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ABSTRACT. In this paper, we prove new results on the validity of the limiting
ampitude principle (LAP) for the wave equation with nonconstant coefficients,
not necessarily in divergence form. Under suitable assumptions on the coeffi-
cients and on the source term, we establish the LAP for space dimensions 2 and
3. This result is extended to one space dimension with an appropriate modifica-
tion. We also quantify the LAP and thus provide estimates for the convergence
of the time-domain solution to the frequency-domain solution. Our proofs are
based on time-decay results of solutions of some auxiliary problems.

Keywords wave equation with variable coefficients, limiting amplitude principle, long-time
asymptotics
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1. INTRODUCTION

One of the possibilities of obtaining solutions to the Helmholtz equation is by
solving a corresponding time-domain wave equation. An essential ingredient in
connecting time- and frequency-domain wave problems is the limiting amplitude
principle (LAP). Originally proposed as one of the tools to select the unique solu-
tion of the Helmholtz equation problem in an infinite domain it has been studied
in numerous works over the last 70 years.

The LAP can be crudely stated as follows: the solution to the time-dependent
wave equation with time-harmonic source term converges, for large times, to the
solution of the Helmholtz equation with the spatial source term and frequency
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corresponding to the original time-harmonic source term. Our main motivation
for revisiting the LAP comes from numerical analysis. Helmholtz problems can be
challenging to solve in practice in some situations such as when the wavenumber
(frequency) parameter is large. Numerical methods have been proposed to address
a classical Helmholtz problem efficiently through its reformulations in the time
domain. They include the controllability method introduced in [7, 13], together
with its spectral version [I7] and its extensions [16] [15], the WaveHoltz method [I],
the time-domain preconditioner of [26], and the front-tracking adaptive method
of [2]. The numerical analysis of these methods requires a quantification of the
modeling error (reformulation of the frequency-domain problem into a time-domain
problem), which will add to the error due to the numerical approximation of the
problem in the time domain. This motivates the study of the LAP under some
new angles, with particular focus on the quantification of large-time convergence.
As opposed to a direct study of the resolvent operator, our analysis is based on
decay estimates for the solutions of some auxiliary problems. Since decay results
are still the subject of intense investigation, an advantage of this approach is that
new findings in that area directly translate into improvements in the quantification
of the large-time convergence in the LAP.

Main results. In this paper, we will be concerned with the following setup.
Given an angular frequency w > 0, material parameters «, (5, which smoothly
vary within some bounded domain, and a compactly supported source term F', we
consider the following frequency-domain and time-domain problems, respectively:
we consider

. —w?U <X271_ X))V (a(x)VU (x)) = F(x), x€cRY
(1.1) lim x| [0 (%) — /BTl ()] =0,
and
(1.2) {Q?U (x,t) = B (x) V- (a(x) Vu(x,t) =e ™ F(x), xeR t>0,
' u(x,0) =0, dwu(x,0)=0, x € R4

Our assumptions on «, 3, and F' are stated as follows.

Assumption 1.1. (smoothness, compactly supported derivatives & pos-
itivity of coefficients) Let o, § € C* (Rd), be real-valued functions such that
a(X) > min, B(X) > Buin for x € R, and a(x) = ay, B(x) = By for x € R\Q,,,
with some bounded domain Q, C RY and constants cuin, Bmin, o, Bo > 0.

Assumption 1.2. (nontrapping coefficients) Let «, [ be non-trapping, i.e.
such that all rays associated with the metric a /B escape to infinity [0, Sect. 1]. In
other words (see e.g. [I4, Def. 7.6 & Cor. 7.10]), defining H (q,p) := o (q) |p|* —
B(q), given qo, Po € RY such that H (qo,po) = 0, the solution vector of the
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canonical system of differential equations with the Hamiltonian H (q, p),
Lq(t)=2a(a)p (), >0,

(1.3) ap(t) = —28V4a(a) + VB (a), >0,
q(0) =ao, P (0)=po,

must satisfy |q ()| — oo ast — oo.

Assumption 1.3. (compactly supported source) Let F € L2 (Rd) such that
supp F' C Q;,,, with Q;, as in Assumption [17.

Under Assumptions [LIHI.3 we prove the following versions of the LAP.

Theorem 1.4. Let d = 2,3. Suppose that Assumptions[LIHI.3 are satisfied. Let
U (x) and u(x,t) be the solutions to (1) and (L2), respectively. Then, there
exists a constant C' > 0 depending on F, o, 3, and w such that

ford=2:
1 +log (1 +t%)

HU (', t) — e_ithHHl(Q) + H@tu (,t) + iwe_ithHLg(Q) S C (1 4 t2)1/2 9 t Z 07
ford=3:
—iw ; —iw C
HU<~,t)_€ tUHHl(Q) + Hatu (~,t)-|—lwe tUHLQ(Q) < W, t>0,

where ) is an arbitrary bounded domain.

Theorem 1.5. Let d = 1. Suppose that Assumptions [I1l and [1.3 are satisfied.
Let U (x) and u (x,t) be the solutions to (LI)) and (L2), respectively. Then, there
exist constants A > 0 and C' > 0 depending on F, «, 3, and w such that

|u (- t) — e ™U - UOOHHI(Q) + ||Opu (-, ) + iwe™™'U <Ce™, t>0,

‘L2(Q)

where

1
(1.4) Uy = Yot /Qm F(z)p(z

and € is an arbitrary bounded domain.

) dx,

Previous results on the LAP. Let us provide a brief overview of previous
works on the LAP. The simplest version of the LAP dealing with the constant
coefficient, three-dimensional wave equation has been known at least since 1948
[28,29]. There, it is proven that this physical principle selects the unique solution
of the stationary problem satisfying the Sommerfeld radiation condition.

In the seminal work [20], these results are extended to the wave equation con-
taining a compactly supported potential term. Namely, the equation d?u (x,t) —
Au (x,t)+¢ (x)u (x,t) = g (x) e ™ is considered and it is assumed that the poten-
tial ¢ (x) is a continuous, compactly supported function with bounded derivative
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and such that the operator —A +¢ (x) does not have discrete spectrum on L? (R3).
The source term ¢ (x) is taken to be a bounded function with compact support.
The convergence in time to the solution of a stationary problem (up to the factor
e™?) is not explicitly quantified, but the proof shows that the convergence occurs
with an exponential rate.

The pair of papers [22, 23] contains further important results. First of all, the
conditions on ¢ (x) are weakened: Holder continuity is sufficient (allowing also a
finite number of square integrable singularities) and the support does not have
to be compact. Moreover, paper [23] deals with the LAP for the variable speed
wave equation 0?u (x,t) — ¢* (x) Au(x,t) = ¢(x)e ™' This also demonstrates
that, while results for an equation with a potential term (i.e. Schrodinger / Klein-
Gordon equation) do not automatically transplant to those for the variable speed
wave equation, both problems are amenable to a very similar treatment involving
resolvent analysis. For the case of the wave equation, it is important that the
spatially varying speed tends to a constant value at infinity sufficiently fast. The
source term is assumed to decay at infinity as well. In both cases of wave equa-
tions, pointwise convergence results are obtained and the convergence rate is not
specified.

The paper [25] considers the wave equation with a potential and a source term
both having algebraic localisation (meaning that they decay algebraically in space).
An algebraic rate of pointwise convergence is established and shown to be related
to the localisation of the potential and the forcing term: better localisation entails
faster convergence. As in most of the works, results are presented only for the
three-dimensional case.

In [19], following the work of [8] and considering also non-zero initial data, it
is claimed that the assumptions of [20] were incomplete and, in addition to the
absence of eigenvalues, the absence of some special solutions also needs to be
assumed. More precisey, such solutions (known as zero-resonances) satisfy the
homogeneous stationary wave equation with zero wavenumber, they have some
weak decay and they satisfy a non-oscillation condition at infinity, but they are
not in L?(R3). Zero-resonances are generally known to exist and would be an
obstacle for the validity of the LAP. However, they can be ruled out by assuming
that ¢ € C1 (R?), ¢ > 0 and, for |z] > 1, ¢(x) = O (1/ |x|") with v > 3.

Eidus’ paper [10] provides an extensive overview of the results available at that
time and treats the problem in great generality. In particular, it deals with the
wave equation arising from a positive second-order differential operator in diver-
gence form — Eijzl Oy (arj (%) Oy;) +¢ (x). It is assumed that ¢ is real-valued and
locally Holder continuous, ay; € C? (Rd) is real-valued, symmetric and coercive
(i.e. satisfying, for any vector v € RY, ZZJ arukv; > aolv” with some ag > 0),
and |Vag; (x)], ¢(x) decay fast enough at infinity. The problem is posed in an
unbounded domain of R¢ with a finite boundary where the zero Dirichlet bound-
ary condition is imposed. However, it is mentioned in [10, Ch. 2, p. 21] that the
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obtained results must also hold if this unbounded (exterior) domain is taken to be
the whole R?. The time convergence is shown for the H'-norm of the solution and
the L?-norm of its time derivative, with both norms taken over bounded sets.

As a generalization, Vainberg [30], besides geometrical features, also considers
higher-order constant coefficient hypoelliptic operators in R? whereas [I8] treats
dissipative wave equations with variable dissipation and potential terms.

Ramm [25] considers a general linear operator and formulates necessary and
sufficient conditions for the validity of the LAP in terms of certain properties of the
resolvent operator. A more general form of the LAP is formulated, involving time
convergence in mean, namely, the convergence of the quantity % fot e“Tu (x,7) dr,
for ¢ — oo, to the stationary solution. This is shown to be equivalent to the
validity of the limiting absorption principle.

Bloom [5] deals with the symmetric system of second order wave equations in
R3 written in the form similar to ours (i.e. having variable coefficients outside and
inside the divergence operator, as in ([.2])). The LAP is shown to hold and the rate
of pointwise convergence is found to be algebraic, namely, under the assumptions
there, it is slower than ¢~/2. It is not specified whether these results are still valid
if the exterior domain is replaced by the entire space R3.

The single wave equation of the form (L.2) is considered in [27] and the problem
is posed in the whole space R3. Similarly to [19], the necessity to rule out zero-
resonances is discussed and it prompts an investigation of the resolvent in the
low-frequency limit.

In this brief literature overview, we have focussed on problems posed in the whole
space R?, while almost entirely omitting the geometrical issues, which are the most
commonly discussed aspects in the literature, see the classical works of Morawetz
(e.g. [21]) and her collaborators. More on that can be found in the introduc-
tory part of [10]. In general, geometry (finite/infinite boundary, convexity /star-
shapeness of the scatterer), space dimension, coefficients and order of the differ-
ential operator all play important roles in the validity of the LAP. For example,
the principle is violated if the geometry of the problem allows for the existence
of trapped modes, or the differential operator (typically, of a higher order) has
eigenvalues embedded into its continuous spectrum.

In the present work, we study the LAP for a problem where both material pa-
rameters a and [ are allowed to be nonconstant and prove our results in spatial
dimensions d = 1,2 and 3. The main result given in Theorem [[.4] does not only
prove the validity of the LAP but also estimates the convergence rates. Addi-
tionally, we provide Theorem [L.5] which covers the one-dimensional case where a
classical formulation of the LAP (i.e. when U,, = 0) is known not to be valid [9,
Sect. 3, Thm. 6]. On a technical side, a novelty of our approach to the proof of the
LAP is that it avoids the direct study of the resolvent operator and relies instead
on several decay/convergence results. The main features of the present work are:



6 LAP FOR VARIABLE-COEFFICIENT WAVE EQUATION

e The LAP is proven for the wave equation with nonconstant coefficients,
which is not necessarily in divergence form. Besides the “classical” case
d = 3, we also consider d = 2.

e The validity of the LAP is extended to the case d = 1 with an appropriate
modification.

e The convergence in the LAP is quantified and is shown to be algebraic in
time for d = 2,3 and exponential for d = 1.

We believe that exponential and algebraic rates of the convergence for the cases
d =1 and d = 2 are generally sharp, but the rate of the decay for the case d = 3
can be improved.

Outline. The paper is organised as follows. In Section 2] we present time-decay
estimates for the time-domain problem with suitable initial data and source term.
In Section B, we establish the LAP in the form given in Theorems [[.4] and
Time-decay estimates, which are instrumental for that, are proven in Section @l
Finally, in Section [5, we summarise the obtained results and give prospects for
further work in related directions. Some technical estimates used in the proofs are
deferred to the appendix.

2. TIME-DECAY RESULTS

In this section, we establish some decay-in-time results for solutions to the wave
equation with sufficiently localised initial data, which are used in our proof of the
LAP in Section [3] below. The proofs of these results are deferred to Section [l
More precisely, we are concerned with the solution of the Cauchy problem

oy {FUD =AY (0G0 Vulen) = f(x ). xR >0,
Ve = w0, dux0) =ux), xeRY
and its constant-coefficient analog with zero source term:

(2.2)

0P (x,t) — AAv(x,t) =0, xeRY >0,
v(x,0) = vy (x), Gv(x,0)=0v(x), x€R?

where ¢y := /ag/Bs. We start by considering problem (2.1]) in the case of localised

data and zero source term.

Proposition 2.1. Let d > 2, f = 0. Suppose that uo € H® (R?), u; € H? (RY)
and «, B satisfy Assumptions 1 and [L.2. Additionally, the initial data are as-
sumed to satisfy the following localisation condition:

(2.3) /R (14 )™ (up (0 + s (x)[2) dx < oo
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with some € > 0. Then, for any bounded Q@ C R, the solution of (2.1 obeys the
following decay estimate for some constant C' > 0:

C
(2.4) e GOl @) + 10 G D)2y < gy £20.
(141¢2) >

For the case of zero initial data and a localised source term, we have the following
result.
Proposition 2.2. Let d > 2, ug =0, u; = 0 and «, B satisfy Assumptions [1.1]
and (L3 Additionally, suppose that f € C (R, L* (RY)) with Ry = [0,00),
tuosuppf (-,t) C Qy for some bounded domain 0y C R?, and there exist constants
>

C¢, p > 0 such that

%, t>0.

(1412)2

Then, for any bounded domain Q C RY, the solution of [2.I)) obeys the following

decay estimates for t > 0 and some constant C' > 0 depending on p and d.
Ford=2:

(25) 15 o) + 10F Bl oy <

1+ log (1 + t?)

, 0<p<,
1+ 12)"
(26) )l + 10 g <€ G B
Ford > 2:
Y 0<p<l,
+12)7
@7 )l + 10 D < €4 T 1
rey P70

where r ;= min (d — 1, p).
Next, we consider the wave equation (2.2]) with constant coefficients and f = 0.

Lemma 2.3. Letd =2,3. Letw >0, pg > 0, p1 > po be some fized constants. Let
St i= {x e R*: [x| =1} be the (d — 1)-dimensional unit sphere and let B,, =
{xeR?: |x| <po} be the ball of radius py, both centered at x = 0. Fiz Q € B,
meaning that 0 C B, _. C B,, for some e > 0. We make the following assumptions
on the initial conditions vg and vy.

e Ford =2, we assume that

)+v0(x), v (x) = Ao (%)) Vi (%) + Vi (%),

X

(2.8) v (x) = Ao<|x|>Yo(

|
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where Vo € W (R?), V; € W3*(R?), Ay € C*(R,), Yy € C*(S!),
Yy € C3(SY) are such that Ay (|x]) = Vo (x) = V1 (x) =0 for |x| < po, and
that there exist a constant Co > 0 such that

(2.9) X% ([Vo ()| + Vi (%)) < Co

holds true for all x € R2. Moreover, Aq (p) = €'%”/p32 for p > py.
e Ford =3, we assume that vy € W4 (R3), vy € W3 (R3) and that there
exists a constant Cy > 0 such that

(2.10) I (|vo (x)] + [o1 (x)]) < Co
holds true for all x € R3.

Then, there exists a constant C' > 0 such that, for all x € Q and t > 0, the
solution of ([2.2l) with the initial data as above satisfies

(2.11) v (%, )] + [V (%, )] + [9 (x, 1)]
¢
(14 2)*

Note that, in this result, we use smoothness and the presence of the oscillatory
exponential term in the radial factor in the case d = 2 to deduce the O (1/t) decay
instead of the more classical L~decay O (1/t'/?) (see e.g. [4]).

In a similar vein, we will also need an analogous result for problem (2.2)) with
even less standard initial conditions (namely, such that the decay at infinity of
vo, v1 entails only that vy € W'? (RY), v; € LP (RY) with p > 4). If such initial
conditions have some additional structure, the solution can be shown to decay in
time with the same decay rate as in Lemma

+ |Av (x,t)] + |0: Vv (x,t)| + |0:Av (x,1)| <

Lemma 2.4. Let d = 2,3. Let w > 0, pg > 0, p1 > po be some fized constants.

Using the notation introduced in LemmalZ.3, suppose that Q2 € B, . Assume that
(2.12)

) = ADY (5] 000 =~ () =~ ()Y (X)),

where O denotes the derivative in the radial direction of the variable x, A €
C*(Ry), Y € C*(S*Y) such that A(p) =0 for p € [0, po] and A(p) = eZ%p/p%
for p > p1. Then, there exists a constant C' > 0 such that, for allx € Q2 andt > 0,
the solution of ([2.2l) with the initial data [212)) satisfies
(2.13) v (x,t)[ + [V (x, )] + 0w (x,1)]

C
(1+2)"/*

In the one-dimensional case, we have the following exponential decay result,
which is proven in [3].

+ |Av (x,t)] + |0: Vv (x,t)| + |0 Av (x,1)| <
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Proposition 2.5 (see [3]). Let d = 1 and f = 0. Suppose that up € H' (R),
uy € L? (R), supp ug, suppu; C £ for some bounded Qo C R and assume «, f3,
Qi be as in Assumption[I1. Then, for any bounded 2 C R, the solution of (2.1))
obeys the decay estimate

@1 ul) = el + 10 Ol ) < C, E 20,

for some explicit constants C' = C (ug, uy, «, 5, Q0! , |[Qinl), A = A(a, B,|Qn|) >0
with |Qol, |Qin| denoting the Lebesque measure of the sets Qg, Qn, respectively,
and

1
(2.15) Usy 1=

2y apBo

/Q (@) ()

3. PROOF oF THE LAP (THEOREMS [L.4 AND [LL5))

In this section, we prove Theorems [I.4] and at once. Without loss of gener-
ality, we can assume that €2 = §2;,,, since both domains could be enlarged to their
union without changing the problem. We also suppose that the origin x = 0 is
chosen to be inside €.

The proof is given in two steps. In Step 1, see Section B we transform prob-
lem (L.2]) into an initial-value problem with zero source term for the difference

(3.1) W (x,t) = u(x,t) — e ™U(x),

where u (x,t) and U (x) solve problems ([.2)) and (I1]), respectively. In Section B.2]
we observe that the problem introduced in Step 1 has poorly localised initial
data, and we write some asymptotic representation, which will be useful in what
follows. In Step 2, see Section 3.3 we decompose the problem in Step 1 into several
subproblems. We distinguish the cases d = 1 and d > 2. In the former case, the
arguments are more transparent and lead to the quantitative result of Theorem [LL5l
The higher-dimensional case is more involved, as some of the subproblems do not
have sufficiently localised intitial data and thus require the more specific time-
decay results given in Section 2

3.1. Step 1: Transformation into an auxiliary homogeneous problem. By
inspection, we see that W (x,t) defined by (B.1) satisfies

(3.2) RPW (x,t) — B (x) V- (a(x) VIV (x,t)) =0, xeRY >0,

' W (x,0) = -U (x), W (x,0)=1iwlU (x), xR
Completing the proofs of Theorems [[.4] and is tantamount to showing that
there exists a unique constant U, € C explicitly given by (LL4)) and constants A,

C > 0 depending on F', o, 8, w such that
for d = 1:

(3.3) W (1) = Ussll gy + 10W ()| 2y < Ce™, t>0,
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for d = 2:
1+ log (1 + 2
B4 W Bl + 10V Oy <€ H(Z)m ) >0
for d = 3:
C
(3.5) W G O ) + 1OW () 2y < m, t=>0.

3.2. Slow decay of the initial data of problem (3:2)). One immediate difficulty
when dealing with ([B.2]) is that the initial data W(-,0) and 9,1V (-, 0) do not belong
to H! (Rd) and L2 (Rd), respectively. The slow decay of the initial conditions
in (B2) can be seen as follows. Let us rewrite (L)) as the constant-coefficient
problem

w? 1

S0 ) = U ) =[5 P () + (5 0) — 50) 0 () +
(3.6) +V - (a(x) VU (x)) — oAU (x)]
= (x),

where we recall that ¢ = /8. Assumptions [T and on the coefficients and
on F imply that F} (x) = 0 for x € RN\Q. Moreover, since the coefficients «
and 3 are smooth and bounded away from zero, and F € L? (]Rd), standard well-
posedness results (see e.g. [12, Sec. 6.3.1]) give U € H?(2), and hence F; € L'(Q).
Therefore, we can write the integral representation of the solution U in R\

(3.7) Ui = [ Kix=y)Fi(y)dy, xRN
Here

is the Green’s function (see e.g. [11]) that satisfies the Sommerfeld radiation condi-

tion lim 2|7 [8‘X|K (x) — 2K <x)} — 0 and —~AK (x) — % K (x) = § (x), with
X|—00 0

d being the d-dimensional Dirac delta function. In (3.§), H,Sl) denotes the Hankel

function of the first kind of order p. Since y in (B71) ranges in a bounded set and

Fy € L' (Q), we employ Lemma [A]in the appendix and deduce that

(3.9)

Ux) =0 (1/ ") 9l (0 = U (0 = 0 (1/ [ “2) x> 1.
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This implies that U, and therefore W (-, 0) and 8, (-, 0), do not belong to L* (R?).
At the same time, this gives a precise decay rate in the Sommerfeld radiation
condition when the source term F} in (B.6]) is compactly supported.

3.3. Step 2. Time-decay by decomposition into subproblems. In order
to deal with the slowly decaying initial data in (B.2) discussed in Section [3.2] we
perform some auxiliary decompositions. As 0 € €2, we can fix R large enough and
e > 0 such that € is contained in the open ball Bi_. C R of radius R—e and center
x = 0. Let {no,m} be a smooth, radial partition of unity, i.e. 7y (x) = no (|x]),
m (x) = (]x]), and 1o (]x]) +n: (|x]) = 1 for all x € R?, such that

(x]) = 0, |x|<R-—g¢ (Ix]) = 1, |x|<R-—c¢,
PV =91, x| > R, P00 x> R

We proceed separately with the case d = 1 and the cases d = 2, 3.

e Case d =1 (Theorem [1.5]).
1
Note that we have Hg)ﬂ (x) = (%)2 e, and hence ([B.8) yields, for d = 1,
K (|z]) = %%elalx‘. In this case, the Green function K does not decay at infinity,
but the radiation conditions on K, and thus on U, are exact, i.e. for x ¢ €, we
have cy0;|U (x) = iwU (), where 0),) = (sgn ) 0,. Therefore, we can write

(3.10) W (z,t) = Wy (2,t) + Wy (2,1)

where W, (z,1), w; (x,t) solve the following initial-value problems, respectively:
(3.11)

B2W, (x,1) — 57 (2) 0, (a () 0, W, (:c,t)) —0, z€R, >0,
W (0,0) = = () U (@), 80 0.0) = el (mo () U 0)), 2 €
(3.12)
B2W, (2,1) — B~ () B, (a (x) 8, (z, t)) —0, zeR, t>0,

W (2,0) = s (12 U (). a[v%(x,m:(coaxm<|a:|>+zwm<|x|>)U<a:>, reR

Observe that problem (BI1]), whose initial data are supported outside Bg_., is
solved by a linear combination of two reflection-free outgoing waves

(3.13) Wo (2,t) = — H (z — cot) mo (2 — cot) U (z — cot)
— H (—x —cot) no (—x — cot) U (z + cot) ,

where H is the Heaviside step function. Note that the smoothness of the solution
is not affected by the discontinuity of the Heaviside function due to the vanishing
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of np. Because of the support property of 19, by inspection of ([B.13]), we have that
(3.14) Wo (z,t) =Wy (2,8) =0, €€, ¢>0.

To deal with W in (3.10), we observe that the initial data of (8.12]) have compact
support. Hence, problem (B.I2]) is amenable to the application of Proposition 2.5
which yields

(3.15) H’Wl (1) — Uoo]

a,W, (~,t)’

HY(Q) ’ L2(Q)

316 U= m / (COf%m o)+ o (1) U ()5 )
1
2\/% R+5 ()dx—ﬁ[U(R—e)—i-U(—R—i-e)]
QZwvaoﬁo/RJrs ple)du

for some constants C'; A > 0. Note that in passing from the first to the second line
in (B.16), n, disappears upon integration by parts using that 0, U (z) = iw/coU (x)
and [ (x) = [y for x € [-R,—R + €] U[R — ¢, R]. The passage from the second
to the third line of the equality is justified upon integration of (LI in = over
the interval (—R + €, R — €) and using again the exact radiation conditions at its
endpoints.

Together with (814) and (BI0), estimate ([B.I5) implies (3:3)) which completes
the proof of Theorem [LAl

e Cases d = 2,3 (Theorem [1.4]).
We perform a decomposition, which is similar to (B.I0) but contains more terms
that have to be treated in a more delicate fashion. Namely, we write

4
(3.17) W(x,t) => Wi(x,1),
k=0
where each Wy, k= 0,...,4, solves the homogeneous wave equation

FPWi (x,1) — B (X) V- (a(x) VIV, (x,1)) =0, x€R? ¢>0,
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subject to the following initial conditions on R, respectively:

(3.18)
W (. 0) = —no (Ix]) U (1x]). AW (x,0) = codlm (no (1x) Uy <x>),

Wi (x,0) = o (x]) (Us () — U (x), W3 (x,0) = —como (|x]) (Uo (x)- U <x>),

Wy (x,0) = 0, 0,V (x,0) = —cono (Ix]) <8x|U (x) — i—jU (x)) ,
W (x,0) =0, W3 (x,0) = —comg (|x]) Up (%),
Wy (x,0) = —m (|x]) U (x), Wy (x,0) = iwm (|x]) U (x).

Here, we have introduced Uy, the leading term in the long-range asymptotic expan-
sion of ([B1). More precisely, according to representation (B.7) and Lemma [A.T]
we have

3.19 U SN (o T s )
. = e Tx :
(319) = (o | EF R )y
Furthermore, for |x| > 1,
(3.20)
i |x| 43 ,
e <o w 2 _jwxy 1Co
U (x) — Up (x) = S (d—3) (d—1) 2
Ji-lxy | iw y]> — x-y\* P (y)dy + O
2 x| 2e \Y x| LYY x5 )
(3.21)
i x| 43
e o w 2 jexy [(d—3)(d—1)
4 |x]| 2 Tico 0
d—liwx-y w? 9 Xy 2
XY Wy (2 ) Ry
o (|y| (32) )| Fioay
1
+0 —a3 |
x| *
(3.22)

. i< x| d=3
w e <o w 2 1—d _jw Xy 1
U (x) = —U (x) = ( ) 2 /Qe CO"Fl(y)dvaO( “)-

Co _47T x| 4L\ 27icy
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Observe that the problems for W3 and W, have compactly supported smooth
initial data. Hence, Proposition 2.I] applies to give
C
(3:23)  IWi (Ol + 10Wi (D) oy € — 5, €20, k= 3,4,
(1+1¢2) 2

for some constant C' > 0.
In order to obtain similar decay estimates for W; and W, let us introduce

(3.24) Z1a (x,t) == Wia (%, 1) — Via (%, 1),

where Wis (x,t) := Wy (x,t) + Wa (x,t) and Vis (x,t) is the unique solution to the
constant-coefficient problem

02Vis (x,t) — EAVys (x,1) = 0, xRy t>0,
(3.25) Vi (x,0) = =no (|x[) (Up (x) = U (x)),  x€RY,
OWVia (x,0) = com (1x) (20 (x) = 9l (%)), x € R,

We are going to deduce the decay of Wis (x,t) from the decay of Zi5 (x,t) and
Via (x,t). First of all, since

207 () = 0l () = 0 U () = Ui ()] = (ew - Zu <x>) ,

we see from (B20)—([322) that the initial conditions of ([B.20]) satisfy the assump-
tions of Lemma 2.3 with

Ao () := mo (1) =,

d—

X 1 w I e Xy ico

Yol — ) i=— o< |(d—3)(d—1)—
0 <\x\) 4 <27rico> /Qe ’ [< 3)( ) 8w

() e () [ [en
x| A \ 2micy Q 8
d—liwx-y w? 9 Xy 2
5 o w Tas \ M
co x| 2 x|
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This entails that the following decay estimate are valid uniformly in x € €2 for
t>0:

(3.26) [Viz (%, )] + [VVia (%, 8)] + [0 Vaz (%, 1)]
C
+ [AV12 (%, 1) + [0V Vi (%, )| + [0, AVi2 (%, 1) < m
with some constant C' > 0. In particular, ([3.26]) implies
C

(3.27) Vi2 (D) ) + 106V12 (D) |20 < s

In order to deal with Z;5 (x,t), we note that it satisfies
(3.28)

6152212 (X, t) — 671 (X) V- (Oé (X) V212 (X, t)) = F12 (X, t) s X € Rd7 t> O,
Z12(x,0) =0, 9Z12(x,0)=0, x€RY

where
(3.29) Fia (x,t) := 87" (x) Va(x) - VVia (x,t) + (87" (x) a (x) — f) AVia (x,1).

Estimate (3:26) entails the decay of all the terms entering (8.29) and of their time
derivative, so that Proposition is applicable with p = 1. This gives
for d = 2:

1 +log (1+t?)

(3.30) 1212 (5 Ol ) + 1100212 ()| 120y < C R t>0,
for d = 3:
C
(3.31) 1212 (5 D)l g1 ) + 1106212 ()| 120y < 1+ = 0,
with some constant C' > 0. Together with ([B.:27), estimates (3.30) and (3.31]) thus
imply
for d = 2:
1+ log (1+t?)
(3.32) Wiz (- )l g1 ) + 10:Wi2 (-, )| 12y < € 112 t>0,
for d = 3:
C
(3.33) Wiz (5 Ol 1) + 10:Wa2 (8| 20y < R t>0.

Finally, we shall deal with W (x,¢). Similarly to ([3:24]), let us consider the
quantity

(3.34) Zy (x,t) == Wy (x,t) — Vo (x,1),
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where Vj (x,t) is the unique solution to the constant-coefficient problem

(3.35)
02V (x,t) — a AV, (x,t) = 0, xRy t>0,
Vo (x,0) = =m0 (|x[) Uo (x),  9:Vo (x,0) = codl (mo (1x]) Uo (x)),  x € RY.

By setting

i x| d=3

€ o X 1 w 2 _ii<i.)
A(lx]) == A 0 (i [ S (MY F (y)d
(e s= o () (5) =5 ()" [eatEInma

it is easy to see that (B.35]) satisfies the assumptions of Lemma 24l Therefore, we
obtain that the following decay estimate are valid uniformly in x € €2 for t > 0:

(3.36) Vo (%, 6)| + [VVi (x, )] + 0,Vs (x, 1)
C
with some constant C' > 0. In particular,
C
(3.37) Vo (Ol gy + 110:Vo ()l 2y < e

Repeating the same reasoning as before, we now deduce the decay of Wy (x, t) from
that of Z (x,t). To do so, we observe that Zj (x,t) satisfies
(3.38)

07 Zo (x,1) = 71 (x) V

( VZO(Xat)):FO(th)a XERd) t>07
Zo(x,0) =0, 8,7 (x,0

a(x)
)=0, x€R?

where
(3.39) Fy(x,t) =" (x)Va(x) - VVh(x,t)+ (87" (x)a(x) — ) AVy (x,1).
Estimate (B.306]) makes Proposition applicable to yield

for d = 2:
1+ log (1 + t?)
(3.40) 120 (- D)l 1) + 10e2Z0 () 120y < C S t >0,
for d = 3:
3.41 Zo (-t O Zy (-t < ¢
(3.41) 1Z0 (Ol gy + 10eZ0 (- ) 20y < ma ;
with some constant C' > 0. Therefore, recalling ([3.37), we have
for d = 2:
1+ log (1 + t%)
(3.42) IWo (s Dll iy + 10:Wo (D)l 2y < C , t=0,

(1+12)"?
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for d = 3:

C
(3.43) IWo (5 Ol g1 0y + 110Wo (5 0)ll 2y < RERERE t=0.

Consequently, by combining [3.42), 3:43), B23), B32), and B33)) with (BI7),
we obtain estimates (3.4]) and (B.3]) hold true. This concludes the proof of Theo-
rem [[4]

4. PROOFS OF THE AUXILIARY TIME DECAY RESULTS

4.1. Proof of Proposition 2.1l This proof is based on an application and an
extension of a decay result from [6].

Because of Assumption [LTon o and § (positivity and regularity), the operator
P:=—p371(x) V- (a(x) V) is formally self-adjoint in L% (R?), the L? (R?) space
endowed with the f-weighted L* inner product. Note that the sets L3 (RY) and
L*(RY) coincide since the weight 3 is bounded and uniformly bounded away from
zero. Moreover, P is positive so that there exists a unique self-adjoint, positive
operator B such that B?> = P. With the notation vP := B and 1/v/P := B!,
we can formally write the solution of (2] with f =0 as

sin (t\/ﬁ)
VP

Under Assumptions [T and on « and 8 (compactly supported derivatives and
nontrapping), the following operator-norm estimates are obtained in [6, Thm. 1.5].
Namely, there exists a constant C' > 0 such that

sin (t\/ﬁ) C
(4.2) G ——="q" <, £20,

VP (1+)7F

(4.1) u (x,t) = cos (t\/ﬁ) ug (x) +

U1<X), t>0.

L2(R4)—»H! (RY)

(4.3)

C
T t >0,

< - -
L2(R4)—L2(R4) (14 t2)

q, ! cos <t\/ﬁ) gt

where ¢, := (1+ |X\2)V/2 with some v > d + 1.
Set u :=d+ 1+ e According to (2.3), we have q,up € H' (Rd) and q,u; €
L? (R?). Then, we deduce from ([I)—(&3) that, for ¢ > 0,

(4.4)

Hq;lu("t)HLQ(Rd) <C ( 1

llauoll i1 (gay + ——— @t || 12 (ga
e Ve e
Co
S—— 7

(141¢2) =
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for some constant Cy > 0.
To obtain the estimate for the time derivative 0;u, we note that w := 0;u solves
02w+ Pw =0, w(x,0) = u; (x), dw (x,0) = —Pug (x). Hence, we have
sin (tﬁ)
VP

Therefore, using (A.2]) and (4.3), and the assumed regularity of ug, u;, we estimate,
for t > 0,

(4.5)

w (-, t) = cos <t\/ﬁ) up — (Puy) .

_ 1
R (m N e ”%PUO"w(Rd))
i

for some constant C; > 0.

To complete the H!'-estimate of u, we estimate the L?-norm of Vu. First, we
observe that @ := d?u solves 92w + Pw = 0, w (x,0) = —Pug (x), dyw (x,0) =
—Puy (x). Hence, as before, we have, for ¢t > 0,

sin (t\/]_3>

w (-,t) = —cos (tﬁ) (Pug) — —7F

(Pul) )

1
—— HqHPulHLQ(Rd)) -

a0 (D) o gy < © ( (1+2)

Hence, we arrive at

1
g Pol s ey +
)2

(1412

Cy
da—1
2

(4.6) g P )| 2 gy = Nl 07w (D) oy < 1+2)%

for some constant Cy > 0. Employing the notation (- ) for the complex conjugate,
we consider the following inner product on LQB (Rd)

@47) (g Py ) o gy = _/

Rd

V. (a (x) Vu (x, 1) )u (x, t)q;2 (x) dx.

Inserting the identities

A\ <a (x) Vu (x, 1) )u (x,t)q,” (x) =V - (a (x) q,” (x) u (x,t)Vu (x, t))
—a(x) |Vu (x. )" q,* (x)

I

— (Vux ) Vg, (x) o () u (D),
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(Vu (x,t) - qu (x)) = —2/,41 j|LX‘|X‘2q#2 (x) O (%, 1)

into (A.8) and integrating by parts the term with the divergence give
(4.8)

i 090y < [ 0001V () g ()

Furthermore, employing the Cauchy-Schwarz inequality, we can estimate

'<%1Puv%1u>L;(Rd) < 1Bl gy Nl Pull 2 gy ™ ] 2 gy -

‘<q;18|xu,q;1u>L2(Rd) < Hq;jlquLQ(Rd) qujlqu(Rd)

Qmin H HaHLC’o(Rd

: quluHiz(Rd)

: 5 sy + a

S - -
4p Ha”LOO(Rd
Here, on the second line, we used the elementary inequality |a| [b| < 2|a|* + &[b|?
valid for any 0 > 0. Therefore, estimate (4.8)) entails
3

— Qmin
4

6"Vl rey < Bl ey 195 Pl oy N5 o

I 2 —1, 1|2
+ P HO‘”LO@(Rd) Hqu UHL2(R‘1) :
Recalling (4.4)) and (Z.6), this leads to

4 (GG
3

2,72
130y + S Nl ) ) T

19) gVl <

Omin
Finally, denoting yqo the characteristic function of the set €2, we have
el 2oy = luxella(ae) < Copllai ell 2 gay

and similarly for Vu and du. Hence, the estimates (4.4]), (45), and (49]) fur-
nish (2.4]). O

4.2. Proof of Proposition Without loss of generality, we can take {2 = (2
(by enlarging both sets if necessary). Let P, v/P, and 1/vP be defined as at
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the beginning of Section 2.1l The following operator-norm estimate was obtained
in [6, Thm. 1.5]:

sin (t\/ﬁ) _ Cy

— = X > a1
VP )3
L2(R4) > H(Q) (1+22) =

(4.10) t>0,

for some Cy > 0, where xq denotes the characteristic function of the set 2.
According to the Duhamel principle, the solution to (2.1]) with ug =0, u; =0
can be written as

t sin —7)VP
(4.11) w (-, 1) :/0 <<t\/ﬁ) P>f(-,7‘)d7‘.

Using a basic Bochner integral estimate in H' (Q) and (4.I0), we obtain, for ¢t > 0,

t || sin ((t—T) \/ﬁ)
(412)  ful)le < / )|
HY(Q)
¢ Co
< 1 )l
/0 (1+(t—7)2)T ©

where in the second line we also took into account the assumption that the support
of f(-,7) is contained in Q2 for each 7 > 0.
Employing the assumed estimate (2.5) on f, namely || f (-, 7)[|2q) < C¢/ (1 + 7'2)10/2
for some constants C'y, p > 0 and all 7 > 0, and denoting C' := C,C}, we proceed
to estimate

@13)  JuC Dl < [

C d7
(14 (-7 (1+7)

Y2
2

C /1/2 dr
o (e (1)) (1 42

! dr
+ da—1
/1/2 (1/2+ (1 - 7_)2)? (1/t2 + 7.2)%

[NI§S)

L2e /1/2 dr
- -1 9 d=1 2 2
(1+2)7 Jo (1/2+7?)

rC 1 /1/2 dr
$d—2 (1—|—t2)% 0 (1/t2+7'2)%'
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Here we used the change of variable 7 — 7 := 7/t and employed the estimates

1/td+p—2 1/td+p_2 2d—1 1 2d—1 1
< — < 7
e+ Q-7  WEry)T )T T e )T
1
0<7< 5 t >0,
1/td+p—2 1/td+p—2 op 1 op ]
b S D = 12 m S ) =
e+ )f S (e A w11 )

in the integrals over [0,1/2] and [1/2, 1], respectively. In the last line of ([AI3]), we
have also made the change of variable 7 +— 1 — 7. Using Lemma [A.2] we continue

estimate (LI13):
240 Cl,ptl_p, O<p<l,
(4.14) [l (5 Ol g1 S a7 log (t+vV1i+t?), p=1,
2
SRR (o p>1,
N 21C' log (t+V1+?), d=2,
(1 + tQ)g CQ,d—l) d > 27
1 > dz .
where ¢ := max (d — 1,p), C1 5 := ——, Cy s := — . We continue by
7 l—s ’ 0 (1+22)8/2
considering separately the cases d = 2 and d > 2.
Since C, > 1, estimate (£.14) for d = 2 reads
( log (t + V14 t2
Clyp(l_'_C&p) g( D )7 O<p<17
(1+1¢2)2
log (t +v1+41t2
(@15) ()l <200 § o ELEVIEE) p=1
(1+1¢2)2
1
(1 + Cyp) max (Cyp, 1) T, p>1
0 (14¢2)>
log (t + V142
sUAVIEE) y pc,
<C %1 +2)2
T 1o p> 17
(1+12)2
tt-p log (t + V1 + 2
where Cs,, := sup , Cyp = sup ( )

20 (142) 2 log(t+vI+E) 20 (14+£)%
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Similarly, when d > 2, we have

(4.16)
( 1
(1 + C5,d,p) max (CLIH 027(1_1) P E— 0< p < 1,
(1)
1
[ (5 )l 1 () <2°C (1 + Cya-1) max (Cyg-1,1) ma p=1
1
20y, ——, p>1,
\ (1+1¢%)2
( 1
—  0<p<1,
= 1+12)%
6,4 05)
—, p>1
( (1 +12)2

1-p
where 7 := min (d — 1, p), Cs 4, := sup t—d_l_p
t>0 (1 + t2) 2
To finish the proof, it remains to obtain the estimate for the time derivative
Oyu. To this effect, we note that w := du solves d?w + Pw = 0, f, w(x,0) = 0,
Jyw (x,0) = f(x,0). Hence, we have

sin (t\/ﬁ) t sin ((t —7) \/ﬁ)
O (- t) =w(,t) = ——== -,O+/ O f (-, 7)dr,
3 ( ) ( ) \/F f( ) 0 \/ﬁ tf( T) T
and consequently, from (4.I0) and (2.3]), we obtain, again with C' = CyCY,

C t sin((t—T)ﬁ)
[0ku (- )| 1) < m +/0 JP

Of(-,7) dr.
H1(Q)

Therefore, owing to (23]), the estimate for d;u can be obtained from the estimates
for u given in (AI5]) and (AI6) by only adding an extra term, which is the first
term on the right-hand side of (£.2). Namely, we have, for d = 2,

(4.17)

~ 1 log (t + V1 4 t2
maX(C,Cp> l—i—og( . ) , 0<p<,
010 (1)l oy < (L+e)r ey
~ 1
(c+6) ——. p>1,
(1+12)2

1+log (t* + 1)

22 ) 0<p§17
<2max (C’, Cp) (% Ak
, p > 1.

N |—

(1+t?)
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Here we used the inequalities
1
(4.18)  log (t—i— V1 —i—t2> <log2+ élog (+1) <1l+log(t*+1), t>0,

1 1
+ -
1+ log (12 + 1) (1+ t2)17p

Similarly, using the inequalities

<2, t>0,0<p<l.

1
I+ ——5 <2, t>20,d>20<p<1,
(L+t2) 2
1
I+ ——F5- <2, t>20,r<d-1,
(141¢2) >

we have, for d > 2,

1
PN 0< p < 17
=~ (1+1t2)2
(4.19) [0su (-, )] 1. () <2max (C, Cpq 1
—, p>1
(1+12)>
Altogether, when d = 2, estimates (£I7) and (4.I7) together with the simpli-
fying inequality (ZI8) imply (2.6). Analogously, for d > 2, estimates (19) and
(£10)) furnish (Z7). O

4.3. Proof of Lemma 2.3l In the main body of the proof, we prove that the
bound
(4.20) lv(x,t)| <

—, x€Q, t>0,

(1+2)"?

is valid for some constant C' > 0, assuming that vg = 0. The case vg #Z 0 and the
estimate of the other terms in (ZI1]) is discussed in the final part of this proof.
We consider separately the cases d = 2 and d = 3.

e Case d = 2.
The solution is given by the Poisson’s formula [12] Par. 2.4.1 (c)]
(4.21) v(x,t) = * /1 ;/ vy (x + sreot) dogdr,
2 Jo (1 - 7’2)1/2 ls|=1

where dog denotes the surface measure of the unit circle S'. Introducing p :=
|x + srept|, ¢ = 20 hand using (2.8), we can write

T |x+sreot|?
t 1
(422) v (X, t) :% /0 W /;1 [A()(p)Yl ((b) —+ ‘/1 (X + STCOt)] dO’SdT

=P (x,t) + Q (x,1).
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We shall prove that there exists ¢, > 0 such that the bounds
c
t Y

Q(x1) ] < —

are valid uniformly in x € ) with some constants C , 50 > 0 for any t > ty. Since
it is evident from (4.2I]) that the solution v is bounded for any finite ¢ > 0, (£.22)

and the estimates in (£.23) imply (4.20).

Estimate of @ for t > #:
Let us first deal with the second term in the decomposition (£22]). We have

(4.23) |P (x,t)| <

t ! r
Q (x,t :—/ 7/ Vi (x + srept) dosdr.
(. 1) 27 St (1— 7“2)1/2 |s|=1 1 of)

Here, we observed that, since V; (x) = 0 for |x| < py, the integration range in the
r variable could be reduced from (0,1) to (a;/t,1) with

(
(4.24) a; ;= — inf {\/ )’ + p2 — |X|2—x-s}.

Co |s|=1,x€Q

Since 2 € B,,, we have a; > 0. We are implicitly assuming that a;/t < 1, i.e.
t > a;. By rearranging the factors, we can write

1 (Y (rt)=3? rt\ /2
4.25 Q(x,t) = —/ / (—) 12V (x + sregt) dogdr.
( ) ( ) o o/t (1 . TQ) sl=1 P P 1 ( 0 )

For r > a;/t, we have p > pg. Thus, we can estimate rt/p in ([A25]) as follows.
From the triangle inequality and x € €2, p > po, we have

t 1 2
(4.26) reogt =[x +sret — x| < p+ x| = = (1 + |X|) < —.
P Co P Co

Moreover, assumption (2.9) with d = 2 implies that p*/2V} (x + srcpt) < Cp. In-

serting this and (£26) into (425 gives

25/200 ! dr
) <
|Q (X7 )| — 68/2t3/2 /c;l/t (1 _ TZ) T3/2

If we assume that t > ty = 2a;, we obtain

(4.27) |Q (x,1)] S% /1 drl _ 25/2(, (/1/2 . /1 )
e/ t32 Jaye (1 —12) /2 13/2 cg/zt?’/2 a1/t 1/2
- 27/200 /1/2£+ 25/200 /1 dr _ g
—\/gcg/th/Q a1/t r3/2 Cg/2t3/2 2 (1— r2)1/2 P32t

for some constant Cy > 0. This completes the proof of the estimate of ) in (4.23)
with to = 2(11.
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Estimate of P for t > tg:
In order to prove the estimate of P in (£23]), let us write

(4.28)

t 1 eirwt refirwt
et [ A ()Y
eTwt gt X + scot )]
— — Ao (|x +scot|) Y1 | ———— | | dogdr
(5 ) At sty (e ) oo

t 1 eirwt / re
o L 12 — A Y; (¢

QW/O (=) St | ()2 () Y1(0)
—iwt

e X + scot
— Ap (lx+scot]) Yy | ————— | | dosdr
7ot v (5 )|

¢ ¢ 1 —i(l-r)wt

/ Ap (|x + scot|) Y1 (m) dcrs/ eimdr
2v21 Jigi=1 [x + scot| 0o (1—r)Y
=P (x,t) + P> (x,t).

We start with

—irwt

+

1 1 —irwt
(429) P2 (X, t) = 1‘;17}72 (X, t) /; Wdr,
where we made a change of variable r — (1 — r) and introduced
{3/2 X + scot
4.30 Fy (x,t) i= —— A )Y, | ———— | dos.
430) Bt =g [ s Vi (e ) de

Using the assumed form of Ay and (&28]), we have, uniformly for x € Q, s € S,

3/2
teo Aol 0<p<
3/2 (c ) I 0llLoo(Ry) > P> P
(4.31) (rt) / |40 (p)] < t03/2 5\ 32 ’
<%) S (5) ’ P > P1,
§017 P Z 07

for some constant C; > 0. Thus, using (A31)) with » = 1 and recalling the
assumptions on Y7, we deduce

(4.32) sug 155 (%, )| oo,y =t C2 < 00
Xe

Finally, employing Lemma [A.3]in the appendix, we obtain from (£29) and (£32)),
for x € Q) and t > t,

(4.33) 1Py (x,1)] < %

with some constant 6’2 > 0 and any ty > 0.
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To deal with P;, we note that the integrand is a smooth function of r in [0, 1)
and it behaves like (1 —7)Y/2? as r — 1. Integrating by parts in the r variable with
e"tdr as differential, both boundary terms vanish (recall also that Ay (|x|) = 0
for x € ). We thus arrive at

1 Tefirwt
4.34) P t) et A Y
(434) Py (x1) 2m/ /| ( o | e Y
it X + scot
A Yi|——
——5 Ao (|1x + scot]) Ya <|X+scot|)}) dosdr
=I (Xv t) + Iy (X7 t) + I3 (Xv t) + 1y (Xv t) )
where
(435) [ 27Tw/ /I . - 1/2}/'1 <¢) eiTUJtar (efirthO (p)) dO’SdT,
(436)  hixh) =g / / A2 () der
2+T
4. I3 ( A Y, dogdr,
r
4.38 Iy ( A Y,
(4.35) 4m//|s|1 | 1
e i1-rwt x + scot
— A )Y, | ————— || dosdr.
7o s i (S )
We start by estimating the term I;,. We have
XS+ rept
4. A = ot Af —_.
( 39) 87" 0(10) Co O(p) |X+STCOt|

1/2
Moreover, since |x + srcgt| = reot (1 + 275 + - i ‘QtQ) for [s| = 1, we have that,
for rt > 1, the estimate

x-s+ret  |x[P—(x-s)? 1 1
4.40 11— = O|—==|=0|—5
(4.40) |x + sreot] 2r2c3t? - r3t3 r2t?

—-1/2

is valid. This can be seen from the Taylor expansion of (1 + w) around zero,

x-S x)*
with w = 2rcot + EEnl
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Then, we can write

ro123/2 i , iw
e, (e () =007 (45 0) - Zau )

~ (" 43 ) (1
where both terms on the right-hand side are uniformly bounded for rt > 0, x €
Q, |s| = 1. This can be deduced from (£40) using (A26) and the estimates
Ap (p) — 2 Ay (p)‘ = 3/(2p°%), |AL(p)| < C/p*? for p > p; and some constant
C > 0. Therefore, we have

Z'CO ,',.5/2.[:3/2

4.41 F t) = —— Y, — "™t (e7tA dog
(4.41) $Gart) =g | Y0) 0, (A (0) don,

XS+ rept
|x + sregt| )7

sup ”F3 (X7 ')HLoo(al,oo) =: U3 < 0.
x€N

Since both Ay, Aj vanish on [0, po], the integrals in r in each of (435)-(Z37)
reduces to (ay/t,1) (see the discussion before (£.24])). Hence we can estimate [

in (£30) for t >ty := 2a, as

IR 1
4.42 I (x,t :—/ F3(x,rt)dr
@42 B OI=gm |, o @ ey 0T

__20s /1/2 dr 23/203/1 dr <53
—31/2¢3/2 a1/t r3/2 £3/2 1/2 (1—’/“)1/2 - ¢

with some constant 6'3 > 0.
In a similar but simpler fashion, we can estimate the terms /I and I3. Since

(443) oY (¢) = 25 Vh (¢)  cot (x-s+rcot)

(x + sregt) - VY7 (),

|x + sreot| Ix + sreot|?
we have
ico (rt)*? / s- VY (¢)
4.44 F t) =—————— A —_—
(444) 1 (x,71) 2mw s/=1 o (r) |x + sreot|
. t
_xesdred et v (qg)} dos,
|x + sreot|

Iy (xrt)] < / "L rt)/2 | Ag ()] [V (6)] o,

W Jis|=1 P

and hence, using (4.26)) and (431]), we deduce that

sup [| £y (%, )| oo (4 00) =3 Ca < 00.
x€e€)
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Similarly,
i (rt)>?
(4.45) F5(x,rt) = <4 ) / Ao (p) Y1 (9) dos,
W s|=1
1 3/2
Fs(x,rt)| = — rt Ao (p)| Y1 (9)] dos,
Rt = [ 007 10 o)
and hence, using again (Z£31]),
(4.46) sug 15 (%, ) 100 (0 ,00) =1 C5 < 00
x€

Therefore, we obtain, for t > ty = 2ay,

1
1

(4.47) 1L 0] =57 // (L gy A

__204 /1/2 dr 2320, /1 dr _ C,

=31/243/2 aLft r3/2 13/2 1 (1— r)1/2 =
(4.48) 1Ty (x,1)] =— /1 2+r Fy (x,rt)d

. X = X.T T
3 ’ t3/2 a1/t T3/2 (1 B T)1/2 (1 + T)3/2 5 )

505 1/2 dr 805 ! dr 55
< 1/243/2 3/2 + 1/243/2 1/2 S —
2V Joy e T 34t 12 (1—r) t

with some constants 6’4, 55 > 0.
To treat the term I, we introduce

= r
4.49 Fs(x,rt ::/ —— Ao (p) Y1 (¢
(4.49) 6 (x,7,1) o T 0 (p)Y1(0)
e i(l—r)wt X + scot
— A thY, | ————— ) | dos,
Aot sea i (200 | do
(4.50) Fs (x,1,1) 1= 5 Fs (x,7,1).
—r
Using Fg (x,1,t) = 0, we rewrite (@50) as
(4.51)
~ ~ 1 r
Fo (x,r,t) = — . (FG (x,1,t) — Fg (x,, t)) =1 / 0, Fg (x,,t) dr.
—r —rJ,
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Then, for r € (1 —a;/t, 1), we can estimate

|Fy (x,7,1)] < ] 8, Fy (x, 1)

L>(1—ay/t,1)

1 1
S/IS|1 [(2(1 +T)3/2 ! (1 +r)1/2> AWl

! 1
Y [0-Ao (p)[ Y1 ()] + FENSTE 140 (p)] 10,Y: (8)]

wt X + scot
+— Ao (|Jx +scot|)| |1 | ———— dos.
2t (2222
Therefore, employing (£31) with » = 1, (£39) and (4.43), taking into account
again the behaviour of Ay(p) and Ay(p) for p > p;, we deduce that
(4.52) sup }FG (x,7,1) t1/2’ =: (5 < 0.
x€Q, re(l—a1/t, 1), t>2a1

Moreover, for r € (1/2,1 —ay/t) and for € € (0,1/2], taking into account (L50),
we have

€

(1 . T)1/2fe

Hence, with the constants Cy and Cj introduced in (4.32)) and (4.46), respectively,
we can obtain from (£49) that, for any e € (0,1/2],

(4.53)

t1/2

(1= 1) 0By ()| = | B (1) =
1

< ’ﬁ6 (x,'r’,t)’

sup
x€Q, re(1/2,1—a1/t), t>2a1

1 8w
1/2+€ €
(1 —7’) /2+ it Fs (X, T, t)‘ SF (WCE) —|—27TCQ)
1

:ZC7 < Q.
Bounds (£52) and ([£53) imply that, for ¢t > ¢ty = 2a; and € € (0,1/2], we get

(454) | (x,8)| <— /0(1 L R )] dr

4w _ r)1/2

1 1/2 lfal/t 1
_ +/ +/
4w /0 1/2 1—ay/t
<23/2 o /1/2 dr N Cy N C, /Mlﬁ dr
= 3/2 5 0 r1/2 4w Arotite 12 (1 _ T)l-f—e

N Cs /1 dr <@
Arwt'? Jy g (1= )2 Tt

with some constant Cg > 0. Here, for the interval (0,1/2), we estimated the
integrand directly from (438)) using again (£32]) and (4.46).
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From estimates (£.42)), (447), (£48), and (£54)) of the terms [y, I, I3, and Iy,

respectively, in decomposition (£34]), we obtain for P; the same estimate as (4.33])
for P,, which altogether give the estimate of P in (£.23]), again with ¢ty = 2a;. This
concludes the proof of (£.20) in the case d = 2.

e Case d = 3.
The solution is given by the Kirchhoff’s formula [12] Par. 2.4.1 (¢)]

1

(4.55) v(x,t) = i

/ t’Ul (X + SCQt) dO’S,
|s|=1

where dog denotes the surface measure of the unit sphere S?. In this case, it is
immediate to see that (L55) implies (£.20), owing to assumption (2.10).

e Conclusion of the proof.

The estimates for the solution derivatives appearing in (2.I1]), under the assump-
tion made at the beginning that vy = 0, follow by observation that the differ-
entiation under the integral sign in (£22) and (£55) is permitted and does not
yield any singular or time growing multipliers, as long as the initial datum v; is
sufficiently smooth.

The same argument also justifies our restriction to the case vg = 0. In fact, in
order to extend the result to the case vy # 0, it is enough to note that we can
write v = w + dyw with w and w solving the problems 92w — GAw = 0, w (x,0) =
0, Oy (x,0) = vy (x) and Pw — EAw = 0, w(x,0) = 0, dw (x,0) = vy (x),
respectively. O

4.4. Proof of Lemma [2.4. Similarly to Lemma 2.3, in the main body of the
proof, we shall derive the estimate

C

(4.56) v (x,1)] < RS

xeN, t>0,

for some constant C' > 0, and the estimate of the other terms in (2.13) is discussed
at the end.

e Case d = 2.
The solution is given explicitly by the Poisson’s formula [12], Par. 2.4.1 (¢)]

(4.57) v(x,t) = ! [/0 (17“715 /1 v1 (X + sregt) dosdr

_% _ T2)1/2

! rt
+0 / 7/ v (X + srept) dogdr | | .
t( 0 (1—r2)1/2 ls|=1 o 2 )]
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Upon insertion of [ZI2) into [@5T), and setting p := [x + srcot], ¢ := ZEreh, we
rearrange the terms to obtain

(458)  vlxt) =5 /| y / ; S [0A(p) — A ()] Y (¢) drdo
. / A DY 0+ ()] drdes

Since |s| = 1, we have

(459)  9A(p) =reod' (p) ﬁ r0,A (p) = 10,A (p)

oy 0= T ) )

rdY (¢) = td,Y (¢).
Note that, using (4.59), we can rewrite, for ¢ > 0,

QA ()~ (p) = (r= 10 A ) ¢ (ET 1) o0
(4.61) :% (r—1)0,A (p) + co G‘Xii;zsz't _ 1) A (p).

Plugging (4.61]) into (4.58), we observe that the term with 0, A can be integrated
by parts in the variable r, due to the cancellation of the singularity at r = 1. In
doing so, both boundary terms at » = 0 and r = 1, respectively, vanish. With
some simplifications that employ (£60) and the identity

(1—r) N r _ 1
A=) =) =) P (1 4r)

we arrive at

1
(4.62) v (x,1) 27r/|s| 1/ P {HTA(/J)Y(@
+regt (%;Zg‘t - 1) A(p)Y (¢)} drdos + Q (x,1),

where we have set

rcot 1
A -VY
Q (x,1) =5 /Is 1/ 1/2 |:|X+STCOt| (p)s- VY (9)

t
—LTCOP,A (p) (x + srept) - VY (¢)} drdo,.
|x + sreot]
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Let us split @ (x,t) = Q1 (x,t) + Q2 (x,1), with

(4.63)
Xt 27T /I; 1/ 1/2
t t)- VY -VY
x{ (x- s+rco)(x+§7”00) VY (¢) x-VY(¢) drdos,
|x + sreot] |x + sreot|
(4.64)

@2 (1) /s| 1/ 1/2

o <1 XS + ’f’Cot> < XS+ rcot) (x + srept) - VY <¢)drdas.

|x + sreot| |x + sreot] |x + sreot]
By setting
(4.65)
1 /! 1 X -8+ reot
P (xt)=— | —— t|—————1] A (p)Y (¢)dosd
=g [ [ () — 1) A0 @)

(4.66) Py (x,t) := %/0 - 7’2)11/2 RS /|S|:1 A(p)Y (¢) dosdr,

we can rewrite (£.62]) as
(4.67) v(x,t) =P (x,1) + P (x,t) + Q1 (x,1) + Q2 (X, 1) .

We remark that the decomposition of ) into )1 and ()5 is beneficial in the
estimate for large rt. Namely, we have, for r¢ > 1, uniformly in x € Q, s € S,

(4.68) (x-8)(x-s+rept) (x+srapt) - VY () x-VY () (l)
. |x + srcot|3 |x + sreot| rt
(4.69) 1_x~s+'r’cot 1+x-s+rcot (x+srcot)-VY(¢):O 1 .
|x + sreot| |x + sreot| |x + sreot| 22

Note that (4.69) follows from estimate (£.40]).
As in the proof of Lemma [2.3] we shall prove that there exists 5 > 0 such that
the bounds

(4.70)
C C C.
Pt <= PGl << 1@l <22 Q)] < 2

are valid uniformly in x € ) with some constants 6’0, C~’1, 52, 53 > 0 for any t > t,.
Then, due to the boundedness of the solution v for any finite ¢ > 0 (see (£357)),

the bounds in (4.70) imply (A.56).
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Since A (p), A’ (p) are different from zero only for p > pg, i.e. for rept >

((x- s)” + p — |X|2)1/2 —x -8, the integration range in the r variable in each term
of ([A67) effectively reduces from (0,1) to (ay/t,1) with a; > 0 defined in (£.24)).
With this argument, we are implicity assuming that t > a;. We will actually

prove (AL10) with to := 2a;.

Estimate of P; for t > tg:
Let us introduce

(4.71) Fy (x,7t) i= @/ (rt)>/?
27T Jisj=1
so that we can write

1 1 1/2 1
Pl(x,t):/ Fl(x,rt)drz/ +/
st (1 =122 (rt)*? ar /t 12
=P (x,t) + P2 (x,1),

XS+ rept

1) A (0)Y (8) do,

X + sreot|

assuming a;/t < 1/2,i.e. t > 2a.

Since we consider only p = |x + srcgt| > po > 0 (as the integrand of Fj (x,rt)
vanishes otherwise), the denominators in ({40) and (£T71]) are bounded away from
zero. Moreover, since rcgt = |srept] < p + |x| < p + po, we have, uniformly for
xc, seS,

1/2
Ptpo /
(472) (’I“t)l/2 |A/ (p)| < ( co ) HA "Loo(R+) s 0< P < P1,

rt 1/2 w 1 < pP+po 1/2 w 1
() (gra) = () (2+a) r>m

SC()u P> 07

for some constant Cy > 0. This, together with (£40), implies that

sup ||F1 (X7 ')||L°°(a17oo) = Cl < 0
x€N

for some constant C'; > 0. Therefore, we can estimate, for t > ty = 2a; and x € ),

C [V ar 2220,
1Py (x,t)] < 22— =7 < T1a

1372 [,y 732 a}/zt
Cl L dr 401
32 ) (1— T)1/2 13/27
and thus we have the bound for P, in (LT0) with t; = 2a; and some constant
Co > 0.

1Py (x,t)] < 2%

Estimate of @1, Q5 for t > ty:
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We proceed to estimate the terms @)1, ()2 in a similar fashion. As before, we
note that all the denominators in (4.63]) and (4£.64) are bounded away from zero.
Therefore, by setting

T 3/2 X-S)(X-S TCo X ST Co .
@73) B (xrt) =Y /|1 [( ) (x-s+rept) (x +srept) - VY (9)

27 x + sregt|
X VY (@) , (p) do,
|x + sreot|
(4.74)
5/2 . 2 Rva’s
Fy (x.rt) = (rt) / - (x-s+ 7’00752) (x +srept) -V ((b)A(p) do.
27 s|=1 |x + sreot| |x + sreot|

and recalling (£68) and (4.69), we have

(4.75) sug 155 (%, )| oo (4, .00) =1 C2 < 00, sug 15 (%, )| oo (ay,00) =1 C3 < 00
pS XE

Consequently, we estimate as before, for x € Q, t > tq = 2a4,

CQ 1/2 dr CQ ! dr 52

| < 21/2 23/2 / < ==

‘Ql (X7 )| — t3/2 a1/t T3/2 + t3/2 1/2 (1 . T)1/2 t )
03 1/2 dr 9 Cg ! dr 53

Q2 (x, )| <225 [ =5 +2% —/ —E <
1572 J, 2 572 /) (1— r)l/Z ;

with some constants 52, 6'3 > (. This proves the bounds for (); and Q- in (£.70)
again with ¢y = 2a;.

Estimate of P, for t > tg:
For the term P, we proceed as in the estimate of the term P in Lemma 2.3

Let us rewrite (4.60) as
(4.76)
1 1 elrwt e
Rt = [ = |
2 (1) 21 Jo (1 —r)? Jig=1

(1+ )2
—iwt

e X + scot
———A thY | ————— || dosd
23/2 (jx + scot]) <|x+scot|)] osar

1 x + SCOt 1 efi(lfr)wt
— A thY | — | d —d
+ 5572 /|S|:1 (|x + scot|) <|X+Scot|) 05/0 TS r
:ZP271 (X, t) + P272 (X, t) .
We start with

—irwt

A(p)Y (¢)

1 1 efirwt
P272 (X, t) = —F4 (X, t) / —d'r’,
0

11/2 rl/2
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where we made a change of variable r — (1 — ) and introduced

t1/2 X + scot
4. Fy t A thyY (| ———— | dos.
(4.17) (x.1) = %mlﬂhl<m+abo <m+am0 .

Similarly to (@72), we have t'/2A (|x + scot|) < Cyo for some constant Cpy > 0,
and thus

(4.78) sup || Fy (x, -)||LOO(R+) =: (4 < .

xeN

Hence, employing Lemma [A.3] we obtain, for x € 2 and sufficiently large ¢ > 0,

(4.79) 1Py (x,8)] < %

To deal with P, ;, we note that the integrand is a smooth function of r in [0, 1)
and it behaves like (1 —7)Y/? as r — 1. Integrating by parts in the r variable with
e™!'dr as differential, both boundary terms vanish (recall also that A (|x|) = 0 for

x € ). We thus have
/ / zrwt 1 €
2mwt Is|=1 _ T)1/2 (1+ T)3/2
—zwt

X + scot
t _— dogd
23/2 (|X+SCO |) (| —|—SCot‘):|) osar

=1 (x,t) + Iy (x,t) + I3 (x,t) + 14 (x,1),

—irwt

(4.80) Poy(x,t)

A(p)Y (¢)

where
(4.81)

[ t Y iTWtar firth d sd

1, 27rwt sl=1 (1— 1/2 1+r)3/2 (¢)e (e (P)) osar,
( ) (x, 27th =1 ( /2 (1+ )3/2 (p) (¢) dogdr
4. L5 (x,t) A(p)Y (¢) dosdr,
( 83) (X 47th s _ 1—|—7’)5/2 (p) (¢) gsar
(48 Lo /‘/] LAY ()

. X, t) = p

! 47th sj=1 (1 — 3/2 (1+r)3/2
672 (1—r)wt

X + scot
—_ thY | ———— || dogdr.
23/2 <|X+SCO |) <|X+SCQt|):| Osar
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For the term I, observe that, using (£.59]), we have

r3/241/2

0, (A () =) (4 () - )

Co Co

o) 1~
where both terms on the right-hand side are uniformly bounded for rt > 0, x € €2,
Is| =1, due to ({40) and the assumption on the form of A. Therefore, for

ico 3/241/2

F5(x,rt) == — Y (¢) ———€"'0, (e 7" A (p)) dos,

27w Jig)=1 Co

XS4 regt
|x + srept| )

we have

U |5 (5, ) g1y = Cs < 0.
x€e€)

Since both A, A’ vanish on [0, po], the integrals in r in each of (£81)—(4.83)) reduces
to (ay/t, 1) (see the discussion before (£24])). Hence we can estimate [; in (4.8T])
for t >ty = 2a; as

(4.85) | (x,1)]

1 ! 1
/ F5 (x,rt)dr

T2 s r32 (1 — )2 (1 1)

2120, /1/2 dr 2320 /1 dr <55
="43/2 ar i 73/2 +3/2 12 (1 _7,)1/2 = ¢

with some constant 6'5 > 0.
In a similar but simpler fashion we can estimate the terms I and I3. Namely,
recalling (£.60), we have

ico (1 3/2 S -
Fs (x, 1) ::L/1A(/J) {M

2nw |x + sreot|
XS+ rept

— S t|3 (x +srept) - VY (gb)] dosg,
0

3/2
Rl [ (D) AR VY @) dou

Tw P
and hence we deduce that
(4.86) sug 156 (%, )| oo (ag,00) =1 C6 < 00
x€
Moreover,
3i (rt)"/?

Fr(x,rt) == T

/1Awywwm
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3 A 1/2
F t < - - A Y d Sy
Rl [ (5) ARy )i
and thus
(4.87) sug 157 (%, ) 100 4 ,00) =1 C7 < 00
x€

Therefore, we obtain, for t > ty = 2a4,

1 ! 1

4.88 I (x,t)| =—= s (x,rt)dr
(458) 2 Gl = // YRR UEITI el

_2"°C /1/2 dr 272Gy /1 dr G

= $3/2 o/t 73/2 +3/2 12 (1 _r)1/2 = ¢
(489) |l (x,1)] = /1 ! Fr (x, 1) dr

. X = ,
3 ) £3/2 a1/t rl/2 (1 —T)1/2 (1 +T‘)5/2 7

<21/2c7 /1/2 dr +/1 dr _ C.
=32 ot rl/2 12 (1 _7,)1/2 = 43/2

with some constants 56, 6’7 > 0.
To treat the term I, we introduce

~ 1
4.90 Fy(x,r,t ::/ —A(p)Y (¢
) A= R0y )
e i(1—r)wt X + scot
_WA (|X + SCOtD Y (m)} dCTS,
1 ~
(4.91) Fs (x,rt) = 1 ng (x,7,1).

Using Fy (x,1,t) =0, (£9]I) can be rewritten as
(4.92)

1
Fg (X, T, t) =

1—r

1
(Fg (x,1,t) — Fg (x, 7, t)) = — / 0, Fy (x,7,t) dr.

1—r

37
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From this, we estimate, for r € (1 — ay/t,1),

|Fy (x,7,1)| < ) 8, Fy (x, 1)

3
|s|=1
1 wt X + scot

—— A Y — A th| Y | ———— dos.
o 0T @)+ 5 1A s QHSGOH)'] -

Therefore, employing (£59) and (£.60), taking into account the behaviour of A(p)
and A'(p) for p > p1, we deduce that

(4.93) sup ’Fg (x,7,1) /t1/2’ =: Cg < 00.

x€Q, re(l—ay/t, 1), t>2a1

L>(1—a1/t,1)

3 1
YESEE [A ()Y (0)] + RRSEE 10,4 (p)| [V ()|

Moreover, for r € (1/2,1 —ay/t) and € € (0,1/2], taking into account (L91), we
have

t€ ~
W < ’FS (X7Tat)’
Hence, with Cy and C7 defined in ([AT78) and (A8T), respectively, we can obtain
from (A90) that, for any € € (0,1/2],

t1/2

(1 — T)1/2+6 tng (X, r, t)’ - ’ﬁS (Xa T, t)’ a1/2—5 :
1

(4.94)
1 21/24
sup (1 =)t Fy (x,r, t)) S ( 7Tw07 + 27TC4)
x€Q, re(1/2,1—aq1 /t), t>2a1 a; € 3
:ZCQ < 00.
Altogether (£93)) and ([£94)) imply that, for ¢ > tq = 2a; and € € (0,1/2],

1 ! 1
(4.95) |1 (x,8)] §47th/0 T | Gl

1 1/2 1—a1/t 1
_L +/ +/
4wt /0 1/2 1—ay/t
252 (Cp (V2 dr  Cy Cy [T/ dr
SW 9 1—/2+_ + I4e — NIte
t 3 0 T 4w 47th 1/2 (1 7’)

LG /1 dr__ _GCs
ATwt' /2 Jy g (1 =) Tt

with some constant Cg > 0. Here, for the interval (0,1/2), we estimated the
integrand directly from (£84]) using again (£78) and (A.8T).

From estimates (4.85), (L88), (£89), and (49%), of I, I, I3, and Iy, respec-
tively, in decomposition (£.80), we obtain for P ; the same estimate as (£.79) for
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Py 5. The estimate for P, in (L.70) with ¢y = 2a; readily follows from (4.76]). This
completes the proof of (£.56) in the case d = 2.

e Case d = 3.
In this case, the solution is given by the Kirchhoff’s formula [12, Par. 2.4.1 (¢)]

t

(4.96) wv(x,t) = yy

2
/ [vl (x + scot) + Dy (X + scot) + A (x + scot)] dos.
Is|=1

The assumed form of the initial conditions yields
(4.97)

t . t t
U(X,t):_/ XSl ) ar(x ot osegt) v [ SOl
4m Jig=1 L\ |x + scot | |x + scot|

X + scot 2 X + scot
A )oY | —— -A Y | —— )| dos.
+A (x+ seot) O (\x+scot\)+t (x + scot) (\X—l—scot\)] “

From (4.40), (£.60), and the fact that, for d = 3, both A (x + scot) and A’ (x + scot)
are O (1/t) for t > 1 uniformly for x € Q, s € S?, we see that each term in the
integrand of (£.97) is O (1/t*). The estimate (£56) hence follows.

e Conclusion of the proof.

As in the proof of Lemma 23] the estimates of the solution derivatives in (2.13))
follow from that of the solution since differentiation under the integral sign in (4.62))
and (£97) is permitted and no singular nor time growing multiplier arise. O

5. CONCLUSIONS AND OUTLOOK

Motivated primarily by the development of time-domain methods for solving
the Helmholtz equation with variable coefficients, we have established the rigor-
ous proof of the LAP under physically reasonable assumptions on the coefficients
of the wave equation and the source term. Under an appropriate modification,
the LAP was extended to 1D. Moreover, since the speed of stabilisation towards
the harmonic regime is a deciding factor for utilising time-domain approaches on
practice, we have also provided rigorous estimates for this time convergence.

Our main focus was on the 1D and 2D cases for which the LAP was generally
understudied previously. In these cases, exponential (for 1D) and algebraic (for
2D) convergence rates are generally sharp. In the 3D case, the works on wave
equations of similar form and some of our numerical experiments (for radial data)
suggest that our algebraic convergence result could be improved to the exponential
one.

Another possibility to extend our results is to remove the non-trapping assump-
tion on the coefficients. Even though the LAP is still expected to be valid, in this
case, the time convergence rate would be much slower: the algebraic rate would
be replaced with inversely logarithmical with some exponent.
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APPENDIX .

We collect here some technical estimates needed in the proofs of Sections [3H4l

Lemma A.1. Fory € Q, Q € R? bounded domain, and K defined by [B.8), we
have the following asymptotic expansions valid for |x| > 1:

(A1) K(x—y) = < - )?@[l+i<(d—3)(d_n@

:E 2micy Sw

x| 2

d—1x-y w Xy 2
s /.
T T ('y' (\x\)))

1 w %ei%Ox‘_%)
sy ()

2micy x|

d—11 . d*>—1 1
Sty ey o 1)
2 o |x| 8 x| 7

Proof. Setting

~ 1 w

(A.3) Kx-y):= jH& <_ x — Y|) )
x—y[* 7 \%
we have
(A4)
2
- - Cx. 1 /
O K (x—y) — = VK (x—y) = ==y ] P (Hi_’Q) (ﬁ IX—yI)
x| x| |x —y|z LG * 2/ \C

d 1
+(1—_) H, (ﬂ |x—y|)].
2) |x—y|l 7T \«

Using the asymptotic behavior of H;gl) for large arguments [24, Sect. 10.17(iii)]

1
2\2 (,_2t1 1 i(4p? — 1) 1
1) I iz T -
7 () = (ﬂ) S (xm T osen ) TO\eE)

d A i 4p+3 1
@) _ “ iz e o -
——H| (x)—(ﬂ) il )(M - )+o(x5/2), r>> 1,
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we can write (A.3) and (A.4]), respectively, as

" 9 1/2  —i(d—1)m/4 e . 1
(45) B ix-y) = (20) 7 it [ B gy - ]

Tw x—y| = 8w Ix — ¥y

1
m(ﬁ),
x -yl 2

~ 20\ [x|* —x -y e i@DT/A LT W
(A6) K (x—y) = (—) G i T
W x| x —y| Co

+(1_35_(05—2)2+3> 1

2 8 x -yl

1
w(ﬁ).
x —yl|?

By using the identity
e 1/2
X'y Yy
x —y| = [x] <1—2 2 +—z> )
X" x|

and the Taylor expansion of (1 + z)"/* with z := —2% + % about z = 0, we
obtain, for |x| > 1,

1 1 Xy 1
= 1 — o——|.
x—y[" [x[ < i x[? ) ! <|X|”+2>

d—1 d+1 d+3
20 2 27

Moreover, using the Tay-

lor expansions of (1 +21)1/2 and exp (z2) with z; = —2%X¥% + % and zy =

2
x| x|

We will use this formula with v =

1/2
i x| {(1 — Xy ﬁ) -1+ x—’;} about z; = z5 = 0, we obtain

X x? x|

5 2 1/2
' W 1_2xy o yl© Xy
i xey| _ i (x5 Zco"“( <l ¥ 2 iz
e ©o = € ©0 [x] e

2 2\ 12 1
— a8 (144 ) 1—X—'2y+% 142 +o(—2)
Co x|

2 2 2
_ i x) <1+ii|x\ ) —|3<x-y> ) m(%).
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Therefore, we get from (A.5) and (A.6))

A7) Riemy) - (22) " st [ L (13

/o

d—1x- 21012 (o o)\2
xy ,whllyl-(xy)

2 |X| 200 ‘X

12 —i(d-1)r/4

0wk (x—3) = (22) AR 32 L (e ()
x X — =|— ——¢° x —— — | = - —
I Y w |X|% co  |x|]\ 2 Y x| Y

W x-y d*—1 1

eSS — .

+z200( d) m + 3 )}+O( 3
]
a—2

Since K (x) = & (2:CO> K (x), estimates (A.7) and (A.8) imply (A.1l) and (A.2]).
U

The next result is elementary but it is convenient to present it separately.

Lemma A.2. Let a, b > 0, and define

1
d
o (224 a?)
Then, we have
Chp, b <1,
1 L +4/1+ ! b=1
(AlO) J S Og a CL2 ) -
1
CQJ,F, b > 1,
1 > dx
where C 4y = ——, C ::/ E—
P01 a2)

Proof. After the change of variable z +— z := x/a, we have
1 (M d
g z

o ab*l 0 (22 + l)b/Z'

/l/a d> /l/a dz ab—l
- < A
o (2+1)? 7)o 2 1-b

Using
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/Va dz - /°° dz g
_— _— = ,b
o (22412 o (2241)"2 ’

J—/l/a LI VY (LY SR
" e T a’

when b = 1, the estimate ([A.I0) follows immediately. O

when b < 1,

when b > 1, and

The following estimate for a simple singular oscillatory integral is certainly not
new. However, since it is not easy to find a precise reference for it, we provide it
here for the sake of completeness.

Lemma A.3. Let a > 0. Fort > 1, we have the following estimate

@ pimt T\ 1/2 , 1

Proof. Making a change of variable x + z (x) := v/xt, we have

(A.12) [(t):= /Oa 17; dr = \[/ i g

Since the integrand in (A.I2)) is analytic, we can invoke the Cauchy theorem to
deform the integration contour in the complex plane. In particular, we choose the
new contour I'y U 'y that consists of two parts: the straight line segment I'; and
the circular arc I'y. This contour is traversed counterclockwise with I'; and I'y
defined, respectively, as

I = {zE(C: z:refm/zl, re (073)}7

Iy := {ZE(C: 2= Re", ¢ € (—%,0>},

where for the sake of brevity, we have set R := +/at. In other words, we can write

(A.13) I(t) :% ( /F 1 e dz + /F 2 6”de>

2(1—1i) (R 2 ,
—% /O " dr +Z—R exp (—iR*e* + i) do.

\/_ —7/4
Note that, for R = v/at > 1, we have

R 0o 0o [
(A.14) / e " dr = / e dr — / e dr = VT e / e 2R gy
0 0 R 2 0

— YT 0@,
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(A.15)
0 , 1 [¢=0 / 1 \ Y2 ) .
[ ime vigyio =g [ () ew (ime)a(e)

T
4

:L eiiR2 . 1 +267R2
IR? NG

1 =0 1\ -2 2ip 2ig
+4—R2 e <e2i¢) exp (—ZR e )d(e )
=1

:L e_iR2 . 1 +26_R2
IR? NG

0

Lt
2R? J_

o(k)-o()

Inserting (A1) and (AIH) into (AI3) furnishes the claimed estimate (ATT)).

exp (—iR*e*® — i¢) do

k]
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