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Long-time trajectorial large deviations and importance
sampling for affine stochastic volatility models

Zorana GRBAC! David KRIEF? Peter TANKOV?

Abstract: We establish a pathwise large deviations principle for affine stochastic
volatility models introduced in (Keller-Ressel, 2011), and present an application to
variance reduction for Monte Carlo computation of prices of path-dependent options
in these models, extending the method developed in (Genin and Tankov, 2020) for
exponential Lévy models. To this end, we apply an exponentially affine change of
measure and use Varadhan’s lemma, in the fashion of (Guasoni and Robertson,
2008) and (Robertson, 2010), to approzimate the problem of finding the measure
that minimises the variance of the Monte-Carlo estimator. We test the method on
the Heston model with and without jumps to demonstrate its numerical efficiency.

Key words: large deviations, Monte Carlo methods, importance sampling, affine
stochastic volatility

MSC2010: 91G60, 60F10

1. INTRODUCTION

The aim of this paper is to develop efficient importance sampling estimators for
prices of path-dependent options in affine stochastic volatility (ASV) models of
asset prices. To this end, we establish pathwise large deviation results for these
models, which are of independent interest.

An ASV model, studied in (Keller-Ressel, 2011), is a two-dimensional affine
process (X, V) on R x Ry with special properties, where X models the logarithm
of the stock price and V its instantaneous variance. This class includes many well
studied and widely used models such as Heston stochastic volatility model (Heston,
1993), the model of (Bates, 1996), the stochastic volatility model of (Barndorff-
Nielsen and Shephard, 2001) and time-changed Lévy models with independent
affine time change. European options in affine stochastic volatility models may be
priced by Fourier transform, but for path-dependent options explicit formulas are
in general not available and Monte Carlo is often the method of choice. At the same
time, Monte Carlo simulation of such processes is difficult and time-consuming: the
convergence rates of discretization schemes are often low due to the irregular nature
of coefficients of the corresponding stochastic differential equations. To accelerate
Monte Carlo simulation, it is thus important to develop efficient variance-reduction
algorithms for these models.

In this paper, we therefore develop an importance sampling algorithm for ASV
models. Let (€2, F,P) be a given probability space and denote by E[-] the expecta-
tion with respect to P. The importance sampling method is based on the following
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identity, valid for any probability measure QQ, with respect to which P is absolutely
continuous. Let P be a deterministic function of a random trajectory S, then

E[P(S)] = E© [%F(S)} :

This allows one to define the importance sampling estimator
N (4)
~ 1 dP ;
PY:= =N || p(sY
()

where SQ are i.i.d. sample trajectories of S under the measure Q. For efficient
variance reduction, one needs then to find a probability measure QQ such that S is
easy to simulate under Q and the variance

dP
A% P(S)—
e [P
is considerably smaller than the original variance Varp [P(.5)].
In this paper, following the work of (Genin and Tankov, 2020) in the context of
Lévy processes, we define the probability Q using the exponentially affine measure
change,

dPg eJio.m Xe-O(dt)

dpP _E oJlo.m Xt-O(dt) ’

where X is the first component of the ASV model (the logarithm of stock price)
and © is a (deterministic) bounded signed measure on [0,7]. Such a choice is
justified by several considerations. First, under the new measure the characteristic
function of X remains analytically tractable; moreover, if © is supported by a finite
number of points, X is piecewise affine under Pg and is relatively easy to simulate.
Second, for a class of payoffs possessing the concavity property, such a choice leads
to asymptotically optimal variance reduction (see Theorem 5.4). For other payoffs
it may be necessary to use more strongly path-dependent measure changes (e.g.,
with stochastic ©), which can be obtained by approximating the solution of the
HJB equation resulting from the minimization of the variance, see for example
(Dupuis and Wang, 2004; Dupuis and Wang, 2007). However, such schemes may
lead to higher computational complexity.

The optimal choice of © should minimize the variance of the estimator under
Po,

dP 9 dpP 9
Varpg <P(S)dP@> =E [P (S)dIP’@] E[P(S)]".

The computation of this variance is in general as difficult as the computation of
the option price itself. Following (Glasserman et al., 1999; Guasoni and Robertson,
2008; Robertson, 2010) and more recently (Genin and Tankov, 2020), we propose
to compute the variance reduction measure ©* by minimizing the prozry for the
variance computed using the theory of large deviations.

To this end, we establish a pathwise large deviation principle (LDP) for affine
stochastic volatility models. A one dimensional LDP for X;/t as ¢ — oo where
X is the first component of an ASV model has been proven in (Jacquier et al.,
2013). In this paper, we first establish an equivalent result for multiple dates and
then we use the Dawson-Géartner theorem to extend it to the trajectorial setting,
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in the spirit of the pathwise LDP principles of (Léonard, 2000), but in the weaker
topology of pointwise convergence.

The rest of the paper is structured as follows. In Section 2, we describe the
model and recall certain useful properties of ASV processes. In Section 3, we
recall some general results of large deviations theory. In Section 4, we prove a
LDP for the trajectories of ASV processes. In Section 5, we develop the variance
reduction method, using an asymptotically optimal change of measure obtained
via the LDP shown in Section 4. In Section 6, we test the method numerically
on several examples of options, some of which are path-dependent, in the Heston
model with and without jumps.

— 2. MODEL DESCRIPTION
Model Description

In this paper, we model the price of the underlying asset (S):>0 of an option as
Sy = Sp e, where we model (X;);>0 as an affine stochastic volatility process. We
recall, from (Keller-Ressel, 2011) and (Duffie et al., 2003), the definition and some
properties of ASV models.

Definition 2.1. An ASV model (X¢, V;)i>0, is a stochastically continuous, time-

homogeneous Markov process such that (eXt) >0 18 a martingale and

E (euXtervt | Xo=2,Vo=0) = et pltuw)viua (2.1) ‘eq:LaplaceTransfo

for all (t,u,w) € Ryx C2.

cneralizedRiccati| FProposition 2.2. The functions ¢ and 1 satisfy generalized Riccati equations
Oho(t,u,w) = F(u,(t,u,w)), #(0,u,w) =0, (2.2a) ‘eq:GeneralizedRic
Op(t, u, w) = R(u,p(t, u,w)) , ¥(0, u, w) = w, (2.2b) ‘eq:GeneralizedRic
where F' and R have the Lévy-Khintchine forms

=3 (2) 0 ()

. / (exu+yw 1 wp(ay) ( v >> m(dz, dy) |

o [ (et wnen- (1)) ntasa),
D\{0}

where D =R x Ry,

_x _x
wr(z,y) =< ”0””2 > and  wg(z,y) = < o )

1+y2
and (a,a, b, 8, m, ) satisfy the following conditions

e a,« are positive semi-definite 2X 2-matrices where ai1a = ag1 = age = 0.
e be D and € R2.
e m and u are Lévy measures on D and fD\{O}((a:2 +y) A1)m(dz,dy) < co.



Define the function

X0) = B, w)lyg =t fo+ [ (= ) utanay).
D\{0}
In the rest of the paper, we shall impose the following standing assumption to
ensure nondegeneracy of the model (dependence of the law of (X¢):>0 on Vp), the
martingale property of (S¢)¢>0, where S; = Sp eXt, and the existence of long-time
limit of the functions ¢ and 1), see (Keller-Ressel, 2011, Corollary 2.7 and Theorem
3.4).

Assumption 1 (Nondegeneracy and martingale property). The functions F', R and
x are such that there exists u € R such that R(u,0) # 0, F(1,0) = R(1,0) = 0,
x(0) < 0 and x(1) < 0.

In the following theorem, we compile several results of (Keller-Ressel, 2011),
which describe the behaviour of the solutions to equations given in (2.2) as t — oo.
The functions w(u) and w(u) denoting respectively the unique stable equilibrium
and the unstable equilibrium (if there is one) of (2.2b), which are defined below in
(1) and (2), will be used throughout the paper, as well as the function h(u) defined
in (2.5).

rResselProperties‘ Theorem 2.3. The following statements hold true.

(1) There exists a mazimal interval I O [0,1], and a unique function w €
C(I)NCY(I) such that
R(u,w(u)) =0 forall wel,

w(0) =w(l) =0, w(u) <0 for all w € (0,1), w(u) >0 for allu e I\ [0,1]
and
OwR(u,w(u)) <0 foralluel.
In other words, the function w(u) is the unique stable equilibrium of (2.2b).
(2) Foru € I, eq. (2.2b) admits at most one other equilibrium w(u), which is
unstable.
(3) For u € R\I, eq. (2.2b) does not have any equilibrium.
We denote B(u) the basin of attraction of the stable solution w(u) of eq. (2.2b)
and J ={u el : F(u,w(u)) < oo}, the domain of u— F(u,w(u)). We have that
(4) J is an interval such that [0,1] C J C I.
(5) Forue I, we B(u) and At > 0, we have

At
P (, Uu, w> — w(u) . (2.3) ‘eq:ConvergencePsi
€ e—0
(6) Forue J, we B(u) and At >0,
At
€p <, u, w) - Ath(u) , (2.4) ‘eq:ConvergencePhi
€ €—>

where
h(u) := F(u,w(u)) = lin(l)elog]E [eXre] . (2.5)
€E—
(7) For everyu € I, 0 € B(u).

Definition 2.4. A convex function f : R" — R U {oco} with effective domain Dy
is essentially smooth if
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BasinOfAttraction‘

i D;} is non-empty;
ii. f is differentiable in D;;
iii. f is steep, that is, for any sequence (uy)nen C D; that converges to a point
in the boundary of Dy,

IV f (un)|| = o0

lim

n—oo

In the rest of the paper, to establish large deviations results, we shall make the
following assumptions on the model.

Assumption 2. The function h, defined in (2.5), satisfies the following properties:

(1) There exists u < 0, such that h(u) < co.
(2) u+> h(u) is essentially smooth.

In (Jacquier et al., 2013), a set of sufficient conditions is provided for Assumption
2 to be verified:

Proposition 2.5 (Corollary 8 in (Jacquier et al., 2013)). Let (X,V) be an ASV
model satisfying Assumption 1. If either of the following conditions holds
(i) The Lévy measure i of R has exponential moments of all orders, F is steep
and (0,0), (1,0) € Dg.
(i) (X,V) is a diffusion,
then function h is well defined, for every u € R with effective domain J. Moreover
h is essentially smooth and {0,1} C J°.

We now discuss the form of the basin of attraction of the unique stable solution
of (2.2b).

Lemma 2.6. (Keller-Ressel, 2011, Lemma 2.2.)

(a) F and R are proper closed convex functions on R2.

(b) F and R are analytic in the interior of their effective domain.

(c) Let U be a one-dimensional affine subspace of R%. Then F|U is either a strictly
convex or an affine function. The same holds for R|U.

(d) If (u,w) € Dp, then also (u,n) € Dp for alln < w. The same holds for R.

Lemma 2.7. Let f : R — RU {400} be a convex function with either two zeros
w < W, or a single zero w. In the latter case, we let w = oo. Assume that there
exists y € (w,w) such that f(y) < 0. Then for every x € Dy,

f(z) >0, ifr<w or w<ux,
flx) <0, if v € (w, ).

Proof. By convexity, for every x € Dy such that z < w,
y—w w— T

L @)+ S 1) 2 ) =0

and therefore f(z) > —%=% f(y) > 0. Furthermore, for every = € (w,y],

Yy—w

f@) < = )+

w y—w

T
x

—w

fly) <0.

Let s = sup{z € Dy : f(x) < 0}. If f is continuous in s, then @ = s and for every
x> win Dy, f(z) > —%=F f(y) > 0. If f is discontinuous in s however, then by
s

y—w
convexity, f(z) = 4oo for > s. O
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Proposition 2.8. Let u € I and consider w(u) the stable equilibrium of (2.2b),
defined in Theorem 2.3 (1). Then the basin of attraction of w(u) is B(u) =
(=00, w(u)) N Dpy,), where w(u) is the unstable equilibrium of (2.2b), defined
in Theorem 2.3 (2), and w(u) = oo when (2.2b) admits only one equilibrium.

Proof. By Lemma 2.6, w — R(u,w) is convex. Since w(u) is a stable equilibrium,
the hypotheses of Lemma 2.7 are verified. Therefore, R(u,w) > 0 for every w <
w(u), whereas R(u,w) < 0 for every w € Dp,..) such that w(u) < w < w(u). This
implies that the solution of

OY(t, u,w) = R(u,y(t, u,w)), P(0,u,w) =w (2.6)

converges to w(u) for every w € (—o0,w(u)) N Dpgy,.), whereas, if w > @, the
solution of (2.6) diverges to co. O

3. LARGE DEVIATIONS THEORY

In this section, we recall some useful classical results of the large deviations
theory. We refer the reader to (Dembo and Zeitouni, 1998) for the proofs and for
a broader overview of the theory.

Theorem 3.1 (Gértner-Ellis). Let (X°) 1) be a famaly of random vectors in R"
with associated measure . Assume that for each A € R™, the logarithmic moment
generating function, defined as the limit

AN = lim elog I |-
().fgl_%eog [e c },

erists as an extended real number. Assume also that 0 belongs to the interior of
Dy :={NeR" : A(A) < c0}. Denoting

A (z) = )\sg@()\,@ —A(N), zeR",

the following hold:
(a) For any closed set F,

limsup e log p(F) < — inf A*(x).
e—0 zeF

(b) For any open set G,

liminf e lo G)>— inf A*

iminfelogue(G) = — nf A*(z),
where F is the set of exposed points of N*, whose exposing hyperplane belongs
to the interior of Dy.

(¢) If A is an essentially smooth, lower semi-continuous function, then ue satisfies
a LDP with good rate function A*.

Remark 3.2. In our paper, the random variable X¢ will correspond to the value
of the affine stochastic volatility process X computed at time 1/¢, and the limiting
log-Laplace transform A(X) from the Gértner-Ellis theorem therefore coincides with
the function A defined in 2.5.

Definition 3.3. A partially ordered set (P, <) is called right-filtering if for every
1,7 € P, there exists k € P such that ¢ < k and j < k.

‘ eq:REquationAlone
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Definition 3.4. A projective system (Yj,pij)i<jep on a partially ordered right-
filtering set (P, <) is a family of Hausdorff topological spaces (Y;);jcp and contin-
uous maps p;; : V; — Y such that p;, = p;; o pjp whenever ¢ < j < k.

Definition 3.5. Let (), pij)i<jep be a projective system on a partially ordered
right-filtering set (P, <). The projective limit of (), pij)i<jep, denoted X = {iinyj,
is the subset of topological spaces )V = HjeP Yj, consisting of all the elements
x = (yj)jep for which y; = p;;(y;) whenever i < j, equipped with the topology
induced by Y. The projective limit of closed subsets F; C Y; are defined in the
same way and denoted F = @Fj

Remark 3.6. The canonical projections of X, i.e. the restrictions p; : X — V; of
the coordinate maps from X to ), are continuous.

Theorem 3.7 (Dawson-Gértner). Let (Y, pij)i<jep be a projective system on a
partially ordered right-filtering set (P,<) and let (ue¢) be a family of probabilities
on X = lim);, such that for any j € P, the Borel probability . opj_1 on Y;

H
satisfies the LDP with good rate function As. Then i satisfies the LDP with good
rate function

A*(z) = sup A;f (pj(z)) .
JjEP

Theorem 3.8 (Varadhan’s Lemma, version of (Guasoni and Robertson, 2008)).
Let X be a regular Hausdorff space, and let (X)cco1) be a family of X-valued
random variables, whose laws p. satisfy a LDP with rate function A*. If ¢ : X —
RU{—o0} is a function such that the set {¢ > —oo} is open and ¢ continuous on
this set and satisfies

XE
limsup e log IE [exp <’y<p()>] < 00 (3.1)
e—0 €

for some v > 1, then

lim ¢ log [exp (90(56))} — sup{(x) — A*(@)}

zekX

4. TRAJECTORIAL LARGE DEVIATIONS FOR ASV MODELS

In this section, we prove a trajectorial LDP for (X;) when the time horizon is
large. Define, for € € (0,1] and 0 <t < T, the scaling X = eX; /.. We proceed by
proving first a LDP for X[ in finite dimension, that we extend, in a second step to
the whole trajectory of (Xf)o<t<7.

4.1. Finite-dimensional LDP. Let 7 = {0 < ¢; < ... < t,, = t}, by convention
to = 0, and define

Acr(0) i= log B [ =t S0 |
for § € R™. We start by formulating our main technical assumption. Recall that
w(u) and w(u) denote, respectively, the stable and unstable equilibrium point of
the Riccati equation (2.2b), defined in Theorem 2.3 (1) and (2).
Assumption 3. One of the following conditions is verified:

(1) The interval support of F'is J = [u_,uy]| and w(u—) = w(uy).



lem:TildeW

thm:LambdaTau‘

(2) For every u € R, w(-) = o0, i.e, the generalized Riccati equations have only
one (stable) equilibrium.

The above assumption may be seen as rather restrictive, however there are im-
portant models for which it is satisfied, such as the Heston model, with or without
jumps, when there is no correlation between the Brownian motions driving the
asset price and the volatility (see Remark 6.6). In the following Lemma we state a
consequence of Assumption 3 which will be used hereafter.

Lemma 4.1. Let Assumption 3 hold true. For every ui,us € I, w(u1) > w(ug).

Proof. If Assumption 3(2) holds, then the result is obvious. Assume then that it
is Assumption 3(1) that holds. Since u — w(u) is convex and u — w(u) is concave
(Keller-Ressel, 2011, Lemma 3.3), then for every uy,us € I,

- Uy — UL . u;p — uU- _
> - _ _ > _
w(uy) > . u_w(u )+ — w(uy) > w(u_),
while
Uy — U2 Uz — uU—
< T u(u )4+ —2——— = ).
wlg) £ () + 2= u(uy) = wla)
Therefore w(u1) > w(ug) for every uy,us € I. O

As a first step to apply Theorem 3.1, we prove the following result.
Theorem 4.2. Let 6 € R™. If Assumption 3 holds, then
if éj eJ, vy
otherwise

Ar(0) = lim e Aer(0/€) = {z?-l(tj —tj-1) h (6;)

where 0 = > h—; Ok and h is defined in (2.5).

Proof. Since Assumption 3 holds, then, by Lemma 4.1, w(8;+1) € B(0;) for every
j. Assume first that 6; € J for every j. Using the Markov property and eq. (2.1),
we obtain

AL (0) = li_rf(l)elog (IE [62?:1 9thj/eD

= lim € log (]E [62?;11 0i%1;/e E (eé"xfn/e

e—0

= lime ¢ (t" - t”‘l, 0, 0)
€

e—0

n—2 a th—tp_1 7
+ elog <IE |:er_1 Gthj/e+9n—1th_l/5+w(:79n70)wn_1/{|> ‘

Xt 1 /e Vin,l/eﬂ )

Since 0,, € J and 0 € B(f,,), egs. (2.3) and (2.4) apply and
n— n tn—tn_ 0
Ar(0) = lim elog <]E {er_f ertj/eJr(’"lthl/EW(51’9"’0)%"1/6D
€E—

+ (tn — tno1) h(0n) .

Using the fact that 6; € J and w(f;11) € B(f;) for every j, we can iterate the
procedure to obtain

n ~ ot ~ n
A0) = (5 — ti 1) b (65) +y§56¢( =0 Gy (92)> Vot ey 0o
=1 k=1




=> (t;—tj-1) h(0;) . (4.1)

Assume now that there exists k such that ), ¢ J. Without loss of generality, we
take the largest such k. Following the same procedure, we find

_ - tp—tp_ 1 = _
A-(9) = lim elog (IE [er_ijth/grek_lth_1/€+w( L (@) Vtk_l/e]>
e—>
n

+e¢ (tk_:klaék,w(ék+l)> + > (=t h(B) .

j=k+1
Noting that ¢(-,u,w) explodes in finite time for u ¢ J then finishes the proof. [

We now proceed to the finite-dimensional large deviations result. Let us denote

J% =Dy, .

FiniteDimensional| Theorem 4.3. Let (X{);>0, cc0,1) and 7 = {t1,...,tn} as previously. Let Assump-
tions 2 and 3 hold true. Then (X{ ..., X{ ) satisfies a LDP on R™ with good rate
function

A7 (r) = sup Zéj —xj_1) Zt —tj_1)h(6;) ¢,
: o

where h is defined in (2.5).

Proof. By Assumption 2(1), there exists u € J such that u < 0, which implies that
[u,1] C J and therefore 0 is in the interior of J”. Theorem 4.2 implies that the
limit

Z?:l(tj — tj_l) h (9]) if éj eJ, vy

00 otherwise

A-(0) = 11_{1(1)6/\6’7—(9/6) = {

where 6; := >} _ ; Ok, exists as an extended real number.

Since, by Assumption 2(2), h is essentially smooth and lower semi-continuous,
then so is A;. Theorem 3.1 then applies and (X , ..., X{ ) satisfies a LDP, on R",
with good rate function

A (z) = sup {GTac - AT(H)} .
OcR™

Furthermore, with the convention g = 0, and letting ; = 6; — 6,1 for j =

1,...,n—1 and 6, = 6, we have,
Al (z) = sup {QTJ,‘ - AT(G)}
fcRn
= sup S ety i)~ Dot~ ()
gem | j=1 k=j j=1
= §up Zéj(xjijfl)*z:(t *t] 1)h(§ ) y
geJn j=1 j=1
which finishes the proof. O

4.2. Infinite-dimensional LDP.
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4.2.1. Extension of the LDP. We now extend the LDP to the whole trajectory of
(X{)o<t<r on F([0,T], R) := {z : [0,T] — R, 2o = 0}, the set of all functions from
[0,7T] to R that vanish at 0, by proving the following general lemma.

Lemma 4.4. Let (P, <) be the partially ordered right-filtering set
oo
P=|J{tt,stn) , 0t <. <8, < T
n=1

ordered by inclusion. We consider, on (P,<), the projective system
(Vs pij)i<jep defined by V; = R# and p;; : Y; — Vi the natural projection on
shared times. Assume that for any j = {ti,...,t,}, the finite-dimensional pro-
cess (X{,,..., X{ ) satisfies a large deviation property with good rate function A;f.
Then the family (X§)o<t<T satisfies a large deviation property on X = F([0,T], R)
equipped with the topology of pointwise convergence, with good rate function

A*(x) = sup Aj(p; (),
JjeP
where py(x) = (x4, ..., xt,) is the canonical projection from X to Y.

Proof. Let pu¢ be the probability measure generated by (X )o<i<7 on X'. Then, by
hypothesis, for any j € P, u€o p{l satisfies a LDP with good rate function AX.
The result then follows from Theorem 3.7. O

Theorem 4.5. Assume that Assumptions 2 and 3 hold. Then (Xf)o<t<T Satisfies
a LDP on F(]0,T],R) equipped with the topology of point-convergence, as € — 0,

with good rate function
A*(z) = sup A (),
T

where the supremum is taken over the discrete ordered subsets of the form T =
{tl, ...,tn} - [O,T]

Proof. The result is a direct application of Lemma 4.4. O

4.2.2. Calculation of the rate function. We finally calculate the rate function in
Theorem 4.5.

Theorem 4.6. The rate function of Theorem 4.5 is

T T
A (z) = /h*(aéfc)dt+/7-[ (;T;(t)) dv,
0 0
where
W*(y) :=sup{fy —h(@)},  H(y):=limeh*(y/e),

oeJ

h is defined in (2.5), £ is the derivative of the absolutely continuous part of x,
v is the finite signed measure which is the singular component of dx with respect
to the Lebesgue measure, |v| is the total variation measure of v and % is the
Radon-Nikodym derivative of v with respect to its total variation measure.

Proof. By Theorem 4.3, for every x € F([0,T],R),

F#T
sup AZ(z) = sup sup > 0z, — w1, ,) — (8 — tj-1)h(0))
T T QeJ#T j=1
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=sup sup Zé} ) = (= t-)h(&)

™ ¢eec([0,1),J)

= sup SUPZ&j (e, — ;) = (t — tj-1)h(&;) -

cec(o.),)) T o

The second line follows from the first line since one can always find a continuous
function ¢ such that &, = 60; for 7 = 1,...,n. Since we have assumed that there

exists u < 0 in J, then if « has infinite variation, we immediately find that A*(z) =
00. Assume therefore that x has finite variation. We wish to show that

sup  sup Z &, (2 o) = (G = t-)h(;)

¢ec(o,T,) T G5
= sup /&dwt /h 1)dt .
¢ec((0,1],J)

Notice that

sup supg & ( —(t; —ti_1)h(&,

cco(o, . t; ) (] J 1) (t])

> sup hmsup g & ( —(t; —ti—1)h(&.
¢ec(o,1),J b )= i) (t])

sup /{tdxt /h c)dt .
 tec(o.r),)

To prove the other inequality, we use the following construction. Fix 7 and let
€€ C([0,T],J). Let also € > 0 such that e < min(t; —¢;_1) and define £7 as

é—e,T _ {gt]'_l + t_tj_l (gtj - gtj—l) lft € [tj_17 tj_l + 6] ’
+ =

€

& ifteti—i+e t)].
Then
#T
D& (xe, =i y) = (8 = ti-)h(E) /5 "dx; + / h(&T)dt
7j=1
H#T tj—1te ti—1+e
t—t- €,T
- Z(ftj — &) / <1 - 6J 1) dry +- / h(&) — h(&;)dt
j:l t]‘,1 tjfl
H#T tj—1+e
t—t;_1
S Z ’é-tj - gtj,1’ / <1 — 6‘7> dﬂ?t
Jj=1 £

+26max{|h(§)\ . 56 [gtj—17€tj]}
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#T
< Z ’é-tj - gtjfll K (]056]) + 2e max {‘h’(é-)’ : 5 € [gtjflﬂftj]} E:)O 07
j=1

where u, is the measure associated with x. Hence

sup sup Z gtj (xtj - xtjfl) - (t] - tﬂ_l)h(gtj)

gec(o,T))) T S

sup /&dwt / &)dt
560( 0,7],7)

and

A(x) = sup /ftd:ct / (&) dt .
gec(o,11,J

We will now use (Rockafellar, 1971, Thm. 5.) to obtam the result. Since x has
finite variation, the measure dz; is regular. Using the notation of (Rockafellar,
1971), in our case the multifunction D is the constant multifunction ¢ — D(t) = J.
Therefore D is fully lower semi-continuous. Furthermore, since [0,1] C J, the
interior of D(t) is non-empty. The set [0,7] is compact with no non-empty open
sets of measure 0 and for every w in the interior of J, and V' € [0, 7] open,

/|h(u)\ dt <Tlh(u)| < co.

(Rockafellar, 1971, Thm. 5.) then implies that

T
sup /ﬁt dxy — / (&) dt = / —i—/?—[( ) dlv|,
¢ec([0.1],7) ) dlv|

0
where
Py) = limsup {0y —h(O)} . Hly) = limen*(y/e),
and 7% and v have been defined in the statement of the theorem. O

Remark 4.7. In particular, the proof of Theorem 4.6 shows that, if x does not
belong to V;., the set of trajectories x : [0,t] — R with bounded variation, then
A*(z) = 0.

5. VARIANCE REDUCTION

Denote P(S) the payoff of an option on (S¢)o<i<7. The price of an option
is generally calculated as the expectation IE[P(S)] under a certain risk-neutral

measure P. For any equivalent measure QQ, the price of the option can be written
dP

E[P(S)] = E? |P(S)-~
P(s)] =2 | P(s) g |

The variance of P(S) is
Vary (P(5)) = E [PX(S)] —E[P(S)] .
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whereas

Varg (P(S) dP) = EC

Q P (55)

dP1\?
- —(EQ|p(s)—
1) |~ (5°[rerg))
dP
=E|P%(S)+ | —E[P(S)* .
P)5 | - BIP)
We can therefore choose QQ in order to reduce the variance of the random variable,
whose expectation gives the price of the option.
As discussed in the introduction, we follow (Genin and Tankov, 2020) by con-
sidering the class of exponentially affine transforms, defined as follows:
dPg eJo Xi0(d)

P g [efOTXt@(dt)} ’

where © belongs to M, the set of signed measures on [0,7]. Denoting H(X) =
log P (Sg eX ), the optimization problem writes

T
inf E [exp 2H(X)—/Xt@(dt)—|—g1(@) , (5.1)
eeM

0

where

Gc(O) :==e€logE [e% Jo Xt @(dt)} )

The optimization problem (5.1) cannot be solved explicitly. We therefore choose
to solve the problem asymptotically using the two following lemmas. Denote M
the set of measures ©® € M with support on a finite set of points. We first give
a lemma that characterizes the behaviour of G.(0) as ¢ — 0, for © € M as this
will be sufficient for the cases that we will consider in Section 6 (see Prop. 5.5).
We stress the fact that although Lemmas 5.1 and 5.2 are proved for © € M, the
resulting asymptotic proxy for the variance, and the resulting candidate importance
sampling measure are well defined, and may be used for any © € M, provided that
they lead to a sufficient reduction in the variance of the estimator.

Lemma 5.1. If Assumption 3 holds, then for any measure © € M, such that for
every t € [0,T], ©([t,T]) € J, we have

e—0

T
lim G.(©) = /h(@([t,T]))dt.
0
where h is defined in (2.5).
Proof. Denote 7 = {t1,...,t,}, the support of ©. We then obtain

1 n € .
lim e log IE [e% I X ®<dt>} ~ limelog [ee Sy X, O({t)

e—0 e—0

=) (tj—tj-1) h(0({t;}))

‘ eq:0OptimizationPr
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by applying Theorem 4.2 to 8 = (O({t1}), ..., O({tn})). O

Next, we give a result that characterizes the behaviour of the variance minimiza-
tion problem (5.1) where X has been replaced by X as ¢ — 0.

lem:LimitFunction| Lemma 5.2. Let © € M such that —O([t,T]) € J° for every t € [0,T]. Let
Assumptions 2 and 3 hold true and assume furthermore that H : F([0,T],R) — R
is bounded from above by a constant C' and continuous on D the set of functions
x € V,, such that H(x) > —oo, with respect with to the pointwise convergence
topology. Then

€ T e
l%elogE [exp <2H(X )~ fO Xz O(dt) + QE(@))
T T
=sup y21(e) — [0t n'e)  + [ @
0 0

Proof. First note that, by Lemma 5.1,

2H(X) — [F X§O(dt) + G(©
lim elog IE [exp( (X) fo £Od!) + Gl )>
e—0 €
2H (X) — [F X£O(dt) r
= limelog IE [exp ( 0~ > + /h(@([t,T]))dt.
e—0 €
0
We therefore just need to prove that
T
2H(X) — [T XfO(dt
1irr(1)elog]E[exp ( (X9 = Jo Xi O )>] = sup } 2H (z) —/xt@(dt) — AN (z)
€ € z€D

0

Denote ¢ : F([0,T],R) — R the function ¢(z) = 2H (z) — fOT x; ©(dt). Since H is
assumed to be continuous and © has support on 7, ¢ is continuous. Let us show
the integrability condition of Theorem 3.8. For every v > 0

XE
limsupe loglE [exp <M)> }
€

e—0
[eXp (27H(X€) —~ Xg@(dt))]

= limsup elogIE

e—0 €

< 2vC 4+ limsup elog I|E [e% I xi d(_We)t} .

e—0

Since —O([t,T]) € J° for every t € [0,T], there exists v > 1 such that —yO([t,T])
remains in J for every t. Therefore Lemma 5.1 applies and

e—0

T
imsupe lo ex ﬂ — 00 .
lim sup lgIE[ p(we >] §270+0/h( v O([t, T))) dt <

Theorem 3.8 then applies and yields the result. O
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In view of Lemma 5.2 we suggest to compute the candidate variance reduction
parameter by minimizing over © € M the expression

T T

sup | 2H (z) —/iUt@(dt) — AN (z) +/h(®([t, T)))dt . (5.2)

ZEGVT
0 0

It is then natural to ask, how close the corresponding measure change will be
to the optimal one which minimizes the variance of the Monte Carlo estimator
over all possible measure changes. Varadhan’s lemma allows to define a notion of
asymptotic optimality, which provides a partial answer to this question. Consider
a family of importance sampling measures (Q(¢)):>0. By Jensen’s inequality, for
all e > 0,

EQ()

(eiH(XE) dP )2
dQ(e)

A family of importance sampling measures changes is called asymptotically optimal

if, for this family, the log-scale decay rates of the above expressions are the same.

In other words, the asymptotically optimal measure change does at least as well as

any other measure change at the logarithmic scale of large deviations.

>E [eéHmf

Definition 5.3. Let (Q(¢))s>0 be a family of importance sampling measure changes.

We say that (Q(g))e>0 is asymptotically optimal if

€ dP 2 1 €
lim £ log EQE) | ( e2H(X?) — 2limelogE [¢f (¥
E1%15 og [(e 400 Elﬁ)ls ogE |e

The theorem below follows immediately from Theorem 8 of (Genin and Tankov,
2020) and shows that in the case of concave payoffs, the computation of the mini-
mizer of (5.2) is simplified and we have asymptotic optimality.

Theorem 5.4. Let H be concave and assume that the set {x € V, : H(z) > —o0}
is non-empty and contains a constant element. Assume furthermore that H is
continuous on this set with respect to the topology of pointwise convergence, that
h is lower semi-continuous with open and bounded effective domain and that there
exists a A > 0 such that h is complez-analytic on {z € C : [Im(z)| < A}. Then

T T
@1161&;1‘12 2H(x) —O/xt@(dt) — A (z) + J h(O([t,T])) dt (5.3)
T
=2 nf ﬁ(@)+/h(@([t,T]))dt , (5.4)
0

where

$EVT

T
E[(@) = sup { H(x) — /J;t@(dt)
0

Furthermore, if the measure ©* minimises the left-hand side of the above equation,
it also minimises the right-hand side. Finally, if the payoff functional and the
measure ©* satisfy the assumptions of Lemma 5.2 then the importance sampling
measure corresponding to ©* is asymptotically optimal.

express
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Finite-dimensional dependence. A simple example of a functional H which is con-
tinuous in the topology of pointwise convergence is the situation when H depends
on a path = only through its values at a finite number of points x¢,, ....,z,. In this
case, our results hold under less stringent assumptions, and we state them as a sep-
arate proposition. The asymptotically optimal variance reduction measure is also
supported by the points {t1,...,t,}. To simplify notation, we denote z;, by z; and
we introduce a function H, : R” — R U {—o0} such that H(z) = H;(z1,...,Zn).

Proposition 5.5. Let 7 = {t1,...,t,} and let H(x) = H,(x1,...,z,). Assume
that the set {x € R" : H.(z) > —oo} is nonempty and that H; is concave and
continuous on this set. Let Assumptions 2 and 3 hold true, let the effective domain
J of h be bounded and contain a neighborhood of 0, and assume that h(x) is lower
semicontinuous on J. Define

H,(f) = sup {HT(x) - 2:91(:6Z - le)} .

z€R™

Then, there exists 0 which minimizes
F(0) = H(0) + > (ti — ti—1)h(6y), (5.5)
i=1

and the family of importance sampling measures defined by

dIPe (X X088

P g {e (X X, 1)62‘}

s asymptotically optimal.

Proof. Let {é(k)}kzl C J" be a minimizing sequence for (5.5). Since J is bounded,
this sequence has a subsequence {é(km)}mzl, converging to 0" € J". As a supre-
mum over a family of linear functions H, is lower semicontinuous. By the lower
semicontinuity of h, it follows that F is lower semicontinuous as well and 6" is a
minimizer of (5.5) on .J". Moreover, since H, is bounded and h(0) = 0, F(0) <

and thus also F(f") < co. Assume that §° € 9(J"), let p € (0,1) and let k be Such
that Gk € dJ. Then, pf" € Jr and, using the convexity of H and h, we have the
following estimate

F(pf") = F(6") + H, (p8") *+Z — ) {h(pf}) — 1))}

< F(@')+ (1 - p){H.(0 >—ﬁT<é )}
F1=p) Y (- tie){R(0) — hE)} — (e — i) (1 — )8RV (pbr)

i=1,...,n5i#k

To fix the ideas, assume that 6, > 0. Then, by the essential smoothness of h,
Vh(ply) — +00 as p — 1, so that there exists p < 1 with F(pf") < F(6"). This is
in contradlcuon with the assumption that " is the minimizer of F, and therefore
0 € J". In view of this condition, and Lemma 5.1, assumption (3.1) holds for the

minim.eq
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function ¢ given by

n

r € R™ v ¢(x) 1= 2H(x) = > _ 0 (i — i 1),

i=1
with the convention xy = 0.
B Defme the measure © := Z?:l 06y, vyhere ¢, is the Dirac measure at ¢;, 6; =
07 — 07, forj=1,....,n—1and 6, = 0;. By Varadhan’s lemma (Theorem 3.8)
applied with the LDP of Theorem 4.3 and Lemma 5.1 applied with the measure
0, it follows that

2
P | (o 4P
lgr(l) elogE (e 1P
. 2H7'(X€> - Z?ZI(XZ - Xtezfl)é;k
= limelog< E |exp
e—0 €
x E

exp ;

:Sup{ Z i -’Et1 }+Zt_tzl )

z€R" i=1

= sup inf {2HT(:B)—Z(% wt,,) (0 + &) +Z —ti1)(h (5¢)+h(§§))}
=1

n
zeRn E€T i=1

In view of our assumptions (in particular, the boundedness of J), the inf and the
sup may be exchanged, see Proposition VI.2.3 in (Ekeland and Temam, 1999), so
that the above is equal to the following;:

inf sup {2HT(33)—Z(:U15 ze, )(0; +&) +Z i —ti—1)(h (étz)—i'h(@_:))}

n
£6J reR" i=1 1=1

- . 0" S -
= f_1€r}]fn {QHT <§ + ) o Z (ti — ti—1)h(&) + ;(ti - ti—1>h’(9i)}
=2 {fIT (é*) + Z(tz - ti—l)hw:)}

=1

The last line follows because, on the one hand, by convexity of h and by definition
of 07,

giéf]fn {QﬁT <§_+29_> + g(ti —ti—1)h(&) + Z(ti - til)h(g;k)}

=1 =1
I O N 0
> glenjfn {QHT <2> + 2;(% —ti—1)h <2> }
= 2 inf {I/‘L— (E) + Z(tl — tz‘_l)h (&)} = F(é*)7
seJ" i=1

and on the other hand, choosing £ = 8", we have that
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inf {2HT (5 —;9 > + Z(tz —ti—1)h(&) + Z(tz — ti_l)h(ef)}

coIn
ges i—1 i—1

H. (6%) +2 zn:(tz — ti—1)h(6;).
i=1

By another application of Varadhan’s lemma (here the boundedness of H., suffices
to ensure its applicability), exchanging the inf and the sup by the same argument
as above, we have:

lim clog B [exp (H<X))] — sup {Hy(z) — A3(2)}

TER™
= sup inf ¢ Ho(x) =Y 0j(x; —xj-1) + Y _(t; — tj-1)h(0;)
zeRn eJn = =
= inf sup ¢ H,(x) — 0;(zj —xj-1) + Z(tj —tj_1)h(0;)
feJn zeRrn = =

= inf $ Ho(6) = " (t; — t;-1)h(6))
€ j=1
= F(0"),

which shows the asymptotic optimality of 8° as per Definition 5.3.

6. NUMERICAL EXAMPLES

In this section, we apply the variance reduction method to several examples. We
first prove a result for options on the average value of the underlying over a finite
set of points.

Proposition 6.1. Let 7 = {t1,...,t,} and consider an option with log-payoff

H(z) =log (K—iozn:emj)Jr. (6.1)

j=1
Then H satisfies the assumptions of Proposition 5.5 and for any 6 € R,

(0) = log (1_5?219[) Z 0, log ( 19_ ;fﬁ?) (6.2)

m=1

where we use the notation 0; = éj — §j+1 forj=1,....,n—1 and 0, = 0,.

Proof. Let us first show that the assumptions of Proposition 5.5 are satisfied. The
concavity of H follows from Lemma 10 in (Genin and Tankov, 2020), see the
examples in section 4 of that paper; the payoff is clearly bounded from above and
continuous on the set where it is finite.

Let us now turn to the computation of H. For this payoff,

ZG —xi_1) log(K—&Z ) ZHIE]

]_

‘asianpayoff.eq‘
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When the option is out or at the money, the log-payoff is —oco. Assume that z is
such that H(z) > —oo and differentiate with respect to z;. We obtain

So — 50 ¢
0:6%. log K—fz Zwl«% Son n = —9]'.
Ko=) e

=1

Therefore the x that maximises H(x) — ijl 0z, satisfies

e%i K " 2 el P
= et ST g

0; =1
0 HK/S())
z; =log | ——+"—-
T (1—21 191

Inserting z; in the value of H(x) — >>'_, 0z, we obtain the result. O

for every j. Therefore

6.1. European and Asian put options in the Heston model. Consider the
Heston model (Heston, 1993)

y
dXt:—EtdtJr\/thth, Xo=0
Vi = Ay — Vi) dt+ Cy/VidW2 Vo >0 (6.3)

12y —
AWt w >t—pdt,
where W', W?2 are standard P-Brownian motions. The Laplace transform of (X, V;)
is

E (eUXt'HUVt) — e(tuw)+h(tu,w)Vo+uXo

I

where ¢, 1) satisfy the Riccati equations
O p(t, u,w) = F(u, Y (t,u,w)) #(0,u,w) =0
Op(t, u, w) = R(u,p(t, u, w)) P(0,u,w) =w
for F'(u,w) = Apw and

(6.4)

C2 1
R(u,w) = > w? + {puw — Iw + 2( —u).

A standard calculation shows that the solution of the Riccati equations (6.4) is

1()\ >_7 tanh (3¢) + 7

w(t,u,w):E ¢ (2 1+ tanh (3 ¢)

o(t,u,w) = uz\ (2\ —pu) t— 2u2\2 log (cosh (%t) + 7 sinh (%t)) ,

2 9 o2
where v = y(u) = C\/(é—pU) +1—(u—3)" and n = nu,w) = A=LECL,
Furthermore, for the Heston model, the function h (asymptotic Laplace exponent
of X, see Equation (2.4)) is given by

/\<)\— u)— A (u), if (A— u>2+1—(u—1>2>0
hu)y = e\ ™) e ¢ )Ty 5

+ o0, otherwise.

(6.5)

(6.6)

‘ eq:HestonDynamics

‘ eq:RiccatiEquatic

‘ eq:RiccatiSolutic
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Remark 6.2. The function h is the log-Laplace transform of the normal inverse
Gaussian process (Barndorff-Nielsen, 1997) which is complex-analytic on a strip
around the real axis.

The following proposition describes the effect of the time dependent Esscher
transform on the dynamics of the Heston model.

tonDynamicsPTheta| Proposition 6.3. Let 7 = {t1,...,t,} and Pz the measure given by

dPg Xi=1 05 (Xt =X, 1)

dP E [62?:1 0; (th_th—1)] '

Under Pg, the dynamics of the P-Heston process (X, V;) becomes

_ _ _ 1 .
dX, = (am FCpU (1 — 0y ey O) — 2) Vidt +/VidW}, Xo=0

dV, = N (fir — V3)dt + ¢/ Vi thQ 7 Vo= Vo (6.7) ‘eq:HestonDynamics
AW W?) = pdt
< ’ >t pats

where W is 2-dimensional correlated Ps-Brownian motion, ny = inf{k € N : t;, >
ty, m=inf{s € 7 : s >t}, ¥ is defined iteratively as
v (8, 9_]', ceny H_H) = ’QZJ (S, éj, v (tj+1 - tj, 0_j+1..., G_n))
U(s)=0
and
3 ] 2 ] ] ~ A
M=A—COpp—C VU (Tt —t, Hm,...,ﬁn) and fiy = T
t
Proof. We define the function @ iteratively by
d (S, éj, ceey G_n) = ¢ (S, gj, v (tj+1 - tj, §j+1a ceey én))
+ @ (tjp1 — tj, 0541, ..., 0)

®(s)=0
Denote
dPs
D(ta Xtv‘/t) - -0
dP 7
Then
Z”-Liilé'(Xt*Xhi ) N _
D(t, X, Vi) = — o B [ 5 X0 | )

E [oXi-105 (X thj,l)]

—1 = — —
S0 (X=X )+ (7t —t0ny e 0n) _ _ _
e ’ Y U (7t —t,0n, 00 ) Vit-On, X

€<I>(t1,51,...,§n)+q/(t1,§1,...ﬁn)V0+§1 X0
The dynamics of D(t, X;, V;) can then be expressed using It6’s Lemma as
dD(t, X, Vi) = D(t, Xy, V4) (éntht + U (1 — t, O, ...,én) dVy) + ...dt
= D(t, X4, VOV Vi (Ony dWE +C T (13— £, 00y, .0y ) dWE)
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By Girsanov’s theorem,
th _ th e_m +Cp V¥ Tt_taéma---aén
d<v~v3>—d<wg VY G+ CV (1 — 1,0y, 0,) )
is a 2-dimensional Brownian motion under the measure Py. Replacing W in eq.
(6.3) by W gives the result. O

Remark 6.4. Prop. 6.3 shows that the time-dependent Esscher transform changes
a classical Heston process into a Heston process with time-inhomogeneous drift.

Remark 6.5 (Asymptotic optimality for the Heston model). The limiting Laplace
exponent of the Heston model is finite and continuous on the bounded interval,
J = [u_,uys], where

which contains a neighborhood of zero. The function w (stable equilibrium of the
second Riccati equation) is given by

(A —up¢) — /(A = upg)? — *(u? — u)
¢ ’

wu_) = é (2 _ pu_) and  wluy) = é (2 - pu+> .

and we see that Assumption 3 is verified and thus asymptotic optimality for Asian
and European put options is guaranteed in the Heston model only when p = 0.
Nevertheless, since the actual variance reduction problem is itself unsolvable, our
goal is to find a good candidate measure that we can test numerically. The fact
that we do not have the full theory to justify it is therefore not problematic.

w(u) =

(6.8)

so that

6.1.1. Numerical results for European put options. In this case, the asymptotically
optimal variance reduction measure of Proposition 5.5 is supported by the single
point {T'} and given (with e = 1) by

dPg. X7
dP o E [eé*XT] ’

For 6 € R,

H(0) + Th(0)

:10g<1lj§>_910g<_91i(/950>+TM2<2_p§_7(49>>' (6.9)

In order to obtain #”, we therefore differentiate (6.9) with respect to # and solve
the resulting equation numerically.

We simulate N = 10000 trajectories of the Heston model with parameters A =
1.15, p = 0.04, ¢ = 0.2, p = —0.4 and initial values V5 = 0.04 and Sy = 1, under
both P, eq. (6.3), and Pg., eq. (6.7), with n = 1 and ¢; = T', using a standard Euler
scheme with 200 discretization steps. For the P-realisations X ¥, we calculate the

‘ eq:HHatHestonEurc
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European put price as % Z;VZ1 (K — SpeXr > and for the Pg.-realisations X (@0%)
+
as
o(T,0%,0)+¢(T,6%,0) Vo IV - -
e (1,6%) (1,6%)
N E e Xt <K — Sper >+ . (6.10) ‘eq:EstimatorTheta

j=1
Each time, we compute the Pj.-standard deviation, the variance ratio and the
adjusted variance ratio, i.e. the variance ratio divided by the ratio of simulation
time. The latter measures the actual efficiency of the method, given the fact that
simulating under the measure change takes in general slightly more time.

In Table 1, we fix the strike to the value K = 1 and let the maturity T vary
from 0.25 to 3, whereas in Tables 2 and 3, we fix maturity to 7'=1 and to T = 3,
while we let the strike K vary between 0.25 and 1.75. We calculate each time the
price, the standard error, the variance ratio adjusted and not adjusted by the ratio
of simulation times.

T  Price Std. error Var. ratio Adj. ratio Time, s

0.25 0.0395 3.72 -10~% 2.46 2.14 20.2
0.5 0.0550 4.54 -10~* 3.12 2.83 19.9
1 0.0780 5.59 1074 3.92 3.66 19.5
2 0111 7.20-107¢ 4.21 3.89 19.7
3 0.134 848 -107% 4.19 3.79 19.8

TABLE 1. The variance ratio as function of the maturity for at-the-
money European put options. tab:PutVarianceRe

K Price  Std. error Var. ratio Adj. ratio Time, s

0.5 0.00014 7.65-10°° 26.6 24.5 18.4
0.75 0.00794 1.34 -1074 6.53 5.91 18.7

1 0.0773 5.60 -1074 3.96 3.65 18.5
1.25 0261 8.62-107* 4.20 3.78 18.9
1.5 0.502 7.92-107% 5.84 5.36 18.6
1.75  0.749 6.84 -107* 8.45 7.29 19.7

TABLE 2. The variance ratio as function of the strike for the Euro-
pean put option with maturity 7' = 1. tab:PutVarianceRe

K Price Std. error Var. ratio Adj. ratio Time, s

025 7.1-107° 1.84 -107° 92.0 70.9 23.1
0.5 0.00418 6.05 -10~° 16.1 16.0 20.0
0.75 0.0369 3.43 -10~¢ 6.67 6.00 20.4

1 0.133 851 -107¢ 4.24 4.15 20.2
1.25 0.300 1.34-1073 3.61 3.13 21.3
1.5 0.517  1.60 -1073 3.47 3.30 19.9
1.75  0.755  1.64 -1073 3.89 3.53 19.9

TABLE 3. The variance ratio as function of the strike for the Euro-
pean put option with maturity 7" = 3. tab:PutVarianceRe
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In all the cases, we can see that the variance ratio is quite significant for deep
out of the money options and less significant, yet still very interesting, when the
option is at or in the money. This corresponds to the natural behaviour of variance
reduction techniques that involve measure changes, as the measure change increases
the exercise probability. Note that the simulation time is only slightly larger when
simulating with the measure change, while the time required for the optimization
procedure is negligible compared with the simulation time. In Figure 6.1, we fix
the maturity to 7' = 1.5 and plot the empirical variance of the estimator (6.10) as a
function of #*. Our method provides §* = —0.457 as the candidate asymptotically
optimal measure change. We can therefore see that our candidate 6* is very close
to the optimal one.
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FIGURE 6.1. The variance of the Monte-Carlo estimator as a func-
tion of 6.

6.1.2. Numerical results for Asian put options. We now consider the case of a
(discretized) Asian put option with log payoff (6.1) and discretization dates t; =
2 T. By Prop. 5.5, the asymptotically optimal variance reduction measure (with
e = 1) is given by

dPg. X=Xy Xy)

P E [e 7=19; (ij_ij—l)} ’

where #* is computed by minimizing
K nL ~ —(ém—ém_;,_l)nK/So T & =
1 — | — Om — Omt1)1 = — h(6;) ,
og<1_01> > +1) og< 16, +”jz::1 (65)

m=1

see Prop. 6.1 and eq. (6.6). By differentiating with respect to éj, we obtain, for
71=2,...,n,

0= 2, {ﬁ@ Iy h(ém)}
m=1
_TH(6))

(6.11)
— log [—(9_]‘ - éj-&-l)} + log [_(e_j—l - éj)] )

‘ fig:VarianceHestc

‘ eq:MinimizationEc
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while, for j = 1, we have

0= 0y, {ﬁ<9)+f;§nj h(em)}

—log (1— 61) — log(n K/So) + % W (8) — log [~(B: — 02)] -

(6.12) ‘eq:MinimizationEq

Taking the exponential in egs. (6.11) and (6.12), we obtain

_ — — T prip S
02—61 = (1 —b )e:h(el)-ﬁ

B—0: = (6 —6 )ent®

Finally, let T be the real-valued function defined by

So -

On = T(0n) = (1—01)e 7h/(91)'n7—92—91,
where 0,,_1 = 0,, + 0,, ¢~ W (0n) and iteratively,
§j72 = 9_.7'*1 - (gj - éj*l) e_%h/(éj_l) ) J=n,..,3.

Solving numerically the equation 7(6,) = 0, we find the optimal 8"

As before, we simulate N = 10000 trajectories of the Heston model with param-
eters A = 1.15, u = 0.04, ¢ = 0.2, p = —0.4 and initial values Vy = 0.04 and Sp = 1,
under both P, eq. (6.3), and Pg., eq. (6.7), with n = 200 and t; = 2T, using a
standard Euler scheme with 200 discretization steps. For the P-realisations X (),
we calculate the Asian put price as

1 & S0 e~ X
N.Z K—;Ze j (6.13)

+
and for the Pg.-realisations X (67 as

S (5

n 4
Jj=1

@(tl,é*l, ,9 )+\I/(t1,9 Lyeees n)

N

e

N
(6.14)

Each time, we compute the Pj.-standard deviation and the adjusted and non-
adjusted variance ratios. In Table 4, we fix the maturity to 7' = 1.5 and let the
strike K vary between 0.6 and 1.3.
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K Price Std. error Var. ratio Adj. ratio Time, s
0.6 3.466 -107° 4.13 -107° 16.9 14.6 19.9
0.7 0.000562 2.60 -107° 5.77 4.77 21.1
0.8 0.00414 9.64 -107° 4.36 3.77 20.1
0.9 0.0185 0.00024 3.48 3.09 20.6
1 0.0558 0.00043 3.49 3.07 20.1
1.1 0.120 0.00057 3.69 3.20 20.1
1.2 0.206 0.00062 4.27 3.80 19.7
1.3 0.301 0.00059 5.30 4.41 21.0

TABLE 4. The variance ratio as function of the strike for the Asian
put option. A = 1.15, u = 0.04, ( = 0.2, p = —04, Sy = 1,
Vo =0.04, T = 1.5, N = 10000, 200 discretization steps. tab:AsianPutVaria

The conclusion is the same as for the European put option. Indeed, the vari-
ance ratio explodes when the option moves away from the money. Due to the
time-dependence of the measure change, the adjusted variance ratio is consistently
around 13% below its non-adjusted version. The adjusted variance ratio remains
however very interesting, with values above 3 around the money.

6.2. European put options in the Heston model with negative exponen-
tial jumps. We now consider the Heston model with negative exponential jumps

dX, = <5_‘§> dt + Vi dW} +dJ;, Xo=0

(6.15) ‘eq:HestonWithJump

Ve = A — Vi) dt + (Ve dWE Vo=V
AW W?) = pdt,
where W1 W? are standard P-Brownian motions and (Jt)t>0 is an independent
compound Poisson process with constant jump rate r and jump distribution Neg-Exp(«),
i.e. the Lévy measure of (Ji)i>o is v(dz) = r e, gydz. The martingale con-

dition on S = Sy eX imposes § = ail. The Laplace transform of (X, V}) is

E (euXt—l—th) _ e¢(t,u,w)+w(t7u,w)vo+uXo

where ¢, 1 satisfy the Riccati equations
6t¢(t7u>w) = F(’LL,'(/J(I(I,U,’UJ)) QS(O,U,’UJ) =0

(6.16) ‘ eq: JumpRiccatiEqu

for F(U,U)) = A'U,w —+ /%(u), where I%(U) = %7 and
_C e L2
R(u,w) = - w’ + Cpuw — Aw + S (u” — ).

Again, a standard calculation shows that the solution of the generalized Riccati
equations (6.16) is
1(>\ ) v tanh (2t) +7

) = TP ) T & T tanh (30)

A[A A
o(t,u,w) = p 13 <C — pu) t— ZMC—Z log<cosh <%t) + n sinh <%t)) + tR(u) ,
(6.17) ‘eq:GRiccatiSoluti
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2 2 — u— 2w
where 7 = 7(u) = g\/(g_pu) +1(u—3)” and g = glu,w) = 2o

Furthermore, for the Heston model with negative jumps, the function A is given by

A A
h(u) = p = (C — pu) — i o v(u) + R(u) . (6.18) ‘eq:HestonWithJump

hestonsatisfies| Remark 6.6 (Asymptotic optimality for the Heston model with jumps). The lim-
iting Laplace exponent of the Heston model is finite and continuous on the bounded
interval, J = [u_, uy], where

which contains a neighborhood of zero. The function w has the same form (6.8) as
in the Heston model without jumps, so that

A A
w(u_) = c (C - pu_> 1, s atw(—a)ly, ——qo and w(uy) = 2 (C - pu.,.) .

Thus, Assumption 3 is verified and asymptotic optimality holds for Asian and
European put options when p = 0 and jumps are sufficiently small, namely
1 X2 1

o > Z—{—?_ﬁ

Let us now study the effect of the Esscher transform on the dynamics of the
Heston model with jumps.

npsDynamicsPTheta| Proposition 6.7. Let Py be the measure given by
dPg _ €§XT
dP  E [eéXT] '

Under Pg, the dynamics of the P-Heston process with jumps (X, Vi) becomes
_ _ 1 .
dX, = odt + (9+Cp1/} (T —¢,6,0) — 2) Vidt +/VidW}r+dJ,, Xo=0

AV, = N (fie — V) dt + ¢/ Vi dWE Vo=V
AW W2 = pdt
< ’ >t pav

(6.19) ‘eq:HestonWithJump

where W is 2-dimensional correlated Pg-Brownian motion, ¢ and i are given in
(6.17),

< - = A
Mo=A—COp—C2 (T —1,6,0) and fiy = TM

t
and (J¢)e>0 s a compound Poisson process with jump rate ar—fé and jump distribu-
tion Neg-Exp(a + 0) under Py.

Proof. Denote

dP, o®(T—1.0,0)
’§7

= i o (T—,0.0) Vit 0 X:
dP |z, #(T:0.0)+9(T60) Vo
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The dynamics of D(t, X;, V;) can then be expressed using Itd’s Lemma as
dD(t, X¢, Vi) = D(t, X4, Vi) (0d Xy + o (T — ¢,6,0) dV;) + ... d¢
— D(t, X;, Vi) [\/Vt (GdW+C o (T—t,0,0) dW2)+6 (5dt+th)}
and Girsanov’s theorem then shows that
(e )= ) -va (G o
is a 2-dimensional Brownian motion under the measure Fj. Replacing W in eq.
(6.3) by W gives eq. (6.19). In order to finish the proof, it remains to show that

the jump process (J;)i>0 has the desired distribution under Pz. Let us calculate
the Pg-Laplace transform of J;:

E [e"‘]’f E {eéXT ‘.7-}“
E [eéXT]
—t,0
_ (T f’ ’O)E [6th+¢(T—t,§,O)Vt+§Xt} '
IE [e/X7]
By independence of the jumps,
E [ether(T—t,é,o)vtMXt} _ St |:e(u+§)Jt:| E [ew(Tft,é,O)Vt+§(Xt75tht)]

]EIP’g [eth] —

I

= _ u+§
where IE [e(“w)‘]f} = ¢ ""utdta. Furthermore, (Xt — 6t — Ji, Vi)i>o is a standard

Heston process without jumps. Therefore comparing (6.5) and (6.17), we find that

E [ew(T—t,é,O)Vt—&-@(Xt—(St—Jt)} _ e¢(t,é,¢(Tft,é,o))ft%ﬂb(t,é,w@ft,é,o))vo .

Using the fact that (¢, 0, (T —t,0, 0)) =1 (T, 0, 0) and
¢ (T —1,6,0) + ¢(t, 0,9 (T —1,6,0)) = ¢ (T,6,0)
(see eq. (2.1) in (Keller-Ressel, 2011)), we finally obtain

08 +__ uth ro(6—1)
66‘” T ra et ) (@t d)

]E]P’g [eth] _

G p_pp_utb _, 70(O=1) _ra oy u
— e o+l u+0+a (at+1)(at+0) = e at+0 " ut(a+o) ,

which is indeed the Laplace transform of a compound Poisson process with jump

rate a’fe— and Neg-Exp(a + 0)-distributed jumps. O

6.2.1. Numerical resulls for the European put option. Similarly to the case of the
Heston model without jumps, we find the optimal #* by minimizing numerically

~ —

H(0)+Th(0)dt

K _ —0K/Sy XA () _ - (6.20)

=1 — | =61 —_— Tp—-|—=—pd ——= T k(0).

°g<1—9> °g< =0 )* he (c oo - ) TTHE)
We simulate N = 10000 trajectories of the Heston model with jumps with pa-
rameters A = 1.1, p = 0.7, ( = 0.3, p = —0.5, r = 2, @ = 3 and initial values
Vo = 1.3 and Sy = 1, under both P, eq. (6.15), and Pg., eq. (6.19), using a stan-
dard Euler scheme with 200 discretization steps. For the P-realisations X, we
calculate the standard Monte-Carlo estimator of the European put price and for

‘ eq:HHatHestonWith
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the Pj.-realisations X %) we use (6.10) where ¢ and ¢ are given in (6.17) and
compute the same statistics as in the previous examples. In Table 5, we fix the
strike to the value K = 1 and let the maturity 7" vary from 0.25 to 3, whereas in
Tables 6 and 7, we fix the maturity to T'= 1 and to T' = 3, while we let the strike
K vary between 0.25 and 1.75.

T  Price Std. error Var. ratio Adj. ratio Time, s

0.25 0.0945 9.96 -10~7 3.28 3.00 23.6
0.5 0.147 1.28 1073 3.20 2.99 24.5
1 0215 1.61-1073 2.95 2.77 24.7
2 0309 2.04-10°3 2.61 2.43 24.7
3 0374 230-10°3 2.40 2.20 25.0

TABLE 5. The variance ratio as function of the maturity for the
European put option in the Heston model with jumps.

K Price  Std. error Var. ratio Adj. ratio Time, s

0.25 0.00606 7.83 -10°° 11.6 10.4 25.8
0.5 0.0377 4.03 -10°* 5.42 5.28 24.7
0.75 0.105 9.44 -10~* 3.76 3.19 27.3

1 0.215 1.61 1073 2.93 2.89 26.1
1.25 0.369 2.26 -1073 2.65 2.46 25.4
1.5  0.550 2.80 -1073 2.43 2.24 24.9
1.75  0.766  3.05-1073 2.57 2.44 24.6

TABLE 6. The variance ratio as function of the strike for the Eu-
ropean put option with maturity 7" = 1 in the Heston model with
jumps.

K  Price Std. error Var. ratio Adj. ratio Time, s

0.25 0.0280 2.69 -10~ 4 5.19 4.99 24.8
0.5 0.108 8.60 -1074 3.32 3.05 25.1
0.75 0.226 1.58 -1073 2.68 2.56 26.3

1 0374 231-10°3 2.39 2.20 27.0
1.25 0.545 3.01-1073 2.20 2.19 25.2
1.5 0.730 3.66 -1073 2.09 1.94 24.6
1.75 0.932 4.27 1073 1.97 1.83 24.8

TABLE 7. The variance ratio as function of the strike for the Eu-
ropean put option with maturity 7' = 3 in the Heston model with
jumps.

When adding negative jumps to the Heston model, one can see that the vari-
ance ratio diminishes. When the options are out of the money however it is still
sufficiently high to make it interesting to use in applications. In Figure 6.2, we fix
the maturity to T' = 1.5 and plot again the empirical variance of the estimator as a
function of * for the Heston model with jumps. The method provides §* = —0.312

tab:PutVarianceRe

tab:PutVarianceRe

tab:PutVarianceRe
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as candidate asymptotically optimal measure change which is, as in the continuous
case, very close to the optimal one.
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FIGURE 6.2. The variance of the Monte-Carlo estimator as a func-
tion of 0* for the Heston model with jumps. fig:VarianceHesto
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