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A DESCRIPTION OF THE SARKISOV PROGRAM OF
HOROSPHERICAL VARIETIES VIA MOMENT POLYTOPES

ENRICA FLORIS! AND BORIS PASQUIER!

ABSTRACT. Let X and Y be horospherical Mori fibre spaces which are bira-
tional equivariantly with respect to the group action. Then, there is a horo-
spherical Sarkisov program from X/S to Y/T.
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1. INTRODUCTION

Horospherical varieties are examples of varieties endowed with an action of a
linear algebraic group, with finitely many orbits. In particular, they have an open
orbit and are therefore rational. An important class of horospherical varieties is
given by toric varieties, on which acts the group G},. Similarly to toric varieties,
horospherical varieties admit a combinatorial description. Indeed, to a horospher-
ical variety Z and an ample divisor D one can attach a polytope Q)p, called the
moment polytope, describing the geometry of the variety and of the action. For in-
stance, some facets of @p (those not contained in a wall of the dominant chamber)
are in bijection with the divisors of the variety which are invariant by the group.

In [Pasl5] the second named author described a minimal model program for
horospherical varieties completely in terms of moment polytopes by considering a
one-parameter family of polytopes of the form {@Qpicx,tecg. For small values
of € the polytope Qpicx, still defines the same variety Z, but, since Kz is not
pseudoeffective, as € grows, facets of the polytope start collapsing. Eventually,
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2 ENRICA FLORIS! AND BORIS PASQUIER!

the dimension of the polytope drops, defining a fibration to a variety of smaller
dimension.

This process, for a suitable choice of D, is a minimal model program and ends
with a Mori fibre space X — S.

The natural question arises then of the relation between two different horospher-
ical Mori fibre spaces which are outcome of two MMP for two different ample
divisors.

Two birational Mori fibre spaces, without any further structure, are connected
by a Sarkisov program by the cornerstone results of [Cor95] and [HM13]. A Sarkisov
program is a sequence of diagrams, called links, of one of the following forms

I 11 117 1V
X —-->Y X —->Y' X-->Y' X--—-—--- >Y
A T N A :
X T X Y S Y S T
¢l/ ‘bl lw \lw \ /
S S=——=T T R

where W' — W are extremal divisorial contractions, horizontal dashed arrows
are isomorphisms in codimension 1 and all the other arrows are extremal contrac-
tions. In type IV, we have two cases depending on wether S — R and T' — R are
fibrations (type IVy,) or small birational maps (type IVy).

If X/S and Y/T are two Mori fibre spaces carrying the action of a connected
group and which are birational equivariantly with respect to the group, then by
[F1o20] there is an equivariant Sarkisov program, that is one in which all the arrows
in the links are equivariant with respect to the group.

In this work, we aim to produce a Sarkisov program in the spirit of [Pas15| and
prove the following.

Theorem 1. Let G be a connected reductive algebraic group. Let X andY be horo-
spherical G-varieties which are G-equivariantly birational. Assume moreover that
there are Mori fibre space structures X/S and Y/T. Then, there is a horospherical
Sarkisov program from X/S to Y/T.

What a horospherical Sarkisov program is will be made more precise in the last
section where we state and prove Theorem 40, which directly implies Theorem 1,
but the rough idea is that if X/S and Y/T are outcomes of two MMP on the same
Z, we consider the two-parameter family

{Qu—5)D+6D'+ek 5 }(5,0)cq?-

We consider the polyhedron €2 of dimension two of the (4, ) such that Q15 p4sp/ ek,
is non-empty. There is a polyhedral decomposition of ) given by the points (4, €)
such that the corresponding moment polytope defines the same variety. We show
then that we can "read" the Sarkisov links on a part of the boundary of .

In the appendix are some examples of this horospherical Sarkisov program, show-
ing how to effectively implement our methods.
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2. HOROSPHERICAL VARIETIES

We begin by recalling very briefly the Luna-Vust theory of horospherical embed-
dings and by setting the notation used in the rest of the paper. For more details
on horospherical varieties, we refer the reader to [Pas08], and for basic results on
Luna-Vust theory of spherical embeddings, we refer to [Kno91].

Let G be connected reductive algebraic group. A closed subgroup H of G is said
to be horospherical if it contains the unipotent radical U of a Borel subgroup B of
G. This is equivalent to say that ([Pas08, Prop. and Rem. 2.2]), there exists a
parabolic subgroup P containing H such that the map G/H — G/P is a torus
fibration; or to say that there exists a parabolic subgroup P containing H such that
H is the kernel of finitely many characters of P.

Note that B C P = Ng(H). We also fix a maximal torus T of B. Then we denote
by S the set of simple roots of (G, B, T). Also denote by R the subset of S of simple
roots of P. Let X (T) (resp. X(T)™) be the lattice of characters of T' (resp. the set
of dominant characters). Similarly, we define X (P) and X (P)* = X(P)N X (T)*.
Note that the lattice X (P) and the dominant chamber X (P)* are generated by
the fundamental weights w, with o € S\ R and the weights of the center of G.

We denote by M the sublattice of X (P) consisting of characters of P vanishing
on H. The rank of M is called the rank of G/H and denoted by n. Let N :=
Homy (M, Z).

For any free lattice L, we denote by Lg the Q-vector space L ®z Q.

For any simple root @ € S\R, the restriction of the coroot a" to M is a point
of N, which we denote by aj.

Definition 1. A G/H-embedding is a couple (X, z), where X is a normal algebraic
G-variety and x a point of X such that G-z is open in X and isomorphic to G/H.
The variety X is called a horospherical variety.

By abuse of notation, we often forget the point z, so that we call X a G/H-
embedding. But there are several non-isomorphic G/H-embeddings (X, ) for the
same horospherical variety X. Two points 1 and z9 differ by an element of the torus
P/H, which acts on the right on G/H. Similarly to toric varieties (which are (C*)"-
embeddings with the above defintion), G/H-embeddings are classified by colored
fans in Ng. For example, for the toric variety P? we have different non-isomorphic
(C*)%-embeddings, whose fans are the same up to the action of SLy(Z). In this
paper, since we define horospherical varieties by their colored fans, or equivalently
by some of their moment polytopes, we are implicitly fixing a G/H-embedding up
to isomorphism.

Definition 2. (1) A colored cone of Ng is an couple (C, F) where C is a convex
cone of Ng and F is a set of colors (called the set of colors of the colored cone),
such that
(i) Cis generated by finitely many elements of N and contains {a), | a € F},
(i) C does not contain any line and F does not contain any « such that a);
is zero.

(2) A colored face of a colored cone (C, F) is a couple (C’, F’) such that C’ is a
face of C and F’ is the set of a € F satisfying o, € C’. A colored fan is a finite
set F of colored cones such that

(i) any colored face of a colored cone of F is in F,
(ii) and any element of Ng is in the interior of at most one colored cone of F.
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The main result of Luna-Vust Theory of spherical embeddings is the one-to-one
correspondence between colored fans and isomorphic classes of G/H-embeddings
(see for example [Kno91]). It generalizes the classification of toric varieties in
terms of fans, case where G = (C*)™ and H = {1}. We will rewrite this result in
Section 2.1 for projective horospherical varieties in terms of polytopes and describe
explicitly the correspondence.

If X is a G/H-embedding, we denote by Fx the colored fan of X in Ng and we
denote by Fx the subset U¢c r)er, F of S\R, which we call the set of colors of X.

We now recall the description of divisors of horospherical varieties.

We denote by X1, ..., X, the G-stable irreducible divisors of a G/ H-embedding X.
For any i € {1,...,r}, we denote by z; the primitive element in N of the colored
edge associated to X;. The B-stable and not G-stable irreducible divisors of a
G/H-embedding X are the closures in X of B-stable irreducible divisors of G/H,
which are the inverse images by the torus fibration G/H — G/P of the Schubert
divisors of the flag variety G/P. The B-stable irreducible divisors of G/H are
indexed by simple roots of S\ R, we write them D, with o € S\R.

We can now recall the characterization of Cartier, Q-Cartier and ample divisors
of horospherical varieties due to M. Brion in the more general case of spherical
varieties ([Bri89]). This will permit to define a polytope associated to a divisor of
a horospherical variety.

Theorem 2. (Section 3.3, [Bri89]) Let G/H be a horospherical homogeneous space.
Let X be a G/H-embbeding. Then every divisor of X is equivalent to a linear
combination of X1,...,X, and D, with « € S\R. Now, let D = Z:Zl a; X; +
ZaeS\R aq Dy be a Q-divisor of X.

(1) D is Q-Cartier if and only if there exists a piecewise linear function hp,
linear on each colored cone of Fx, such that for any i € {1,...,r}, hp(z;) = a;
and for any o € Fx, hp(a),) = aq.

(2) Suppose that D is a divisor (i.e. ai,...,a, and the a, with o € S\R are in
Z). Then D is Cartier if moreover, for any colored cone (C,F) of Fx, the linear
function (hp)ic, can be define as an element of M (instead of Mg for Q-Cartier
divisors).

(3) Suppose that D is Q-Cartier. Then D is ample, resp. nef if and only if
the piecewise linear function hp is strictly convex, resp. convex, and for any o €
(S\R)\Fx, we have hp(a);) < aq, resp. < aq.

(4) Suppose that D is Cartier. Let Qp be the polytope in Mg defined by the
following inequalities, where x € Mg: for any colored cone (C,F) of Fx, (hp)+x >
0 on C, and for any o € (S\R)\Fx, x(a);) + aa > 0. Note that here the weight of
the canonical section of D is v° := > aes\r @a@a- Then the G-module H°(X,D) is
the direct sum, with multiplicity one, of the irreducible G-modules of highest weights
x + 00 with x in Qp N M.

In all the paper, a divisor of a horospherical variety is always supposed to be
B-stable, i.e. of the form Y., a;X; + Zaes\R oDy

Corollary 3. A G/H-embbeding X is Q-factorial if and only if all the cones in
Fx are simplicial and for any o € Fx, o, generates a ray of Fx.

Moreover, in that case, the Picard number of X is the number of their B-stable
prime divisors minus the rank n (Equality (4.1.1) [Pas08§]).
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In what follows we denote by W Div(X)g (resp. W Divg(X )g) the vector space of
B-invariant (linearly equivalent to zero) Q-Weil divisors on a horospherical variety
X and by Amp(X) (resp. Nef(X)) the cones in WDiv(X)g of ample (resp. nef)
divisors. Both cones are polyhedral and, if X is Q-factorial, full-dimensional.

2.1. Projective horospherical varieties and polytopes. In this section we
recall how many properties of G/H-embeddings can be formulated in terms of
moment polytopes. Theorem 2 gives the following

Proposition 4. (Corollary 2.8, [Pasl5]) Let X be a projective G/ H -embedding and
D=%" aX —i—ZaeS\R ao Dy be a Q-divisor of X. Suppose that D is Q-Cartier
and ample.

(1) The polytope QD defined in Theorem 2 is of mazimal dimension in Mg and
we have

Qp ={me Mgy | (m,z;) > —a;, Vi € {1,...,r} and (m,a),) > —aqa, Ya € Fx}.

(2) Let v° = ZaeS\R aa@s. The polytope Qp = v° + Qp is contained in
the dominant chamber X (P)* of X(P) and it is not contained in any wall of the
domanant chamber.

(3) Let (C,F) be a mazimal colored cone of Fx, then the element v° — (hp)c of
Mg is a vertex of Qp. In particular, if D is Cartier, then Qp is a lattice polytope
(i.e. has its vertices in v° + M ).

(4) Conversely, let v be a vertex of Qp. We define C, to be the cone of Ng
generated by inward-pointing normal vectors of the facets of Qp containing v. We
set Fp, = {a € S\R | vthe corresp. wall of the dominant chamber}. Then (C,, F,)
is a maximal colored cone of Fx.

The polytope @p is called the moment polytope of (X, D) (or of D), and the
polytope Qp the pseudo-moment polytope of (X, D) (or of D).
The projective G/ H-embeddings are classifed in terms of G/H-polytopes (defined
below in Definition 3), and we can give an explicit construction of a G/ H-embedding
from a G/H-polytope.

Definition 3. Let @ be a polytope in X(P)éf (not necessarily a lattice polytope).
We say that Q is a G/H-polytope, if its direction is Mg and if it is contained in no
wall W, p with a € S\R.

Let @ and Q' be two G/H-polytopes in X(P)a. Consider any polytopes Q and
Q' in My obtained by translations from @ and Q' respectively. We say that @ and
Q' are equivalent G/H-polytopes if the following conditions are satisfied.

(1) There exist an integer j and 2; affine half-spaces H , . .. ,’H,;r and H’f, . ,H’;r
of Mg (respectively delimited by the affine hyperplanes Hy,...,H; and H'y,...,H';)
such that @ is the intersection of the H, Q' is the intersection of the 7—[’2— , and for
alli € {1,...,5}, H} is the image of H'} by a translation.

(2) With the notation of (1), for all subset J of {1,...,5}, the intersections
NicgHi N Q and N;cyH'; N Q" have the same dimension.

(3) @Q and Q' intersect exactly the same walls of the dominant chamber.

Remark that this definition does not depend on the choice of Q and Q’. We now
give a classification of projective horospherical varieties in terms of polytopes.
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Proposition 5. (Proposition 2.10, [Pasl5]|) The correspondence between moment
polytopes and colored fans gives a bijection between the set of equivalence classes of
G/ H -polytopes and (isomorphism classes of ) projective G/H -embeddings.

Proposition 6. (Proposition 2.11 and Remark 2.12, [Pasl5|) Let Q be a G/H-
polytope. Up to multiplying QQ by an integer, there exists a very ample Cartier
divisor D of the corresponding G/H-embedding X such that Q = Qp. More
precisely, X is isomorphic to the closure of the G-orbit G - [Exe(v0+]\4)ﬁQ vy ] in

P(Dye@wot+annoV (X))

Lemma 7. Let X be a G/H-embedding and let D be a nef divisor on X. Then
there is a horospherical subgroup H C H' C G such that Qp 1is the polytope of a
G/H'-embedding X' and a suitable multiple of D defines a morphism X — X'.

Proof. If D is nef, the polytope @p can be defined as in Proposition 4. The
colored fan that we can then construct is not necessarily Fx, but the colored fan
of a horospherical G-variety Y (not necessarily a G/H-embedding), where the G-
equivariant map ¢p associated to the nef divisor goes from X to Y.

Indeed, up to multiplying D or @ by an integer, the proof of [Pasl5, Proposi-
tion 2.11] and [Pas15, Remark 2.12] gives the projective G-equivariant map

é6p: X — P(HYX,D)V)
x — [s — s(z)]

whose image is the closure of the G-orbit G*[3_, ¢ (04 ar)ng V] I P(Exewo+ann@V (X))-
This closure is the variety Y by applying Proposition 6 to @ = @p. Thus @ is
a G/H'-polytope with H C H’, and Y is the G/H’-embedding corresponding to
0. O

By the duality between colored fans and moment polytopes we easily get that if
X is a Q-factorial G/H-embedding then for every ample B-invariant divisor D the
polytope @p is simple. We can go further and give the following result, which is
a translation of Corollary 3 in terms of polytopes, by using Proposition 4 (3) and
(4). The matrix inequality Az > B comes from Proposition 4 (1).

Lemma 8. Let X be a G/H-embedding and let D be an ample B-invariant divisor.
The polytope Qp can be defined by a matrix inequality Az > B, where the lines of
A are given by the x;’s and the o, ’s, and the column matriz B is given by minus
the coefficients of D. For any vertex v of Qp, denote I, the set of lines of A such
that A[U,T = B]v.

Then X is Q-factorial if and only if Ay, is surjective for any vertex v of Qp.
Similarly, we have the following result.

Lemma 9. Let X be a G/H-embedding and let D be an ample B-invariant divisor.
Let D’ be a B-invariant divisor of X and denote by B’ the column matriz is given
by minus the coefficients of D’.

Then D' is Q-Cartier if and only if for any vertez v of Qp, B’ is in the image
Of A[U .

Remark 1. The existence of G-equivariant morphisms between horospherical vari-
eties can be characterized in terms of colored fans [Kno91] or equivalently in terms
of moment polytopes [Pasl5, section 2.4]. In this text, we will rather use Lemma
7.
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3. MINIMAL MODEL PROGRAM

In this section, we recall the results in [Pas15] where the second-named author
describes a minimal model program from a horospherical variety in terms of a
one-parameter family of polytopes.

We start by recalling some standard terminology for the minimal model program
for projective varieties. We refer to [KM98| for the basic notions on the minimal
model program.

Let X be a projective variety with terminal Q-factorial singularities such that
Kx is not nef. Then by the cone and contraction theorem there is a morphism
¢: X — Y such that p(X) = p(Y) + 1 and for every curve C' in X which is
contracted to a point by ¢ we have Kx - C' < 0. Moreover

o if dimY < dim X then ¢ is called a Mori fibre space;

o if dimY = dim X and Fzc(p) has codimension 1 in X then ¢ is said to be
divisorial,

o if dimY = dim X and Exzc(p) has codimension at least 2 in X then ¢ is said
to be small.

In particular, the total space of a Mori fiber space is always assumed to be
terminal Q-factorial.

In the last case, by [HM07] and [HM10], thereis ¢ : X+ — Y such that Ezc(p™)
has codimension at least 2 in X and for every curve C in X contracted by T
we have Kx+ - C > 0. The data of ¢ and ¢ is called a flip.

In the second and third case Y is birational to X. We set X; =Y and p; = ¢
in the second case and X; = X and ¢1 = (¢*)7! 0 ¢ in the third case. If Ky,
is not nef, then by the cone and contraction theorem there is again a morphism
X7 — Y1, An MMP, or minimal model program, is a sequence of birational maps
p;: X;—1 --» X; obtained as above. We say that it terminates if there is an integer
k such that Kx, is nef or there is a Mori fibre space X — 7. A proper morphism
with connected fibres is called a contraction. A birational morphism ¢: X — Y such
that p(X) = p(Y) + 1 is called an extremal contraction. We say that a morphism
¢ is K -negative (resp. K -positive) if for every curve C' in X which is contracted to
a point by ¢ we have Kx - C < 0 (resp. Kx -C > 0).

3.1. HMMP scaled by an ample divisor. Let (X, D) be a polarized horo-
spherical variety: X is a G/H-embedding and D is a B-stable ample Q-divisor
of X. Write D = 77, b;X; + Zaes\R boaDes. An anticanonical divisor of X is
—Kx = 22:1 X;+ ZaeS\R aq Dy, where a, are integers greater or equal to 2, and
given by an explicit formula [Bri97, Th. 4.2].

We consider the one-parameter family of polytopes (Qe)ezo defined by (x, ;) >
—bi+eforalli € {1,...,r} and (z, o)) > —ba+ea, for any a € S\R. Equivalently,
let A be the matrix associated to the linear map p(m) = ((m, z;)i=1..r, (M, a);)acF).
Let B be the column matrix whose coordinates are minus the coefficents of D; and
C' the column matrix whose coordinates are the coefficents of —Kx.

We define (Q)ez0 by Q° = Q° + Ypeg i bo — €taa.

Remark 2. For small ¢ € Q, QE = QDJFEKX and Q° = Qp+ery i the moment
polytope associated to the ample divisor D + eK x.

Theorem 10. (Corollary 3.16 and Section 4, [Paslb]) For every ample divisor
D over a Q-Gorenstein horospherical variety X, there exists €mqz > 0, and, there
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exist non-negative integers k, jo, . . ., ji, rational numbers a; ; fori € {0,...,k} and
j€{0,....5i} and agj,+1 € Q>0 U {+0o0} ordered as follows with the convention
that v j,+1 = qir1,0 for any i € {0,.... k—1}:

(1) ago=0;

(2) for any i € {0,...,k}, and for any j < j' in {0,...,7; + 1} we have a5 ; <
Qg 57 5
and such that the different G/H -embedding associated to the polytopes in the family
(Q%)ccq~, are given by the following intervals:
1) Xi,O when € € [Oziyo, Oéiﬁl[, with i € {0, RN k},
2) Xi)j when € E]am, Oéi)j+1[, with i € {0, ceey k} and j € {1, . ,ji};
3) Y, when e =, ; withi € {0,...,k} and j € {1,...,5:};
4) T such that dimT < dim X when € = ag j,+1 = €maz-

Moreover we get dominant G-equivariant morphisms:

(1) ¢i,j : Xi7j_1 — Y;‘J for any i € {0, ceey k} a’fldj € {1, R ;ji};

(2) gb;f] X ; — Y foranyie{0,... k} and j € {1,...,4i};

(3) ¢i : Xi,jl- — XH_LQ for any 1 € {0, k= 1},’

(4) and ¢ : Xy, — T.
For every i, j the morphism ¢; ; is K-negative, the morphism gb:)r] is K -positive and
their exceptional loci have codimension at least 2. For every i the morphism ¢; is
a K-negative divisorial contraction and ¢ is a fibration.

(
(
(
(

We will refer to the series of maps of Theorem 10 as HMMP, for horospherical
minimal model program.

Remark 3. We notice that the algorithm described in Theorem 10 is not necessar-
ily an MMP, as the morphisms involved are not extremal contractions. Nevertheless,
if X is terminal Q-factorial, it is an MMP for a general choice of D, in particular
¢ is a Mori fiber space.

Remark 4. In Theorem 10, we can also use the family (QE)EEQZO. By replacing
the walls of the dominant chamber by the inequalities in Az > B + ¢C' coming
from an o € S\R, the study of the family and associated horospherical variety is
simpler.

4. RESOLUTIONS AND HOROSPHERICAL MMP

The main goal of this section is to prove that if X/T is a Mori fiber space and
Z — X a resolution of the singularites of X, then there is a euclidian open set in
W Div(Z)g of ample divisors A such that the HMMP from Z with scaling of A
ends with X/T.

Lemma 11. Let X and Y be G/H-embeddings. Then there is a smooth G/H-
embedding Z and Z — X X Y a resolution of the indeterminacy of X --» Y.

Proof. The existence of a smooth resolution of the indeterminacy of X --» Y is a
consequence of the same result for toric varieties. Indeed, we can first unpick colors
both for X and Y to obtain toroidal varieties. Then, as for toric varieties we choose
a common smooth subdivision of the two fans. O

Lemma 12. Let X and Z be terminal and Q-factorial G/H -embeddings such that
Z is a resolution of the singularities of X .
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Let En, ..., Ey be the exceptional divisors of ¢: Z — X. Then, for any non-
negative rational numbers dy, . .., dy, we have Qp = Q¢*(D)+Z'-11 diE;-

Proof. Since X has terminal singularites, we have Kz = ¢*Kx + Ele a; E; with
a; > 0 for every 1.

We denote by Xi,..., X, the G-stable irreducible divisors of X. For any i €
{1,...,7}, we denote by x; the primitive element in N of the colored edge associ-
ated to X;. Then the G-stable irreducible divisors of Z are X4,..., X, F1,..., Ey.
We denote by e; the primitive element in N of the colored edge associated to E;.
Let D=3 b;Xi+ ZaeS\R ba D, be an ample B-stable divisor of X. Denote

by ¢1,...,c; the rational numbers such that ¢*(D) = Y7 b; Xi + Z?:l ¢ E; +
Zaes\R boDy. Then, for any non-negative rational numbers dy, ..., dg, the poly-
tope Qp coincides with

Qur(D)+5, diB: =
{m € Mg | (m,z;) > —b;, (m,e;) > —c; —dj, (m,a);) > —aq for all i, j, a}.

By [Bri89], the divisors D and ¢*(D) are the divisors associated to the same
piecewise linear function hp defined in Theorem 2. Therefore, the coeflicients d;
are the values hp(e;). In terms of polytopes, since D is ample, this means that
H;:={me Mg | (m,e;) = —c;} intersects Qp along a face of Qp. In particular,
intersecting Qp with the halfspace {m € Mg | (m,e;) > —c; —d;} does not change

the polytope. ([l

Lemma 13. Let X/T be a Mori fibre space such that X is a G/H-embedding. The
set of ample B-stable Q-divisors D of X such that the HMMP from X scaled by D
gives X — T is an open cone Cy in WDiv(X)g.

Proof. Let R be the extremal ray of NE(X) corresponding to the Mori fibration
X — T. Let F be the dual facet of R in Nef(X)g. By abuse of notation we denote
by F' the facet F' 4+ W Divg(X)g of the inverse image of Nef(X)q in WDiv(X)g.

Then the HMMP from X scaled by D gives X — T if and only if the half
line D+ Q4 K x intersects the boundary of Nef(X)g+ W Divy(X)g in the relative
interior F of F. Equivalently, D is in C = F-QiKx =Q.(F - Kx).

Note that —Kx - C' > 0 for any [C] € R, so that —Kx is not in F and then C]
is of maximal dimension. This implies that D’ — eK x is ample for any D’ € F and
e > 0 small enough and then C] intersects Amp(X)g + W Divg(X)g non trivially.

Finally, the set C; = C{ N Amp(X)g+ W Divo(X)g is the sought open cone. [

Proposition 14. Let X/T be a Mori fibre space such that X is a G/H-embedding.
Let Z — X be a resolution of singularities in the category of G/H-embeddings.
Then there is an euclidian open neighborhood Ux of W Div(Z)q such that every
divisor in Ux is ample and for every A € Ux the Mori fiber space X/T is the
outcome of the HMMP from Z with scaling of A.

Proof. Let Cy be the open cone in WDiv(X)g of Lemma 13. Let D € Cy. Let n
be small enough such that D — nKx ample.
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We have WDiv(Z)g = ¢*(WDiv(X)g) ® Vect(En, ..., Ey), and ¢*(Nef(X)) is

a face of Nef(Z) = Amp(Z). Set

k
A=¢"(D—nKx)+ Y _biE;.
i=1
There exists an open polyhedron Polp of QF containing 0 in its boundary, such
that for any (b1,...,bx) € Polp the divisor A is ample and d; := b; + na; > 0 for
all j € {1,...,k}.

Since A+ nKz = ¢*(D) + Zle d;E;, we have Qaynk, = @p by Lemma 12.
This, together with Lemma 13, proves that the HMMP scaled by A ends with the
Mori fiber space X/T. Indeed, the inequalities coming from the exceptional divisors
E; are necessary to define the polytope @4 but not the polytope Q a1,k , and the
polytopes Qatcx, with e > n.

Choose Ux to be the set of divisors A = ¢*(D—nKx) —I—Ef:l b;E;, with D € CY,
n > 0 such that D — nKx is ample and (b1,...,bx) € Polp,. Remark that by
construction, since Amp(X) and Amp(Z) are polyhedral, the condition D — nKx
ample is given by an inequality depending linearly on the coefficents of D, and the
polyhedron Polp is given by inequalities depending linearly on the coefficents of D

and §. In particular, Uy is also an open polyhedron.
O

5. TWO-PARAMETERS FAMILIES OF POLYTOPES

In this section, we study some two-parameters families of polytopes. This section
can be read independently from the rest of the paper, except for subsection 5.4.

5.1. A two-parameters family of polytopes: definitions and first prop-
erties. Let K = Q or R. Let n and p be two positive integers. Denote by I
the set {1,...,p}. Then two matrices A € Myx,(Q) and D € M,y1(Q) define a
polyhedron

P:={xeK" | Ax > D}.

Remark 5. Suppose that P is non-empty. Then P is a polytope, that is a bounded
polyhedron, if and only if the following condition is satisfied.

Condition 1. There is no non-zero x € Q™ satisfying Az > 0.

The first implication is not difficult. Conversely, if P is not bounded, P contains
at least an affine half-line, and = can be taken to be a generator of the direction of
this half-line.

Note that Condition 1 implies that A is injective.

To define a two-parameters family of polytopes, we fix A satisfying Condition 1
and we define divisors depending on two rational parameters § and e.
Let B, B’ and C' in M,x1(Q). Set Iy :={1,...,p} and define

D: Q — qr
(6,e) = (1—-98)B+dB +eC.
Note that D is an affine map.
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Definition 4. Given A, B, B’ and C as above, we define for any (,¢) € Q%
P¥:={z e K" | Az > D(d,¢)} NQ".

We do not exclude the case where some lines of A are zero. Notice that P%€ can
be empty, even for all (§,¢) € Q2.

Condition 1 implies that for any (d,¢) € Q2, the set P%€ is a polytope (possibly
empty).

Now, we want to describe some equivalent classes of polytopes in this family,
looking at their faces that correspond to lines of A. A face F%€¢ of P%€ is given
by some equalities in Az > D(d,€) and then is associated to some I C I,. We
formalize this below.

For any matrix M and any i € Iy, we denote by M, the matrix consisting of the
line i of M. More generally, for any subset I of Iy we denote by M the matrix
consisting of the lines ¢ € I of M. For any subset I of Iy, we can identify D; with
the affine map

Dy Q? — QM
(0,e) = (1—=0)Br+déB;+eCy.
Let (6,¢) € Q2. Denote by ’H,f’é the hyperplane {zx € Q" | A;x = D;(d,¢)}. For
any I C Iy, denote by FI‘S’€ the face of P%¢ defined by
FPeo= ((\H) nPoe.
iel
Note that for any face F 5 of P%€ there exists a unique maximal I C I such that
Foe = FI‘S’€ (we include the empty face and P%¢ itself).

Definition 5. Let I C Iy. Define € to be the set of (6, ¢) € Q? such that F}S’e is not

empty. Define w; to be the subset of Q; such that, if I’ C Iy satisfies F2*° = F2°,
then I' C I.

In other words,
Qr = {(9, €)| there is x € Q™ such that A;jx = Dy(d,¢) and Ax > D(d,¢)}
and
wr = {(6,€)| there is x € Q" such that A;x = D;(d,¢) and Apz > Dz(d,¢€)}.
To simplify the notation, we often write ¢ instead of {i}, for any i € Ij.

Remark 6. If (§,¢) € wp, then the polytope P%¢ is of dimension n (i.e. has a
non-empty interior). And, for any i € Iy, if (§,¢) € w; and A; # 0, then Ff’é is a
facet of P%¢.

5.2. A polyhedral partition of Q2. The following lemma describes the first prop-
erties of the sets ; and wy.

Lemma 15. Let I C Iy.

(1) The sets Q1 and w; are convex subsets of Q2.
(2) The set wy is open, for the euclidean topology, inside {(d,¢)| Dr(d,e) €
ImA;} = Dy Tm Ay
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(3) There are four cases: either wy is empty, or it is a point, or it is a convex
part of an affine line (a segment, a half-line or a line), or it is a non-empty open
set in Q2.

(4) If wy is not empty, we have wy C Q1 C wy.

Proof. (1) If Q; is either empty or has cardinality 1, the statement is obvious.
We assume then that Q; has at least two points, (d1,€1) and (2, €2). Then there
exist 21 and x5 in Q™ such that Ayx; = Dy(d;,€;) and Ajx; > Dj(d;,€;) fori =1, 2.
For any rational number ¢ € [0,1], we get A;(tx1 + (1 — ¢)x2) = Dy(ter + (1 —
t)ea, td1 + (1 — t)d2) and Aj(tibl +(1- t)xg) > Dj(ter + (1 — t)€2, to + (1 — t)ég),
so that t(51, 61) + (1 - t)(52, 62) is in Q].

Replacing > by >, we prove the convexity of wy.

(2) The inclusion w; C D;l Im A; follows from the definition of wy.

If D;l Im A; is a point or if w; is empty, there is nothing to prove.
Let (do,€0) € wy. Then there is x¢ such that Ajzg = Dy(do,e0) and Apzy >
Df((SQ, 60).

Assume that DI_1 Im A; is one-dimensional. Let (d1,€1) # (do,€0) in DI_1 Im A;
and let z; be such that A;x; = Dj(61,€1). Then Ar((1 —t)zg + tx1) = Dy((1 —
t)eo + ter, (1 — ) + td1) and for ¢ € Q small enough A7((1 — t)zo + tz1) >
Di((1 —t)eg + teq, (1 — )00 + t61).

Assume that D;l Im A; is two-dimensional. Let (1, €1) and (d2, €2) in D;l Im A;
such that the three (d;,€;)’s are not in the same line. Let z1 and a2 be such that
A[l‘l = D1(51,61) and A[LL'Q = D[((SQ,GQ). Then

A[((l—tl—tg)xo—f—tlxl—f—tzxz) = D[((l—tl—t2)€0+t161+t2€2, (1—t1—t2)50+t151+t252)
and for (¢1,t2) in a neighborhood of 0 in Q?, we have
Aj((l—tl—t2)$0+t1$1+t2172) > Dj((l—tl—t2)€0—|—t161—|—t2€2, (1—t1—t2)50+t151—|—t252).

This concludes the proof of the statement.

(3) It follows from the two previous statements.

(4) The first inclusion is obvious.

To prove the second one, remark that for all (d1,€1) € wr and (d2,€2) € Q, the
segment {(1 — t)(d1,€1) + t(d2,€2)| t € [0,1)} is contained in wy. Indeed, let zp
and x5 be such that Arx; = Dr(8;,€;), Afz; > Dy(d;,€;). Then, for any t € (0,1],
we set @y := txy + (1 — t)zg and (04, €) := (teg + (1 — t)ea, td1 + (1 — t)d2). Thus
A[.It = D[(5t, Gt) and Afxt > Dj(5t, Gt).

This remark implies directly that if (d2,€e2) € Qf then (d2,€2) € Wy, as soon as
wr is not empty.

O

Remark 7. Lemma 15 is still true if we consider polytopes in an R-vector space.
The proof is the same after replacing Q by R everywhere.

Lemma 16. Let I C Iy be such that wy is not empty. Then Qp = Wy and Qy is
polyhedral in Q2.
Proof. If wr is reduced to a point, by Lemma 15 we have nothing to prove, so we

suppose that wy contains at least two points.

For (d,¢€) € R? we also set
P> :={zcR" | Az > (1—6)B+ 0B +C}.
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and we define as before Ff €.
For I C Iy we set
Q(R) = {(d,¢) € R? | F}* # 0}
and
wr(R) = {(5,€) € R? | if I C I satisfies F{"* = F5°, then I’ C I}.

Since the matrices A, B, B’ and C have rational coefficients, if (§,¢) € Q? and
if there exists € R™, such that Ajz = Dj(4,€), then there is 2/ € Q", such that
Arx’ = Dy(6,¢€); and o’ can be chosen arbitrarily close to z. In particular, if Ajz >
D;(6,€), then 2’ can be chosen such that Ajz’ > D;(6,¢). Hence, w; = wr(R) NQ2.

Moreover, Q; = Uscpcy, wr (over R and Q), then we also have Q(Q) =
Qr (R) N Q2.

We first prove that Q;(R) is closed. This, together with Lemma 15 will imply
that Q](R) = WI(R).

Let (k,€x)ken be a sequence of elements in Q;(R) converging to (,€) in R2.
The elements (8, €x) are contained in a compact set K of R2. Then, for every
k € N, the polytope P is contained in the polytope

PX .={zeR" | Az > Mins ¢)ex D(6,€)}

where Min s e g D(J, €) is the vector whose i-th coordinate is Min(s e x D(9, €);.
The set Pg is compact by Remark 5.

By definition, for any k € N, there exists x; € R™ such that Arxy = Dy (g, €x)
and Afxy, > Dp(0, ex). Since the x;, € PX that is compact, there is {k,, }men such
that k,, — oo as m tends to infinity, such that (z,, )men converges to € R. Then
T satisfies A;Z = D;(8,€) and A;Z > Dj(8,€). This implies that (d, €) is also in ;.

We now prove that Q;(R) is polyhedral. If w;(R) is either empty, or a point, or
a convex part of an affine line, then there is nothing to prove. Suppose that wy(R)
is open in R%. Then the boundary of Q;(R) is

UR\w®) = |J wr®= ] Q®)
ICI'CI, ICI'Clo
But for every I’ such that I C I' C Iy, the set Qp/(R) is either empty, or a point,
or a closed convex part of an affine line. We proved that the boundary of Q;(R) is
a finite union of closed convex parts of affine lines. Hence, 2;(R) is polyhedral in R2.

To conclude, we have to prove that the vertices of Q;(R) are rational and that
the maximal half lines in the boundary of Q;(R) are rational half-lines, that is, they
have a rational extremity and rational direction.

A vertex of Q7(R) is (d,€) such that there is I’ # I with {(,¢)} = wp(R). By
Lemma 15 we have {(d,¢)} = D;,' Im A; € Q2.

In the same way, a component of the boundary is of the form w;/ (R) with I’ £ I.
By Lemma 15, we have wy (R) C DI_,1 Im A open. The latter is an affine subspace
defined over Q, thus its direction is rational. The extremities are vertices of Q7 (R)
and are then rational. O

We now study inclusions between the w’s, generalizing the easy following fact:
for any J C I C I, we have Q0 C Q.
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Lemma 17. Let J C I C Iy, such that wy # (.

(1) If wy is not empty and has the same dimension of wy, then wy Cwy.

(2) If the images of Ay and Ay have the same codimension k, then wy is not
empty.

(3) There exists J C I as above and such that wy C wy and for any j € J the
codimension of the image of A\ ¢y is less than k.

Proof. (1) If wy is not empty, Lemma 16 implies that w; is the interior part Q.
Since wy is not empty, it is as well the interior part of Q;. As Q; C Q;, we conclude
that wr g wyj.

(2) We prove the claim by induction on h = |I'\ J|. If h = 0 the claim is true. We
assume now that the claim is true for h and let J be such that |I\ J| = h+ 1. Let
i € I\J and J' = JU{i}. By inductive hypothesis w;: is not empty. Let (§,€) € wy
and let © € Q™ such that Ayx = Dy (0,€) and Ay x > Dy (0, €). By the hypothesis
on the images of Ay and Ay, there is y € Ker(Ay)\ Ker(A;/). We can choose y
such that A;y > 0. Then for ¢ > 0 small enough, we have A;(x + ty) = D;(J,¢),
Ai(x +ty) > D;(d,€) and Ay (x +ty) > Dy (0,¢). This proves that (d,¢) € wy.

(3) It is enough to take J minimal such that the images of A; and A; have the

same codimension, and apply the previous statement.
O

Lemma 18. Let I C Iy be such that wy = {(do,€0)}. Suppose that the image
of Ar is of codimension 2. There is i € I such that the image of Ap (i is of
codimension 1. For any such i, the point (do,€0) belongs to Qp\ (i3 \wn\ (4} -

Proof. Let i € I be such that there exists rational numbers \; for j € I\{i} such
that A; = Ejel\{i} AjAj. Then the image of Ap\ ; is of codimension one. Let
(01, €1) # (b0, €0) such that Dy ;1 (d1,€1) is in Im(Ap g1). Let 2 and y in Q™ such
that Arx = Dj(do,€0), Apr > Dy(do,€0) and Appy = Dpgip(01,€1). For any
t € Q, define z; := (1 — t)z + ty and (04, €) := (1 — t)(do,€0) + ¢(d1,€1). Then
for any t we have Ap (32t = Dp\(i}(0t,€;) and for any ¢ small enough we have
Arze > Dy(d,€r). Now if A;y > 0 we have A;z; > D;(6,€;) for any ¢ > 0; and if
Ay < 0 we have A;z; > D;(d,€¢;) for any t < 0. Hence, for any ¢ small enough,
either positive or negative, we have Al\f{i}Zt > Dl\j[i} (¢, €:) and (0¢, €;) is in wp\ (43 -
We have proved that w; is in the closure of wp 4}

But wy = {(do, €0)} cannot be in wr (i}, because the relation A; =3 1\ 1y AjA4;
implies that if Ap 32 = Dpgiy(do, €0) then Az = Dy(do,€0). Hence wy is in

Qn iy \wr\ {iy-
O

Remark 8. A similar result could be proved from a one-dimensional w;. Let I C I
such that w;y is an open convex part of an affine line. Suppose that the image of A;
is of codimension 1. Then there exists ¢ € I such that wy is a subset of Qp\ (i3 \wp\ iy
and Aj\ ;) is surjective.

Lemma 19. Let I and J such that w; and wy are not empty. Then winy is not
empty and contains the strict convex hull of any element of wy with any element of
wy.

Proof. Let x and y in Q" be such that A;x = Dy(d1,€1), Afx > Dj(61,¢€1), Ajx =
DJ(52, 62) and AjI > Dj(52, 62).
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For any ¢ €]0,1], z; := (1 — t)z + ty and (0, €;) := (1 — t)(01, €1) + t(J2, €2) satisty
Arngze = Ding(6,€), Ajagze > Dyag(0:,€). Hence, wrny contains the strict
convex hull of (01, €1) and (d2, €2). In particular, wyny is not empty. O

Remark 9. If I = {i} and A; # 0, or more generally if A; is surjective, Lemma 15
implies that wy is open (possibly empty).
If I = {i} and A; # 0, for any (d,¢) € Qr\wy, either the polytope P> can be
defined without the line 4, in other words

P ={z € Q" | Az > Dg(0,€)},

or the polytope P%€ is not of dimension n. Indeed, if (§,¢) € Q7\wz, and P%€ has
maximal dimension, then Fi‘;’6 is not a facet of P%€ or equals another Fj’é and in
both cases the inequality A;z > D;(d, €) is superfluous in the definition of P%¢.

If I is such that Aj is invertible, then F' 16 “ is either empty or a vertex of P%¢. If
(8,€) € Qp, then P%¢ is simple at the corresponding vertex if (§,¢) € w;. But the
converse is false: it can happen that P%€ is simple but (§,¢) € w; if an inequality

Az > Di(6,€) with i & I is superfluous in the definition of P%¢ and FI"¢ = Fl‘sj{i}.

5.3. Generality of the polarization. In this section we prove some preparatory
results. Throughout the section by general we mean in a Zariski open set.

Lemma 20. We can choose B and B’ general such that for any I C Iy, we have
the following.

e If the image of Ar has codimension 1 in Q, then wy is an open convex part
of an affine line (possibly empty).

o If the image of A; has codimension 2 in Q!, then wy is either empty or a point.

o If the image of Ar has codimension 3 in Q!, then wr is empty.

Proof. The set {D(d,¢) | (J,¢) € Q?} is the affine subspace passing through By
and directed by B} — By and C7. It is a plane for B and B’ general (that is, if
B’ — B is not colinear to C'). Now, to have the three conditions above, it is enough
to choose B and B’ such that:

o if the image of A; has codimension 1 in Qf, then By and B} are not in the
image of Ay;

o if the image of A; has codimension 2 in Q' then B} — By is not in the vector
subspace Im(A) +QC; (of codimension at least one in Q!), and if C7 is in Im(A;)
then By is not in Im(Aj);

o if the image of A; has codimension 3 in Q7 B} — By is not in Im(Ay) and By
is not in the vector subspace Im(A;) + QCr + Q(B; — Br) (of codimension at least
one in Q7).

This, together with Lemma 15, means that it is enough to choose B and B’ outside
finitely many proper linear subspaces of QP, thus B and B’ in an open set of QP. [

From now, we assume that B and B’ general in the sense of Lemma 20.

Corollary 21. There is a finite union of conver parts of affine lines

L =00 U U Q; CQ?

ICIo dim Q;<1

such that if (6,€) € L then P%¢ is an n-dimensional simple polytope or it is empty.
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Proof. Assume that P%€ is not empty. If P%€ has of dimension n and is not simple,
then there exists a vertex v of P%€ that is contained in at least n + 1 facets. Then
there is I C Iy of cardinality p > m + 1 such that the vertex is FI‘S’E ={v}. In
particular, if we choose I maximal among the subsets I of Iy such that FI‘S’€ = {v},
we have (d,¢) € wy. But Ay is a p X n matrix with p > n 4+ 1 so it cannot be
surjective. By Lemma 20, wy is either a segment or a point.

If P%¢ is of dimension at most n, then (6, ¢) & wy, which is open and non-empty
by hypothesis. Then (4, €) is in the boundary of Qy, which is a finite union of convex
parts of affine lines.

We set then

L=ou |J o
IC Iy dim Q<1
O

Remark 10. Notice that the condition we impose on Qg \ L is stronger than the
polytope P> being simple. Indeed, the vertices of P%€ for (6,¢) € Qy \ L are
contained in exactly n affine hyperplanes H; := {x € Q™ | A;x = D;(0,€)}, while
a vertex of an affine polytope is contained in exactly n facets.

Now we prove that if B and B’ are general, two sets w; and w; of dimension 0
or 1 intersect or are aligned only in specific cases.

Notation/Construction 1. Let I C Iy be such that the image of A; is contained
in a hyperplane, and such that for any i € I, Ap\ g is surjective. Then there are
rational numbers A! with i € I such that }_,.; Al A; = 0. We notice that X! # 0
for every ¢ € I. Indeed, if there is j such that )\§ = 0, then Ziel\{j} MX;is a
nontrivial equation for the lines of Ap ;1. We can assume that Y, , M/ C; is zero
or one. We fix such numbers.

icl

Let I C I such that w; is not empty, the image of A; has codimension at least
two and such that for any i € I, the image of Ap (s has codimension one. In
particular, the image of A; has codimension exactly two. Then there are rational
numbers A/ and A/ with ¢ € I such that >, ; A\fA; =0 and Y, N 4; = 0 are
two independent relations. For B and B’ general as in Lemma 20, the point in wy

is the only solution of the linear system

(Zie] /\iICi)E + (Zie[ )‘{ (le - Bi))5 + Zie[ )‘{Bi =0
(Zie[ )‘;ICi)E + (Zie] )‘;I(Bz/‘ — Bi))é + Zie] )‘;IBZ' =0
therefore >, .; A Cj and Y, ; MY C; cannot be simultancously zero. After perhaps
replacing \}! with A}/ — X!, we can assume that Y-, , M C; = 1and Y, ., M/C; = 0.
Moreover, for any i € I, either Al or X is not zero. Indeed, if there is j such
that A = 0 and N/ = 0, then 37, ;3 A/ X; and 35, p\ ;3 Af' X; are nontrivial
linearly independent equations for the lines of Ap ;.
We fix such numbers.

Remark 11. Let I C I; be such that Im A; and Im A;, have codimension 1
and are defined by the same equation ), ; A\;X; = 0. Assume moreover that

= {i| A\i # 0}. Then for every j € I the morphism induced by Aj\(; is
surjectwe Indeed, consider the projection 7: Q'* — Q*\{7}, The image of AII\{]}
is the projection of the hyperplane defined by >, ; A\i X; = 0. Therefore Ay \(;} is
surjective.

i€l
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Remark 12. Let I # J be such that the images of Ay and A; have codimension
d and for any i € I and j € J, the images of Ay (;; and A ¢ have codimension
d—1. Then I ¢ J and J € I. Indeed if we had I C J, there would be j € J\ I
and Im(A;) would have codimension at most the codimension of Im(A \ ¢;3)-

Lemma 22. Let I # J be such that wy and wy are non-empty open convex parts
of the same affine line, and such that for any i € I and j € J, Ap gy and Ap 5
are surjective. Then B and B’ satisfy a quadratic or linear condition.

Proof. Set B” := B’ — B. By remark 12 we have I € J and J € I. Since wy
and w; are non-empty open convex parts of affine lines, the images of A; and A
have codimension at least one. Since Ap ;3 and Ay ;) are surjective, they have
codimension exactly one.

The affine line containing wy (resp. wy) has as equation >, ; M/ D;(d,¢) = 0

(resp. Y ie; AJD;(0,€) = 0), i.e.
O - MC)e+(D MB!I+ M B =0, resp. (Y _ M Ce+(D_A/B))5+Y A\ B; =0.

icl icl icl jeJ jeJ jed
Those two equations by hypothesis define the same line. It follows from Construc-
tion 1 that the coefficients of € are either both zero or both one.

If Y, MG = dies AJCj = 0, since the two equations define the same line,

O_AMBHO N Bj) = (DA B(D_ A B).

iel jeJ jeJ icl
This condition is nontrivial: let ¢ € I and j € J such that i € J and j ¢ I, then
the coefficient in the quadratic condition in Bj'B; is A X/ and this is non zero by

Construction 1.

Iy, MG = ZjeJ )\3]0_]‘ =1,then Y, ., A/ B} = ZjeJ A;-’B;-’ and Y, M B; =

ZjGJ )‘E‘IBJ‘- ]

Corollary 23. Assume that B and B’ are general. Then for any I and J subsets
of Iy such that wy and wy are nonempty open convex parts of affine lines, wy and
wy are contained in the same affine line if and only if winy is a non-empty open
convex part of an affine line. Moreover in this case, we have wrny 2 wy Uwy.

we have

Proof. Let I and J be subsets of I such that w; and w; are non-empty open convex
parts of the same affine line L. By Lemma 17, there exist I’ C I and J’ C J such
that wy and wjy are non-empty open segments contained in L, and such that for
every i € I' and j € J', Ap\ (i) and Ajn gy are surjective. By Lemma 22, for B
and B’ general, we must have I’ = J'. In particular INJ D I’ and wy C wyny C wyr
so that wyns is a non-empty open convex part of an affine line.

Conversely, if wy, wy and wyny are non-empty open convex part of an affine line,
then they are contained in the same affine line because w; C wyny D wy. O

Lemma 24. Let I # J be such that w; = wy is reduced to a point, and such that
for any i € I and j € J, the images of Ap iy and Aj ;3 have codimension one.
Then B and B’ satisfy quadradic conditions.

Proof. Set B” := B’ — B. By remark 12 we have I € J and J € I. Since wy
and wy are points, the images of A; and A; have codimension at least two. Since
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Apgiy and Ay g5y have codimension exactly one, the images of Ay and A; have
codimension exactly two.

Let (do,€0) be such that wy = wy = {(do,e0)}. Then (dg,€p) is the unique
solution of the two following systems:

Eiel )\fDi((S,e) =0 Z;ej/\jD (6,e) = 0
S { EL NG 20w ) NIDGe) = 0
By Construction 1, we can write these two systems as follows:
{ € + (ZlGIIIAI;IBH)é + Z'LGI )\IB = 0 and { € + (ZJGJIJ)\EI;IB”)é + ZJGJ ]
(Z'LGI )\ B )6 + ZzEI =0 (ZJGJ )\_] B )5 + ZJGJ Vi

The equations in the second line are multiple one of the other, thus

Q_N'BNQ_NB) = QN BN N B)).

iel jeJ jeJ i€l

The equations in the first line imply ((Ziel AN BY) = (e A;’B”)) 6+> e M Bi—

> jes A Bj = 0. This equation is a multiple of (3_,c; A B{')d + 32,c; A Bi = 0,
therefore

C): | Q- NBNY=O_NB) | D N'Bi= Y AMBi =Y MNB; | Y N'B/ =o.

i€l JjeJ iel icl JjeJ iel

To conclude, it is enough to prove that the conditions (C;) and (Cz2) cannot be
both trivial. Suppose that (Cy) is trivial. For any j € J such that j ¢ I and for any
1€l )\;J)\gl =0, but (A);er is not zero, so that )\;‘] = 0. The condition )\;‘] =0
implies that /\'j] # 0, and then for any ¢ € I the coefficient of B; B! in (Cs) is /\'j])\él,
but (A]')ier is not zero, so that there exists i € I such that A/ X" # 0, and (Cz) is
not trivial. ]

Corollary 25. For B and B’ general we have the following: for any I, J C Iy such
that wr and wy are singletons, we have wy = wy if and only if winy s a singleton,
equal to wy = wy.

Proof. Let I and J be subsets of I such that w; = wy = {(do, €0)}. By Lemma 17,
there exist I’ C I and J’ C .J such that w; = wy and for any ¢ € I’ and j € J’, the
images of Ay ;3 and A ;) have codimension one. By Lemma 24, for general B
and B’, we must have I’ = J'. In particular INJ D I’ and wrny C wyr = {(do, €0)}-
By Lemma 19 the set wrny is not empty, then it must be wins = {(do, €0)}-
Conversely, if wy, wy and wrny are singletons then w; = wrny = wy because
wr Cwrng D Wwy. O

Lemma 26. Let I and J be such that wy = {(d0,€0)}, wy is an open convex part of

an affine line, and wy is contained in this affine line. Suppose that for every i € I,

the image of Ap (i) has codimension one and for every j € J, Ay ;) 18 surjective.
Then either J C I or B and B’ satisfy a quadratic condition.

Proof. Set B” = B’ — B.
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The affine line containing both w; and w; has equation

QoM Cne+ QMBS +> N B; =0,

jeJ JjeJ jeJ
where > ; A}’Cj is zero or one and (Jp, €) is the unique solution of the system
(S1) : €+ (Zz‘el )‘{Bz{/)a + Zie[ )‘{Bi =0
Ul S MBS e N B = 0

I s AJCj = 0 we have
QN BHO AN B) =N BN B)).
i€l jeJ iel jeJ

M C; =1, we have

JjEJ 7J
QO _NBHQ AN Bj) = (Q_NB)Q_ A B)).

i€l jeJ i€l jeJ

And if )

In both cases, if there exists j € J that is not in I, then there exists ¢ € I such
that the coefficent of B; B}’ is non zero (it is )\;I/\‘j] in the first case and A/ X/ is the
second case) so that the condition is not trivial. (]

Corollary 27. For B and B’ general we have the following: for any I and J
subsets of Iy such that wr is a singleton and wy is an open convex part of an affine
line £, the affine line £ contains wy if and only if winy is a non-empty open conver
part of £.

Proof. By Lemma 17, there exist I’ C I and J' C J such that wp = wy, wy C wy
and for any i € I' and j € J', the image of A\ ;) has codimension one and A (53
is surjective. Then, by Lemma 26, , for general B and B’, we must have J' C I’.
In particular, J' € I N.J and by Lemma 17 we have w;n; C wyr, so that wyny
is either empty or an open convex part of an affine line (the same affine line as for
wJ).
By with Lemma 19, the set wrn is not empty. (|

We end this subsection with the following lemma in order to avoid the case where
three affine lines intersect into a point except in only one situation.

Lemma 28. Let I, J and K be distinct subsets of Iy such that the images of Ay,
Ay and Ai have codimension one, and such that for anyi € I, j € J and k € K,
Ay, Angy and Ag\qry are surjective. If the three affine lines generated by

wr, wy and wg intersect, then either B and B’ satisfy some linear or quadratic
condition or IUJ=TUK=JUK=1TUJUK.

Proof. Set B" := B’ — B.
By Lemma 22, if the three lines are not distinct, we are done. Suppose then that
the three lines are not distinct and meet at the point (Jo, €o).
Let L = I, J, K. The affine line containing wy, has equation ), ADy(8,€) = 0.
If we set
ap = 3 e A Ce
bL =2 rer )‘éLBéI
cL =Yg A Be
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then the equation becomes are+brd+ ¢y, = 0. By hypothesis the point (ar,, by, cr)
belongs to the plane aeg + bdg +c=0for L=1,J K.

By Construction 1 we have ar, € {0,1}.
Assume that there is L such that a; = 0. Without loss of generality we can assume
that L = I. Notice that then only I is such that a; = 0, because two affine lines
distinct and parallel do not meet.

Then b[(CJ — CK) = C](b(] — bK), that iS,

(SONBICNB, 0 N B) = (A B A B — 30 ACB))
icl jeJ kEK il jeJ keK
Assuming that we do not have ITUJ =JTUK = JUK = 1UJ U K we prove
that this condition is not trivial. There are three cases, either JUK £ TUJ UK,
or I UJ#TUJUK,or ITUK # 1UJ UK. The last two cases are proved in the
same way.
fJUK #TUJUK leti eI besuchthat i ¢ JUK. As J # K we can assume
without loss of generality that there is j € J,j ¢ K. Then the coefficient of B} B;
in the quadratic condition is \! /\'j] which is non zero by Construction 1.
KfIUJ #ITUJUK let k € K such that £ ¢ I U J. Then for every i € I
the coefficient of B/ By in the quadratic condition is A/AF which is non zero by
Construction 1.

Assume that ay, =1 for every L. Without loss of generality we can assume that
ITUJ #1UJUK. We prove that the condition

(br —by)(er —ex) = (br — b )(cr — ¢)

verified by the coefficients of the two linear equations is not trivial. By replacing
br, and cp, we get

(Z A BY - Z /\3133!)(2 A Bi — Z Ak Br)

el JjeJ el keK
= _AB! =D XBHO _MNBi =) X B)).
icl kEK icl jeJ

Let K € K be such that k € TUJ. As I # J we can assume without loss of
generality that there is i € I,7 ¢ J. Then the coefficient in the quadratic condition

of B! By, is AX!AK which is non zero by Construction 1.
O

Remark 13. Let L be such that dim D;'(ImAz) = 0, wy, = {(do,¢0)} and such
that for every ¢ € L the image of Ap\ ) has codimension 1 in QIE!.

Then there are two linearly independent relations ), Ae X, = 0and ), pe Xy
0 on the lines of A;,. Weset I={¢ &€ L| Ay #0} and J = {f € L| pp # 0}. We can
suppose that I and J are proper in L. Then, as the image of Ap\ () has codimen-
sion 1 in Q! for every ¢ € L, the images of A; and A; have codimension 1 and we
have TUJ = L.

Viceversa, given proper subsets I and J in L such that IUJ = L and the images
of A; and A; have codimension 1, we have two such independent relations on the
lines of Aj,.
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5.4. Polyhedral decomposition and the geography of models. Let G be
a reductive group and H C G be a horospherical subgroup. We choose a basis
of Mg so that Mg = Q™. We fix a horospherical embedding Z of G/H and set
p =r+ |S\R|. Recall that, by the notation given in Section 2, r is the number of
G-stable prime divisor of Z and |S\R| is the number of B-stable prime divisor of
G/H. In particular, p is the number of B-stable prime divisor of Z. Let A be the
p X n matrix associated to the linear map ¢(m) = ((m, zs)i=1..r, (M, Q};)aecs\R)-
Denote by Jy C Iy the set of indices S\R.

Let B = (—di,...,—dr,(=da)acs\r) and B = (=d},...,—d.,(—d,)acs\r) be
such that D = 320 diZi + 3 e\ g daDa and D' = 320 diZ; + 3 g\ g diDa
are ample divisors on two varieties X and Y respectively, in the sense that Qp and
Q pr are pseudo-moment polytopes for X and Y respectively. Notice that it may
occur that some D;’s are not divisors of X or Y as we observe in Lemma 13. Let
C = (c1,...,¢r,(Ca)acs\r) be such that ¢; > 0 for every i and ¢, > 0 for every a.
Since X is projective, Qp = {x € Mg | Az > B} is a polytope and then Condi-
tion 1 is verified by A.

From now on, following remark 4, if a polytope @ is defined by {z € Mg |
Az > D}, with D = (=dy,. .., —dy, (—da)acs\r), we will say that it is the pseudo-
moment polytope associated to the moment polytope v°4Q with v° = > wes\r da@as
or similarly the pseudo-moment polytope of the associated G/ H-embedding as soon
as v¥ + Q is a G/ H-polytope (Definition 3).

We suppose that B and B’ are general in the sense of the previous subsection, that
is, that they belong to the Zariski open subset of the ample cone such that the
conditions of Corollaries 21, 23, 25, 27 and Lemma 28 are satisfied.

Then we define the following locally closed subsets of Qy. We denote by Aff(S)
the affine space generated by a set S.
U; = {(5,€)€Q@| (5,€)€w]:>dime=2}
U, = {(5, 6) € Q@| (5, 6) ¢ Us, (5, 6) CwrNwy=dimAffwrNAffw; = 1}
Up= {(6,€) €| I,{(0,€)} = wr}
U(/): Q@\(UQUUlLJUo).
Note that Uy, U} are finite sets by the generality assumptions on B and B'.

Notation 1. Let (4, ¢) be such that P%€ is not empty.

(1) If (6,€) € Uy, by Definition 3 and Proposition 5, the polytope P%€ is the
pseudo-moment polytope of a G /H-embedding which we denote by X%,

(2) If (6,¢€) € Uy, by Lemma 7 there is H' O H such that P%€ is the pseudo-
moment polytope of a G/ H'-embedding which we denote by Y.

(3) If (6,€) € Uy, by Lemma 7 there is H' O H such that P%€ is the pseudo-
moment polytope of a G/ H'-embedding which we denote by Z%¢.

Remark 14. If (4, €) € wp, by Definition 3 and Proposition 5 the polytope P%€ is
the pseudo-moment polytope associated to a G/ H-polytope. On the other hand, if
(6,¢€) € Qp\wy, then there is H C H' such that P>< is the pseudo-moment polytope
associated to a G/H'-polytope. In this case, H' is defined as follows: let M be
the linear subspace generated by P%€ and M’ the sublattice Mgy M of M, let R
be the union of R with the set of simple roots a € S\ R such that P> C H%¢, and
define P’ to be the parabolic subgroup containing B whose simple roots are R';
then H' is the kernel of characters of M’ C X(P').
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Remark 15. By Corollary 21, the generality assumption on B and B’ and Lemma
8 for every (0, €) € Us the variety X% is Q-factorial. In particular, by Corollary 3,
its Picard number is

1) p(X%) = 15U Ty~ n

where I := {i € I\ Jy | (8,€) € w;}. Since (8,€) € Us, we can replace I by
I5°={ie I\Jo | (6,€) € Q;} in the formula.

Let (00,€0) € Us. Let £: Q — Q? be the parametrisation of a rational affine
line such that £(0) = (4o, €p). Let ¢ > 0 be the minimum such that £(t) € Qg \ Us.
There is a G-equivariant morphism from X% to the variety corresponding to
P!®_ Indeed, for every t € [0,1), the polytope P! is the moment polytope of a
polarized variety (X¢®), D!®) and all the P‘®) for ¢ € [0,%) are equivalent. Thus
the corresponding varieties are isomorphic to X%, The divisor D(£(#)) is nef,
but not ample, on X% Hence, by Lemma 7 there is a G equivariant morphism
from X %€ to the variety corresponding to P,

5.4.1. If £(t) € U;. We assume in this paragraph that £(f) = (d1,¢1) € Uy. The
main result of this paragraph is Proposition 33, which describes the different sorts
of G-equivariant morphisms we can get from X% to Y€1, We start with some
preparatory lemmas and remarks.

Lemma 29. Let (0,€) € Uy. Let I be such that (,¢€) € wy and dimwy = 1. Assume
moreover that I is minimal with the property. Denote by I, = {i € I | A\l > 0}
and I_ :={iel | \l <0}. Note that =1, UI_.

Then (6,€) € wy if and only if both I and I_ are not empty.

Proof. Let ), ; M X; = 0 be arelation satified by the lines of A; as in Construction
1. Notice that A/ # 0 for any i € I by minimality of I.

Fix z € Q" such that Ajx = Dy(d,¢) and Ajx > Df(d,€).

Assume first that I, and I_ are not empty. Let i € I, then

M M
A== Y SrA+ D A
jelr g#i jer

By the minimality of I, the matrix Ap (4 is surjective. Therefore, there exists
y € Q" such that A;y > 0 for any j € I\{i} and A,y big enough for j € I_ so that
Ay is also positive. Then for any ¢ > 0 small enough, we have A(x +ty) > D(J,¢).
This means that (9, ¢€) € wy.

Conversely, suppose that /™ = I and I_ = . First, we prove that >, _; A/ D; (8, ¢) =
0. Since (d,€) € wy, there is © € Q™ such that Az > D(d,¢) and Arx = D;(6,¢).
Thus 0 =>,; M Az =>,.; M Dy(6,€).

Now, let y € Q" such that Ay > D(d,¢). Then0=>,.; N Ajy > >, ., M Di(6,¢) =
0, so that Ary = Dy(d,€). In particular, (d,¢) & wy.

The same occurs if I~ = 1. O

Remark 16. The proof implies in particular that, if both I; and I_ are not empty,
then there is y € Q™ such that A;y > 0.

Lemma 30. Let (6,€) € Uy Nwy. Let I be such that (6,€) € wr and dimwy = 1.
Assume moreover that I is minimal with the property. Let i € Ig\Jo. Then (d,¢) €
Q:\w; if and only if I+ or I_ equals {i}.
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In particular, there is at most one i € Io\Jo, such that (J,€) is in Q;\w;.

Proof. Let }°,.; AL X; = 0 be a relation satified by the lines of A as in Construction
1. Notice that A/ # 0 for any i € I by minimality of I.

Suppose that there exists ¢ € Ip\Jy such that (4,€) € Q;\w;. Then there exists
J C Iy containing ¢ such that (4, €) € wy. Pick such J minimal. By Lemma 17(1),
since (4, €) & w;, the image of A has codimension either one or two. By assumption
on (d,€), wy is not a point, so that w; is one-dimensional and then by Corollary 23
and the generality assumption, I C J. By minimality of J, we have J = I U {i}.

Assume by contradiction that i ¢ I. With Notation 1, we have A\ = 0, that is,
J and I give the same relation.

Since (d,¢) € wp, by Lemma 29 and Remark 16 and 11, there exists y € Q™
such that Ary > 0 and such that A;y = 0. Let € Q™ such that Ayz = D;(4,€)
and Ayr > Dj(d,e). Then for any ¢t > 0 small enough A;(z + ty) = D;(d,¢€) and
A;(z + ty) > D;(d,¢). This is a contradiction with (d,€) € w;. Then i € I and
I=1J.

By assumption the matrix Ay ;) is surjective. If I'\{i} is not contained in ei-
ther It or I_, we can find y € Q" such that A;y > 0 for any j € I\{¢} and
Zjel\{i} )\§Ajy = 0, which implies that A;y = 0. Let € Q™ be such that
Arx = Dy(d,€) and Ajx > Dj(d,€). Then, for any ¢ > 0 small enough we have
Ai(x + ty) = D;(d,¢) and A;(z + ty) > D;(d,¢). This is a contradiction with
(0,€) ¢ w;. We conclude with Lemma 29 and the hypothesis (d,¢) € wp, that
{’L} = I+ or I_.

Conversely, suppose that I = {i}. Note that (d,€) € §; is obvious. Since there
—AI
exists x € Q" such that Arz = D(9,¢), we have D;(0,€) = >, 14y %Dj(d, €).
For any y € Q, such that A;y > D;(6,¢) we have '

—\ -\
JeN{iy * Jend{iy

And we have equality if and only if Ay iy = Dp\giy(d,€). Then (6, ¢€) & w;.

For the last statment, note that if [I| = 1 then Ay is a zero line and ¢ € Jy; and
if |I| = 2 with |I+| = 1 then the two lines of A; generate the same ray of Ng and
at most one could be the primitive element of the ray, so that the other line has
index in Jp. (I

Lemma 31. Let (§,¢) € Uy NQy\wy. Let I be such that (§,¢) € wr and dimw; = 1.
Assume moreover that I is minimal with the property. Let i € Ig\I. Then either

(57 6) ¢ QIU{i} or (67 6) € Wru{i}-

Proof. Let i € Ip\I such that (6, ¢) € Q. There exists J C Iy containing 7 and
I such that (4,€) € wy. By hypothesis on (4, €) the set w; is one-dimensional and
Lemma 17 implies that w; C wrygy. In particular, (6, ¢€) € wrugiy- O

Corollary 32. Let (6,¢) € U,.
(1) Assume that (6,€) € wy. If there is i € Ig\Jy such that Iy or I_ equals
{i}, then the G-stable prime divisors of Y are in bijection with I = I2\{i}.

Otherwise the G-stable prime divisors of Y€ are in bijection with If’é = 125’5.
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(2) Assume that (6,¢) € Qy\wg. Then the G-stable prime divisors of Y% are in
bijection with

{i € I\I | (3,€) €wrurn} ={i € L\ | (8,€) € Quuqan} = I NIy N 1I).

Proof. The set of B-stable prime divisors of Y€ is the union of G-stable divisors
and colors of the horospherical homogeneous space. The G-stable prime divisors
correspond bijectively to the facets Ff’e with ¢ € Iy\Jp that are not equal to some
F with j € Jo.

Assume that (6,¢) € wy. Thus Y€ is a G/H-embedding, colors are indexed
by S\I or equivalently by Jy. If there are ¢ and j € Iy with ¢ # j and such that
Ffl’“ = F;Sl’el is a facet, then A; and A; are colinear, one of ¢ or j is in Jy, and
I =14,j. Lemma 30 implies the claim.

Assume that (6,¢) € Qg\wg. Then Y€ is a G/H’-embedding with H' C H as
explained in Remark 14. In the proof of Lemma 29, we prove that P%¢ generates the
affine subspace {x € Mg | Arx = D;(d,€)}, so that M’ = ker(Ar) N M. Moreover,
the colors of G/H' are indexed by Jo\(Jo N1I). If for some i, j € Iy, F*° = Ff’e isa
facet, then ¢,j ¢ I, A; and A; are colinear modulo the vector space N@; generated
by the lines of A;. If i # j it would give another relation to the one given by I,
then 4 = j. Note also that for any i € Ip\I, Ff’é = Ffj{i},
then A; ¢ Ng. Indeed, if A; € Ngj, we have another relation to the one given by I.

Hence Lemma 31 implies the claim. (I

and if it is not empty

Proposition 33. Let (60,¢0) € Us. Let £: Q — Q2 be the parametrisation of a
rational affine line such that £(0) = (8o, €0). Let t > 0 be the minimum such that
0(t) € Qg \ Ua. Assume that £(t) = (61,€1) € U;.

Set I minimal such that (61,€1) € wr.

The morphism from X% to Y011 js an extremal contraction and one of the
following occurs.

(1) If I = Iy or I_ then dimY%:< < dim X% Ydue js Q-factorial and
p(X) = p(Y) +1.

(2) If|I| > 2 and I or I_ is {i} with i € Iy\Jo then Y1 is Q-factorial and
X00:€0 5 YOu€r s an extremal divisorial contraction or an isomorphism.

(3) In the other cases X% — Y11 js q small extremal contraction.

Proof. Assume that I = I, or I_. By Corollary 32 we have (d1,€1) € Qy \ wp and
by Remark 14 we have dim Y€t < dim X %€,

By Lemma 31, the B-stable prime divisors of Y€1 are in bijection with (Igl’61 U
Jo)\I. Let F}sl’el be a face of P% choose J such that (61,¢1) € wy. Then I C J

and w; is one-dimensional, so that the restriction of A ; to ker(Ay) is surjective.
This implies, with Lemma 8 applied to the matrix of lines of Ay \; restricted to

ker(As), that Y9 is Q-factorial. Then its Picard number is (13" U Jo)\I| —
(n—|I|+1) = [I2" UJo| —n — 1. But I3 = I3 so that the relative Picard
number of X %00 — Youe1 jg 1.

Assume that Iy or I_ is {i} with ¢ € Ip\Jp and |I| > 2. By Lemma 29 we have
(61,€1) € wy. By Remark 14 we have dim Y€1 = dim X %0,

By Corollary 32, the B-stable prime divisors of Y11 are in bijection with

(I3 \{i}) U Jo = (I8°\{i}) LU Jo. For the sake of shortness we denote by K \ {i}
the set K N (Ip\ {i}).
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Let Fjl’el be a face of P%*1, choose J such that (01, €1) € wy.

If A; is not surjective then I C J and A (4 is surjective. This implies, with
Lemma 8, that Y911 is Q-factorial. Then its Picard number is |(I§°’E“\{i})I_IJ0|—n.
This is the Picard number of X% minus one if i € Igo’eo and the Picard number
of X% if not. In that latter case, since P%¢1 can be defined as well without the
line i, it is an equivalent G/ H-polytope to P%-€_ and then X% = Yydi-1,

In the other cases, again y Lemma 29 and Remark 14 we have dim Y% =
dim X %0,

Corollary 32 implies that the B-stable prime divisors of Y€1 are the same as
the ones of X% they are therefore in bijection with Ig“*e" U Jo.

Let Fjl’el be a face of P®1| choose .J such that (81,€e1) € wy. If Ay is not
surjective, then wjy is one-dimensional and I C J. Then a B-stable Q-divisor of

You€ is Q-Cartier if and only if its coefficients satisfy the equation Yicr M X;.
Also note that for I = J, Ay is not surjective.
Then the relative Picard number of X% — You€1 g 1, ([

Remark 17. If It =T or I~ = I, for every i € I the polytope P%¢ is contained in
HOC = {z € Q" | Ajz = D)}, There are two possible cases for I. Either I = {i}
and A; = 0, so that P%€ has dimension n, the associated horospherical variety X
has the same rank as G/H, the same lattice M but its open homogeneous space
has one color less (a;); or A; # 0 for any i € I (and |I| > 2), so that P%€ is of
maximal dimension an affine subspace directed by ker(Ay), then it has dimension
n — |I| + 1, and the associated horospherical variety X has rank n — |[I| + 1, its
lattice is M N ker A; and the colors of its open homogeneous space are the colors
of G/H whose index of line in not in I.

If It = {i} or I~ = {i}, then the condition A;x > D;(d,€) is superfluous in the
definition of P%¢.

5.4.2. If £(t) € Uy. We assume in this paragraph that £(f) = (da,€2) € Up. We
want to study the morphisms from X°%0€0 to Z%2:¢2,

Let L be such that {(d2,€2)} = wr. By Lemma 18, there is I such that w; has
dimension one and (d2,€2) € Q7. Then all but a finite set of points of w; are in
wr NU;. Choose (41,€1) € wy NU; close to (02, €2).

By Lemma 7 there are G-equivariant morphisms from X - to Y01¢1 and Z%€2,
and from Y€1 to Z% . Moreover the morphism from X% to Z%¢ factorizes
through Yot

We suppose from now on that {(d2,€2)} = wr, C Qp\wp.

Notation/Construction 2. Let L be such that wy = {(6,€)} C Qp\wy. Then,
for general B and B’, the image of A has codimension two. By Lemma 17, we
can suppose up to taking a subset of L that for every ¢ € L the image of Ap\ (o
has codimension 1 in QI-I.

We have two possible cases.

(1) If wy is a vertex of Qy\wy, by remark 13 there exist I and J subsets of L
such that, for any 7 € I and any j € J, Ap\ ;) and A j\ (4 are surjective, and wy, wy
are segments of the Mori’s polygonal chain. By Lemma 29 we can fix two linearly
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independent equations for the lines of Ay,

(Rr) YierMXi=0, MN>0Viel
(Ry) ey AN X; =0, )\3’ >0VjeJ

J

We suppose that w; C {§ < §} and that w; C {§ > 4}
We can moreover assume that -, A/ C; = 1and 35, ; A/ C; = 1.

(2) If wy, is not a vertex of Qp\wp, then there is I C L such that, for any i € T
the matrix Ap (4 is surjective, and wy is a segment of p\wy containing wr,. By
Lemma 29, we can fix two linearly independent equations for the lines of Ay,

(Rr) Y NXi=0, A >ovier

(Rr) Y,ep MiXj=0, M #0VjeL\I

We verify that )\JL # 0Vj € L\ I Indeed if the second equation has one
zero coefficient )\JL for some j € L\I, then Ay, (;; would also have an image of
codimension 2, contradicting the minimality of L. Moreover, the coefficients with
indexes in L\I in the relation (Rr) do not have all the same sign.

Indeed, if not, we can suppose that that they are positive, and by adding to (Rp,)
a positive multiple of (R ), we would obtain a second equation, linearly independent
with (R), with positive coefficients, associated to some J C I. By Lemma 29 the
set wy would be contained in €y \ wy, contradicting the hypothesis on wy, as it
would be the vertex between the segments w; and wj.

With the same argument we can also suppose that /\]L > 0 for any j € I but
some are zero.

We set (L\ 1)y ={j € L\T|A >0} and (L\I)- ={j e L\T|X <0}

We can moreover assume that Eiel /\{C’i = 1 and either E]EL )\JLCj =1, or
Y jer ACj =0 and > jer A} (B — B;) > 0. Indeed if djer A Cj < 0 we take the
opposite and add a positive multiple of the first equation and we obtain the wanted
equation with >, MGy > 0. And if dier MGy =0and dier (B —b;) > 0,
we take the opposite and add a positive multiple of the first equation and we obtain
Zie] )‘i[ Ci > 0.

Lemma 34. Let (6,¢) € UpNQy\wy and assume that (9, €) is a vertex. Let L C Iy be
a minimal subset such that wy, = {(d,€)}. Leti € Io\L. Then either (0,€) & Qg
or (6,€) € Wrugiy-

Proof. 1f (6,¢€) € Qrugiy\wrugsy, there exists J C Ip containing ¢ and L such that
(6,€) € wy. By Lemma 17, we have wyy;3 = wr = wy. In particular (d,¢) € wrugy-
(I

Lemma 35. Let (0, ¢) € UgyNQy\wy and assume that (0, €) is not a vertex of Qy\wp.
Let L C Iy be a minimal subset such that wy, = {(d,¢€)}. Let I be a minimal subset
such that wy, C wr and dimwy = 1. Let i € Iop\I. If (0,€) € Qrugy\wrugy then
i € IL\I and either L\ I, = {i} or L\ I- = {i}. In particular, there are at
most 2 indices i such that (6,¢) € Qg \wrugsy- If there are 2 such indices, then
|L| = |I| + 2 and the restriction of Ap\; to ker(Ag) consists of twice the same line
if I\I C Io\Jo.

Proof. The proof is similar to the proof of Lemma 30.
If (d,€) € Qrugy \wrugsy, then there exists J C Iy containing i and I such that
(0,¢) € wy and wy is one or zero-dimensional. The set w; cannot have dimension
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one, otherwise Lemma 17 would imply that (J,¢) € wy C wyugy- Hence, wy = wr,
and J = LU {i}.

We prove that i € L. Assume that it is not the case. Since the coefficients
)\JL do not have the same sign for j € L\I, there exist positive MJL such that
Do jeInT )\JL,LLJL = 0. By Remark 11 there exists y € ker(Ay) such that A;y = ,uJL >0
for any j € L\I and so that A;y = 0. Since (J,€) € wryyy, there is x € Mg is
such that Ay e = Drugy(0,€) and ALU{i}x > DLu{i}(‘S’ €). Thus for ¢ small,
we have Ay (2 +ty) = Dyugy (9,€) and Apyr(x + ty) > Dy (9, €) proving that
(d,€) € wrufsy, which is a contradiction. Thus i € L.

We prove now that all the XX for j € L\(I U{i}) have the same sign. Again, by
contradiction, if the A} for j € L\(Z U {i}) do not have the same sign, by Remark
11 we can find y € ker(Ay) such that A;y > 0 for any j € L\(ITU {i}) and A,y = 0.
Let € Q™ such that Arz = Dy (d,¢) and Afz > Dy (d,¢). Then for any ¢ > 0

small enough A7y (z+ty) = Drugy (0, €) and Am(:zr +tz') > Dm(d, €). This

is a contradiction, as (d, €) & wrugiy-
Finally, as the coefficients of (R1) do not have all the same sign, AX has opposite
sign than )\JL for j € L\(I U {i}).
The last statment is not difficult.
O

Corollary 36. Let (6,¢) € Uy N IQy. Let L be minimal such that wy, = {(d,€)}.

(1) If wr, is a vertex, the set of G-stable prime divisors of Z%¢ is in bijection
with I9°\(I° N L);

(2) if wr is not a vertex and there is i € Iy \ Jo such that either L\I; or L\I_
is {i}, the set of G-stable prime divisors of Z%€ is in bijection with 125’5 \ {i};

(3) otherwise, the set of G-stable prime divisors of Z%¢ is in bijection with 125’5.

Proof. By Remark 14, the variety Z%€ is a G/ H'-embedding with H' C H. We let
M’ be the lattice of characters vanishing on H and N’ its dual. Note that Ng is

the quotient No/Ng where N is the subspace generated by the lines of Ay

The G-stable prime divisors of Z%¢ correspond bijectively to the facets Ff’é with
i € Ip\Jo that are not equal to some Ff’e with 7 € Jy.

Assume that wy, is a vertex. The polytope P%€ generates the affine subspace
{r € Mg | Arx = Dr(d,€)}, so that M’ = ker(Ar) N M. Moreover, the colors
of G/H' are indexed by Jo\(Jo N L). If for some i,j € Iy, F)* = F;s’6 is a facet,
then, 4,5 ¢ L, A; and A; are colinear modulo N{. If i # j we would have another
relation other than the two given by L. Thus we have ¢ = j.

Note also that for any i € Io\L, we have F¢ = Fiil{i}'
empty and if A; € N(’Qf we would have another relation other than the two given by
L so that A; & N('Qf. Hence by Lemma 34 the G-stable prime divisors of the variety

Z%€ are in bijection with

{ieI\L | (3,¢) €wrun} ={i € I\L | (§,€) € Qrugy} = I\ NL).

If the latter is non

Assume that wy, is not a vertex. The polytope P%¢ generates the affine subspace
{z € Mg | Az = Dy(d,¢)}, so that M' = ker(A;) N M. Moreover, the colors of
G/H' are indexed by Jo\(Jo N I). If for some i # j € Iy, F>° = Ff’e is a facet,

2
then A; and A; are colinear modulo the vector space N('@ generated by the lines of
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Ay, and then L = I U {i,j}. Hence, by Lemma 35, the G-stable prime divisors of
the variety Z%€ are in bijection with

{i € I\T | (8,€) € wrugiy} = I3\{i}
if I\I1 or L\I_ is {i} with i € Ip\Jo, and else with

{i € I\ | (6,€) €wrugny} =I5
O

Proposition 37. Let (80,¢0) € Ua. Let £: Q — Q? be the parametrisation of a
rational affine line such that £(0) = (do,€0). Let t > 0 be the minimum such that
0(t) € Qp \ Us. Assume that £(t) = (d2,€2) € Up N Qp\wy.

Let L be a minimal set such that {(62,€2)} = wr. The morphism from X% to
7922 has relative Picard number at most 2.

Proof. Suppose first that wy, is a vertex.

By Corollary 36, the B-stable prime divisors of Z%>¢* are in bijection with
(I3 UJo)\L. Let F}SQ’EZ be a face of P%2¢2, choose J such that (2, €2) € wy. Then
L C J and wy = wy, so that the restriction of Ay f to ker(Ay) is surjective. This
implies, by Lemma 8 applied to the matrix of lines of Aj \y, restricted to ker(Ayz),
that Z%2¢ is Q-factorial. Then its Picard number is

(52 U Jo\L| = (n = L] +2) = [13 U Jo| —n — 2.

Since 132" D I3, the relative Picard number of X%:% — 7Z%2:¢ is at most 2.

Suppose now that wy is not a vertex. By Corollary 36, the B-stable prime
divisors of Z% are in bijection with a subset of (I3** U Jy)\I of cocardinality
at most 1. Let F‘;2 2 be a face of P%2, choose J such that (J2,€2) € wy. Then
I CJ. Assume that wy is one-dimensional. Then the restriction of A\ to ker(Arz)
is surjective.

Assume that w; has dimension zero. Then w; = wy, so that the restriction of
A1 to ker(Ar) implies the same equation for every such J.

If the cocardinality of a subset of (132’52 U Jo)\! is one, then this equation does
not occur for B-stable divisors and then Z%2¢* is Q-factorial. In any case,the Pi-
card number of Z%<2 is |(I32 U Jo\I| — (n — [I| + 1) — 1 = |I* U Jo| — n — 2.
But 132 is either I2° or the union of I3 with i as in Lemma 35, so that the
relative Picard number of X% —s 7922 is | or 2.

O

Remark 18. If wy = {(d2,€2)} is a vertex and the relative Picard number of
X000 —y 702 js not 2, then there exists i € I3\ I3 In particular, wy, is a
vertex of €; that does not contain (dg, eg). Hence, there exists K C Iy, such that
wgi C wy is one dimensional with one extremity equals to wr..

If wy, is not a vertex, such wg exists by definition.

5.5. Mori polygonal chain. We start with the following definition.
Definition 6. The Mori polygonal chain of the family P%€ is

MPC = (Qp\wp) N {(5,¢) € Q%] 0< <1}
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Throughout this section we suppose that (0,0) and (1,0) are in wy, that for every
i € Ip\Jp there exist negative €y and €; such that (0,€y) and (1,€;) are in w; and
that C' > 0. Then {(d,e) € Q* | e <0 and 0 < § < 1} is a contained in wy.

Note that, with the above hypothesis, the Mori polygonal chain is contained
in the half plane defined by € > 0. It is polygonal because £2p\wy is a union of
one-dimensional .

We say that w; is a segment of the Mori polygonal chain if dimw; = 1 and the
intersection of w; with M PC is not empty. If (§,¢) € M PC, then either P> is not
of maximal dimension or there exists ¢ such that A; = 0 and D;(4,¢€) = 0.

By Lemma 29, if wy is a segment of MPC such that A ¢;y is surjective for every
j € I, then there is an equation Y, ; Al X; = 0 for the lines of A; such that A} >0
for every i € I.

icl

Definition 7. Let K C Iy be such that dimwg = 1 and the codimension of the
image Ag is 1. Let ZieK )\f(XZ- = 0 be an equation for the lines of Ax. The slope
of wi is

EieK )‘f((B:;_Bi) : K .
sl = Yiex M Ci if ZieK )\i Ci 7& 0,

Remark 19. The segment wy is included in the line defined by

€ (Z Af@) +4 (Z \E(B] —Bi)> +> ABi=0

icK icK icK
and slg is the slope of this line.

Proposition 38. Let (2,€2) € Uy N M PC and let L be minimal such that wy, =
{(62,€2)}. We refer to the notation of Construction 2. Then there is a partition
L=KU...UK"™!, withr >0, such that

I
(1) for every s € {0,...,r + 1}, for every h,k € K* we have —i—% =——= =

Vs € [—00,0]; for every s < s’ € {0,...,r+ 1}, we have vs > vy .
(2) The set Ky = L\ K* is such that the codimension of the image of Ak, is
1 and for every k € K the map Ak \(x} is surjective. If K C L is such that
the codimension of the image of Ak is 1 and for every k € K the map Ag\(x
is surjective, then K = K, for some s € {0,...,7 4+ 1}. Moreover, if (62,€2) is a
vertex then Ko = I and K,,1 = J and if it is not then Ko = I and K° = L\I.
Note that, by Lemma 18, wk, is not empty and with an extremity equals to wry,.
(3) The slope of wi, is
Zz‘el )‘{(le' — Bj) +vs ZjeJ )‘E‘I(Bé‘ - Bj)
1+ dv,
with d =1 if (2, €2) is a verter and d =3, Ay otherwise.
(4) Up to a rotation, the slopes decrease when s increases (see picture below).

SZKS =

Proof. Let K C L be such that the codimension of the image of Ax is 1 and for
every k € K the map Ag\ () is surjective. Then there is an equation

(Ri) > M Xp=0
satisfied by the lines of Ag.



30 ENRICA FLORIS! AND BORIS PASQUIER!

Assume that (02, €2) is a vertex and let I, J be as in Construction 2. The relation
(Ri) is a linear combination of (Ry) and (Rjs). Thus there are pr, pty such that
(Ri) = pr(Rr) 4+ py(Ry). We notice that if uy = 0, then by the minimality of K
we have K = J and if uy = 0 then by the minimality of K we have K = I.

Assume that (d2,€2) is not a vertex and let I be as in Construction 2. The
relation (Rg) is a linear combination of (R;) and (Rp). Thus there are py, pur
such that (Rx) = ur(Rr) + pr(Rr). We notice that if gy = 0 then by minimality
of K we have K =T and if py # 0 then L\T C K.

If (62, €2) is not a vertex, we set J = {j € L | A} # 0}. Notice that .J gives the
relation (Rp).

If AL+ g # 0 for every k, then the image of Ap\ ey has the same codimen-
sion as the image of Ay, and this is a contradiction. Therefore the set {k| ur AL +
psA] = 0} is non-empty and K is the complement of this set in L.

We set N = {-\L /)\J} ={w > ... > vp41} with the convention that v, 41 = —o0.
We set Ks = {k| — AL /\] = vs} andK =L\ K°*
This proves (1) and (2).

As for (3), the slope sl is

D keK, Ave(By, — Br)
ZkeKs )‘fka

Since up to a multiple )\kKS = A+ Vs)\i, we get the third part of the state-
ment, with the assumption that, if (52,62) is a vertex, we have > ,., M C; = 1

and Z]eJ)‘;O =1, and otherwise >_ C;=1and ), eL/\gO =1or0.

i€l Z

Set
a=3 ;N (B - Bi) = sl

b*ZJGJ)\JJ( — Bj) =sly and

de 1 if (92, 62) is a vertex and
“ | Yo MCj (which is 1 or 0) otherwise.

JEL J
a—+ bx

1+dx
( 1 _al ) in order to replace sl = a by +oo (vertical direction). This way,

To prove (4), set f(z) = . Note that slx, = f(vs). And apply a rotation

1

14+a? 1
. aslg +1
the slopes slx are replaced by relative slopes relslx := T Set g(x) =
a— Sl
a?+1+z(ab+d)

so that relslk, = g(vs).

z(ad — b

We (now pr)ove that ad — b < 0. By Construction 2, if (d2, €2) is a vertex we have

wr € {d < b2} and wy C {§ > d2}. By the convexity of Qy the slope sl; is smaller

that slj, so that ad —b < 0. If (02,€2) is not a vertex and d = 1, similarily we

have sl; < sly = 2 , so that ad — b < 0. And if d = 0, we have b > 0 (still by
Construction 2).

In all cases, since g is increasing, relslk, is decreasing from +oo (s = 0 and

vs =0) to Zztdb (vs = —00).

O
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wr

6. PROOF OF THE MAIN THEOREM

Let G be a reductive group and H C G be a horospherical subgroup. We
choose a basis of Mg so that Mg = Q". We fix a horospherical embedding Z of
G/H and set p = r + |S\R|. Let A be the matrix associated to the linear map
o(m) = ((m, zi)i=1..r, (M, ;)acs\r)- Denote by Jy C Iy the set of indices S\R.

Let B = (—dy,...,—d,,—dy) and B’ = (—=d}, ..., —d., —d.) besuch that > d; Z;+
> doDy and > diZ; + 5" d., D, are ample divisors. Let —Kz = > ¢;Z; + > caDa.-
Let C = (c1,...,CryCa)-

Suppose now that for any ¢ € Iy\Jy there exist negative ey and €; such that
(0,€0) and (1,€1) are in w;. Then for any d, the intersection w; N {(d,¢) | € > 0}
is an open segment (possibly empty) with one extremity at (J,0). Then the family
(P%%)ccq-, describes a HMMP.

Proposition 39. For any 6 € [0,1] in the complement of a finite set, the HMMP
described by the family (P*)ceq., is an MMP.

Proof. By Theorem 10, the family (P%€).cg., describes an HMMP. Let U” be
the set of § such that there is a 1-dimensional set w; included in {6} x Q. Let
p1: Q2 — Q be the projection onto the first factor and let 6 € [0, 1]\p1 (UgUU{)UU".
By Proposition 33, the HMMP described by the family (Q%€).cq., consists of
extremal contractions. B

O

Theorem 40. Let G be a connected reductive algebraic group. Let X and Y be
horospherical G-varieties which are G-equivariantly birational. Assume moreover
that there are Mori fibre space structures X/S and Y/T. Then, there is a horo-
spherical Sarkisov program from X/S to Y/T.

More precisely, there are a resolution of the indeterminacy Z of X --+Y, divi-
sors Ax and Ay, a 2-dimensional polyhedron ), points (6x,ex), (0y,ey), (o7, €r),
(0s,€5) € Q and singletons wr,,, . ..,wr, C O such that

(1) every point (0,€) € Q defines the horospherical variety of pseudo-moment
polytope Q(1-s)Ax+6Ay —eKz;

(2) (0x,€ex), (Oy,ey), (6r,er), (0s,€s) correspond, respectively, to X,Y,S,T;

(3) (55, 65), (5T7 GT) € 09);

(4) if we denote wy, = {(d;s,€;)}, we have 0 < §; < -+ < § < 1;

(5) everywr, defines a Sarkisov link W;/V; -+ Wi 11 /Vit1 where W1 /V; = X/S
and VVl+1/V2+1 = Y/T

Proof. Since the birational map X --+ Y is G-equivariant, X and Y are both
G/H-embedding with the same horospherical homogeneous space G/H.
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By Lemma 11 and Proposition 14 there is a smooth resolution Z of the indeter-
minacies of X --» Y and there are euclidean open sets Ux and Uy of WDiv(Z)g
such that every divisor in Uy (resp. Uy) is ample and for every A € Ux (resp. in
Uy) the Mori fiber space X/T (resp. Y/S) is the outcome of the HMMP from Z
with scaling of A.

We pick (Ax, Ay) € Ux x Uy satisfying the generality conditions of (5.3). Since
the open set determined in (5.3) is Zariski open, we can find such (Ax, Ay).

Let B = (=di,...,—d,,(=da)aes\r) and B' = (=d,, ..., —d;, (=d},)aecs\r) and
C = (c1,...,¢r, (Ca)acs\r) be such that

d
Ax =Y diZi+ Y daDa
=1

a€S\R
d
Ay =Y "diZi+ Y d,D,
i=1 a€S\R

d
—K :ZciZi + Z caDeg.
i=1 aeS\R

Let 7 and w; be the polytopes of Definition 5.

Thus there are two segments wy and w; of the Mori poligonal chain such that
every (8, ¢) in a euclidean neighborhood of wr satisfies X%¢ = X and if (§1,¢€;) € wy
then Y%¢1 = T The same holds for J.

The segments w; and w; disconnect the chain. Let C C M PC be such that
wrUCUwy is connected. Let wr,,,...,wr, be the points in Uy NC. We notice that
U, NNy = (. Indeed, if (d,€) € wy Nwy and wy, wy are not aligned, then the
convex hull of w; and w; is non-empty and open (and thus of dimension 2), proving
that (9, ¢€) € wy.

We prove that every wr,, describes a link. We write wy, for simplicity.

Let L = K°U--- U K™ be the partition existing by Proposition 38. We
fix a euclidean neighborhood A of wy, and for any i € {0,...,7}, let X; be the
horospherical variety corresponding to a point in the open set delimited by wg, and
Wi, .- If wr is not a vertex, let X, 1 be the horospherical variety corresponding
to a point in the open set delimited by wg, , and wy. Let ¢ be r if wy, is a vertex
and r + 1 if not. We denote by Ty, respectively Tii1, the horospherical variety
corresponding to a point in MPC on the left, respectively on the right, of wy,.

We prove first that

Claim 41. the only possible divisorial contractions between two varieties X; and
Xi:l:l are X1 — XO and Xt,1 — Xt.

Recall that we have Mori fibrations X — Ty and X; — Tiyq1. Let s € {1,...,r}.
First assume that wy, is a vertex. Then K is such that K; = K'U---UK* ™! and
Kf =Kt u...u K™ By Proposition 33, around wx, we have flips except if
s=1and K° = {i} with i € Io\Jo or s =7 and K"! = {i} with i € I\ Jo.

Assume now that wy, is not a vertex. Let s € {1,...,t}, then K is such that
K;=K°UK'U---UK*'and Kf = KQUK*" .- - UK"™?. Since K¢ and K°
are non-empty (by Notation 2), by Proposition 33 around wg, we have flips except
if s=1and K% = {i} with i € I\Jy or s =7+ 1 and K9 = {i} with i € Iy\Jp.
This finishes the proof of the claim.
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Let R be the variety corresponding to wr. Notice that we have fibrations from
Ty — R and Ti41 — R. There are three cases:

(1) R= TO &= Tt+1;

(2) R=Tyor R2Tiyq, and we are not in case 1;

(3) R % TO and R % Tt+1.

In case 1, by Remark 18, we have ¢ > 1. In particular, slg, < slk,, or slx, >
slg,., (with the convention that K, p = I if wy is not a vertex). A priori, slg,
and slg, could be oo, but the next paragraph proves that it cannot happen.

If slg, < slk,, then the Mori fibration X --» R factors through Xy --» Y — R
where Y is the horospherical variety corresponding to a point of wg,. Then the
map Xy --» Y is either an isomorphism or a K-negative contraction. It cannot be
a K-negative contraction because slx, < slg,. Then Xy =Y, which implies that
X1 — X is a divisorial contraction. Similarly, if slx, > slk,,,, X;—1 — X; has to
be a divisorial contraction.

Thus there is ¢ = 1 or ¢ = t — 1 such that p(X;) = p(R) + 2. Assume it is i = 1. By
Proposition 37 and Claim 41, for every i € {1,...,¢t— 1} we have p(X;) = p(X1) so
that p(X;—1) = p(X¢) + 1 and thus X;_1 — X; is also a divisorial contraction. We
have a type II link.

In case 2, assume that R = Ty. Again by Proposition 33 the variety R is Q-
factorial. Thus R % T4 implies p(Ti+1) = p(R) + 1 and p(X;) = p(R) + 2. By
Proposition 37 and Claim 41, for every i € {1,...,t} we have p(X;) = p(X;) =
p(R) + 2 = p(Ty) + 2. Since p(Xo) = p(Tp) + 1, the map X; — X is a divisorial
contraction and we have a type I link. Similarly if R = T, we get a type III link.

In case 3 we have p(Tp) = p(R) + 1 and p(T+1) = p(R) + 1. Moreover p(Xy) =
p(To) + 1 and p(X;) = p(Ti+1) + 1. By Proposition 37 and Claim 41, for every
i€{0,...,t—1} the map X; --» X, is an isomorphism in codimension 1 and we
get a type IV link. (Il

Remark 20. If wy, is not a vertex then we cannot have a link of type IV with
fibrations Ty — R and T;4; — R. Indeed from w; (both side) to wy, we get two
birational maps, one of the two can be divisorial (if condition of Lemma 35 occurs),
but not in case 3.

APPENDIX A. ToRIC EXAMPLE

Set X := P! x P!, § = P!, YV the projective bundle P(O @& O(2)) and T = P*.
Fans of X and Y are the following:

FX IE‘Y

0 0 \

Here G = (C*)? and coincides with the Borel subgroup.
A resolution of X and Y is the toric variety Z given by the following fan, where
we index the edges as in the picture:
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2
Fz
3 1
0
6
4 5

We let p: Z — X and q: Z — Y be the two morphisms resolving the indetermi-
nacy of X --» Y.

1 0

0 1

. . . . -1 0
We will consider the following matrix A := 0 1
1 -1
2 -1

A G-stable divisor of Z is of the form D = E?:l d;D;. Note that D1, Dy, D3
and Dy are also prime G-stable divisor of X and D1, D2, D3 and Dg are also prime
G-stable divisor of Y.
Let D = 2?21 d;D; be a divisor on Z and B be the column matrix associated to
(—dy,...,—dg). Thedivisor D is ample if and only if for any I C {{1,2},{2,3},{3,4},{4,5},{5,6},{1,6}}
we have A;(A;'By) > By.
This inequality system reduces to the following system, thus defining the ample
cone of Z:

(2) dy +ds > dg, do +dg > 2dy, ds + ds > dy, ds+ dg > 2ds.

The polytope Qp is the pseudo-moment polytope of (X, p.D) if and only if for
every I C {{1,2},{2,3},{3,4},{1,4}} we have A;(A;'B;) > B;. Equivalently, if
and only if the following inequalities are satisfied

(3) dy+d3 >0, do+dy >0, ds >di +dyg, dg > 2dy + dy.

Note that the first two inequalities correspond to the condition for p, D to be ample
and the last two other correspond to the fact that the lines 5 and 6 are not necessary
to define Qp.

Similarly, @ p is the pseudo-moment polytope of (Y, ¢, D) if and only if for every
I C {{1,2},{2,3},{3,6},{1,6}} we have A;(A;'B;) > B;. Equivalently, if and
only if the following inequalities are satisfied

(4) dy+ds >0, do +dg > 2dy, dg > 2d3 + dg, ds > d3 + ds.

Note that the first two inequalities correspond to the condition for g, D to be ample
and the last two other correspond to the fact that the lines 4 and 5 are not necessary
to define Qp.

To run the horospherical Sarkisov program, we have to choose D, D’ such that

(1) @p and Qp: are pseudo-moment polytopes of (X, p.D) and (Y, g.D’) re-
spectively;
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(2) there exist € < 0 and ¢ < 0 such that D + eKz and D’ 4+ ¢ Kz are ample
over Z.
(3) the HMMP with scaling of D (resp. D’) ends with X/S (resp. Y/T).

Condition (1) is given by (3) and (4).

For condition (2), note that —Kz = Z?Zl D; and thus C is the column matrix
associated to (1,...,1). Then D + eKy is ample over Z if and only if

di+ds >dg+e€, do+dg>2d;, ds+ds>ds+e and dg+ dg > 2ds.

Hence, there exists € < 0 such that D + eKz is ample over Z if and only if
do +dg > 2d; and dy + dg > 2ds. Similarly, there exists ¢ < 0 such that D’ 4+ ¢' Kz
is ample over Z if and only if dy + df > 2d} and d} + dg; > 2d5.

As for condition (3), note first that the HMMP from any ample divisor of Y ends
with Y — S, because only one extremal ray of NE(Y) is K-negative. If dy + d3 <
dy + dy (resp. di +d3 > da + dy) the HMMP from D gives the first (resp. the
second) projection P! x Pt — P!

Since D and D’ are given up to linearly equivalence, we can choose them such
that dy = dy = dj = d = 0. In particular, @p and Q p- have a "south-west" vertex
at 0 (but the same is not true for Q> for € # 0). The conditions on D and D’ are
then

1
ds >0, d¢>dys>0 and dy <ds < 5(614 + dﬁ), with either ds < dy or ds > dy;

1
dy >0, dg>0, dj>2d;+dg and dg+dg<d’5<§(dﬁl+dg).

For example, we can choose B and B’ to be the column matrices associated to
(0,0,—1,-2,—-5/2,—4) and (0,0, —1,—6,—7/2, —2) respectively.

In Figure 1, we draw Qg for this choice of B, B’. We denote by X is the blow-up
of X at a point and Y is the blow-up of F; at a point in the (—1)-section. Note
that L; = {1,3,4,5} and Ly = {1,3,5,6}. Also note that (1/2,0) is in UJ.

In the above example, we have d3 < d4. If we choose B to be the column matrices
associated to (0,0, —6,—1,—3/2,—3) (and same B’ as before), then d3 > ds. Thus
we obtain the horospherical Sarkisov program illustrated in Figure 2. Note that
the first Sarkisov link is the type IV link from the first to the second projection
P! x P! — P!. The fifth line of A does not correspond to a divisor of X or Y,
but is added in order to get Z to be smooth. The strategy given in the paper also
works by chosing a (not necessarily smooth) resolution of indeterminacies Z’, but
non-terminal varieties can appear. In this example, if we forget the fifth line of A,
we can obtain a unique Sarkisov link of type II with X' =Y’ = 7.

APPENDIX B. A RANK ONE HOROSPHERICAL EXAMPLE
Choose a connected algebraic group G such that
S\R = {ala 2, (3, Oy, 045}

with the notation of section 2. Let x = wj + wy — w3 — wy and H C P be the
kernel in P of the character x. In particular, M = Zy. We identify x with 1 in
M ~7. Then N ~Z, oy = a3y = 1, asy, = oy, = —1 and oy, = 0.
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FIGURE 1. Scheme of 2y for the first toric example.

FIGURE 2. Scheme of  for the second toric example.

X =P x P!

(0,3/2)

{pt}
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FIGURE 3. Scheme of {2y for the rank one horospherical example.
(0,0) o o (1,0)

Y =Xs3

(1,1/2)

WL, G/P274 Wrs

Since G/H is of rank one, projective G/H-embedding are uniquely determined
by their colors, that is, by subsets of {1, as, ag, as}. Denote by X the projective
G/H-embedding such that Fx, = {ay | ¥ € K}. In particular, Z := Xj is a
common resolution of all Xg.

Denote by Pk the parabolic subgroup of G containing B whose the set of simple
roots is {ay | k € K} UR.

Let H' C Ps be the kernel in P of the character . It is a horospherical subgroup
associated to the same lattice M. Denote by Yx the projective G/H’-embedding
Y such that Fy, = {ax | k € K}.

Suppose that the coeflicients a,,’s are respectively 2, 3, 2, 3 and 2 for any
i=1,...,5. We consider A to be the column matrix associated to

(O‘YMvangangaXMvat\’)/Mv L, _1) = (17 1,-1,-1,0,1, _1)-

Then C is the column matrix associated to (2,3,2,3,2,1,1).

Let B and B’ be the column matrices associated to —(0,1,7,6,5,2,2) and
—(2,0,6,7,1,3,7) respectively. Then the associated horospherical Sarkisov pro-
gram gives a link of type IVy,, followed by a link of type III, a link of type IV, and
a last one of type IVj.

We then obtain the horospherical Sarkisov program illustrated in Figure 3 (we
only draw Qp for ¢ > 0 and 0 < 6 < 1). In red we draw the one dimensional w;’s
giving fibrations, in blue the ones giving divisorial contractions and in black the
ones giving flips.
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