▶ δ -(v ) -set of arcs in A incoming to v ∈ V Min a∈A c a x a S.t. a∈δ -(v ) x a = 1, v ∈ V , x a = p∈P h p a λ p , a ∈ A, p∈P λ p ≤ K , x a ∈ {0, 1}, a ∈ A, λ p ∈ {0, 1}, p ∈ P.
Route-based (extended) formulation 

▶ δ -(v ) -set of arcs in A incoming to v ∈ V Min a∈A c a x a S.t. a∈δ -(v ) x a = 1, v ∈ V , x a = p∈P h p a λ p , a ∈ A, (π a ) p∈P λ p ≤ K , (µ) 0 ≤ x a ≤ 1, a ∈ A, 0 ≤ λ p ≤ 1, p ∈ P.
L ≤ 1λ ≤ U, x ∈ Z n + × R m + , λ ∈ Z k + .
A generic extended formulation ▶ x -a vector of original (natural) variables ▶ λ -a vector of extended variables (feasible sequences of decisions) ▶ H -mapping between natural and extended variables Min cx

S.t. Ax ≥ a, Bx ≥ b, ← robust 1 cuts x = Hλ, L ≤ 1λ ≤ U, x ∈ Z n + × R m + , λ ∈ Z k + .
A generic extended formulation ▶ x -a vector of original (natural) variables ▶ λ -a vector of extended variables (feasible sequences of decisions) ▶ H -mapping between natural and extended variables Min cx [START_REF] Belov | A cutting plane algorithm for the one-dimensional cutting stock problem with multiple stock lengths[END_REF]Scheithauer 2002, 2006) Gomory cuts for the 1D and 2D Cutting Stock Problems [START_REF] Jepsen | A Non-Robust Branch-And-Cut-And-Price Algorithm for the Vehicle Routing Problem with Time Windows[END_REF]Pisinger 2006, 2008) Subset-row cuts for Vehicle Routing Problems [START_REF] Baldacci | An exact algorithm for the vehicle routing problem based on the set partitioning formulation with additional cuts[END_REF] ▶ Replacing arc variables x in the set-partitioning constraints and relaxing to inequality:

S.t. Ax ≥ a, Bx ≥ b, ← robust cuts x = Hλ, Dλ ≥ d, ← non-robust 2 cuts L ≤ 1λ ≤ U, x ∈ Z n + × R m + , λ ∈ Z k + .

Contents

a∈δ -(v ) p∈P h p a λ p ≤ 1, v ∈ V . (1) 
▶ Aggregating (1) for a set C ⊂ V , |C| = 3, with multiplier 1 2 :

p∈P 1 2 v ∈C a∈δ -(v ) h p a λ p ≤ 3 2 , (2) 
▶ Performing Chvátal-Gomory rounding of (2):

p∈P     1 2 v ∈C a∈δ -(v ) h p a     λ p ≤ 1,
Subset-row cuts: example of violation 

    v ∈C a∈δ -(v ) p v h p a     λ p ≤ v ∈C p v
All best possible multiplier vectors p for Chvátal-Gomory rounding of up to 5 constraints were found by (Pecin, Pessoa, Poggi, Uchoa, and Santos 2017):

Covering cuts

General idea

Take a subset of elements, and calculate the minimum number of "decision sequences" (columns) that should cover it.

Odd-circuit cuts (Nemhauser and Park 1991) Edge in an odd circuit in a graph should be covered by at least 3 matchings.

Strong k -path inequalities [START_REF] Baldacci | An exact algorithm for the vehicle routing problem based on the set partitioning formulation with additional cuts[END_REF] A set C of customers should be visited by at least ⌈ i∈C d i /Q⌉ routes. Let V (p) be the set of customers visited by p, then

p∈P: V (p)∩C̸ =∅ λ p ≥ i∈C d i Q .
Strong k -path inequalities4 : illustration 

∩ S = {i 1 , i 2 , i 4 , i 5 }, R 2 ∩ S = {i 2 , i 3 }, R 3 ∩ S = {i 1 , i 6 }, R 4 ∩ S = {i 5 , i 6 } and R 5 ∩ S = {i 4 , i 3 }.
Customer demands are reported in Fig. 1 next to each customer. This solution Capacitated Location-Routing Problem

▶ Depots k ∈ K with capacity W k ▶ Identical vehicles of capacity Q ▶ Clients i ∈ V with demand d i ▶ Matrix c of travelling costs Depot Client
Minimize the total travelling and depot opening costs ▶ such that every client is served ▶ each route starts and finished at a same opened depot ▶ depot and vehicle capacities are satisfied

Computational results for instances with all depots open

From [START_REF] Liguori | Non-Robust Strong Knapsack Cuts for Capacitated Location-Routing and Related Problems[END_REF] Extended formulation with linking variables ▶ x 0 -linking natural variables ▶ x 1 , x 2 -natural variables for blocks 1 and 2 ▶ λ 1 , λ 2 -extended variables representing all feasible solutions in blocks 1 and 2.

Min c 0 x 0 + c 1 x 1 + c 2 x 2 S.t. A 0 x 0 + A 1 x 1 + A 2 x 2 ≥ a, (x 0 , x 1 ) = H 1 λ 1 , (x 0 , x 2 ) = H 2 λ 2 , 1λ 1 = 1, 1λ 2 = 1, (x 0 , x 1 , x 2 ) ∈ Z n 0 +n 1 +n 2 , (λ 1 , λ 2 ) ∈ {0, 1} k 1 +k 2 .

Consistency cuts 5

▶ Let x0 be a particular partial solution for linking variables

x 0 (a pattern). ▶ Let P 1 (x 0 ) and P 1 (x 0 ) be the sets of solutions of block 1 and 2 which "match" pattern x0 .

Then the following constraint is valid

p∈P 1 (x 0 ) λ 1 p = p∈P 2 (x 0 ) λ 2 p .
Consistency cuts: computational results for the temporal knapsack instances Limited-memory Chvátal-Gomory rank-1 cuts (Pecin, Pessoa, Poggi, and Uchoa 2017) Optimal solution of instance M-n200-k16 D. Pecin et al. 
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▶▶

  Vehicle Variable x a -arc a ∈ A is used in the solution or not ▶ Variable λ p -feasible route p ∈ P is used in the solution or not ▶ h p a = 1 if and only if path p contains arc a, otherwise 0

Fig. 1

 1 Fig. 1 Example of a set S that satisfies constraint (12) but violates constraint (13)

Figure 2 :▶

 2 Figure 2: Plot of time vs number of instances solved for the methods CP, BP, CPLEX, and CDG when all given a single thread and a 3-hour time limit. Method # of threads Time limit [h] #Optimal Avg. gap [%] Avg. time [s] CFM 1 1 1 3 8 0 . 0 7 N / A

Fig. 3

 3 Fig. 3 Optimal solution of M-n200-k16, value 1274 7.1 Handling symmetrical instances A high level of symmetry is observed in most instances from [14]. This impacts negatively the BCP performance, making the cutting and branching operations less 31 / 38

  

  

Marcus Poggi de[START_REF] Aragão | Integer program reformulation for robust branch-and-cut-and-price[END_REF]. "Integer program reformulation for robust branch-and-cut-and-price". In: Annals of Mathematical Programming in Rio. Ed. by Laurence A. Wolsey. Búzios, Brazil, pp. 56-61

[START_REF] Jepsen | A Non-Robust Branch-And-Cut-And-Price Algorithm for the Vehicle Routing Problem with Time Windows[END_REF]. A Non-Robust Branch-And-Cut-And-Price Algorithm for the Vehicle Routing Problem with Time Windows. Technical report 06/03. Dept. of Computer Science, University of Copenhagen

Mads Jepsen, Bjorn Petersen, Simon Spoorendonk, and David Pisinger (2008). "Subset-Row Inequalities Applied to the Vehicle-Routing Problem with Time Windows". In: Operations Research 56.2, pp.

497-511. 

[START_REF] Baldacci | An exact algorithm for the vehicle routing problem based on the set partitioning formulation with additional cuts[END_REF]. "An exact algorithm for the vehicle routing problem based on the set partitioning formulation with additional cuts". In: Mathematical Programming 115, pp. 351-385.

Jens Vinther[START_REF] Clausen | An Exact Algorithm for a Rich Vehicle Routing Problem with Private Fleet and Common Carrier[END_REF]. "Consistency Cuts for Dantzig-Wolfe Reformulations". In: Operations Research Ahead of Print.

R. S. and François Vanderbeck (2021). BaPCod -a generic Branch-And-Price Code. Technical report HAL-03340548. Inria Bordeaux -Sud-Ouest.

[START_REF] Pessoa | A Generic Exact Solver for Vehicle Routing and Related Problems[END_REF]. "A Generic Exact Solver for Vehicle Routing and Related Problems". In: Mathematical Programming 183, pp. 483-523.

Arbitrary cuts of Chvátal-Gomory rank 1

Chvátal-Gomory rounding using a vector p of multipliers:

All best possible multiplier vectors p for Chvátal-Gomory rounding of up to 5 constraints were found by [START_REF] Pecin | Limited memory Rank-1 Cuts for Vehicle Routing Problems[END_REF]: Valid inequalities can be generated again by Chvátal-Gomory rounding... but not only.

The master knapsack polytope Theorem ( [START_REF] Aráoz | Cyclic group and knapsack facets[END_REF]))

The coefficient vectors ξ of the knapsack facets ξx ≤ 1 of polytope conv{t ∈ Z W + :

W q=1 qt q ≤ W }, are the extreme points of the following system of linear constraints

Road Load Knapsack Cuts (Liguori, Mahjoub, Marques, S., and Uchoa 2021)

Given a depot k ∈ K and a vector ξ ∈ R W k + satisfying (3) and ( 5), the inequality

is valid for the extended formulation of the CLRP.

Consistency cuts 5

▶ Let x0 be a particular partial solution for linking variables x 0 (a pattern). ▶ Let P 1 (x 0 ) and P 1 (x 0 ) be the sets of solutions of block 1 and 2 which "match" pattern x0 .

Then the following constraint is valid

When decomposition forms a staircase structure, there are no linking constraints, and linking variables are binary, then consistency cuts are enough to obtain an optimal integer solution (no branching is necessary). 

Consistency cuts: application