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1 Introduction

The 4d superconformal index (SCI), originally defined in [1, 2], is a generalization of the
Witten index obtained by radially quantizing a superconformal field theory (SCFT). It
counts a set of protected short multiplets that do not recombine into long ones. The index
can equivalently be obtained by localization on S3 × S1 (though the two definitions differ
by an overall contribution dubbed supersymmetric Casimir energy in [3, 4].) The index has
been an excellent tool for the study of 4d SCFTs, because it is a topological invariant, fully
quantum, and protected quantity. For instance, it has been used to check dualities, propose
new ones, study (super)symmetry enhancements, and analyze the conformal manifold.
(See [5, 6] and references therein for a recent account on the subject.)

The original motivation behind the introduction of the SCI of N = 4 SU(Nc) SYM
was counting the 1/16-BPS states that should reproduce the entropy of the dual charged
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and rotating black hole (BH) in AdS5 × S5. (See [7] for a comprehensive review on the
subject.) However this expectation has been puzzling for more than a decade, because
the large-Nc index was found to be an order-one quantity instead of order-N2

c as expected
from the holographic dictionary. This is due to the large cancellation between fermionic
and bosonic states counted by the (−1)F operator in the index. A solution to this problem
was obtained only recently by noticing that allowing for complex fugacities there is an
obstruction to such a cancellation and the dual BH entropy can indeed be extracted from
the index. Two main approaches to the computation of the entropy have been developed.
The first one requires an opportune Cardy-like limit [8–12], while the second approach
consists of an exact evaluation of the index in terms of (a set of solutions to) the so-called
Bethe Ansatz equations (BAE) [13, 14].1 Many generalizations of these results have since
then appeared [15–24].

An interesting direction regards the calculation of subleading effects that correct the
index. Such corrections have been studied in large detail in [25] for N = 4 SU(Nc) SYM
and for the generalization to N = 1 gauge theories representing a stack of D3-branes
probing a toric Calabi-Yau threefold singularity. The calculation has been carried out both
in the Cardy-like limit, using a saddle point approximation to the matrix integral, and in
the BAE approach, finding agreement between the two descriptions at large Nc. It has
been observed that the leading saddle contributing to the index for an N = 1 SU(Nc)
theory is corrected by a logNc term (see [25, eq. (3.53)]), an appealing result that should
be recovered in a supergravity calculation. The presence of a logNc correction is related
to the ZNc center symmetry of SU(Nc), as discussed in [26].

An analogous calculation in USp(2Nc)/SO(2Nc+1) and SO(2Nc) gauge theories should
then yield a log 2 and log 4 correction respectively.2 In fact these are the dimensions of
the centers of the universal covering groups USp(2Nc) and Spin(Nc) (2 or 4 for the latter,
for odd and even Nc respectively.) In all models considered in this paper we only have
matter fields in the adjoint representation of the gauge group, and these do not break
the center symmetry. (Moreover only the gauge algebra is captured by the SCI.3) As
commented in [29], for models with other matter representations charged under the center
the logarithmic correction corresponds to the order of the character lattice of the gauge
algebra modulo the action of the Weyl symmetry. An analogous result has been discussed
in [30] in terms of a spontaneously broken one-form symmetry.

Motivated by this expectation in this paper we study the logarithmic corrections to the
leading saddle contribution to the SCI of 4d N = 4 SYM with symplectic and orthogonal
gauge group. We find the expected log 2 and log 4 corrections to the (logarithm of the)
SCI. As already noted in [25], we find that expanding the index in the Cardy-like limit
one recovers a matrix integral that coincides with the three-sphere partition function of a
3d pure Chern-Simons (CS) theory. In the cases at hand the CS theories have gauge group

1Even if this second approach is in principle exact, only a set of “basic” solutions reproduces the BH
entropy.

2See [27, 28] for similar results in 3d, where the center symmetry determines the logarithmic correction.
3Keeping this in mind, in the rest of the paper we will be referring to the SCI of SO(Nc) instead of that

of Spin(Nc).
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USp(2Nc)±(Nc+1), SO(2Nc + 1)±(2Nc−1), and SO(2Nc)±2(Nc−1) (the subscript representing
the CS level) and this integral can be evaluated exactly. The sign choice is related to a con-
straint (first discussed in [31, 32]) satisfied by the chemical potentials appearing in the SCI.

Furthermore in the USp(2Nc) case we analyze in more detail the solutions of the saddle
point equations finding other subleading saddles. We analyze the Cardy-like limit for these
solutions as well.

All the models studied in this paper are examples of 4d nontoric gauge theories. An-
other interesting nontoric theory that we focus on is the Leigh-Strassler (LS) N = 1∗
SU(Nc) fixed point [33], for which we extract the contribution of the leading saddle to the
index in the Cardy-like limit. We find that the entropy function, yielding the entropy of
the holographic dual BH after a Legendre transform, is consistent with the result expected
from the literature [8–12, 14, 16, 19, 31, 34, 35], i.e. is formally obtained from the 4d central
charge a. Furthermore, we extract the logNc correction, consistently with the one obtained
for the parent N = 4 SU(Nc) SYM.

This paper is structured as follows. In section 2 we calculate the Cardy-like limit of
the N = 4 SCI for all classical gauge groups except SU(Nc). In section 3 we focus on the
USp(2Nc) case, computing dominant contribution and subleading correction for the leading
(and other subleading) saddle(s). In section 4.1 we focus on the SO(2Nc + 1) odd case,
while in section 4.2 on the SO(2Nc) even case. In section 5 we compute the Cardy-like limit
of the SCI of the N = 1∗ SU(Nc) LS fixed point. We present our conclusions in section 6.
Appendix A contains technical details on the calculation of 3d pure CS partition functions.

2 The Cardy-like limit of the superconformal index of N = 4

In this section we give a brief review of the strategy that we use in the rest of the paper.
The goal is to expand the SCI in the Cardy-like limit in order to extract the dominant
contribution and the logarithmic correction, which will turn out to be of the order of the
center of the gauge group G.

The SCI is defined as the trace

Isc ≡ Tr(−1)F e−βHS3×S1pJ1+R
2 qJ2+R

2

rkF∏
b=1

vQbb (2.1)

where Ji are the angular momenta on the three-sphere, R is the R-charge and qb (not to be
confused with q) are the conserved charges commuting with the supercharges, where the
index b runs over the Cartan subgroup of the flavor symmetry group F , b = 1, . . . , rkF .
The quantities p, q and vb are the associated fugacities. The index of a gauge theory takes
the form

Isc = (p; p)rkG
∞ (q; q)rkG

∞
|Weyl(G)|

∮
T rkG

rkG∏
i=1

dzi
2πizi

∏nχ
a=1

∏
ρa Γe((pq)Ra/2zρavωa)∏

α Γe(zα) (2.2)

where ρa (ωa) runs over the weights of the representation of the gauge (flavor) group of the
a-th N = 1 matter multiplet (nχ being their total number), and α runs over the simple
roots of the gauge algebra. The holonomies zi are defined on the unit circle, and the index
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i runs over the Cartan subgroup of the gauge symmetry group G, i = 1, . . . , rkG. The
quantities (a; b)∞ are q-Pochhammer symbols, (a; b)∞ ≡

∏∞
k=0(1−abk), and Γe are elliptic

Gamma functions,

Γe(z; p, q) = Γe(z) ≡
∞∏

j,k=0

1− pj+1qk+1/z

1− pjqkz . (2.3)

Following the strategy of [25] we then rewrite the integral formula in terms of modified ellip-
tic Gamma functions Γ̃. This is done by expressing the holonomies and various fugacities as

p = e2πiσ, q = e2πiτ , vb = e2πiξb , zi = e2πiui (2.4)

with ui ∈ (0, 1] and 0 ∼ 1. The R-symmetry chemical potential is given by the relation

vR = 1
2(τ + σ) . (2.5)

The modified elliptic Gamma functions are then

Γ̃(u; τ, σ) = Γ̃(u) ≡ Γe
(
e2πiu; e2πiτ , e2πiσ

)
, (2.6)

such that the index indexgen) becomes

Isc = (p; p)rkG
∞ (q; q)rkG

∞
|Weyl(G)|

∫ rkG∏
i=1

dui

∏nχ
a=1

∏
ρa Γ̃(ρa(~u) + ∆a)∏
α Γ̃(α(~u))

(2.7)

where ∆a ≡ ωa(~ξ ) +RavR. There is one chemical potential ∆a for each field in the theory,
and they must satisfy the relations imposed by global symmetries, i.e. each superpotential
term is uncharged under the flavor symmetry and it has R-charge two.

In this paper we will be interested in 4d N = 4 SYM with gauge group G given by
USp(2Nc), SO(2Nc + 1), and SO(Nc). The SCI expressed in terms of modified elliptic
Gamma functions in these cases reads:

• G = USp(2Nc):

IUSp(2Nc)
sc = (p; p)Nc∞ (q; q)Nc∞

2NcNc!

3∏
a=1

Γ̃Nc(∆a)
∫ Nc∏

i=1
dui

∏3
a=1

∏Nc
i<j Γ̃(±ui ± uj + ∆a)∏Nc
i<j Γ̃(±ui ± uj)

·

·
∏3
a=1

∏Nc
i=1 Γ̃(±2ui + ∆a)∏Nc
i=1 Γ̃(±2ui)

(2.8)

where we used the shorthand f(a± b) ≡ f(a+ b)f(a− b) (and likewise for f(±a± b)).

• G = SO(2Nc + 1):

ISO(2Nc+1)
sc = (p; p)Nc∞ (q; q)Nc∞

2NcNc!

3∏
a=1

Γ̃Nc(∆a)
∫ Nc∏

i=1
dui

∏3
a=1

∏Nc
i<j Γ̃(±ui ± uj + ∆a)∏Nc
i<j Γ̃(±ui ± uj)

·

·
∏3
a=1

∏Nc
i=1 Γ̃(±ui + ∆a)∏Nc
i=1 Γ̃(±ui)

. (2.9)
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• G = SO(2Nc):

ISO(2Nc)
sc = (p; p)Nc∞ (q; q)Nc∞

2Nc−1Nc!

3∏
a=1

Γ̃Nc(∆a)
∫ Nc∏

i=1
dui

∏3
a=1

∏Nc
i<j Γ̃(±ui ± uj + ∆a)∏Nc
i<j Γ̃(±ui ± uj)

. (2.10)

Next we expand the index in the Cardy-like limit |τ | → 0 (at fixed arg τ ∈ (0, π)) restricting
to the case τ = σ. In order to evaluate the index in this limit it is convenient to rewrite it
as a matrix model by introducing an effective action Seff through the definition

Isc ≡
1

|Weyl(G)|

∫ rkG∏
i=1

dui e
Seff(~u;τ,∆) . (2.11)

With this definition, we have:

• G = USp(2Nc): S
USp(2Nc)
eff =

∑
i 6=j

(( 3∑
a=1

log Γ̃
(
u

(±)
ij + ∆a

))
+ log θ0

(
u

(±)
ij ; τ

))
+

+
Nc∑
i=1

(( 3∑
a=1

log Γ̃(±2ui + ∆a)
)

+ log θ0(±2ui; τ)
)

+

+Nc

3∑
a=1

log Γ̃(∆a) + 2Nc log(q; q)∞ . (2.12)

• G = SO(2Nc + 1): S
SO(2Nc+1)
eff =

∑
i 6=j

(( 3∑
a=1

log Γ̃
(
u

(±)
ij + ∆a

))
+ log θ0

(
u

(±)
ij ; τ

))
+

+
Nc∑
i=1

(( 3∑
a=1

log Γ̃(±ui + ∆a)
)

+ log θ0(±ui; τ)
)

+

+Nc

3∑
a=1

log Γ̃(∆a) + 2Nc log(q; q)∞ . (2.13)

• G = SO(2Nc): S
SO(2Nc)
eff =

∑
i 6=j

(( 3∑
a=1

log Γ̃
(
u

(±)
ij + ∆a

))
+ log θ0

(
u

(±)
ij ; τ

))
+

+Nc

3∑
a=1

log Γ̃(∆a) + 2Nc log(q; q)∞ . (2.14)

In the above expressions we have defined the shorthands

Γ̃
(
u

(±)
ij + ∆a

)
≡ Γ̃(ui + uj + ∆a)Γ̃(ui − uj + ∆a) , (2.15)

θ0
(
u

(±)
ij ; τ

)
≡ θ0

(
u

(+)
ij ; τ

)
θ0
(
u

(−)
ij ; τ

)
, (2.16)

where the elliptic function θ0 is defined as

θ0(u; τ) ≡
∞∏
k=0

(
1− e2πi(u+kτ)

) (
1− e2πi(−u+(k+1)τ)

)
, (2.17)

and it satisfies log θ0(u; τ) = − log Γ̃(u).4

4To prove this identity, one can follow the steps explained below [25, eq. (3.2)].
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We now define the τ -modded value of a complex C 3 u ≡ ũ+ τ ǔ (with ũ, ǔ ∈ R):

{u}τ ≡ u− bRe(u)− cot(arg τ) Im(u)c , (2.18)

where buc is the floor function. For a real number it reduces to the usual modded value
{ũ} ≡ ũ− bũc, and it satisfies

{u}τ = {ũ}τ + τ ǔ , {−u}τ =

1− {u}τ ũ /∈ Z
−{u}τ ũ ∈ Z

. (2.19)

At small |τ | and fixed arg τ ∈ (0, π) we have the following asymptotic formulae (see e.g. [25,
appendix A]):

log (q; q)∞ =− iπ

12

(
τ + 1

τ

)
− 1

2 log(−iτ) +O
(
e

2π sin(arg τ)
|τ |

)
; (2.20)

log θ0(u; τ) = πi

τ
{u}τ (1− {u}τ ) + πi{u}τ −

iπ

6τ (1 + 3τ + τ2) +

+ log
((

1− e−
2πi
τ

(1−{u}τ )
) (

1− e−
2πi
τ

({u}τ )
))

+O
(
e

2π sin(arg τ)
|τ |

)
; (2.21)

log Γ̃(u) = 2πiQ({u}τ ; τ) +O
(
|τ |−1e

2π sin(arg τ)
|τ | min({ũ},1−{ũ})

)
, (2.22)

provided ũ9 Z. We defined the quantity

Q(u; τ) ≡ −B3(u)
6τ2 + B2(u)

2τ − 5
12B1(τ) + τ

12 (2.23)

in terms of the Bernoulli polynomials

B3(u) = u3 − 3
2u

2 + 1
2u , B2(u) = u2 − u+ 1

6 , B1(u) = u− 1
2 . (2.24)

These expressions allow us to expand the effective actions in τ for small |τ |, and compute
the associated saddle point equations at leading order :

0 = ∂Seff(~u; τ,∆)
∂ui

= − iπ
τ2

nχ∑
a=1

∂ρa(~u)
∂ui

B2({ρa(~u) + ∆a}τ ) . (2.25)

This is a set of rkG equations, and we look for solutions ~u, namely the saddle points of
the matrix model, which contain a constant part and a linear term in τ , i.e. we make an
Ansatz for the solutions of the form

ui = u∗i + ūi ≡ u∗i + viτ . (2.26)

We do this to capture the terms at finite order in τ in the expansion. In fact when we
plug this Ansatz back into (2.11), we obtain leading and subleading contributions in τ ,
logarithmic corrections as well as finite terms.
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3 Symplectic gauge group

Let us start our analysis with the USp(2Nc) case. The effective action in this case is (2.12).
In this section we study the solutions to the saddle point equations ∂

∂ui
Seff = 0 for the

USp(2Nc) case. These equations read:5

3∑
a=1

Nc∑
j=1

(
B2
({
u

(±)
ij + ∆a

}
τ

)
−B2

({
−u(±)

ij + ∆a

}
τ

)
+

+B2 ({2ui + ∆a}τ )−B2({−2ui + ∆a}τ )
)

= 0 , (3.1)

for i = 1, . . . , Nc. We have found three sets of solutions.6

i) The first set consists of L holonomies at u = 0 and the remaining K ≡ Nc − L at
u = 1

2 . When studying the τ -expansion of the index for these solutions we will dis-
tinguish two cases. The first one consists of considering either all the holonomies at
0 or at 1

2 . We will see that they give the dominating contribution to the supercon-
formal index, capturing the entropy function of the dual rotating black hole under
the holographic correspondence. The other saddles correspond to subleading effects
in this regime and their contributions are paired, i.e. the contribution of the saddle
given by L holonomies at 0 and K holonomies at 1

2 is equivalent to the contribution
of K holonomies at 0 and L holonomies at 1

2 . In the case of Nc even there is also a
single solution with L = K.

ii) The second set of solutions corresponds to placing L holonomies at u = 1
4 and the

remaining K = Nc − L at u = 3
4 . By a symmetry argument we can actually send

ui → −ui, and this is equivalent to considering all the holonomies at u = 1
4 .

iii) The last possibility consists of considering P holonomies at u = 0, P holonomies at
u = 1

2 , and the remaining Q ≡ Nc − 2P at u = 1
4 . Observe that if Q = 0 (which is

possible only for even Nc) this case is equivalent to the first with L = K.

In the following we expand the effective action Seff around these saddles.

5Given (2.15), we have:

log Γ̃(u(±)
ij ) = log Γ̃(u(+)

ij ) + log Γ̃(u(−)
ij ) ∼ Q(u(+)

ij ; τ) +Q(u(−)
ij ; τ) ∼ B3(u(+)

ij ) +B3(u(−)
ij ) + . . . .

Then in the following equation by B2({u(±)
ij + ∆a}τ ) we mean B2({ui +uj + ∆a}τ ) +B2({ui−uj + ∆a}τ ),

and so on.
6Observe that we are not claiming that these are the only solutions; other isolated or continuous (sets

of) solutions are possible for nongeneric values of ∆a, compatibly with the constraint
∑

a
∆a = 2. At any

rate we will not investigate such sporadic possibilities.
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3.1 Leading saddle: Nc coincident holonomies at ui = 0 or ui = 1
2

The Ansatz for the saddle point in this case is

~u =
{
u

(m)
j = m

2 + uj ≡
m

2 + vjτ

}
with m = 0, 1 , (3.2)

i.e. we have two possible sets of saddle point holonomies, consistently with the fact that the
center of USp(2Nc) is Z2. Expanding around the saddle point, the effective action becomes

Seff|~u={0}Nc or {
1
2}Nc

=− (2iπη(Nc + 1))∑Nc
i=1 u

2
i

τ2 +
∑
j 6=k

log
(

2 sin
(
πujk

(±)

τ

))
+

+ 2
Nc∑
i=1

log
(

2 sin
(2πui

τ

))
+ iπ(6− 5η)

(
2N2

c +Nc
)

12 +

− iπN2
c −

iπNc(2Nc + 1)
τ2

3∏
a=1

(
∆a −

η + 1
2

)
−Nc log(τ) . (3.3)

Making the change of variables −iσj ≡ vjτ , the SCI becomes

IUSp(2Nc)
sc = 2τNce−iπ

Nc(2Nc+1)
2 IUSp(2Nc)

0 Z
USp(2Nc)−η(Nc+1)
S3 , (3.4)

where the last contribution corresponds to the three-sphere partition function of a 3d
USp(2Nc) pure CS theory at level −η(Nc + 1).7 We also defined

IUSp(2Nc)
0 ≡ exp

(
− iπNc(2Nc + 1)

τ2

3∏
a=1

(
∆a −

η + 1
2

)
+

+ 1
12 iπ(6− 5η)

(
2N2

c +Nc

)
− iπN2

c −Nc log(τ)
)
. (3.5)

We can evaluate ZUSp(2Nc)−η(Nc+1)
S3 exactly; see formula (A.8). Adding the latter to (3.5)

we obtain
e
iπNc(2Nc+1)

2 , (3.6)

that cancels an analogous contribution in (3.3). All in all we are left with

IUSp(2Nc)
sc = 2 exp

(
− iπNc(2Nc + 1)

τ2

3∏
a=1

(
{∆a}τ −

1 + η

2

)
+O

(
e
− 1
|τ |

)
+ . . .

)
(3.7)

where the ellipsis represents the contributions from other saddles we ignored. In the fol-
lowing we will evaluate the contributions of these saddles, i.e. cases ii) and iii) described
at the beginning of this section.

7Where, as usual, the CS contribution to the partition function for the USp(2Nc) case has an extra
factor of 2 w.r.t. SU(Nc) due to the normalization of the generators [36].
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We see the appearance of the expected log 2 correction to log IUSp(2Nc)
sc , which is due

to the degeneracies of the saddles (3.2) counted by m.

3.2 L holonomies at ui = 0 and L−Nc at ui = 1
2

The next saddle point that we discuss corresponds to an Ansatz with L holonomies at
u = 0 and K ≡ Nc − L holonomies at u = 1

2 . Expanding around this Ansatz we have

~u =

vi ≡ viτ, i = 1, . . . , L
wr + 1

2 ≡ wrτ + 1
2 , r = 1, . . . ,K

. (3.8)

The effective action in the limit |τ | → 0 can be rearranged as

Seff|~u={{0}L,{ 1
2}K} =

− 2iπ
τ2 (η1(L−K + 1) + η2K)

L∑
i=1

v2
i −

2iπ
τ2 (η1(K − L+ 1) + η2L)

K∑
r=1

w2
r +

+
∑
i<j

log
(

2
sin(±πv(±)

ij )
τ

)
+
∑
r<s

log
(

2sin(±πw(±)
rs )

τ

)
+ 2

L∑
i=1

log
(

2sin(2πvi)
τ

)
+

+ 2
K∑
r=1

log
(

2sin(2πwr)
τ

)
− iπ(2(L−K)2 +Nc)

τ2

3∏
a=1

(
{∆a} −

1 + η1
2

)
+

− iπLK

τ2

3∏
a=1

(
{2∆a} −

1 + η2
2

)
+

+ iπ

(
iπ(6− 5η1)(2(K − L)2 +Nc)

12 + (12− 5η2)KL
3 −N2

c

)
−Nc log τ , (3.9)

where we used the relations

3∑
a=1
{∆a}τ = 2τ + 3 + ξ0

2 ,
3∑

a=1

{1
2 + ∆a

}
τ

= 2τ + 3 + ξ1
2 (3.10)

and ξ0 = ±1, ξ1 = ±1. We then defined η1 = ξ0, while for η2 we used the relation

3∑
a=1
{∆a}τ +

{1
2 + ∆a

}
τ

=
3∑

a=1

(
{2∆a}τ + 1

2

)
(3.11)

such that
3∑

a=1
{2∆a}τ = 4τ + 3 + ξ1 + ξ0

2 ≡ 4τ + 3 + η2
2 , (3.12)

providing a definition for η2.

– 9 –



J
H
E
P
0
6
(
2
0
2
1
)
1
3
2

Again, changing variables as −iσj ≡ vjτ and −iρr ≡ wrτ , there appears a contribution
in the index from the three-sphere partition function of a USp(2L) × USp(2K) pure CS
theory. The two symplectic groups have CS levels kUSp(2L) = −η1(L−K + 1)− η2K and
kUSp(2K) = −η1(K − L + 1) − η2L. These CS integrals can be evaluated using the results
presented in appendix A, but the result is not particularly illuminating and we do not
report it here.

3.3 Nc coincident holonomies at ui = 1
4

The Ansatz for the saddle point in this case is

~u =
{
uj = 1

4 + uj = 1
4 + vjτ

}
. (3.13)

Plugging this into the effective action and expanding for |τ | → 0, the leading contribution
becomes

Seff|~u={ 1
4}Nc

= − iπ
τ2

(ξ0Nc + ξ1(Nc + 2))
Nc∑
i=1

u2
i − (ξ0 − ξ1)

(
Nc∑
i=1

ui

)2+

+
∑
i<j

log
(

2sin(±πuij)
τ

)
+ iπNc

τ2

3∏
a=1

(
{∆a} −

1 + η1
2

)
+

− iπ(N2
c +Nc)
4τ2

3∏
a=1

(
{2∆a} −

1 + η2
2

)
+ 5iπNc

12 (η1 − (Nc + 1)η2) + iπNc

2 −Nc log τ ,

(3.14)

where ξ0 and ξ1 are defined as in subsection 3.2.
Once again, upon changing variables as −iσj ≡ vjτ we see the emergence of the

contribution of the three-sphere partition function of a U(Nc) vector multiplet. There is
also a CS term, where the SU(Nc) and U(1) factors give different contributions. Indeed,
using the results of [37, appendix A] we can read off the CS terms from (3.14). While
the SU(Nc) factor has level kSU(Nc) = −Ncη2 + 2(η1 − η2), the U(1) term has CS level
kU(1) = 2(η1 − η2)(Nc + 1). Also in this case the evaluation of the CS integrals does not
lead to an illuminating expression and we do not report it here.

3.4 P holonomies at ui = 0, P at ui = 1
2 , and Nc − 2P at ui = 1

4

The last case that we discuss corresponds to the Ansatz with P holonomies at u = 0, P
holonomies at u = 1

2 , and the remaining Q ≡ Nc − 2P at u = 1
4 :

~u =


vi ≡ viτ , i = 1, . . . , P
wr + 1

2 ≡ wrτ + 1
2 , r = 1, . . . , P

zm + 1
4 ≡ zmτ + 1

4 , m = 1, . . . , Q
. (3.15)
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Expanding around this Ansatz, the effective action in the limit |τ | → 0 can be rearranged as

Seff|~u={{0}P ,{ 1
2}P ,{

1
4}Q} =

− iπ

τ2

 (2(P + 1)ξ0 + 2Pξ2 +Q(ξ1 + ξ3))
(

P∑
i=1

v2
i +

P∑
r=1

w2
i

)
+

+ (Q(ξ0 + ξ2) + 2ξ2 + 2P (ξ1 + ξ3))
Q∑

m=1
z2
m − (ξ0 − ξ2)

( Q∑
m=1

zm

)2  +

+
∑
i<j

log
(

2
sin(±πv(±)

ij )
τ

)
+
∑
r<s

log
(

2sin(±πw(±)
rs )

τ

)
+

+ 2
P∑
i=1

log
(

2sin(2πvi)
τ

)
+ 2

P∑
r=1

log
(

2sin(2πwr)
τ

)

+
∑
m<n

log
(

2sin(±πzmn)
τ

)
− iπ(2P −Q)

τ2

3∏
a=1

(
{∆a} −

1 + η1
2

)
+

− iπ((2P −Q)2 +Q)
4τ2

3∏
a=1

(
{2∆a} −

1 + η2
2

)
− iπPQ

4τ2

3∏
a=1

(
{4∆a} −

1 + η4
2

)
+

− iπ
(
Q2 + 4P 2

)
+ 1

12 iπ (6− 5η1) (2P −Q) + 1
12 iπ (12− 5η2)

(
(2P −Q)2 +Q

)
+

+ 1
3 iπ (12− 5η4)QP −Nc log τ , (3.16)

where ξ0,1,2,3 = ±1 are defined by the relations
3∑

a=1

{
J

4 + ∆a

}
τ

= 2τ + 3 + ξJ
2 , J = 0, . . . , 3 . (3.17)

Furthermore we called η1 ≡ ξ0, η2 ≡ ξ0 + ξ2, and η4 ≡ ξ0 + ξ1 + ξ2 + ξ3.
Changing variables as −iσj ≡ vjτ , −iρr ≡ wrτ and −iλm ≡ zmτ we recognize in

the expansion of the index a contribution from the three-sphere partition function of a
USp(2P ) × USp(2P ) × U(Q) pure CS theory. The two symplectic groups have the same
CS level kUSp(2P ) = −1

2(2(P + 1)ξ0 + 2Pξ2 + Q(ξ1 + ξ3)), while the SU(Q) and the U(1)
subgroups of U(Q) have different CS levels, −(Q(ξ0 + ξ2) + 2ξ2 + 2P (ξ1 + ξ3) and −2(ξ2 +
Qξ2 + P (−ξ0 + ξ1 + ξ2 + ξ3)) respectively. Again the evaluation of the CS integrals does
not lead to an illuminating expression and we do not report it here.

4 Orthogonal gauge group

In order to study the orthogonal cases for generic rank we first discuss the SCI of SO(Nc)
with Nc = 3, . . . , 6. In fact for these values of Nc the index can be extracted by leveraging
the accidental isomorphisms of some classical Lie algebras.

• SO(3). In this case, denoting y the holonomy of USp(2) and u the holonomy of SO(3)
we can make the change of variables u = 2y and show, by direct inspection, that
ISO(3)
sc = IUSp(2)

sc .
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• SO(4). In this case, denoting y1,2 the holonomies of SU(2) × SU(2) and u1,2 the
holonomies of SO(4) we can make the change of variables

u1 = y1 + y2 , u2 = y1 − y2 , (4.1)

and show that ISO(4)
sc = ISU(2)

sc ISU(2)
sc , where the right hand side corresponds to the index

of two decoupled N = 4 SU(2) models.

• SO(5). In this case, denoting y1,2 the holonomies of USp(4) and u1,2 the holonomies of
SO(5) we can make the change of variables

u1 = y1 + y2 , u2 = y1 − y2 (4.2)

and show that ISO(5)
sc = IUSp(4)

sc .

• SO(6). In this case we can consider the holonomies of SU(4) and enforce the SU

constraint explicitly on their definition:

± (xi − xj) , i < j ; ±(xi + xj + 2xk) , i 6= j 6= k , (4.3)

with i, j = 1, 2, 3. The holonomies of SO(6), denoted ui with i = 1, 2, 3, can be mapped
to the SU(4) ones by the change of variables

u1 = x2 + x3 , u2 = x3 + x1 , u3 = x1 + x2 , (4.4)

thus showing that ISO(6)
sc = ISU(4)

sc .

For all SU and USp cases (computed in [25] and here respectively) we see that the
leading contribution always has a logarithmic correction compatible with the formula
log |center(G)|, where by center(G) we obviously mean the center of the gauge group G,
i.e. ZNc and Z2 respectively. As discussed in the introduction this correction is generi-
cally smaller if there are fields charged under the center symmetry (which is not the case
for SYM).

Motivated by the above discussion, in this section we study the leading contribution
to the Cardy-like limit of the SCI for both the SO(2Nc + 1) and the SO(2Nc) case. In
the SO(2Nc + 1) case we find the same result obtained for the leading contribution of the
symplectic case, as predicted by S-duality. Nevertheless the matching is nontrivial because
we have a different number of solutions to the saddle point equations. Only after a careful
evaluation of the 3d CS partition function we will have a proper matching of the two indices
including the finite logarithmic corrections.

4.1 The SO(2Nc + 1) case

We start by studying SO(2Nc+1). In this case the matrix integral is given by formula (2.9).
We can then study the saddle point equations:

3∑
a=1

Nc∑
j=1

(
B2
({
u

(±)
ij + ∆a

}
τ

)
−B2

({
−u(±)

ij + ∆a

}
τ

)
+

+B2 ({ui + ∆a}τ )−B2 ({−ui + ∆a}τ )
)

= 0 , (4.5)
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for i = 1, . . . , Nc. Here we focus only on the solutions that have been studied in [9] in the
Cardy-like limit. In this case the leading saddle corresponds to solution at u∗j = 0. We
expand the holonomies around this solution as in (2.26), i.e. uj = 0 +uj ≡ vjτ . Expanding
the effective action around this saddle point we find

Seff|~u={0}Nc =− (iπη(2Nc − 1))∑Nc
i=1 u

2
i

τ2 +
∑
j 6=k

log

2 sin

πu(±)
jk

τ

 +

+
Nc∑
j=1

log
(

2 sin
(±πuj

τ

))
− iπNc(2Nc + 1)

τ2

3∏
a=1

(
∆a −

η + 1
2

)
+

+ 1
12 iπ(6− 5η)

(
2N2

c +Nc

)
− iπN2

c −Nc log(τ) . (4.6)

Upon changing variables as −iσj ≡ vjτ , the SCI becomes

ISO(2Nc+1)
sc = τNce−iπ

Nc(2Nc+1)
2 ISO(2Nc+1)

0 Z
SO(2Nc+1)−η(2Nc−1)
S3 (4.7)

where the last contribution corresponds to the three-sphere partition function of a 3d
SO(2Nc + 1) pure CS theory at level −η(2Nc − 1). We also defined

ISO(2Nc+1)
0 ≡ exp

(
− iπNc(2Nc + 1)

τ2

3∏
a=1

(
∆a −

η + 1
2

)
+

+ 1
12 iπ(6− 5η)

(
2N2

c +Nc

)
− iπN2

c −Nc log(τ)
)
. (4.8)

We can evaluate ZSO(2Nc+1)−η(2Nc−1)
S3 exactly as done in formula (A.18). We finally arrive at

ISO(2Nc+1)
sc = 2 exp

(
− iπNc(2Nc + 1)

τ2

3∏
a=1

(
∆a −

η + 1
2

)
+O

(
e
− 1
|τ |

)
+ . . .

)
, (4.9)

where the ellipsis represents the contributions from other saddles ignored here.
We observe the appearance of the expected log 2 correction to log ISO(2Nc+1)

sc , which
is not due to the degeneracy of the saddles as in the USp(2Nc) case but rather to the
extra factor of 2 in the evaluation of the partition function for the pure CS theory; see
again (A.18).

4.2 The SO(2Nc) case

We now turn to SO(2Nc). In this case the matrix integral is given by formula (2.10). We
can then study the saddle point equations. We have:

3∑
a=1

Nc∑
j=1

B2
({
u

(±)
ij + ∆a

}
τ

)
−B2

({
−u(±)

ij + ∆a

}
τ

)
= 0 , (4.10)

for i = 1, . . . , Nc. Again, we focus only on the solutions that have been studied in [9] in
the Cardy-like limit. They are given by the Ansatz

~u =
{
u

(m)
j = m

2 + uj ≡
m

2 + vjτ

}
with m = 0, 1 . (4.11)
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Expanding the effective action around the saddle point (4.11) we find

Seff|~u={m2 }Nc =− (2iπη(Nc − 1))∑Nc
i=1 u

2
i

τ2 +
∑
j 6=k

log
(

2 sin
(
πujk

(±)

τ

))
+

− iπNc(2Nc − 1)
τ2

3∏
a=1

(
∆a −

η + 1
2

)
+ 1

12 iπ(6− 5η)Nc (2Nc − 1)+

− iπNc(Nc − 1)−Nc log(τ) . (4.12)

Upon changing variables as −iσj ≡ vjτ , the SCI becomes

ISO(2Nc)
sc = 2τNce−iπ

Nc(2Nc−1)
2 ISO(2Nc)

0 Z
SO(2Nc)−2η(Nc−1)
S3 , (4.13)

where the last contribution corresponds to the three-sphere partition function of a 3d
SO(2Nc) pure CS theory at level −2η(Nc − 1). We also defined

ISO(2Nc)
0 ≡ exp

(
− iπNc(2Nc − 1)

τ2

3∏
a=1

(
∆a −

η + 1
2

)
+

+ 1
12 iπ(6− 5η)Nc (2Nc − 1)− iπNc(Nc − 1)−Nc log(τ)

)
. (4.14)

Evaluating ZSO(2Nc)−2η(Nc−1)
S3 exactly as done in formula (A.21) and multiplying it by (4.14)

we obtain

ISO(2Nc)
sc = 4 exp

(
− iπNc(2Nc − 1)

τ2

3∏
a=1

(
∆a −

η + 1
2

)
+O

(
e
− 1
|τ |

)
+ . . .

)
(4.15)

where the ellipsis represents the contributions from other saddles ignored here.
We observe the appearance of the expected log 4 correction to log ISO(2Nc)

sc , which is
partly due to the degeneracy of the saddles (4.11) counted by m and partly due to the
extra factor of 2 in the evaluation of the partition function of the pure CS theory. The
final result is consistent with the fact that the center is either Z4 or Z2 ×Z2 depending on
the parity of Nc.

5 A nontoric example: the Leigh-Strassler fixed point

In this section we study the SCI of the so-called N = 1∗ theory of [33], i.e. the theory
obtained by turning on a complex mass for one of the N = 1 adjoint chirals in N = 4
SU(Nc) SYM, and flowing to the fixed point. We integrate out the massive field Φ3 after
deforming the superpotential of N = 4 accordingly:

Wmass
N=4 ∼ Tr Φ3[Φ1,Φ2] + Tr Φ2

3 −→ WN=1∗ ∼ Tr[Φ1,Φ2]2 . (5.1)

It is interesting to study this case because this N = 1 theory is nontoric, and so far such
models have not been discussed in the literature.8

8In effect, [25] deals only with toric N = 1 SU(Nc) quivers and gives leading contribution and logarithmic
correction of the SCI in the Cardy-like limit; [12] gives only the leading contribution for a general (i.e. not
necessarily toric) N = 1 gauge theory with gauge group G in terms of its central charges a, c (and flavor
central charges if present). Partial progress for general theories has also been made in [11, 38]. We are
grateful to D. Cassani for comments on this point.
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5.1 Superconformal index

The Nc − 1 saddle point equations read

Nc∑
j=1

B2({uij+∆a}τ )−B2({uNj+∆a}τ )−B2({uij+∆a}τ )+B2({−uNj+∆a}τ ) = 0 , (5.2)

and they have the same solutions as those discussed in [25], that we report here:

ui = m

Nc
+
I − C−1

2
C

+ viτ with
Nc∑
i=1

vi = 0 , (5.3)

where I = b i−1
Nc/C

c, with i = 1, . . . , Nc and m = 0, . . . , NcC − 1, with C an integer divisor of
Nc. This corresponds to the K-gon solution of [11], and it can be visualized as C sets each
containing Nc/C holonomies, uniformly distributed along the unit interval.

5.1.1 Leading saddle: C = 1

The leading saddle corresponds to the Ansatz with C = 1. In the following we discuss
this case explicitly. The fugacities associated with the adjoints Φ1 and Φ2 are denoted
∆1 and ∆2 respectively, and the superpotential WN=1∗ in (5.1) imposes the constraint
∆1 + ∆2 = 1. It follows that in this case the constraint on the quantities {∆a}τ is given by

{∆1}τ + {∆2}τ = τ + 1 + η

2 (5.4)

where η = ±1. By expanding the index at small |τ | (and fixed arg τ ∈ (0, 1)) we obtain:

SLS
eff = − iπη

τ2 Nc

Nc∑
i=1

ui −
1
Nc

Nc∑
j=1

uj

2

+
∑
i 6=j

log
(

2 sin πuij
τ

)
+

−
iπ(N2

c − 1)
(
∆1 − 1+η

2

) (
∆2 − 1+η

2

)
(∆1 + ∆2 − (1 + η))

τ2 +

+ iπ

12(6− 5η)(N2
c − 1)− iπ

2 (N2
c −Nc)− (Nc − 1) log τ , (5.5)

where we defined ui ≡ viτ . Once again, upon the change of variables iσj ≡ m
N + vjτ , we

recognize a 3d pure CS partition function. By evaluating the latter on the different Nc

saddles the final result is

ILSsc = Nc e
−πi(N

2
c−1)
τ2 (∆1− 1+η

2 )(∆2− 1+η
2 )(∆1+∆2−(1+η))+O(e−1/|τ |) + ... (5.6)

where the ellipsis refers to the contribution of other saddles we ignored. Notice that the
index has the functional structure of the 4d central charge a, that in this case is given by

aLS = 27
32∆1∆2 (∆1 + ∆2) . (5.7)

Furthermore we observe the appearance of the expected logNc correction to log ILSsc , which
is inherited from the parent N = 4 SU(Nc) SYM.
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5.1.2 Subleading saddles: C-center solutions

A similar analysis can be carried out for the C-center solutions introduced in [25, 26]. Here
we redefine (5.3) as

ui = m

Nc
+
I − C−1

2
C

+ uI,i−(Nc/C)I , (5.8)

by introducing the quantity uI,i−(Nc/C)I . The action for the C-center solution is given by

SLS,C
eff =

2∑
a=1

C−1∑
I,J=0

Nc/C∑
i,j=1

2πiQ
({

I − J
C

+ ∆a

}
τ

+ uI,i − uJ,j ; τ
)

+

+
C∑

I,J=0

Nc/C∑
i,j=0

log
(
θ0

(
I − J
C

+ uI,i − uJ,j ; τ
))

+

+ 2(Nc − 1) log(q; q)∞ . (5.9)

Using the relations{
J

C
+ ∆1

}
τ

+
{
J

C
+ ∆2

}
τ

= τ + 1 + ξJ
2 , {C∆1}τ + {C∆2}τ = Cτ + 1 + ηC

2 , (5.10)

with ξ0 = η1 and ηC = ∑C−1
J=0 ξJ , we can expand the action for |τ | → 0 (and fixed arg τ)

obtaining for the leading terms

SLS,C
eff =− πi

2τ2
N2
c

C2

C−1∑
I,J=0

ξI−J

Nc/C∑
i=1

uI,i−
Nc/C∑
j=1

uJ,j

2

+

+
C−1∑
I=0

−πiηcNc

Cτ2

Nc/C∑
i=1

uI,i− C

Nc

Nc/C∑
j=1

uI,j

2

+
Nc/C∑
i 6=j

log
(

(2sin π(uI,i−uI,j)
τ

)+

−πiN
2
c

C3τ2

(
{C∆1}τ−

1+ηc
2

)(
{C∆2}τ−

1+ηc
2

)
({C∆1}τ+{C∆2}τ−(1+ηc))+

+ πi

τ2

(
{∆1}τ−

1+η1
2

)(
{∆2}τ−

1+η1
2

)
({∆1}τ+{∆2}τ−(1+η1)) +

− 5πiηCN2
c

12C +πiNc

2 −πi(6−5η1)
12 −(Nc−1) logτ . (5.11)

The calculation of the CS integrals is identical to the one performed in [25] for the C-center
solution of N = 4 SU(Nc) SYM.

The final result is:

ILS,Csc = Nc

C
e−

πiN2
c

C3τ2 ({C∆1}τ− 1+ηc
2 )({C∆2}τ− 1+ηc

2 )({C∆1}τ+{C∆2}τ−(1+ηc)) ·

· e
πi
τ2
(
{∆1}τ−

1+η1
2

)(
{∆2}τ−

1+η1
2

)
({∆1}τ+{∆2}τ−(1+η1))+ 5πi(η1−CηC )

12 · ZU(1)
S3 + . . . ,

(5.12)

where ZU(1)
S3 denotes the CS partition function of the abelian factors as in [25].
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5.2 Entropy function and dual black hole entropy

We conclude the analysis of the LS fixed point by studying the entropy function SE that
represents the log of the number of states and corresponds to the Legendre transform of
the index. In the holographic dictionary the Legendre transform of SE gives the entropy
of the dual black hole. The entropy function can be read off of the logarithm of the SCI,
and is thus given by

SE = −κ
iπ
(
∆1 − η+1

2

) (
∆2 − η+1

2

)
(∆1 + ∆2 − (η + 1))

τ2 (5.13)

with the constraint ∆1 + ∆2 − τ − 1 − η
2 = 0 (which is derived from (5.4)). The overall

constant κ is fixed as κ = 1
8 (see the discussion in [35]).

The entropy is computed in terms of the charges Q1,2 and angular momentum J of the
dual black hole. (Observe that since we are identifying σ and τ , we only have one angular
momentum J1 = J2 ≡ J .) The Legendre transform of the entropy function SE is given by
the formula

S = SE + 2πi(Q1∆1 +Q2∆2 + Jτ) + 2πiΛ
(

∆1 + ∆2 − τ − 1− η

2

)
, (5.14)

where Λ is a Lagrange multiplier that enforces the above constraint between the chemical
potentials. The entropy function satisfies the simple equation

SE = ∆1
∂SE
∂∆1

+ ∆2
∂SE
∂∆2

+ τ
∂SE
∂τ

, (5.15)

implying that the entropy can be extracted from the Lagrange multiplier Λ as S = −2πiΛ.
In order to find an expression for Λ we first write down the equations ∂∆1,2S = 0 and
∂τS = 0. These three equations allow to express the quantities Λ+Q1,2 and Λ−J in terms
of ∆1,2 and τ . They read

Λ +Q1
κ

= −

(
∆2 − η+1

2

) (
2∆1 + ∆2 − 3

2(η + 1)
)

2τ2 ,

Λ +Q2
κ

= −

(
∆1 − η+1

2

) (
∆1 + 2∆2 − 3

2(η + 1)
)

2τ2 , (5.16)

Λ− J
κ

=

(
∆1 − η+1

2

) (
∆2 − η+1

2

)
(∆1 + ∆2 − η − 1)

τ3 .

Using these relations we can find an identity involving Λ, Q1,2, and J . In the case of N = 4
SYM this is a cubic equation in Λ; here instead we found a fifth-order equation in Λ, which
to the best of our knowledge appears for the first time in such a calculation. It reads:

1
2(Λ− J)2(Λ + 2Q1 −Q2)(2Λ +Q1 +Q2)(Λ−Q1 + 2Q2) +

+ 27
32κ(Λ− J)4 − 2(Q1 −Q2)2(Λ +Q1)2(Λ +Q2)2

κ
= 0 . (5.17)

– 17 –



J
H
E
P
0
6
(
2
0
2
1
)
1
3
2

Solving this equation in Λ yields the entropy S as a function of the charges as explained
above. In order to obtain a sensible result we should also impose that Λ is purely imaginary.
In general a fifth order equation with two imaginary solutions can be written as

Λ5 + c2Λ4 + (c1 + c3)Λ3 + (c1c2 + c4)Λ2 + c1c3Λ + c1c4 = 0 , (5.18)

with solutions Λ = ±i√c1. The coefficients ci can be expressed in terms Q1,2 and J . (This
is a reality condition on the entropy, which also imposes a constraint among the charges.)
The BH entropy is then given by the following relation:

S = −2πiΛ = 2π√c1 = 2π

√
α−

√
α2 + 32κβ
16κ , (5.19)

with

α ≡ κJ(27κ− 8J) + 8(Q1 +Q2)(3κJ + 4(Q1 −Q2)2) + 12κ(Q2
1 − 4Q2Q1 +Q2

2) ,

β ≡ 27κ2J3 + 12κJ2(Q2
1 − 4Q2Q1 +Q2

2) + 8(Q1 +Q2)(κJ(Q2 − 2Q1)(Q1 − 2Q2) +
+ 4Q1Q2(Q1 −Q2)2) . (5.20)

6 Further directions

Here we are going to present some open questions that should be further explored.
First it should be possible to apply the analysis of [26] to classify the saddle point

solutions of the USp(2Nc) case via its center symmetry, and to relate them to the massive
and Coulomb vacua of N = 1∗ USp(2Nc) SYM on R3 × S1 [39–44]. This can be helpful
also for the analysis of the SCI for both orthogonal and symplectic gauge group from the
BAE approach of [13, 14]. This analysis should provide a useful check of our results.

It is important to complete our analysis for the orthogonal gauge groups, finding other
Ansätze for the holonomies (in analogy with the USp(2Nc) case) that we did not discuss
here, by solving the saddle point equations (4.5) and (4.10).

Another open question regards the identification of the holographic dual to the finite-
order logarithmic corrections we found. It would be very interesting to obtain this result
from the supergravity side. The problem is very similar to the 3d one recently discussed
in [28].

We conclude by observing that the ordinary large-N limit of the SCI of the LS fixed
point has been recently studied in [45] from the holographic perspective. It would be
interesting to construct the dual BH for the LS fixed point in supergravity. One should
be able to reproduce the BH entropy obtained in (5.19) by starting from the truncations
discussed in [46, 47].
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A Pure Chern-Simons three-sphere partition function

Here we collect some results on the calculation of three-sphere partition functions for the
pure CS theories encountered in the main text.

A.1 USp(2Nc)

Pick two complexes ω1, ω2 in the upper half-plane and define ω ≡ 1
2(ω1 + ω2). When

localizing on the squashed three-sphere S3
b with one squashing parameter b (to preserve

N = 2 supersymmetry in 3d), we set ω1 = ib, ω2 = i
b ; therefore ω1ω2 = −1 and ω = i

2(b+ 1
b ).

For the round three-sphere, which we will focus on hereafter, ω1 = ω2 = ω = i. The
localization procedure produces hyperbolic Gamma functions

Γh(z;ω1, ω2) ≡
∞∏

m,n=1

(n+ 1)ω1 + (m+ 1)ω2 − z
nω1 +mω2

(A.1)

from the one-loop determinants for the vector (and matter) multiplets. Then the partition
function of pure CS theory (i.e. without matter) with gauge group USp(2Nc)k and CS level
k = t

2 is given by a matrix integral JNc,0,t which has been studied in the mathematical
literature. The exact evaluation is given by [48, Prop. 5.3.18]:

JNc,0,t ≡
1

2NcNc!

∫ ∏Nc
j=1 dσi c

(
2t∑Nc

j=1 σ
2
j

)
∏

1≤i<j≤Nc Γh(±σi ± σj)
∏Nc
j=1 Γh(±σj)

(A.2)

=
e
(
− (2+sgn(t))Nc

8

)
(t sgn(t))

Nc
2

c

(
−Nc(Nc + 1)(2Nc + 1)(ω2

1 + ω2
2)

3t

)
·

·
∏

1≤i<j≤Nc
4 sin

(
π(i± j)

t

) Nc∏
j=1

2 sin
(2πj

t

)
, (A.3)

where
c(z) ≡ e

πiz
2ω1ω2 , e(z) ≡ e2πiz . (A.4)

From (3.4) we see that in our case 2k = t = 2η(Nc + 1) with η = ±1; thus

∏
1≤i<j≤Nc

4 sin
(

π(i± j)
2η(Nc + 1)

) Nc∏
j=1

2 sin
( 2πj

2η(Nc + 1)

)
(A.5)
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evaluates to
e−

iπ
2 (N2

c−Nc)(2(Nc + 1))
Nc
2 (sgn(η))N2

c . (A.6)

Notice that this evaluation is nontrivial, so it is interesting to observe that for the non-
generic value of 2k = t extracted from the 4d calculation it can be carried out explicitly.
For other values of t one may use the (large-Nc) topological string techniques of [49] to
evaluate ZUSp(2Nc)k

S3 .
Alternatively, one can work with standard trigonometric functions by exploiting the

relation [50, eq. (A.18)]

1
Γh(±x) = −4 sin

(
πx

ω1

)
sin
(
πx

ω2

)
= −4 sinh(±πx) . (A.7)

Substituting it back into the integrand of (A.2) we gain a factor of eiπN2
c . When the dust

settles we are left with:

Z
USp(2Nc)η(Nc+1)
S3 ≡ eiπN

2
c

2NcNc!

∫ Nc∏
j=1

dσje
−2ηπi(Nc+1)σ2

j (4 sinh(±πσj)) ·

·
∏

1≤i<j≤Nc
4 sinh(π(±σi ± σj))

= eiπN
2
c− 5

12 iπηNc(2Nc+1) . (A.8)

A.2 SO(Nc)

Here we evaluate the (round) three-sphere partition function of pure CS theory with gauge
group SO(Nc)k.

The partition function ZSO(2Nc+1)k
S3
b

of the SO(2Nc+1)k pure CS theory on the squashed
sphere is given by the integral

Z
SO(2Nc+1)k
S3
b

≡ 1
2NcNc!

∫ ∏Nc
j=1 dσi e

iπkσ2
j

ω1ω2∏Nc
i<j Γh(±σi ± σj)

∏Nc
i=1 Γh(±σi)

. (A.9)

In the even ZSO(2Nc)k
S3
b

case, the integral reads instead:

Z
SO(2Nc)k
S3
b

≡ 1
2Nc−1Nc!

∫ ∏Nc
j=1 dσi e

iπkσ2
j

ω1ω2∏Nc
i<j Γh(±σi ± σj)

. (A.10)

(In both cases, the dependence on b is through ω1, ω2.)
We start our analysis by computing the integral (A.9) with k > 0. The key formula in

order to compute such integral is the generalization of the Weyl character formula for the
BNc algebra, that is

det
{

2 sin
(
π(2j − 1)σ`

z

)}
1≤j,`≤Nc

=
∏

1≤j<`≤Nc
4 sin

(
π(σj ± σ`)

z

) Nc∏
j=1

2 sin
(
πσj
z

)
.

(A.11)
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Upon using the first relation in (A.7), the integrand of (A.9) becomes

∏Nc
j=1 e

iπkσ2
j

ω1ω2∏
1≤j<`≤Nc Γh(±σj ± σ`)

∏Nc
j=1 Γh(±σj)

=
2∏

a=1
det

{
π(2j − 1)σ`

ωa

}
1≤j,`≤Nc

e
−
iπk
∑Nc

j=1 σ
2
j

ω1ω2 .

(A.12)
We further simplify the integral using the relation [48, eq. (5.3.20)], i.e.

∫
det{fj(σ`)}1≤j,`≤Nc det{gj(σ`)}1≤j,`≤Nc

Nc∏
`=1

h(σ`)dσ` =

Nc! det
{∫

fj(σ)g`(σ)h(σ)dσ
}

1≤j,`≤Nc
. (A.13)

The last integral in (A.13) can be explicitly computed:
∫

sin
(
π(2j − 1)σ

ω1

)
sin
(
π(2`− 1)σ

ω2

)
e
iπkσ2
ω1ω2 =

2
√
ω1ω2
ik

e
−
iπ((2j−1)2ω2

1+(2`−1)2ω2
2)

2kω1ω2 sin
(
π(2j − 1)(2`− 1)

2k

)
. (A.14)

By further using the relation

det
{

2 sin
(
π(2j − 1)`

2k

)}
1≤j<`≤Nc

=
∏

1≤j<`≤Nc
4 sin

(
π(j ± `)

2k

) Nc∏
j=1

2 sin
(
πj

2k

)
(A.15)

we can compute (A.9), which gives

Z
SO(2Nc+1)k>0
S3
b

= e
−
iπNc(4N2

c−1)(ω2
1+ω2

2)
12kω1ω2

− 3iπNc
4

kNc/2
·

·
∏

1≤j<`≤Nc
4 sin

(
π(j + `− 1)

k

)
sin
(
π(j − `)

k

) Nc∏
j=1

2 sin
(
π(2j − 1)

2k

)
.

(A.16)

An analogous computation can be performed in the case of k < 0, obtaining

Z
SO(2Nc+1)k<0
S3
b

= e
−
iπNc(4N2

c−1)(ω2
1+ω2

2)
12kω1ω2

− iπNc4

(−k)Nc/2
·

·
∏

1≤j<`≤Nc
4 sin

(
π(j + `− 1)

k

)
sin
(
π(j − `)

k

) Nc∏
j=1

2 sin
(
π(2j − 1)

2k

)
.

(A.17)

Fixing k = −η(2Nc − 1) and ω1 = ω2 = i, and substituting (A.7) into the integrand
of (A.9), the partition function evaluates to

Z
SO(2Nc+1)−η(2Nc−1)
S3 = 2 e

5iπηNc
12 (2Nc+1)+iπN2

c . (A.18)
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An analogous computation can be performed for SO(2Nc)k. In this case the generalized
Weyl character formula for the DNc algebra is

1
2 det

{
2 cos π(2j − 1)σ`

z

}
1≤j,`≤Nc

=
∏

1≤j<`≤Nc
4 sin

(
π(σj ± σ`)

z

)
. (A.19)

By following the steps discussed above the computation is straightforward, and we obtain

Z
SO(2Nc)k
S3
b

= e−
iπNc

4 (2−sign(k))

|k|Nc/2
c

(
−Nc(Nc − 1)(2Nc − 1)(ω2

1 + ω2
2)

3k

)
·

·
∏

1≤j<`<Nc
4 sin

(
π(j + `− 2
|k|

)
sin
(
π(j − `)
|k|

)
. (A.20)

In this case for k = −2η(Nc − 1), ω1 = ω2 = i, and substituting (A.7) into the integrand
of (A.10), we have:

Z
SO(2Nc)−2η(Nc−1)
S3 = 2 e

5iπηNc
12 (2Nc−1)+iπ(N2

c−Nc) . (A.21)

Note added. We conclude this appendix by commenting on a mistake made in a former
version of this manuscript.9

In that version, the evaluation of the SO(Nc)k partition function was obtained using
the limiting case of the duality obtained in [51, section 5.3]. (The duality was originally
proposed for O(Nc)k gauge group and tested numerically at the level of partition functions
in [52]; further tests were performed in [50, 53, 54].) There, 3d N = 2 SO(N)k SQCD
with Nf flavors is shown to be dual to SO(Nf −N + |k|+ 2)−k with Nf dual flavors and
mesons. If Nf = 0, N = 2Nc + 1, and k = 2Nc − 1 the dual rank vanishes. Thus the
integral identity between the electric and the magnetic theory yields an exact evaluation
of the electric partition function.

A subtlety arises from the fact that the integral identities for the SO(Nc)k and O(Nc)k
dualities are formally identical, whereas the partition functions for these two gauge groups
differ in the order of the Weyl group, appearing in the constant prefactor of ZS3

b
(see e.g.

the definition (A.9)). The latter divides both sides of the two integral identities (so that
it would not play any role); however in the limiting case where the dual rank vanishes
the O(Nc)k partition function becomes 1 while the SO(Nc)k partition function evaluates
to 2 (corresponding to the contribution of the ungauged Z2 symmetry, interchanging the
identity operators 1 and −1).

This extra factor of 2 was missing in previous versions, and has been obtained here
by a direct evaluation of the integral corresponding to the SO(Nc)k partition function;
see (A.18) and (A.21).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

9We thank the referee for important observations which made us reconsider the derivation of the results
presented in this appendix and section 4.
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