
HAL Id: hal-03898705
https://hal.science/hal-03898705

Submitted on 19 Jan 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Boundary condition analysis of first and second order
topological insulators

Xi Wu, Taro Kimura

To cite this version:
Xi Wu, Taro Kimura. Boundary condition analysis of first and second order topological insulators.
Journal of Physics: Condensed Matter, 2022, 34 (48), pp.485001. �10.1088/1361-648X/ac9815�. �hal-
03898705�

https://hal.science/hal-03898705
https://hal.archives-ouvertes.fr


Boundary Condition Analysis of

First and Second Order Topological Insulators

Xi Wu∗

School of Physics and Electronics, Hunan University, Changsha 410082, China

Taro Kimura†

Institut de Mathématiques de Bourgogne,

Universitée Bourgogne Franche-Comté, Dijon, France

Abstract

We analytically study boundary conditions of the Dirac fermion models on a lattice, which

describe the first and second order topological insulators. We obtain the dispersion relations of

the edge and hinge states by solving these boundary conditions, and clarify that the Hamiltonian

symmetry may provide a constraint on the boundary condition. We also demonstrate the edge-

hinge analog of the bulk-edge correspondence, in which the nontrivial topology of the gapped edge

state ensures gaplessness of the hinge state.
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I. INTRODUCTION

In quantum mechanics, physical observables are obtained as the eigenvalue of Hermitian

operators. In the bulk system, the momentum operator k̂ = −i∂ is a well-defined Hermi-

tian operator as we have the translation symmetry. However, if there is a boundary, the

translation symmetry is partly violated, so that we have to be careful of the Hermiticity

of the momentum operator. In fact, in order to show the Hermiticity of the momentum

operator, we shall use the integration by parts, which in principle could have the boundary

contribution.

The existence of the boundary is essential in the study of topological materials, which

exhibit nontrivial degrees of freedom localized on the boundary. It is known that for topo-

logical materials, the band topology is characterized by certain points (called Dirac points)

in the Brillouin zone [1, 2]. Hence, it is important to study the effective Hamiltonian,

which describes the behavior in the vicinity of these points. From this point of view, it has
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been shown in [3] that, in the continuum limit, the Hermitian property of the Hamiltonian

demands boundary conditions for the Dirac fermion system.

In the context of microscopic models of the topological materials defined on a lattice, we

should consider several combinations of the gamma matrices, e.g., Γi cos k+ Γj sin k, to gain

nontrivial topological properties in the Wilson fermion model [4], the Su–Schrieffer–Heeger

(SSH) mode [5] and Haldane’s model (Chern insulator) [6], and so on. In the presence

of such a combination term, analysis of the boundary condition becomes in fact involved

compared to the ordinary Dirac fermion system. See, for example, [7–11] for the related

works on the boundary conditions of the topological materials. The purpose of this paper

is to explore the boundary condition obtained from the Hermitian property of the lattice

model involving several combinations of the gamma matrices. We in particular show how

the boundary condition affects the physical properties of the edge state localized on the

boundary, including the energy spectrum and the penetration depth. Moreover, we consider

an intersection of two different boundaries. Imposing the compatibility of the boundary

conditions, we may obtain the localized state at the intersection of the boundaries, which is

a key feature of the higher-order topological insulators [12–18].

This paper is organized as follows: in Sec. II, we use the Hermiticity property of the

Dirac Hamiltonian to derive boundary conditions for the edge and bulk states; in Sec. III,

we study edge state wave functions and dispersion relations in two examples of the first

order topological insulators from the point of view of the boundary conditions; in Sec. IV we

study wave functions and dispersion relation of the edge and hinge states for a model of the

second-order topological insulator; in Sec. V we conclude with a summary and discussion.

II. BOUNDARY CONDITIONS ON THE LATTICE

In this section, we derive primitive lattice boundary conditions in a general setup based

on the Hermiticity of the difference operator. We show that the boundary conditions are

implemented for edge states in a simple form, which is analogous with the continuum model,

while a slight different treatment is necessary for the bulk states.

In order to obtain a topologically nontrivial phase, we should include the momentum-

dependent mass term in the Dirac Hamiltonians on a lattice, that is known as the Wilson

3



term. Let us consider the following one-dimensional tight-binding model:

H1d =
N∑
n=1

ψ†n(σ1 cos k̂ + σ2 sin k̂)ψn =
N∑
n=1

1

2
ψ†n(σ1(∇+∇† + 2)− iσ2(∇−∇†))ψn . (II.1)

where σ1,2 are the Pauli matrices, and we define the difference operator,

∇ψn := ψn+1 − ψn = (eik̂ − 1)ψn , (II.2a)

∇†ψn := ψn−1 − ψn = (e−ik̂ − 1)ψn , (II.2b)

with the momentum operator k̂ = −i∂. Requiring the Hermiticity of the Hamiltonian,

Eq. (II.1) should be also written as

N∑
n=1

ψ†n(σ1 cos k̂ + σ2 sin k̂)ψn =
N∑
n=1

((σ1 cos k̂ + σ2 sin k̂)ψn)†ψn . (II.3)

In order to obtain this equality, we shall impose the boundary condition as follows.

A. Derivation of the boundary condition

By definition of the difference operator (II.2), we first obtain

ψ†n∇ψn = ψ†nψn+1 − ψ†n−1ψn + (∇†ψn)†ψn , (II.4a)

ψ†n∇†ψn = ψ†nψn−1 − ψ†n+1ψn + (∇ψn)†ψn , (II.4b)

where we use the following relations,

(∇†ψn)†ψn = (ψ†n−1 − ψ†n)ψn , (II.5a)

(∇ψn)†ψn = (ψ†n−1 − ψ†n)ψn . (II.5b)

Summing over the site, we then obtain the relations,

N∑
n=1

ψ†n∇ψn = ψ†NψN+1 − ψ†0ψ1 +
N∑
n=1

(∇†ψn)†ψn , (II.6a)

N∑
n=1

ψ†n∇†ψn = ψ†1ψ0 − ψ†N+1ψN +
N∑
n=1

(∇ψn)†ψn . (II.6b)

These relations are interpreted as a difference analog of integration by parts, which provides

an extra contribution if there exists the boundary,∫
dxψ†∂ψ = (ψ†ψ)

∣∣∣
boundary

−
∫

dx (∂ψ†)ψ . (II.7)
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We consider the following combinations that appear in the Hamiltonian (II.1). From the

integration by parts relations (II.6), we obtain

N∑
n=1

ψ†n cos k̂ ψn =
N∑
n=1

ψ†n

(
∇+∇†

2
+ 1

)
ψn

=
N∑
n=1

(cos k̂ ψn)†ψn +
1

2
(ψ†NψN+1 − ψ†N+1ψN − ψ

†
0ψ1 + ψ†1ψ0) , (II.8a)

N∑
n=1

ψ†n sin k̂ ψn =
N∑
n=1

ψ†n

(
∇−∇†

2i

)
ψn

=
N∑
n=1

(sin k̂ ψn)†ψn +
1

2i
(ψ†NψN+1 + ψ†N+1ψN − ψ

†
0ψ1 − ψ†1ψ0) . (II.8b)

Hence, the Hamiltonian (II.1) is written as follows,

N∑
n=1

ψ†n(σ1 cos k̂ + σ2 sin k̂)ψn =
N∑
n=1

((σ1 cos k̂ + σ2 sin k̂)ψn)†ψn

+
1

2
(ψ†Nσ1ψN+1 − ψ†N+1σ1ψN − ψ†0σ1ψ1 + ψ†1σ1ψ0)

+
1

2i
(ψ†Nσ2ψN+1 + ψ†N+1σ2ψN − ψ†0σ2ψ1 − ψ†1σ2ψ0) .(II.9)

In order that the equality (II.3) holds, the boundary terms in Eq. (II.9) should vanish. This

imposes the boundary condition.

B. Analysis of the boundary condition

There are two possibilities for the boundary condition. The first is the periodic boundary

condition,

ψn = ψn+N ∀n ∈ {1, . . . , N} (II.10)

and the other is the open boundary condition,ψ
†
0σ1ψ1 − ψ†1σ1ψ0 − i(ψ†0σ2ψ1 + ψ†1σ2ψ0) = 0

ψ†Nσ1ψN+1 − ψ†N+1σ1ψN + i(ψ†Nσ2ψN+1 + ψ†N+1σ2ψN) = 0,

(II.11a)

(II.11b)

where the two boundary contributions vanish independently. Since these two equations have

similar structure, we focus on the first equation (II.11a). Noticing the relation ψ1 = eik̂ψ0,

we may write the boundary condition (II.11a) locally. We discuss the bulk and the edge

states separately in the following.
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1. Edge state

For an edge state localized on the boundary, we assume that the wave function takes

the following form ψn = βψn−1 where β ∈ R. We also impose the normalizability condition

|β| < 1. Then, from the boundary condition (II.11a), we obtain

ψ†0σ2ψ0 = 0 . (II.12)

In fact, the σ1-term does not play a role in the boundary condition for the edge state.

Notice that this result is straightforwardly generalized to arbitrary dimensions. In general,

the boundary condition (II.12) is interpreted as the no in/out-going current condition [10].

2. Bulk state

For a bulk state, we take the Fourier transform, and the differential operator k̂ may be

replaced with the corresponding real eigenvalue k. Noticing

ψ1 = eikψ0 , ψ†1 = e−ikψ†0 , (II.13)

and from the boundary condition (II.11a), we have

ψ†0(σ1 sin k − σ2 cos k)ψ0 = 0 . (II.14)

Namely, the boundary condition depends on momentum k in general. We remark that in

the limit k → 0, Eq. (II.14) reduces to Eq. (II.12).

III. FIRST ORDER TOPOLOGICAL INSULATOR AND EDGE STATES UNDER

LATTICE BOUNDARY CONDITIONS

In this section we discuss the dispersion relation for generic edge states based on

the boundary conditions for one-dimensional Su–Schrieffer–Heeger (SSH) model and two-

dimensional Wilson fermion model (Chern insulator). As we consider the boundary condition

in one direction, this situation corresponds to the first order topological insulator. Moreover,

in the case of one-dimensional SSH model, although the gapless edge state is protected by

chiral symmetry, the boundary condition in general violates it, and thus the edge state is

gapped out; In the case of two-dimensional Wilson fermion model, the chiral gapless state

is topologically protected under variation of boundary conditions.
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A. One-dimensional SSH model

The Hamiltonian of the one-dimensional SSH model can be written as

HSSH =
N∑
n=1

ψ†nHSSH(k̂)ψn , HSSH(k̂) = (s+ t cos k̂)σ1 + t sin k̂σ2 . (III.1)

This Hamiltonian has the chiral symmetry, {HSSH(k̂), σ3} = 0, so that it is classified into

the class AIII system. Considering the edge states localized at n = 1, we have the boundary

condition

ψ†1σ2ψ1 = 0 , (III.2)

with a generic solution

ψ1 =

 cos θ

sin θ

 , (III.3)

where θ ∈ [0, 2π) is a periodic parameter characterizing the boundary condition. We may

apply the formalism discussed in our previous papers to explore this situation [9, 14]. We

assume that the edge state wave function takes the form of

ψn = βn−1ψ1 (III.4)

with β ∈ R and |β| < 1. Recalling that

cos k̂ =
1

2
(∇+∇† + 2) , sin k̂ =

1

2i
(∇−∇†) , (III.5)

these terms may be replaced as follows for the edge state,

cos k̂ −→ 1

2

(
β +

1

β

)
, sin k̂ −→ 1

2i

(
β − 1

β

)
. (III.6)

Then, the eigenvalue equation (hSSH(k̂)− ε)ψn = 0 can be written as −ε s+ tβ−1

s+ tβ −ε

 βn−1

 cos θ

sin θ

 = 0 , (III.7)

which gives rise to ε = tan θ(s+ tβ−1) = cot θ(s+ tβ) ,

(s+ tβ−1) cos2 θ − (s+ tβ) sin2 θ = 0 .

(III.8a)

(III.8b)
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Next we discuss the violation of symmetries by the boundary conditions. The boundary

condition can be rewritten as follows,

(1− σ1 sin 2θ − σ3 cos 2θ)ψ1 = 0 (III.9)

as in the matrix form, we have

0 =

 1− cos 2θ − sin 2θ

− sin 2θ 1 + cos 2θ

ψ1

=

 2 sin θ 0

0 −2 cos θ

 sin θ − cos θ

sin θ − cos θ

ψ1 . (III.10)

Now the boundary condition (III.9) is not compatible with the chiral symmetry of the original

Hamiltonian, ψ → σ3ψ, unless sin 2θ = 0. Meanwhile from the dispersion Eq. (III.8a), we

can see that the edge state has a non-zero energy unless β = −s/t or β−1 = −s/t, which

correspond to cos θ = 0 or sin θ = 0 (⇐⇒ sin 2θ = 0) as seen from Eq. (III.8b). Therefore,

the edge state is gapless (zero-energy state) if the chiral symmetry is preserved, while it would

be gapped (non-zero-energy state) if the chiral symmetry is violated due to the boundary

condition.

B. Wilson fermion

Let us consider the Wilson fermion model in two dimensions:

HW(k̂) = σ1(cos k̂1 + cos k̂2 −m− 2) + σ2 sin k̂2 + σ3 sin k̂1 . (III.11)

There is no specific symmetry for this model, so that it is classified into the class A system.

We assign the boundary condition at the boundary n2 = 1, and we keep the n1-direction as

a bulk direction. Hence, we take the Fourier transform only for the n1-direction to consider

the wave function ψn2(k1).

Now the boundary condition is given as follows,

ψ†1(k1)σ2ψ1(k1) = 0 , (III.12)

which is formally the same as the SSH model. Hence, we have the same solution (III.3) with

the parameter θ as before, and the wave function is given as

ψn(k1) = βn−1ψ1(k1) (III.13)
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with β ∈ R and |β| < 1. In this case, we may replace

k̂1 −→ k1 , cos k̂2 −→
1

2

(
β +

1

β

)
, sin k̂2 −→

1

2i

(
β − 1

β

)
. (III.14)

Then, the eigenvalue equation (HW(k̂)− ε)ψn(k) = 0 can be written as follows, sin k1 − ε cos k1 −m− 2 + β−1

cos k1 −m− 2 + β sin k1 − ε

 βn−1

 cos θ

sin θ

 = 0 , (III.15)

together with

det

 sin k1 − ε cos k1 −m− 2 + β−1

cos k1 −m− 2 + β sin k1 − ε

 = 0 . (III.16)

From the eigenvalue equation (III.15) we can determine the parameter β and the energy

eigenvalue ε as follows: Denoting A := − sin k1 sin 2θ + (cos k1 −m− 2) cos 2θ, we obtain a

quadratic equation for the parameter β,

β2 cos2 θ + Aβ − sin2 θ = 0 (III.17)

which is solved by

β± =
−A±

√
A2 + sin2 2θ

2 cos2 θ
. (III.18)

Using this solution β±, we then obtain the energy eigenvalue, which depends on (k1, θ),

ε± =
cos k1 −m− 2±

√
A2 + sin2 2θ

sin 2θ
. (III.19)

Although we now have apparently two edge states, one of the is not compatible with the

normalizability condition |β| < 1. Hence, we have a single edge state similarly to the

continuum theory. This is shown as follows: There are two possible edge states in general:

(ε+, β+) if |β+| < 1 and (ε−, β−) if |β−| < 1. Considering a function of the parameter β,

f(β) = β2 cos2 θ + Aβ − sin2 θ , f(0) = − sin2 θ ≤ 0 , (III.20)

then, the existence of a root |β| < 1 yields

|β+| < 1 ⇐⇒ f(+1) > 0 ⇐⇒ cos(k1 + 2θ) > (m+ 1) cos 2θ , (III.21a)

|β−| < 1 ⇐⇒ f(−1) > 0 ⇐⇒ cos(k1 + 2θ) < (m+ 3) cos 2θ . (III.21b)
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FIG. 1: The bulk and edge state dispersion relations of the Wilson fermion model with

k2 = 0 and m = −1.5 and the boundary condition parameter θ = 2π/7, 4π/7, 6π/7, 8π/7,

10π/7, 12π/7. The horizontal and vertical axes correspond to k1 and ε.

We remark that these two equations (III.21a) and (III.21b) may be satisfied simultaneously.

Eqs. (III.21) in fact provide constraint on the domain of the momentum parameter k1. As

shown in Figs. 1 and 2, we see that the total number of chiral gapless edge state is always

one for the various boundary condition parameter θ. Hence, we conclude that the chiral edge

state is topologically protected in the class A Wilson fermion model even for the generic

boundary condition parameter, which does not violates any specific symmetry.

IV. SECOND ORDER TOPOLOGICAL INSULATORS AND HINGE STATES

UNDER LATTICE BOUNDARY CONDITIONS

In this section we consider the boundary condition in two directions, which may describe

the second order topological insulator. We first reformulate our previous results in the

continuum model [14] with the nontrivial boundary condition in two directions on a lattice,

including edge state dispersions, hinge state dispersion. We then study how a second order

topological insulator arises by tuning the boundary conditions. We demonstrate that the
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FIG. 2: The bulk and edge state dispersion relations of the Wilson fermion model with

k2 = π and m = −3.5 and the boundary condition parameter θ = 2π/7, 4π/7, 6π/7, 8π/7,

10π/7, 12π/7. The horizontal and vertical axes correspond to k1 and ε.

gapless hinge state is protected by the nontrivial topological structure of the gapped edge

states.

We start with the following chiral topological insulator model,

HS =
∑
k

ψ†(k)HS(k)ψ(k) , HS(k) = Γ5(2 +
3∑
i=1

cos ki) +
3∑
i=1

Γi sin ki , (IV.1)

which is a slight modification of that considered in Ref. [17]. We remark that this model

is obtained from the five-dimensional Weyl semimetal model [19]. We use the following

representation of the gamma matrices, following the convention of [14],

Γi =

 0 −iσi
iσi 0

 , Γ4 =

 0 12

12 0

 , Γ5 =

 12 0

0 −12

 . (IV.2)

We will also use the following Bloch Hamiltonian

HC(k) = R−1HS(k)R =
5∑

M=1

ΓMhM (IV.3)

= Γ5 sin kx + Γ4 sin ky − Γ1

(
2 +

3∑
i=1

cos ki

)
+ Γ3 sin kz , (IV.4)
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which is obtained by the basis rotation through the matrix,

R =
1

2
(14 − Γ5Γ1)(14 − Γ4Γ2) . (IV.5)

These Hamiltonians exhibit the following chiral symmetries:

{HS,ΓS} = 0 , {HS,ΓC} = 0 , (IV.6)

where the corresponding chiral matrices are given by

ΓS = Γ4 , ΓC = Γ2 . (IV.7)

A. Boundary conditions for edge states and hinge states

In this part we discuss the boundary conditions on a lattice in two directions and their

compatibility at the intersection. We show that the cos k̂i terms do not contribute to bound-

ary conditions for edge states and hinge states as in Sec. II. For the Hamiltonian HC , we

obtain the following boundary conditions,

ψ†Γ5ψ
∣∣∣
n1=1

= 0 , ψ†Γ4ψ
∣∣∣
n2=1

= 0 . (IV.8)

As discussed in [14], these two boundary conditions are solved as follows,

ψ
∣∣∣
n1=1

∝

 12

U1

 ξ , (IV.9a)

ψ
∣∣∣
n2=1

∝

 12 − U2

12 + U2

χ , (IV.9b)

where U1 and U2 are arbitrary U(2) matrices and ξ and χ are two arbitrary two-component

spinors. We may obtain the boundary conditions forHS by the basis rotation with the matrix

R defined in (IV.5). For the later convenience, we may rewrite Eqs. (IV.9) as follows, 12 −U †1
U1 −12

ψ
∣∣∣
n1=1

= 0 , (IV.10a)

 1
2
(U †2 − U2) 12 − 1

2
(U †2 + U2)

12 + 1
2
(U †2 + U2) −1

2
(U †2 − U2)

ψ
∣∣∣
n2=1

= 0 . (IV.10b)
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We parametrize the two U(2) matrices as followingU1 = eiθ1U ′1 = eiθ1(a0 + i~a · ~σ) ,

U2 = eiθ2U ′2 = eiθ2(b0 + i~b · ~σ) .

(IV.11a)

(IV.11b)

We remark that the coefficients obey the constraint |a|2 = |b|2 = 1, so that we have the

decomposition, eiθi ∈ U(1) and U ′i ∈ SU(2) for i = 1, 2 [14]. With this parametrization,

Eqs. (IV.10) can be further rewritten as

(eiΓ5θ1 − a0Γ4 − ~a · ~Γ)ψ
∣∣∣
n1=1

= 0 , (IV.12a)

(eiΓ4θ2 + b0Γ5 −~b · ~Γ)ψ
∣∣∣
n2=1

= 0 . (IV.12b)

These equations are convenient to read off the symmetry. Both of them are apparently not

compatible with the chiral symmetry in general.

In order to consider gapless edge states protected by chiral symmetry generated by ΓC =

Γ2, we need to consider

θi =

(
n+

1

2

)
π , n ∈ Z , (IV.13)

which is equivalent to cos θi = 0, and also

a2 = b2 = 0 . (IV.14)

If we have non-zero coefficients (a2, b2), the chiral symmetry is violated and the edge state

is gapped out [23].

For any states to exist on the intersection of two boundaries, these two boundary con-

ditions have to be compatible with each other: The wave functions have to satisfy both

boundary conditions. We consider the compatibility condition of the boundary conditions

Eq. (IV.9b) and Eq. (IV.10a),

[U1(12 − U2)− (12 + U2)]χ = 0 . (IV.15)

This compatibility condition provides constraints for the boundary condition parameters U1

and U2, ~a ·~b = − cos θ2 cos θ1 ,

a0 sin θ2 = b0 sin θ1 .

(IV.16a)

(IV.16b)

Note that this compatibility condition is basis independent.
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1. Edge states

We show the dispersion relations of the edge states. We consider the edge state wave

function in the form of

ψni
= βni−1

i ψ
∣∣∣
ni=1

, i = 1, 2 , (IV.17)

with the parameter βi ∈ R and |βi| < 1 as before. In the n1 direction, the translation

operator exp(ik̂1) has the eigenvalue β1, so that we obtain

cos k̂1 −→
1

2

(
β1 +

1

β1

)
=: γ1 (IV.18a)

sin k̂1 −→
1

2i

(
β1 −

1

β 1

)
=: iα1 . (IV.18b)

In the n2 direction, we instead obtain

cos k̂2 −→
1

2

(
β2 +

1

β 2

)
=: γ2 (IV.19a)

sin k̂2 −→
1

2i

(
β2 −

1

β 2

)
=: iα2 . (IV.19b)

The remaining part of the calculation is parallel with the continuous model. We follow the

calculation shown in [14, Sec. IIIC]. We redefine the coefficients appearing in the Hamilto-

nian (IV.4) as follows, (
−i~h · ~σ + h4

)
U ′1 =: −i~h(1) · ~σ + h

(1)
4 , (IV.20a)(

+i~h · ~σ + h5

)
U ′2 =: +i~h(2) · ~σ + h

(2)
5 , (IV.20b)

from which we obtain

h
(1)
i = a0hi − aih4 + εijkajhk ,

h
(1)
4 = a0h4 + ~a · ~h ,

(IV.21a)

(IV.21b)

h
(2)
i = b0hi − bih4 + εijkbjhk ,

h
(2)
5 = b0h4 −~b · ~h .

(IV.21c)

(IV.21d)

Using these parametrization, we obtain the energy spectra of the edge states εi and the

penetration parameters αi for i = 1, 2,ε1 = −h(1)
4 cos θ1 ±

√
|~h(1)|2 sin θ1 ,

α1 = −h(1)
4 sin θ1 ∓

√
|~h(1)|2 cos θ1 .

(IV.22a)

(IV.22b)
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ε2 = −h(2)
5 cos θ2 ±

√
|~h(2)|2 sin θ2 ,

α2 = −h(2)
5 sin θ2 ∓

√
|~h(2)|2 cos θ2 .

(IV.22c)

(IV.22d)

In Eqs. (IV.22a) and (B.2a), the spectrum and the penetration parameter (ε1, α1) still

depend on γ1, namely on β1. Therefore these two equations are coupled with each other.

This is the case for Eqs. (IV.22c) and (B.2b) as well. We can also discuss the dispersion

relation as in Sec. III although it could be more complicated.

2. Hinge states

As discussed in [14], we have a consistency condition for the dispersion relation of the

hinge state ε(k), {
Aε2 − 2Bε+ C = 0 ,

a0 = b0 = 0 ,

(IV.23)

(IV.24)

where the coefficients are defined as

A := 1− cos2 θ2 cos2 θ1 , (IV.25a)

B := ~a · ~h cos θ1 sin2 θ2 +~b · ~h cos θ2 sin2 θ1 , (IV.25b)

C := (~a · ~h)2 sin2 θ2 + (~b · ~h)2 sin2 θ1 − |~h|2 sin2 θ1 sin2 θ2 . (IV.25c)

Imposing the condition (IV.13), we have a solution,

ε =

√
|~h|2 − (~a · ~h)2 − (~b · ~h)2 = ~c · ~h (IV.26a)

α1 = −~a · ~h (IV.26b)

α2 = −~b · ~h (IV.26c)

for some ~c such that ~a ·~c = ~b ·~c = 0. We will show in the next part that gapless hinge states

are realized by a further tuning the coefficients ai and bi.

B. Construction of second order topological insulator from boundary conditions

In order to realize the second-order topological insulator, we require the following condi-

tions: (i) the edge state is gapped, (ii) the edge state has a nontrivial topological number,
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and (iii) the hinge state is gapless. In this part, we discuss how to impose these conditions

using the boundary conditions. Based on the discussion above, we consider cos θi = 0 and

a0 = b0 = 0 in this part. Then, the boundary condition (IV.12) becomes

(iΓ5 − ~a · ~Γ)ψ
∣∣∣
n1=1

= 0 , (IV.27a)

(iΓ4 −~b · ~Γ)ψ
∣∣∣
n2=1

= 0 . (IV.27b)

1. Gapped edge states

In this case, the energy spectra of the edge states (IV.22a) and (IV.22c) are given by

ε1 =

√
h2

4 + |~a× ~h|2 , ε2 =

√
h2

5 + |~b× ~h|2 . (IV.28)

We first consider the continuum limit of the Hamiltonian (IV.4) for simplicity,

HC −→ HCC = kxΓ5 + kyΓ4 −mΓ1 + kzΓ3 . (IV.29)

Then, the energy spectra (IV.28) are given by

ε1 =
√
k2
y + (a2m)2 + (a2kz)2 + (a3m+ a1kz)2 , (IV.30a)

ε2 =
√
k2
x + (b3m)2 + (b3kz)2 + (b3m+ b1kz)2 . (IV.30b)

From these expressions, we see that the edge spectra are gapless if and only if a2 = 0, b2 = 0

respectively, in which the chiral symmetry is preserved on the boundary. Considering the

original lattice model, the energy spectra (IV.28) are given by

ε1 =
√

sin k2
y + (a2h1)2 + (a2 sin kz)2 + (a3h1 − a1 sin kz)2 , (IV.31a)

ε2 =
√

sin k2
x + (b2h1)2 + (b2 sin kz)2 + (b3h1 − b1 sin kz)2 . (IV.31b)

Here, the coefficient h1 should play a role of the mass parameter in the lattice model, which

depends on γi for each edge state. In fact, we can show that the coefficient h1 is non-vanishing

at the possible gapless points, sin ky = sin kz = 0 for ε1, as follows,

α1

∣∣∣
sin ky=sin kz=0

= −h(1)
4

∣∣∣
sin ky=sin kz=0

= −a1h1

∣∣∣
sin ky=sin kz=0

(IV.32)

where for the edge states we have

α1 =
1

2
(β−1

1 − β1) 6= 0 . (IV.33)
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The argument is the same for the other case ε2. Therefore, in the case of lattice model, we

have the same conclusion as in the continuum limit: In order to gap out the edge states, we

need to violate the chiral symmetry on the boundary.

2. Boundary conditions and topological number of edge states

We calculate a topological number of the edge states in this part. The normalized edge

state wave function depending on the boundary condition (IV.9a) is given by

ψn1 =
1√
2

 1

U1

 ξ
√

1− β2βn1 , (IV.34)

where we also normalize the spinor ξ satisfing Eq. (B.6b), as

ξ†ξ = 1 . (IV.35)

We define the Berry connection for the edge state in a similar way as in the continuum

theory [20]:

~A = i
∑
n1≥1

ψ†n1

∂

∂~k
ψn1 . (IV.36)

From the wave function (IV.34), we obtain

~A = i
∑
n1≥1

 1√
2

 1

U1

 ξ
√

1− β2βn1

† ∂
∂~k

 1√
2

 1

U1

 ξ
√

1− β2βn1


= iξ†

∂

∂~k
ξ + i

∑
n1≥1

√
1− β2βn1

∂

∂~k
(
√

1− β2βn1)

= iξ†
∂

∂~k
ξ . (IV.37)

Considering the boundary condition parameter a2 6= 0, we obtain a gapped spectrum from

Eq. (B.6b). In this case, we will have a Chern number which can be written in terms of

coefficients of the effective Hamiltonian in Eq. (B.6b),

Heff = −α1 cot θ1 −
~h(1) · ~σ
sin θ1

. (IV.38)

Then, the topological number is calculated as

N1 =

∫
dk

2π
(∂1A2 − ∂2A1)

=
1

8π

∫
εijk

h
(1)
i

|h(1)|3
dh

(1)
j ∧ dh

(1)
k . (IV.39)
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Putting h2 = 0, the coefficients (IV.21a) become

h
(1)
1 = −a1h4 + a2h3 , (IV.40a)

h
(1)
2 = −a2h4 + a3h1 − a1h3 , (IV.40b)

h
(1)
3 = −a3h4 − a2h1 . (IV.40c)

Hence, we can obtain a nonzero Chern number if a2 6= 0. so we can see that a2 indeed should

be nonzero to give a nontrivial Chern number. This argument is also applied for the Chern

number N2 associated with the edge state localized on the boundary n2 = 1.

We demonstrate to obtain a nonzero Chern number. For this purpose, we may apply the

formula [21]:

N1 =
1

2

∑
k(a)

sgn(h
(1)
3 ) sgn

∂zh(1)
1 ∂zh

(1)
2

∂yh
(1)
1 ∂yh

(1)
2

∣∣∣∣∣∣
ki=k

(a)
i

(IV.41)

where k
(a)
i are points in Brillouin zone at which h

(1)
1 (k(a)) = h

(1)
2 (k(a)) = 0, and the derivatives

are defined as ∂y = ∂/∂ky, ∂z = ∂/∂kz. For a matrix A, we define sgn(A) = sgn(detA).

Taking a3 = 0 for simplicity, Eq. (IV.41) becomes

N1 =
1

2

∑
k(a): sin k

(a)
y =sin k

(a)
z =0

sgn(a2h1)sgn(cos ky cos kz)

=
1

2
sgn(a2)

(
sgn(h1)

∣∣∣
(ky ,kz)=(0,0)

+ sgn(h1)
∣∣∣
(ky ,kz)=(π,π)

− sgn(h1)
∣∣∣
(ky ,kz)=(0,π)

− sgn(h1)
∣∣∣
(ky ,kz)=(π,0)

)
= sgn(a2) . (IV.42)

The calculation of N2 is completely parallel to N1 and we get, for b3 = 0

N2 =
1

2

∑
k(a)

sgn(h
(2)
3 ) sgn

∂xh(2)
1 ∂xh

(2)
2

∂zh
(2)
1 ∂zh

(2)
2

∣∣∣∣∣∣
ki=k

(a)
i

=
1

2

∑
k(a): sin k

(a)
x =sin k

(a)
z =0

sgn(b2h1)sgn(cos kx cos kz)

=
1

2
sgn(b2)

(
sgn(h1)

∣∣∣
(kx,kz)=(0,0)

+ sgn(h1)
∣∣∣
(kx,kz)=(π,π)

− sgn(h1)
∣∣∣
(kx,kz)=(0,π)

− sgn(h1)
∣∣∣
(kx,kz)=(π,0)

)
= sgn(b2) . (IV.43)

See Appendix C for details of the computation.
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3. Gapless hinge states

We find out the hinge state dispersion relation and the corresponding wave function in

the case a3 = b3 = 0, for which the topological numbers are obtained. In this case, we have

the relations for the coefficients, b1 = ∓a2, b2 = ±a1 and c1 = c2 = 0, c3 = ±1. Then, from

Eqs. (IV.26), we obtain the gapless spectrum,

ε = ± sin kz (IV.44a)

α1 = −a1h1 (IV.44b)

α2 = −b1h1 . (IV.44c)

We check the normalizability of the wave function. The parameter relations αi = 1
2
( 1
βi
− βi)

for i = 1, 2 can be rewritten as

β2
i + 2αiβi − 1 = 0 , (IV.45)

where no summation over the index i. Since the discriminant of this quadratic equation is

given by ∆ = 4α2
i + 4 =: 4γ2

i , the reality of γi guarantees the reality of βi. Furthermore,

because of the normalizability condition |βi| < 1, we have a one-to-one correspondence: a

positive αi corresponds to a positive βi and a negative αi corresponds to negative βi. Hence,

it is sufficient to determine the parameter αi. We have consistent solutions for

α1 = −a1(2 + γ1 + γ2 + cos kz) , (IV.46a)

α2 = −b1(2 + γ1 + γ2 + cos kz) . (IV.46b)

Noticing that α2
i = γ2

i − 1 and defining
γ+ =

γ1 + γ2

2
,

γ− =
γ1 − γ2

2
,

(IV.47a)

(IV.47b)

we obtain the following relations from Eq. (IV.46),

(γ+ + γ−)2 − 1 = a2
1(2 + cos kz + 2γ+)2 , (IV.48a)

(γ+ − γ−)2 − 1 = b2
1(2 + cos kz + 2γ+)2 . (IV.48b)

Obtaining the relation from (IV.48)

2γ2
+ + 2γ2

− − 2 = (2 + cos kz + 2γ+)2 , (IV.49a)

4γ+γ− = (a2
1 − b2

1)(2 + cos kz + 2γ+)2 , (IV.49b)
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we eliminate the variable γ− to obtain a quartic equation for the variable γ+,

f(γ+) = 0 . (IV.50)

The function f(z) is defined as

f(z) := 8z2((2z + 2 + cos kz)
2 − 2z2 + 2)− (a2

1 − b2
1)2(2z + 2 + cos kz)

2 = 0 . (IV.51)

showing the following behaviors,

lim
z→±∞

f(z)→ +∞ , f(0) = −(a2
1 − b2

1)2(2 + cos kz)
2 ≤ 0 . (IV.52)

Therefore, there are at least two real solutions to Eq. (IV.50), which are possibly degenerated

at a1 = b1. These two solutions of γ+ gives two pairs of α1, α2 in Eqs. (IV.46), which ensure

two normalizable wave functions.

We discuss the relation between the edge state topology and the hinge states. If the edge

state localized on the boundary n1 = 1 is topologically trivial N1 = 0, we have a2 = 0, which

shows

α2 = ∓a2h1 = 0 . (IV.53)

This means β2 = ±1, so that the wave function is not normalizable in the n1 direction; It

is not localized on the boundary. From this point of view, we establish the correspondence

between the topologically nontrivial gapped edge state and the normalizable gapless hinge

state.

V. SUMMARY AND DISCUSSION

We have shown that the Hermiticity of the difference operator in the presence of the

boundary provides the boundary conditions of topological materials, from which we can fur-

ther determine the dispersion relation of the edge states. We have shown that the properties

of the lattice model are consistent with the continuum model for the localised edge/hinge

states.

We have analytically studied three lattice models: one-dimensional SSH model in class

AIII, two-dimensional Wilson fermion model in class A, and three-dimensional chiral topo-

logical insulator model in class AIII. In order to have a gapless edge state, the boundary
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condition should respect the symmetry of the original Hamiltonian if it exists. Hence, we

need the constraint for the boundary condition in the case of class AIII, while no constraint

is necessary for class A, which does not exhibit a specific symmetry. From this point of view,

it would be interesting to generalize the analysis in this paper to other symmetry classes,

and study the compatible boundary condition associated with the corresponding symmetry.

We have pointed out that the compatibility of the boundary condition plays a crucial

role to have the higher order topological insulator. We have shown that for the second order

topological insulators to exist, the boundary conditions have to violate the symmetries of

the bulk Hamiltonian to gap out the edge state. Moreover, the boundary conditions are

involved in topological charges of the edge states, so that they affect the topological charges

of edge states and the structure of hinge states. We remark that the second order topological

insulator that we construct is classified into the extrinsic high order topological insulators

rather than the intrinsic ones [22].
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Appendix A: Generality of edge state wave function

We show that in general the edge wave function is written in the form of (III.4). Intro-

ducing an extended wave function with respect to the sublattice structure

Ψn =

 ψ2n−1

ψ2n

 , (A.1)

we may rewrite the boundary condition (II.11a) in a local form. Then, the edge state wave

function will be given by Ψn+1 = β̃Ψn, and one can show that ψn+1 = βψn with β2 = β̃,

which ensures the generality of the edge state wave function (III.4).

For this purpose, we first rewrite the kinetic terms in terms of the extended wave function,
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2N∑
m=1

ψ†m cos k̂ ψm =
N∑
n=1

Ψ†n

 0 1 + 1
2
∇†

1 + 1
2
∇ 0

Ψn , (A.2a)

2N∑
m=1

ψ†m sin k̂ ψm =
N∑
n=1

Ψ†n

 0 i
2
∇†

− i
2
∇ 0

Ψn , (A.2b)

where we define the difference operator as before,

∇Ψn = Ψn+1 −Ψn , (A.3a)

∇†Ψn = Ψn−1 −Ψn . (A.3b)

Then, we consider the Hamiltonian

H =
2N∑
m=1

ψ†m((h1 + cos k̂)σ1 + sin k̂σ2 + h3σ3)ψm , (A.4)

which describes the Wilson fermion when the coefficients are given by h1 = M + cos k̂′ and

h3 = sin k̂′, and the SSH model when h1 = s and h3 = 0. We may rewrite this Hamiltonian

as follows,

H =
N∑
n=1

Ψ†n

(h1σ1 + h3σ3)⊗ 12 +

 0 1 + 1
2
∇†

1 + 1
2
∇ 0

⊗ τ1 +

 0 i
2
∇†

− i
2
∇ 0

⊗ τ2

Ψn .

(A.5)

where (τi)i=1,2,3 are the Pauli matrices with respect to the sublattice structure. Denoting

P̂ = 2k̂, we explicitly have

 0 1 + 1
2
∇†

1 + 1
2
∇ 0

⊗ τ1 +

 0 i
2
∇†

− i
2
∇ 0

⊗ τ2 =


0 0 0 e−iP̂

0 0 1 0

0 1 0 0

eiP̂ 0 0 0

 . (A.6)

We consider the eigenvalue equation for this Hamiltonian with the relation Ψ2 = β̃Ψ1:

(−ε+ h1σ1 + h3σ3))ψ1 +

 0 β̃−1

1 0

ψ2 = 0 ,

 0 1

β̃ 0

ψ1 + (−ε+ h1σ1 + h3σ3))ψ2 = 0 ,

(A.7a)

(A.7b)
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which can be rewritten as

ψ2 = −

 0 1

β̃ 0

 (−ε+ h1σ1 + h3σ3)ψ112 −

 0 β̃−1

1 0

 (−ε+ h1σ1 + h3σ3)

 0 1

β̃ 0

 (−ε+ h1σ1 + h3σ3)

ψ1 = 0 .

(A.8a)

(A.8b)

We first solve Eq. (A.8b). Denoting β̃ = β2, the energy eigenvalue is given by

ε2 = h2
3 + h2

1 ±
√
h2

1(2 + β̃−1 + β̃)

= h2
3 + h2

1 ± h1(β + β−1) . (A.9)

Hence, there are four energy eigenvalues as follows,

e1± =
√
h2

3 + h2
1 ± h1(β + β−1) (A.10a)

e2± = −
√
h2

3 + h2
1 ± h1(β + β−1) (A.10b)

Substituting Eq. (A.9) into Eq. (A.8b), we obtain the wave function

ψ1 ∝

 h1 ± β−1

ε1± − h3

 or

 h1 ± β−1

ε2± − h3

 (A.11)

Substituting Eq.(A.11) back into Eq.(A.8a) with some algebras, we obtain

ψ2 = ±βψ1 , (A.12)

which confirms the generality of the wave function (III.4).

Appendix B: Computation of dispersion relations for edge/hinge states

The edge state solution to the bulk Hamiltonian eigenvalue equation, which is associated

with the boundary n1 = 1, is given by

ψn1 =

 ξ

η

 βn1
1 , α1 :=

√
−ε2 + |~h|2 + h2

4 . (B.1)

Together with the boundary conditions, Eq. (IV.9a) and Eq. (IV.4), the Hamiltonian eigen-

value equation can be written as[
(iα1 − ε) +

(
−i~h · ~σ + h4

)
U ′1

]
ξ = 0 , (B.2a)[

−(iα1 + ε)U ′1 +
(
i~h · ~σ + h4

)]
ξ = 0 . (B.2b)
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for i = 1, 2, 3. The boundary condition parameters rotate the coefficients in the Hamiltonian

(hi)i=1,...,4, (
−i~h · ~σ + h4

)
U ′1 = −i~h(1) · ~σ + h

(1)
4 (B.3)

with the condition

|~h|2 + h2
4 = |~h(1)|2 + h

(1)
4

2
. (B.4)

Then, we may rewrite the two equations (B.2) in terms of the rotated coefficients,[
e−iθ1(iα1 − ε) + h

(1)
4 − i~h(1) · ~σ

]
ξ = 0 , (B.5a)[

−eiθ1(iα1 + ε) + h
(1)
4 + i~h(1) · ~σ

]
ξ = 0 . (B.5b)

which can be equivalently written as[
α1 sin θ1 − ε cos θ1 + h

(1)
4

]
ξ = 0 , (B.6a)[

α1 cos θ1 + ε sin θ1 − ~h(1) · ~σ
]
ξ = 0 . (B.6b)

We have the compatibility condition for these equations,

α1 sin θ1 − ε cos θ1 + h
(1)
4 = 0 , (B.7a)

det
[
α1 cos θ1 + ε sin θ1 − ~h(1) · ~σ

]
= 0 , (B.7b)

where the second equation implies

α1 cos θ1 + ε sin θ1 = ±
√
|~h(1)|2 . (B.8)

Therefore, from (B.7a) and (B.8), we obtain the dispersion relation of the edge state localized

on the boundary n1 = 1,

ε = h
(1)
4 cos θ1 ±

√
|~h(1)|2 sin θ1 , (B.9a)

α1 = −h(1)
4 sin θ1 ±

√
|~h(1)|2 cos θ1 . (B.9b)

Next we solve the hinge state eigenvalue equations from Eqs. (IV.9b) and (IV.4),[
(iα2 − ε) +

(
−i~h · ~σ − iα1

)
U2

]
χ = 0 , (B.10a)[

−(iα2 + ε)U2 +
(
i~h · ~σ − iα1

)]
χ = 0 . (B.10b)
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where we define

h5 := iα1 . (B.11)

Similarly to the previous case (B.3), we have the new coefficients,

(i~h · ~σ + h5)(b0 + i~b · ~σ) = i~h(2) · ~σ + h
(2)
5 , (B.12)

from which we read h
(2)
5 = b0h5 −~b · ~h ,

h
(2)
i = b0hi + bih5 + εijkbjhk .

(B.13a)

(B.13b)

Then, we have the solution to (B.10) as follows,ε cos θ2 − α2 sin θ2 + h
(2)
5 = 0 ,

(ε sin θ2 + α2 cos θ2)2 − |~h(2)|2 = 0 .

(B.14a)

(B.14b)

which are equivalent to the following set of equations,ε cos θ2 − α2 sin θ2 = ~b · ~h− b0h5 ,

ε2 = |~h|2 − α2
2 − α2

1 .

(B.15a)

(B.15b)

As h5 is imaginary from the definition (B.11), these are three real equations including b0h5 =

0, which implies

b0 = 0 , (B.16)

and

ε cos θ2 − α2 sin θ2 = ~b · ~h. (B.17)

Similarly, we consider the boundary condition in the n2 direction. Putting

h4 = iα2 , (B.18)

and from Eq. (B.7a), we obtain the following relations,ε cos θ1 − α1 sin θ1 = ~a · ~h ,

a0 = 0 .

(B.19a)

(B.19b)

Combining the relations (B.17) (B.19a) and (B.15b) to eliminate the coefficients α4 and α5,

we obtain the quadratic relation of the energy spectrum,

Aε2 − 2Bε+ C = 0 , (B.20)

which is shown in (IV.23) with the coefficients defined in (IV.25).
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Appendix C: Computation of topological number of edge state

We compute the quantity sgn(h1)|ki , which plays an essential role to determine the topo-

logical number associated with the edge states. From Eqs. (IV.22b) and (IV.21b) and the

choice of the boundary conditions cos θ1 = π/2, a2 6= 0, a0 = a3 = 0, we obtain

α1 = −a1h1 (C.1a)

= −a1(2 + cos ky + cos kz + γ1)

=: −a1(M̃ + γ1) . (C.1b)

Eq. (C.1a) implies that sgn(h1) can be determined by sgn(a1α1). From Eqs. (IV.18), we

have

γ2
1 = α2

1 + 1 . (C.2)

Hence, the combination of Eq (C.1b) and (C.2) provides a relation to determine the coeffi-

cient α1:

(α1 + a1M̃)2 = a2
1(α2

1 + 1) ⇐⇒ (1− a2
1)α2

1 − 2a1M̃α1 + a2
1(M̃2 − 1) = 0 . (C.3a)

Since 1− a2
1 = a2

2 6= 0, the discriminant of this quadratic equation is given by

1

4
∆ = a2

1

(
M̃2 − 1 +

1

a2
1

)
> 0 . (C.4)

Therefore, there always exist two real roots which we call α
(1)
1 and α

(2)
1 . In the calculation of

the topological number associated with the edge states, we should take into account these

two contributions. We have the following relations for α
(1)
1 and α

(2)
1 ,

α
(1)
1 + α

(2)
1 =

2a1M̃

1− a2
1

=



8a1

1− a2
1

for ky = kz = 0

8a1

1− a2
1

for ky = 0, kz = π/2 or ky = π/2, kz = 0

0 for ky = kz = π/2

(C.5a)

α
(1)
1 α

(2)
1 =

a2
1(M̃2 − 1)

1− a2
1

=



15a2
1

1− a2
1

> 0 for ky = kz = 0

3a2
1

1− a2
1

> 0 for ky = 0, kz = π/2 or ky = π/2, kz = 0

−a2
1

1− a2
1

< 0 for ky = kz = π/2

. (C.5b)
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From these relations, we obtain

∑
i=1,2

sgn(a1α
(i)
1 ) =

 2 for ky = kz = 0 or ky = 0, kz = π/2 or ky = π/2, kz = 0

0 for ky = kz = π/2
. (C.6)

Hence, we conclude

∑
i=1,2

sgn(h1)|
α
(i)
1

=

 −2 for ky = kz = 0 or ky = 0, kz = π/2 or ky = π/2, kz = 0

0 for ky = kz = π/2
,(C.7)

which yields∑
i=1,2

(
sgn(h1)

∣∣∣
(ky ,kz)=(0,0)

+ sgn(h1)
∣∣∣
(ky ,kz)=(π,π)

− sgn(h1)
∣∣∣
(ky ,kz)=(0,π)

− sgn(h1)
∣∣∣
(ky ,kz)=(π,0)

)∣∣∣∣
α
(i)
1

= 2 .

(C.8)
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