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Stability of the global weak axisymmetric
solution to the quantum Euler system with
vorticity in dimension d = 2

Boris Haspot* and Marc-Antoine Vassenet |

Abstract

We consider the stability of the global weak solution of the Quantum
Euler system in two space dimensions. More precisely, we establish the
compactness of global finite energy weak solution for large initial data
provided that the initial data are axisymmetric. The main novelty is that
the initial velocity is not necessary irrotational, our main argument is
based on a generalization of the Madelung transform which enables to
prove new Kato estimates on the irrotational part of the velocity.

Contents

1 Introduction| 2

2 Proof of the Theorem [1] 10
2.1 Uniform Estimatel. . . . . . .. ... ... o oL 10
2.2 Symmetry of the solutions| . . . . . ... ... ... 0oL 16
2.3 New Madelung Transtorm| . . . . . ... ... .. ... .. .... 17
2.4 Kato’s local smoothing effect | . . . . .. ... .. ... ... ... 19
2.5 Strong convergence of the sequence (Vy/pn, /0nQUn)nen| - . . . 27
2.6 Convergence of the sequence (py,, Uy, )nen to a global weak solution| 34

*Université Paris Dauphine, PSL Research University, Ceremade, Umr Cnrs 7534, Place du
Maréchal De Lattre De Tassigny 75775 Paris cedex 16 (France), haspot@ceremade.dauphine.fr

tUniversité Paris Dauphine, PSL Research University, Ceremade, Umr Cnrs
7534, Place du Maréchal De Lattre De Tassigny 75775 Paris cedex 16 (France),
vassenet@ceremade.dauphine.fr



1 Introduction

The quantum Euler system that we are considering is described by the following
system:

Op + div(pu) =0,

A
poru + pu.Vu+ VP(p) = an(%ﬁ), (z,t) € RT x Ry. (1.1)

(pau)|t=0 = (PO;UO)7 T E Rd'

Here u = u(t,r) € R with d > 2 stands for the velocity field, p = p(¢,z) € RT
is the density, k > 0 is the capillary coefficient and P the pressure. This
system appears as a relevant model in various areas of physics: superfluids
theory (see e.g. [20] [13]), weakly interacting Bose gases (see e.g. [15]), quantum
semiconductors ( see e.g. [I4])... We would like also to point out that the
above system belongs to a wider class of fluid dynamic equations, the so called
Euler-Korteweg systems modeling in particular liquid-vapor mixture. In order
to describe the behavior of the mixture at the interface between the fluid and
the vapor, the system is endowed with an internal capillarity x(p) and it reads
as follows:

Op+ div(pu) =0, (z,t) eRIx T
Or(pu) + div(pu @ u) + VP(p) = divK, (z,t) € R x I (1.2)
(P, u)/tZO = (po,Uo), zeR%

The general Korteweg tensor can be written as follows:

vt = v ((os(p) 80+ 5 (5(5) + o ()ITo)d = K(p)Tp & Tp ). (1)
The capillary coefficient # is a smooth function Rt — R**. We can notice that
the quantum Euler system corresponds to the Euler-Korteweg system
with x(p) = 5 with £ > 0.

One can recall now the physical energy bounds associated to the Euler-Korteweg
system. Let p > 0 be a constant reference density, and let II be defined by:

H@):s([ffg?dv—Pgﬁ>

so that P(s) = sIT'(s) — II(s),, II' (p) = 0 and:
O I1(p) 4 div(ull(p)) + P(p)div(u) =0 in D ((0,T) x RY).
Notice that IT is convex as far as P is non decreasing (since P'(s) = sII (s)),

which is the case for «-type pressure laws. Multiplying the equation of momen-
tum conservation in the system (1.2)) by u and integrating by parts over R?, we



obtain at least formally:

[ Golal? + @) = 1p) + 3r()|VoP) ()
Rd

(1.4)
1 _ K(p
< [ Goluol + (11(n) = 1) + 220 7 P)
It follows that assuming that the initial total energy is finite:
upl? K
éo= [ ("85 (1(p0) — 11(p) + “22 9 ) < o0,
R
then we have the a priori following bounds:
I(p) = 1L(p), pluf® € L>(0,00, L' (R)), (15)

and x(p)| Vol € L(0, 00, L' (RY)).

Before stating our main result, we propose for the convenience of the reader
a short review on the results concerning both the existence of strong solution
for the Euler-Korteweg system and the existence of global weak solution with
large initial data. The system can be recasted as a quasilinear degenerate
Schrédinger equation by using the classical effective velocity v = u+14 @Vp,
the momentum equation takes then the following form:

v+ u-Vu+i(Vo) - w+ iV (a(p)dive) + VF(p) = 0, (1.6)

with F'(p) = P,p(p), w = w#Vp and a(p) = v/pr(p). In other words we

can expect dispersive estimates on the solutions of the Euler Korteweg system
provided that we consider an irrotational velocity, indeed in this framework
V(a(p)divv) is strongly elliptic. By working on the equation Benzoni,
Danchin and Descombes in [8] have proved the local existence for the Euler Ko-
rteweg system of strong solutions for large data provided that the initial data
(po — 1,ug) belong to H*T1(R?) x H*(R?) with s > £ + 1 and the initial den-
sity is far away from the vacuum po > ¢ > 0. The proof is based on tricky
energy estimates in H® Sobolev space combined with a gauge method in order
to overcome some difficulties related to a loss of derivative on some convective
terms, however in [§] the authors do not exhibit any dispersive estimates on the
solution. As mentioned before, it seems reasonable to think that the existence
of global strong solution can only be deduced by obtaining dispersive estimates
on the solution. In particular in [7, [6] the authors prove the existence of global
strong solution which scatter in dimension d > 3, for small initial data with
irrotational flow by using the theory of non space time resonance. It is rele-
vant to mention that the case d < 2 seems less favorable, indeed in [4] Audiard
showed in dimension d = 2 the existence of travelling wave of arbitrary small
energy (see [9] for the one-dimensional case). In particular since these solutions
do not scatter, it may prevent some result of global strong scattering solution



for small initial data for d < 2 (See also [5] for the existence of multi-soliton of
the Euler-Korteweg system in dimension one).

The question of the existence of global weak solution with large initial data for
the Euler-Korteweg system remains actually largely open in dimension d > 1, we
would like to explain what are the main difficulties related to the proof of such
result. Classically the method for showing the existence of global weak solution
consist in constructing in a first step a sequence of global approximate regular
solution (pn, un)nen (via a Fadeo-Galerkin argument) satisfying uniformly in n
the energy estimate . The second step is to prove that we can extract a
subsequence (py(n); Uy (n) )JneN Which converges weakly to a global weak solution
(p,u) of the Euler-Korteweg system . It corresponds to the notion of sta-
bility of the global weak solution, however it requires in general to have enough
compactness informations on the sequel (py,, tu,)nen in order to pass to the limit
in the nonlinear terms involved in the system (1.2). One can then easily notice
that in the case of the Euler-Korteweg system the main difficulty consists in
passing to the limit in the quadratic terms x(p,)Vp, ® Vp, and p,u, & u,
which are only bounded uniformly in n in L°°(L'(R%)). It implies that these
terms converges up to extraction only to some measure v and vy, the natural
question which arises is to prove that v = k(p)Vp ® Vp and v1 = pu ® u where
p and /pu are strong limit of the sequences (py(n))nen and (y/Pp(n)Up(n) JneN
in appropriate functional space.

In the case of the quantum Euler system , Antonelli and Marcati in [1I 2]
have obtained the existence of global weak solution in dimension d = 2,3 for
”well-prepared” initial data (po, /poto) in the sense that there exists some wave
function 1o € H' such that py = |[¢0|? and pouo = Im (1o V1)p). It is important
to point out that these conditions impose that the initial velocity is irrotational.
Indeed in this case there exists a correspondance between the system and
the nonlinear Schrédinger equation via the notion of polar factorization where
we have p = 1|2 and pu = Im(¥V ) (see [1,2]) with ¥ solution of the following
(NLS) equation:

i@@+%AW=gum%mpr)=w@ (NLS)

It is of course reminiscent of the so called Madelung transform which ensures
that when u = V¢ is irrotational we have:

(p, V) = U = /pe'®. (1.7)

In [I, 2] the authors begin by constructing a sequence of exact solutions (pn, \/Pntn)neN
of the system using polar factorization associated to ¥,, solution of the
equation provided that the sequence (Vg )nen of initial data belong
to H® Sobolev space with s > 0 sufficiently large (in addition this sequence
converges strongly to o in H'). We should however point out that this pro-
cedure must be realized carefully since v, can vanish, and so that \/ppu, =
Im(¢, Vb, /|0 |) is only defined for |¢,,| # 0 and \/pru, = 0 otherwise using a

Sard theorem. The key point of the proof is now the strong L . convergence



of the nonlinear terms ,/ppu, ® /Py and |V\/p7 \2, this is a consequence of
standard stability estimates (based on Strichartz inequalities) which claim that
W, converges to ¥ in L (H') and of the fact that via the formula of polar fac-
torization we have [V, |? = |V,/p,|? 4 |/Pnun|*. It suffices then now to prove
the strong L? convergence by combining weak L? convergence and convergence
of the L? norms ||/pntn|/z2 and |[V/pn| 2. Concerning the existence of global
weak solution in one dimension for the system , we mention also the work
of Antonelli et al [3] where the authors give in particular some sufficient and
necessary condition for an initial data (po, /poto) to admit an associated wave
function ¥y in H' and even in H?. It allows then to construct more regular
global weak solution (p, /pu) provided that the initial associated wave function
is in H2, in addition they obtain also dispersive estimates on these solutions by
adapting standard dispersive estimates issue of the NLS equation.

To finish this short review, we mention also the global existence of dissipative
solutions for the Euler-Korteweg system Which are even weaker than the
weak solutions (see [10]). We also would like to refer to [I1] for a very interesting
survey on the well-posedness of the Euler-Korteweg system and Gross-Pitaevskii
equations.

In the sequel, we aim at solving the problem of the stability of the global weak
solution of the quantum Euler system in dimension d = 2 for an initial
velocity which is not necessary irrotational. In other words, if we assume that
there exists a sequence of global smooth approximate solutions (p.,un)nen of
system (|1.1) satisfying uniformly in n the bounds issue of the energy es-
timate , we wish to prove that up to a subsequence the sequel (pn, Un)nen
converges weakly to a global weak solution (p, u) of the system (L.1).

Remark 1.1. Naturally a result of stability of weak solutions does mot imply
the global existence of weak solutions. Indeed, it remains to prove the global ex-
istence of approximate solutions satisfying uniformly in n all the required energy
estimates. This work is in general very delicate.

Dividing now the momentum equation of (1.1)) by p, applying the operator
curl in dimension d = 2 (with curlu = 9y us —d2u1) and using the mass equation,
we get at least formally the following equation:

8t(curlu) +u_v<curlu> o (1.8)
p p

This remarkable relation on <“% has been identified in particular by Serre in

[21] for the compressible Euler system in dimension d = 2. It implies at least
formally that we can bound the L>(R?) and L!(R?) norm of respectively %
and curlu all along the time by using a maximum principle. That is why in the
sequel we shall work with initial data verifying:

1
— € L*(R?) and curlug € L*(R*) N L>(R?). (1.9)
Po

In addition the initial data have finite energy , it implies from the estimate (|1.4])



that:
Vo € L*(R%), /pouo € L*(R?) and (po — 1) € L2(R?), (1.10)

LJ(R?) is here an Orlicz space (we refer to the Section [2.1|for the definition). We
assume now that there exists a sequence (p,, u,)nen of global regular solutions
of (1.1) satisfying the following properties:

[(on — Liun)llows a9y < Cp, withC, — +00,Vs > 0,
’ n——+oo

We expect also that (p,,un)nen verify for C > 0 independently on n and
any n € N the energy estimates ((1.4) and the maximum principle issue of the

equation (1.8)):
IVVprllLe® L2r2)) < C, lpn — L= r+ L3(R2)) < C,
||\/pnunHL°°(R+,L2(R2)) <C, ||Cur1un||L°°(R+,L1(R2)) <C,

curlu,,

Pn

1 (1.11)

Pn

< C,,withC,, — +oc.

n—-+4oo

Lo (R xR™)

(1.12)
<C.

Lo (RF, L= (R?))
Furthermore the initial data (p2,u0),en verify for C > 0 independent on n:

IVVES 2oy < Co IVPSudllzrey < C [l(0) = DLz re) < C,
[eurlul) || 11 (rey < C, ||cur1u?1HLoo(R2) <C,

(1.13)
and
0 0 s . s
I (pr, = 1 up)ll &5 (r2) < Cy, with Cyy e +00,Vs > 0,
1 (1.14)
L <e
Pl Loo (R2)
To finish we assume that :
P — po strongly in Lj,.(R?),
nee (1.15)
Poud  —  poug strongly in L, .(R?),
n—+oo
and 0 L TY(R2
oy — 1 WS PO 1 strongly in LJ(R?),
YV, =2 Vo strongly in L*(R?), (1.16)
n—-+0oo

PO ul 7, VPouo strongly in L?(R?).
n—-+0oo



Remark 1.2. It is important to mention again that the question of the exis-
tence of global solution with large initial data for the Quantum FEuler system in
dimension d = 2 remains actually an open problem. That is why the sequence
of global solution (pn,un)nen must be understood as a sequence of global regular
solution of an approrimate system of the Quantum Euler system which satisfies
uniformly in n all the estimates issue of the energy inequality . A classical
method for getting such sequence of solution is to use a Fadeo-Galerkine method,
we will explain however why in our framework this type of construction seems
particularly delicate.

In order to distinguish in a simple way the irrotational and the rotational
part of the convective term u-Vu in ([L.1]) we are going to consider axisymmetric
initial data, more precisely the initial data satisfy the following relation E

{Po(x) = po(|z|),

with pg, fp and (07)g radial functions.In the sequel, we assume now that the

initial data satisfy ((1.17)), (1.9) and (1.10)). Since we are interested in looking

at solutions of the form :

p(t,x) = pr(t,|z]), u(t,z) = VO(t,|z|) + V01 (t, |z]) = u' (t,2) + u*(t, x),
(1.18)
with z € R?\{0}, we can then rewrite the system (1.1)) at least formally as
follows:

Orp + div(pu') =0,

A
powut + put - Vul + pu? - Vu? + VP(p) = HpV(Véﬁ), (1.19)

pou® + put - Vu? + pu? - Vul = 0.

Due to the assumption (1.18]) on the initial data, we will assume that the initial
data (p9,u?),en are also axisymetric and verify:

{p%(x) pn (0, |2),
u) ()

VO (|z]) + V(01)5 (|-

We can observe now that the rotationnal part of the velocity u' satisfies es-
sentially the momentum equation of the Euler-Korteweg system except
that this equation is coupling with the convective term pu? - Vu2. It is then
tempting at this level to consider this term as a source term and to apply a
Madelung transformation to the equation on u! by considering the new un-
known ¥, = \/ﬁeic‘91 with ¢ € R a constant well chosen. We will see later that
this is possible and that the unknown ¥, satisfies the following equation:

(1.20)

OV +ici AV +ico U (F(|V4]?) — F(1) + G) =0, (1.21)

I'We will note in dimension d = 2, 2+ = (—x2,x1) for x = (z1,22)? and VL = (=92, 01).



with ¢1,c0 € R, F a regular function depending on the pressure P and G a
source term depending on the convective term pu? - Vu?.

Our main feature now consists in proving that up to a subsequence the
sequence (P, Un)nenN converges strongly to a global weak solution (p,u) of the
the Quantum Euler system. As we mentioned previously the main difficulty
consists in proving that the nonlinear terms p,u, ® u, and V,/p, ® V\/p,
converge in the sense of the distribution respectively to pu®u and V,/p®@V,/p
where p and u are strong limit of the sequences (py)nen and (u,)pen. Since
curlu,, should satisfy the equation , it is natural to think that curlu,, verifies
the estimates ([1.12). It implies in particular that the rotational part Pu, must
belongs to Sobolev spaces WP(R?) with p > 2 via Sobolev embedding, using
now compact embedding it is sufficient to show that the term p,Pu, ® Pu,
converges strongly to pPu ® Pu. The term the most delicate to treat is then the
convective term p,Qu, ® Qu,. At this level the use of axisymmetric solution
is crucial since it enables to write a momentum equation on Qu, as in the
system where u! takes the place of Qu,. We can then extend the so
called Madelung transform by considering the unknown ¥, = \/meicen with
Qu,, = V0, and ¢ € R. Since ¥,, satisfies a nonlinear Schrédinger equation, we
can use the Kato local smoothing effects on

VU, = (Vy/pn — ﬁ(@w)@)emﬂ,

provided that we estimate G,, in (1.21))) in a suitable way. Then we use now
the Aubin-Lions lemma to prove that the sequence p,Qu, ® Qu,, converges to
pQu ® Qu. We recall now what is a global weak solution for the Quantum Euler
system.

Definition 1.1. We say that (p,A, A1) with p > 0 is said to be a global
weak solution of the Quantum Euler system (1.1)) with initial data (po,uo) with

Ao = /poQuo, (A1)o = Pug satisfying , , and if:

(1) Integrability conditions:

p—1¢€ L>*R" LI(R?), Vpec L*R", L*(R?)),

A € L™(RY, L*(R?)), /pA1 € L=(RT, L*(R?)). (1.22)
(2) Kato’s effect: For any T > 0 we have:
VVp € Lp(Hp). A € Li(HL,). (129
(3) Mass equation:
f/ pow(0,.)dx + / pOypdtdx + VPA - Vedtde =0,  (1.24)
R2 R4 xR2 Ry xR?



for any ¢ € C>=(R* x R?).
(4) Momentum equation:

~ [ pa- p0.0dz+ [ (it VA) - Brpdads
R2 R4 xR2

+/ (ARA+ /pA @ A+ A® /pA1 + pAy ® Ay) : Vpdadt
R+><R2
. (1.25)
+/ P(p)div(p)dzdt — f/ Vp.V(div(p))dxdt
Ry xR? Ry xR?

- 2/63/ (V/p®V/p): Vdzdt =0,
R+><R2
holds for any test function ¢ € C°(R; x R?)2.
(5) Energy inequality: if

B0) = [ (Golue.0) + 6TVt + s (olt. ) )
then the following energy inequality is satisfied for any t > 0:
E(t) < E(0).
Remark 1.3. It is important to point out that heuristically A takes the role of
\/PQu whereas Ay is the rotational part Pu.

We can now state our main result.

Theorem 1. Let (po,ug) satisfying , and under the hypothe-

ses (L.13), (1.14) , (2.15), (1.16)), (1.20) the sequence (pn,un)nen of global reg-
ular solution of the system satisfying (1.11)), (1.12) converges in the sense

of distribution, up to a subsequence, to a global weak solution (p,u) of system
in the sense specified in Deﬁm’tion for initial data

p(0,.) = po, A(0,.) = /poQuo and (A1) = Puo.

Remark 1.4. This result of stability of global weak solution generalizes the
works of Antonelli-Marcati [1, [2] to the case of initial data not necessarily irro-
tational.

Organization of the article First of all in section 2] we present the a priori
estimates. In section[2.2] we show that the geometry of the solutions is conserved
all along the time. In section we use an extended version of the Madelung
transform in order to use in Kato’s local smoothing effect on the rotational
part of the solution. In section we pass to the limit in the different nonlinear
terms of the equations by using Aubin Lions lemma. Finally, in the last section
we prove the Theorem



2 Proof of the Theorem [1]

We assume now that (p,,un)nen is a sequence of global regular solution of the
system (1.1)) satisfying (T.11]), (1.12)) with initial data verifying , ,
(L.15), (1.16) and (L.20). Our aim is to prove that this sequence converges up
to a subsequence to a global solution (p,u) of the Quantum Euler system with
initial data (po,uo) satisfying the assumption of Theorem We are going to
start by proving uniform estimate.

2.1 Uniform Estimate

This section is devoted to the proof of the following propositions which give
uniform estimates in n on the sequence (py,, Un )neN-

Proposition 2.1. There exist some positive constant C' > 0, not depending on
n, such that for allt >0

IVV/on(t, )L < C, lly/Prun(t, )2 < C, (2.1)
lon(t,) = 1lry <C, 2.2
leurluy (¢, )| 1 < O, |5 (t, -)|| = < C. (2.3)

Next we deduce the following Corollary.

Corollary 2.1. There exists some constant C}, > 0 depending only on p, such
that for allt >0

IVpn(t, ) = g < C, (2.4)
lon(t,.) = UlLr < Cp, Vp € [2,400], (2.5)
lcurlu, (¢, )||r < Cp, Vp € [1,400], (2.6)
IVPuy (¢, )[r < Cp,  Vp €1, +00], (2.7)
IPun(t, )lwrr < Cp, Vp €]2,+00]. (2.8)

Proof of Proposition and Corollary Multiplying the momentum
equation of (1.1)) by w, and integrating by parts on (0,¢) x R? with ¢t > 0 we
obtain easily:

1 t
/R2 (§pn|un|2(t7x) + R|V\/ﬁ(t,x)|2)d:€ +/O /R2 VP(pn)(s,x) - up(s, z)dsdx

= K/RQ (%pn|un|2(0,x) + k| Vy/pn(0,2)?)dz.
(2.9)

10



Using now the same computation as in [19], we can show that for a pressure
P(p) = p” we get:

1
/ VP(pu(t,z))  un(t, z)dz = po— o (pl —1=~(pn—1))(t, z)dz. (2.10)
R? — 1l Jre
In the sequel we denote by j,(p) = ﬁ (p” —1—7(p- 1)), from the convexity
of the function # — z7 we can observe that j,(p) > 0 for p > 0. Combining

(2.9) and (2.10) we have:
1 .
L (3ol KV + s put.2) )

= /R (;pnlunIQ(o,x) + K|V y/pu (0, 2)[* + jn,(pn(O,x))>dx.

(2.11)
According to [19] it is well known that the L' norm of j,(p,) is equivalent to
L3 Plnorm of (p, — 1), we deduce then from (2.11) and (1.13) that there exists
C > 0 such that we have Vt € R and any n € N:

193/Bn(t, Mzaee) < Cr I/Pmunt, ey < C,
1(on — 1)(t )22 ey < C.

For v > 2 according to it yields that (p, — 1)1{,,—1/>1} is uniformly
bounded in n in L*(RT, L7(R?)) and that |[{|p,(¢,-) — 1| > 1}| is uniformly
bounded in n in L*(R*). It implies in particular that (p, — 1)1, —1>1}
is uniformly bounded in n in L>(R*, L?(R?)), using now the fact that (p, —
D)1, —1)<13 is in L=(RT, L?) from and the definition of Orlicz space we
deduce that there exist C' > 0 such that for any ¢ € R and any n € N:

(2.12)

/ (pn(t,x) — 1)%dx < C. (2.13)
R2

Writing /p, — 1 = \5;7111’ we have using (2.13]) and lj for any t € RT and

any n € N:
IVPn(ts ) = Ulmrey < C. (2.14)
For 1 < v < 2, we have also:

Iv/Pm — 1l 2oy < C. (2.15)

Indeed from the definition of Orlicz space and (2.12), we know that p, — 1 =
fn + gn with f,, and g,, are respectively uniformly bounded in L>(RT, L7(R?))
and L>(R*, L?(R?)), now since \/p, — 1 = \%7111 it implies in a similar way
that /p, — 1 = f. + ¢/, with f/ and g/, respectively uniformly bounded in

L*(RT, L7(R?)) and L>(R*, L?(R?)). From the Plancherel Theorem it suffices

2We refer to [19] for the definition of L].

11



to bounded the L (RT, L?(R?)) norm of , /E? 1= E—ng: to prove that \/p, —

1 is uniformly bounded in L*°(R*,L?(R?)). Using Riesz-Thorin, Plancherel

Theorem and ([2.12)) we have for C, Cy,Cs > 0 independent on n and ¢ > 0
10t )1 <y lzz ey < O, 1 fn (s )lnvrey < Coy llpn(t, ) = 1y < Oy,

—

g (t, )1 <1 llz2rey < C, Mg ()|l 2Ry < Ch.
(2.16)
Moreover using and Plancherel Theorem there exists C' > 0 such that for
any n € Nand t > 0:

I1F(Von(t,) = D1 snllzzwre) S IVVen(t )lz2rey < C, (2.17)

where F(f) = f. Using ([2.16) and (2.17), we obtain when 1 < y < 2 that for
any n € Nand t > 0:

[(vpn = 1)(t, ) 1(r2y < C. (2.18)
Combining (2.18) and ([2.14]), we have for all v > 1
VP = UL r+ 11 (r2) < C. (2.19)

Finally using Sobolev embedding, we have
IVPn — Ul Lo+, Lr(R2)) < Cp, Vp > 2. (2.20)
Now since there exist M > 0 independent on n such that
o0 =1Ly, —1j<1 S MIVon =11, pn =1L}y, 1131 < M|y/pn — 1%,
then using , we have:
lpn — UL R+ Lo (R2)) < Cp, VP = 2. (2.21)

We wish now to prove the estimates on curlu,, in Proposition 2.I] and in Corol-

lary

Curl estimate: We have seen that curlu,, satisfies the two following equa-
tions:

Ocurlu,, + div(curlu, u,) =0, (2.22)

and: | )
at<cur “") +un-v(cur “”) =0. (2.23)

Pn Pn

According to the transport equation (2.23)) and the conditions on the initial
data [I.13] we obtain using classical maximum principle that:

curlu,

<C. 2.24
o (2.24)

Lo (R*,L>*(R?))

12



Now using (2.22]) we have
Ocurluy, + uy, - Veurlu, + curlu,divu, = 0, (2.25)

Setting the function ¢ (x) = ;i_ T with & € N* which approximate the abso-
lute value and multiplying (2.23)) by ¢j. (curlu,) we obtain:

Opr(curluy,) + up, - Vi (curluy, ) + ¢ (curluy, )divu, curlu,, = 0. (2.26)

Let f: R4 — R satisfy

L, €0,5]
f(s) =< mnon-negative polynomial, s € [3,1]
Oa [1 OO[

such that f € C2. We observe that
£ lloe + 11f Moo < 00

and we define, for any R > 0, fr(x) = f (%) Multiplying (2.26)) by fr we
obtain

Oypr(curluy,) fr + uy - Vg (curluy,) fr + @) (curlu, )divu, curlu, fr = 0.
(2.27)

Integrating this equation we have :

/Rz (Orpr(curluy) fr + uy - Vo (curluy,) fr + ¢, (curluy, )divu, curlu, fz)dz = 0.
After integrating by parts and using we have

/R2 Up, - Vi (curluy,) frde = — /R2 divu, @k (curlu, ) frdx — /R2 un - V fr @k (curluy, )dz.
So we have

/ 8t<pk(curlun)f3dx+/ divu, fr(—¢k(curluy, ) + ¢} (curlu, )curlu, )dz
R2 R2

— / U - V fr ok (curlu, )dz = 0.
R2
(2.28)
We have then obtained by integrating the previous estimate on (0, t):

lu,)? 1 [t u,
/ (W“))w) utwidn 3 [ [ v fn— G
R2 ( 2 4 % kJo Jre (curl®uw,, + Eﬁ

curluy,)

//Run VfR< (ii‘i“’;)w)dzdt:/Rz (%)(O,m)ﬁg(@dz.

(2.29)
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Using Lebesgue theorem and since fz is in L!(R?), we observe that

m M x z)dxr = curlu x 2)dx
in [ ( ( ) utonte = [ fewmunl¢0) ae)ir, (230

koo curlu,)? + ¢

. 2 . . . .
Now since %(cmcll;rulinié)% < ﬁ and divu, fg is in L1([0,¢] x R?) using (1.11])and

the fact that fr is in L'(R?), we deduce that:

curlQun
divu, dxdt — 0. 2.31
k/ /RQ R Curl2un )2 o k—+o0 ( )
Similarly since ——<4l < 1 and w, - Vfgcurlu, € LY([0,t] x R?) from

\/ (curlun)QJr%
(1.11)) and because V fr € L'(R?), we have by Lebesgue theorem

¢
/ / un - VfIr ( (curlun)® )dmdt — / / Uy - V frlcurluy, |dzdt.
R? (curlup)? + & oo Jo JRe

(2.32)
Since |curlu,|(0,.) fr(.) € L*(R?) from Lebesgue Theorem, we have

L <%><Ow>h<w>dw — [ ot (0.0 (o). (23

k
curluy, )? oo

Thus passing to the limit when k& — oo in (2.29)) we have
/ |curluy, |(t, ©) fr(x)dx = / |curluy, |(0, z) fr(z)dx
R? R2

¢
+/ / Up, - V fr|curluy, |dzdt.
o JR2

Then since there exists a constant C' > 0 independent on R such that ||V fg|| - Rr2) <
% and from 1] we deduce that:

(2.34)

t
lim / / U+ V fr|curluy, |dzdt = 0. (2.35)
R—+o0 Jog JR2

Passing to the limit when R — oo in (2.34) and using the Fatou Lemma and
the fact that |curlu,|(0,.) € L*(R?) we obtain:

/|curlun\(t,:r)dac§/ |curluy, | (0, z)dx
R2 R?

We obtain using (|1.13)) that there exists C' > 0 such that for any ¢ > 0 and
n € N:

[(curluy,)|(t, . )dx < C.
R2

14



So it implies that:
||curlun||Loo(R+7L1(R2)) S C (236)

Now, we can prove that for any ¢ > 0 we have:
Vp>1, |curluy,(t,)|lLr < Cp. (2.37)
Indeed we have for p > 1

\Curlun(t,zﬂpdx §/2 |Cur1un(t,x)|1{|cur1u"(t7$)‘§1}dl‘
R

Ty (£, 2) [P s
+/{| 5 leurlun(®, ) -y o3 s,
curluy,

R (2.38)

ty)>1} pn(t,z)P2

From (2.24)), (2.36)) and by interpolation it yields that Curlu” is uniformly bounded

P

in L>°(R™, LP(R?)) for any p > 1. It implies that there exists C' > 0 such that
for any t > 0 we have:

|curlu, [P

<C. (2.39)
L (Rt,L2(R?))

1
pP—3
pn

Now we observe again that for p > 2 there exists M,, € RT independent on n
such that :

-

_ _1
lph 2 =11 < Mplpn — 1| + My|p, — 1[P7=. (2.40)

Combining 1D and 1) we deduce that for p > 3, (pff% — 1)pen is

uniformly bounded in n in L>(R*,L?(R?)). From and the fact that
[{|curlu, (¢, )| > 1}| is uniformly bounded in n in L"O(R“‘) using (2.36)), it
implies that for p > 5 3 and any t > 0:

/ ewhin( D 1, o=t
{

lcurluy (t,y)|>1}  Pn(t, ©)P72

|curlu, |P
=l

” ||Pn — Uz r+,L2(R2))
pn °

L°°(R+,L2(R2))
N / w de
{leurlu, (t,y)[>1} P (t, 2)P72

<C.
(2.41)
So we have, using (22.36)), (2.38)), (2.41) and by interpolation for any ¢ > 0

Vp > 1, [leurluy (-, ) || poe () < Cp. (2.42)

Moreover, we have
VPu, = VA~'V*curlu,, (2.43)
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then using (2.42)) and the continuity of the Riez transform in LP for p > 1 we
have:
||VPUHHL00(R+7LZJ(R2)) < Cp, Yp€]l, 40l (2.44)

Finally using Sobolev embedding we deduce from (2.44)) that:

IPup| Lo r+ ey < Cp,  Vp €]2,+00]. (2.45)

2.2 Symmetry of the solutions
We wish now to prove that for any n € N, (p,, u,) have the form

{pn(t,l’) = Pn(ta |’JJD,

2.46
un(t,l') = Van(ta |£L'|) + VLel,n(tv ‘.’ED, teRT. ( )

We can verify that for any rotation matrix A satisfying A A* = A* A = I and
detA = 1, we have since (pn,, u,) satisfies (L.1):

Orpn(t, Alx) + div(p, (t, A'z) Au, (t, Alz)) = 0,
on(t, A'2)0y Ay, (t, Az) + po(t, Alz) (Au, (t, Alx)) - V Au, (t, Alz)

(2.47)

AN/ pn(t, At

+ VP(pn(t, A'x)) = kpp(t, Alz)V <M>
pn(t, Alz)
From , we can observe that:
0 (0,2) = p, (0, Alx),

pnl0:2) = po(0.4'2) os)

un (0, 2) = Au, (0, A').

then since (pn, un) are strong solution of an approximate system of (1.1]) we get
by uniqueness that for all ¢ € R4 we have:

{pn (t,z) = pn(t, Az),

un(t, o) = Au,(t, A'z). (2.49)

Remark 2.1. We recall that for the Euler-Korteweg system we have uniqueness
of the solution (py,u,) in C([0,T]; H*(R?) x H*(R?))NC* ([0, T]; H*~*(R?) x
H*=%(R?)) for any T > 0 and with s > % + 1 (see [§]) .

From we deduce that p,, is radial or that for any ¢ > O:
pults) = pult Jo]). (2:50)
Let z € R?\ {0} we write u,(t,z) in the basis (\%I’ ”I%) and we have:
r 1

Un(t, ) = fl*"(mc)m +f2’"(t,x)%|

16



Then using (2.49)), we have (see [16] section 3)

At Azt
|Ata]

AAtx
| Atz

L
x x
ot )+ At e) T
|| |z
Since A is a rotation we deduce that f17(t,x) = fb7(¢t, Alz) and f2"(t,z) =
2" (t, Alx). So, we have

= fin(t, A'x) +. 20t Al

Tt

x|

Since for any n € N, u,(¢,-) is continuous for any ¢ > 0, we can prove that

un(t,0) = 0. Indeed it suffices to consider the sequences zj =' (+,0) and

Y =" (—%, 0) for k € N*, and using (2.51)), we deduce that:

x

un(t,x) = fU7( Jal) 7 + F2 (8 L)

o] (2.51)

F b ) S5 1) s s 0 (150)
1

and f(—f"(t, %), —f2n(t, %)) — k400 Un(t,0).

We deduce that u,(¢,0) = 0 for any n € N and ¢ > 0. It implies also that
(¢, ) and fa,(t,-) have zero for limit when z goes to 0 and in addition we
can prove that f17(¢,-) and f>"(¢,-) are continuous for any 7 > 0 (to see this
we simple use the following formula

1

FU () = (un(t @), =), 2R r) = (un(t,2), ) (2.52)

e BEd

for z € R?\ {0} such that |z| = r). We have finally prove that f1'7"(¢,-) and
f?"(t,-) are continuous on RT. We have then proved that (p,,u,) have the

form (2.46) for t € Ry with:
Gn(t,r):/ fEm(t,r")dr’ and 0y ,(t,7) :/ 2t Ydr (2.53)
0

0
In addition since fL7(¢,|z]) = (un(t, z), %) = n(t,z) for z € R?\ {0} is C=

el

on R?\ {0} by using the fact that u,(t,-) is C> on R?, we deduce that f%" is
C® on R™. We have in particular for r > 0:

(t7 (T + h)el) - wn(ta 7“61)
h

We deduce then that 6,,(¢,-) and 6 ,,(t,-) are C*° on R™* for any ¢ > 0.

(fFom)(t,r) = lim ¥n = 01y (t,7er).

2.3 New Madelung Transform

In this section we forget the subscript n to simplify the notations. We set ¢y =
\/%5 and considering as in [7,[6,[8] the following effective velocity z = u+icaVIn p
we can rewrite the momentum equation in (1.1 as follows

p0sz + pu - Vz + VP(p) +icopVdivz +icaVp - Vz = 0.

17



Dividing by p (which has sense from the estimate ((1.11])) we obtain with F’(p) =
P'(p).
Pt

Oz +u-Vz+VF(p) +icoVdivz + 2! Vz—u-'Vz=0.

Let 22 = (21)% + (22)? with z = (21, 22)! and curlu = d1us — dau; We can rewrite
the previous equation as follows:

1
Oz + utcurlu + §Vz2 + VFE(p) +iceVdivze = 0. (2.54)

We wish now to apply the operator Q to the equation (2.54]), to do this we need
to know what is Q(utcurlu). We are going to take advantage of the fact that
the solutions are axisymmetric, indeed using (2.46) we have for any ¢ > 0 and
r € R?\ {0}:

p(t,ﬂ?) = p(ta |$D7
u(t,x) = VO(t, |z|) + V>0, (t, |z]),
2(t,x) = V(t, |z|) + V>0, (t, |z]),

with ¥(t, |z|) = 0(t, |z]) + ica In p(t, |z|). We can observe now that:
utcurlu = (V410 — VO;)Ad;.
Using again we have for any t > 0, z € R?\ {0}:
Q(utcurlu) = —A0; VO, = curlu(Pu)t = Vo (t, |z|). (2.55)

Indeed we have simply used the fact that Af;60] admits a primitive on R**. In
particular we have:
0 = (A) " div(curlu(Pu)t). (2.56)

Moreover, we have using the fact that ¢ and 6; are radial, we have for = €

R2\ {0}:
22 = (V)2 + (V01)? + 20009101 — 2019da0;
= (V)? + (V)%

Applying Q to the equation (2.54) and using (2.55)), (2.57)), we have in R\ {0}:

(2.57)

v(atw +0;+ %(vw + %(valf +F(p) — F(1) + ic2A¢> =0.  (2.58)
Thus, there exists a function B, such that for any ¢ > 0 we have:
(Oth + 62 + %(WJ)Q + %(vel)Q + F(p) — F(1) +icoAy)(t,-) = B(t). (2.59)
At this level since p, Pu and Qu are regular solutions which satisfy:
lim p(t,z) =1, lim 0°Pu(t,z) = lim 0°Qu(t,z) = lim 8°p(t,x) =0,

|z|—+o00 |z|—+o0 || —+o0 |z| =400
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for any a € N® and 8 € N3 with |3] > 1 where the first derivative of 9,
0P are derivative on time. To see this it suffices to observe that Qu(t,z) =
(u(t, x), ﬁ), r77 When z = 0 and to use the mass and the momentum equation

of (1.1). In particular it implies that:

tim(L(V0)2 4 L(V0)? + Flp) ~ F(1) + ieahs) (t.2) =0,

|z|—+o00

lim Im(Op) + 02)(t,z) = lim Im(O)(t,z) = lim calnp(t, |z]) =0.

|z| =400 |z|—+o0 |z|—+00
We deduce then that B(t) is a real. Let us observe that B is continuous. Indeed
with we have that (p,,u, — 1) is in C([0,T], C*(R?)), for all k € N and
i is bounded for any ¢ > 0. Thus ;% (-, x) is continuous for all x € R? \ {0}
using ,the momentum and the mass equation. Similarly (V¢ (.,2))% +
F(p(-,x)) — F(1)+ica Av(-, x) is continuous for all € R?\ {0}. Using for
z = (1,0)" we see that (V6;)?(-, (1,0)") is continuous. Since 6; is in C°(R,C*)
and since 65 is a primitive of Af10] we have 05(-, z) is continuous for all = €
R%\ {0}. Finally B is continuous and we can set 11(t) = ¥(t) — a(t) with
a'(t) = B(t), then for z € R? \ {0}

01 + 02 + %(V¢1)2 + %(V@l)Q + F(p) _ F(l) 4+ ico Ay = 0. (2.60)

Using Cole-Hopf Transform, we obtain, multiplying the previous equation by
f'(¥1) with f a function that we will chose later:

00 ) + iea (o) 4 ( 37/000) = et "(00) ) (Vi) 7 (00)(T8)°

+(F(p) = F(1) + 02) f'(v1) = 0.

— i — i g+l = PR Sy I .
We set now w = f(ipy) = e~ %2¥t = ¢~ zafTzInptagall) _ Vpe ez 772, and
we obtain:

Byw + icsAw — ——w|V1[* — (F(|w|2) — F(1) + 2) ——w = 0.

4co 2¢o

Finally we have a modified Gross-Pitaevskii equation using that V46, = Pu for

r € R%\ {0}:
i 1

Ouw -+ icadw — s w(F(jwf?) = F(1) + 5 |Pul® +65) = 0, (2.61)

2

with
0y = (A)~tdiv(curlu(Pu)t).

2.4 Kato’s local smoothing effect

In this section we are going to use Kato’s local smoothing effect. It will be
the key point to prove strong convergence of the sequence (Vy/prn, \/Prtin)neN
up to a subsequence in L? (RT x R?). More precisely, we prove the following
Proposition.
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Proposition 2.2. let y € C°(R?) and T > 0 then there exists a constant Cr
not depending on n, such that ¥n € N and for any j € {1,2}:

Hxaj’wnHL%(Hl/z) S CT. (262)
First we need to prove the following lemma:
Lemma 2.1. Let x € C°(R?), there exists C > 0 such that for all f € L*(R?)
itA
X1l 1, < Ol e (2.63)
Moreover for any T > 0 then there exists Cp > 0 such that for all f €

L’}/(qu(RQ)) with (p,q) an admissible Strichartz pair ( i.e 1% + % = 4 and
2 < g < 400) we have:

t
H / Xei(t—s)Af(s)ds
0

L2(H/?) = CT‘|f||L’}/(Lq/(R2))- (2.64)
T

Proof of lemma[2.1 Let x € C°(R?) and T > 0 using [I8] corollary 4.2 there
exists C' > 0 such that

[ [ Dyt frdud < CRIM ey ¥ € PR, (269
o JB(,R)
with FDZ f(€) = |€|3 Ff(€). Thus

/R/Rz IxDy/2e"® fPdadt < C||f|}2re), Vf € L*(R?). (2.66)

Then we have from (2.65) and Strichartz estimates

2 2
/ / / xDY 2t =)A f(5)ds| daxdt < / / xDL/2eitA / e A f(s)ds| dadt
RJR2 |JR R JR? R
2
<C ‘ / e A f(s)ds from (2.65)
R L2
< Cl”f”ip’(R,Lq’(Rz))v
(2.67)
with (p,q) an admissible Strichartz pair i.e % + é =1and 2 < ¢ < +o0.
Theorem 2 (Christ-Kiselev, [12]). Consider a bounded operator
T:LPR;By) — LYR; Bs),
given by a locally integrable kernel K (t,s) i.e.
TFE) = / K(t, 5)f(s)ds. (2.68)
R
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K(t,s) with values in bounded operators from By to Bs, where By and By are
Banach spaces. Suppose that p < q. Then the operator

/ ; K(t,9)1(5),

is bounded from LP(R; By) to L1(R; Bg).

Let K(t,s) = )(Dggéei(t_s)A and we take p = p/, By = LY, g = 2, By = L2.
In the proof of Theorem [2} the fact that K(¢,s) is a bounded operator from
B to Bs is only a technical point in order to ensure that the quantities which
are estimates are defined and finite. If we take f € C2°(R x R?) we can apply
Christ-Kiselev’s proof as it is and we obtain

b

Let f = gljo,r) we obtain then for ¢ € [0, T]

2
R JR2 R JR2

< OHf”QLp’(R,Lq’(W))

S C‘|g||iz%’(Lq/)a

2

t
[ XD/ 28 f(s)ds| dwdt < O\l g 1o o))

t 2

t
/XD;/Qei(t_s)Ag(s)ds / XD;/Qei(t—s)Af(s)ds dadt
0

— 00

with (p, ¢) an admissible Strichartz pair ( i.e %Jr% = % and 2 < g < 400). Thus

for all f € Lg: (L9 (R?)) and T > 0 with (p,¢) an admissible Strichartz pair ( i.e
%+%:%and2§q<+oo) we have for ¢ € [0, T:

)k

Now we compute

2

dadt < C||f||2 (2.69)

¢
12 i(t—s)A
/()XDQC e f(s)ds L (L4 (R2))’

o0k - D] © =| [ ot - it = efte - nan]

Observing that ||¢ — 7|z — [¢]2] < 2+ || (indeed when |€ — 5| > 1 or [¢] > 1

MeE=ni=lell - < [n]) and combining with Holder’s

. , |E—nl 3 +l¢| 2
inequality and Plancherel theorem we have

we have [|¢ — |z — [¢]2] =

1 1 R
|F(xDz f = Dixf)llrzwrey < IX(M2+ DIz re) | fllz2r2) < CllfllL2r2)-

Thus ) )
IxD2f — D2xfllr2re2) < C|lfllz2re)- (2.70)
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Thus using (2.66]) , (2.70) and Strichartz estimate we deduce that there exists
C > 0 depending on x and T such that:

Il s 3, < Ol o @7)

2

Finally we have

H/ xe'"TIA f(s)ds
+2/0 /R

Using (2.70)) and Strichartz estimates we have
T 2 T
|/ dwdt < C / /
0 R2 R2

< CT|fI}
Thus using and - we have

t
H / Xei(tfs)Af(s)dS
0

with C depending on x and 7. Moreover using Strichartz again

t T
H/ Xez(tfs)Af(S)ds — (/ /
0 13(L2(R) R2

< OVTIIfll Ly

2

/ xDY/2e! =38 f(5)ds| dadt

<2/ /
L2(H1/2 R2

/0 (xDZ f — DEx)e =92 f(s5)ds

dxdt.

(2.72)

2

t
/ei(t_s)Af(s)ds dxdt
0

LE (L (R2))’

t 1 1 .
/ (xDF — D3 )= f(s)ds
0

< C”fHLP Lq (R2))

La.(H'/2)

2 3
dxdt)

Thus we have obtained (2.64)) by density of C°(R x R?) in LI%/ (L7 (R%)) for a
Strichartz pair (p, q) such that 1 —I— S=3 L and 2 < ¢ < +00. This completes the
proof of lemma [2.T] O

t
/ Xei(tfs)Af(S)ds

LE (L' (R2))’

We must also prove the following lemma.

Lemma 2.2. There exists C' > 0, not depending on n, such that for j € {1,2}

H\/Pnpun”iw(RtLZ(R?)) + ||vanUnH2Loo(R+,L2(R2)) <C, (2.73)
||(9jwn||Loo(R+’L2(R2)) S C. (274)

Furthermore for any p > 2 there exists Cp, > 0 such that

[[F'(pn) — F(1)[| Lo R+, Lr(R2)) < C. (2.75)
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Proof. For (2.73]) we have from (2.46):
IvPnunllZe = [IVPnVO" + Vpu V07172 = ||VPa VO™ 72 + [1V/pn V07 ]2
+2/ (VPN O™, /P07 dx.
R2
(2.76)

Using again ([2.46) we can observe that /p, V6" and ,/p, V67 are orthogonal
on R?\ {0} then it implies that:

IVPrunllZz = [Iv/PaPunll72 + |V Qunl[Z2- (2.77)
Finally using (2.1) we have (2.73).

We recall now that:

Wy = \/pme Tz0ntazon (2.78)
and » ‘ . v .
Ojwy = Dj/pe 73T ER I — 7(22 )3j0n\/f7neﬁé9”+ﬁa”,
2
so since 0;6,, = (Qu,); we have:
Ojwn = 0j/pme 3T — (227)(Qun)j\/ﬂn6%9”+%a”~
2

Using the previous formula, estimate (2.74]) follows from ([2.1]) and (2.73). For
the estimate (2.75]) we recall that F(p) = %p”’fl so that:

L) = F)pds = [ [P = PP, e

_ p
+/R2 |F(prn) — F(1)] ]l{lpnfl\Z%}dx'
There exists now C}, > 0 such that:

|F(pn) — F(1)|p]1{|pn—1|<%} < Cp|/’n -1/,

and
F(pa) = FOPLg,, a1y < Cplon =100, sy
Estimate (2.75)) follows from (2.5)). This ends the proof of Lemma O

Proof of Proposition Using (2.61]) we have

0y0jwy, + ica AW, = iajwn (F(jwa|?) — F(1) + %|Pun|2 +(A)Mdiv(curlu, (Pu,)™b))
2

iwn(QF'(|wn|2) (Rew,d;Rew,, + Imw,,d;Imw,, )
2

+ 0;Puy, - Puy, + 9;(A) " Hdiv(curlu, (Pu,)b).

+

(2.79)
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Then by Duhamel principle, using the (2.79)) we can express x9;w, (t) for t > 0
as follows with x € C°(R?):

A ¢ , / ] 1
X (t) =xe 0y, (0) + [yt [;ajwn(mwnm — F(1) + 5IPunf* +65)
0 2

+ iwn(QF’(\wn|2)(Rewn8jRewn + Imw,,0;Imw,,) + 9;Pu,, - Pu,+
@-(A)*ldiv(curlun (Pun)J-)} (') dt'.
(2.80)

The proof of (2.62)) consists now in applying to the expression ([2.80) the Propo-
sition 2.1} to do this we will need the uniform estimates obtained in the Section

First of all, using (2.63) and ([2.74)), there exists C' > 0 independent on n
such that:

e =2 000, (0) | 3, 1172 < €950 (0)] 22

e (2.81)

Then we obtain similarly for Cp > 0 large enough:

<Cp.  (2.82)

L2.(H1/2)

t .
H/O Xe_iCQ(t_t/)Aé@jwn(}?(lwnlg)—F(l))dt/

Indeed using the admissible Strichartz pairs (4,4), Proposition and (2.74),
(2.75) we have

t .
—ico (t—t’ 3
[ xe e 0 un (P () 1)t

L2.(H/?)
< Cl0jwn(F(|wn]?) — F(l))|2||L4T/3(L4/3)

< CT¥H|0jwn (F(pn) = F(1))l| 12 (1479

< T340 05wl g (22) 1P (pn) — F(1) || e (24)

< Cr.

Next, we observe that we have

Again using proposition[2.1] with the admissible Strichartz pairs (4,4), estimates
(2.8) and ([2.74) we have

b A b 1
[ e Loy, (Gpun P

< Cp. (2.83)
L3.(H/2)

t .
—ica(t—tHA v o lp 2y ¢!
| e 3050 (5 P )

< O [Pun Il /s 7o)
L2.(H1/2)

S CT3/4Hajwn||ch>(R+,L2(R2)) || \Pun|2 ||L°<>(R+,L4(R2))
< Cr.
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Now we want to show that:

with 0% = (A)~tdiv(curlu, (Pu,)*). We have, in view of (2.8) and (2.6,

¢ .
/ Xei(t—t/)‘\‘iajwn(ﬁg)dt’ < CT; (284)
0 202

L%(Hl/Z)

[lcurluy, (t, ) (Puy ) (¢, s @+, Las3R2)) < C.
By continuity of the Riesz operator in L*/3(R?), we deduce that:
IV (A) ™ div(curluy (¢, ) (Pun)* (8, )| oo (r+,24/3 R2)) < C-
By Sobolev embedding we get that:
[(A) = div(curlu, (Pup) ) || Lo R+ 1a(r2)) < C. (2.85)

Using proposition with the admissible Strichartz pairs (4,4), (2.85) and
(2.74)), we have:

t .
/0 ye iet=tha ;zajwn(%)dt’

< CHajwﬂ 93||L‘;/3(L4/3)
L2,(H/2)

< T340 0jwn | Lo R L2(R2) 105 | oo R+, 24 (R2))

<Cr,

which gives (2.84]). Next, we claim that:

¢
/ xe =8y B (lw,[?) (Rew, 8;Rew,, + Imw, ;Tmw,, )dt’
0

L2.(H1/2)
< Cr.
(2.86)
We first observe that
w, F' (|, |?) (Rew, d;Rew,, )
i i 1 1
= nF/ n *F/ 1 _2C20n+262an *7977, 5. Un j n
(pnF'(pn) (1))e cos 50 + 20?& 0jRew
te z0nt e on cos - LG + ia F'(1)0,;Rew
202 " 2C2 " J "
(2.87)
In view of (2.74]), we have
i i 1 1
e 22 Int 3 n g ( - —0,+ an>F’(1)8jRewn <C.
2¢y 2c¢y Lo (R+,L2(R2))
(2.88)
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Invoking propositon (2.1) with Strichartz pair (oo,2), we deduce from ([2.88)
that

t
) , i i 1 1
/ Xe—zcz(t—t JA T 7 Ont5e; an cos < . Ten + an) 2F’(1)8jRewndt’
0

C2 2¢9 L2.(H1/2)
i, 4=ia, 1 1
< Clle” 22T 22 % cos ( - Eﬁn + 2c2a") 2F'(1)0;Rewn || L1 (12
< CT||8jRewn||Loo(R+7L2(R2))
< Cr.

(2.89)

‘We observe now that
(PnF'(pn) = F'(1)) = (v = D)(F(pn) — F(1)), (2.90)

so that, in view of (2.75) and (2.74) we get:
i i 1 1
||(pnF’(pn)—F'(1))e 7eg Ont 3z an cos (—2629n+202an> ajRewnlle(R+’L3/2(R2)) <C.

(2.91)
Invoking Propositon with Strichartz pair (6,3), we deduce from (2.91)) that

t
. ’ i _ 1
/ ye (it )A(pnF'(pn) —F'(1))e 2 (On=an) cog ( =5 (0, — an))ajRewndt’
0

C2 L2.(H1/?)
g 4ig 1
< CllonF" (pa) = F'(1))e™ 72" 5% c05 (= 5~ 5 —an) O3Rewn o 1
< Cr.
(2.92)
We deduce from ([2.87)), (2.89) and (2.92)) that
¢
/ xe 12200 F' (Jw,|?) (Rew, d; Rew,, ) dt!
0 L2Z.(H/?) (2.93)
< Cr.
Similarly we have
t ica(t—t)A
xe 28 F(|w, |*) Imw,, 0, Tmw,, )dt’
‘ /0 ! L2.(H/2) (2.94)
< Cr.
So that (2.86)) holds. We now claim that
¢
‘ / Xe_iCZ(t_t/)Awnaqun - Pu,dt’ < Crp. (2.95)
0 L2 (H'/?)
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Indeed applying Propositon with Strichartz pair (4,4), in view of estimates
(2.7) and (2.73), we have

< CT3*|w,d;Pu,, - Punl| oo R+ L4/3(R2))

¢
/ Xe_i”(t_t/mwnaj Pu,, - Pu,dt’
0

S C||wn8qun . Pun||L4/3(L4/3)
L%(H1/2) T

< OT¥*|w,Puy || 1o R+ 22 (R2)) 105Ptn | Lo (R+ 14 (R2))
S CT7

which is estimate (2.86]). Now let us demonstrate that for j € {1,2}:

We first observe that

¢
/ xe ety 5. (A)~div(curlu, (Pu,)®)dt’
0

< Cr. (2.96)
L%(Hl/Q)

i0y | iap
w, 0;(A) " Ldiv(curlu, (Puy)t) = e 22 722 §;(A) " Ldiv(curlu, (Pu,)t)
i0n | ian
+ (Vpn — De” 2221202 9;(A) " div(curlu, (Puy,)t).
For thesecond term in view of Proposition With Strichartz pair (4,4) and via
the continuity of the Riesz operator in L*, estimates (2.8), (2.4) and (2.6) give:

¢ (o
H/ Xe*i”(t*t/mx(,/pn —1)e” “e )6j(A)*1diV(curlun (Puy)t)dt!
0

L2.(H1/2)

_ i(Op—an)

< Cll(vm — Ve 55 0;(A) div(enrhun (Pun) )| o s

< CT3/4||(,/pn - 1)\|Lm(R+7L2(R2))||Curlun (Pun)l||Loo(R+7L4(R2))
< Cr.

_ i(0n—an)
We operate in a similar manner for e~ 22 (9;(A)~tdiv(curlu, (Pu,)*), and

we obtain (2.96]). Finally, in view of (2.81)),(2.82]),(2.83)),(2.84), (2.86), (2.95)),
(2.96)), we have obtained the desired estimates (2.62)). This complete the proof
of proposition 2.2} O

2.5 Strong convergence of the sequence (V,/p,, \/PnQun)nen

First of all, we wish to prove the strong convergence up to a subsequence of the
sequence (py,)nen to a limit p in L (L} (R?)) for any ¢ > 1. The key argument
will be the use of the Aubin Lions Lemma that we recall briefly.

Aubin-Lions lemma Let Xy, X and X; be three Banach spaces. Suppose
that X is compactly embedded in X and that X is continuously embedded in
Xq. For 1 <p,q < o0, let

W = {u e L(0,T); Xo)| du € LU([0,T); X1)}.
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o If p < co then the embedding of W into LP([0,T7]; X) is compact.

o If p = +o00 and ¢ > 1, then the embedding of W into C([0,7T], X) is
compact.

Proposition 2.3. There exist p € LS. (Ry, L (R?)) for any 1 < g < oo, such
that, up to a subsequence,

pn — p in LS (Ry, LL (R?)), asn — oc. (2.97)

loc

Proof. Using Hélder inequality, (2.20]),(2.21]) and (2.12]) we have forall 1 <p < 2
and any compact K

IVonlloe®e,zr(x)) < 2VPnllLert,La(x) IV VPl e, 22(R2))

2.98
S Cp,Ka ( )

where % = % + é. We deduce immediately from |D and || that for any
1<p<2:
HPnHLoo(Wl,p(K)) < Cp,K~ (2.99)

In order to apply Aubin-Lions Lemma, we need a information on the time
derivative of p,. Observing that

PnlUn = 4/ pnun(\/ Pn — ]-) + V PnUn,
we obtain, using (2.12)) and (2.20) that for any 1 < p < 2:

| pntin |l Lo rt,Lr (k) < Cp k-

We deduce via the mass equation that:

106 (or) || oo (R, w17 (K)) < Cp k-

We fix now p €]1, 2|, using that W'P(K) is compactly embedded in LP(K) and
LP(K) is continuously embedded in W~1?(K), we deduce using Aubin Lions
Lemma and the diagonal extraction procedure that up to a subsequence we have
for all T'> 0 and for all R > 0:

pn — pin LP(LP(B(0, R))), asn — oo. (2.100)
From (2.100)), (2.5) and by interpolation we can prove that (2.97) is verified for
any p € [1,400]. O

Corollary 2.2. Again up to a subsequence, we have:

P(pn) — P(p) in L] (Rt x R™), asn — oo, (2.101)
forany 1 < g < oo and:
Vo = /p inLE . (Ry x R™), asn — oo. (2.102)
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Proof. In view of proposition we have, up to a subsequence
pn — pin L} (Ry x R™), asn — oo, (2.103)

loc

for any 1 < g < co. Since we have:
[P(pn) = P(p)| = 0% = 271 < vlpn = pl(lon” = + 107 71),
we deduce from (2.103)) and (2.5)) that (2.101)) is satisfied. Let n > 0, we have

2 lpn *P|2
Vo = VoL s iz = N \/ﬁ|2ﬂ{|\/97+\/ﬁ|2n}

1
< ?‘pn - p|2a

and since p, > 0 and p > 0 (indeed up to a subsequence p,, converges almost
everywhere to p)

2 2
Von = VL i ainy ST

Then, we deduce that for any compact set 2 in RT x R? we have for any n > 0:

1
Iv/Pn — ﬁHQLz(Q) < ﬁ”ﬂn - PH%%Q) + 1719 (2.104)
Combining (2.104) and (2.103|) completes the proof. O

We are now going to prove the main part of this section on the strong conver-
gence of the sequence (V/pn, /PnQun)nen in L (RT x R?). Using the Propo-

loc

sition and the estimate (2.74)), we have obtained that for any y € C°(R?):
IXOjwall L2 (m1/2) < C. (2.105)
We have:
0, (xDywn) + icax DDy, — X(iajwn(F(|wn|2) ~F(1) + %|Pun\2 +op)
+ wy, (2F (Jwn |*) (Rew, 0;Rew,, + Imw,,d;Imw,,)

+ 8;Puy, - Puy, + 0;(A) "t div(curlu,, (Pun)l)>

(2.106)
We have seen in the Section 2.4] that:
Jx(5odmanF(unl?) = F1) 4 51w + 63)
+ wn (2F (|wn ) (Rew,, 0, Rew,, + Imw,,d;Tmw,, ) (2.107)
+ 0;Puy, - Pu,, + 0;(A) " div(curlu, (Pu,)™b) < Cr.
L (L4/3(R2))
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So, we have using Sobolev embedding:

2c
+ wa (2F' (Jw, |*) (Rew,, 0;Rew,, + Imw,, d;Imw,,) (2.108)

Jx(5o0sun (F(un) = (1) + G1Punl +5)

+ 9;Puy, - Pu,, 4 0;(A) " div(curlu, (Pu,)*) < Cr.

Leo(H™2)

Using now that the following embedding are continuous H~ = (R?) < H~2(R2),
we get:

) 1
(3o F )~ )+ P+ 65)

+ wn (2F' (Jwp ) (Rew,, 0;Rew,, + Imw,, d;Imw,,) (2.109)

+ 9;Puy, - Pu, + 9;(A) " div(curlu, (Pu,)™) <C.

L3.(H=2)

Moreover using the fact that multiplication by a function of S(R?) is a contin-
uous map from H*(R%) into itself and using (2.62)) we have

“iCQXAajwn‘|L%(H—2(R2)) S C. (2.110)
So we have using (2.109) and (2.110)):
||at(X8jwn)HL%(H—2(R2)) < OT. (2.111)

1
Let K a compact, we define by H}j. the distributions which belongs to H z and

are supported in K. We know that H%Q(R2) is compactly embedded in L?(R?)
and L?(R?) is continuously embedded in H~2(R?) then from the Aubin Lions
Lemma and applying the diagonal extraction procedure we deduce the following
proposition.

Proposition 2.4. Up to a subsequence there exists some map f7 € L? (RT x
R?) with j € {1,2} such that for all T > 0 and all R > 0 we have:

Ojwn, — f7in L3H(L*(B(0, R)), asn — oo. (2.112)

We recall now that
Vuwy = Vy/ppe 220 %vanme%mﬁan,
C2

Y, = (Vo/pr — i(Qun)\/p?)cﬁn,
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. — O+ st—ap
with ¢, = e 2e2 t2ez%  In other word, we have:

||¢n||L°°(R+><R2) S ]-7
V/pn = Re(¢,Vw,) and +/p,Qu,, = Im(¢, Vwy,), (2.113)

1
|van|2 + @|vanun‘2 = [Vw,[*.
2

Since (¢, )nen is bounded by 1, it converges up to extraction in L (Rt x R?)
weak * to some function ¢ such that ||@|| - r+xr2) < 1. In addition according
to proposition we know that Vw, converges strongly to f = (f!, f4)! in
L?(K) for any compact K of Rt x R?, this implies that:

O Vw, = ¢f in L*(K). (2.114)

From (2.102)) and (2.113]) we deduce up to a subsequence and for any compact
K of Rt x R? that:

Vy/p = Re(df) and V,/p, = V/p in L*(K). (2.115)

Similarly up to an extraction we have for any K compact set of Rt x R?:
1 -1 _
— /PnQuy, = —A =TIm(of) in L*(K). (2.116)
262 262

We have seen that up to a subsequence /p,Qu, and V./p, converge weakly in
L*(K) for any compact K of RT x R? to some function A and V,/p. We wish
now to prove that these convergence are strong, it suffices then to show that:

IVVenllezaey | =2 IVVAIL2x) and lIlvenQuallr2ry | 2 1ALz (x)-
(2.117)

The weak convergence implies that:

IVV/Pllezae) < Uminf([Vy/pull 2y and [[AllL2x) < liminf[y/pnQua L2 k)
(2.118)
From Proposition (2.4) and (2.113)) we have:

1
.. 2 P 2
han_1>1Oréf||V\/P7n||L2(K) + ngr_l)ngPnQunHm(K)

. 1 .
< nh_EIOlO(HV\/pn”%?(K) + @H\/ﬂnQ“n”%z(K)) = nh_?;OHanH%?(K) = ||f||%2(1<)~
2

(2.119)
It remains now to prove that:

1 1
£ 72y = / 62 (IVVAI? + o AP)dtde = IV /pll72 ) + 5 lIA7 2k
K 402 402
(2.120)
To do this we will use the Aubin-Lions lemma on yw,. First of all using (2.105|

and ([2.20)) we have
Ixwnllzz 22y < C. (2.121)
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Combining with (2.20]) we have
IV (xwn)ll Lz, 1y < C-
We have using (2.61))

i

1
Xt (F(Jwn|?) = F(1) + 5 [Pun[* + 05) = 0.
202 2

(2.122)
Thus using Holder’s inequality and (2.75)), (2.8)), (2.85) we have

Oy x Wy, + icoxAw, —

) 1
H ©n(F(wn]?) = F(L) + L[Pun[? + 63) <c.
262 2

L3(L?)

Using xAw, = A(xw,) — A(x)wn —2Vx - Vw,, and (2.20)) , (2.62) , (2.121]) we
have

10 (xwn) | L2 (sr-2) < C.

For any compact K, we know that H}(R?) is compactly embedded in L*(R?)
and L?(R?) is continuously embedded in H~2(R?) then from the Aubin Lions
Lemma and applying the diagonal extraction procedure we deduce the following
proposition.

Proposition 2.5. Up to a subsequence there exists some map w € LIQOC(RJr xR?%)
such that for all T > 0 and all R > 0 we have:

wy, — winL3(L*(B(0,R)), asn — oo. (2.123)

From propositions [2.5] and [2.4] we deduce that Vw = f. In addition up to a
subsequence we get
Wy, — W a.e. as n — 00

We have using (1.11)) that |w, (¢,z)| > 0 everywhere thus

wn(tvx)
t = —.
Ol = T )
Then
wn(t,x)ll{‘w(t,m)bo} — w(tvx)1{|w(t,x)‘>0} a.e., as n — oQ.
Then
wy(t,x
Gn(t, )L {w(t.)>0) = wn(l x)l]l{|w(t,z)\>0}
w(t, )

—— Ntz
notoo [w(t, z)| {|w(t,x)|>0} A-€
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Thus for any ¢ € L'(R; x R?) using Lebesgue’s theorem and the definition of
the L™ weak * limit we have

/ Onp :/ Onp
RxR2 RxR2

:/ ¢n90]1{|w<t,w>|>0}+/ L (t,0) =0}
RxR2 RxR2

w(t, )
— 1 1 - .
n—+o0 /R><R2 |’LU(t,;L')| {|w(t7l)\>0}(p+/RXR2¢ {Jw(t,z)|=0}P

Then we have

w(t, T
¢(t, ZL') = M]l{w(t,m)>0} + ¢(t7 55)]1{|w(t,m)|:()}'

Recall (see e.g. Theorem 6.19 in [I7]) that
Vw = 0a.e.onw '({0}),

whenever w is locally in W11, Thus we have

(8, ) f (8, 2)| = |o(t, 2)|[Vw(t, )|

w(t, )
= |'LU(t x)‘l{‘w(t7w)‘>0} ‘vw(t?x”

= Ljjwa) >0 |Vu(t, z)|  ae.
= |Vw(t,x)| a.e.
= |f(t,l')| a.e..

Thus we can prove (2.120f). Indeed we have
— 1
112y = 187 sy = [ (VB + g APt
K 2

1
= IVl 72 k) + @HAHQL'Z(K)-
2

Combining now (2.119)), (2.120)) and (2.118)) we deduce (2.117)). We have finally
proved that:

Von(Quy) — Adin L (Ry x R™), asn — oo, (2.124)
and
V/pn = V/pin L}, (Ry x R™), asn — oo. (2.125)

Proposition 2.6. There exists A1 € L7 (Ry, LE (R?)) for all1 < q < oo, such
that, up to a subsequence,

Pu, — Ayin LS, (R, LL (R?)), asn — oo. (2.126)

loc
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Proof. For any compact K in R? we deduce from (2.8)) that for any p € [1,2][:

1Pl Loe(wip(k)) < Cpx- (2.127)
We have, using
Opeurlu, = —div(uycurl(uy)). (2.128)
Observing that
curl(uy,) curlu,

curl(uy, )uy, = T\/pnun(\/pn -1)+ 5 /Pty

We have using Hoélder’s inequality and (2.12)), (2.24), (2.4) that:

curl(uy,
y Vv pnun(\/ Pn — 1) < Cpu (Vp € [17 2[);
P Lo (LP (R2))
and
curl(uy) St <c
Pn Lo (L2(R2))

Then using the continuity of the Riesz operator in LP with 1 < p < 400 and
the identity
OiPu, = —(A)"'VEdiv(u,curlu,).

We deduce that (9;Puy)nen is uniformly bounded in L>®°(RT, LP(K)) for p €
[1,2[. So using that WP(K) is compactly embedded in LP(K) and apply-
ing Aubin Lions Lemma and the diagonal extraction procedure we deduce the
Proposition for ¢ = p. The other case are obtained by interpolation. O

2.6 Convergence of the sequence (p,,u,),en to a global
weak solution

We have for all n € N

Lo 0do+ [ pudupdrds

R RexR (2.129)

+/ (pnPun + /Pn(/prQuy)).Vdtdr = 0,
Ry xR?

L @uPun VW Qua) 0.0+ [ (P -+ VBV Qui ) Oy
2 +xR?
F [ (VnQun © VEnQun + 2P © VrQun + paPun © Puy) : Vidade
Ry xR?
+/ P(pn)div(p)dxdt = —E/ V.V (div(p))dzdt
R+ xR2 R+ xR2

— 2/{/ (V/Prn @ V/pr) : Vdzdt.
Ry xR?
(2.130)
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Then passing to the limit in n we have

—/ (p°%)(.)dx +/ pOrpdtdx +/ (pA1 + /pA) . Vdtde = 0,
R2 R4 xR2 Ry xR2

(2.131)
and

[ (@0 P 4 5@ O+ [ (o4 VN
R? Ry xR?

—|—/ (A®A+2/pPu®@ A+ pAi ® A1) : Vipdzdt
RexR ; (2.132)

+ / P(p)div(p)dzdt = —— / V.V (div(p))dzdt
Ry xR? 2 Ry xR?

- 2/@/ (V/p® Vy/p) : Vpdzdt.
R.{_XR2
Moreover we have using ((1.16)
1 /—
— ( PO () + IV VP@)R + >>)da:.
n oo R

Using the convergences almost everywhere obtained previously, we have
pulunl® + KV Bl + 3 (pn) — plMa? + AP + K|V VA + 4y (p()  ac.

Thus passing to the limit inf in (2.11)) using (2.125)), and using Fatou’s lemma
we have

E(t) < E(0). (2.133)
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