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Abstract

In this paper, we consider a nonlinear system of two parabolic equations, with a distributed control in
the first equation and an odd coupling term in the second one. We prove that the nonlinear system is small-
time locally null-controllable. The main difficulty is that the linearized system is not null-controllable. To
overcome this obstacle, we extend in a nonlinear setting the strategy introduced in [LBI9] that consists in
constructing odd controls for the linear heat equation. The proof relies on three main steps. First, we obtain
from the classical L? parabolic Carleman estimate, conjugated with maximal regularity results, a weighted
L? observability inequality for the nonhomogeneous heat equation. Secondly, we perform a duality argument,
close to the well-known Hilbert Uniqueness Method in a reflexive Banach setting, to prove that the heat
equation perturbed by a source term is null-controllable thanks to odd controls. Finally, the nonlinearity is
handled with a Schauder fixed-point argument.
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1 Introduction

Let T > 0 be a positive time, d € N*, Q be a bounded, connected, open subset of R? of class C? corresponding
to the spatial domain and w be a nonempty open subset such that @ C 2. In what follows, we use the notation
1, for the characteristic function of w.

The null-controllability of the heat equation described below was first obtained by Fattorini and Russell
[FRT1] for d = 1 and by Lebeau, Robbiano [LR95] and Fursikov, Imanuvilov [FI96] for d > 1. More precisely
for any yo € L?(9), there exists h € L*((0,T) x w) such that the solution y of the system

Oy — Ay =hl, in (0,T) xQ,
y=0 on (0,T) x 99, (1.1)
y(0,-) = vo in Q,

satisfies y(T,-) = 0. These results were then extended to a large number of other parabolic systems, linear or
nonlinear. For instance, the null-controllability of linear coupled parabolic systems has been a challenging issue
for the control community in the last two decades. In that direction, we can quote, among the large literature
devoted to this problem, [AKBDGB09], where Ammar-Khodja, Benabadallah, Dupaix, Gonzalez-Burgos exhibit
sharp conditions for the null-controllability of systems of the form

oY — DAY = AY + Bhl,, in (0,T) x Q,
Y =0 on (0,T) x 04, (1.2)
Y (0,-) = Yy in Q.

Here, at time ¢t € (0,T], Y(¢,.) : © — R" is the state, h = h(t,.) : @ — R"™ is the control, D := diag(dy,...,d,)
with d; € (0,+00) is the diffusion matriz, A € R"™" is the coupling matriz and B € R™ ™ represents the
distribution of controls. One objective is to reduce the number of controls m (and in particular to have m < n)
by using the coupling matrices A and B. Let us also quote the survey [AKBGBAT11] for other results and open
problems in that direction.

In this article, we consider the following controlled semi-linear reaction-diffusion system

duyr — diAyy = anyy' + hly, in (0,T) x Q,
Ay2 — daAys = azyy” + azys® in (0,T) x Q,
y1 =1y2 =0 on (0,T) x 09,
'A% (07 ) = Y1,0, y2(07 ) =Y20 in Qa

(1.3)

where dq,ds € (0,+00), N1, N, N3 € N* and a;; € R. In (L.3), at time ¢ € [0, 7], (y1,y2)(t,-) : @ — R* is the
state while h(t,-) : w — R is the control. We are interested in the null-controllability of (1.3), that is find a
control h = h(t, x), supported in (0,T) X w, that steers the state (y1,y2) to zero at time T', i.e. (y1,y2)(T,:) = 0.
Note that is a so-called “cascade system” because the first equation is decoupled from the second equation.
For such a system, the basic idea is to use the nonlinear coupling term agly{\[ 2, as an indirect control term, that
acts on the second component ys.

1.1 Main results

Our control results on ([1.3)) are written in the framework of weak solutions. More precisely, we define the Banach
space
W= L*(0,T; Hy(Q)) N H*(0,T; H~*(Q)) N L>=((0,T) x ), (1.4)

and we consider solutions of ([1.3)) such that y1,y2 € W. The precise definition of the weak solutions of
(1.3) is given in Definition and a corresponding well-posedness result is stated in Theorem for controls
h e LP((0,T) x w) with

d+2
pe(;,oo}, and p>2ifd=1. (1.5)

Our first main result can be stated as follows.



Theorem 1.1. Let p satisfies (1.5)). Assume

a1 #0, Ns is odd. (1.6)
Then there exists § > 0 such that for any initial data satisfying
1910l o () + 1920/l poc () <6, (1.7)
there exists a control h € LP((0,T) x w) satisfying
1 2o 0 2y y S (1.8)
such that the solution (y1,y2) € W x W of satisfies
(y1,32)(T,-) = 0. (1.9)

Here and in all that follows, we use the notation X <Y if there exists a constant C' > 0 such that we have
the inequality X < CY. In the whole paper, we use C' as a generic positive constant that does not depend on
the other terms of the inequality. The value of the constant C' may change from one appearance to another. Our
constants may depend on the geometry (2, w), on the time T and on the dimension d. If we want to emphasize
the dependence on a quantity k, we write X <; Y.

As we will see, the smallness conditions on the initial data i.e. and on the control i.e. are sufficient
conditions to guarantee the well-posedness of the system , see Theorem below.

Before continuing, let us make some comments related to Theorem

e The sufficient condition ensuring the local null-controllability of is actually necessary. Indeed,
if ag; = 0 then the second equation of is decoupled from the first equation so y» cannot be driven
to 0 at time T. Moreover, if Ny is even, the strong maximum principle shows that we can not control ys:
assume for instance that as; > 0, then

6ty2 — dgAyQ — aggyév3 = agly{\b 2 0 in (O,T) x Q (110)

and thus 7 (t, z) := ya(t, 2)e ™, with A > |ags| ||y2||]LV§o?(10,T)XQ) satisfies

Oia — do A7y + cjz = 0in (0,T) x Q
with ¢ > 0 and we can apply the standard strong maximum principle (see, for instance, [EvalOl Theorem
12, p.397]): if y20 > 0 and y2 9 # 0 then for all ¢ € (0,77, ya(t,-) > 0in Q.
e The linear case
Ny =Ny =Nz =1,
is already treated in [dT00] by de Teresa. To obtain such a result, the author shows a Carleman estimate

and deduce from it an observability inequality for the adjoint system.

e For the semi-linear case, the main idea is to linearize the system in order to use the previous result.
However, if N3 > 2, in the linearized system around the trajectory ((71,7%2),h) = ((0,0),0), we can see
that the second equation is decoupled from the first one and thus can not be controlled; the linearized

system is thus not null-controllable.
e To overcome this difficulty, Coron, Guerrero, Rosier [CGR10] use the return method in the case
Ny =3, N3=1.

More precisely, they construct a reference trajectory ((1,%z),h) of (I.3) starting from (771, 7%2)(0,-) = 0,
reaching (71, 72) (7, ) = 0 and satisfying |77] = € > 0 in (¢1,t2) X w. Then they linearize (1.3)) around the
reference trajectory and obtain for the second equation

(?tyg — dszQ = 3a21ﬁ2y1 + ag9y2 in (0, T) x €. (111)

They can then use [dT00] to obtain that the null-controllability of the linearized system and then the local
null-controllability of the nonlinear system (|1.3)) by a fixed-point argument.



e In [LB19], the first author employs a new direct strategy in order to deal with the case
Ny odd and N3 =1,
that we adapt here to prove Theorem for the more general case
N5 odd and N3 > 1.

We describe below the idea of the proof.

Strategy of the proof. We proceed in two steps: in the first step, we control the first equation of in
the time interval (0,7'/2). Using the small-time local null-controllability of the semi-linear heat equation, there
exists a control h such that y;(7/2,-) = 0. Using the smallness assumptions, we can ensure that the second
equation of admits a solution on (0,7/2). In the second step, we control this second equation thanks to
a fictitious odd control H. More precisely, we can consider the control problem

{ Buyo — Dyz = Hxw +y5° in (T/2,T) x €, (1.12)

y2=0 on (T/2,T) x 09,

where x, = X22 and where X,, € C*°(f2) has a compact support in w, X,, # 0. We then need a control H such
that yo(T,-) = 0, satisfying H(T/2,-) = H(T,-) = 0 and such that H*/™? is regular. Such a control is given by
our second main result (Theorem stated below. We can then set in (7/2,7)

Yy = ([—]XW)I/N2 ,  h:=0w1 — 1Ay — y{\h'

By construction, ((y1,¥2),h) is a trajectory of (1.3)) satisfying (1.9)).
To simplify the work and without loss of generality, we assume in what follows that

di=dy =1, a11 =az =ax =1, N;,N2,N3=>2.

The proof of Theorem [I.T] crucially relies on the construction of odd controls for the semi-linear heat equation
that we present now. For N > 2, we thus consider the system

Oy — Ay = hx, +y" in (0,T) x Q,
y=0 on (0,T) x 99, (1.13)
y(0,+) = yo in Q.

The definition of the weak solutions for the above system and a corresponding well-posedness result are given
in Definition 2.4] and Theorem .5l Our second main result states as follows.

Theorem 1.2. Assume that N > 2, n € N, and p > 1. There exists § > 0 such that for every initial data
yo € L>(Q2) such that
9ol o () < 0 (1.14)

there exists a control h € L=((0,T) x w) satisfying
||h||L<x>((o,T)><w) < HZIOHLOO(Q)v (1.15)
R CED e LP(0, T; W2P(Q)) N WHP(0,T; L (), MG HD(0,-) = BV (T, ) = 0, (1.16)

and such that the solution y € W of (1.13)) satisfies
Iyl < lyoll oo () - (1.17)

and
y(T,-) =0. (1.18)



As for Theorem the smallness conditions (|1.14) and (1.15|) are sufficient to guarantee the well-posedness
of the semi-linear heat equation (|1.13)), see Theorem below.

Before continuing, let us make some comments related to Theorem [1.2

e The crucial property in Theorem is the odd behavior of the control, stated in (1.16]). Actually, the
small-time local null-controllability of (1.13) with controls in L*((0,7T) x w) is a consequence of [AT02
Lemma 6].

e For N = 1, that is the linear case, the result of Theorem[I.2]is still true and has already been established by
the first author, see [LB19, Proposition 3.7]. One can even obtain a (small-time) global null-controllability
result with odd controls due to the linear setting. Note that here, we extend the result of [LB19] in the
case of a linear heat equation with a source term, see Section [3.3

Strategy of the proof. First, we use a classical Carleman estimate for the nonhomogeneous heat equation
to obtain a weighted L? observability inequality stated in Corollary From this result and after that, we need
to take care about the weights appearing in the norm of the adjoint system they have to be “comparable”. We
then deduce from this result a weighted L? observability inequality, see Proposition below with an arbitrary
large p. As a consequence, a null-controllability result is obtained for the heat equation with a source term and
with odd controls. Let us remark that taking p large enough allows us to do only one bootstrap argument for
getting the desired odd behavior for the control, see Propositionbelow. This is different from [LB19, Theorem
4.4 and Proposition 4.9] where two such arguments are used for obtaining the null-controllability of the heat
equation with odd controls. Another bootstrap argument is then required in order to deal with the nonlinearity
in the fixed-point argument, see Proposition[3.8|below. Finally, a Schauder fixed-point argument, see Section [3.5]
is performed to obtain Theorem We can remark that here due to our method for constructing the control,
in this fixed point argument, the corresponding nonlinear mapping is a-Hdélder continuous with @ < 1. In
particular, a Banach fixed point argument does not seem to apply.

1.2 Outline of the paper

The outline of the paper is as follows. In Section[2] we recall some standard facts about well-posedness, regularity
results for linear and nonlinear heat equations in various functional settings. We notably prove that and
are locally well-posed, see Theorem and Theorem below. Section |3| and Section |4| are devoted to
the proofs of the main results, i.e. Theorem and Theorem

2 Well-posedness and regularity results for the heat equation

In this section, we give the notion of solutions that we consider in what follows. Then we recall standard
well-posedness results for both linear and semi-linear heat equations in various functional settings we will use
in what follows.

2.1 Functional spaces

In this article, we use in a crucial way a LP framework with p € (1,00). First, we introduce the standard
notation for the dual exponent p’ € (1,00) of p defined by the relation

We also introduce the following functional spaces

P = LP(0,T; W2P(Q)) N WhP(0, T; LP (). (2.1)



We have the following classical embedding results (see, for instance, [LSUG8, Lemma 3.3, p.80]): for p,q > 1,

11 2 d+2
XP — LU0, T; LY(Q) if —>-—-—"—, &P L>®(0,T;L>(Q)) if —=, 2.2
< LU0 TLNQ) i o> s AT L (@) if p>— (22)
1.1 1
XP — LU0, T; Wh(Q)) if fgf—m, AP < L0, T; WH>(Q)) if p>d+2. (2.3)
qa P

We also have, see for instance [LSU6G8, Lemma 3.4, p.82],
xP 5 CO([0,T); WP ? (), (2.4)

where W*P(Q) denotes the fractional Sobolev spaces (see, for instance, [LSUGS, p.70]). We recall that functions
in W*P(Q) admit a trace on 9N if a > 1/p. If a > 1/p, we denote by W;"*(2) the subspace of functions
f € WeP(Q) such that f =0 on 9Q. We also write W5"*(Q2) := W*P(Q) if « < 1/p. From [DD12 Corollary
4.53, p.216], we have

/ d 2
WEP(Q) o I2(Q) i p>
and thus 449
P < OO0, T Lo(Q) it p> % (2.5)

We finish with some other classical results on the spaces X?, for which we give a short proof for completeness.

Lemma 2.1. The following statements hold.

d+2
1. Ifp> %, then X? is an algebra.

2. Forany N >1,q> 1, if

Ha k)<t 20
q N 2+d
then the embedding
X1=IN((0,T) x Q) is compact. (2.7)

Proof. For the first point, we consider f,g € XP. Then
O f, g, V2f, Vig € LP(0,T; L7 (),
and from and
f, g€ L>(0,T; L®(), Vf, Vge L*(0,T;L*(Q)).

We thus deduce that
3i(fg), V*(fg) € LP(0,T; LP(2)).
For the second point, we can use (2.6) to consider p > 1 such that

q%>%>%—%. (2.8)
We thus deduce from that
X9 — LP((0,T) x Q) — LN9((0,T) x Q)
and from the Holder inequality, there exists 6 € (0,1) such that
£l vagomy ey < Il Taom ey 1 ooy (f € LP((0,T) x Q). (2.9)
From the Aubin-Lions lemma (see, for instance, [Sim87, Section 8, Corollary 4]), the embedding
X9 — Li((0,T) x Q) is compact.

Consequently, if (f,) is a bounded sequence of X7, it has a subsequence converging in LI((0,T) x ) and
bounded in LP((0,T) x Q). From (2.9), this subsequence is converging in L% ((0,T) x Q). O



2.2 Linear heat equation
Let us first consider the linear nonhomogenenous heat equation

Oy—Ay=g in (0,T) x £,
y=0 on (0,T) x 09, (2.10)
y(0,-) = yo in .

In this article, we need several definitions of solutions for (2.10)):
Definition 2.2. We introduce three concepts of solutions for (2.10]).

1. Ifyo € W()Q/p/’p(Q) and g € LP((0,T) x ), we say that y € X? is a strong solution of (2.10) if it satisfies
(2.10) a.e. and in the trace sense.

2. If yo € L*(Q) and g € L*(0,T; H1(Q)), we say that y € L*(0,T; Hj(Q)) N H(0,T; H(Q)) is a weak
solution if

T T
/ (Owy(t, ), C(ts ) -1 (), () +/ / Vy(t,z) - V{(t, z)dtdx
0 0 Q

T
= [ttt )N oot VeE PO.TsH@), (21

and
y(0,-) = yo in L*(Q). (2.12)

3. If yo € L*(Q) and g € L' ((0,T) x Q), we say that y € LP((0,T) x Q) is a very weak solution of (2.10)) if

// y(—0:¢ — AQ)dtdx = // gCdtdx +/ yo(2)¢(0, x)dx V¢ € C([0,T) x Q).
(0,T)xQ (0,T)xQ Q

We recall the following implications
strong solution = weak solution =— very weak solution,

and the reverse implications are also true assuming that y is regular enough. We also note that the definition
of weak solution is meaningful due to the continuous embedding (see, for instance, [EvalO, Theorem 3, p.303])

L*(0,T; Hy () N H*(0,T; H~(Q)) — C°([0, T); L*(2)). (2.13)

We also state standard results for the well-posedness of (2.10) (see, for instance [Eval0, Theorems 3 and 4,
pp-378-379], [LSUGS, Theorem 7.1, p.181] and [LSUGS, Theorem 9.1, p.341]):

Theorem 2.3. The following well-posedness results hold.

1. For any yo € L*(Q) and g € L*(0,T; H (), the equation ([2.10) admits a unique weak solution y and
we have the estimate

||y||L2(0,T;Hg(Q))mHl(o,T;Hfl(sz)) < Hy0||L2(Q) + HgHL2(O,T;H*1(Q)) : (2.14)
2. Foryp € L*=(R) and g € L*™((0,T) x ), the unique weak solution y of (2.10) satisfies

191l Loe 0,7y x2) S N0l Loy + 191l Lo (0,72 - (2.15)

3. Assume p € (1,00). For any yo € Wg/p/’p(Q) and g € LP((0,T) x Q), there exists a unique strong solution
y € X of (2.10) and we have the estimate

1yl aer < ||yoHW2/p',p(Q) + ||9HLP((0,T)><Q) . (2.16)



2.3 Semi-linear heat equation

For N € N; N > 2, let us then consider the semi-linear heat equation

Oy —Ay=y" +g in(0,T)xQ,
y=0 on (0,7T) x 09, (2.17)
y(0,+) = yo in Q.

The space W is defined in ([1.4]). First we recall the definition of a weak solution for the system (2.17):
Definition 2.4. We say that y € W is a weak solution of (2.17) if

T T
/ <3ty(t, '), C(t, ')>)H*1(Q),H&(Q)dt + / / Vy(t7 iC) : VC(t, .’E)dtd(E
0 0 Q

T T
= /O /QyN(t,I)C(t,Z‘)dtdZ‘ + /0 <g(t7 -)7 C(t7 ')>H*1(Q)7H01(Q)dt V¢ € L2(O,T; H&(Q))’ (218)
and
y(0,-) = yo in L*(Q). (2.19)

Let us state the following well-posedness result for (2.17)) for small data. This result is standard, but we
recall the proof for completeness.

Theorem 2.5. Assume p satisfies (1.5). There exists 6 > 0 small enough such that for any yo € L*(Q) and
g € LP((0,T) x ), satisfying
lyoll oo 0y + 9l Lo 0,7y x02) < 6 (2.20)

the system (2.17)) admits a unique weak solution. Moreover, we have
N
1yl + ||y HLoo((QT)XQ) S ol e ) + 19l e 0,7 x02) - (2.21)
Proof. First, we show that for any F' € L*((0,T) x ), there exists a unique weak solution to the heat equation

Oy—Ay=F+g in (0,T) x Q,
y=0 on (0,T) x 09, (2.22)
y(0,-) =yo in Q.

In order to do this, we can write y = y; + yo with

Oy —Ayr = F in (0,T) x £, Oya — Aya =g in (0,T) x Q,
y1 =0 on (0,T) x 99, y2 =0 on (0,7T) x 99, (2.23)
Y1 (07 ) =0 in Q7 Z/2(07 ) =0 in )

Applying Theorem the above systems admit respectively a unique solution y; € W and ¢, € X? and with
the hypotheses on p, we deduce from ([2.2)) that XP — W. We conclude the existence and the uniqueness of a
weak solution y € W of (2.22)) and we have the estimate

19l oo 0,17y x02) S 190l Lo ) + 1911 Lo 0,7y 2) + IE | oo (0,7 x2) - (2.24)
We can thus define the following mapping
N :L=((0,T) x Q) — L=((0,T) x Q), F sy, (2.25)
where y is the unique weak solution to and if yy and g satisfy and if we consider

Bs :={F € L=((0,T) x Q) ; |Fll1(0,1)x0) <} (2.26)



then we deduce from (2.24) that for § > 0 small enough, N (Bs) C Bs. We can also show a similar way that
the restriction of A/ on Bjs is a strict contraction. The Banach fixed point yields the existence of a unique fixed

point F' and the corresponding solution y of (2.22) is a weak solution of (2.17)).
For the uniqueness, we consider y1,y2 € W two solutions of (2.17)). Then, y := y; — y; satisfies (in a weak

sense)
aty_Ay:y{v_yév in (OvT) XQ?
y=0 on (0,T) x 99, (2.27)
y(0,-) =0 in Q.

In particular, using that y1,y2 € L°((0,T) x ), we can write the standard energy estimate: for any ¢ € [0, T7,

It oy < [ [ 0O 8 dsts € [l o

and we conclude with the Grénwall lemma. O
We now state some regularizing effects of (2.17)).

Lemma 2.6. Assume the same hypotheses of Theorem[2.5 and let us consider y the corresponding weak solution

of .
1. If g =0 then for any t € (0,T] and for any q > 1, y(¢,-) € WOQ/q/’q(Q). Moreover, we have the estimate
ly(t, ')sz/q’,q(Q) St ||y0HLoc(Q)- (2.28)
2. In the general case, for any t € (0,T], y(t,-) € L*=(Q) and we have the estimate
1yt )l oo ) St W0l oo ) + 191 Lo 0,7y x0) - (2.:29)
Proof. Let us denote by 6 the function 6(t) = ¢ for t € R. Then we deduce from that
0(0y) — A(y) =y +0y™ i (0,T) x Q,
Oy =0 on (0,T) x 09,
(9y)(0,-) =0 in Q

and from Theorem
Yy Yy % ((0,T)xQ) ~ Yo Q)

Applying Theorem we deduce that 6y € X7 for any ¢ > 1, and we conclude with (2.4)).

The second point can be done similarly by using (2.5 and that p satisfies ([1.5]). O
The above definition and properties can be extended to the parabolic system
D1 = Dy1 =y +g in (0,7) x €,
Ovya — Ayy = Y1 +y5° in (0,T) x €, (2.30)
y1=y2=0 on (0,T) x 09, :
y1(0,-) = w10, %2(0,-) =y20 in Q.
More precisely, we have the following definition and well-posedness results:
Definition 2.7. We say that (y1,y2) € W x W is a weak solution of (2.30)) if
T T
/ <8ty1(t,~)7C(t,-)>)H_1(Q))H1(Q)dt+/ /val(t,l') : V((t,x)dtdw
0 0
T
= [ [ wace a0 mmet e PO.T @),
0



T T
/ <3ty2(t,~)7((t,~)>)H_1(Q))H1(Q)dt+/ /Vyg(t,a?) . VC(t,x)dtdx
0

/ / 2(t, z)C(t, @ dtder/ / C(t,x)dtde V¢ € L*(0,T; HE (),

and
(y1,92)(0,-) = (y1.0,y2,0) in L*(2)% (2.31)

Theorem 2.8. Assume p satisfies (1.5)). There exists § > 0 small enough such that for any (y1.0,y2.0) € L>=(Q)?
and g € LP((0,T) x ), satisfying

(51,0 92,0l e ()2 + 191l Lo 0,7y x02) < 65 (2.32)
the system (2.30) admits a unique weak solution. Moreover, we have

l1llyy + vzl + Hyfv +Hyivz - Hyévs

L*>((0,T)x) L ((0,T)x) L= ((0,T)x)

S yoll o) + 191l o0,y x0) - (2:33)

3 Proof of Theorem 1.2

The goal of this part is to prove Theorem

We first set )
polt) = exp (—M) (t€(0.7), p(0)=p(T) =0, (3.1)
and
exp (=== | (t€[0,T/2)),
=] Y @) ) p(T) = 0. (3.2)
exp —m (te[T/2,T)),

Using Lemma that is taking the control h = 0 in [0,7/2] X w in order to benefit from the regularizing
effect of the semi-linear heat equation (1.13)), we see that it is sufficient to show the following result.

Theorem 3.1. Assume Nyn € N, N > 2 and T > 0. Let us consider p satisfying

=2n+1)(2k+1)+1, (3.3)
with k € N large enough so that
d+2
o> 412 -

2
and q > p' satisfying (2.6). There exist 6 > 0 and m > 0 such that for any initial data yo € W' ’q(Q) with

2. <0,
90l 30

there exists a control h and a strong solution y of (L.13)) such that

h 1/(2n+1)
) € AP, (3.5)

Locxt, yN e LU0, T; L), he L®(0,T; L(Q)), (m

p Po

together with the estimate

’ vl H o~ 1 (h)”@"*”
P |l xa pm L9(0,T;L9()) Py’ Po’

In particular, h satisfies (1.15)) and (1.16]) and y satisfies (1.18)).

2n+1

N ”yOHW?/q’,q(Q) . (3.6)
xp

+

1/N
‘ Loo(0,T3L ()
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3.1 Carleman estimate and L? observability inequality for the heat equation

The goal of this part is to deduce a weighted L? observability inequality for the heat equation from a Carleman
estimate. We first recall a standard Carleman estimate for the heat equation that is due to Fursikov and
Imanuvilov [FI96]. We start by introducing a nonempty domain wqy such that y, > 0 on Wy C w. By using
[F196], see also [TW09, Theorem 9.4.3], there exists n° € C*(Q) satisfying

°>0inQ, 7°=0ondQ, mgxnozl, Vn® #0in Q\ wo. (3.7)

We then define the following functions:

exp (4X) — exp{A(2 + 7°(z))}
t(T —t) ’

(A2 +1°(@)}

=D (3.8)

alt,z) = E(tyx) =

We can now state the Carleman estimate for the heat equation, see [FCG06l Lemma 1.3].

Theorem 3.2. There exist Ao, so,Co € R such that for any X > o, s > so(T +T?%), ¢ € X with ¢ =0 on
(0,T) x 09,

//(O . QS3A4§36—QM I¢[* dadt
T x

< // e~ |9,¢ + AC? d:vdt—i—// SAEBe 2 x| dadt ] . (3.9)
(0,T)xQ2 (0,T)x

From the above result, one can obtain a similar estimate with weights depending only on time. We recall
that po and p are defined in (3.1) and (3.2). We have that py, p € WH>°(0,7) N C°([0,T]) and

!/
<P, |<”> <1 (3.10)
p
Moreover, we have the following instrumental estimates
my < mg = (p" < p™ [(p™2)| S p™). (3.11)

With the above notation, we can state the following corollary of Theorem [3.2

Corollary 3.3. Assume r > 1. Then, there exist mg, Mo € R’ with
mo < MO < rmy, (312)

such that for any ¢ € X* with ¢ =0 on (0,T) x 9 the following relation holds
||<(07 ')||L2(Q) + ||pM0<||L2(0’T;L2(Q)) S Hpmo (atc + AC)”L2(O7T;L2(Q)) + ||ngO<XUJ||L2(07T;L2(Q)) . (313)

We want to highlight the fact that the dependence in space of the Carleman weights appearing in
has been removed in . Moreover, it is worth mentioning that the vanishing property at ¢t = T of the
Carleman weights for the left-hand-side of has been dropped. This is why one can make appeared the first
left-hand-side of , that is the classical left-hand-side term for proving a L? observability inequality. The
same remark applies for the first right-hand-side term of to get the first right-hand-side term of .
Finally, the fact that mo and M, are comparable is quantified in (3.12).

Proof of Corollary[3.3 We consider sy and \¢ from Theorem Then, we deduce from (3.7) and (3.8) that
for any A > Ng, s = so(T + T2)7

3143 2613 < SN2
1SN S (sA%)° S VT

11



Therefore combining these estimates with ([3.7) and (3.8) and taking s = so(T + T?), we deduce that
péwo 5 83/\4536—304’ e—sa 5 83/\4€3€_Sa 5 pglo

with
My = so(T 4+ T?) (e4>‘ — eQA) . mg = so(T +T?) (e4>‘ -1+ /\2)) .

We now fix A = g large enough, so that (3.12) holds. Applying (3.9)), we obtain

HPSJOC

L2(0.T:L2(9)) S e (0 + AC)HL2(0,T;L2(Q)) + HPE)nOCXwHLZ(o,T;Lz(Q)) ‘ (3.14)

Using (3.1)) and (3.2)), the above relation yields
HpMOCHLz(T/Q’T;Lz(Q)) 5 ”pglo (atC + A()HL2(O,T;L2(Q)) + HpglOCXw”LZ(O,T;L%Q)) : (315)
Let us consider xr € C*([0,T]), x7 = 1in [0,7/2], x7 =0 in [37/4,T) and |x%| < 1/T. Then
=0 (x1¢) = A (x7¢) = = (x7) ¢ = x7 (% + AC) i (0,T) x €,
(xr¢) =0 on (0,T) x 09, (3.16)
(xr¢) (T,-)=0 1in Q.

By using the maximal regularity of the heat equation in L? i.e. Theorem with p = 2 to (3.16)) and the
Sobolev embedding (2.4)) we deduce

€00, M2y + 1€l 20,7 /2:22(0)) S N10:C+ ALl 20, 37/4:22(0)) T 1€ L2(r/2,37/4:22(0)) »
and thus by using that p(t) = p(T/2) in (0,7/2) and p(t) > p(37'/4) in (0,37/4), we obtain

”C(Ov )||L2(Q) + HpMOCHLz(O’T/Q;Lz(Q)) 5 ||pm0 (8t< + AC)“L?(O,T;LQ(Q)) + HpMoguLz(T/Q’T;Lz(Q)) .

Combining this last estimate with (3.15)) and (3.10]), we deduce the expected observability inequality (3.13). O

3.2 A weighted L? observability inequality

The goal of this part is to deduce from the weighted L? observability inequality in Corollary a weighted LP
observability inequality for p > 2, by applying maximal regularity results for the heat equation. More precisely,
we show the following result:

Proposition 3.4. Assume p > 2 and r € (1,p’). Then, there exist mo,my € R% with
mo < mq < rmo, (3.17)

such that for any ¢ € XP with ( =0 on (0,T) x 99, the following relation holds
1€C0, M oy + 1™ ¢l oo, 75200y S 0™ (OeC + A oo, 10 (0)) + 100 Xl Lo 0,710 (02)) - (3.18)

The main difference between (3.18) and (3.13)) is the L? framework. We want to highlight that My of (3.12))
B1D

has been transformed into m; of . Basically, the proof is as follows. By a bootstrap argument, we apply
recursively maximal regularity results in L", starting from r = 2 together with Sobolev embeddings to obtain
(3.18). During the induction process, My becomes M; € (My,rmg) then My € (M7, rmg), etc. to finally take
the value my € (mg,rmg).

12



Proof. First, we apply Corollary to obtain mg, My € R’ satisfying (3.12)) and such that (3.13) holds for any
¢ € X? with ¢ =0 on (0,T) x Q. We then set g := —0;,¢ — A( so that for any M; > 0,

—8; (PM1¢) = A (p™M¢) = — (™) ¢+ pMg i (0,T) x
(p¢) =0 on (0,T) x 9%, (3.19)
(P ¢)(T,)=0 inQ.
In particular, if we consider My € (Mg, rmg) then by (3.12)) and (3.11])
‘(le)' SV, pMpmo

)

so that

iy

L2(0,T;L2(Q)) + HlegHL2(O,T;L2(Q)) S HpMOCHL2(O,T;L2(Q)) + HPmOQHLQ(O,T;L?(Q)) ) (3.20)

We can apply the maximal regularity result in L?, i.e. Theorem with p = 2 to (3.19)), and use (3.20)) and
the L? observability inequality (3.13)) to deduce

HleCH;@ S 1™ gl 20, n20)) T 1100 Xl 20,7, 22(00)) - (3.21)

We then use the Sobolev embedding ([2.2) to deduce

X? < L1(0,T; L1 (Q)) (3.22)
with ¢; > 2 defined by
1 2 1 1 1 2
if ————<> th =p, else —=-—-_—"—,
1 5 94d S en g =p, else o 5 944

Then, we consider My € (M7, 7mg) so that from ,
‘(pMQ)/‘ SoM o pME <M,
and with and (3.21)), we deduce
GoK

L41(0,T;L91 () + HPMQQHLCM (0,7;L91(£2)) S HleCH;@ "9l Lo (0,T;L91 ()

S e 9l Lo o,r;La Q) 1 ||P6nOCXw||L2(o,T;L2(Q)) - (3.23)
Now we apply Theorem [2.3] to

/ .
=0 (p™2¢) = A (p™2¢) = — (p™2) ¢+ p™2g n (0,T) x Q,
(p"2¢) =0 on (0,T) x 0%, (3.24)
(p2¢) (T,) =0 inQ,
with p = ¢1, and using ([3.23)), we obtain
10™2¢]| par S 129Nl Lar (0,111 (20)) T 1196 Cxwoll 20,7522 () - (3.25)

If ¢ = p, then using H'(0,T) < C°([0,T]) and LP(0,T; LP(Q)) — L*(0,T; L*(2)), we deduce from the above
relation the desired observability inequality (3.18) with m; = Ms. Else, we have ¢; < p and we can repeat the
argument, that is we use the Sobolev embedding (2.2 to deduce

X7 < [%(0,T; L%(Q)) (3.26)
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with g > ¢ defined by

1 2 < 1 th 1 1 1 2 1 2
— = —— < - engya=p, else¢ —=————=—-—2.——
@ 2+d S p ©?=p = @ 2+d 2 2+d

Taking M3 € (May,rmg), and proceeding as above, applying Theorem with p = ¢2 and using (3.26]) and

(3.25)), we find

HPMYHX@ S ™09l 1o (0.T;L92 () T ||p6nOCXW||L2(07T;L2(Q))'

We can proceed by induction and since 1/¢, decrease by 2/(2 + d) at each step, after a finite number of steps,
we obtain ¢, = p and we deduce the desired observability inequality (3.18]). O

3.3 Controllability of the heat equation with a source term in L?

We use the above observability results to show, by a duality argument, the controllability of a linear system

associated with :
Oy —Ay=hx,+F in (0,T) x Q,
y=0 on (0,T) x 02, (3.27)
y(0,-) =yo 1in Q.
In order to control the above system, we fix p € 2N* and we consider mgy and m; as in Proposition Then,
we introduce

Vo :={C€C™(0,T] xQ); ¢=0o0n (0,T) x 9N}, (3.28)
and we define the following norm for ¢ € ),
€¢Iy == [l (0:C + AC)”Lp(o,T;Lp(Q)) + ||P(7)n0§XwHLp(o,T;Lp(Q)) : (3.29)

The fact that it is a norm is a consequence of the weighted LP observability inequality . We denote by Y
the completion of Yy with respect to the norm || - ||y.

First, we have the following result that roughly states that a function ¢ € ) belongs to some suitable
weighted XP spaces.

Lemma 3.5. Assume m > my. Then, for any ( € Y,

106" Cll e < 1™ Cllxe S NCH, - (3.30)
Proof. Using m > my, (3.17)) and (3.11]), we have
(p™) | <SP, p™ S e (3.31)

Now, if ( € Y, then
=0, (P"C) = A (p™¢) = = (™) ¢+ p™ (=i — A¢Q) in (0,T) x 9,
(p™¢)=0 on (0,T) x 99, (3.32)
(p™¢)(T,) =0 in.
Combining the observability inequality (3.18) and (3.31), we deduce
H_ (pm)l C + pm (_6tC - AC)HL}?(O’T;LP(Q)) 5 HCH)} .

Applying the maximal regularity result Theorem on (3.32) and using the above relation, we deduce the
second estimate in (3.30). For the first estimate, we use (3.10)) to obtain that [[po/pllyy1.0c(9 ) < 1 and this
allows us to conclude the proof. O
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We now introduce some functional spaces: for m > 0 and p € [1, 0], we set

LY (0,T; LP(Q)) := {f € LP(0,T; LP(Q)) ; pim € LP(0,T; LP(Q))} , (3.33)
Ly, o(0,T; LP(2)) := {f € LP(0,T; LP(Q)) ; pim € L”(O,T;L”(Q))}7 (3.34)
0

endowed with the following norm

f

Hf”Lfn(o,T;Lp(Q)) = @ (3.35)

E

P W Lo (0,757 (92))

o W llee, omer ) = ‘
, Lp(0,T;LP(Q))

Let us consider, for any yo € L (Q) and F € Lﬁ;l (0,T; L” (), the functional J = Jyo,F defined as follows:

= 1// PP (—0y¢ — AQ)Pdtdx + 1 // po P CPXP dtdx
P JJorxa P JJorxa
- // F(dtdx — / Yo(x)C(0,z)dx. (3.36)
(0, T)xQ Q

Using the LP observability inequality (3.18)), we can check that J € C'();R) is a strictly convex and coercive
functional on ). In particular, J admits a unique minimum ¢. We can thus define, for yo € L? (Q) and
F e Lﬁ;l (0,T; L¥' (2)), the following maps

Mi(yo, F):=C, Ma(yo, F) = p™P (=0, — AQP™,  Ms(yo, F) :== —pg°Px _1Zp71~ (3.37)

Proposition 3.6. Assume p € 2N* and r € (1,p’) and let us consider mo and my given by Proposition .
For any yo € LP () and F € Lﬁ;l (0,T; L” (), let us set

C:Ml(y()vF)v y:MQ(y07F)7 h:M?)(yOaF) (338)

1. Existence of a solution. We have y € Lﬁ;n (0,T; L7 () and h € Lm0 0(0,T; L¥ (), together with, the
estimates ,
< P

IS S IR, o rpr ey IW0I gy (3.39)

”y”Lg:O(o,T;Lp’(Q)) + ||hHLI7)nI,D,O(07T;Lp/(Q)) ~ ||F||L£’1:1(O,T;Lp/(§2)) + ”yOHLp’(Q) : (3.40)

Moreover, y is the very weak solution of (3.27)) associated with F', h and yo in the sense of Definition .
2. 0dd behavior of the control. The control h satisfies h'/?~Y € XP and

B0, = W) =0 in 9, (3.41)
together with the estimate
1/(p—1) 1/(p 1) 1/(p—1)
Hh er I ” (0.T:L¥ () + ol qy” - (3.42)

3. Regularity of the solution. Assume that yy € Ww2/vr () and that yo = 0 on 9Q if p = 2. Then for
any m < mg, y/p™ € xr together with the estimate

Y
HWHW SUF gyt omizorcay + 190llwarm (- (3.43)

In particular, y(T,-) = 0.
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The first point will be obtained from Euler-Lagrange equation. The odd behavior of the control, i.e. ,
remarking that p—1 is odd, comes from the identification of A in , and from a weighted X? estimate
of ¢. Finally, the regularity result on the solution comes from a maximal parabolic regularity result. Note that
if p # 2, then p > 4 and p’ < 3/2 so that we do not need to impose the compatibility condition yo = 0 on 9.

Proof of Proposition[3.6. We start by writing the Euler-Lagrange equation for J at { to obtain

I emrcad - a0t o - Ao + [ et s
(0, T)xQ

(0, T)xQ

- / / Fedtdr + / o(2)C(0,2)de (C€Y). (3.44)
0, T)xQ Q

Taking ¢ = ¢ in the above relation and using Young’s inequality and the LP observability inequality (3.18]), we
deduce ((3.39).
Then, (3.38]) and (3.37) yield
Y
prme

and we deduce ([3.40) from (3.39).
Moreover, (3.44]) and ([3.38)) imply

// y(—0:¢ — AQ)dtdx = // Xowh(dtdr + // F{dtdx
(0,T)x2 (0,T)x2 (0,T)xQ

T /Q wo(@)C(0,2)dz (€ C([0,T) x Q)), (3.45)

p’ B B p’ .
= p"? |9,C + AC = |p5xuC|" s

P h
Y mo
0

that is y is the very weak solution to ([3.27)) associated with the control h, F and y in the sense of Definition
For the second point, from (3.38) and (3.37)), we have

R/ =1 = _ ppmey (3.46)

and since p'mg > m1, we can apply Lemma with m = p'mg and we deduce (3.42)) from (3.39)) and ([3.30).

Since p'mgy > my, there exists r > 0 such that p’mg — r > my, we then obtain (3.41)) because

HpgThl/(p—l)H < Hparhl/(p—l)HXp < Hpg’mo—rc

S ISy -

C ([0, T];W2/7"#(Q)) ‘XP

Finally, for the last point, we write the system satisfied by y/p™:

F /
o (y> _ A <y) = ime‘i'*_m £+1y in (0,7) x Q,

pr pm) o p pmp
Y —0 on (0,T) x 92, (3.47)
o
Y Yo .
—(0,-) = Q.
pm( I ) pm(o) m
By using m < mg < mq, (3.10)), (3.11]) and (3.40]), we have
h F o
—Xwt+ — —M—=Y 5 F p’ 70! + 1Yo 4
H pm pm pm+1 LP/(O,T;LP’(Q)) || HLml(O,T,LP (Q)) H ||Lp (£2)

Applying Theorem to (3.47) with the above estimate, we deduce the regularity estimate on y, i.e. (3.43). O
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3.4 L bound on the control and L estimate of the nonlinearity

From now on, we assume r € (1,p’) and we assume that mg and m; are given by Proposition with this 7.
In particular they satisfy (3.17) which yields

0 < mop—my(p—1) < myo.
First we have the following result on the control h.
Lemma 3.7. Assume p satisfies and . Then for any
0<m<mgp—mq(p—1), (3.48)
the control h given by satisfies K/ ") € XP and h € Ly o(0,T5 L%(Q)) with the estimate
In+1

SIE L

my

1/(2n+1)
> (0,1:L7 (2)) T lvoll Lo () - (3.49)

h
17l Loe (0,300 (0)) + || <m
m,0 po o

In the above result, p has to be sufficiently large to get that X? is an algebra, and this enables us to get that
RY 1) g sufficiently smooth, because p — 1 = (2n 4 1)(2k 4 1), as expected in (T.16)).

Proof of Lemmal[3.7 Since p satisfies (3.4), we can apply Lemma and deduce that X? is an algebra. On the
other hand, from Proposition RY (¥ e XP we can thus conclude by using that

pL/(2n+1) (hl/(p—l)) S

Now, from (3.38) and (3.37), we can write

h (mop—m)/(p—1) _ F\P~
P (po ch) . (3.50)

If m satisfies (3.48)), then (mop —m)/(p — 1) > m1, we can apply Lemma [3.5 and use (3.50), (3.10), (3.39)
to obtain

h mop—m —1 =\P~1 mop—m —1 =[Pt
T I T e
0 llxr AP
—p—1
5 HCH)} /S ||FHL%1(07T;LP’(Q)) + HyOHLP/(Q) .
We obtain (3.49)) by using that X? is an algebra and (2.2)). O

Proposition 3.8. Let N € N*, N > 2 and assume p, q satisfying q > p', 2.6), (3.3) and (3.4). Let us consider
mo and my given by Proposition with

p /
ri=———0 € (1,p). 3.51
p—1+4 (L) (3:51)

2
For any yo € Wy ’q(Q) and F € LY, (0,75 LY(Q)), and for any m satisfying (3.48), y defined by (3.38) satisfies
y/p™ € X and yN € LE, (0,T; LY(Q)) with the estimates

Y
Hm . S IWF e, o,1izee)) + 1Wollwranaq) » (3.52)
N N
1™ W 23, 0.izay 3 (”F”L:’nl(o,T;mm)) + ”yo”vv?/q’wq(ﬂ)) : (3.53)
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The goal of the above result is to get an appropriate L? bound on the nonlinearity, this would be a first step
in order to prove the local null-controllability of the semi-linear heat equation.

Proof. We define g; as follows

1 2 1 1 2
<————, thengq =¢q, else —=— — ——. (3.54)

1
lf - )
g p d+2 q p d+2

In both cases, we have ¢ > ¢; and 1/¢' > 1/¢}.
We deduce from (3.43)) and the Sobolev embedding (2.2 that for any m < my,

”y”LfNr} (0,7;L91()) S HFHLI" (0,T:L7' (Q)) + HyOHW?/Pyp/(Q) : (3.55)

my

We then consider m satisfying (3.48). We have in particular m < my < my and we can write

h F !
o (%n) _A<3fn> = X o —mery i (0,7) x £,
p p p p p

p% =0 on (0,T) x 99,
Y Yo .
——(0,:) = in Q.
o O = o)
Applying Theorem on the above equation and using (3.49) and (3.55) with m € (m,mg) together with
[-10), (3-11), we deduce

E

m

/

p
Sl Lo 0,752 (0)) + IF] L4, (01La () T H pm+1y

xa L91(0,T3L91 ()

IS ||F||qu1 (0,7;L91 (@) T HyOHW?/qim(Q) + ||yHL‘;% (0,T;L91 (2))

m

S HFHL?l1 (0,7;L91(£2)) + ||y0||wz/q’,q(g) - (3.56)

m

We can proceed by induction, using again (2.2)), and since the corresponding sequence 1/g,, decreases by 2/(d+2)
(see (3.54) at each step, we obtain after a finite number of steps that for any m satisfying (3.48)), we have

Y
HHX S ”FHLq (0,T;L2(Q)) + ||y0||W2/qu1(Q) : (3~57)

m my

Using that ¢ satisfies (2.6)) so that the Sobolev embedding (2.7) holds, we deduce that

N
S (1F02s, ocrizncan + I9olhwararaey) (3.59)
La((0,T)xQ)

Y
me

From (3.17) and (3.51)), we have

m
—1 <moep—my(p—1)

N
so that we can take m = m1 /N in (3.57), (3.58)) and we deduce (3.53)). O

3.5 A Schauder fixed-point argument

Let us consider the hypotheses of Proposition and assume yy € WO2 /a (). Then, using the conclusion of
Proposition [3.8 we can define the mapping

N LE (0,T;L9Q)) — L, (0,T;L9(Q)), Fry~, (3.59)
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where y = Ma(yo, F'). Moreover, using (3.53)), we deduce that if Ry := Hy0||W2/q/,q(Q) is small enough, then the
closed set
Br, = {F € Li,, (0,75 L)) ; |Fl 1y (0.1:000) < Ro} (3.60)

my

is invariant by N.

Proposition 3.9. The mapping N : Br, — Br, defined above is continuous and N (Bg,) is relatively compact
into BR,.

Proof. Let us consider a sequence (F,), of Bgr,. We write y,, = Ma(yo, Fy,). Then we can use (3.52)) to obtain
that (yn/p(ml/N)) is bounded in X?. Applying Lemma we deduce that, up to a subsequence,

Yn ) . qN
pmi/N) Ny LE((0,T) x ),

for some y € Lfnj\f/N (0, T; LIN(Q)). We deduce that N'(Bg,) is relatively compact into B, .
To show the continuity of N/, we consider Fy, F» € Bg, and we write (see (3.37) and (3.38)) for i =1, 2,

Cii=Mi(yo, Fi),  yi = Ma(yo, Fi), hi:= Ms(yo, F;).

From the Euler-Lagrange equation (3.44) for Jy, r, and Jy, r,, we deduce
J[ o omerlcag, - AT - (<0G, - AT (-0 - Addide
(0, T)xQ
m —p—1  —=p—1
[ e (@ -a o= [[ (A= Rcis ed). 3oy
(0,T)x% (0,T)xQ

In the above relation, we take ¢ = (; — (, in the above relation and we combine it with the observability
inequality (3.18)) and with the relation

(z1—22)P S (2} —a2h ) (21 —22) (21,72 €R),

to deduce ,
HZ1 - ZQH; S|FL - F2||Iz£:1(07T;Lp,(Q)) . (3.62)
Moreover, using that
287 =257 S los = @l (017 4 o) (00 € R),

we obtain from ((3.10)
b —hal _ <PO> ‘(p(mopm)/(Pl)Xwgl)p_l o A
P p
_ _ _\p—2 _\p—2
S [plmor=m/ =D ¢, -5, ((pmop—m)/(p—l)gl) + (pmor=m o=, ) .

Thus, if m satisfies (3.48)), the above relation combined with (3.10)), (3.4]) that guarantees that X'? is an algebra
and Lemma [3.5] yields

p—2
2 pos

S IG=Gally (IS + 01 7) -

(H p<mop—m>/<p—1>51Hp‘2 4 [[ptmor-mseng,|
xp

171 = hall oo 0,70 (02)) Hp(mop_m)/(p_l) (G —Zz)’ o
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Therefore, using and -, we find

|h1 — thLw(o,T-LOO(Q))

(p—2)/(p—1)
S| = Ryl Y )

LB (0,T5L7' () (H 1HL§’n (0,T;L7" () (3.63)

+ HF2H (0,T;L*" (Q)) + HyOHLP'(Q)

Note that y; — y- satisfies the following system

_ — hi—h F, - F '
o, (91 myz) —A(yl myz) _m _ 2o + 2 _ 2 _ nﬂ’“(yl_yz) in (0,7) x Q,
p p p p P

%:0 on (0,7T) x 09,
0

Y Yo .

—(0,) = in Q.

o) = )

Now, we follow the same proof as in Proposition and we use that m = m; /N satisfies (3.48) to deduce from

(3:63) that

Y1 — Y2
pml/N

LB (0,17 ()

2) 1 1 1
SIE = Bl orizay + RSOV IR - Bl ) (3.64)
X4

We then write
yr —
pm

so that from Holder’s inequality, we have

N-1 N-1
B et N 2 I 7]
~ pml/N pml(Nfl)/N

N N
Hy1 — Y2 ||Lgn1 (0,T;L49(Q)) Sy — y2||Lnt\i/N(0’T?LqN(Q <||y1||LqN (0,T5LaN (Q)) + ||91HL<1N ~(0.T; LqN(Q))>

Combining this relation with the Sobolev embedding (2.2)), (3.52)), (3.64), we deduce that

N (p—2)/(p—1) 1/(p-1)
Hyl ||L‘7 L(0,T;La(Q)) ~ (”Fl | L%, (0,159(2) T Rg 171 — F» ”L" (0,117 (Q)))
X (”Fl”L‘}nl(O,T;L‘I(Q)) + ||F2||L$,,,1(O,T;LG(Q)) + ”yOHW?/q’,q(Q)) (3~65)
which implies the continuity of A/ O

Remark 3.10. In the above proof, let us remark that we show that the mapping N : B, — Bpg, is a-Holder
continuous with v = 1/(p — 1) (see (3.65)). It is not clear if this mapping is Lipschitz continuous or if we can
show that for Ry small enough it is contractive. As a consequence, in the proof of Theorem we do not apply
the Banach fixed-point theorem (as it can be done with the method proposed in [LTT13]) and we use instead
the Schauder fixed-point theorem.

We are now in a position to prove Theorem [3.1]

Proof of Theorem[3.1} From Proposition if Ro == ||lvolly2se. a(e) 18 small enough, then the mapping N :

Bpr, — Bg, defined by (3.59) is continuous, where Bp, is the closed convex set defined by (3.60). Moreover,
N (Bg,) is relatively compact in Bg, and we can thus apply the Schauder fixed point theorem to deduce the
existence of a fixed point F' € Br,. Setting y = Ma(yo, F') and h M3(y0, F), we can apply Proposition
Lemma [3.7] E and Proposition and obtain that h satlsﬁes , that y is the strong solution of

associating with h and yo and that for any m satisfying (3 y/p cexd yN el (0,75 LY(Q)), Rt/ (2
-D

S
XP he Ly (0,T; L*(Q2)) together with the estimates O
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4 Proof of Theorem [1.1]

The goal of this part is to prove the local null-controllability of (|1.3)).

Proof of Theorem[I.1 As explained in the introduction, the proof is divided into two steps.

Step 1: control of the first equation in (0,7/2). First we apply Theorem there exists § > 0 small
enough such that if

||y270||L0°(Q) <9, ||9||L<x>((o,T/2)xQ) <9, (4.1)

the system
Orys — Ays = yéVB +g in(0,7/2) xQ,
y2=0 on (0,T/2) x 99, (4.2)
¥2(0,-) = y20 in Q,

admits a unique weak solution in the sense of Definition Now we apply Theorem [T.2] to

Oyr — Ay =y +hxe in (0,7/2) x Q,
y1 =0 on (0,7/2) x 09, (4.3)
y1(0,-) =y10 in Q.

There exists 6 > 0 such that for any y;,0 € L*(Q) with
1.0/l oo 0y < 9, (4.4)
there exists a control h € L°°(0,T/2; L°°(2)) such that y;(7/2,-) = 0 and
”ylHLOO(O,T/Q;LOO(Q)) S ||yl,0||Loo(Q)~
Assuming with § > 0 possibly smaller, we have that
g:=y1* € L™((0,T) x Q)

satisfies (4.1)) so that we have obtained at this step a control h € L°°(0,7/2; L*°(2)), such that (1.3) admits a
weak solution (y1,y2) in (0,7/2) and y1(T/2,-) = 0. By using Lemma Yo,r/2 = y2(T/2,-) satisfies

||y27T/2HL°°(Q) <0

Step 2: control of the second equation in (7'/2,T) through a fictitious odd control. By taking § > 0
possibly smaller, we can apply Theorem [1.2] to

y2 — Ayz = Hxo +y5®  in (T/2,T) x Q,
y2=0 on (T/2,T) x 99, (4.5)
y2(T/2,-) = yo,r/2  in Q.

We deduce the existence of a control H such that y2(7T,-) = 0 and such that
HYNe ¢ [P(T/2, T, W2P(Q)) N\ WhP(T/2,T; LP(), HYN(T/2,-) = HY/N(T,.) = 0.
We then set, in (T7'/2,T),
yi = (Hxo)'™,  hi= 0w — Ay —y" € LP((T/2,T) x Q).

Concatenating y1, y2 and h between the two steps, we can check that h € LP((0,T) x Q), that (y1,y2) is the
weak solution of (1.3) and that (1.9]) holds. This concludes the proof of Theorem O
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