriate hypotheses, we can express v
as a function of Vu at each time. Let T¢ be the d-dimensional torus and let @ = [0, 1] x T¢. We consider the
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following second-order MFG:

(i) —Owu—ocAu+ He(t,z, Vu(t,z)) = fo(t,x,m(t)) (t,z) € Q,
(ii) w(t,z) = —Hy(t, z, Vu(t x) (t,x) € Q, MEC
(iil) Oym — ocAm + dlv(vm) =0 (t,z) € Q, ( )
(iv) m(0,2) = mG(x), u(l,z) = g°(x) zeT?
The Hamiltonian H€ is related to the Fenchel conjugate of a running cost ¢¢:
He(t,z,p) = sup (—p,v) — (¢, z,v). (1.1)

veERE

We introduce in this article a theta-scheme for the discretization of (MFG); our main result states that, under
suitable assumptions, the solution of the theta-scheme converges to the unique solution of (MFG). To the best
of the authors’ knowledge, this article is the first one, in the context of MFGs, to give a precise convergence
order for a fully discrete numerical scheme, namely O(h"), where h is the step size of the space variable and
r € (0,1) is related to regularity properties of the solution of (MFG).

Let us describe more in detail the theta-scheme which we propose. Let us denote by Vj,, div, and Ay the
discrete gradient, divergence and Laplace operators of the centered finite-difference scheme (precise definitions
are in Sect. 2). Let 6 € [0,1]. At any time ¢, the theta~-scheme of the FP equation consists of two steps:

(1) An explicit scheme for an intermediate FP equation, with a weight (1 — ) for the Laplacian term:

m(t+1/2) — m(t)
At

— (1 =80)cApm(t) + divy(muo(t)) = 0. (S1)

(2) An implicit scheme for an intermediate heat equation (without divergence term):

m(t+1) —m(t+1/2)
At

—foAp(m(t+1)) = 0. (S2)

Notice that when there is no divergence term (v = 0), the above scheme (S1) and (S2) coincides with
the classical theta-scheme for the heat equation [7]. For the HJB equation, we propose an adjoint scheme; at
each time t, two steps are performed: (1) an implicit scheme for an intermediate heat equation (without the
Hamiltonian term) and (2) an explicit scheme for an intermediate HJB equation. The adjoint structure of the
coupled system (MFG) is preserved in the resulting discretized system, which is an important property for the
analysis.

Motivations of the theta-scheme. Let us describe the main properties of the theta-scheme, which justify our
interest for it. If 8 = 0, our scheme is an explicit scheme which has a natural interpretation as a discrete
mean field game. However, it is not clear whether the explicit scheme for the FP equation, when 6 = 0,
enjoys stability properties for some ¢2-norm. To ensure stability, a natural idea consists in taking an implicit
scheme for the second-order term, i.e., 8 = 1. This yields a mixed scheme (implicit for the Laplacian term
and explicit for the divergence term). We emphasize that the divergence term should remain explicit, in order
to guarantee that the discrete system has a structure of a discrete MFG. When 6 = 1, we see that (S1) is
an explicit scheme of a continuity equation (without diffusion term). To ensure the monotonicity of (S1), an
upwind discretization for the divergence term should be employed, instead of centered scheme. In comparison
with a centered discretization, the upwind discretization has the following disadvantages: (1) the consistency
error is of a lower order, (2) we need then to construct a numerical Hamiltonian (see [1,4]) to preserve the
adjoint structure. Finally, we propose to take # € (1/2,1) in (S1), (S2) and to keep the centered scheme for
the first-order term. The #2-stability is proved in Proposition 4.5 for the case when 6 > 1/2. The monotonicity
property is obtained under a CFL condition (CFL), for all § < 1, see Theorem 4.4. We end up with a discrete
system which has a structure of a discrete MFG, has a higher order for the consistency error, and which does
not require the construction of a numerical Hamiltonian.
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Under suitable assumptions, MFGs have a potential structure (see [12], Def. 1.1), i.e., the system (MFG)
can be interpreted as the first order optimality condition of an optimal control problem of the FP equation,
see [22,24,25]. Then some optimization algorithms can be applied to solve this optimal control problem, such
as the fictitious play [12], the generalized conditional gradient algorithm [25], ADMM and Chambolle-Pock’s
algorithm [2,10], etc. The last important feature of our theta-scheme is that it preserves the potential structure
(when it exists), which allows the application of the previously mentioned methods directly on the discrete
system. These methods avoid solving a large discrete nonlinear forward-backward system. For instance, the
fictitious play [12] and the generalized conditional gradient algorithm [25] require to solve the discrete HJB and
FP equations iteratively. One significant difference between the theta-scheme and the implicit scheme proposed
in [4] is that the first-order terms in the discrete HJB and FP equations of the former are explicit. Thanks to
this, at each time step of the discrete HJB equation, the difficulty of our method lies in solving a linear equation
associated with the implicit part of the theta-scheme, which is much cheaper than solving a nonlinear algebraic
equation in the totally implicit scheme [4]. We mention that the aforementioned linear equation to be solved
is an implicit scheme of a heat equation. Consequently, in high-dimensional cases, we can consider splitting
methods ([28], Sect. 4.4) to decompose the discrete Laplace operator and reduce computational complexity.

Related works. In 2010, a first result concerning the convergence of a finite-difference scheme for stationary MFGs
was obtained in [1]. In this paper, the authors also proposed an implicit scheme for time-dependent MFGs and
proved the existence and uniqueness of the solution of this scheme. In 2013, a convergence result was obtained
for the same implicit scheme in [4] when the Hamiltonian has a monomial form, i.e., H¢(z, p) = H(x)+|p|?, with
B € (1,+00). The two cited works assume the existence of a classical solution for (MFG). In 2016, in the absence
of this existence assumption, Achdou and Porretta [3] proved that the solution of the implicit scheme converges
to a weak solution of (MFG) when the grid steps tend to zero. No assumption on the Hamiltonian is made
in [3], but a technical assumption, Assumption (g5), is required for the numerical Hamiltonian (the discrete
counterpart of the Hamiltonian). An example of a numerical Hamiltonian satisfying (g5) is only presented for
a Hamiltonian with a monomial form (as above), with 5 € (1, 2].

Other discretization techniques have been considered in the literature. We mention the articles [14, 15] in
which a semi-Lagrangian discretization is proposed for first-order and second-order MFGs, respectiveley. The
well-posedness of the resulting discrete system is established for both cases. In [15], the scheme’s convergence is
proven for non-degenerate second-order MFGs in any dimension and for degenerate second-order and first-order
cases in dimension one. A sort of semi-Lagrangian discretization is proposed in [17] for first-order MFGs and
convergence is established in general dimension. In [8] a semi-discretization in space, with finite differences, is
investigated. It is shown that the solution of the semi-discrete master equation converges to the solution of the
continuous master equation, with an explicit rate of convergence. Finally, we cite the article [2], which gives a
good summary of the numerical methods for MFGs.

Numerical analysis. In this paper, we assume that the running cost £¢ is strongly convex with respect to the
control variable. This is equivalent to the Lipschitz continuity of VH¢ with respect to its third variable. This
assumption plays a key role in the stability analysis. We assume that the coupling function f¢ is Lipschitz
continuous w.r.t.  and with respect to m, for the L2-norm. Note that our regularity assumptions on f¢ are
stronger than those of [4]. We also make a monotonicity assumption for f¢, in Lasry and Lions’ sense, see
Theorem 2.4 of [24]. This assumption ensures the uniqueness of the solution of (MFG). For the consistency
analysis, we assume that the exact solution of (MFG) lies in the Holder space C'*7/22+7(Q) (see Chap. 8.5 of
[20] for the definition). In Appendix B, we provide sufficient conditions on the data for this regularity assumption
to hold, for an exponent r which is explicit. We also make use of assumptions dealing with the regularity of £,
m§ and ¢g°. Our convergence analysis relies on a consistency analysis and a stability analysis, the latter relies
on a fundamental inequality and an energy estimate for the discrete FP equation.

Consistency analysis. We prove that the discrete HJB equation has a consistency error of order O(Ath") at
each time step. For the discrete FP equation, the consistency error is the sum of two terms: one is in the form
of the discrete divergence of a term of order O(Ath? %) (which can be dealt with by a discrete integration by
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parts formula in the convergence proof), the other one is of order O(Ath"+?). In comparison with [1,4], there
is no numerical Hamiltonian in our scheme. This simplifies the consistency analysis and avoids the treatment
of an additional error term.

Fundamental inequality. The fundamental inequality (Prop. 3.7) is established for a general class of discrete
MFGs, for which the existence and uniqueness of a solution is easily obtained with a standard fixpoint approach.
The fundamental inequality allows us to quantify the variation of the control variable v when a discrete MFG is
subject to perturbations. It is deduced from equality (3.22), which is similar to the fundamental equality proved
in equation (3.20) of [4] for an implicit scheme. Our proof of the fundamental inequality also relies on the
following technical lemma, given in Theorem 2.1.5 of [27]: If F is a convex function with L-Lipschitz gradient,
then for any p, ¢, it follows that

S IVE®) = VE@)? < F(p) ~ Fla) - (VF(a).p ). (12)

We give a second proof of the fundamental inequality, which does not rely on the fundamental equality (3.22).
Instead we define a “relative” potential function, and deduce the fundamental inequality from upper and lower
bounds of this relative potential function.

Energy estimate. We provide in Proposition 4.5 an upper bound of the ¢?>-norm of the solution of the discrete
FP equation under some perturbations. The proof of the energy inequality is inspired by the one for parabolic
PDEs, see [23,26], and the one for the implicit scheme, see [4].

Numerical Hamiltonian. As we mentioned earlier, it is assumed in [3] that the numerical Hamiltonian satisfies
a specific assumption, Assumption (g5). It turns out that when the numerical Hamiltonian is convex and has a
Lipschitz gradient, then (g5) can be easily deduced from inequality (1.2), as we show in Lemma C.1. Using this
technical result, we provide an example of a numerical Hamiltonian which satisfies all the assumptions of [3],
for the case of a running cost which is strongly convex with respect to the control variable, uniformly in time
and space. See Theorem C.2. This result is of independent interest since our theta-scheme does not require the
construction of a numerical Hamiltonian.

Organization of the paper. In Section 2, we present the theta-scheme and state our main result. Section 3
is dedicated to a general class of discrete MFGs (covering the theta-scheme). We prove in this section the
fundamental inequality. In Section 4, some properties of the theta-scheme are demonstrated, in particular, we
prove the announced energy estimate for the FP equation. The consistency analysis and the proof of the main
result are given in Section 5.

2. THE THETA-SCHEME AND THE CONVERGENCE RESULT

2.1. Preliminaries

The set of functions from some finite set A to R (resp. R?) is denoted by R(A) (resp. RY(A)):
R(A) = {m: A — R}, RY(A) = {m: A — R%}.
Let us introduce the set of probability measures on A, defined by
P(A) =S meR(A) Vo € A, m(z) >0, > m(y) =1
yeA

We denote by || - || and (-, -) the Euclidean norm and the scalar product in R™. We define below a scalar product
and a norm for functions defined on a finite set.
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Definition 2.1. Let n € Ny and let A; and Ay be two finite sets. For any pu,v € R™"(A;) and p € [1,00), we
define

1/p
(o)=Y (u(@),v(@); Ayl = (Z ||u($)||p> b lelleo = max flu(z)]].

TEAL T€AL

For any p € R™"(A; X Ag) and p1,ps € [1,00], we define

. 1/p1 .
(ZzGAl ||/.L<.’I,‘, )|£2) b ) lfpl S [1700);

ma‘XEEA1||,u(Ia')Hp27 lfpl =

il 2 = |l e, | =
1

Lemma 2.2 (Holder’s inequality). Let p,v € R"(A; x As). Then,

S X M) v )] < il a1Vl ;-

T1E€A1 T2€EA2
where p; € [1,00] and 1/p; + 1/pf =1, fori=1,2.
We make use of Nemytskii operators, in order to alleviate some notations.

Definition 2.3 (Nemytskii operators). Let (: X x ) — Z and let u: X — Y. Then, the associated Nemytskii
operator is the mapping ([u], defined from X to Z by

Clul(x) = ¢z, u(x)).

2.2. Notations for the finite-difference scheme

The time step is At = 1/T, for T € N,.. We assume that 7 > 1. The set of time indices is denoted by 7 (T
when the final time T is included):

T7={0,1,...,T—1}; T={0,1,...,T}. (2.1)
Let S be the uniform discretization of the torus T? with step size h = 1/N, for N € N, defined by
S ={(i1,i2,...,%a)h | i1,...,1q € Z/NZ}. (2.2)

Let (e;)i=1,....¢ be the natural canonical basis of R?. The discrete Laplace, gradient, and divergence operators
for the centered finite-difference scheme are defined as follows:

w(x + he;) + p(x — he;) — 2u(x)

d
App(z) = 3 , Vi e R(S), Vz € S,
=1
he;) — p(x — he;) \ ¢
Vau(z) = (“(x +he )%“(”3 € )) , Yu e R(S), Vz € S,
=1
d
divpw(x Z wi( + he;) —hwz(ﬂc — hel)7 Yw € RY(S), Yz € S,

i=1

where w; is the ith coordinate of w. The forward discrete gradient is defined by

d
Viu(z) = <“(”” + h‘z) - “(x)> . vae R(S), Vz € S. (2.3)
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Lemma 2.4 (Integration by parts formula). For any w € R4(S) and for any p,v € R(S), it holds that

- Z p(z)divyw(z Z(th(x), w(z)); (2.4)

€S z€eS
3 @) Ane) = 3 (V). T o). 2.5)
zeS res

The proof is given in the Appendix A.

Lemma 2.5. For any u € R(S), the following inequality holds:

IVnsells < [V wll5- (2.6)

The proof is given in the Appendix A. The following lemma shows some general properties of the implicit

scheme associated with the heat equation %—T — cAm = 0, used in our theta-scheme.

Lemma 2.6. Let X € RIS, Consider the scheme

Y(z) — X(x)

A7 —cARY (x) =0, Vo €S, (2.7)
with unknown Y € RIS, The following holds true.

(1) (Ewmistence and uniqueness) The scheme (2.7) has a unique solution Y.

(2) (Monotonicity) If X > 0, then Y > 0. Moreover, if X € P(S), then Y € P(S).

(3) (Lipschitz constant) If X is L-Lipschitz, then Y has the same Lipschitz constant L.

(4) (Continuity of the discrete gradient and Laplacian) Suppose that Ap X is a-Holder continuous with constant
L', where 0 < a < 1. Then there exists a constant C, independent of At and h, such that

[VhX — VY| < CAth*™!, |ALX — ALY || < CAth®~2.
The proof is given in the Appendix A.

2.3. The theta-scheme and the main result

We describe the MFG system of interest. Let us fix a running cost £¢, a coupling cost f¢, an initial condition
mg§ and a terminal cost g, where

£ Q xRS R, f:QxD—R, m§ € D, ¢ T¢ - R,

and where the set D is defined by D = {u € L2(T%)|u > 0, [, p(z) dz = 1}. Recall the formulation of the
continuous mean field game:

(i) —Owu—cAu+ H(t,z, Vu(z,t)) = f(t,2,m(t)) (t,x) € Q,
(i) v(t,z)=—Hy(t,x Vu(:v 1)) (t,x) € Q,
(iil) Oym —cAm + dlv(vm) 0 (t,x) € Q,
(iv) m(0,2) = mg(x), u(l,z) = g°(z) z €T,
where H(t,x,p) = sup,cga(—p,v) — £°(t, z,v). We make the following assumptions on the data functions.

Assumption A. (1) Regularity. The running cost £¢ is continuously differentiable with respect to v. There exist
positive constants L, Lg, and LG such that for any (t,x) € Q, for any v € R?, and for any m € D,
- 0e(-, xz,0), 98, -, ), and £5(-, z,v) are L§-Lipschitz continuous;
- g is Ly-Lipschitz continuous;
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= feC,x,m), fe(t,-,m), and f¢(t,x,-) are L-Lipschitz continuous (with respect to the || - ||L2-norm for the
third variable).
(2) Strong convexity. There exists a > 0 such that for any (t,x) € Q, £°(t,x,-) is strongly convex with modulus

. -
af, i.e.,

aC
Lot z,v9) > L6(t, x,v1) + (0 (2, v1),v2 —v1) + ?va - U1||2, Yor, vy € RE

(3) Monotonicity. The global cost f¢ is monotone, i.e., for any t € [0,T], for any my and ms € D,
[ et o) = £t ma) o (0') = ma(a) ds” > 0
’]I‘d

Lemma 2.7. Let Assumption A hold true. Then H® is continuously differentiable with respect to p and Hy is
(1/a)-Lipschitz continuous with respect to p. Moreover, H® and Hj are respectively Lj- and (Lj/a)-Lipschitz
continuous with respect to t.

The proof is given in Appendix A. Following [20], page 117, we introduce the following spaces. Given r € (0, 1),
C"/?7(Q) denotes the set of real-valued functions over @ which are Holder continuous with exponent 7 (resp.
r/2) with respect to z (resp. t). We denote by C'*7/22%7(Q) the set of real-values functions @ which are such
that m, Oym, Oy, m, Oy,z;m lie in Cr/27(Q), for any i,j = 1,...d.

We make the following assumption on the solution of (MFG).

Assumption B. The continuous mean field game (MFQG) has a unique solution (u*,v*,m*), with u*,m* €
CH7/2247(Q) and v* € C(Q) NL>([0,1); C**(T?)), where r € (0,1).

In Appendix B, we propose a set of regularity assumptions on £¢, f¢, m§ and g¢ (Assumption C). We show
in Theorem B.2 that Assumptions A and C together imply the Assumption B, for an explicit value of 7.

Assumptions A and B are supposed to be satisfied throughout the article

Let us now discretize the data functions. Let us define Bj(z) = H?Zl[x — he;/2, x + he;/2). We introduce
two operators Zj, : R(T?) — R(S) and Ry, : R(S) — R(T9), defined as follows: For any m¢ € R(T%) and for any
m € R(S5),

Zn(mf)(x) = /B ( )mc(y) dy, Vx € S,
Ra(m)(g) = "2 Vi€ S, y e Bula) (28)

The discrete counterparts of the data functions £, H, mg, and g° are the functions defined as follows: For any
te7T,zcS andpecRe

é(t7$7p) :éc(tAt7I7p)7 H(t7x7p) :HC(tAt) a:?p)’
mo(x) = Zn(mg)(x), 9(z) = g°(x). (2.9)
The discrete counterpart of f€¢ is the function f: 7 x S x R(S) to R defined by

Flta,m) = 2 / oy T R dy (2.10)
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Taking any 6 € [0, 1], we introduce the theta-scheme of (MFG): find (u,v,m) € R(T x S) x R*(T x S) xR(T x S)
such that V(t,z) € T x S,

. {_u(tﬂ,a;)Aut(tJrl/&w) — O Apu(t+1/2,2) =0,
1
— w20 ulbr) () G)oApu(t + 1/2,2) + H[Vhu(- + 1/2,)](t,2) = f(t,2,m(t));

(i) v(t,z) = —Hp[Vau(- +1/2,9)](t, 2);
(0-MFG)

i) {”L(”W‘AW — (1 = 0)Apm(t, ) + divy (vm)(t, ) = 0,
111

m(t—&-l,m)—g:(t-«—l/lr) o HO'Ahm(t + Lx) =0;

(iv) m(0,2) = mo(x), u(T,z) = g(z).

Denoting By = Id — o AtAy,, the first equation in the dynamic programming equation can be rewritten as
follows: Byu(t +1/2,-) = u(t + 1,-). By Lemma 2.6, B; is invertible. This allows us to consider u(t + 1/2,-)
as an auxiliary variable, uniquely determined by u(¢ + 1,-), and thus to regard the unknown value function u
of the theta-scheme as an element of R(7 x S). The same argument also holds for the other auxiliary variable
m(t+1/2,-).

We fix now a constant M, defined as follows:

1 , :
M=— (2 (tmgiécQHf;(t,x, 0)|| + vVd(L§ + L§ + L;)). (2.11)
, T

aC

The constant M is an upper bound of ||v]|sc,00, @8 will be seen in Theorem 4.4. We consider the following
condition on (At, h):

h? 2(1-6)o
At < ——— < — FL
t<sdi=oe "STm (CFL)
Remark 2.8. Let us reformulate the explicit part of (§-MFG)(iii) by isolating m(t + 1/2, z):
2d(1 — )o At L Q=00 vtz + he)
m(t+1/2,z) = <1—h2>m(t,x)—|—At;( Ea o m(t, z + he;)
d
(1-=0)c  wvi(t,z — he;)

+At;( 5+ 57 m(t,z — he;). (2.12)

The coefficients preceding m(t,z) and m(t,x &+ he;) in (2.12) are affine functions with respect to v(¢,x) and
v(t, zE£he;) respectively, and these coeflicients are positive under the condition (CFL) since M is an upper bound
of ||v]|se,00- Moreover, summing (2.12) over x yields that > _¢m(t+1/2,2) = > _om(t, z). Therefore, under
the condition (CFL), if m(t) € P(S), then m(t+1/2) € P(S). Since m(¢t+1) is the solution of an implicit scheme
for the heat equation (with source term m(t +1/2,z)), we have that m(t + 1) € P(S) if m(t 4+ 1/2) € P(S), by
Lemma 2.6. In other words, probability distributions on S are preserved by the discrete Fokker—Planck equation
under the condition (CFL).

Remark 2.9. Let us discuss the choice of 6 in the theta-scheme (-MFG). If we set § = 1, we cannot guarantee
the positivity of the coefficients preceding m(t,z + he;) in (2.12). As a result, we cannot use the same argument
presented in Remark 2.8 to ensure the preservation of probability distributions of the discrete FP equation. On
the other hand, to obtain an energy estimate (£2-stability) of the discrete FP equation, we require that § > 1/2,
as demonstrated in Proposition 4.5.
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Theorem 2.10. Let Assumptions A and B hold true. Let 0 € (1/2,1) and let (At,h) satisfy the condition
(CFL). Then, the theta-scheme (0-MFG) has a unique solution (up,vn, mp). Moreover, there exists a constant
C > 0, independent of At and h, such that

[un = upll o0 + Imn —mpll s < CHT,
where uj,, mi € R(T x S) are defined by uf(t,z) = u*(tAt,z) and mj(t) = In(m*(tAt)).

The proof of Theorem 2.10 is given in Section 5.2.

3. GENERAL PROPERTIES OF DISCRETE MEAN FIELD GAMES

We consider in this section a general class of discrete time and finite state space mean field games, for which
we establish the existence and uniqueness of a solution as well as a fundamental inequality. We will show in
Section 4 that the theta-scheme falls into this class of problems.

3.1. Notations and assumptions

In this section, the state space S is an arbitrary discrete set in R?, not necessarily a discretization of T¢. Let
us introduce the set of discrete curves of probability measures and the set of transition processes, defined by

P(T,S) - {m e R(T X s) ‘Vt e T, mt,-) e P(S)},
(T, S) = {7r ER(T x S x 5) ‘V(t,x) €T x 8, n(t,z,”) € 79(5)}.

Remark 3.1. Any 7 € R(7 x S x S) is a transition process if and only if for any m € P(S) and for any t € T,
we have m' € P(S), for m/(y) = > cg7(t,z,y)m(x), for all y € S.

We introduce now a running cost ¢, a coupling cost f, an initial condition my and a terminal cost g, where
0:T xS xR =R, fiTxSxR(S) =R, moeP(9), geR(S).

In this section, ¢, f, mg, and g are considered independently of the definition (2.9). We will consider again
definition (2.9) in the next section when we interpret the theta-scheme as a discrete MFG.

To formulate the discrete MFG system, we need a control bound D > 0. The admissible control space,
denoted by R% (7 x S), is the set of all elements v € R4(T x S) such that [|v]|o,c0 < D. The probability of the
motion from one state € S to another state y € S at a time ¢ € 7 under some control v € R%(T x S) is given
by

w[v](t, z,y) == w(t, x,y,v(t, x)),
where 7 is a function from 7 x S x S x R? to R. We assume that 7[v] is a transition process for any admissible
control v, i.e.,

] € (T,S), Yo eRL(T x S). (3.1)
For any D € (0, 0], we denote by £P: 7 x S x R? — RU {oc} the function defined by
Lt z,v), if|v]| <D
Pt = N ’ 3.2
(¢, 2,v) {oo7 otherwise. (3:2)

When D = oo, /P = ¢. The Hamiltonian H? is defined as follows:

HP(t,2,p) = sup (—p,v) —LP(t,z,0) = sup  (=p,v) —L(t,z,v). (3-3)
vER? vERY, ||v]|<D

We consider the following assumptions on the previous data.
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Assumption 1. (1) Regularity. There exist positive constants Ly, Lg, Ly, and Ly such that for any t € T,
for any v € R%, and for any m € P(S), the functions £(t,-,v), g(-), and f(t,-,m) are resp. Ly, Ly, and
L ¢-Lipschitz continuous, i.e.,
f
[0(t, x1,v) — U(t, x2,v)| < Lyllxy — 2],
l9(z1) — g(z2)| < Lgl21 — 22,
|f(t7x1,m) - f<t7x23m)| < LfH‘Tl - w2||7

for all x1 and x4 in S. Moreover, the function f(t,x,-) is L}-Lz’pschitz w.r.t. m for the || -||2 norm , i.e., for

all my and mo in P(S),
‘f(t7x7m1) - f(taxam2)| < Llmel - m2||2'

(2) Strong convexity. There exist a > 0 such that for any t € T and for any x € S, the function £(t,z,-) is

a-strongly convez, i.e.,

Q
Ut x,v9) > U(t, x,v1) + (p,v2 —v1) + §||U2 - ”1||27

for all vi and vy in R™ and for all p € 0,4(t, x,v1).
(3) Monotonicity. For any t € T, for any my and msy in P(S),

Z(f(t7x7m1) - f(t,.%', m2))(m1(x) - m2(1')) > 0.

zeS

Lemma 3.2. Let D € (0,00]. The following holds true.

(1) The Hamiltonian HP is continuously differentiable with respect to p.

(2) For anyt € T, for any x € S, and for any v € R, we have HP (t,z,p) = —(p,v) — £P(t,z,v) if and only
ifv= —Hz?(t,x,p),

(3) The partial derivative HI’? 18 é—Lz’pschz’tz continuous with respect to p.

(4) For anyt € T, for any x € S, for any v € R?, and for any py € 0,4(t,x,0),

1
1 (&2 p) | < = Cllpoll + [1pl)- (3.4)
The proof is given in the Appendix A. A direct consequence of Lemma 3.2 is the following.

Corollary 3.3. Let (t,z,p) € T x S x RY. Let py € 0,((t,x,0). Let Dy and Dy € (0,00] be such that D; >
+C@lpoll + lIpll), fori =1,2. Then

HP(t,x,p) = HP(t,x,p) and  HJ'(t,x,p) = HD*(t, ,p).

Lemma 3.4. Let D € (0,00], lett € T and let x € S. For any v, for any p € R%, for any m > 0 and for any
m € R, it holds that

ED(t,:Eﬂ))m - KD(tvxer)m > —HD(t,;C7ﬁ)(m - m) - <pv mv — mflj> + %HU - 17H2m, (35)

where v = fHI?(t,m,ﬁ).

The proof is given in the Appendix A.
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3.2. The discrete MFG model

The discrete MFG model of interest in this section is a coupled system of three variables: a value function
u e R(T x S), a policy v € RE(T x S), and a curve of probability distributions m € R(7 x S). It consists of a
Kolmogorov equation, a dynamic programming equation, and a feedback relation.

~ Given v € RE(T x S), denote by FP(v) € R(T x S) the solution m to the Kolmogorov equation

m(t+1,y) = Zmesﬂ[v](ta z,y)m(t, x), V(t,y) €T x S, (3.6)
m(0,x) = mo(x), Vo € S. '

— Given p € P(’j', S), denote by HIB(u) € R(’j' x S) the solution u to the dynamic programming equation

u(t, x) = inf,,cga (gD(t, T, w) AL+ otz y, w)u(t + Ly)), V(t,z) € T x S;
K ve (3.7)
U(Tv $) = g(x)v Vr € Sa

where Ef?(t,x,w) =D (t,z,w) + f(t,x, w(t)).
— Given u € R(7 x S), denote by V(u) the policy v defined by

v(t,x) = argmin €D(twat+Z w(t, z,y,wu(t+1,9) |, V(t,z) e T x S. (3.8)
w€Rd yeSs

The uniqueness of the minimizer in the above definition is a consequence of Lemma 3.2.
The discrete MFG consists in finding a triplet (u, v, m) such that v = HIB(m), v = V(u), and m = FP(v).
This is equivalent to find a fixpoint to the map ¢, defined by
¢:m e P(T,S) —FPoVoHIB(m)cP(T,S).

It is easy to verify that ¢ is indeed valued in P(7 x S). Let m € P(7 x S) and let v = V o HIB(m). By
definition, ||v]|ls,c0 < D. Therefore, by assumption (3.1), 7[v] is a transition process. Then FP(v) € P(T,S),
by Remark 3.1.

The discrete MFG can be formulated as the following coupled system: for all (t,z) € T x S,

() ult, ) = infocns 00t ,0) At + X, g mlt, 7,y w)ult + 1,9);

(i) v(t,z) = argmin,cga £P (L, x,w) At + Y yes ™tz y,wlu(t + 1,y);
(i) m(t +1,2) = 32, com[v](t y, 2)m(t, y);

(iv) m(0,2) = mo(x), u(T,x) = g(x).

As mentioned in Remark 2.8, the coefficients preceding m(t, x +he;) in (2.12) are affine functions with respect
to v(t,z £ he;). Furthermore, m(t + 1) can be seen as a linear function of m(t 4+ 1/2) independent of v from
the implicit part of (f-MFG)(iii). Therefore, in the theta-scheme (§-MFG), we can express m(t + 1,z) as a
linear combination of m(t,y) for y € S, where the coefficients preceding m(t, y) are affine functions with respect
to v(t,y). Comparing this with the coefficients 7[v](¢,y,z) = 7(t,y,z,v(t,y)) in (3.9)(iii), in order to study
(-MFG) as a particular case of (3.9), we find it convenient to consider 7 (¢, x,y,w) in an affine form of w, i.e.,

(3.9)

ﬂ-(tama:%w) = Wo(t,l‘,y) + At(m(t,:c,y),w), v(ta$ay7w) €T x 52 X Rd? (310)

where mp € R(T x S x S) and m; € R4(7 x S x S). The exact formulas for 7y and m; associated with (§-MFG)
are given in (4.3) and (4.4).
In the sequel of this section, we consider 7 given by (3.10). We make the following assumption on my and 7.
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Assumption 2. The elements mg and 7 satisfy the following condition:

mo(t, x,-) € P(S), V(t,z) € T x5,
ZyES mi(t z,y) =0, V(t,z) €T x S,
mo(t,z,y) > AtD||mi (¢, 2,9, V(t,z,y) € T x S x S.

Lemma 3.5. For w given by (3.10), Assumption 2 is equivalent to (3.1).

The proof of the previous lemma is left to the reader. )
Thanks to (3.10), we can simplify (3.9)(i), (ii) with the help of H” (defined by (3.3)). Let us define py, p1,
qo, and ¢ as follows: for all (t,x2) € T x S,

po(t,x) = Zwo(t, z,s)u(t+1,s), pi(t,x) = Zm(t, z,s)u(t + 1, s); (3.11)
ses ses

qolt, ) = Y mo(t,s,x)mft,s), alo)(tx) = D (m(t s, @), v(t, s)mlt, s)). (3.12)
ses seS

Observe that the dependence of py and p; with respect to u is not explicitly mentioned, similarly, the dependence
of go and ¢ with respect to m and v is not explicitly mentioned and will be clear from the context. Then system
(3.9) equivalently writes: for all (t,z) € 7 x S,

() ult,2) = (~HP[pi](t,2) + f(t 2, m(t)) ) At + pot, )

(i) v(t,z) = —HP[p:)(t,2); (DMFG)

(ii
(

m(t+1,z) = qo(t,x) + Atqr [v](¢, z);
m((),ac) = m0($), U(Tv :L') = g(:L')

)
iv)
Theorem 3.6 (Existence). Under Assumptions 1 and 2, (DMFG) has at least one solution. Furthermore, if
(4,v,m) is a solution of (DMFQG), then m € P(7,S).

Proof (first part). We equip the finite-dimensional space R(7 x S) with the norm || - ||o.1. The set P(7, S) is
non-empty, convex, and compact. In order to prove the existence of a solution, we need to show the existence
of fixpoint for the map ¢, defined in (3.2). By the Brouwer fixed-point theorem, it suffices to show that ¢ is a
continuous mapping, which we do in the appendix (page 2522). O

3.3. A fundamental inequality

Let us define a perturbed version of (DMFG) with additional terms (n,d) € R*(7 x S) in the right-hand
side: for all (¢t,z) € T x S,

() ut,2) = (~HP[pi](t,2) + f(t 2, m(1) ) At + polt, 2) + (k. )

i)
(i) vt ) = —HP[pi)(t,x); (PDMFG)

iil) m(t+1,2) = qo(t, x) + Atqr [v](t, x) + (¢, z);

(iii)
(iv) m(0,z) = mo(z), u(T,z)=g(x).

The fundamental inequality proved in the next proposition is an essential tool in the stability analysis for the
system (DMFG).
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Proposition 3.7 (Fundamental inequality). Let Assumptions 1 and 2 hold true. Let (@, v,m) be a solution of
(DMFG) and let (u,v,m) satisfy (PDMFG) with m > 0. Then, the following inequality holds:

AMZZH (v =)t 2)|P(m+m)(t,x) <D (u—a)(t+ 1)t ) + (m —m)(t,z)n(t,z).  (3.13)

teT z€S teT xzeS

This fundamental inequality is of the same nature as the one established in Section 3.3 of [4]. We provide
two different proofs of Proposition 3.7 in the next subsection. The fundamental inequality allows us to show the
uniqueness of the solution to (DMFQG).

Lemma 3.8 (Uniqueness). Under Assumptions 1 and 2, (DMFQG) has a unique solution.

Proof. The existence result was already established in Theorem 3.6. Let (u1,v1,m1) and (ug,ve, ma) be two
solutions of (DMFG). By Theorem 3.6, m; > and ms > 0. Viewing (uz, v2, m2) as a solution to (PDMFG) with
(n,6) = (0,0), we deduce from the fundamental inequality that

|v1 (¢, ) — va(t, x)|| (m1(t, ) + ma(t,x)) = 0.

Thus for any (¢,z) € T x S, either vy (t,z) = va(t, ), or my(t,z) = ma(t,z) = 0. Let 4 = my — mg, then p
satisfies the following equation: for any (¢,z) € 7 x S,

u(t+1,z) = ZSES wlv1](t, s, z)u(t, s) + At Zses<7rl(t, s, ), (v1 — va)ma(t, s)),
w(0,z) = 0.

It follows by induction that p = 0, i.e., m; = mo. Then vy = HIB(m1) = HIB(m3) = us and v; = V(up) =
V(ug) = vg, which concludes the proof. ]

3.4. Two proofs of the fundamental inequality

In this subsection, (u,v,m) is a solution of (PDMFG) and (po,p:1) is defined by (3.11). Let (@, v,m) be a
solution to (DMFG). Let (Do, p1) be defined by (3.11), for the triplet (@,s,m). The following sum-by-parts
formulas will be used in both two methods of proof. For all t € T,

Zgﬁom(t,x) + At(pr, mo)(t, ) = ZS a(t+ 1,y)m(t +1,9); (3.14)
isﬁom(t, ) + At(pr, mo)(t, ) = Zﬂ(t +1,y)m(t+1,y) — Zsa(t +1,9)d(t,y); (3.15)
Z;pom(m) + At(py, mo)(t, ) :y:Z; (t+ 1, y)m(t +1,y); ) (3.16)
%;pom(t, ) + At(pr, mo)(t, z) = y;u(t +1y)m(t+1,y) — ;u(t +1,9)3(t,y). (3.17)

For proving (3.14), one simply needs to multiply the first equation in (3.11) by m(¢, z), to multiply the second
equation in (3.11) by mo(t, ) and to sum the results over z. This yields

Zpom (t,z) + At{py, mv)(t, ) ZZ (t+1,8)(mo(t, x, s)m(t,x) + At{m (¢, z, s), vm(t, s))).
zeS zeS seS

Then (3.14) follows from (DMFG)-(iii). The proofs of the other three equations can be obtained similarly. We
provide now two different proofs of Proposition 3.7.



2506 J.F. BONNANS ET AL.

(1) Direct method. We follow [4]. Summing the difference of (3.15) and (3.14) over ¢t € T, we get

SN aim—m)(tx)=> > polm —m)(t,z) + At(pr, mv — mo)(t,x) + u(t + 1, 2)d(t, ). (3.18)

t=1zeS teT €S

In addition, summing the difference of (3.17) and (3.16) over t € T, we get

ZZu(m—m)(t x ZZpo m —m)(t, z) + At{p1,mv — mo) (¢, x) + u(t + 1,2)4(¢, ). (3.19)

t=1zeS teT €S

Taking the difference of (3.19) and (3.18), we have

Z Z(u —a)(m —m)(t,x)

t=1 €S (3.20)

= Z Z(po —po)(m —m)(t,z) + At{py — p1,mv — mo)(t,x) + (u —w)(t + 1,2)5(¢, ).
teT zeS

Moreover, taking the difference of (PDMFG)(i) and (DMFG)(i), multiplying the result by m — 7, summing
over (t,z) € T x S, we obtain that

SN (w—a)(m—m)(t, )

teT xeS
=3 Y (w0 — Bo)m — m)(t,@) + At(HP[pr] = HP[pa] ) (m — 1) (1)
teT zeS
+ Z Z At(f(t,x,m(t)) — f(t,z,m(t)))(m —m)(t, x) + n(m — m)(t, ). (3.21)
teT wes
Comparing (3.20) and (3.21) and using the relations v = —HE[Pl]a = —HD[pl] we obtain the following

equality:

Atz Z ( HD[p1] <H£[p1],ﬁ1 —p1>)(t,x)

teT zeS
+AtZZm(HD[p1 HD[pl] < [p1] Pl—iﬁ1>)(ta$)
teT zesS
+AEY N (f(ta,m(t) — f(tz,m(t))(m —m)(t, )
teT xz€S
=> Y (w—a)(t+1,2)5(t2) + (m —m)(t, 2)n(t, ). (3.22)
teT xeS

Since HP is convex and HpD is 1/a-Lipschitz, we obtain with inequality (1.2) (see [27], Thm. 2.1.5) that

HPpi] ~ H2lpr] — (HPlpi). o1 — 1) > S| H2 i) ~ 210 | = Sl )
HD[pl] *HD[ﬁl] - <HE[131],]?1 *131> > §HH£[P1] *Hp [ﬁl]” = g”” - )%,

We substitute the last two inequalities into (3.22). Then, inequality (3.13) follows from the non-negativity of m
and m and the monotonicity of f in Assumption 1.
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(2) Variational method. Let us define a “relative” potential function Jy: RYT x S) x P(T,8) — R,

Atz Z ( (t,z,v(t,x)) + f(t,x,ﬁz(t))) + Zg(m)m(T, T).

teT x€S €S

Note that in the above function Jy, the third variable of f is fixed to m. The second proof of Proposition 3.7
consists in proving a lower bound and an upper bound of Jz (v, m) — J (0, m), from which the fundamental
inequality directly follows.

Step 1. Let us prove that

T (v,m) = T (5,m) > D> At +1,2)8 tx+AtZZf||v7vH ).

teT zeS teT zeS
By Lemma 3.4, we have
(eD[ Jm — e%}m) At > (—HP[p](m — m) — (pr, mv — mo) + %Hv - 77H2m) At
= (@ — Po — ALf(t,z,m(t)))(m — i) — At{pr, mv — imB) + At%”v —3|*m
= u(m —m) + (pom + At(p1,mv)) — (Pom + At(p1, mv))
— Atf(t,z,m(t))(m —m) + AtgHv —3|*m
It follows that

jm(v,m) - jm(ﬁ,m)

:AtZZ(éD[v]m—eb[@]erf(t,x,m(t))( ) (t.x)+ ) g(z )T, )
teT xzeS z€S
>SS a(m — ) + (pom + At(pr, ) — (Forn + At(p, mv)) + At%nv — ol*m
teT zeS
+ Z g(x WT, x)
€S
=S N+ )8t e) + AN %Hv — 3|2m(t, z),
teT zeS teT xS

where the last equality was obtained with (3.14) and (3.15).
Step 2. Let us prove that

Tm(v,m) = T (0,m) <N u(t+ 1,2)8(t,2) — n(m —m)(t,z) — At%”v — o|]>m(t, z).

teT z€S

Since v satisfies (PDMFG)-(ii), by Fenchel’s relation ([18], Cor. 1.4.4), we have

KD[U] = —(p1,v) — HD[]M], —p1 € (%D[v}.

Then, by the a-strong convexity of ¢ and the last equality, we have

D « D «
(15) 2 £P[0] + (—p1, 0 — v} + S0 = oll* = —HP[pu] = (p1, ) + 50 = ol®.
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Using the nonnegativity of m and m, we obtain that
(zf’ [o]m — ef’[@]m)m < (—Hf’ [p1](m — ) — (p1, mv — T — %II@ - U||2m) At
= (u—po — Atf(t,z,m(t) = n)m — m) — At{py, mv —mv) — At [o — v

=u(m —m) + (pom + At(p1, mv)) — (pom + At(p1, mv))
— (ALf(t, 2, m(t) + n)(m —m) — At%”@ — )%,

It follows that

=AY S (P lm — P [B)m + f(t,x,m()) (m — m)) (t.x)+ Y g(a)(m —m)(T, )

teT xz€S zeS

< z;z;“ m —m) + (pom + At(py, mv)) — (pom + At(py, mv)) + z;g(m)(m —m)(T,x)

- Z Z At(f(t’ a:,m(t)) - f(t,$7m(t>))(m - m)<t7x)

teT xeS

=S5 n(m —m)(t,z) + At%”v — 5|2t z)

teT €S

<3S ult + L,a)5(t, @) — ylt,z)(m — m)(t,@) At%Hv — 3|2m(t, z),

teT x€S

where the last inequality is a consequence of (3.16), (3.17), and the monotonicity of f.

4. STABILITY ANALYSIS FOR THE THETA-SCHEME

We turn back to the stability analysis of the theta-scheme. It consists of two steps: the fundamental inequality,
which is obtained by formulating (DMFG) as a discrete MFG, and an energy estimate for the Kolmogorov
equation.

From now on ¢, H, g, mg, and f are again to be understood according to the definitions given in (2.9) and
(2.10).

4.1. Reformulation of the theta-scheme as a discrete MFG

The goal of this subsection is to show the equivalence between the scheme (-MFG) and a discrete MFG of
the form (DMFG). Given D € (0, 00|, define ¢ as in (3.2) and ._HD as in (3.3). Note that for D = oo, HP =H.
Consider the following system, with unknown variables u € R(7 x S), v € RY(7 x S), and m € R(T x S):

(Id — o AtAR)u(t +1/2) = u(t + 1),
(i) Su(t,z) = [-HP[Vyu(-+1/2,)](t, x) + f(t,z,m(t))| At Y(t,x) € T x S;
+(Id+ (1 = 0)cAtAp)u(t + 1/2)(),

(i) o(t,z) = fo[th(- +1/2,9)](¢t, ), V(t,x) € T x S; (0-MFG(D))

(i) {m(t +1/2) = (1d+ (1= 0)oArdm() — Mrdivi(o(Om(©), 7.

(Id — o AtAp)m(t + 1) = m(t +1/2),

(iv) m(0,2) = mo(x), w(T,z)=g(x), Vo € S.



ERROR ESTIMATES OF A THETA-SCHEME FOR SECOND-ORDER MFGS 2509

Multiplying the dynamic programming equation (i) and the Kolmogorov equation (iii) of ()-MFG) by At, we
easily see that (0-MFG) is equivalent to (6-MFG(D)) with D = cc.
We recall here the definition of the matrix B and introduce a new matrix Bs:

By =1d — 00AtA,, By =(1—0)cA,. (4.1)

By Lemma 2.6, the matrix Bj is invertible.

We regard the variables v and m of the system (f-MFG(D)) as elements of R(7 x S), since the auxiliary
variables u(t + 1/2,-) and m(t + 1/2,+) are uniquely determined by u(t + 1,-) and m(t,-). In the sequel, we will
make use of the following convention: Given u € R(7 x S), we denote

u(t+1/2,") = By lu(t+1,-), VteT. (4.2)

Lemma 4.1. For any D > 0, the system (0-MFG(D)) is equivalent to the system (DMFG) with running cost
£, control bound D = D, coupling function f, final cost g, initial distribution mqg and with 7y and w1 defined by:

mo(t, z,y) = Bl_l(y,ac) + At(Bl_lBg)(y,x)7 (4.3)

B! ) — Bl (y,x — he;)\*
7T1(t,$7y) — ( 1 (y,x + hez) 1 (y,x hez)) . (44)
i=1

2h

Proof. We make use of the notations po, p1, go and g1, defined as in (3.11) and (3.12). By the definition of B,
and Bs, the implicit steps in equations (i) and (iii) are equivalent to

u(t+1/2) = By 'u(t +1) and m(t+1) = By 'm(t +1/2).
Next we verify the equivalences between each of the three equations of the two systems.

Step 1. Using the definition of By and 71, we have that

1/2 i) — 1/2,2 — he;) \ @
Viwu(t+1/2,2) = (u(t+ /,$+he)2hu(t+ /2,2 he))
=1

(Zyes(B (¢ + hei,y) — By <x—hei,y>)u<t+1,y>>d
N 2h

i=1

=Y mtz,yult +1,y) = pi(t, ).
yeS

The equivalence of the feedback relations follows.
Step 2. The dynamic programming equation is equivalent to

u(t,z) = [~HP[m](t,2) + f(t,2,m(t)] At + (Id + AtBo) By 'u(t + 1)(z).

Observe that

(Id + AtBy) By 'u(t + 1)(z) = Y By 'z, p)u(t+ 1,y) + At > > By(x,2)By ' (z,y)ult + 1,y)
yeS zeSyes
—ZB u(t+1,y) +AtZ<ZB Bgzx)>u(t+1,y)
yeSs yeS \z€S
= molt,z, yult +1,y) = po(a).
yeS

The equivalence with the dynamic programming equation of (DMFG) follows.
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Step 3. The Kolmogorov equation in (/-MFG(D)) is equivalent to

m(t+1,y) = > (Br'(y, ) + AU(B; ' Ba)(y, @))m(t, )
€S

d
_ v;(t, & + he;)m(t,x + he;) — v;(t,x — he;)m(t,x — he;)
_AtZZBl l(yvx) 2%

i=1z€S

— Z(B_l(ym) + At(By ' Ba) (y, z))m(t, z)
€S

d _ _
+Atzz Bl 1(y7x+hei) _Bl l(yvx_ hel)

vi(t, x)m(t, x)

‘ 2h
zeS i=1
= Z 7T0(157 z, y)m(tv .’E) + At<7r1 (ta z, y)7 v(tv x)>m(t7 .’E)
reS
= qo(t,y) + Atqu[v](t, y).
The lemma is proved. O

Lemma 4.2. The maps {, f, and g satisfy Assumption 1 with the following constants:
a=a°, Ly=L§, L;=L% L;y=Lh%* and L,=LE.

Proof. The Lipschitz-continuity of ¢, f, and g, and the strong convexity of ¢ are straightforward. For all (¢,z) €
7T x S and p1, pe € P(S), we have

Sttgm) = ) = g [ AL Ran)) = S 2 R) dy

< LGIRu(p1) — Ri(p2)[2

o\ 1/2
s (Z hd(uz(f) B u;(;)) )

zeS
= Lsh™ |1 = pial,-

This proves the Lipschitz continuity of f with respect to its third variable. Let us consider again p1, ua € P(S5)
and t € 7. We have

Y m) = f(t 2, p2) (i (2) = pa(a))

reS
W E / e fc(1 At? Y, ‘ah(ul)) f( (ILA , Y, h(/ig)) dy(/l,] (fE) - MQ(:L'))
xeSVYELR(Z t R
S /EB ( )(fc< Y h('ul)) fc(tAt>y7 ‘ah(ﬂ2)))< h(Ml)(y) h(,U/Q)(y)) dy

= /Td(fc(tAt, Y, Ru(p1)) — £ (AL Yy, Ru(p2)))(Ra(p1)(y) — Ralp2)(y)) dy > 0.

This proves the monotonicity assumption. The lemma is proved. (Il
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Lemma 4.3 (Lipschitz continuity). Let D € (0,00]. Let (m,u,v) be a solution to (-MFG(D)). Suppose that
(At,h) satisfies the condition (CFL). Then for allt € T, u(t,-) and u(t +1/2,-) are (Lg + L§ + L§)-Lipschitz
continuous. Moreover, ||v]|so,00 < M, where M was defined in (2.11).

Proof. We define, for any t € T, L; = Lo+ At(T —t)(L§ + Lj). We prove by induction that for any ¢ € T, ult,)
is L;-Lipschitz continuous. The claim is obvious for ¢ = T', by the terminal condition. Suppose that u(t + 1,-)
is Ly41-Lipschitz for some ¢ € 7. The first equation in (f-MFG(D)) is equivalent to the dynamic programming
equation:
(Id — o AtAp)u(t + 1/2) = u(t + 1);
u(t, ) = Atinf, { f(t,z,m(t)) + (P (t,z,w) + (w, Vyu(t + 1/2,2)) } (4.5)
+(Id+ (1 — 0o AtAR)u(t + 1/2)(x), Vo € S.

By the third statement of Lemma 2.6, we have that u(t+1/2,-) is L;;1-Lipschitz. Therefore, ||Vau(t+1/2,-)] <
\/E(LZ + LG + L7). Next let us take y € S and let us set w, = v(t,y). We have

wy = argmin (Z(t,y,w) + <w, Viu(t + 1/2,y)>).
lwl| <D

By inequality (3.4) of Lemma 3.2, we have [jw,|| < M. Let r' = (1 — 0)cAt/h?, then, for any x, we have

u(t,z) —u(t,y) < (f(t,z,m(t)) — f(t,z,m(t)) + £(t, z, wy) — L(t, y,wy)) At
+ (1 —=2dr")(u(t +1/2,2) —u(t +1/2,y))

d

+ ;(ﬂ + (zz)l)(u(t +1/2,x+ he;) —u(t +1/2,y + he;))
d

+ ;(r’ — g;}’)(u(t—l- 1/2,2 — he;) —u(t+ 1/2,y — he;)).

The coefficients (1 — 2dr’)7 (r’ + (wzh)i

2=)i), and (r' — %) are positive by the condition (CFL). Thus,

u(t, @) — u(t,2) < o — 2l (ALLG + L) + Lia) < Lol — 2],

where Ly = Ly + At(T — t)(Ly + Ly) < Ly + Ly + L. Since z and y are arbitrary, we deduce that u(t,-) is
L-Lipschitz. The claim is proved. We have meanwhile established that [|v[/oo,co < M. The lemma is proved,
since for any ¢ € 7, Ly < Ly + LG + Lj. (]

Theorem 4.4. Let the condition (CFL) hold true. Then the discretized MFG system (0-MFQG) is equivalent
to the system (0-MFG(D)) with D = M, which is itself equivalent to a discrete MFG of the form (DMFG),
satisfying Assumptions 1 and 2, with mo and 7 defined by (4.3) and (4.4) and with control bound D = M. As
a consequence, (-MFQG) has a unique solution.

Proof. By construction, equation (4.6) is equivalent to (-MFG(D)) with D = co. As a direct consequence
of Corollary 3.3 and Lemma 4.3, the system (0-MFG(D)) with D = oo is equivalent to (§-MFG(D)) with
D = M. We already know that (-MFG(D)) is equivalent to (DMFG), by Lemma 4.1 and that Assumption 1
is satisfied, by Lemma 4.2. It remains to verify that (-MFG(D)) satisfy Assumption 2, for D = M. To do this,
we need to verify that for any v € R4(7T x S) with [|[v]|ce.00 < D, 7[v] is a transition process, by Lemma 3.5. By
Remark 3.1, this is equivalent to show that for any t € 7, for any m(t) € P(S9), for any v € R4(7 x S) such that
[Vl co,00 < M, we have m(t 4+ 1) € P(S), where m(t + 1) is defined by equation (f-MFG(D))-(iii). We conclude
that m(t + 1) € P(S) from Remark 2.8. O
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4.2. Energy estimate for the discrete FP equation

We investigate here the ¢2-stability of the discrete Fokker-Planck equation of the theta-scheme. To this aim
we consider the following perturbed equation:

(Id — O AtAR) p(t 4+ 1) = (Id + (1 — ) AtAL) u(t) — Atdivy (v(£)p(t))
—Atdivy, (6,(t)) + Ats(t), (4.6)
w(0) = po,

where 4, € R%(S),6 € R(S). Note that we have no sign condition on p. The first error term —Atdivy, (6,(t))
represents a perturbation in the form of a discrete divergence and Atd(¢) is another general perturbation term.

Proposition 4.5 (Energy inequality). Let 6 > 1/2 and p be a solution of (4.6). Let v € RY(T x S) be such
that ||v]|oo,00 < M. Then, there exists some constant ¢ independent of h and At such that

max (9} < c<||uo|§ W= 00|VE ol + 3 At ()13 + |6<T>||3)>. (47)
S T€T

Proof. Recall that the forward discrete gradient was defined in (2.3). Computing the scalar product with p(t+1)
of both sides of (4.6) and applying the integration by parts formulas (2.4) and (2.5), we obtain that

(ut+1) = p@),wt+1)) +00AtB =(1 — 0)cAtBs + At(y1 + 72 + 73), (4.8)
where
Br = —(u(t + 1), Apult + 1)) = [VEa(t + 1),
Br = (u(t + 1), Apu(t)) = —(Vy p(t +1), Vi pu(t)),

= —(diva(u()v(®), p(t + 1)) = > (Vap(t +1,2), po(t, ),
€S

Y2 = _<divh(6v(t))hu(t + 1)> = Z<th(t + 1,1‘), 5U(t,$)>,
zeS

3 = (8(2), p(t +1)).

Using Young’s inequality, it is easy to prove that

(e + 1) = (), ot 4+ 1) > 5 (e + D3 = a()]12).

N =

Combining the above inequality with (4.8), we obtain that

(e + DI = 1) 1E) + 0 ATt + D2 < ~(1 = B)a A (Tt + 1), Vi )
+ At(y1 + 92 +73). (4.9)

Applying Young’s inequality to the right-hand side of (4.9) and using inequality (2.6), we obtain that for all
positive numbers aq, a1, @y and asz, we have

—(Viu(t +1), V5 p(t))

IN

le" 2 1 2
DUIVEnte+ DI+ 50 IV ulo)]

IN

« 0  M?
7 %HV;M@ + 1)H2 + EHM@)HZ;
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IN

o 2 1
12 < SV + DI, + 510,015

A

as 2 1 2
— — D)5-
% < SISO + 5ot + Dl
Taking ap = 1, a3 = ag = 0(20 — 1) > 0, and a3 = 1, we have
2 2
(1= ADa(t + DI = (1= A)a(t) 3 + (1 = 0o at(|[Viutt + D] - [Vir®]3)

< At(clﬂu(t)”g + 02H5v(t)||§ + ||5(t)||g)a

where ¢; =1+ a(%z_l) and ¢y = Summing the above equation over ¢, it follows that

1
o(20—-1)"

(1= A8) (e + DI < A (e[l + ellou); + [16()]3) + s,
7=0

where ¢z = (1 — At)||uol|3 + (1 — 0)a At||V; pol|3. Since 1 — At > 1/2, by the discrete Gronwall inequality [16],
there exists some constant ¢ independent of (At, h) such that

s 01 < (ol + 0= 0wl + 3 2ol + [sol) )

T€T
The proposition is proved. (I

Remark 4.6. By taking a; = as < 0(20 — 1) in the proof, we can get a refined energy estimate with an

additional term ), 7 AtHV,‘f,u(t)Hz on the left-hand side of (4.7). This refined energy estimate is consistent
with the continuous case ([23], Thm. 2.1).

5. CONSISTENCY ANALYSIS OF THE THETA-SCHEME

This section is dedicated to the consistency analysis of the theta-scheme and to the proof of Theorem 2.10. To
alleviate the proofs, we will make use of the big O notation: Given f1, fo € R*(7 x S) and v > 0, the notation
fi—fa=0O(R) (or f1 = fa + O(h7)) means that there exists some constant C' independent of h and At such
that || f1 — f2lloo,00 < CRY. In particular, fi = O(h”) means that || fi]|cc,c0 < Ch7.

All along the section, (CFL) is supposed to be satisfied. Therefore, we have At = O(h?).

5.1. Consistency error

Let us recall that (u*,v*,m*) is the unique solution to the continuous system (MFG). The restriction of
(u*, m*) on the grid, denoted by (uj,,v), is defined as in Theorem 2.10. Making use of the convention (4.2), we
define v; € R4(7 x S) by

vh(t, @) = —H)! [V (- +1/2,)](t, ). (5.1)

Then, (uj, vy, m}) can be considered as a solution of the perturbed discrete mean field game (PDMFG) with
perturbation terms 7 and § specified later in Lemma 5.5.

Lemma 5.1. For any t € T, u(t,-) is (LG + L$ + Lg)-Lipschitz continuous. For any t € T, up(t +1/2,-) is
also (LG + L + Lg)-Lipschitz continuous. Moreover, |[v}|loc < M and

HMVui (- + 172, )](t, 2) = HOV i (- + 1/2,)](¢, 2)

HY [Vpup (- 4+ 1/2,)](t, ) = HS[Viup (- + 1/2,9)](t, 2).

p
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Proof. It can be proved, with similar ideas to those of the proof of Lemma 4.3, that u*(¢,-) is (L§ + L§ + Lg)-
Lipschitz continuous, for any ¢ € [0,1]. The first claim of the lemma follows immediately. The other claims can
be shown with the same arguments as those of the proof of Lemma 4.3. (]

Below we state (without proof) elementary consistency estimates, all directly deduced from Assumption B:

u*(t+ At,z) —u*(t,x)  Ou(t,z) :O(AtT/z), m*(t+ At,x) —m*(t,x)  Om*(t,z) :O<Atr/2),

At ot At ot
Viu*(t,z) — Vu*(t,z) = O(h'"), divy (m*v*) (¢, ) — div(m™ ™) (¢, z) = O(h"),
Apu*(t,z) — Au*(t,z) = O(h"), Apm*(t,z) — Am*(t,z) = O(h"). (5.2)

We also observe that the discrete differential operators commute with integrals. For example,
1o
AR (Zp(m*) (¢, z) = 72 Z/ (m*(t,y + he;) + m*(t,y — he;) — 2m™(t,y)) dy
i=1 B

n() (5.3)
_ / Anm* (t,) dy = Tn(Apm®) (t, ).
By, (x)

In the following three lemmas, we investigate the consistency errors associated with the coupling cost, the
Hamiltonian, and the divergence term of the Fokker—Planck equation.

Lemma 5.2. For the global cost term, there holds: for all (t,z) € T x S,
f(tz,mp(t) — fo((t+ 1ALz, m*((t+ 1)At)) = O(h). (5.4)
Proof. Since m* is Lipschitz continuous in time, uniformly in z, we have that
|[m*((t + 1)At) — m*(tAt) |2 = O(At)
Then the Lipschitz continuity of f¢ with respect to ¢ and m implies that
FE((E+ DALz, m*((t+ 1)AL)) — fC(tAL z, m* (tAL)) = O(At).

Using the definition of f (provided in (2.10)) and the Lipschitz continuity of f¢, we have

|f(t,2,my, () — fC(EAL 2, m" (tAL))| = % /B ( )(fc(tAt,y,RhIh(m*(tAt))) — fe(tAt,z,m* (tAt))) dy

< L% (\/&h + | RnZn(m™* (tAL)) — m*(tAt)H]LQ).
Then we estimate |RpZp(m*(tAt)) — m*(tAt)||L2 as follows:

In(m*(tAt))(x)

)

9 1/2
dy)

. - ) 1/2
Z/ / |m* (tAt, 2) dm (tAt,y)| dz dy
yEBn(z) J 2€Bn () h

RiTn(m* (tAt)) — m* (tAL)] . =
[RnZn(m*(tAt)) (Al <;S/y€Bh(z)

<
€S
1/2
O(h?
_ Z/ / %MMy — o),
i yeBu) JzeBu@) N

where the second line is a consequence of Jensen’s inequality. The lemma is proved. (]
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Lemma 5.3. It holds: for all (t,z) € T x S,
HM(t, 2, Vyus(t+1/2,2)) — HO((t + 1)At, 2, Vu*((t + 1) At, x)) = O(h'T). (5.5)
Moreover,
v ((t+ 1)At, z)—vy (t,x) = Hé”(t,x, Viuy,(t+1/2,2))—HS((t + 1) At, z, Vu* ((t + 1)At, z)) = O(R'*7). (5.6)
Proof. By Lemma 5.1, we have ||Vyuj, (t41/2,2)|| < C and |[Vu*((t4+1)A, z)|| < C, where C = \/g(sz—&—L;—i—L;).

Let Q denote the closed ball of radius €2. Since H€ is uniformly Lipschitz with respect to ¢ and continuously
differentiable with respect to p (see Lem. 2.7), we deduce that H€(-,z, ) is Lipschitz continuous on [0,7T] x Q,
uniformly in x. Let Ly denote the corresponding modulus. Then,
HM (t, 2, Vyuj(t +1/2,x)) — Ho((t + 1)At, 2, Vu* ((t + 1)At, x))‘
< Ly||Vaui(t +1/2,2) — Vu*((t + 1)At, z)|| + O(At).

It is easy to deduce from the regularity of v* (Assumption B) that Apuj (t+1,-) is Hélderian with exponent r.
Then, using the fourth statement of Lemma 2.6 and the consistency estimate (5.2), we obtain that

Vhup(t+1/2,2) = Vyui(t+1,2) + O(Ath"™1) = Vu* ((t + 1)At,z) + O(Ath™' + h'7).

The estimate (5.5) follows and estimate (5.6) can be proved similarly. O
Lemma 5.4. For the divergence term, there holds: for all (t,z) € T x S,
divp (vpmy (¢, z)) — / div(v*m™)((t + 1)At,y) dy = O(h”‘i) + divy(€1); (5.7)
B ()
divi (vimi (£, 7)) — / div(v*m®) (tA, y) dy = () + div (ez), (5.8)
By (x)

where €; = O(R1*7™+) and e; = O(h?+9).

Proof. In order to prove (5.7), let us decompose vym; as the sum of three terms, v1, 2, and ~y3, defined by
(tz) = (vp(t,z) — o ((t + 1) AL, x))mp (E, );
Yo(t, ) = v ((t + V)AL, x)(mJ,(t, ) — mj(t + 1,2));
v3(t, ) = v ((t + DAL, x)mj (t + 1, ).

Step 1. Estimation of v;. Since mj(t,z) = O(h?), we directly obtain with Lemma 5.3 that vi(t,z) =
O(h1+r+d).
Step 2. Estimation of v,. By the definition of m}, we have

mi (6 @) — mi(t + 1, 2) :/B AL y) (4 + )AL y) dy = O(AK,

Then v, = O(h?*T4), since v* is uniformly bounded.
Step 3. Estimation of divyys. Using the definitions of 3 and m}, we obtain that

divi(vs) (£, 7) = /B o, (DAL I (¢ 15 +y)(e) dy
_ / div(e™ (¢ + 1) A, m* (¢ + )AL, - +9)) () dy + O(h™)
B (0)
:/ div(o™ (¢ + V)AL, - + g)m* ((E + DAL - +)(@) dy + O™+
B (0)

:/B A+ DANG) dy + O(h+%),
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The second equality follows from the fact that (v*m*)((t + 1)At,- +y) € C*T"(T?). For the third one, we
use that v* and D,v are Holderian with exponent 7. Then, the estimate (5.7) holds true.
Step 4. Proof of (5.8). Since v*m*(tAt,-) and v*m*((t + 1)At,-) lie in C**7(T?), we first have that

);

div(v*m*)(tAt, y) — divy (v*m™) (tAt,y) = O(
)= )

hT
div(v™m*((t + 1)At, y)) — divp (v™m™)((t + 1)At,y) = O(h"
Since v*m*(-,y) € C"([0, 1]), we have

v'm((t+ 1)At,y) — o™ m* (tAt,y) = O(AL") = O(R*").

Then we have

/ divy, (v*'m* ((t + 1)At, ) — v*m*(tAt,-)(y)) dy
B(x)

= divy, (/ (Wm*((t + V)AL, - +y) — v"'m*(tAL, - + y)) dy) (z).
B (0)

The right-hand side is a discrete divergence of a term of order O(h?"*%). The estimate (5.8) follows.

O

We are ready to derive a complete consistency estimate for the triplet (uj, vy, m}) defined at the beginning
of the section.

Lemma 5.5 (Consistency error). The triplet (u}, vy, m}) is a solution to the perturbed discrete mean field game
(PDMFGQG) with perturbation terms n and § satisfying

n= O(AthT)a 315 = O(AthT+d) + At dth(63)7 where €3 = O(h27'+d),
Proof. Step 1. The perturbation term 7 of the dynamic programming equation is defined by

Cup(t+1a) —up(t )
At

n(t,z)

— o Apuj(t +1/2,2) + HY [Vl (- +1/2,)](t, ) = f(t,z,m}(t)) + A7

The continuous HIB equation, satisfied by u*, reads at time (¢ + 1)At as follows:

_Oour((t+ 1At )
ot

Then 7 can be put in the form n = At(ry + 2 + 75 + 74), where

—cAu((t+ 1)At, x) + H[Vu*|(t + DAL z) = f((t+ DALz, m*((t + 1)At)).

ou*((t+1)At,x)  wuj(t+1,2) —uj(t,x)

rit ) = ot - At ’

ro(t, z) = o(Au*((t + 1)At, z) — Apup (t+ 1/2,x));

r3(t,x) = HM[Viu; (- +1/2,))(t, x) — HE[Vu*]((t + 1)At, 2);
ra(t,x) = f((t + DAL z,m*((t + 1)AL)) — f(t,z, m] (t)).

By (5.2), we have r; = O(At"/2) = O(h"). Since u*((t + 1)At,-) € C?*7(T9), it follows that Apuj (¢t +1,-)
is r-Holder continuous. Using the fourth statement of Lemma 2.6 and (5.2), we obtain that

Apuj(t+1/2,2) = Apuj(t+ 1,2) + O(Ath™™2) = Au*((t + 1)At,z) + O(Ath"2 + h").

Thus ro = O(h"). Lemmas 5.2 and 5.3 yield r3 = O(h**") and r4 = O(h). It follows that n(t,z) = O(Ath").
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Step 2. For the estimation of the perturbation term of the discrete Fokker—Planck equation, we first show that
mj, is the solution to
5(t,x)
At

mp(t+1,2) —mj (t, )
At

—o0Aym;(t+1,2) — (1 — O)oApmj (t, x) + divy (vimj (t,x)) = (5.9)

for some error term 4. It directly follows from (5.9) that mj, is the solution to the perturbed Fokker—Planck
equation in (PDMFG) with § = B;lé, i.e., B1d = 6. Thus it only remains to calculate and to estimate 9.
The Fokker—Planck equation, satisfied by m™*, writes as follows at times tAt and (¢ + 1)At:
om*(tAt, x)
ot

— o Am*((t + 1)At, z) + div(v*m™((t + 1)At, x)) = 0.

— o Am* (tAt, x) + div(v*m™ (tAt, x)) = 0;
om*((t + 1)At, x)

ot
Let us integrate over By (x) the convex combination of the last two equations:
om* (tAt
(1-20) / Om™(tALy) _ o Am™* (tAt,y) + div(v*m* (tAt,y)) dy
vem@ Ot

+ 9/ om”((t Jartl)At’ Y _ oAm*((t + 1)At,y) + div(o™m*((t + 1)At,y)) dy = 0.
y€Bn(x)

Then S = At(fl =+ 772 —+ 773 —+ 7:1 =+ f2 =+ fg) Where

F(2) = 9<mh<t+1,x> “miltn) [ Om (it DAy dy>;
YEBn ()

At ot

Fo(t, 7) = o0 / Am* (£ + 1AL y) dy — Apmi (¢ 4+ 1,2) |
yEBp(z)

T3(t,x) =0 (divh(v;im;;(t, x)) — / div(v*m*((t + 1)At, y)) dy) ;

€Bp(x)

. mi(t+1,2) —mi(t,x om* (tAt,
r1<t,m>=<1—9)( it [ y)dy>;
yeBh(x

To(t,z) = o(1—0) / Am* (tAt,y)dy — Apmy (¢, ) |;
yEBp ()

73(t,x) = (1 —0) (divh(v,’:m;(t,x)) - / div(v*m™* (tAt, y)) dy).

EBh(w)

Using the basic consistency estimates in (5.2) and the commutation property shown in (5.3), we have
71 = O(AL2h) = O(h™F9), 7y = O(h™+?), 71 = O(At"/2hd) = O(h™t9), and 7y = O(h"%). Lemma 5.4
shows that 73 = O(h"+9) + Odive; and 73 = O(h"T?) + (1 — 0)divjep. Taking e3 = fe; + (1 — 0)eo, the
conclusion follows.

(]

5.2. Proof of Theorem 2.10

All constants in the proof are independent of At and h. The existence and uniqueness of the solution
(wh, vp, mp) to the theta-scheme was established in Theorem 4.4. The triplet (uy,, v, my) is also the unique solu-
tion to (DMFG) with control bound M. We proved in Lemma 5.5 that (u}, vy, m}) is a solution to (PDMFG)
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with perturbation terms 1 and § estimated as follows:
= O(Athr)a B15 = O(Athrer) + Atdth(Gg), Where €3 = O(h2T+d),

Step 1. Using similar arguments to the ones of the proof of Theorem 3.6 (see in particular estimate (A.6)), we
easily obtain that
hd/2

Step 2. Next we apply the fundamental inequality (Prop. 3.7) to (un,vn, ms) and (uj, vy, m}). We obtain

(5.10)

[up, = unlloo 00 < Lf

Ato‘”nvh ol (ms +my) H <§;Z; S )t 4+ 1, 2)0(t, @) + (my, —mE)(E )t ). (5.11)

Let us bound the right-hand side of the obtained inequality. Using the symmetry of B; and the convention
(4.2), we first obtain that

ZZ P —up)(t+1,2) ZAt uj, —up)(t+1,-), B16(t,-))

teT z€S teT

= At{(uj — up)(t+1/2,-), B1d(t,-).

teT

It follows that there exist two constants Cy and C4 such that

ZZ n—up)(t+1,2)0(t,x)

teT zeS
<N (At(up, = up)(t 4 1/2,2)divi (es(t, 7)) + ), — unl|og oo | B16 — Atdivy(es)]l;
teT zeS
. o Mmg, = mal .
< Z Z(—At(Vh(uh —up)(t+1/2,2),e3(t,2))) + Co (thd/z’Q o | B
teT zeS

< (B + |y, = oo 7).

The first inequality is a consequence of Hoélder’s inequality and the second one derives from the discrete
integration by parts formula combined with inequality (5.10). The third one follows from the Lipschitz
continuity of u} (¢t +1/2,-) and wup(t + 1/2,-), which was proved in Lemmas 4.3 and 5.1.

By Hoélder’s inequality, there also exists a constant Cs such that

DD (i —mp)(t,2)n(t,x) < |[mj,

teT zeS

I, = oo 2= /2.

Then, there exists a constant C's such that

e < C3(h*" + |mj, — thw’Qh“dﬂ), where: € = At||||v; — va|[*mj; (5.12)

(PRt

Step 3. We next find an upper bound of ||m} — mp|/,2 involving €, using the energy estimate established in
Proposition 4.5. Let 1 = mj — my,. Then p satisfies the perturbed discrete Fokker-Planck equation defined
n (4.6):
(Id — o AtAR)pu(t + 1) = (Id + (1 — 0)o At Ap) p(t) — Atdivy (vp (£)u(t))
—Atdivy, (6,(t)) + At (t),

1(0) =0,
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where

do(t, ) = (vi —vp)mj (t,z) — e3(t, x) and & = O(ht9).

From Theorem 4.4 we know that ||vp|lec,co < M. Thus, the energy inequality (4.7) implies that there exists
a constant Cy such that

mas [[u(t) 5 < s - Ae(|lgo(ll; + )]3).

TeT
Applying inequality (a + b)? < 2a? + 2b% to ||6,(7)||3, there exists a constant Cj such that
8.0l < 2ll(wi, = enmi (], + 2ea(ll; < 2w = vymi (), + Coht™*,

H(S/(T)Hz < C5h2T+d.

Since ||m}[|oo,00 = O(h?), there exists a constant Cg such that

S ar([s.ll; + 85 < Con (e + h2r).

T€T
Therefore, for some constant C7,
Iy, = |30 2 =l 2 < Crh? (e + h2T). (5.13)
Step 4. Let us combine inequality (5.12) with (5.13). We obtain that

lmi, = mi)lZ.5 < C7(Cs + )R 4 C7Cslmj, — mi [l oo b2
|mj, — mh||go,2 4 ciC3 p2r+d
2 2 ’

< C7(Cy 4+ 1)R* T 4

Therefore, for some constant Cg,

[mi, = mp oo,z < Cgh™ /2. (5.14)

Applying Holder’s inequality to (5.14) and using (5.10), we obtain the existence of a constant Cg such that
l[un = uplloo,co + lmn — mp oo < Coh”.

The conclusion follows.

APPENDIX A. TECHNICAL LEMMAS AND PROOFS

Proof of Lemma 2.4. We prove (2.4):

d
- Y nehdivile) = - 3 - o) 2R —ela = e

reS €S i=1
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We prove (2.5):

—Z ) App(x ZZ ) Ap (2, y)p(y)

zes zeS yes
d
1
= ﬁz Z 2u(z) — (u(@ + he;) + p(x — he;)))
zeS i=1
h22<z,u + he;) (v(x + he;) Zuac—hez )—V(m—hei))>
i=1 \z€eS xzes
=> (v (@)
€S
The lemma is proved. O

Proof of Lemma 2.5. Applying the inequality (a + b)? < 2a® + 2b?, we obtain

IVnl3 = hQZZ (2 + hes) = ple = hey))’

i=1x€S

2
< LSS (ulo e — )+ (ule) — e — hen))* = [Vl
i=1z€eS
Inequality (2.6) follows. O
Proof of Lemma 2.6. Let r = cAt/h?. Consider the mapping Sx (1) : R(S) — R(S), defined by

d
SX(,u)(x)—H12dr< Zum—khej +7"pr—hej)+X( )) (A1)

Then Y is a solution to (2.7) if and only if it is a fixed point of Sx. For any p; and pe in R(S) and for any
T €S,

d d
1
ISx (1) (%) = Sx (u2) ()| = Z(m p2) (@ + hey) + 1Y (11 — p2)(x — hey)
14 2dr | <
j= j=1 (A.2)
S -
= 1+2d M1 — H2]foco-
Therefore, Sy is a contraction for the || - ||oc norm. As a consequence, it has a unique fixed point Y, which is

then the unique solution to (2.7). Point (1) is proved.

Let us prove point (2). Assume that X > 0. Since Sx is a contraction, we have that Y = lim,,_,o S% () for
any p € R(S). In particular, taking p = X,

Y = lim S%(X).

It is easy to verify that for any p € R(S), if g > 0, then Sx(p) > 0. Therefore, we deduce that S% (X) > 0 for
any n by induction, and therefore Y > 0. If we assume that X € P(5), then for any p € P(S), we can deduce
that Sx (u) € P(S). This yields that Y € P(S).

Point (3) is proved similarly, assuming that X is L-Lipschitz, observing that if p is L-Lipschitz continuous,
then Sx () is L-Lipschitz continuous.
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Let us prove the last statement. Taking any i € {1,2,...,d}, we define @, w € R(S9) as follows:
w(x) = (ViY)i(z), w(x) = (VrX)i(z), Vo € S.

Then @ is the fixed point of S,, (replace X by w in (A.1)). Let v = 2dr/(1 4 2dr). Using @ = lim,, .o S” (w), we
deduce from (A.2) that

1
& —wll < ZHS’““ ~SEW)|, < Zv S (w) = wlloo = mllSw(W) — Wl

It further follows that

<
o S T T a1l
ApX(z + he;) — ApX(x — he;)
2h

< max < 207 LeL Athe™ 1,
1—v142dr zes

where the last inequality is a consequence of the a-Hélder continuity of A, X. Finally, let o (z) = (VY)i(z)
and let w;' (z) = (V7 X);(x). By the same argument, we have that ||@; —w; || <29 1cL/(Ath®~1). Then, for
any x € S, it follows from the triangle inequality that

d _

Zw —w x—hel Zw — he;)

i=1 i=1

ALY (z) — ApX(z

= 2%deL’ (Ath*™?).

The lemma is proved. O

Proof of Lemma 2.7. The differentiability of H® with respect to p and the Lipschitz continuity of Hy are proved
in Theorem 4.2.1, page 82 of [18]. For any t1,ts € [0, 1], we have

Hc(tlwrap) - Hc(t27xap) = Ssup (<_p7 Ul> _Ec(thxavl)) — Sup <<_p7 /l)2> _gc(tlal.?’l}?))

v1 ER4 vg ERA
< sup (gc(t% z, ’U) - gc(tla z, ’U))

vER?
< L[ty — taf.

Using the relation of Fenchel, — Hj(t, x, p) = argmax, (—p, v) — £°(t,z,v), and the continuous differentiability of
£¢, we have the first order optimality condition

p+ L (t, x, —H,(t, x,p)) =0.
Fix z € T? and p € R?. Take any t; and ¢, in [0, 1]. By the above equation,
£ (tl, x, —Hg(t1, x,p)) =( (tg, x, —H(ta, x,p)).
The strong convexity of £¢ implies that
ol Hy(t1, z,p) — H(ta, 2, p H (€5 (tr,x, —Hp(t1, 2, p)) — €5 (tr, 2, —Hp (t2, 2, p)), Hy(t2, 2, p) — Hy(t1, @, p))

< (t27x - (t27$ p)) _gi(t17m7 _H;(t27xap))7H;(t27$7p) - H;(t17x7p)>
Lz‘tl t2|HHC t17x p) H;(t27$,p)“,

where the last inequality is a consequence of the Lipschitz continuity of £ with respect to ¢. The lemma is
proved. (Il
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Proof of Lemma 3.2. The ﬁrst three claims can be shown with the same arguments as those of the proof of
Lemma 2.7. Since HD is E -Lipschitz continuous with respect to p, it is enough to prove (3.4) for p = 0. Let
o(t,z) = —HpD(t,ac,O). Since v(t, z) is optimal in (3.3), with p = 0, we deduce that v(¢,z) minimizes ¢(t,x,-)
over the closed ball of radius D. Using the strong convexity of ¢, it follows that

Ut 2,0) + (po, v(t,2)) + 5 [o(t,2,0)|2 < €t 2, v(t,2)) < €(t,2,0),
from which we deduce that ||v(t,z)|| < 2||pol|, by Cauchy—Schwarz inequality. O
Proof of Lemma 3.4. By Fenchel’s relation ([18], Cor. 1.4.4), we know that
HP(t,2,p) = —(p,0) — P (t,2,0) and —p € 0,LP(t,z,7). (A.3)
Using the strong convexity of £©, we obtain that
P (t,z,v) > €0 (¢, 2,5) — (5,0 — T) + %Hv — 3|2 (A.4)
Summing up (A.3) and (A.4), we obtain the following inequality:
HP(t,x,p) + (P (t,2,v) + (p,v) > % va@HQ. (A.5)

Multiplying (A.5) by m, multiplying (A.3) by m, and taking the difference, we obtain the desired
inequality. ]
Proof of Theorem 3.6, second part. We prove here the continuity of the mapping ¢. Since ¢ is the composition

of (3.7), (3.8) and (3.6), it suffices to show that these three mappings are continuous.

Step 1. Continuity of HIB. Take any j; and pg in Py, (7,5). Let u; = HIB (1) and uy = HIB(u2). By
Assumption 2, we have that for any = € S,

(w1 — u2)(t, )| < Sup fm(t,x,w)—ZMZ(M,w)‘AH > 7tz y,w)(ua(t+1,y) —ua(t +1,9))
w||<D
= yeSs

< Lyl = p2) (&) [l A+ [[(ur —u) (4 1)

where the last inequality follows from the Lipschitz continuity of f and Assumption 2. Since u1(t,-), p2(t,-) €
P(S) for any t € T, we have that pu(t,s),u2(t,s) € [0,1] for any (t,s) € 7 x S, which implies that
I — p2]loo,00 < 1. Combining this with the fact that ||(u2 — u1)(T,-)|lec = 0, it follows that

1/2
= usllo o < ZpAES (01 = p2) ()l < Dyl — palloeo < Lyllin — a3 (A6)
teT

Step 2. Continuity of V. Let v;1 = V(u1) and va = V(uz). By the equivalent form of (3.8), we have v (t,z) =
—H,[p1,1](t, ) and va(t, ) = —Hp[p12](t, z), where

p1a(t,z) = Zﬂltxs)ul(t+1 s) and pio(t,z) = thws)ug(t—l—ls)
sES seS

By the (1/a)-Lipschitz continuity of H,(t,z,p) on p, we have for any (¢,z) € 7 x S

1 1
[v1(t, @) = v2(t, 2)l| < —llp1a(t,2) = Pr2(t, 2)|| < —lITilloe 00,1 01 — 2]l 00

where [[m1]|oo o1 = maxes Y, 7 (.2, 5)]|.
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Step 3. Continuity of FP. Let m; = FP(v;) and mz = FP(v3). Then,

(ml - mQ)(t + 17 y) = Zmes ﬂ'[vl}(t? €z, y)(ml - mQ)(t7 1‘) + 61}1,1}2,mz (ta y)7
(m1 —my2)(0,y) =0,

where 6y, vy,m, (t,y) = Aty o mi(t, z,y)(v1 — v2)(t, £)ma(t, z). Since w[v;] is a transition process, we have

[ma(t+1,-) —ma(t+ 1,y < llmat;-) —ma(t, )y + [10vy,00,ms (8 )l

The second term |8y, vy,ms (¢, *)||1 is estimated with Holder’s inequality:

”51)1 112,m2( )Hl At Z Wl(tvivy)(vl*”2)(tv$)m2(tal’)

yeS,zeS

< Atflmalt, ) 171 s 0.1 101 = V2l g 00 = AT o0 oo 1 101 — V2l 00

where the last equality is a consequence of mqy € P('ZN', S). Therefore, we have

[m1 —mall 1 < 1o co 11 — 2]l oo

The continuity of ¢ follows.

APPENDIX B. ON THE RECULARITY OF THE CONTINUOUS MFG SYSTEM

Recall that @ = [0,1] x T?. For any R > 0, let Br := Q x B(0, R), where B(0, R) is the closed ball in R¢
with center 0 and radius R. Let us refer the reader fto ([21], pages 8 and 51) for the definitions of the Sobolev
space W (Q) and the anisotropic Sobolev space W2(Q). For any 6 € (0,1), we define the local Holder space

fso/f ”(Q X ]Rd) {w €C(Q xRY) | w |p,e C?%9(Bg), for any R > 0},
where w |, is the restriction of w in Br and where 05/2’5’5(33) denotes the sets of functions from Bg to

R which are Holder continuous with respect to their first (resp. second and third) variable with exponent /2
(resp. 9).
Assumption C. There exist C > 0 and 0 < 7 < 1 such that for all (t,z) € Q, for all v € R and for all
m € L>°(T%) satisfyingm > 0 and [, m(x)dz =1, it holds:

— Lo(t,z,0) < C|v||? + C and | f(t,x,m)| < C;

— 0° and €5 are continuously differentiable, and €5, (5, € Cr/f TTQ x RY);

- m§ € C2+7 (T?), and g¢ € C3(T?).

Lemma B.1. Let Assumptions A and C hold true. Then the Hamiltonian H€ is continuously differentiable and
Hp is also continuously differentiable. Moreover, Hy, € cr/E "(Q x RY) and Hp, € cr/Em T(Q x RY).

loc loc

Proof. Fix any (tg, 7o, p0) € (0,1) x T¢ x R%. By the strong convexity of £ w.r.t. v, there exists a unique vy € R?
such that H¢(tg, zo,p0) = —(po, vo) — £°(to0, Zo,vo). The first order optimality condition writes

—Po — Zlc)(to, 370,1}0) =0.
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Since £¢ is strongly convex, we have that £ (o, zo,vo) is invertible. By the implicit function theorem, there
exist a neighborhood A of (¢, zo, po) and a function v(t, x,p) from A to R? such that for all (t,z,p) € A,

—p—L(t,x,v(t,z,p)) = 0. (B.1)

Since ¢¢ is continuously differentiable, v(¢,z,p) is continuously differentiable. Moreover,

< ¢, we deduce that v,,v, € C"/277(A). The convexity of ¢° and the first order
optimality condition (B.1) imply that

By the regularity of £5, and £¢

He(t,x,p) = —(p,v(t,z,p)) — L(¢, z,v(¢t, z,p)), Y(t,x,p) € A.

We deduce that H¢ | 4€ C1(A) by the regularity of v and ¢¢. Differentiating the above equation with respect to
p and using (B.1), we obtain that HJ(t,z,p) = —v(t,z,p), for all (¢,x,p) € A. Then, deriving H; with respect
to x and p, we obtain

H;m(tvxap) = _Ux(t»xvp)a H;p(t,mvp) = _vp(ta xvp)v V(t,l’,p) c A
The conclusion follows from the regularity of v, v, and wv,. O

Theorem B.2. Under Assumptions A and C, the continuous system (MFG) has a unique solution (u*,v*, m*)
satisfying Assumption B for any r < T.

Proof. Fixing any 0 < r < 7, we will prove that Assumption B is satisfied for . Under Assumptions A and C,
according to Theorem 1 of [9], there exists v’ € (0,7 such that the continuous system (MFG) has a unique
classical solution (u*,v*,m*) with

u*, m* e Cl'”,/Q’HT,(Q)7 v* e CTI(Q), and Vuv*eC” (Q, R4, (B.2)

Step 1. Regularity of Vu*. By (B.2), we have that u* € C'(Q). This implies that Vu* € L>°(Q). Let u}, be
the partial derivative of u* w.r.t. ;. Then, u} is a weak solution of the following linear equation:

—Opw(t, ) — cAw(t,z) + H[Vu*|Vuw(t, ) = fo(t, x), (t,z) € Q,
w(l,z) = in(x)a S Td,

where
fo(t,x) = Dy, f(t, @, m* (1)) — H, [Vu*](t, z),

where D, denotes the weak derivative w.r.t. ;. By the regularity of Hy, H¢, f¢, and u*, we deduce that
Hy[Vu*] € L>(Q) and fo € L>°(Q). Moreover, the regularity of g implies that g,, € W2 (T?). Then
Theorem 4 of [9] shows that u} is the unique weak solution and . € W}*(Q) C W, (Q) for any p > d+ 1.
Morrey’s inequality ([6], Lem. 4.28) implies that

d+1
W €CN(Q), with y=1- 27"
p

Taking p = 1‘@;}?, we have that u} € C"/7(Q). The same result follows for Vu*.
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Step 2. Regularity of u*. Let ¢ € C*(R?) such that ¢(z) = 1 for x € B(0,2v/d) and ¢(z) =0 for x ¢ Q ==
B(0,3V/d). Tt is straightforward that B(0,2v/d) contains a neighborhood of T?. Let us set Q' = (0,1) x €.
Since u* can be identified to a periodic function over R%, we define % = u*p. Then, @ is the solution of the
following equation:

—dyu(t,x) — oAu(t,xz) = fi(t, z), (t,z) € Q',
a(t,z) =0, (t,x) € (0,1) x L,
ﬂ(l,x) = g(x)@(x)a HAS Qa

where

Silt,x) = p(a)(f(t, 2, m"(t) — H(t,z, Vu'(t,2))) — 20(Vp(z), Vu' (t, x)) — ou”(t, z) Ap(z).
By the regularity of f¢ and m*, we deduce the following: For any (t1,x1), (t2,z2) € @',

fe(t, m,m™(8) = [(ta, w2, m™(t2)) < Ly ([t — to| + |21 — 2al]) + LF[[m™(t1) — m*(t2) ]2
< LE(ltr = tof + [lon = @2ll) + L[lm™ (t1) —m™(t2) |~

< C(|t1 —to "+ |1 — 1?2||T),

for some constant C. Using the regularity properties of u*, Vu* and H®, we obtain that f; € C"/?7(Q’).
The final condition lies in C"(€2) by Assumption C. The boundary conditions satisfying the requirements in
Theorem 5.2 of [23], we deduce that @ € C'*7/22+7(Q’), where Q' is the closure of Q. By the definition of
v, we have that u*(t,z) = a(t, x) for all (¢,x) € Q. The regularity of u* follows.

Step 3. Regularity of v*. By (MFG)(ii) and the regularity of H¢, we have

v*(t,x) = fH;(t,x, Vu*(t,x));
Vo*(t,x) = —Hp, (t,z, Vu™(t,z)) — Hp,(t,x, Vu*(t,r)) Deeu™ (t, ).

Since Hy is continuously differentiable and Vu* € C7/™(Q), we deduce that v* € C™/7(Q) C C"(Q). By a
similar argument, from the regularity of Hy,, and Hy, in Lemma B.1 and the regularity of Vu* and Dy, u*,
we have Vov* € C"/27(Q).

Step 4. Regularity of m*. Since m* € C'*7'/22+7(Q) and Q is bounded, we have m* & W,2(Q) for any
p > d+ 2. By Lemma 3.3 of [23], it holds that

xT )

d+2
m* € C"?7(Q) and Vim* € CV/*7(Q), with v =1 — ar2
p

Taking p = %, it follows that m* € C"/?7(Q) and Vimm* € C"/?>"(Q).

Let us define i = m*p. Then m satisfies the following equation:

oyn(t, x) — o Am(t, z) + (v*, Vin)(t, z) + div(v*)m(t, z) = fa(t, x), (t,z) € @,
m(t,z) =0, (t,z) € (0,1) x 09,
m(0, ) = mo(x)p(z), zeqQ,

where
fo(t,x) = —20(V(x), Vm*(t,z)) — om™(t, ) Ap(z) + (v*(t, x), V(z))m*(t, x).

From the regularity of v*,m* and Vm*, we deduce that foe C"/?7(Q"). Combining with the regularity of v*,
Vu* and mgep, we deduce that 7 € C*+7/22+7(Q") by Theorem 5.2 of [23]. Therefore, m* € C*+7/2247(Q). O
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APPENDIX C. CONSTRUCTION OF A NUMERICAL HAMILTONIAN

This section, as a complementary material to the rest of the article, is dedicated to the construction of a
numerical Hamiltonian satisfying the assumptions of [3], in a general framework (see Eq. (C.3)). Our main
assumption is the strong convexity of the running cost with respect to the control variable.

Given a vector g € R??, we denote

T T

q= (qlaQ37' .. 7q2d—1)a q = (QQ7Q47' . aq2d)'

Following the terminology of [3], we call numerical Hamiltonian a function H: [0,1] x T¢ x R?*? — R satisfying
the following conditions: For any (¢,z) € [0,1] x T¢,

(g1) [Monotonicity] H(¢,,-) is nonincreasing w.r.t. Tg; and nondecreasing w.r.t. qiT foralli=1,2,...,d;
(g2) [Consistency] For any ¢ such that fq = ¢f, it holds H(t,z,q) = H(t,z,q");
(g3) [Regularity] H(¢,z,-) is continuously differentiable;
(g4) [Convexity] H(t,x,-) is convex;
(g5) There exists positive constants ¢y, ¢o, c3 and ¢4, independent of (¢, z), such that for any ¢ € R??,
(Hq(t,2,9),0) — H(t,2,9) > e1|[Ho(t, 2, 9)|” = e (C.1)
[Hq(t, 2z, q)|l < esllqll + ca. (C.2)

Lemma C.1. Consider a function H: [0,1] x T¢ x R?® — R satisfying (g3) abd (g4). Assume that H, is
uniformly Lipschitz continuous w.r.t. g, H(t,x,0) is bounded from above, and Hy(t, x,0) is uniformly bounded.
Then H satisfies (gb).

Proof. Let L be the Lipschitz constant of Hy(t, z,-). Applying inequality (1.2), we obtain that
1
E”Hq(tﬂ z,0) — Hq(t7 €T, q)”2 < H(t,z,0) — H(t,z,q) + <H11(t7 r,q),q)-

Applying inequality |la — b||? > ||b]|?/2 — ||a||?, we deduce that
1

<H(](t’x7Q)7Q> - H(tﬂf,(ﬂ 2 AL

1
||Hq(ta €z, q)||2 - ﬁ ||Hq(ta €z, O) ||2 - H(t7 €, O)
Since H(t,z,0) is bounded from above and since H,(t, x,0) is uniformly bounded, equation (C.1) is satisfied.
Inequality (C.2) is obvious by the uniform Lipschitz continuity of H,. O

Assume that the running cost ¢°(t,z,v): [0,1] x T¢ x R? — R is uniformly a®-convex w.r.t. v with some
a’ > 0. Then, ¢¢ can be decomposed as

ac
04 (t, w,0) = 65t 0) + —[|v]]%,

where £§ is convex w.r.t. v. We propose the following definition for a numerical Hamiltonian:

: af
H(tvx7Q) = sup (—<’U7Tq> - <uaqT> —fa(t,x,v—}—’u,) - E(HUHQ—’_ |u||2>> (C?))
vERd,vzo
uERd,ugO

Theorem C.2. Assume that (¢: [0,1] x T4 xR? — R is a®-convez with respect to its third variable, £¢ is bounded
from below by some constant ¢, and for some vy € R?, there exists a constant C(vy) < 4o such that for all
(t,x) € [0,1] x T4, ¢¢(t,z,v9) < C(vo). Then the function H defined by (C.3) is a numerical Hamiltonian, for
the Hamiltonian HC defined by (1.1).
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Proof. The condition (gl) can be easily deduced from the nonnegativity and nonpositivity constraints for v and
uin (C.3).

Step 1. Proof of (g2). Let us take any ¢ € R?¢, such that Tq = ¢'. Then, we deduce that
H(t,z,q) = sup —<v+u,qT>—€8(t,x,u+u)—a—
v>0, u<0 2

(ol + [lulf®).-
Since v > 0 and u < 0, we have that ||v]|? + |Ju|? > ||u + v||?. Then,

H(t,x,q) < sup —<v + u,qT> — 05tz v+u) — %(Hv + u||2) = Hc(t,x,qT).
v>0, u<0

Conversely, take v* = —Hg(t,z,q"), vi = {max{0,v}}}i=1,..q and v* = {min{0, v} }};=1,...a. We have that
v >0, 0" <0, 0" =vi 40" and ||[v*|?* = ||vi | 4 ||v* ||>. Thus, by Fenchel’s relation, it follows that

B (t,1) = (402, q) — 6560+ 00) = S (o P+ o) < At ,0).
Step 2. Proof of (g3) and (g4). Consider the function £¢: [0,1] x T x R?? — R defined by
(@, w) = 66t Tw -+ wh) + S ([l + o [*) + 3 () +x7 (),

where x*(x) = 0 (resp. x"(z) = 0) if # > 0 (vesp. # < 0) and infinity otherwise. It is obvious that £¢ is
uniformly a“-convex w.r.t. w. The definition (C.3) implies that

H(ta z, q) = (ZC)*(tv €, 7Q)
By Theorem 4.2.1 of [18], H is convex and continuously differentiable w.r.t. ¢ and H, is uniformly 1/a°-
Lipschitz w.r.t. q.

Step 3. Proof of (g5). We apply Lemma C.1 for the proof. Taking ¢ = 0, by the consistency of H, we have for
any (t,x) € [0,1] x T¢ that

H(t,xz,0) = H°(t,z,0) = — in (ES(t,x,v) + a||v||2> < —c,
veERC 2

By Fenchel’s relation, it follows that

—Hy(t, z,0) = argmin <€8(t,x,v +u)+ Ol?(HvH2 + ||u|2))

v>0,u<0
Let us set v*(¢t,z) = argmin, g £°(t,z,v). By a similar argument to the one of Step 1, we have that
"H,(t,2,0) = —v*(t,z); and H,(t,2,0)7 = —v*(t,r)_. In order to prove that H,(t,z,0) is uniformly

bounded, it suffices to show the boundedness of v*(¢, ). By the strong convexity and boundedness assump-
tions of £¢, we deduce that for any (t,z) € [0,1] x T¢,

af af
Clvo) 2 °(t,w,00) 2 €°(t, 2,07 (¢, 2)) + o [0" (8,2) = wol* 2 e+ - [|o" (£, 2) — vl

This implies that ||[v*|lec < |Jvo]l + /2(C(vo) — ¢)/ac. The conclusion follows.
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