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Abstract
We analytically study boundary conditions of the Dirac fermion models on a lattice, which
describe the first and second order topological insulators. We obtain the dispersion relations of
the edge and hinge states by solving these boundary conditions, and clarify that the Hamiltonian
symmetry may provide a constraint on the boundary condition. We also demonstrate the edge-
hinge analog of the bulk-edge correspondence, in which the nontrivial topology of the gapped edge

state ensures gaplessness of the hinge state.
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I. INTRODUCTION

In quantum mechanics, physical observables are obtained as the eigenvalue of Hermitian
operators. In the bulk system, the momentum operator k = —id is a well-defined Hermi-
tian operator as we have the translation symmetry. However, if there is a boundary, the
translation symmetry is partly violated, so that we have to be careful of the Hermiticity
of the momentum operator. In fact, in order to show the Hermiticity of the momentum
operator, we shall use the integration by parts, which in principle could have the boundary
contribution.

The existence of the boundary is essential in the study of topological materials, which
exhibit nontrivial degrees of freedom localized on the boundary. It is known that for topo-
logical materials, the band topology is characterized by certain points (called Dirac points)
in the Brillouin zone [I, 2]. Hence, it is important to study the effective Hamiltonian,

which describes the behavior in the vicinity of these points. From this point of view, it has



been shown in [3] that, in the continuum limit, the Hermitian property of the Hamiltonian
demands boundary conditions for the Dirac fermion system.

In the context of microscopic models of the topological materials defined on a lattice, we
should consider several combinations of the gamma matrices, e.g., I'; cos k41", sin k, to gain
nontrivial topological properties in the Wilson fermion model [4], the Su-Schrieffer-Heeger
(SSH) mode [5] and Haldane’s model (Chern insulator) [6], and so on. In the presence
of such a combination term, analysis of the boundary condition becomes in fact involved
compared to the ordinary Dirac fermion system. See, for example, [THIT] for the related
works on the boundary conditions of the topological materials. The purpose of this paper
is to explore the boundary condition obtained from the Hermitian property of the lattice
model involving several combinations of the gamma matrices. We in particular show how
the boundary condition affects the physical properties of the edge state localized on the
boundary, including the energy spectrum and the penetration depth. Moreover, we consider
an intersection of two different boundaries. Imposing the compatibility of the boundary
conditions, we may obtain the localized state at the intersection of the boundaries, which is
a key feature of the higher-order topological insulators [12HI§].

This paper is organized as follows: in Sec. [[I, we use the Hermiticity property of the
Dirac Hamiltonian to derive boundary conditions for the edge and bulk states; in Sec. [IT]
we study edge state wave functions and dispersion relations in two examples of the first
order topological insulators from the point of view of the boundary conditions; in Sec. [V]we
study wave functions and dispersion relation of the edge and hinge states for a model of the

second-order topological insulator; in Sec. [V] we conclude with a summary and discussion.

II. BOUNDARY CONDITIONS ON THE LATTICE

In this section, we derive primitive lattice boundary conditions in a general setup based
on the Hermiticity of the difference operator. We show that the boundary conditions are
implemented for edge states in a simple form, which is analogous with the continuum model,
while a slight different treatment is necessary for the bulk states.

In order to obtain a topologically nontrivial phase, we should include the momentum-

dependent mass term in the Dirac Hamiltonians on a lattice, that is known as the Wilson



term. Let us consider the following one-dimensional tight-binding model:

N N
Hia = Zwl(al cos k + oy sin /%Wn - Z %wl(gl(v + Vi 2) —ioa(V - V) - (IL1)
n=1

n=1

where o, 5 are the Pauli matrices, and we define the difference operator,

V%z = wnJrl - wn = (eik - 1)wn> (IIQa)
Vi i= g — by = (€% = 1)y, (I1.2D)
with the momentum operator k= —i0. Requiring the Hermiticity of the Hamiltonian,

Eq. (II.1)) should be also written as

N N
Z Wf (01 cos k 4 oy sin k), = Z((al cos k + oy sin k)i, 4, | (IL.3)
n=1 n=1

In order to obtain this equality, we shall impose the boundary condition as follows.

A. Derivation of the boundary condition

By definition of the difference operator ([1.2)), we first obtain

VIV, = Y — L9, + (Vi) g, (I.4a)
WIVT, = lb 1 — Pl 4 (Vaba) T, (IL.4b)

where we use the following relations,

(V)T = (&) — ¥])thn, (IL5a)
(V) bn = (@)1 — 0] ) (IL5b)
Summing over the site, we then obtain the relations,
XNJ UiV, = Vv — Yivn + fj(vwmn , (IL6a)
v N
D ULV, = it — O Un + D) (Vi) (IL6D)
n=1 n=1

These relations are interpreted as a difference analog of integration by parts, which provides

an extra contribution if there exists the boundary,

[ dzvion =t - [az @it (1L7)

boundary



We consider the following combinations that appear in the Hamiltonian ([I.1)). From the

integration by parts relations ([1.6)), we obtain

N N
. vV + Vi
tcosk, = T( +1> n
;wn W ;w 5 Y
N

=) (coskb,) i, + %(w}vz/wﬂ — Pl on — Bl + i), (11.8a)

n=1

< AR v
nzlwlsmkwn:;wz( 5 )wn
N

= (sinkp,) b, + %(wwm + Pl on — Bln — i) . (I18D)

n=1

Hence, the Hamiltonian (II.1]) is written as follows,

N N
Z Ul (o) cosk + oy sin k)i, = Z((al cos k + o9 sin k)b, )by,
n=1 n=1

+%(¢1Tv01¢N+1 - %TvHUﬂPN — hlorty + bloy)

b (hontinan + ooty — ot — wloat)1L9)

In order that the equality (II.3]) holds, the boundary terms in Eq. ([1.9) should vanish. This

imposes the boundary condition.

B. Analysis of the boundary condition

There are two possibilities for the boundary condition. The first is the periodic boundary

condition,

UV = Vi N Vne{l,...,N} (11.10)

and the other is the open boundary condition,

Yoy — vloiy — i(Wioatn + Yiowe) =0 (IL.11a)
YR o1N s — ¢jv+101¢1v +i(Yhoan + ¢R+102¢N) =0, (IT.11Db)

where the two boundary contributions vanish independently. Since these two equations have
similar structure, we focus on the first equation ([I.11af). Noticing the relation ¥, = eikwo,
we may write the boundary condition ([II.11a)) locally. We discuss the bulk and the edge

states separately in the following.



1. Edge state

For an edge state localized on the boundary, we assume that the wave function takes
the following form ,, = v, where § € R. We also impose the normalizability condition
|B| < 1. Then, from the boundary condition ([I.11a]), we obtain

Yhoathy = 0. (11.12)

In fact, the o;-term does not play a role in the boundary condition for the edge state.
Notice that this result is straightforwardly generalized to arbitrary dimensions. In general,

the boundary condition ([1.12)) is interpreted as the no in/out-going current condition [10].

2.  Bulk state

For a bulk state, we take the Fourier transform, and the differential operator k may be

replaced with the corresponding real eigenvalue k. Noticing
= ey, Pl = e, (I1.13)
and from the boundary condition ([I.11a)), we have
¢$(01 sink — g9 cosk)yy = 0. (I1.14)

Namely, the boundary condition depends on momentum k in general. We remark that in

the limit £ — 0, Eq. (I1.14) reduces to Eq. ([1.12)).

III. FIRST ORDER TOPOLOGICAL INSULATOR AND EDGE STATES UNDER
LATTICE BOUNDARY CONDITIONS

In this section we discuss the dispersion relation for generic edge states based on
the boundary conditions for one-dimensional Su—Schrieffer-Heeger (SSH) model and two-
dimensional Wilson fermion model (Chern insulator). As we consider the boundary condition
in one direction, this situation corresponds to the first order topological insulator. Moreover,
in the case of one-dimensional SSH model, although the gapless edge state is protected by
chiral symmetry, the boundary condition in general violates it, and thus the edge state is
gapped out; In the case of two-dimensional Wilson fermion model, the chiral gapless state

is topologically protected under variation of boundary conditions.



A. One-dimensional SSH model

The Hamiltonian of the one-dimensional SSH model can be written as

N

Hssu = Z W Hsgp (k)i Hgsu(k) = (s + tcos k)oy + tsin ko . (IIL.1)
n=1

~

This Hamiltonian has the chiral symmetry, {Hssu(k), 03} = 0, so that it is classified into

the class AIII system. Considering the edge states localized at n = 1, we have the boundary

condition
Yoy =0, (II1.2)
with a generic solution
cosf
P = , (I11.3)
sin 6

where 6 € [0,27) is a periodic parameter characterizing the boundary condition. We may
apply the formalism discussed in our previous papers to explore this situation [9) [14]. We

assume that the edge state wave function takes the form of
Un = A" (111.4)
with f € R and || < 1. Recalling that
~ 1 Loa 1
cos k = 5(v+v*+2), sink = ?(V—VT), (I11.5)
1
these terms may be replaced as follows for the edge state,

cosk —s é(ﬂ—i—%), sink —» i(ﬁ—l) (I11.6)

Then, the eigenvalue equation (hgsu(k) — €)1, = 0 can be written as

—e s+tpt cos 6
ﬂnfl

~0, (IIL7)
s+t —€ sin ¢
which gives rise to
e=tanf(s +t87") = cotO(s + t3), (IT1.8a)
(s +tB8 ') cos?’ — (s +tB3)sin*0 = 0. (II1.8b)



Next we discuss the violation of symmetries by the boundary conditions. The boundary

condition can be rewritten as follows,
(1 —0y8in20 — o3 cos20)y =0 (I11.9)
as in the matrix form, we have

1 —cos260 —sin20

0 =
—sin26 14 cos26
2sin 6 0 sinf — cos6
= (T (IT1.10)
0 —2cosf sinf — cos6

Now the boundary condition ([11.9) is not compatible with the chiral symmetry of the original
Hamiltonian, ) — o031, unless sin 260 = 0. Meanwhile from the dispersion Eq. ([11.8al), we
can see that the edge state has a non-zero energy unless 8 = —s/t or ! = —s/t, which
correspond to cos = 0 or sinf = 0 ( <= sin20 = 0) as seen from Eq. ([IL.8b). Therefore,
the edge state is gapless (zero-energy state) if the chiral symmetry is preserved, while it would
be gapped (non-zero-energy state) if the chiral symmetry is violated due to the boundary

condition.

B. Wilson fermion

Let us consider the Wilson fermion model in two dimensions:

~

Hw(k) = o1(cos ky + cosky —m — 2) + o9 8in ko + o5 sinky . (IT1.11)

There is no specific symmetry for this model, so that it is classified into the class A system.
We assign the boundary condition at the boundary ny, = 1, and we keep the ni-direction as
a bulk direction. Hence, we take the Fourier transform only for the ni-direction to consider
the wave function ¥, (k).

Now the boundary condition is given as follows,

Pl (ky)oatr (ki) = 0, (I1.12)

which is formally the same as the SSH model. Hence, we have the same solution ([I1.3]) with

the parameter 6 as before, and the wave function is given as

Un(kr) = 6"y (ky) (I11.13)

8



with 8 € R and |B] < 1. In this case, we may replace

R - 1 1 .2 1 1
ki — ki, cosky —> §<B + E) , sinky — Z(ﬁ - E) . (I11.14)

~

Then, the eigenvalue equation (Hw (k) — €)¥,(k) = 0 can be written as follows,

sink; — € cosky —m—2+4 1 cos 0
' ' P n-1 ~0, (IIL.15)
cosky —m—24+0 sink; — ¢ sin 6
together with
sink; — € cosk; —m—2+ 371
det ! ' ) 2o (I11.16)
coski—m—2+0 sink; — ¢

From the eigenvalue equation ([I1.15) we can determine the parameter 8 and the energy
eigenvalue € as follows: Denoting A := —sin k; sin 20 4 (cos k; — m — 2) cos 260, we obtain a

quadratic equation for the parameter 3,
B%cos? 0 + AB —sin®0 = 0 (II1.17)

which is solved by

B —A+ VA2 +sin%20

2 cos20

B

(I11.18)

Using this solution B4, we then obtain the energy eigenvalue, which depends on (&1, 6),

cosky —m — 2+ VA2 + sin® 20

sin 26

€4 =

(I11.19)

Although we now have apparently two edge states, one of the is not compatible with the
normalizability condition |#| < 1. Hence, we have a single edge state similarly to the
continuum theory. This is shown as follows: There are two possible edge states in general:

(€4,p4+) if |B4] < 1 and (e_,B-) if |B_| < 1. Considering a function of the parameter 3,
f(B) = pB*cos? + AB —sin®0, f(0) = —sin?0 <0, (I11.20)
then, the existence of a root |5| < 1 yields

IB+] <1 <= f(+1) >0 <= cos(ky +20) > (m + 1) cos 26, (II1.21a)

-] <1 <= f(—1) >0 <= cos(ky +20) < (m + 3) cos26. (IIT.21D)
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FIG. 1: The bulk and edge state dispersion relations of the Wilson fermion model with
ky = 0 and m = —1.5 and the boundary condition parameter § = 27 /7, 47 /7, 67/7, 87/7,

107 /7, 127 /7. The horizontal and vertical axes correspond to k; and e.

We remark that these two equations (II1.21al) and (III.21b|) may be satisfied simultaneously.

Eqgs. (II1.21)) in fact provide constraint on the domain of the momentum parameter k;. As
shown in Figs. [1| and [2|, we see that the total number of chiral gapless edge state is always
one for the various boundary condition parameter #. Hence, we conclude that the chiral edge
state is topologically protected in the class A Wilson fermion model even for the generic

boundary condition parameter, which does not violates any specific symmetry.

IV. SECOND ORDER TOPOLOGICAL INSULATORS AND HINGE STATES
UNDER LATTICE BOUNDARY CONDITIONS

In this section we consider the boundary condition in two directions, which may describe
the second order topological insulator. We first reformulate our previous results in the
continuum model [14] with the nontrivial boundary condition in two directions on a lattice,
including edge state dispersions, hinge state dispersion. We then study how a second order

topological insulator arises by tuning the boundary conditions. We demonstrate that the

10



-3 -2

it
/«o\ /:\ /
05 —/ 051 05
i 2 3 1 2 3 =
10/ /

(a) 0 =27/7 (b) § =4n/7 (c) @ =6m/)7

10
05
= -0.51
-10

(d) @ =8n/7 (e) 0 =107 /7 (f) 6 =127/7

FIG. 2: The bulk and edge state dispersion relations of the Wilson fermion model with
ks = m and m = —3.5 and the boundary condition parameter § = 27 /7, 47 /7, 67/7, 87/7,

107 /7, 127 /7. The horizontal and vertical axes correspond to k; and e.

gapless hinge state is protected by the nontrivial topological structure of the gapped edge
states.

We start with the following chiral topological insulator model,
3 3
MHs =Y ¢i(k)Hs(k)p(k),  Hs(k)=T5(2+ Y cosk)+ > Tysink;, (IV.1)
k i=1 i=1

which is a slight modification of that considered in Ref. [I7]. We remark that this model
is obtained from the five-dimensional Weyl semimetal model [19]. We use the following

representation of the gamma matrices, following the convention of [14],

. 0 —io; 01 1, 0
T — S I 2l o7 . (IV.2)
7:0'1' 0 12 0 0 _]12
We will also use the following Bloch Hamiltonian
5
Ho(k) = R Hg(k)R =Y TMhy (IV.3)

M=1

3
=Dssink, + ysink, — Iy (2 + Z cos k‘1> + I's3sink, , (IV.4)

i=1

11



which is obtained by the basis rotation through the matrix,
1
R == 5(14 - F5F1)<14 - F4F2) . (IV5)
These Hamiltonians exhibit the following chiral symmetries:
{H57PS}:O7 {H57PC}:07 (IV6)
where the corresponding chiral matrices are given by

FS - F4 5 FC - FQ . (IV?)

A. Boundary conditions for edge states and hinge states

In this part we discuss the boundary conditions on a lattice in two directions and their
compatibility at the intersection. We show that the cos k; terms do not contribute to bound-
ary conditions for edge states and hinge states as in Sec. [[I} For the Hamiltonian H¢, we
obtain the following boundary conditions,

=0, YTy =0. (IV.8)

ni= na=1

YIT59

As discussed in [14], these two boundary conditions are solved as follows,

1y
x £, (IV.9a)
ni=1 Ul
1, — U
|2 |« (IV.9b)

nz=1 1, + Uy

where U; and U, are arbitrary U(2) matrices and £ and y are two arbitrary two-component
spinors. We may obtain the boundary conditions for Hg by the basis rotation with the matrix

R defined in (IV.5). For the later convenience, we may rewrite Eqs. (IV.9)) as follows,

1, U]
R ~0, (IV.10a)
U1 —]_2 n1=1
HU - Us) La— 5+ U =0 (IV.10D)
no=1

I+ 5(US + Us)  —5(Uf = U)

12



We parametrize the two U(2) matrices as following

Uy = e"Ul = e (ag 4 id - &), (IV.11a)
Uy = U = ¢ (by +ib - 7) . (IV.11D)
We remark that the coefficients obey the constraint |a|> = |[b|> = 1, so that we have the

decomposition, ¢ € U(1) and U/ € SU(2) for i = 1,2 [14]. With this parametrization,
Eqgs. (IV.10) can be further rewritten as

—

(e — qgTy —a-T)

=0, (IV.12a)

ni=1

(€M% 4 boTs —b-T)p|  =0. (IV.12b)

no=1
These equations are convenient to read off the symmetry. Both of them are apparently not
compatible with the chiral symmetry in general.

In order to consider gapless edge states protected by chiral symmetry generated by I'c =

I's, we need to consider

1
(91-:<n—|—§>7r, nez, (IV.13)
which is equivalent to cos#; = 0, and also
a9 = b2 =0. (IV14)

If we have non-zero coefficients (as, by), the chiral symmetry is violated and the edge state
is gapped out [23].

For any states to exist on the intersection of two boundaries, these two boundary con-
ditions have to be compatible with each other: The wave functions have to satisfy both

boundary conditions. We consider the compatibility condition of the boundary conditions

Eq. (IV.9b)) and Eq. (IV.10a)),
[Ul(ﬂg — UQ) — (]12 + Ug)] X = 0. (IV15)

This compatibility condition provides constraints for the boundary condition parameters Uy
and Uy,
@-b=—cosbycosb (IV.16a)
ag sin By = by sin 0y . (IV.16b)

Note that this compatibility condition is basis independent.

13



1. Edge states

We show the dispersion relations of the edge states. We consider the edge state wave

function in the form of

U, = BT i=12, (IV.17)

n;=1 ’
with the parameter 3; € R and |§;] < 1 as before. In the n; direction, the translation

operator exp(il;:l) has the eigenvalue i, so that we obtain

A 1 1
cosk; — —<61+—> = (IV.18a)
2 o
ik — (-2 ) =i (IV.18b)
S1n Kq 2 1 61 =101 . .

In the ny direction, we instead obtain

~ 1 1
cosky —> —(52+ — ) =" (IV.19a)
2 By
'l%—>15—1 —: (IV.19D)
SIn Ko 2 2 62 =10y . .

The remaining part of the calculation is parallel with the continuous model. We follow the
calculation shown in [14], Sec. ITIC]. We redefine the coefficients appearing in the Hamilto-

nian ([V.4]) as follows,

(—iﬁ Gt h4) U = —ih® .5+ hY, (IV.202)

(i -+ hs) Uy = +ih® - 5+ b, (IV.20b)

from which we obtain

hz(l) = aOhi — CLih4 + kaajhk s (IVZla) hf,fz) = bohz - bzh4 + Eljkbjhk ) (IV210>
hf;l) = aphs +a - FL, (IV.21b) h?) = bohy — b-h. (IV.21d)

Using these parametrization, we obtain the energy spectra of the edge states ¢; and the

penetration parameters «; for i =1, 2,

e1 = —h{" cosfy £ \/|hD|2sin 6 , (IV.22a)
o = —hff) sin 6 F 1/ |E(l)|2 cos 0 . (IV.22D)

14



€5 = —h? cos By £ \/|h@ |2 sin b5, (IV.22¢)

as = —h sin 6y F \/|R@2 cos b5 . (IV.22d)
In Egs. (IV.22a)) and (B.2a]), the spectrum and the penetration parameter (e, ) still

depend on ~;, namely on ;. Therefore these two equations are coupled with each other.
This is the case for Eqgs. ([V.22¢) and (B.2b)) as well. We can also discuss the dispersion

relation as in Sec. [[T]] although it could be more complicated.

2.  Hinge states

As discussed in [14], we have a consistency condition for the dispersion relation of the

hinge state €(k),
{A62 —2Be+C =0, (IV.23)
agp = bo = O, (IV24)

where the coefficients are defined as

A:=1—cos?60ycos®0, , (IV.25a)
B :=a- hcos 0, sin? 0y + b-hcos 0, sin? 6, | (IV.25Db)
C = (@-h)?sin®0; + (b- h)?sin® 6y — |h|?sin? 6, sin 6, . (IV.25¢)

Imposing the condition ([V.13)), we have a solution,

e = \IBE— @ R2—(-her=2h (IV.26a)
o = —a-h (IV.26D)
ay = —b-h (IV.26¢)

for some & such that @-¢=b-&= 0. We will show in the next part that gapless hinge states

are realized by a further tuning the coefficients a; and b;.

B. Construction of second order topological insulator from boundary conditions

In order to realize the second-order topological insulator, we require the following condi-

tions: (i) the edge state is gapped, (ii) the edge state has a nontrivial topological number,

15



and (iii) the hinge state is gapless. In this part, we discuss how to impose these conditions
using the boundary conditions. Based on the discussion above, we consider cosf; = 0 and

ag = byp = 0 in this part. Then, the boundary condition ([V.12)) becomes

(iTs — @ D)y

(iTy — b~ T

=0, (IV.27a)

ni=1

~0. (IV.27b)

na=1

1. Gapped edge states

In this case, the energy spectra of the edge states ([V.22a]) and ([V.22c|) are given by

= /B2 +|a@x A2, e = hZ+|bxh[?. (IV.28)

We first consider the continuum limit of the Hamiltonian (IV.4)) for simplicity,
HC — HCC = kIF5 + k'yF4 —mlI'y + k'ZFg . (IV29)

Then, the energy spectra ([V.28)) are given by

€ = \/k:2 + (aam)? + (agk,)? + (agm + a1k,)?, (IV.30a)
= k2 + (bsm)? + (bsk.)? + (bsmn + bik.)?. (IV.30b)

From these expressions, we see that the edge spectra are gapless if and only if as = 0, by =0

respectively, in which the chiral symmetry is preserved on the boundary. Considering the

original lattice model, the energy spectra ([V.28)) are given by

€ = \/sin k2 + (agh1)? 4 (agsink,)? + (aghy — ay sink,)?, (IV.31a)
= \/sink2 + (byhy)? + (bysink,)? + (bshy — by sink,)2. (IV.31b)

Here, the coefficient hy should play a role of the mass parameter in the lattice model, which
depends on ~; for each edge state. In fact, we can show that the coefficient h; is non-vanishing
at the possible gapless points, sin k, = sink, = 0 for €, as follows,
a = —n = —aihy (IV.32)
sin ky=sin k,=0 sin ky=sin k=0 sin ky=sin k. =0

where for the edge states we have

= (B - B £ 0. (1v.33)

16



The argument is the same for the other case €. Therefore, in the case of lattice model, we
have the same conclusion as in the continuum limit: In order to gap out the edge states, we

need to violate the chiral symmetry on the boundary.

2. Boundary conditions and topological number of edge states

We calculate a topological number of the edge states in this part. The normalized edge

state wave function depending on the boundary condition (IV.9al) is given by

1 (1
S V1-p2pm IV.34
(& AR § p*p ( )

where we also normalize the spinor £ satisfing Eq. (B.6b)), as
e=1. (IV.35)

We define the Berry connection for the edge state in a similar way as in the continuum

theory [20]:

~ 0
A=id) Pl —=i,, . IV.36
7; s (1V.36)
From the wave function (IV.34]), we obtain
T
A=y (L D evimmen ) L eviomae
0 n 0 n
=gl =g +iy V1= PN =(V1 - B26M)
ok et ok
= ¢t ig. (IV.37)
ok

Considering the boundary condition parameter as; # 0, we obtain a gapped spectrum from
Eq. (B.6b). In this case, we will have a Chern number which can be written in terms of
coefficients of the effective Hamiltonian in Eq. (B.6b)),

hy .z
Heg = —aqcot ) — — v (IV.38)
sin 6,
Then, the topological number is calculated as
dk
N, = /%(81142 — OxAy)
1 By
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Putting hy = 0, the coefficients (IV.21al) become

Y = —aihy + ashs, (IV.40a)
WY = —aohy + ashy — arhs, (IV.40b)
hgl) = —a3h4 - aghl . (IV4OC>

Hence, we can obtain a nonzero Chern number if a; # 0. so we can see that as indeed should

be nonzero to give a nontrivial Chern number. This argument is also applied for the Chern

number Ny associated with the edge state localized on the boundary n, = 1.

We demonstrate to obtain a nonzero Chern number. For this purpose, we may apply the

formula [21]:

(1) (1)
1 1 0.hy” 0.hy
N, = 5 E sgn(hz(5 )) sgn

(IV.41)
a,hi" a,hs"

ki=k{®

where k:ga) are points in Brillouin zone at which hgl)(k(a)) = hél)(k(“)) = 0, and the derivatives
are defined as 0, = 0/0k,, 0, = 0/0k,. For a matrix A, we define sgn(A) = sgn(det A).
Taking az = 0 for simplicity, Eq. ([V.41]) becomes

Ny

—sgn<a2>(sgn<h1>
sgn(az) . (IV.42)

Z sgn(ashy)sgn(cos ky cos k)

k(@): sin kéa) =sin k,(za) =0

+ sgn(hy)

(ky k=)=(0,0) sgn(h1) sgn(hy)

(ky,kz)=(m,m) (ky,k=)=(0,m)

(kyvkz)(fr»ﬂ))

The calculation of Ny is completely parallel to N; and we get, for b3 =0

Ny

1
=3 Z sgn(h:(f)) sgn

a,h? 9,n

2 2
k(a) 8Zh:([ ) 8Zhé ) _:k/_<a)
Z sgn(byhy)sgn(cos k, cos k)

k(a): sink:(ta):sinkia):o
1
— b h h — h — h

sente)(sen(ho)| s s s
sgn(bs) . (IV.43)

See Appendix [C] for details of the computation.
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3. Gapless hinge states

We find out the hinge state dispersion relation and the corresponding wave function in
the case ag = b3 = 0, for which the topological numbers are obtained. In this case, we have

the relations for the coefficients, by = Fas, by = +aq and ¢; = ¢ =0, ¢3 = £1. Then, from

Eqgs. (IV.26)), we obtain the gapless spectrum,

e = £sink, (IV.44a)
a; = —Cllhl (IV44b)
Qo — —blhl . (IV44C)

We check the normalizability of the wave function. The parameter relations o; = %(Bi — 5;)

for 1 = 1,2 can be rewritten as
B2 4208 —1=0, (IV.45)

where no summation over the index 7. Since the discriminant of this quadratic equation is
given by A = 4a? + 4 =: 442, the reality of v; guarantees the reality of 8;. Furthermore,
because of the normalizability condition |5;] < 1, we have a one-to-one correspondence: a
positive o; corresponds to a positive §; and a negative «; corresponds to negative ;. Hence,

it is sufficient to determine the parameter «;. We have consistent solutions for

a; = —a1(24+ v + 2 +cosk,), (IV.46a)

ag = —bi (24 + 2 +cosk,). (IV.46Db)

Noticing that a? = v? — 1 and defining

vy = ‘g” , (IV.47a)
yo=2 ;” , (IV.47b)

we obtain the following relations from Eq. ([V.46),
(vy +7-) =1 = a}(2 +cosk. + 2v4)?, (IV.48a)
(V4 —7-)* =1 = bj(2+cosk, +274)>. (IV.48D)

Obtaining the relation from ([V.48))

277 4292 —2 = (2+cosk, + 2v4)?, (IV.49a)
4y iy = (a3 —b])(2+ cos k., + 27v4)?, (IV.49b)
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we eliminate the variable v_ to obtain a quartic equation for the variable v,

fs) =0. (IV.50)

The function f(z) is defined as
f(2) :==82%((22 + 2+ cosk,)* — 222 +2) — (a] — b])*(22 + 2+ cosk.)> =0.  (IV.51)
showing the following behaviors,

lim f(z) = +o0, f(0) = —(a? — b3)*(2 +cosk.)* <0. (IV.52)

z—+o0

Therefore, there are at least two real solutions to Eq. , which are possibly degenerated
at a1 = by. These two solutions of v, gives two pairs of ay, as in Egs. (IV.46€]), which ensure
two normalizable wave functions.

We discuss the relation between the edge state topology and the hinge states. If the edge
state localized on the boundary n; = 1 is topologically trivial N; = 0, we have ay = 0, which

shows
Qg = :Fa2h1 =0. (IV53)

This means By = £1, so that the wave function is not normalizable in the n; direction; It
is not localized on the boundary. From this point of view, we establish the correspondence
between the topologically nontrivial gapped edge state and the normalizable gapless hinge

state.

V. SUMMARY AND DISCUSSION

We have shown that the Hermiticity of the difference operator in the presence of the
boundary provides the boundary conditions of topological materials, from which we can fur-
ther determine the dispersion relation of the edge states. We have shown that the properties
of the lattice model are consistent with the continuum model for the localised edge/hinge
states.

We have analytically studied three lattice models: one-dimensional SSH model in class
AIII, two-dimensional Wilson fermion model in class A, and three-dimensional chiral topo-

logical insulator model in class AIIIL. In order to have a gapless edge state, the boundary
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condition should respect the symmetry of the original Hamiltonian if it exists. Hence, we
need the constraint for the boundary condition in the case of class AIII, while no constraint
is necessary for class A, which does not exhibit a specific symmetry. From this point of view,
it would be interesting to generalize the analysis in this paper to other symmetry classes,
and study the compatible boundary condition associated with the corresponding symmetry.

We have pointed out that the compatibility of the boundary condition plays a crucial
role to have the higher order topological insulator. We have shown that for the second order
topological insulators to exist, the boundary conditions have to violate the symmetries of
the bulk Hamiltonian to gap out the edge state. Moreover, the boundary conditions are
involved in topological charges of the edge states, so that they affect the topological charges
of edge states and the structure of hinge states. We remark that the second order topological
insulator that we construct is classified into the extrinsic high order topological insulators

rather than the intrinsic ones [22].
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Appendix A: Generality of edge state wave function

We show that in general the edge wave function is written in the form of ([I[.4]). Intro-

ducing an extended wave function with respect to the sublattice structure

\Ijn _ anfl ’ (Al)

w2n
we may rewrite the boundary condition ([I.11a}) in a local form. Then, the edge state wave
function will be given by W, = B, and one can show that Ypi1 = PP, with 5% = B,
which ensures the generality of the edge state wave function ([[11.4)).

For this purpose, we first rewrite the kinetic terms in terms of the extended wave function,
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2N N 1
s 0 1+1ivl
Z Ui cos ki, = Z Ul 2 v, , (A.2a)
m=1 n=1 1 + %v O
2N o N 0 ivi
> el sink i, => Ul , v, (A.2D)
m=1 n=1 —%V O
where we define the difference operator as before,
Vv, =V, —V¥,, (A.3a)
Vv, =0, ,-7,. (A.3b)
Then, we consider the Hamiltonian
2N
H=> ¢ ((h + cosk)oy + sinkoy + h3os), (A.4)
m=1

which describes the Wilson fermion when the coefficients are given by h; = M + cos k' and

hs = sin l;:’, and the SSH model when h; = s and hg = 0. We may rewrite this Hamiltonian

as follows,
N 1 i
0 14 ivf 0 Lvf
H:Z‘IJIL (h101+h303)®12+ 2 & 71 + ) 2 X7y | ¥, .
"y 1+ %V 0 A

(A.5)

where (7;);—123 are the Pauli matrices with respect to the sublattice structure. Denoting

P= 2]%, we explicitly have

0 00 e P

0 14 Livt 0 ivt 001 0
2 Q™+ o RT = . (A.6)

1+3V 0 A 010 0

e? 00 0

We consider the eigenvalue equation for this Hamiltonian with the relation Uy = S;:

(

05t
(—E + ]7,10'1 + h30’3))w1 -+ 1 0 wg = O, (A?&)

Y1 + (—€+ hyoy + hsos)) =0, (A.7b)

1
0

T ©
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which can be rewritten as
4

(=€ + hio1 + hzo3)in (A.8a)

01
O (—6 + h10'1 =+ h30’3) B 0 (—6 + h10'1 + h30'3) 77[)1 = 0 (A8b)

01
B0
0
1

\

We first solve Eq. (A.8b)). Denoting 3 = B2, the energy eigenvalue is given by

& = W W B2+ A+ )
= h§ + h% + h1(5 + 5_1). (Ag)

Hence, there are four energy eigenvalues as follows,

ers =\ + B3 £ ha(B+ 51 (A.108)

eox = —\/B3 + B2 I (B4 fY) (A.10b)

Substituting Eq. (A.9) into Eq. (A.8b)), we obtain the wave function

hy £ 371 hy £ 871
1 X 1£5 or 1£5 (A.11)
€1+ — hg €24 — h3
Substituting Eq.(A.11]) back into Eq.(A.8a)) with some algebras, we obtain
Vo = £y, (A.12)

which confirms the generality of the wave function ([11.4)).

Appendix B: Computation of dispersion relations for edge/hinge states

The edge state solution to the bulk Hamiltonian eigenvalue equation, which is associated

with the boundary n; = 1, is given by

Up, = ¢ o= \/—62 + ]f_i]? +h3. (B.1)

n
Together with the boundary conditions, Eq. (IV.9a)) and Eq. (IV.4)), the Hamiltonian eigen-

value equation can be written as
[(iay =€)+ (=ih -G+ h) U] € =0, (B.2a)

[~(ioa + U7 + (i +ha) | € =0. (B.2b)
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for ¢ = 1,2,3. The boundary condition parameters rotate the coefficients in the Hamiltonian

(=ih -+ hy) UL = =i 5+ i)
with the condition
P+ 13 = RO+ R
Then, we may rewrite the two equations in terms of the rotated coefficients,
[e_iel (ta; —€) + pY —inM . 6} £=0,
[—ewl (i + €) + i +in® . 6} £=0.
which can be equivalently written as

[041 sinf#; — ecos; + hfll)} £=0,

[al cosf; +esinf; — ON 5} £E=0.
We have the compatibility condition for these equations,

oy sinf; — ecos 6, +h511) =0,

det [041 cosb; + esinf; — ON 5} =0,
where the second equation implies

oy costh +esinf; =+ |E(1)|2.

(B.3)

(B.4)

(B.5a)

(B.5b)

(B.6a)

(B.6b)

(B.8)

Therefore, from (B.7al) and (B.§]), we obtain the dispersion relation of the edge state localized

on the boundary n; =1,

e = hi cosB; £ 1/|RD|2sin 6,
ay = —h{Y sin @y £/ |RO|2 cos b, .

Next we solve the hinge state eigenvalue equations from Egs. (IV.9b)) and (IV.4]),

|:(/iCY2 —€) + (—iﬁ-&—ial) U2:| x=0,

|:—(i062 +e)Us + <zﬁ -0 — ialﬂ x=0.
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where we define
h5 = iOZl . (Bll)

Similarly to the previous case (B.3)), we have the new coefficients,

(il - &+ hs)(by +ib - &) = ih® - & + h? (B.12)
from which we read
B = bohs —b- 1, (B.13a)

Then, we have the solution to (B.10]) as follows,

€cosly — g sin by + h?) =0, (B.14a)

(esin by + g cosb5)® — [RP P = 0. (B.14b)
which are equivalent to the following set of equations,

€cosfy — apsinfy =b-h — bohs , (B.15a)

| e — (B.15b)
As hs is imaginary from the definition , these are three real equations including byhs =

0, which implies
by =0, (B.16)
and
€cosly — apsinfy = b - h. (B.17)
Similarly, we consider the boundary condition in the ns direction. Putting
hy =iy, (B.18)
and from Eq. , we obtain the following relations,
€cost; — aysinf; = a - i_i, (B.19a)
ap=10. (B.19b)
Combining the relations and to eliminate the coefficients ay and as,

we obtain the quadratic relation of the energy spectrum,
A —2Be +C =0, (B.20)

which is shown in (IV.23]) with the coefficients defined in (IV.25)).
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Appendix C: Computation of topological number of edge state

We compute the quantity sgn(hy)|x,, which plays an essential role to determine the topo-

logical number associated with the edge states. From Eqs. ([V.22b)) and (IV.21b) and the

choice of the boundary conditions cos 6y = 7/2,as # 0, a9 = a3 = 0, we obtain

ap = —arthy (C.1a)
= —a1(2 + cosky, + cosk, + 1)
= —a; (M +). (C.1b)
Eq. implies that sgn(h;) can be determined by sgn(a;cay). From Egs. (IV.18), we
have
i=al+1. (C.2)
Hence, the combination of Eq and provides a relation to determine the coeffi-
cient o;:
(a1 +a M) =a(a? +1) <= (1-a))a? 20, Moy +a?(M?*—1)=0. (C.3a)
Since 1 — a? = a3 # 0, the discriminant of this quadratic equation is given by

1 - 1
ZA:&(W—H;)M. (C.4)
1

Therefore, there always exist two real roots which we call aﬁ” and oz?). In the calculation of

the topological number associated with the edge states, we should take into account these

two contributions. We have the following relations for a§1) and af),
( 8a;
for ky =k, =0
i 1—a} Y
W, @ _ 2uM ) 8a
o o = g = 1_1(1% for ky, = 0,k, = /2 or k, = /2, k, =0 (C.5a)
| 0 for k,=k.=m7/2
(1503
>0 for k, =k, =0
1—a} Y
2 Mz -1 342
e = “1<—2) - W S0 for ky =0k, =n/20r k,=7/2,k =0 . (C.5b)
1—a3 1—a3
“U 0 for ky = k= )2
or ky==Fk,=m
| 1—a? v
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From these relations, we obtain

; 2 for ky=k,=0o0rk, =0k, =n/20r k,=7/2,k, =0
Z sgn(alag)) = Y Y v . (C.6)
i=1,2 O fOl" k‘y:kzzﬂ'/2

Hence, we conclude

-2 for ky=Fk,=0o0r k,=0,k,=n/20r k,=n/2,k, =0

> sgu(h),0 = (C.7)
i=1,2 ' 0 for k, =k, =m/2
which yields
sgn(h +sgn(h —sgn(h —sgn(h ) =2.
;2 ( R PR IR ) R o0
(C.8)
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