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Introduction

D3-branes probing local singularities in Calabi-Yau (CY) spaces provide a very large, in fact infinite, class of superconformal theories [START_REF] Maldacena | The Large N limit of superconformal field theories and supergravity[END_REF][START_REF] Gubser | Gauge theory correlators from noncritical string theory[END_REF][START_REF] Witten | Anti-de Sitter space and holography[END_REF][START_REF] Beasley | D3-branes on partial resolutions of Abelian quotient singularities of Calabi-Yau threefolds[END_REF]. The near-horizon geometry is a product of five-dimensional AdS spacetime and a five-dimensional Sasaki-Einstein manifold [START_REF] Morrison | Nonspherical horizons. 1[END_REF][START_REF] Klebanov | Superconformal field theory on three-branes at a Calabi-Yau singularity[END_REF], the 'base of the CY cone'. Many chiral and non-chiral superconformal quiver theories with several unitary gauge groups and matter in the bifundamental or adjoint representations can be realized this way [START_REF] Morrison | Nonspherical horizons. 1[END_REF], which proved to be an unprecedented laboratory to study the behavior of strongly coupled gauge theories using holography [START_REF] Gubser | Gauge theory correlators from noncritical string theory[END_REF][START_REF] Witten | Anti-de Sitter space and holography[END_REF][START_REF] Aharony | Large N field theories, string theory and gravity[END_REF]. If one adds orientifold planes to the brane configuration new interesting physics arises. Orthogonal and symplectic gauge groups enter the game together with (anti)symmetric tensors or bi(anti)fundamentals of the unitary gauge group factors, giving rise to 'unoriented quiver theories' [START_REF] Bianchi | Unoriented Quivers with Flavour[END_REF][START_REF] Garcia-Etxebarria | New N = 1 dualities from orientifold transitions. Part I. Field Theory[END_REF][START_REF] García-Etxebarria | New N = 1 dualities from orientifold transitions -Part II: String Theory[END_REF][START_REF] García-Etxebarria | Strongly coupled phases of N = 1 S-duality[END_REF][START_REF] García-Etxebarria | S-duality in N = 1 orientifold SCFTs[END_REF][START_REF] Bianchi | Mass deformations of unoriented quiver theories[END_REF]. This results from the orientifold projection in string theory that reverses the orientation of the strings and induces a Z 2 involution in the gauge theory [START_REF] Sagnotti | Open Strings and their Symmetry Groups[END_REF][START_REF] Pradisi | Open String Orbifolds[END_REF][START_REF] Bianchi | On the systematics of open string theories[END_REF][START_REF] Bianchi | Twist symmetry and open string Wilson lines[END_REF][START_REF] Polchinski | Dirichlet Branes and Ramond-Ramond charges[END_REF][START_REF] Angelantonj | Open strings[END_REF]. Unoriented quiver theories get close to providing a local embedding of the Standard Model [START_REF] Ibáñez | Getting just the standard model at intersecting branes[END_REF][START_REF] Wijnholt | Geometry of Particle Physics[END_REF][START_REF] Cicoli | The Standard Model quiver in de Sitter string compactifications[END_REF] as well as other interesting scenarios [START_REF] Addazi | Neutron Majorana mass from exotic instantons[END_REF][START_REF] Addazi | Un-oriented Quiver Theories for Majorana Neutrons[END_REF][START_REF] Addazi | Neutron Majorana mass from Exotic Instantons in a Pati-Salam model[END_REF][START_REF] Addazi | Exotic see-saw mechanism for neutrinos and leptogenesis in a Pati-Salam model[END_REF]. The construction may be further specialized to toric

JHEP09(2022)235

CY singularities, that allow for a brane tiling or dimer description [START_REF] Franco | Dimers and orientifolds[END_REF] (see also [START_REF] Argurio | Dimers, Orientifolds and Anomalies[END_REF] for recent developments based only on geometric data), or enriched by including non-compact 'flavor' branes [START_REF] Bianchi | Unoriented Quivers with Flavour[END_REF] and even taking into account non-perturbative stringy effects associated to Euclidean D-branes and their bound-states [START_REF] Bianchi | Notes on unoriented D-brane instantons[END_REF][START_REF] Bianchi | Unoriented D-brane instantons[END_REF][START_REF] Bianchi | Brane instantons and fluxes in F-theory[END_REF]. Moreover orientifolds on brane tilings have been recently shown to lead to stable supersymmetry breaking gauge theory vacua in [START_REF] Argurio | On supersymmetry breaking vacua from D-branes at orientifold singularities[END_REF][START_REF] Argurio | The Octagon and the Non-Supersymmetric String Landscape[END_REF][START_REF] Argurio | Dimers, Orientifolds and Stability of Supersymmetry Breaking Vacua[END_REF][START_REF] Argurio | The Octagon at large M[END_REF]. In spite of these important results, realizing new superconformal theories with orientifolds remains challenging, since O-planes tend to spoil conformal symmetry [START_REF] Bianchi | Unoriented Quivers with Flavour[END_REF][START_REF] Bianchi | Mass deformations of unoriented quiver theories[END_REF][START_REF] Argurio | Orientifolds and duality cascades: confinement before the wall[END_REF], at least to subleading order in 1/N in case of a large number N of D3-branes.

Quite remarkably, it was recently shown that specific orientifold models not only give rise to conformal fixed points at strong coupling in the infrared (IR), but also that these models belong to the same conformal manifold. The mechanism was first identified and discussed in [START_REF] Antinucci | Infrared duality in unoriented Pseudo del Pezzo[END_REF][START_REF] Antinucci | Suspended fixed points[END_REF] and then extended in [START_REF] Amariti | Conformal S-dualities from O-planes[END_REF] to non-chiral L a,b,a quiver gauge theories, a subfamily of the L p,q,r models [START_REF] Benvenuti | From Sasaki-Einstein spaces to quivers via BPS geodesics: L p,q|r[END_REF][START_REF] Butti | The Dual superconformal theory for L p,q|r manifolds[END_REF][START_REF] Franco | Gauge theories from toric geometry and brane tilings[END_REF] characterized by the presence of orbifold singularities. The models admit both a brane tiling description and a Hanany-Witten one [START_REF] Hanany | Type IIB superstrings, BPS monopoles, and three-dimensional gauge dynamics[END_REF] in type IIA string theory in terms of N D4-branes, extended along the directions x 0123 and compactified along one direction, say x 6 , and n G NS5-branes extended along x 012345 and separated along x 6 . Such non-chiral models, known as elliptic models [START_REF] Witten | Solutions of four-dimensional field theories via M-theory[END_REF][START_REF] Uranga | Brane configurations for branes at conifolds[END_REF], have n G SU(N ) gauge groups 1 and N = 2 supersymmetry if a = 0, otherwise N = 1. Pairs of sixdimensional orientifold planes with opposite charge (O6 ± ) extended along x 0123457 can be placed symmetrically on the circle without breaking further supersymmetry. For the case with extended supersymmetry this description has been extensively studied in [START_REF] Uranga | Towards mass deformed N = 4 SO(n) and Sp(k) gauge theories from brane configurations[END_REF], where four families of models have been identified. The classification depends on the presence of an odd or even number n G of gauge groups and on the possibility of placing, or not placing, an O6 + and/or an O6 -on top of an NS5-brane. Breaking supersymmetry down to N = 1 in presence of orientifold planes and suitable choices of fractional branes has been shown to lead to models with conjugate pairs of chiral multiplets with R-charge R = 1 in tensor representations of the gauge group [START_REF] Bianchi | Mass deformations of unoriented quiver theories[END_REF][START_REF] Antinucci | Suspended fixed points[END_REF][START_REF] Amariti | Conformal S-dualities from O-planes[END_REF]. Supersymmetry is broken in general by tilting some of the NS5-branes and/or O6-planes, such that the orientifold projection can be still applied consistently. 2From the perspective of brane tilings associated to L a,b,a , we can visualize the process with orientifolds acting with fixed loci on the tiling, as discussed in [START_REF] Franco | Dimers and orientifolds[END_REF]. Proper choices of fractional branes, often dictated by the constraints on the β-functions, lead to models with the same central charges and superconformal index after integrating out the chiral fields with R-charge R = 1 [START_REF] Antinucci | Suspended fixed points[END_REF][START_REF] Amariti | Conformal S-dualities from O-planes[END_REF]. The mass terms for these fields have indeed R-charge R = 2 and they are exactly marginal deformations. From a purely field theory perspective, a similar situation occurs when breaking N = 2 by a mass term for the adjoint field, given an N = 1 description. The resulting theory develops a quartic term in the superpotential and the Seiberg dual theory has mesons with a marginal mass term, so that these mesons can be integrated out. In this context, Seiberg duality relates strongly-coupled and weakly-JHEP09(2022)235 coupled regimes of theories whose matter content differs only for mesons with marginal mass [START_REF] Leigh | Exactly marginal operators and duality in four-dimensional N = 1 supersymmetric gauge theory[END_REF][START_REF] Strassler | Manifolds of fixed points and duality in supersymmetric gauge theories[END_REF], inheriting the action of S-duality from the mother N = 2 theory. 3Observe that parent theories L a 1 ,b 1 ,a 1 , described either by elliptic models or brane tilings, admit relevant mass terms [START_REF] Bianchi | Mass-deformed Brane Tilings[END_REF] that deform the model into an L a 2 ,b 2 ,a 2 with a 1 +b 1 = a 2 + b 2 and b 1 > b 2 . Clearly, they are not Seiberg dual to each other, as can be seen from the fact that their toric geometry is different. The novel aspect here is the presence of the orientifold, because once we reach N = 1, all projected models with constant a + b have the same number of gauge groups and of non-anomalous U(1)'s but differ only by the presence of fields, tensors or adjoints, that admit marginal mass terms. Therefore, the consequence of the orientifold projection is that the two theories flow to the same conformal manifold. For this reason, we borrow nomenclature from the literature [START_REF] Razamat | N = 1 conformal dualities[END_REF] and say that certain orientifolds of L a,b,a with constant a + b are conformally dual. They are not Seiberg dual, for they cannot be related by Seiberg dualities known in the literature [START_REF] Antinucci | Suspended fixed points[END_REF][START_REF] Amariti | Conformal S-dualities from O-planes[END_REF], but they inherit part of the S-duality action on the marginal masses from the mother N = 2 models through the mechanism of inherited duality introduced in [START_REF] Argyres | On inherited duality in N = 1 d = 4 supersymmetric gauge theories[END_REF][START_REF] Halmagyi | Inherited duality and quiver gauge theory[END_REF].

It is natural to wonder whether the mechanism discussed so far can be generalized to other N = 1 models, extending the notion of conformal dualities to toric quiver gauge theories with a chiral field content. The first necessary ingredient in the recipe is the presence of internal points in the toric diagram. Indeed these are associated to anomalous U(1) global (baryonic) symmetries and they require the presence of a chiral field content, i.e. there are bi-fundamental fields connecting two nodes of the quiver, without the corresponding anti-bifundamental [START_REF] Douglas | D-branes, quivers, and ALE instantons[END_REF]. Another necessary ingredient is the presence of points on the perimeter of the toric diagram, because this allows to RG flow from one model to another even before the orientifold projection, through a mass deformation [START_REF] Bianchi | Mass-deformed Brane Tilings[END_REF].

A natural set of models where to look for a generalization of the mechanism of conformal duality in presence of orientifolds consists of L a,b,a /Z 2 orbifolds, leading generically to a chiral field content (with the exception of L 0,2,0 and L 1,1,1 ) -see figure 1 for examples of such orbifolds on the toric diagram. In this paper we will see that such orbifolds admit a generalization of the mechanism of conformal duality similar to the one obtained for the four N = 2 families of [START_REF] Uranga | Towards mass deformed N = 4 SO(n) and Sp(k) gauge theories from brane configurations[END_REF] broken to N = 1. We will distinguish two out of these four families (corresponding to families i) and iv) of [START_REF] Uranga | Towards mass deformed N = 4 SO(n) and Sp(k) gauge theories from brane configurations[END_REF]) allowing for the presence of marginal mass terms. Another difference with the construction presented in [START_REF] Antinucci | Suspended fixed points[END_REF][START_REF] Amariti | Conformal S-dualities from O-planes[END_REF] is that here we will observe that in some cases fractional branes will not be required. Observe also that in these L a,b,a /Z 2 models the type IIA description is not readily available and the orientifold projection can be performed on the dimer model with the techniques of [START_REF] Franco | Dimers and orientifolds[END_REF] and the recent extension of [START_REF] García-Valdecasas | Dimers in a Bottle[END_REF] in terms of a Klein bottle. This is the other main novelty of the construction performed here. We will observe that the projections are implemented on the brane tiling either in terms of fixed points and fixed lines or by maps on the dimer without fixed points that lead to Klein bottles. The paper is organized as follows. Section 2 contains a lightning review on how to perform orientifold projections on toric dimer models and summarizes the main findings of [START_REF] Antinucci | Infrared duality in unoriented Pseudo del Pezzo[END_REF][START_REF] Antinucci | Suspended fixed points[END_REF][START_REF] Amariti | Conformal S-dualities from O-planes[END_REF] on 4d N = 1 conformal dualities. In section 3 we introduce the glide orientifold and its role in the two families of unoriented orbifold models, family A and family B, to which we devote section 4 and 5 respectively. Finally in section 6 we present our conclusions and discuss some open research avenues.
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L 2,4,2 L 2,4,2 /Z 2 L 2,6,2 L 2,6,2 /Z 2

Orientifolds and conformal duality

The aim of this section is to summarize the results of [START_REF] Antinucci | Infrared duality in unoriented Pseudo del Pezzo[END_REF][START_REF] Antinucci | Suspended fixed points[END_REF][START_REF] Amariti | Conformal S-dualities from O-planes[END_REF], where specific N = 1 supersymmetric gauge theories obtained as orientifold projections of toric quivers were shown to be related to one another by conformal duality. We will first concentrate on the simplest models wherein this occurs, namely the orientifold of C 2 /Z 2 ×C and the orientifold of the conifold, obtained by mass deformation of the former [START_REF] Klebanov | Superconformal field theory on three-branes at a Calabi-Yau singularity[END_REF]. This example contains all relevant information and, as we will see, it can be naturally generalized to the more elaborate models discussed in [START_REF] Antinucci | Infrared duality in unoriented Pseudo del Pezzo[END_REF][START_REF] Antinucci | Suspended fixed points[END_REF][START_REF] Amariti | Conformal S-dualities from O-planes[END_REF].

A picture of five-branes

A toric diagram in a Z d lattice encodes the information about a d-dimensional complex toric variety, admitting the action of a complex torus (C * ) d [START_REF] Bouchard | Lectures on complex geometry, Calabi-Yau manifolds and toric geometry[END_REF][START_REF] Leung | Branes and toric geometry[END_REF][START_REF] Closset | Toric geometry and local Calabi-Yau varieties: An Introduction to toric geometry (for physicists)[END_REF][START_REF] Cox | Toric Varieties[END_REF]. For toric CY threefolds (i.e. d = 3) it is enough to focus on a two-dimensional diagram, thanks to the vanishing of the first Chern class [START_REF] Leung | Branes and toric geometry[END_REF]. The toric data can be translated into a well defined supersymmetric gauge theory in four dimensions, using a five-brane diagram as an intermediate step, from which the corresponding brane tiling or dimer can be immediately drawn [START_REF] Hanany | Dimer models and toric diagrams[END_REF][START_REF] Franco | Brane dimers and quiver gauge theories[END_REF][START_REF] Feng | Toric duality as Seiberg duality and brane diamonds[END_REF][START_REF] Franco | Fractional branes and dynamical supersymmetry breaking[END_REF][START_REF] Hanany | Quivers, tilings, branes and rhombi[END_REF][START_REF] Hanany | Brane tilings and exceptional collections[END_REF][START_REF] Kennaway | Brane Tilings[END_REF][START_REF] Yamazaki | Brane Tilings and Their Applications[END_REF]. More explicitly, one identifies the vectors with coordinates (p, q) that are dual (outgoing normal) to the sides of the toric diagram and represents them as one-cycles of a two-dimensional torus with (p, q) winding numbers. The resulting five-brane diagram owes its name to the fact that in the IIB picture, whereby D3-branes are T-dualized into D5-branes wrapping the two-torus, the one-cycles are NS5-branes that emerge from T-dualizing the toric singularity. As an example, see the toric diagram of C 3 /Z 2 and the associated five-brane diagram in figures 2a-2b. The one-cycles divide the planar graph in different regions, highlighted in white, gray or black in figure 2b. White regions are SU(N ) gauge factors, whereas bifundamental fields X ab , where a, b are labels for the gauge factors, correspond to arrows crossing the white regions a and b at the intersection points. The direction of the arrows determines if a field transforms as a fundamental (out) or antifundamental (in) of a gauge factor. Gray and black regions are encircled by the arrows in clockwise (+1) or counterclockwise (-1) direction, respectively. They correspond to gauge-invariant interaction terms, that involve all the fields surrounding the region and give rise to a trace-like 'mesonic' operator. In our example, the five-brane diagram in figure 2b gives two gauge factors, which have been labelled by 0 and 1. The bifundamental fields are
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X 1 01 = 0 , 1 1 , X 1 10 = 1 , 0 1 X 2 01 = 0 , 1 2 , X 2 10 = 1 , 0 2 X 00 = φ 0 = 0 , 0 , X 11 = φ 1 = 1 , 1 (2.1) 
where the latter two fields are adjoints and the upper index labels different fields with the same transformation rules. The superpotential reads

W C 2 /Z 2 ×C = ij φ 1 X i 10 X j 01 + φ 0 X i 01 X j 10 . (2.2)
As a final step one turns the five-brane diagram into the brane tiling or dimer by shrinking the gray and black regions into points, white points for (+1) and black for (-1), and connects white points to black ones by edges, so as to obtain a bipartite graph. This is in a sense dual to the five-brane diagram, as the edges represent the bifundamental fields. The brane tiling encodes the information about the toric CY geometry and completely defines the dual gauge theory in the sense of the AdS/CFT correspondence. The brane tiling of

C 2 /Z 2 × C is drawn in figure 3.
JHEP09(2022)235 We draw multiple arrows for multiple fields connecting the same pair of nodes. When nodes are both SO and/or U Sp groups, we drop the arrow and connect them with an edge, signaling the fact that representations are real. For tensor representations, when not specified if they are symmetric or antisymmetric, we simply denote them by T a .

To sum up, in a toric variety the geometry is encoded in a toric diagram whose discrete data allows to construct the brane tiling, which translates geometric information into a 4d gauge theory. The dictionary of this bipartite graph is as follows. Each face represents a gauge group factor SU(N ) a , each edge represents a bifundamental field X ab transforming under the adjacent faces, with an orientation given by the direction black to white, each node represents a gauge-invariant term in the superpotential. The gauge factors and matter fields can be translated from the five-branes to a quiver representation in form of nodes and arrows, respectively. The legend in figure 4 shows the various matter fields that appear in subsequent sections.
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Inherited S-duality

The quiver of C 2 /Z 2 × C is drawn on the top left of figure 5, where the red dashed line highlights the orientifold projection. (Let us call the projection Ω.) On the brane tiling, the projection is realized by four fixed points, whose charges are encoded in a vector τ = (τ 0 , τ 00 , τ 1 , τ 11 ) and project in turn the gauge group SU(N 0 ), the field φ 0 , the gauge group SU(N 1 ) and the field φ 1 . Positive τ 's give either orthogonal groups or symmetric representations, while negative τ 's give either symplectic groups or antisymmetric representations. The product of the τ 's is constrained by the condition [START_REF] Franco | Dimers and orientifolds[END_REF] τ = (-1)

N W 2 , ( 2.3) 
where N W is the number of terms in the superpotential of the parent theory. In the present

C 2 /Z 2 × C case N W = 4
, thus the product of the τ 's is +1. The superpotential reads

W Ω C 2 /Z 2 ×C = -T 0 X 01 X 10 + T 1 X 10 X 01 . (2.4)
We observe that in the five-brane diagram in figure 2b, the fixed points that project the adjoint fields are located at the intersections between the 'vertical' (blue) brane and the 'oblique' (green) brane, and the two 'horizontal' (red) branes are identified by the orientifold.

Given the above orientifold, the field content of the model can easily be read from the linear quiver either on the top right or bottom of figure 5, the two representing two different choices for τ . We can find out whether the model has a conformal fixed point by analyzing the beta functions. Let us identify the R-charges R 01 and R 10 of the two bifundamental fields, while imposing R(W ) = 2 that identifies the R-charges R 0 and R 1 of the two projected fields. This gives the condition r 0 + 2r 01 = -1, where

r = R -1 (2.5)
is the R-charge of the fermion in the chiral multiplet. 4 Together with the condition that the β-functions of the two gauge group vanish, we have

r 0 (m + 2τ 00 ) = -(m -2τ 0 ) , r 0 (m -2τ 11 ) = -(m + 2τ 1 ) , ( 2.6) 
where m = N 0 -N 1 . We now study the solutions to these equations for the different possible choices of the τ 's.

It is straightforward to see that there is a choice that preserves N = 2 supersymmetry, choosing τ 00 = -τ 0 and τ 11 = -τ 1 , and we denote it as τ A . (Let us call Ω A the associated orientifold projection.) In this case the solution demands m = 2τ 0 and τ 1 = -τ 0 , so that τ A = (±, ∓, ∓, ±). These conditions leave r 0 undetermined, and we find that at large N the value of r 0 that maximizes the central charge a is r 0 = -1 3 . Hence, at large N the R-charges of all the fields are 2 3 , and the central charge

a Ω A C 2 /Z 2 ×C = 1 4 N 2 (2.7)
JHEP09(2022)235 is half the value of the central charge of the parent theory. To summarize, and choosing without loss of generality τ 0 = 1, one gets the gauge groups SO(N ) and USp(N -2), 5 with projected fields A 0 and S 1 in the adjoint of each group. There are however other possible solutions to eq. (2.6). These are N = 1 solutions with τ 00 = τ 0 , τ 11 = τ 1 and τ 1 = -τ 0 , which we denote as τ B = (±, ±, ∓, ∓) giving

0 1 Ω 0 1 SO(N ) USp(N -2) 0 1 SO(N ) USp(N -2)
r 00 = - m -2τ 0 m + 2τ 0 , r 01 = - 2τ 0 m + 2τ 0 . ( 2.8) 
In general for these solutions one should worry about the presence of gauge-invariant composite operators that hit the unitarity bound R = 2/3 and decouple. This analysis was performed in [START_REF] Antinucci | Suspended fixed points[END_REF] and it was shown that in the range 1 < m < 10 this cannot occur. There is a particular value of m in this range, namely m = 2τ 0 , that gives R 0 = 1 and R 01 = 1/2. We observe that the value of m is the same as the one of the N = 2 preserving orientifold, i.e. τ 0 = -τ 00 = -τ 1 = τ 11 , and the value of the central charge a = 3 32 (3TrR

3 -TrR) ∼ c at large N is a Ω B C 2 /Z 2 ×C = 27 128 N 2 , ( 2.9) 
which is 27 32 times the central charge of the N = 2 orientifold. Again, choosing τ 0 = 1 gives the gauge groups SO(N ) and USp(N -2), but now the projected fields are S 0 and A 1 and both have R = 1, while the bifundamental fields have R = 1/2. We observe that the fields with R = 1 do not contribute to the central charge.

The other value for m in eq. (2.6) we are interested in is m = 4τ 0 , which gives R 00 = R 01 = 2/3 as in the N = 2 model, and as a consequence gives also the same central charge at large N , although the difference between the ranks at finite N is not the same, and the projected fields are not in the adjoint. As we will see, the presence of this kind of solution will be systematic in the models discussed in this paper. The central charge of the N = 1 model with m = 2τ 0 coincides (exactly, that is even at finite N ) with the central charge of the orientifold of the conifold C. This can be quickly shown by determining the central charges and the difference of the ranks of the two gauge groups at the conformal fixed point. For completeness, we draw in figures 6a and 6b the toric diagram and the five-brane diagram of the conifold. We also draw in figure 7 the corresponding quiver. In this case the orientifold projection cannot be realized on the fivebrane diagram by fixed points, but instead by fixed lines. Identifying the R-charges of all the fields, the superpotential of the parent theory
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W C = ab cd X a 01 X c 10 X b 01 X d 10 (2.10) 
implies that they are all equal to 1/2, and they do not change after the orientifold projection. Denoting as before τ 0 and τ 1 the orientifold charges that project the two gauge groups, the condition that the β-functions vanish gives m = 2τ 0 and τ 1 = -τ 0 , where again we denote with m the difference N 0 -N 1 . Choosing τ 0 = +1, we end up again with the gauge groups SO(N ) and USp(N -2), while the bifundamental fields have R = 1/2. 6Hence, apart from the absence of the fields S 0 and A 1 , we get exactly the same ranks and the same R-charges as the N = 1 C 2 /Z 2 × C orientifold with m = 2τ 0 , implying that we get exactly the same central charge in eq. (2.9).

As is well-known [START_REF] Klebanov | Superconformal field theory on three-branes at a Calabi-Yau singularity[END_REF], if one deforms the C 2 /Z 2 × C parent theory by adding a mass term for the two adjoint fields, this generates a flow that in the IR reaches the conifold model. This explains why the ratio of the central charges of the two parent theories is 27/32 [START_REF] Tachikawa | Explanation of the Central Charge Ratio 27/32 in Four-Dimensional Renormalization Group Flows between Superconformal Theories[END_REF]. This picture is preserved by the orientifold: starting with the N = 2 C 2 /Z 2 × C orientifold and mass deforming, one ends up with the orientifold of the conifold, and again this explains the value of the ratio of the central charges. The fact that the orientifold of the conifold and the

N = 1 orientifold τ B of C 2 /Z 2 × C with m = 2τ 0 have the same JHEP09(2022)235 0 1 Ω 0 1 SO(N ) USp(N -2) Figure 7.
On the left, the quiver diagram for C, where the red line represents the orientifold projection. On the right, the linear 'unoriented' quiver for the theory after the orientifold [START_REF] Bianchi | Unoriented Quivers with Flavour[END_REF]. 3,3 , the number of points remains n + 2 = 8 all along. It holds also with the orientifold projection, mutatis mutandis.

Mass Def Mass Def

C 2 /Z 6 × C → L 2,4,2 → L 3,
central charge suggests that the two theories are conformally dual, meaning that they flow to the same conformal manifold, and indeed they are connected by turning on a mass term for the projected fields, which is an exactly marginal deformation because these fields have R = 1 and the mass operator is not charged under any other global factors.

The results of [START_REF] Antinucci | Suspended fixed points[END_REF][START_REF] Amariti | Conformal S-dualities from O-planes[END_REF] are a natural generalization of the mechanism described above to the infinite class of L a,b,a theories (a ≤ b). The parent L a,n-a,a toric models can all be obtained by mass deformations of L 0,n,0 , which is the N = 2 orbifold C 2 /Z n × C. Specifically, starting from L 0,n,0 , one can add a mass to a pair of adjoints7 of gauge groups that are connected in the quiver, and integrating out this mass term gives the L 1,n-1,1 theory [START_REF] Bianchi | Mass-deformed Brane Tilings[END_REF]. This can be iterated to produce a chain that ends with

L n 2 , n 2 , n 2 for n even and L n-1 2 , n+1 2 , n-1 2
for n odd. We represent some steps of this chain for n = 6 in figure 8. In fact, these theories can be embedded in IIA elliptic models, where stacks of D4-branes are wrapped around a circle and their worldvolume is divided by orthogonal NS5's. The rotation of the five-branes describes the mass deformation, see for example figure 9. This construction holds also in presence of orientifold planes.

For the orientifold of L 0,n,0 theory one can choose the ranks in such a way that the choice of τ 's preserving N = 2 supersymmetry has a fixed point with 'canonical' R-charges 2/3 and half the central charge of the parent theory at large N . On the other hand, for all such theories it is also possible to perform an N = 1 orientifold projection, with the same JHEP09(2022)235 ranks of the gauge groups, and such that all the adjoints and projected fields have R = 1 and all the bifundamental fields have R = 1/2.

Note also that, for higher values of n, the L a,n-a,a theory admits different toric phases, which means different ways of integrating out pairs of adjoints, compatible with the orientifold. These correspond to different ways of accommodating the horizontal branes in the five-brane diagram, see figure 12 for an example.

For a family with n even, there are orientifold projections that generalize the ones of C 2 /Z 2 × C and the conifold, corresponding to the fixed points in figure 2b and the fixed lines in figure 6b. As an example, we represent in figure 10 the n = 6 case. The five-brane diagrams are constructed from the toric diagrams in figure 8. The parent theories describe six gauge groups, with vector-like bifundamentals connecting group i and i + 1. In the first and second diagram, the fixed points with charge τ 0 and τ 3 project the groups 0 and 3, while τ 00 and τ 33 project the adjoints of these groups. The L 1,5,1 theory is missing in the chain because it does not allow this orientifold. Indeed, in L 1,5,1 we would have five horizontal red branes (pointing towards the left) and one horizontal brown brane (pointing towards the right), and there is no way to accommodate them compatibly with the desired orientifold. Finally, the last diagram represents the orientifold of the non-chiral Z 3 orbifold of the conifold, which is realized by fixed lines that project groups 0 and 3. In general, given a generic even n, all of the N = 1 orientifold theories in the family have the same central charge a, 't Hooft anomalies and superconformal index of the orientifold of the orbifold of the conifold, which is the theory at the end of the chain. The value of the central charge is always 27/32 the value of the N = 2 theory. This was shown originally in [START_REF] Antinucci | Suspended fixed points[END_REF] for n = 3p studying the orientifold of the non-chiral orbifold SPP/Z p , i.e. the L p,2p,p theory and, then generalized in [START_REF] Amariti | Conformal S-dualities from O-planes[END_REF] to any even n.

For n even another orientifold projection is allowed, with all of the four fixed points lying on the intersections between NS5-branes, i.e. generating two conjugate pairs of tensor matter fields. In this way, all gauge factors remain unitary. We can construct such an JHEP09(2022)235

τ 0 τ 00 τ 3 τ 33 0 0 1 1 2 2 3 3 τ 0 τ 00 τ 3 τ 33 0 0 1 2 3 3 τ 0 τ 3 0 0 1 2 2 3
Figure 10. The chain of five-brane diagrams connected by mass deformation for n = 6: 3,3 , the number of vectors remains n + 2 = 8 all along. It holds also with the orientifold projection, provided a Z 2 symmetry is preserved.

C 2 /Z 6 × C → L 2,4,2 → L 3,
0 1 2 3 SO(N ) SU(N -2) SU(N -4) USp(N -6) 0 1 2 3 SO(N ) SU(N -2) SU(N -4) USp(N -6) 0 1 2 3 SO(N ) SU(N -2) SU(N -4) USp(N -6)
Figure 11. The chain of linear quiver diagrams after the orientifold connected by mass deformation for n = 6:

C 2 /Z 6 × C → L 2,4,2 → L 3,3,3 .
orientifold by shifting the fixed points by a quarter of a period in the five-brane diagram (see figure 13 for the L 2,4,2 example). These orientifolds were also analyzed in [START_REF] Amariti | Conformal S-dualities from O-planes[END_REF], and shown to realize the same mechanism as the models above. Note that when the toric diagram is a rectangle, such a projection cannot be obtained either with fixed points or with fixed lines, which implies that in order to include the last step of the chain the orientifold projection must be realized differently on the five-brane diagram. As we will see in the next section, this occurs for a chain of L a,b,a /Z 2 models with a particular orientifold projection introduced in [START_REF] García-Valdecasas | Dimers in a Bottle[END_REF] known as glide orientifold. This will play an important role in the remainder.

In the case of n odd the process is similar, but at the end of the chain a single adjoint field remains, corresponding to the

L n-1 2 , n+1 2 , n-1 2
toric model. We show in figure 14 the example of SPP, that is L 1,2,1 , obtained by a mass deformation of C 2 /Z 3 × C. The figure reveals the general feature of these orientifolds, in which one group and its adjoint are projected, while the other two τ 's give two conjugate fields which are symmetric or antisymmetric under a unitary group. In [START_REF] Antinucci | Suspended fixed points[END_REF] these models where studied for n = 3p and generalized in [START_REF] Amariti | Conformal S-dualities from O-planes[END_REF] to any n, showing that again the same mechanism occurs. τ 00 τ 00
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τ 22 τ 22 1 1 0 0 2 2 0 1 2 SU(N ) SU(N ) SU(N )
Figure 13. The orientifold projection of L 2,4,2 with four fixed points that yields unitary groups and pairs of conjugate tensor fields and the choice τ 00 = -1, τ 22 = +1.

Finally, [START_REF] Amariti | Conformal S-dualities from O-planes[END_REF] shows that the conformal duality discussed above is an 'inherited S-duality' from the mother N = 2 theory that is subsequently mass-deformed.

In the rest of this paper we will show how the same construction works for another infinite class of toric models, which are Z 2 chiral orbifolds of the models of this section. In particular, the next section is devoted to the description of the models in terms of five-brane diagrams.

3 Glide orientifold and L a,b,a /Z 2 models

In this section we are going to introduce the class of orientifold models L a,b,a /Z 2 , which we will focus on hereafter. In the first subsection we discuss the glide orientifold projection introduced in [START_REF] García-Valdecasas | Dimers in a Bottle[END_REF], which we will perform in the case a = b. The second subsection is devoted to a description of the models involved and the results. The following two sections will then contain a detailed analysis of such models.

Orientifolds and Klein bottles

Among the Z 2 involutions of a torus, there are some choices that do not leave fixed points. This is interesting, as the five-brane diagram and the brane tiling are embedded in a torus and the orientifold projection is realized as a Z 2 involution. While the past literature mostly focuses on projections with fixed loci, the case of a glide orientifold was recently analyzed in [START_REF] García-Valdecasas | Dimers in a Bottle[END_REF]. This involution maps a point to another by combining a shift by half a period of the fundamental cell with a reflection about one of its axes, see figure 15b.

The topology obtained after this involution is that of a Klein bottle. This operation does not leave any fixed points and this can be understood by the fact that the net orientifold charge in the system is zero. As a consequence, the glide orientifold yields only SU(N ) gauge factors and tensor representations, if any, in conjugate pairs. Hence, the resulting model is automatically free of any gauge anomaly. We denote this projection by Ω gl .

As an example, consider again the original orbifold C 2 /Z 2 × C. First, we need to move to a different toric phase by means of an SL(2, Z) transformation, since the toric diagram needs to be symmetric about an axis that crosses at least two points of the toric diagram. In other words, if one consider the vectors dual to the sides of the toric diagram, an even number of them must be parallel to the symmetry axis of the glide. For our example, we choose the phase displayed in figure 15a, whose associated five-brane and its symmetry axis is drawn in figure 15b. Finally, the Klein bottle is explicitly displayed in figure 15c. The parent theory has two gauge factors, labelled by 0 and 1. The projection maps one factor into the other, while representation are conjugate. Moreover, the glide projection maps fields φ 0 → φ 1 , X 1 01 → X 2 01 and X 1 10 → X 2 10 , so the upper index can be dropped. Since 1 → 0 , we can split figure [START_REF] Bianchi | On the systematics of open string theories[END_REF]. Finally, the superpotential reads

X 01 = 0 , 1 in 0 = A, 0 = S,
W Ω gl C 2 /Z 2 ×C = φ 0 AS -φ 0 SA . (3.1)

Families of orientifolds of L a,b,a /Z 2

In the previous section we argued about a conformal duality between projected non-chiral toric theories, connected by a deformation that changes the shape of the toric diagram while preserving the number of points [START_REF] Bianchi | Mass-deformed Brane Tilings[END_REF]. We constructed a chain of toric polygons that belong to the L a,b,a family, where a and b can take generic values with a ≤ b.

In order to generalize the duality to chiral theories, we consider the Z 2 orbifold L a,b,a /Z 2 of that family, and infer some general behaviors that may be useful for a complete classification of the phenomenon of conformal duality among toric quivers after an orientifold projection. Indeed we observe that all such models are chiral, except for L 0,2,0 and L 1,1,1 . Note that in order to have chiral theories, we lose the elliptic model description of these model. Perhaps, one could still construct a similar one along the lines of [START_REF] García-Valdecasas | Dimers in a Bottle[END_REF].

Moreover, for constructing a chain of toric diagrams as before, the number of external points of the toric diagram, i.e. on the perimeter, and the number of internal points must separately coincide. This implies that the models before the projection have the same number of gauge nodes and of non-anomalous U(1) symmetries. This imposes constraints on the possible orbifold that we can use to generate an infinite family of dual models. Interestingly the conformally dual models discussed in [START_REF] Antinucci | Infrared duality in unoriented Pseudo del Pezzo[END_REF], that are not related by an R = 2 mass deformation, respect these constraints as well. It may be a hint to a more general
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Mass Def Mass Def 

L 0,6,0 /Z 2 → L 2,4,2 /Z 2 → L 3,3,3 /Z 2 .
It holds also with the orientifold projection, mutatis mutandis.

phenomenon whereby the conformally dual models obtained after orientifold projections are related by non-quadratic superpotential deformations.

In the following we identify three families in terms of the parity of a and b and in terms of the type of projection that we will realize on the five-brane web, though we will focus only on the first two.

Family A. The first family that we study is the orientifold projection of L a,b,a /Z 2 with a + b even that leads to quiver gauge theories with only unitary gauge groups and two pairs of conjugate tensor matter fields at the extremal gauge nodes, and we call it family A. This is the generalization of family i) of [START_REF] Amariti | Conformal S-dualities from O-planes[END_REF] and we analyze it in section 4. Imposing a + b = 2k, two extreme possibilities are L 0,2k,0 /Z 2 and L k,k,k /Z 2 . As anticipated above, the case with k = 1 has a non-chiral field content before the orientifold projection, while for k > 1 internal points on the toric diagram necessarily arise. A generic model in the family is L 2p,2k-2p,2p /Z 2 with 4k -4p hexagons and 4p squares. We can construct a chain of toric diagrams that describe, upon orientifold projection, theories connected by conformal duality, i.e. a quadratic exactly marginal deformation:

L 0,2k,0 /Z 2 → L 2,2(k-1),2 /Z 2 . . . → L 2p,2k-2p,2p /Z 2 → . . . → L k,k,k /Z 2 , ( 3.2) 
where p = 1, . . . , k 2 . Along the chain, pairs of vector-like fields with R = 1 are integrated out thanks to quadratic marginal deformation, until the last step where tensor fields are deformed. Note that the number of vector-like fields is k -1, so when k is even the last step requires that one remaining vector-like field is integrated out together with the tensors.

In all steps but the last the orientifold projection is given by fixed points. On the five-brane, these lie at the intersection between a vertical brane and a skew brane. On the other hand, the last step requires a glide orientifold. An example of a chain of models, upon orientifold, is showed in figure 17-18, and the quiver in figure 19.

Note that the orientifold projection allows also for another configuration with four tensor fields at four different nodes, associated to five-branes where the four fixed points lie at the intersection of the green vectors and horizontal red ones. In this way, orientifolds of 

L 0,6,0 /Z 2 → L 2,4,2 /Z 2 → L 3,3,3 /Z 2 .
It holds also with the orientifold projection, provided a Z 2 symmetry is preserved. L p,2k-p,p /Z 2 are also allowed. However, such a configuration does not feature the R-charges and dualities we want to discuss here, at least for the first examples we worked out, hence we will not consider it in the following.

Family B. We will refer to the second family as family B, which generalizes family iv) of [START_REF] Amariti | Conformal S-dualities from O-planes[END_REF]. Also in this case a + b = 2k, but the orientifold projection acts either with fixed points or with fixed lines, lying on top of the faces of the five-brane, either hexagons or squares depending on the fixed loci. Contrary to the previous family, four gauge factors are now real groups,8 SO or U Sp depending on the signs of the fixed loci. The chain of toric diagrams is the same as in the previous family, eq. (3.2), but the orientifold projection is realized differently on the five-branes, as we need to move the fixed points by a quarter period, see for example figure 20 and the associated quiver in figure 21. The extremal cases are L 0,2k,0 /Z 2 and L k,k,k /Z 2 . Moreover, the last model in the chain is projected by fixed lines. As we will observe in section 5, in this family marginal quadratic superpotential deformations with R = 2 can be generated only with a specific shift between the ranks of the gauge factors. 
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Family A

In this section we study in detail the conformal duality for the L a,b,a /Z 2 models (with a + b = 2k) after an orientifold projection that induces only unitary gauge groups. The generic quiver of this family of models is given in figure 22, where colored fields have R = 1 and they are progressively integrated out by mass deformations that generate the chain of conformally dual models in eq. (3.2). We realize the orientifolds as fixed points on the five-brane for a = b and both even, while for a = b the gauge theory is realized as a glide orientifold [START_REF] García-Valdecasas | Dimers in a Bottle[END_REF].

The analysis is based on the computation and comparison of the central charges of the different L a,b,a /Z 2 orientifolds, which we denote as a Ω a,b,a . We first analyze in detail the cases with k = 1 and k = 2 and then discuss the generalization to any k.

Orbifold with k = 1

The case k = 1 is the only non-chiral one among the models we discuss in this section. The L 0,2,0 /Z 2 model is C 3 /(Z 2 × Z 2 ) with charges (0, 1, 1) × (1, 0, 1), while L 1,1,1 /Z 2 is the non-chiral Z 2 orbifold of the conifold C.

Orientifold projection of L 0,2,0 /Z 2 with fixed points. We study the orientifold projections with fixed points of L 0,2,0 /Z 2 . After the projection, the gauge group is G = JHEP09(2022)235 SU(N 0 ) × SU(N 1 ), whereas the field content is given by

X 01 = 0 , 1 , X 10 = 1 , 0 Y 01 = ( 0 , 1 ) , Y 01 = 0 , 1 T 00 = ( 0 , 0 ) , T 00 = 0 , 0 T 11 = ( 1 , 1 ) , T 11 = 1 , 1 , (4.1) 
where fields Y 01 and Y 01 arise at the intersection between red and blue vectors on the fivebrane diagram in figure 23, while the particular representation of the tensor fields T 00 , T 00 , T 11 and T 11 depends on the signs of the charges τ . Since N W /2 = 4, the product of these charges must be positive. Another constraint for the charges τ comes from gauge anomaly cancellation that requires the presence of conjugate pairs of tensor representations, hence τ 00 = τ 00 and τ 11 = τ 11 . We denote the inequivalent choices of τ = (τ 00 , τ 00 , τ 11 , τ 11 ) as τ A = (±, ±, ∓, ∓) and τ B = (±, ±, ±, ±). The resulting quiver is drawn in figure 23, while the superpotential reads

W Ω 0,2,0 = X 01 T 11 Y 01 -Y 01 T 11 X 10 + X 10 T 00 Y 01 -Y 01 T 00 X 01 . (4.2)
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Imposing that the β-functions all vanish one obtains r 00 + r 00 = r 11 + r 11 , r 01 + r 00 + r Y = -1 , r 10 + r 00 + r Y = -1 , (r 00 + r 00 ) + (r 01 + r 10 ) + (r Y + r Y ) = -2 , (r 00 + r 00 ) (m + 2τ 00 ) = -2m , (r 00 + r 00 ) (m -2τ 11 ) = -2m , (

where m = N 0 -N 1 and τ A is selected. Note that with m = 0, the choice on τ is no longer constrained. 9 Further imposing that R-charges of conjugate pairs are the same, i.e. r 01 = r 10 and r = r we get

r 00 = r 00 = r 11 = r 11 = - m m + 2τ 00 , r 01 + r 00 + r Y = -1 , ( 4.4) 
We can select equal ranks by imposing m = 0, as opposed to the orientifold projection studied in [START_REF] Antinucci | Suspended fixed points[END_REF][START_REF] Amariti | Conformal S-dualities from O-planes[END_REF], meaning that this model does not requires the presence of fractional branes. This holds for the whole family A. At large N , we have

TrR = 0 , TrR 3 = 2N 2 r 3 01 + (-1 -r 01 ) 3 + 1 , ( 4.5) 
and the central charge is maximized at

r 00 = r 00 = r 11 = r 11 = 0 , r 01 = r 10 = r Y = r Y = - 1 2 , a Ω m=0 0,2,0 = 27 64 N 2 , ( 4.6) 
implying superconformal R = 1 for the tensor fields, and R = 1/2 for the remaining ones. Finally, note that for m = τ 01 , we have that all the fields have R = 2/3, and the value of the central charge is

a Ωm=τ 01 0,2,0 = 1 2 N 2 . (4.7)
Remarkably, shifting the ranks of the unitary groups, which means that a fractional brane is present in the system, yields the R-charge of free fields. This solution is present for all orbifold of flat space L 0,2k,0 /Z 2 Ω

. Surprisingly, the ratio between the two central charges in eqs. (4.6)-(4.7) is 27/32. This is supposed to happen when N = 2 is broken, via mass deformation, down to N = 1 [START_REF] Tachikawa | Explanation of the Central Charge Ratio 27/32 in Four-Dimensional Renormalization Group Flows between Superconformal Theories[END_REF]. We briefly discuss the role of this solution in section 6.
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Ω gl 0 1 1 0 1 SU(N ) SU(N ) | | Figure 24. The model L 1,1,1 /Z 2 .
On the left the toric diagram is drawn, at the center the five-brane and its glide projection, on the right the quiver resulting from the orientifold projection.

Glide orientifold of L 1,1,1 /Z 2 . We study the glide orientifold of L 1,1,1 /Z 2 , whose field content is

X 01 = 0 , 1 , X 10 = 1 , 0 Y 01 = ( 0 , 1 ) , Y 01 = 0 , 1 , (4.8)
which is similar to eq. ( 4.1) except for the tensor fields. The projection yields a theory with gauge group G = SU(N 0 ) × SU(N 1 ) and superpotential

W Ω gl 1,1,1 = X 01 X 10 Y 01 Y 01 -X 10 X 01 Y 01 Y 01 , ( 4.9) 
as can be read from figure 24. The set of constraints for the superconformal R-charges, together with r 01 = r 10 yields

N 0 = N 1 = N , r 01 + r Y = -1 , (4.10)
and at large N we retrieve eqs. (4.5) and at the local maximum

r 01 = r 10 = r Y = r Y = - 1 2 , a Ω gl 1,1,1 = 27 64 N 2 . (4.11)
The central charge, 't Hooft anomalies and the superconformal index are the same for the orientifold projection with fixed points of L 0,2,0 /Z 2 and the two orientifold theories are conformally dual.

Orbifold with k = 2

We now discuss models with a + b = 4. The parent theories are chiral and their toric diagrams are reflexive polygons, having one internal point [START_REF] Hanany | Brane Tilings and Reflexive Polygons[END_REF]. As already mentioned above, we restrict ourselves on orientifolds of models with even a (and b), because in the case of a, b odd the projection does not give a theory with the desired features, as we will explicitly see for L 1,3,1 /Z 2 . Orientifold projection of L 0,4,0 /Z 2 with fixed points. We study the orientifold of L 0,4,0 /Z 2 with fixed points such that τ = +1 the projection yields gauge groups G = SU(N 0 ) × SU(N 1 ) × SU(N 2 ) × SU(N 3 ). The toric diagram of the parent theory, the five-brane and the quiver of the resulting projected theory are shown in figure 25. The field content is
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X 02 = 0 , 2 , X 10 = 1 , 0 X 12 = 1 , 2 , X 21 = 2 , 1 X 23 = 2 , 3 , X 31 = 3 , 1 Y 02 = ( 0 , 2 ) , Y 01 = 0 , 1 Y 13 = ( 1 , 3 ) , Y 23 = 2 , 3
T 00 = ( 0 , 0 ) , T 00 = 0 , 0

T 33 = ( 3 , 3 ) , T 33 = 3 , 3
and the superpotential reads

W Ω 0,4,0 = T 00 Y 01 X 10 -X 10 X 02 X 21 + T 00 X 02 Y 02 -Y 02 Y 01 X 12 + X 12 X 23 X 31 + Y 13 Y 23 X 21 -T 33 Y 23 X 23 -T 33 X 31 Y 13 . (4.12)
Cancellation of gauge-anomalies requires that

N 1 -N 2 = 2 (τ 00 -τ 00 ) . (4.13)
Proceeding as before, we find the condition for β-functions to vanish and R(W ) = 2, together with demanding that the R-charges of conjugate pairs are equal. Imposing that all ranks are equal, N a = N ∀a, we find which is symmetric under the exchange r 10 ↔ r 23 . The resulting global anomaly is twice the one of L 0,2,0 /Z 2 Ω and the local maximum stays at

r 10 = r 23 = - 1 2 , a Ω 0,4,0 = 27 32 N 2 , ( 4.16) 
so that the R-charges of tensor fields and vector-like fields is R = 1 and they do not contribute to 't Hooft anomalies and the superconformal index, while the remaining ones have R = 1/2.

Glide orientifold of L 2,2,2 /Z 2 . We now study the glide orientifold of L 2,2,2 /Z 2 , which yields a theory with gauge group G = SU(N 0 ) × SU(N 1 ) × SU(N 2 ) × SU(N 3 ). The toric diagram of the parent theory, the five-brane and the quiver resulting from the projection are drawn in figure 26. The field content is

X 10 = 1 , 0 , X 02 = 0 2 X 23 = 2 , 3 , X 31 = 3 1 Y 02 = ( 0 , 2 ) , Y 23 = 2 , 3 ; Y 13 = ( 1 , 3 ) , Y 01 = 0 , 1 ,
whereas the superpotential is

W Ω gl 2,2,2 = X 10 Y 02 (X 02 ) T Y 01 -X 10 X 02 X 23 X 31 + X 31 Y 13 (X 23 ) T Y 23 -Y 01 Y 13 Y 23 Y 02 + Y 23 X 23 Y 13 (X 31 ) T + Y 02 (X 10 ) T Y 01 X 02 . (4.17)
The field content is similar to eq. (4.12) except for the tensor and the vector-like fields. We notice that in this case it is not enough to mass deform the pairs of tensor fields from JHEP09(2022)235

τ 00 τ 11 τ 22 τ 33 0 0 1 2 3 0 1 2 3 SU(N 0 ) SU(N 1 ) SU(N 2 ) SU(N 3 ) | | Figure 27. The model L 1,3,1 /Z 2 .
On the left the toric diagram is drawn, at the center the fivebrane and its orientifold projection with fixed points, on the right the quiver resulting from a choice of orientifold projection consistent with gauge anomalies. This does not belong to family A.

L 0,4,0 /Z 2 Ω , but we need to mass deform also X 12 , X 21 . This happens when the number k -1 of vector-like fields is odd, hence for k even. The set of constraints for the superconformal R-charges, together with cancellation of gauge-anomaly and the Z 2 -symmetry of the quiver yields

N 0 = N 1 = N 2 = N 3 = N , r 23 = r 10 , r 02 = r 31 = -1 -r 10 , r Y 13 = r Y 02 , r Y 23 = r Y 01 = -1 -r Y 02 , ( 4.18) 
expressed in terms of the two charges r 10 and r Y 02 . At large N , the global anomalies read TrR = 0 ,

TrR 3 = 2N 2 r 3 10 + (-1 -r 10 ) 3 + r 3 Y 02 + (-1 -r Y 02 ) 3 + 2 , (4.19)
whose share the same form and local maximum of L 0,4,0 /Z 2 Ω in eqs. (4.15)-(4.16), as

r 10 = r Y 02 = - 1 2 , a Ω 0,4,0 = 27 32 N 2 , ( 4.20) 
The two models orientifold of L 0,4,0 /Z 2 and of L 2,2,2 /Z 2 are conformally dual, connected by quadratic marginal deformations.

L 131 /Z 2 and general feature of odd a. The set of parent theories L a,b,a /Z 2 with a + b = 4 involves also the case a = 1 and b = 3, i.e. both odd numbers. The orientifold of L 1,3,1 /Z 2 with four fixed points yields a theory that does not belong to the chain of conformally dual projected theories, i.e. cannot be connected to other models by an exactly marginal deformation that integrates out pairs of conjugate fields, as we instead showed in the previous sections and works [START_REF] Antinucci | Suspended fixed points[END_REF][START_REF] Amariti | Conformal S-dualities from O-planes[END_REF]. We can see this clearly from figure 27. In particular, from the quiver we see that the four tensor fields transform under four different
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groups, hence they cannot be mass deformed as for the theories in family A. Moreover, cancellation of gauge anomalies gives

N 0 -N 1 -N 2 + N 3 + 4τ 00 = 0 , -N 0 + N 1 + N 2 -N 3 + 4τ 11 = 0 , N 0 -N 1 -N 2 + N 3 -4τ 22 = 0 , -N 0 + N 1 + N 2 -N 3 -4τ 33 = 0 (4.21)
and all ranks equal is not a solution, as it is for family A.

From the point of view of the five-brane diagram, when a and b are both odd, the Z 2 involution of the orientifold imposes that two horizontal vectors, one oriented to the right and one to the left, pass through two fixed points. See for example figure 27, where a red vector oriented to the left lies on τ 00 and τ 11 , while a brown vector oriented to the right lies on τ 22 and τ 33 . Since only two five-branes can meet on a point, 10 we need to move either the skew green vectors or the vertical blue vectors. The consequence is that the four fixed points project fields transforming in four different groups. This is general, for all odd a and b, and therefore they do not belong to the family A.

Finally, one can easily see that from the five-brane in figure 27 the models do not admit a glide orientifold.

Generalization

In this section we want to show the previous results are general and hold for the whole chain

L 0,2k,0 /Z 2 → L 2,2(k-1),2 /Z 2 . . . → L 2p,2k-2p,2p /Z 2 → . . . → L k,k,k /Z 2 , ( 4.22) 
where p = 1, . . . , k 2 . Let us begin with the orientifold of L 0,2k,0 /Z 2 , the generic quiver is drawn in figure 22, with all vector-like fields. From the five-brane, we can write down the superpotential as

W Ω 0,2k,0 = T 00 Y 01 X 10 + T 00 X 02 Y 02 -X 02 X 21 X 10 -Y 02 Y 01 X 12 -T 2k-1,2k-1 Y 2k-2,2k-1 X 2k-2,2k-1 -T 2k-1,2k-1 X 2k-1,2k-3 Y 2k-3,2k-1 + X 2k-2,2k-1 X 2k-1,2k-3 X 2k-3,2k-2 + Y 2k-3,2k-1 Y 2k-2,2k-1 X 2k-2,2k-3 + k-2 i=1 (X 2i-1,2i X 2i,2i+1 X 2i+1,2i-1 + X 2i,2i-1 X 2i-1,2i+2 X 2i+2,2i ) - k-2 i=1 (X 2i+1,2i+2 X 2i+2,2i X 2i,2i+1 + X 2i+2,2i+1 X 2i+1,2i-1 X 2i-1,2i+2 ) . (4.23)
We need to impose the conditions R(W ) = 2 and that all β-functions vanish, with all ranks equal, N a = N ∀a. Consider a section of the quiver from node 2i, as in figure 28 related superpotential terms, whose constraints imply

r 2i,2i-1 = -1 -(r 2i-1,2i+2 + r 2i+2,2i ) , r 2i-1,2i = -1 -(r 2i,2i+1 + r 2i+1,2i-1 ) , ( 4.24) 
as well as the same equations with i → i + 2. The sum of this four equations gives:

m 2i,2i-1 + m 2i+2,2i+1 = -4 -(r 2i-1,2i+2 + r 2i+2,2i + r 2i,2i+1 + r 2i+1,2i-1 + {i → i + 2}) . (4.25) where m 2i,2i-1 = r 2i,2i-1 + r 2i-1,2i .
Vanishing of the beta functions on the nodes 2i + 2 and 2i + 1 imply:

m 2i+2,2i+1 = -2 -(r 2i+2,2i + r 2i-1,2i+2 + r 2i+4,2i+2 + r 2i+2,2i+3 ) , (4.26) 
m 2i+2,2i+1 = -2 -(r 2i+1,2i-1 + r 2i,2i+1 + r 2i+1,2i+4 + r 2i+3,2i+1 ) . ( 4.27) 
The combination of eqs. Similarly one can show that

r 00 + r00 = r 2k-1,2k-1 + r2k-1,2k-1 = m 2i,2i-1 , i = 1, . . . , (k -2) . ( 4.29) 
Finally the beta equation for the node i = 0 and the superpotential terms that include the tensor fields T 00 and T 00 yield (r 00 + r00 )2τ 00 = 0 (4.30)

Together with (4.29) this implies that the combinations

T 00 T 00 , T 2k-1,2k-1 T 2k-1,2k-1 and X 2i,2i-1 X 2i-1,2i have fermionic R-charge r = 0 (bosonic R-charge R = 2
) and they are marginal deformations. If we impose that conjugate fields have the same R-charge, this also means that tensor fields and vector-like have r-charge r = 0. The quadratic marginal operators written above give mass to the fields and we can integrate them out. The resulting effective theory is the orientifold of L 2p,2k-2p,2p /Z 2 , where p is the number of pairs of conjugate fields that have been integrated out. The conformal mass terms for the pairs of conjugate fields is marginal and does not trigger an RG flow. Another way to see this is that the superpotential of the orientifold of L 2p,2k-2p,2p /Z 2 imposes the same constraints in the r-charges as the theory L 0,2k,0 /Z 2 Ω

. Indeed from the last two lines of
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the superpotential in Eq (4.23), using i → (i + 2) for the first term in each line, we can write

r 2i+2,2i+3 + r 2i+3,2i+1 + r 2i+1,2i-1 + r 2i-1,2i+2 = -2 , r 2i+2,2i + r 2i,2i+1 + r 2i+1,2i+4 + r 2i+4,2i+2 = -2 , ( 4.31) 
where we also used (4.30). These are exactly the constraints from the quartic terms after the quadratic deformation. This is due to the fact that one integrates the pairs of conjugate fields out plugging their F -terms into the superpotential. Therefore, all we need to study is the first model of the chain in eq. (4.22). From the superpotential and the β-functions we have now

r 00 = r 00 = r 2k-1,2k-1 = r 2k-1,2k-1 = r 2i,2i-1 = r 2i-1,2i = 0 , r 2i-1,2i+2 + r 2i+2,2i = -1 , r 2i,2i+1 + r 2i+1,2i-1 = -1 . ( 4.32) 
All superpotential terms are generated sequentially shifting i → (i + 2) from the quiver combining a vertical arrow, which does not contribute now, an horizontal one and a diagonal one. Compare figure 19 and eq. (4.23) in order to see that. Moreover, the generic quiver has a Z 2 symmetry. Hence, we can impose

r 10 = r 02 = r 2k-2,2k-1 = r 2k-1,2k-3 = r 2i,2i+1 = r 2i-1,2i+2 = . . . {i → (i + 2)} , r Y 02 = r Y 01 = r Y 2k-2,2k-1 = r Y 2k-3,2k-1 = r 2i+2,2i = r 2i+1,2i-1 = . . . {i → (i + 2)} , ( 4.33) 
so that we can express 't Hooft anomalies only in terms of four R-charges, r 10 , (-1 -r 10 ), r Y 02 and (-1 -r Y 02 ), and we have a number k of each of them. The central charge reads

a Ω 0,2k,0 = 9 32 N 2 k r 3 10 + (-1 -r 10 ) 3 + r 3 Y 02 + (-1 -r Y 02 ) 3 + 2 , ( 4.34) 
whose local maximum is

r 10 = r Y 02 = - 1 2 , a Ω 0,2k,0 = 27 64 N 2 k , ( 4.35) 
and the same holds for the orientifold of L 2p,2k-2p,2p /Z 2 and L k,k,k /Z 2 , as they only differ by fields with r = 0. Since the quiver is the same and these fields enter in conjugate pairs, 't Hooft anomalies and superconformal index match along the chain of quadratic marginal deformation.

Family B

As already anticipated in section 3, the second family of conformally dual models that we consider are orientifolds of the chiral Z 2 orbifolds of L a,b,a /Z 2 (with fixed a + b = 2k) that give rise to four real gauge groups. As shown in figure 20 b even) the orientifold projection is realized on the five-brane diagram by means of fixed points that are shifted horizontally by a quarter of a period with respect to the case of family A, while for a = b the projection is realized by means of fixed lines. The resulting quiver in drawn in figure 29, where as in the previous case the colored fields have unit R-charge and they are progressively integrated out along the chain. Again, the results are based on the computation and comparison of the central charges, that we denote as a Ω a,b,a as in the previous section. 11 We will discuss in more detail the k = 1 and k = 2 cases, showing that the central charges of the orientifolds of L 0,2,0 /Z 2 and L 1,1,1 /Z 2 coincide. The analysis reveals a direct analogy with the models in family A, and as a consequence the generalization to any k will be given with fewer details.

Orbifold with k = 1

Orientifold projection of L 0,2,0 /Z 2 with fixed points. We draw in figure 30 (5.1)

We assign the same τ 's and the same ranks on the groups 0 and 1 and the groups 2 and 3 respectively, so that the quiver possesses a Z 2 symmetry under flip with respect to a horizontal axis, which implies that r 02 = r 13 and r 03 = r 12 . As a consequence, eqs. (5.1) are reduced to two independent equations implying r 01 = r 23 , and plugging this into the condition that the β-function vanishes for each gauge group gives the fields X 01 and X 23 have R-charge equal to 1, and maximizing the a central charge one can show that the other R-charges are all equal to 1 2 , which can also be more directly deduced observing that the quiver has an additional symmetry under flip of the nodes 2 and 3. The value of the central charge at large N is

r 01 = N 2 -N 0 + 2τ 0 N 0 -N 2 = N 2 -N 0 -2τ 2 N 0 -N 2 . ( 5 
a Ω 0,2,0 = 27 64 N 2 . ( 5.3) 
As an aside, we observe that once again there is a different assignment of the ranks of the gauge groups, namely N 2 = N 0 -3, which results in a conformal field theory with all R-charges equal to 2 3 , and central charge equal to 1 2 N 2 . This corresponds to two SO(N ) and two USp(N -3) gauge groups. 13 The occurrence of these orientifolds is a feature of all L 0,2k,0 /Z 2 models.

Orientifold projection of L 1,1,1 /Z 2 with fixed lines. The second and last orientifold in the k = 1 chain is the L 1,1,1 /Z 2 orientifold described in figure 31. This theory has a quartic superpotential which leads to the constraints

r 02 + r 12 = -1 r 03 + r 13 = -1 r 03 + r 02 = -1 r 13 + r 12 = -1 , ( 5.4) 
and substituting them in the β-function conditions implies the τ 's and the rank assignment that can be read from the quiver. Imposing a-maximization one can show that the R charges must all be equal to 1 2 , as one could also easily deduce by symmetry arguments. This results in a central charge identical to the one in eq. (5.3).

Orbifold with k = 2

Orientifold projection of L 0,4,0 /Z 2 with fixed points. The next model we consider is the L 0,4,0 /Z 2 orientifold, whose five-brane diagram and quiver, together with the toric JHEP09(2022)235 diagram of the parent theory, are drawn in figure 32. We assign the same rank to the groups 0 and 1, 2 and 3 and 4 and 5, and we also require τ 0 = τ 1 and τ 4 = τ 5 . Again, this implies a symmetry under flip with respect to an horizontal axis. Imposing that the superpotential has R-charge 2 then implies r 01 = r 23 = r 45 , and requiring that the β-functions vanish gives

r 01 = N 2 -N 0 + 2τ 0 N 0 -N 2 = N 4 -N 2 -2τ 4 N 2 -N 4 (5.5) 
together with the further condition on the ranks

N 2 = N 0 + N 4 2 .
(5.6)

One can then immediately notice that the rank and τ assignment in the quiver in figure 32 implies that X 01 , X 23 and X 45 have R-charge 1, while all the remaining fields have R-charge Orientifold projection of L 2,2,2 /Z 2 with fixed lines. For the sake of completeness, we also briefly discuss the other model with k = 2, namely the L 2,2,2 /Z 2 orientifold with fixed lines. The toric diagram of the parent theory, together with the projected five-brane diagram and quiver, are given in figure 33, and as usual we assign the ranks so that the quiver possesses a symmetry with respect to the horizontal axis. This fully constrains the model, because imposing the relations on the R-charges coming from the superpotential and requiring that the β-functions vanish give From this we read that the τ 's must be opposite, and choosing for instance τ 0 = 1 one gets N 2 = N 0 -2 and N 4 = N 2 -2, which gives precisely the groups and their corresponding ranks as in the quiver in figure 33. One can finally realize that the central charge a Ω 2,2,2 matches exactly, i.e. at all orders in N , the central charge in eq. (5.7).

N 2 = N 0 -2τ 0 N 2 = N 0 + N 4 2 N 4 = N 2 + 2τ 2 . ( 5 

Generalization

In the following we generalize the set of constraints for the R-charges in order to find a superconformal point. Since the line of reasoning follows closely section 4.3, we show the generic solution in a more compact way. In this family of models the τ 's of the four fixed points project four of the (2k + 2) gauge factor as (τ 0 , τ 1 , τ 2k , τ 2k+1 ), which must be equal in pairs as (±, ±, ∓, ∓), in order to yield the same theory of the last model in the family with fixed lines. Let us use the upper signs without loss of generality and consider L 0,2k,0 /Z 2 . All interactions are cubic and the generic terms read

± X 2j+2,2j X 2j,2j+3 X 2j+3,2j+2 ∓ X 2j+3,2j+1 X 2j+1,2j+2 X 2j+2,2j+3 . 
(5.9)

Using figure 29, we choose the ranks such that they are symmetric around the horizontal axis, i.e. N 2i = N 2i+1 with i = 0, . . . , k. Moreover, all fields enter iteratively in the JHEP09(2022)235

superpotential and we call the R-charge of the fermions r x for all horizontal fields, r y for all diagonal ones and r z for all vertical one. The latter are precisely the fields that are integrated out in the chain eq. 3.2. 14 Note that the choices we made corresponds to require that the non-anomalous baryonic symmetries do not contribute at the fixed point. The condition from the superpotential together with the beta functions impose

r x + r y + r z = -1 , N 2i -N 2i+2 = 2 r z + 1 . ( 5.10) 
We see that choosing a pattern for the ranks fixes the R-charge of the vertical fields in figure 29. For instance, with N 2i+2 = N 2i -2,15 r z = 0 and the mechanism described in the previous sections arises, as we can integrate out the vertical fields. The crucial point is that their mass term is exactly marginal. The resulting theory is the orientifold of L 2p,2k-2p,2p /Z 2 with quartic terms in the superpotential that give 2r x + 2r y = -2. Therefore, the solution for L 0,2k,0 /Z 2 still holds. Finally, there are 2k fields with fermionic R-charge r x and 2k with r y = -1 -r x , so at large N the local maximum of the central charge reads

r x = - 1 2 , a Ω 0,2k,0 = 27 64 kN 2 . ( 5.11) 
If we use instead N 2i+2 = N 2i -3, we find the solution where R X = R Y = R Z = 2/3, that holds only for L 0,2k,0 /Z 2 , i.e. the orbifolds of flat space, since the R-charges are not compatible with a marginal mass term.

Conclusions

In this work we have generalized the mechanism studied in [START_REF] Antinucci | Suspended fixed points[END_REF][START_REF] Amariti | Conformal S-dualities from O-planes[END_REF] to chiral Z 2 orbifolds of L a,b,a models. The L a,b,a family exhausts the class of non-chiral toric models. However there exists one (and only one) non-chiral orbifold which does not belong to this infinite class, corresponding to the C 3 /(Z 2 × Z 2 ) theory studied in section 4. We have observed that the fixed point orientifold of this theory is conformally dual to the glide orientifold of L 2,2,2 , corresponding to the non-chiral Z 2 orbifold of the conifold (i.e. L 1,1,1 /Z 2 ). The presence of the glide orientifold is the key ingredient that has allowed us to generalize the above construction to an infinite family of dualities analogous to the case of L a,b,a studied in [START_REF] Antinucci | Suspended fixed points[END_REF][START_REF] Amariti | Conformal S-dualities from O-planes[END_REF]. We explicitly verified that this is not possible for the L a,b,a non-chiral theories studied in [START_REF] Antinucci | Suspended fixed points[END_REF][START_REF] Amariti | Conformal S-dualities from O-planes[END_REF], so the additional Z 2 orbifold is a necessary condition for the new infinite family to exist.

With the exception of the "seed" duality between the non-chiral C 3 /(Z 2 × Z 2 ) orbifold and L 1,1,1 /Z 2 , this generalization involves chiral models such as C 3 /(Z 2 × Z 2k ) = JHEP09(2022)235 L 0,2k,0 /Z 2 and L k,k,k /Z 2 . For k ≥ 2 we have observed the presence of intermediate models L 2p,2k-2p,2p /Z 2 with fixed point projections. They altogether form a family of dual projected models that we named family A in section 4. The field theory interpretation of the duality is the presence of an exactly marginal quadratic deformation. In the L a,b,a case such deformation is realized by a pairing of (conjugate) two-index tensor fields with R = 1 [START_REF] Antinucci | Suspended fixed points[END_REF][START_REF] Amariti | Conformal S-dualities from O-planes[END_REF]. In the orientifolded L a,b,a /Z 2 chiral orbifolds studied here we have observed the possibility of realizing the quadratic deformation via a pair of conjugate bifundamentals. Note that a different glide orientifold, i.e. around the other axis (see figure 26 for example) does not give rise to conformally dual models.

By considering a different fixed point projection of L 2p,2k-2p,2p /Z 2 with 0 ≤ p < k/2 we have found the existence of a second family, dubbed family B in section 5, involving the fixed line orientifold of L k,k,k /Z 2 . This represents a more conventional family of dualities from the perspective of [START_REF] Antinucci | Suspended fixed points[END_REF][START_REF] Amariti | Conformal S-dualities from O-planes[END_REF] since it does not involve a glide orientifold.

Another difference between family A and B is that in the former all gauge group ranks are equal, whereas in the latter the ranks are assigned in a way that resembles what done in the non-chiral cases of [START_REF] Antinucci | Suspended fixed points[END_REF][START_REF] Amariti | Conformal S-dualities from O-planes[END_REF]. Moreover, in the orientifold models of [START_REF] Antinucci | Suspended fixed points[END_REF][START_REF] Amariti | Conformal S-dualities from O-planes[END_REF] there is always an N = 2 mother theory with the same choice of the ranks that flows, upon adding a relevent deformation, to the N = 1 models. This is the reason why those dual models inherit part of the action of S-duality. We have not been able to identify the mother counterpart for the theories studied here, neither the origin of their duality. However, in both families A and B, the extremal case L 0,2k,0 /Z 2 has always a different rank assignment such that R = 2/3 for all fields and all β-functions vanish. This choice has two interesting features. First, it is always a shift by one unit w.r.t. the rank choice that yields the conformal duality discussed here. It is unclear if this can be understood in terms of fractional branes present in the system, and if there exists any relevant deformation that connects to the conformally dual models. Second, its central charge is always 27/32 times smaller than the central charge of the conformally dual theories, which usually happens when supersymmetry is broken via mass deformation from N = 2 to N = 1 [START_REF] Tachikawa | Explanation of the Central Charge Ratio 27/32 in Four-Dimensional Renormalization Group Flows between Superconformal Theories[END_REF]. Clearly, this in not the case here, but an explanation is that the Cartan of SU(2) R survives the extra orbifold Z 2 and enters in the combination with the U(1) R as in [START_REF] Tachikawa | Explanation of the Central Charge Ratio 27/32 in Four-Dimensional Renormalization Group Flows between Superconformal Theories[END_REF].

In all orientifold models studied so far, both here and in [START_REF] Antinucci | Suspended fixed points[END_REF][START_REF] Amariti | Conformal S-dualities from O-planes[END_REF], there are empirical rules at the level of toric diagrams which are necessary but not sufficient to have a conformal duality, namely that the numbers of internal and external points are separately equal and that all internal points sit on a line. The geometric deformation that allow us to pass from a toric diagram to another with these rules is associated to the quadratic deformation on the field theory side, which integrates out fields with R = 1.

Another pair of toric quiver gauge theories describing different singularities before the orientifold projection but that give rise to a pair of chiral models on the same conformal manifold has been obtained in [START_REF] Antinucci | Infrared duality in unoriented Pseudo del Pezzo[END_REF], relating a fixed line projection of PdP 3b to a fixed point projection of PdP 3c . In this case there is no notion of geometric deformation, i.e. the possibility of deforming the superpotential by an exactly marginal massive chiral operator. Even though PdP 3c is actually L 1,2,1 /Z 2 , it does not belong to any of the families studied here, because the sum a + b is odd. Nevertheless the model of [START_REF] Antinucci | Infrared duality in unoriented Pseudo del Pezzo[END_REF] behaves as the models JHEP09(2022)235 studied here from the toric perspective, i.e. the toric diagrams in the two phases have separately the same number of internal and external points. For this reason, the models of [START_REF] Antinucci | Infrared duality in unoriented Pseudo del Pezzo[END_REF] represent a seed for another infinite family of dual orientifold models. In a forthcoming publication we are planning to show the generalization of this model, similarly to the cases discussed here.

Finally, let us discuss some interesting avenues of future investigation. A possible generalizations involve orientifolds in presence of extra flavors. In [START_REF] Giacomelli | Probing 7-branes on orbifolds[END_REF] different projections of the same orbifold result in dual unoriented theories. One may also ask if dualities similar to the ones studied here exist in lower or higher dimensional SCFTs. In lower dimensions it would also be interesting to apply the orientifold projections, denoted as Spin [START_REF] Aharony | Large N field theories, string theory and gravity[END_REF] orientifolds in [START_REF] Forcella | N = 1 Chern-Simons theories, orientifolds and Spin(7) cones[END_REF][START_REF] Franco | 2d N = (0, 1) gauge theories and Spin(7) orientifolds[END_REF], which break holomorphy while preserving some supersymmetry.

Another aspect that we would like to stress is that differently from the pure L a,b,a cases, where four families have been identified [START_REF] Amariti | Conformal S-dualities from O-planes[END_REF], here for the chiral L a,b,a /Z 2 orbifolds we only found two families giving rise to a conformal duality. The two missing families correspond to the S-dual quivers studied in [START_REF] Amariti | Conformal S-dualities from O-planes[END_REF]. Here, by inspection, we have not found the generalization of models with both real gauge groups and tensor matter. If they do not exist, we would like to understand why.

It would be desirable to have a geometric interpretation of the conformal duality from the perspective of the 10d string setup and/or the holographic dual. For instance for the conformal dualities of non-chiral L a,b,a models one can understand them as being inherited from S-duality of the N = 2 parent theories. (See [39, section 4.2].) The latter are engineered as type IIA elliptic models of D4's, NS5's and O6-planes, where by tilting some of the NS5-branes (or the O6-planes) one can halve supersymmetry. In turn, by lifting the N = 2 models to M-theory one can understand S-duality relating two type IIA configurations as two different classical degenerations of the M-theory torus [START_REF] Uranga | Towards mass deformed N = 4 SO(n) and Sp(k) gauge theories from brane configurations[END_REF]. Having at hand a similar picture for the N = 1 dualities studied here would clarify their string theory origin. A possible starting point is the conformal duality between one of the fixed point orientifolds of C 3 /Z 2 and the fixed line orientifold of L 1,1,1 , i.e. the conifold. For the latter, both type IIB and IIA (elliptic) configurations have been constructed in [START_REF] C.-H. Ahn | Orientifold in conifold and quantum deformation[END_REF] without relying on the brane tiling technology. One would then need to construct the type IIA engineering of the former, and lift the two IIA setups to M-theory to try to understand the addition of the exactly marginal quadratic deformation in field theory (responsible for the N = 1 conformal duality) via a chain of string dualities.

Lastly, another promising piece of geometric technology is K-stability [START_REF] Collins | K-Semistability for irregular Sasakian manifolds[END_REF][START_REF] Collins | Sasaki-Einstein metrics and K-stability[END_REF] of the SCFT [START_REF] Collins | K stability and stability of chiral ring[END_REF][START_REF] Benvenuti | Supersymmetric gauge theories with decoupled operators and chiral ring stability[END_REF][START_REF] Amariti | New 3d N = 2 SCFT's with N 3/2 scaling[END_REF][START_REF] Fazzi | Holography, Matrix Factorizations and K-stability[END_REF][START_REF] Alday | The Pollica perspective on the (super)-conformal world[END_REF][START_REF] Bao | Chiral rings, Futaki invariants, plethystics, and Gröbner bases[END_REF][START_REF] Collins | On Upper Bounds in Dimension Gaps of CFT's[END_REF], which can be understood as a criterion to check whether the SCFT is stable in the IR against certain deformations of its superpotential, captured by the chiral ring. In favorable situations (such as for toric theories, but also for classes of non-toric ones) these deformations can be classified, and are related to complex deformations of the hypersurface singularity probed by the N D3-branes. It would be interesting to study whether the conformal dualities of this paper admit an interpretation in terms of deformations of the chiral ring of the SCFTs.
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 1 Figure 1. Examples of chiral orbifolds for the L a,b,a family.
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 2a Figure 2a. The toric diagram of C 2 /Z2 ×C and the vectors orthogonal to the edges.
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 112b Figure 2b. The five-brane diagram of C 2 /Z2 × C, with the four fixed points of the orientifold projection.
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 1134 Figure 3. The brane tiling of C 2 /Z 2 × C with the four fixed points of the orientifold projection.
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 5 Figure 5. The quiver diagram for C 2 /Z 2 × C with the orientifold projection Ω on the top left, while on the top right the associated (linear) 'unoriented' quiver after the N = 2 choice for the orientifold and the N = 1 choice at the bottom.
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 6a16b Figure 6a. The toric diagram of the conifold C and the vectors orthogonal to the edges.
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 8 Figure 8. The chain of toric diagrams connected by mass deformation for n = 6:C 2 /Z 6 × C → L 2,4,2 → L 3,3,3 , the number of points remains n + 2 = 8 all along. It holds also with the orientifold projection, mutatis mutandis.
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 9 Figure 9. The theories C 2 /Z 3 × C and suspended pinch point (SPP) represented via IIA elliptic models. Rotating NS5 branes results in mass deforming the theory.
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 12 Figure 12. The two inequivalent ways of accommodating the horizontal branes for L 2,8,2 and the associated linear quivers.
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 14 Figure 14. An example with n odd obtained from mass deformation of C 2 /Z 3 × C and the orientifold projection with fixed points. On the left, the toric diagram of L 1,2,1 or SPP, center its five-brane and on the right the quiver after the orientifold with τ 0 = +1, τ 00 = +1, τ 11 = -1.
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 15a15b15c16 Figure 15a. The toric diagram of C 2 /Z2 × C.
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 17 Figure 17. An example of a chain of toric diagrams of family A connected by mass deformation for k = 3:L 0,6,0 /Z 2 → L 2,4,2 /Z 2 → L 3,3,3 /Z 2 .It holds also with the orientifold projection, mutatis mutandis.
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 18 Figure 18. The chain of five-brane diagrams of family A connected by mass deformation for k = 3:L 0,6,0 /Z 2 → L 2,4,2 /Z 2 → L 3,3,3 /Z 2 .It holds also with the orientifold projection, provided a

Figure 19 .

 19 Figure[START_REF] Angelantonj | Open strings[END_REF]. The quiver for the orientifold theory of L 0,6,0 /Z 2 → L 2,4,2 /Z 2 → L 3,3,3 /Z 2 in Family A with choice (τ 00 = +, τ 55 = -). Colored fields represent the pairs that are mass deformed in the chain, the color match the chain of five-branes in figure18.
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 20 Figure 20. The chain of five-brane diagrams of family B connected by mass deformation for k = 3:L 0,6,0 /Z 2 → L 2,4,2 /Z 2 → L 3,3,3 /Z 2 .It holds also with the orientifold projection, provided a Z 2 symmetry is preserved.
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 21 Figure 21. The quiver for the orientifold theory of L0,6,0 /Z 2 → L 2,4,2 /Z 2 → L 3,3,3 /Z 2 in Family B with choice (τ 0 = τ 1 = +, τ 6 = τ 7 = -).Colored fields represent the pairs that are mass deformed in the chain, the color match the chain of five-branes in figure20.
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 22 Figure 22. The generic quiver of family A models. Colored fields are the mass deformed pairs. All gauge nodes are SU(N ).

Figure 23 .

 23 Figure[START_REF] Addazi | Neutron Majorana mass from exotic instantons[END_REF]. The model L 0,2,0 /Z 2 . On the left the toric diagram is drawn, at the center the fivebrane and its orientifold projection with fixed points, on the right the quiver resulting from the orientifold projection.
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 25 Figure[START_REF] Addazi | Neutron Majorana mass from Exotic Instantons in a Pati-Salam model[END_REF]. The model L 0,4,0 /Z 2 . On the left the toric diagram is drawn, at the center the fivebrane and its orientifold projection with fixed points, on the right the quiver resulting from the orientifold projection.

rFigure 26 .

 26 Figure26. The model L 2,2,2 /Z 2 . On the left the toric diagram is drawn, at the center the five-brane and its glide orientifold, on the right the quiver resulting from the projection.
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 28 Figure 28. A portion of generic quiver of the orientifold of L 0,2k,0 /Z 2 from node 2i.

  (4.26) + (4.27) --(4.25) gives m 2i,2i-1 = m 2i+2,2i+1 , i = 1, . . . , (k -2) .(4.28)
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Figure 29 .

 29 Figure 29. The general quiver of family B models. Colored fields are the mass deformed pairs.

  the toric diagram of the parent L 0,2,0 /Z 2 theory, the five-brane diagram with the location of the fixed points and the resulting quiver. Imposing that the superpotential has R-charge 2 gives the constraints r 03 + r 01 + r 13 = -1 r 03 + r 02 + r 23 = -1 r 12 + r 01 + r 02 = -1 r 12 + r 13 + r 23 = -1 .
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 230 Figure30. The model L 0,2,0 /Z 2 . On the left the toric diagram is drawn, at the center the fivebrane and its orientifold projection with fixed points, on the right the quiver resulting from the orientifold projection.

Figure 31 .

 31 Figure31. The model L 1,1,1 /Z 2 . On the left the toric diagram is drawn, at the center the five-brane and its orientifold with fixed lines, on the right the quiver resulting from the orientifold projection.
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 27 The value of the central charge at large N is From eqs. (5.5) and (5.6) we deduce that imposing instead that there is a shift of 3 in the ranks, i.e. N 2 = N 0 -3 and N 4 = N 2 -3, results in a conformal model in which all the R-charges are equal to2 3 and the central charge is equal to N 2 at large N .

Figure 32 .Figure 33 .

 3233 Figure32. The model L 0,4,0 /Z 2 . On the left the toric diagram is drawn, at the center the fivebrane and its orientifold projection with fixed points, on the right the quiver resulting from the orientifold projection.

The U(1) center-of-mass is free while the other U(1)'s decouple in the IR.

In the IIA elliptic engineering of L a,b,a , a + b corresponds to the total number of untilted NS5-branes, whereas a to that of the tilted NS5's. When a = 0 we are left with b = nG NS5's and N = 2 supersymmetry.

Or better, being η the coupling of the quartic term, there is a line of conformal theories described by the equation γ(g, η) = -1/2 and Seiberg duality relates opposite regimes on this line, see[START_REF] Strassler | The Duality cascade[END_REF].

R = 2/3 is the 'canonical' R-charge of a free field.

Here N0 = N , which is assumed to be even. The ranks of the two groups are N/2 and N/2 -1.

The same solution for the orientifold of the conifold has been constructed in[START_REF] Naculich | 1/N corrections to anomalies and the AdS/CFT correspondence for orientifolded N = 2 orbifold and N = 1 conifold models[END_REF][START_REF] C.-H. Ahn | Orientifold in conifold and quantum deformation[END_REF][START_REF] Imai | Comments on orientifold projection in the conifold and SO x USp duality cascade[END_REF], where the former reference observes that seven-branes should not be present in the type IIB configuration due to the lack of 1/N corrections to the a-anomaly, whereas the latters construct a configuration with one O3 + and one O3 -that wrap two homologically different two-cycles, both coming from a fractional O5.

Giving mass to pairs is necessary but not sufficient to preserve toricity[START_REF] Bianchi | Mass-deformed Brane Tilings[END_REF].

We loosely refer to SO(N ) or USp(N ) as real gauge groups since, contrary to SU(N ), they do not admit complex representations. Complex spinors do not appear in perturbative open string constructions.

The fact that τB works here is due to R = 1. Similarly, in family ii) and iii) of[START_REF] Amariti | Conformal S-dualities from O-planes[END_REF] one can engineer a configuration of O6-planes that yields pairs of tensors that transform in the same way. The point is that they can still be integrated out.

Or better, in those cases one can describe strongly coupled sectors following[START_REF] García-Etxebarria | Strongly coupled phases of N = 1 S-duality[END_REF].

Given that these models are not compared to the models in the previous sections, we assume that this will not cause any confusion to the reader.

This implies that N must be even.

Obviously N must be odd in this case.

With the choice of the orientifold of family B.

Which is the choice in figure29.
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