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Total variation distance between two diffusions in small time with
unbounded drift: application to the Euler-Maruyama scheme

Pierre Bras*!, Gilles Pagés* and Fabien Panloup?

Abstract

We give bounds for the total variation distance between the solutions to two stochastic differ-
ential equations starting at the same point and with close coefficients, which applies in particular
to the distance between an exact solution and its Euler-Maruyama scheme in small time. We show
that for small ¢, the total variation distance is of order ¢"/(>*+1) if the noise coefficient ¢ of the
SDE is elliptic and C?", r € N and if the drift is C! with bounded derivatives, using multi-step
Richardson-Romberg extrapolation. We do not require the drift to be bounded. Then we prove
with a counterexample that we cannot achieve a bound better than t'/2 in general.

Keywords— Stochastic Differential Equation, Euler scheme, Total Variation, Richardson-Romberg
extrapolation, Aronson’s bounds
MSC Classification— 65C30, 60H35

1 Introduction

The convergence properties of Euler-Maruyama schemes to approximate the solution of a Stochastic
Differential Equation (SDE) have been extensively studied, in particular for LP distances. However,
the literature seems to lack some results about the convergence in total variation in small time. More
specifically, in this paper we consider the two following SDEs in R? starting at the same point:

X% =z eRY, dX{ = by(t, XF)dt + o1 (t, X7 )dW,
YE =z, dY® = bo(t, Y°)dt + o2(t, Y, )dWs,

where W is a Brownian motion. We generally assume that for ¢ = 1,2, b; is Lipschitz continuous and
that o; is elliptic, bounded and Lipschitz continuous, but we do not assume that b; is bounded. Our
objective is to give bounds of the total variation distance between the law of X} and the law of Y/",
denoted dpv(XF,Y;®), as t — 0. In particular, we apply our results to the case where Y* = X7 is the
one-step Euler-Maruyama scheme associated to the SDE X, given by

dY?® = b1(0,z)dt + 01(0, z)dW4.

Such bounds are well known for L? distances and their associated Wasserstein distances and are
known to be of order ¢ as t — 0. Yet the literature seems to lack results as it comes to dpy. If
o1 = o2 is constant, then it is classical background that drv (X7, Y/") is of order ¢, using a Girsanov
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change of measure (see for example [PP20, Proposition 4.1]) but this strategy cannot be applied to
non-constant o. The difficulty of the total variation distance in small time is the following: considering
its representation formula and comparing it with the L'-Wasserstein distance, if z and y € R? are close
to each other and if f : R? — R is Lipschitz continuous, then we can bound | f(z)— f(y)| by [f]Lip|T—yl;
whereas if f is simply measurable and bounded, then we cannot directly bound |f(z) — f(y)| in terms
of |z — y|. Moreover the regularizing properties of the semi-group cannot be used in small time for the
total variation distance.

Results in the literature focus on the Euler-Maruyama scheme. In [BT96] is proved the convergence
for a fixed time horizon T' > 0 and as N — oo, where N is the number of steps in the Euler-Maruyama
scheme on a finite horizon. More precisely, if o1 is elliptic and if by and o1 are C*° with bounded
derivatives (but b; and o; are not supposed bounded themselves), then (|[BT96, Theorem 3.1])

K(T)(1+x|?)

d xT 7IE,N
Ve € RY, dTV(XTvxT ) < NTa )

where X’%’N stands for the Euler scheme with N steps, where ) and ¢ are positive exponents and
where K is a non-decreasing function depending on b; and o;. The common strategy of proof for such
bounds is to use Malliavin calculus in order to perform an integration by parts and to use bounds
on the derivatives of the density. However, we cannot infer a bound as 7" — 0 since we do not know
whether K(T)/T?7 — 0 as T'— 0 in general. In [GLO08] are given bounds in small time and as N — co.
Assuming that o is uniformly elliptic and that b; and o1 are bounded with bounded derivatives up to
order 3, then ([GLO8, Theorem 2.3|)

K(T)T 2
d _ =N —Clz—y|?/t
<
vt € (0.7, Va,y € RY, |p(t,@,y) =0 (2. 9)l < <oy pe ,
where p and pV denote the transition densities of X* and X respectively and where C' is a positive
constant depending on d and on the bounds on b; and o7 and on their derivatives. However, we cannot
directly use this result for the total variation distance: taking N = 1 yields

Arv(XF X0 = [ Ipltse,) — 9Ny < KOTE? [ el
Rd Rd t /2

giving a bound in ¢+~'/2 which does not converge to 0 as ¢t — 0. Moreover, [GLO08| assumes that by is
bounded. [BJ22] focuses on the case where b; is bounded and measurable but not necessarily regular
and where o] is constant; it proves that the convergence in total variation of the Euler scheme on a
finite horizon which is regularized with respect to the irregular drift b; and with step h, is of order v/h.

In the present paper, we first prove a convergence rate of order /3 for drv (X[, Y/"), provided that
for i = 1,2, o; is elliptic, o; and b; are Lipschitz-continuous with respect to their time variable and
that o; is CZ? and b; is C! and Lipschitz-continuous with respect to their space variable. More generally,
if we furthermore assume that o is CZ”, then we obtain a convergence rate of order ¢"/(2+1)_ Letting
r — 00, we also prove that if o € C;° with some technical condition on the derivatives of the densities
of the random variables X7 and Y/, then the convergence rate is of order t'/2 exp(C'/log(1/t)) which
is "almost" ¢1/2. Moreover, we provide an example using the geometric Brownian motion where the
convergence rate is exactly ¢'/2, thus showing that we cannot achieve better bounds in general. To
prove the bound in ¢"/"*1 we use a multi-step Richardson-Romberg extrapolation [RG11] [LP17],
which is a method imported from numerical analysis that we use in our case for theoretical purposes.
It relies on a Taylor expansion with null coefficients up to some high order. Such method can be used
in more general settings with regularization arguments in order to improve the convergence rates (in
our case, we improve t1/3 into t’"/(2”+1)).

Interestingly, the difference between the drift coefficients b; — bs does not need to be small for our
bounds to be valid. This is because the dominant term in dpv (X[, Y;") comes from the the diffusion
part.



Recent results (see [Cle21]) establish a convergence in small time at rate t'/2 for the Euler scheme of
certain classes of diffusions driven by stable Lévy processes, not directly including the Brownian case.
This approach relies on Malliavin calculus techniques. In this work the "standard" drift is replaced
in the Euler scheme by the flow of the associated (noiseless) ODE. This seems to be specific to Lévy
driven SDEs. Adapting this approach to our general continuous framework is not as straightforward
as could be expected and would deserve further investigations for future work.

The total variation distance is closely related to the estimation of the density of the solution to an
SDE and this density satisfies a Fokker-Planck Partial Differential Equation PDE (3.2). If the drift
is bounded, then the density and its partial derivatives admit sub-gaussian Aronson’s bounds (see
[Fri64| and Section 3.1). However, giving estimates and bounds for the solution of the PDE in the case
of unbounded drift appears to be more difficult, see [Lun97|, |Cer00|, [BLO5]. Recent improvements
have been made in [MPZ21]| using the parametrix method. Studying this case is useful to study the
convergence in total variation of SDE’s with unbounded drift, in particular for the Langevin equation,
very popular in stochastic optimization, and which reads

dXt = —VV(Xt)dt + O'(Xt)th,

where in many cases, V : R? — R has quadratic growth and VV has linear growth (see for example
[BP21]).

In order to deal with unbounded b;, we propose two different methods. First, we use a localization
argument and "cut" the drift b; into b; outside a compact set, so that we can use bounds from [Fri64]
for the bounded drift case. We use the Girsanov formula to explicit the dependence of these bounds in
10s]| 00 A second method consists in using the density estimates from [MPZ21, Section 4] to improve
the dependency with respect to the bounds in x. However this second approach relies on advanced
parametrix methods which require further regularity assumptions on the coefficients of the SDE and
which are not fully detailed for higher order derivatives. Our first method is clearly much more
elementary, starting from a quite general bound established for any pair of integrable random vectors
(see Theorem 2.7) and calling upon a standard regularization strategy which combined with a multistep
procedure, seems to be at least quasi-optimal in a very general framework.

NOTATIONS

We endow the space R? with the canonical Euclidean norm denoted by |- |. For 2 € R? and for
R >0, we denote B(x, R) = {y € R?: |y — 2| < R}.

We denote My(R) the set of d X d matrices with real coefficients.

For M € (R%)®*  we denote by ||M]| its operator norm, i.e. |[M|| = sup,cax. =1 M -u. If
M :R% — (RH®* | we denote || M || = sup,epa || M (z)]].

For k € N and if f : R? = R is C*, we denote by VFf : R? — (R%)®F its differential of order k. If
f is Lipschitz continuous, we denote by [f]Lip its Lipschitz constant. If f: (¢,2) € R x R% > f(t, x) is
C* with respect to z, we still denote by V¥ f its differential with respect to z.

We denote the total variation distance between two distributions 7 and 7o on R%:

dTv(7T1,7T2) = QSupAelg(Rd) |7T1(A) - WQ(A)‘.

Without ambiguity, if Z; and Z» are two R%valued random vectors, we also write drv(Z1, Zo) to
denote the total variation distance between the law of Z; and the law of Z5. We have as well

dpy (7, m2) = sup {/ fdmy —/ fdmry, f:RY—[—1,1] measurable} .
Rd Rd

Moreover, we recall that if 71 and mo admit densities with respect to some measure A, then




We denote by Wy the L'-Wasserstein distance.

For z € R?, we denote by J, the Dirac mass at .

If Z is a Markov process with values in R? we denote, when it exists, its transition probability
from z to y € RY between times s < t, p,(s,t,x,y).

In this paper, we use the notation C and ¢ to denote positive constants, which may change from
line to line.

2 Main results

We consider the two following SDEs in R%:
X¢ =z eRY dXF = by(t, X[)dt + o1 (t, X{F)dWy, t € [0,T], (2.1)
Yy ==, dY® = bo(t,Y")dt + oo(t, Y, )dWy, t € [0,T],

where T is a finite time horizon, b; : R — R? ¢; : R — My4(R), i = 1,2, are Borel functions and
W is a standard R%valued Brownian motion defined on a probability space (£2,.A,P). The one-step
Euler-Maruyama scheme of X, denoted X, is defined by X* = Y* when Y7 reads

dY;" = b1(0,z)dt + 01(0,2)dWy, t € [0,T]. (2.3)
To allievate notations, we also define
Ab(z) := |b1(0,2) — b2(0, )|, Aoc(x):=|01(0,2) — 02(0,x)|. (2.4)

Let us remark that if Y = X, then Ab(z) = 0 and Ac(x) = 0. For g : (t,2) € [0, T] xR? — g(t, ) € RY
and r € N, let us define the following assumptions:

e Lip,(g): ¢ is Lipschitz continuous with respect to ¢, uniformly in z.

e g € C": g is differentiable with respect to x with continuous partial derivatives up to the order r.

e g€ (C;: g€ (" and is bounded with bounded partial derivatives up to the order 7.

egc 5{;: g € C" and has partial bounded derivatives up to the order r, but we do not assume that
g is bounded itself.

e For 0 : [0,7] x R? = My(R), we say that o is (uniformly) elliptic if

Joo > 0, Yz e RY, Wt € [0,T], o(t,z)o(t,z)" > olly. (2.5)

Theorem 2.1. Let X and Y be the solutions of the SDEs (2.1) and (2.2). For i = 1,2, assume
Lip,(b;), Lipy(0i), 0; € CZ, b; € C} and o; is elliptic. Then

Vt €[0,T), Vo € RY, dpy(XE, V) < OV + Ao(z)¥/3 + Cecl** /2, (2.6)

where the positive constants C and c only depend on d, T', 0o, ||0illsc, [bilLip, [0ilLip and V20l 0o. In
particular, if Y = X we have

dry (XF, V) < CtY3 4 ceclel /2,

Theorem 2.2. Let X and Y be the solutions of the SDEs (2.1) and (2.2). For i = 1,2, assume
Lip,(b;), Lipy(0i), that o; € CZ", b; € C} and that o; is elliptic. Then

Vt € [0,T], Vo € RE, dpy(XF, V) < C(V2 + Ao(z))2/ @+ 4 Cedl#l*1/2, (2.7)

where the positive constants C and ¢ only depend on d, T, oo, on ||oillcc, on the bounds on the
derivatives of b; and o; and on their Lipschitz constants. In particular, if Y = X we have

dTV(X{;E?Y'tx) < Ctr/(2r‘+1) + Cec|:c|2t1/2.



Remark 2.3. In Theorems 2.1 and 2.2, we can actually improve the dependency of the constants in z
in small time since we have more precisely:

\v/t c [0706—2(2T+1)C|-’E‘2]7 dTV(XIéE7Y;m) S C(t1/2 + AO’(CC))2T/(2T+1).

Remark 2.4. We can adapt the framework of Theorem 2.2 to the study of SDEs with homogeneous
vanishing noise, i.e. where for a > 0,

AXP = by (t, XP)dt + a0y (XF),  dYF = by(t, Vi¥) + aoa (V)

and we identify the dependency in a as a — 0. Namely, with the same assumptions, for a > 0 small
enough we have

dTV(Xf7Y?) < Ceca*1|x\2t1/2 +Ca—(d+r)(t1/2 —i—AU(:B))Qr/(QH_l), (2.8)

where the constant C' does not depend on a. This bound is obtained adapting the proof of Theorem
2.2 in Section 3.4 and using that if Z* is the martingale dZf = ao(Z)dW; then (Z}) ~ (Z%,,) where
ZF = o(ZF)dW; which does not depend on a.

We can also improve the dependency in the initial condition z € R? using [MPZ21], however at the
expense of further regularity assumptions on b; and o;, i = 1, 2.

Theorem 2.5. Let X and Y be the solutions of the SDEs (2.1) and (2.2). For i = 1,2, assume
Lip(b;), Lip,(07), 05 € CZ"*Y, b; € C¥ and o is elliptic. Then
d 1/2 2r/(2r+1)
Ve [0,T], Vo € RY, dry(XE, V) < C (£72(1 4 Ab(@)) + Ac (@) + tJb| + [ba])(0,2)) ,
(2.9)
where the positive constants C and ¢ only depend on d, T, oo, on |||, on the bounds on the
deriwatives of b; and o; and on their Lipschitz constants. In particular, if Y = X, we have

2r/(2r+1)
dpv (X2, Y7 < Ot/ 2r+D) (1 2y + \bz\)(O,m)]) .

Remark 2.6. Choosing Y not to be the Euler-Maruyama scheme of X but a general SDE and expressing
the bounds in the Theorems in terms of Ab(x) and Ao (z) allows to extend our results to more general
couples of diffusions with "close" coefficients, for example to SDE solvers other than the genuine
Euler-Maruyama scheme. Also, it is helpful to study perturbed SDEs, for example if we consider

dX}P =bi(t, X)dt + a1(t)o(X[)dWy,  dY[® = ba(t, Y,")dt + as(t)o(V;")dW, (2.10)
where |a1(t) — a2(t)| — 0 as ¢t — oco. Then we have
x x clz)? 1/2 1/2 . 2r/(2r+1)
drv(Xfy s, Vi) < Ce™s/2+ Os/7 4 [aa(t) — ax(t)])

and we obtain different convergence rates as t — oo and s — 0, depending on (¢,s). A noticeable
example of this is the Langevin-simulated annealing SDE [BP21].

Furthermore we remark that in Theorems 2.1 and 2.2, the bounds do not depend on Ab, enhancing
that the dominant term in the total variation comes from the diffusion part.

To improve the rate of convergence from ¢'/3 in Theorem 2.1 to 7/(2r+1) in Theorem 2.2, we rely
on a Richardson-Romberg extrapolation [RG11] [LP17]; this argument can also be applied in a more
general framework. The following proposition gives bounds on the total variation between two random
vectors, knowing bounds on the L'-Wasserstein distance and bounds on the partial derivatives of the
densities up to some order.



Theorem 2.7. Let Z1 and Zy be two random vectors in Ll(Rd) and admitting densities p1 and po
respectively with respect to the Lebesque measure. Assume furthermore that py and py are C*" with
r € N and that VFp; € L'(RY) fori=1,2 and k = 1,...,2r. Then we have

1/(2r+1)
) (2.11)

dre(74,20) < Cap 20, 210 ( [V m@1 4 19 (@)
where the constant Cy, depends only on d and on r.

If o € C;°, then we also prove that we can "almost" get a convergence rate of order /2.

Theorem 2.8. Let X and Y be the solutions of the SDEs (2.1) and (2.2). For i = 1,2, assume
Lip;(b;), Lips(0i), that o; € CF for every r € N, b; € C}, that o; is elliptic and that Ao(z) = 0.
Assume furthermore that if Z and V' are the martingales dZ; = o1(t, Zy)dWy and dVy = o9(t, Z;)dWy,
then

T T 027" —c —z|?
VreN, Vt € (0,T],Vz,y € RY, [V p,(0,t,2,9)|| + |Vip, (0,t,z,9)| < arana® orly—a|?/t
—dy/2\ 1/ (2r)
with lim sup (C’grc%dﬂ) < 00. (2.12)
r—r00
(see Theorem 3.1). Then
Vt € (0,T], Vo € R, dpy(XE,Y) < Ceclel*e1/2 4 opl/2eev/loal/t), (2.13)

where the positive constants C and ¢ only depend on d, T, oo, on ||oillcc, on the bounds on the
derivatives of b; and o; and on their Lipschitz constants.

Remark 2.9. Assumption (2.12) is satisfied in the case of a Brownian motion, which suggests that this
assumption is satisfied in general provided that o is "regular enough". Indeed, if dZ; = odW; with
o € My(R) being non degenerate, then with ¥ := g0 " we have for t > 0 and z,y € R%

1 1Y —T 1 a2
0,t = ¢ (xn1/? d(u) = ———e U2,
pe0te) = e (S ) o e

Moreover for every r € N and u € R? we have

where He, is the r*" probabilist Hermite polynomial. Following [Kra04] we have

d?”

1 2
<1 —luf?/2
20 < o e

2r)12
Yu >0, |Hegy(u)|e /2 < 02—7\/77% < C2VT,
7!
using the Stirling formula for the last inequality. On the other hand, using [AS64, 22.14.15] we have
Yu >0, |Hegr(u)|e_“2/4 < 2y,

Then, for for every € € (0, 1],

15 1—¢
|H627~(u)‘6_u2/2 = ’H62T<U)€_U2/4’ ‘H€27-(U)6_u2/2 e=w /4

1—
<C(nly (2712) et



Then if we choose €, = log™1(r) for 7 > 3, we have (r!)er < e5"198(") = ¢7 50 that

’ d

du”

-
2 2
< Qe 2l 2emerlul®/2 Ave erful®/2

D(u)

and then for r > 3 we have

2—1/2”27" Jd2r y—x
v2r 0.t < ” P 271/2
IV 2,0t € e e (2

—1/2|12r
[0l S TR

< r
- /det(z)t(d+2r)/2

—d/2\ 1/ @)
where ( (||E_1/2||27"A,,5T d/2> ) is bounded. Thus Assumption (2.12) is satisfied.

Remark 2.10. For the Euler-Maruyama scheme (2.3), with a slight abuse of notation, x is used both
for the starting point and in the definition of the drift and diffusion coefficients. The transition density
should be considered for constant drift and diffusion coefficients in this case. However the results
remain valid as the Euler scheme is simply a Brownian process.

3 Proof of the Theorems

3.1 Recalls on density estimates for SDEs with bounded drift

We recall results on the bounds for the density of the solution of the SDE using the theory of partial
differential equations. Let us consider a generic SDE:

78 =x € RY  dZF =b,(t, ZF)dt + o, (t, ZF)dWy, t € [0,T]. (3.1)

Then under regularity assumptions on bz and on oz, the transition probability p, exists and is solution
of the backward Kolmogorov PDE:

pz(tatawa ) = 5Ia te [OvT]>

1
Osp, (s, t,x,y) = (b,(s,2),Vap,(s,t,x,y)) + §Tr (U;(s,x)VipZ(s,t,a:,y)UZ(S,x)) , s <tel0,T).
(3.2)

Moreover, p, and its derivatives satisfy sub-gaussian Aronson’s bounds:

Theorem 3.1 ([Fri64]|, Chapter 9, Theorem 7). Let Z be the solution of (3.1) and let T > 0. Assume
Lips(b,) and Lip,(c,), that b,,0, € C; and that o, is elliptic. Then for every mg = 0,1 and for every
0<mq+mg<r, V;”OerlVZ”‘?pZ exists and

C
(t — S)(d+m()+m1+m2)/2

Vs <te [OaT]a Vx, Y€ Rda Hv;nOerlv;nsz(&ta xv?/)” < 676@7&3‘2/({/78);

(3.3)
where the constants C and c only depend on the bounds on b, and o, and on their derivatives and
their Lipschitz constants, on the modulus of ellipticity of 0,, on d and on T

Let us also recall the recent result from [MPZ21] giving Aronson’s bounds of the partial derivatives
with respect to y in the case where bz is unbounded. Considering [MPZ21, Section 4] with [MPZ21,
(3.1)], we have the following result.



Theorem 3.2. Let Z be the solution of (3.1) and let T > 0. Assume Lip,(b,) and Lip,(o,), that
b,cCp,o0,¢€ Cg+1 and that o, is elliptic. Then for every 0 < m <r, Vi'p, ewists and

m c —cly—z|?/(t—s
\V/S <te [O,T], VCL’,y S Rd, Hvy pZ(S,t,ZU,y)” S (t_s)me |y | /(t ), (34)

where the constants C' and c only depend on the bounds on b, and o, and on their derivatives and on
their Lipschitz constants, on the modulus of ellipticity of 0,, on d and on T
3.2 Preliminary results

In order to apply the bounds on the densities from Theorem 3.1 to Theorem 2.7, we first "cut" the
drifts b1 and by on a compact set. That is, we instead consider the processes X and Y defined by

dXT = B2(t, X2)dt + o (£, XT)dW,, t € [0,T), (3.5)

AY® = b3(t, Y)dt + oo(t, Y7)dWy, t € [0,T], (3.6)

where b;, i = 1,2 is defined as follows. We choose R > 0 and we consider a C* decreasing function
¢ : RY — R* such that ¢ = 1 on [0,R?*] and ¢ = 0 on [(R + 1)?,00) and we define b} (t,y) :=
bi(t,y)¥(ly — z|?), so that b% is bounded:

vy € RY, Vit € [0,T), [bf(t,y)| < sup.epe.psn) 1bilt, 2)] < C(1 + |z, (3.7)
because b; is Lipschitz continuous.
Lemma 3.3. Assume Lip,(b1), Lip,(o1), b1 € C~l}, o1 € CL. Then for every x € R and t € [0, T,
dov (X7, X7) < C(1+ [b1(0,2)*)t. (3.8)

Proof. Let f : R? — R be measurable and bounded. We remark that on the event {sup,epoq |XT 2|2 <
R2}, we have X7 = X7, so that

EF(XF) - EF(X7)| < 2] fllP ( sup [ X7~ af? > R2> -

s€[0,t]

But using the inequality |u + v|? < 2|u|? + 2|v|? we have

t
/ o1 (5, X)dW,
0

t 1 t
< 4tl]i, </ |X?% — z|%ds + 3t3) + 42|61 (0, z)? + 2 '/ o1(s, XT)dW,
0 0

2 2

+2

2

t t t
|XF—z? <2 by (s, X7)ds < 2t/ b1 (s, XT)|2ds+2 / o1(s, X7)dWs
0 0 0

2

so that

¢
E sup [XZ —z> < 475[51]L1p/ E sup | X% —z|? | ds+ = [bl]Llpt4+4t2|b1(0 z)[?
s€[0,t] 0 u€l0,s]

2

+ 2E sup
s€[0,¢]

/ o1 (u, X2)dW,

Moreover using Doob’s martingale inequality we have

2 2

E sup < A4E

t
_ 41[«:/ o2 (u, X2)du < 4oy |2t
s€[0,¢] 0

t
/ 01 (u7 Xzf)qu
0

/ o1 (u, XT)dW,
0



Then we define the non-decreasing deterministic process S := Esupscjoq | XS — z|? and we get the
differential inequality (using ¢t < T)

1 t
<t (TI0 0.0 + 3ty T+ 2ol ) + delily, [ S
0
so the Gronwall lemma yields
1
Sy < 4t (Tybl(o,x)|2 + g[bl]iipT?’ + 2|yal\|§o> 20 < C(1 + [b1(0,2)[2)t.

Using Markov’s inequality, we have then

C(1+ |b1(0,2)?)t
5 )

Ef(X) —EF(X])] < 2/|f [P ( sup | X7 — af® > R2> <2 £l in

s€[0,t]
O

We can now apply Theorem 3.1 to X and to Y however the constants arising depend on the bound
on [|b7|lc and thus on z. In order to deal with the dependency in ||b7|/~, we apply the Girsanov
formula and reduce to the null drift case.

Proposition 3.4. Let Z* be the solution of
Zy =x, dZf =o1(t,Z7)dWy, t € [0,T). (3.9)
Assume Lip,(b1), Lip,(01), by € CL, o1 € C} and oy is elliptic. Then we have for every t € [0,T],
z,y € R, .
PO tay) =, 0.ty + [ B[V ((5.22). Vam, (5.1, Z2.0)] s, (3.10)

where X is defined in (3.5) and U® is defined as

x # T\ LT T T 1 # T\ I1.T T\ LT T
vz = e ( [ ttw. 200 200,02 - 5 [ ot 208 0. 20, B0, ZD0) 30
g= (aloir)_l. (3.12)

Proof. First, note that since o1 is elliptic and since z)f, o1 € Cg, then p_ and p, exist as well as Vap,
(Theorem 3.1). We then use [QZ04, Theorem 2.4| extended to non-homogeneous diffusion processes.
Following [QZ04, Remark 2.5], since o7 is elliptic and bounded, the assumptions of [QZ04, Theorem
2.4] hold. O

We also have the following bounds on the process U”.

Lemma 3.5. With the same assumptions as in Proposition 3.4, for everyp > 2, x € R and t € [0,T]
we have

E | sup |UZ]P SeCPQHEQfHEOt. (3.13)

s€[0,¢]

Proof. We recall that for every ¢ > 1, the process (U*)? is a martingale with

d(US)" = q(UD) (g5, Z2)bi (s, Z3), 01(s, Z3)AWs).



Thus, Doob’s martingale inequality yields

E | sup |UZ|* ds.

t t
< CP|B|E / U= Pads < C@lEE |12 / E[sup e
s€[0,4] 0 0

u€(0,s]

So with Uj =1 we obtain

2(|p (|2
E | sup |UZ|2| < @O 1M,

s€0,t]

O

Lemma 3.6. With the same assumptions as in Proposition 3.4, we have for every x,y € R? and
t e 0,7,

- —cly—al*/t
< CeCIIb?HEoei

e (3.14)

t ~
| B[00, 220,V (st 22 s

Proof. We use Theorem 3.1 on the process Z*, which yields bounds with constants depending on oy
but not on b7. We obtain for every ¢ > 1 and for every s € [0,]:

BIVep, (5t ZE ) = [ Ve, (s,.60) 11, 0.5, )€

c, 1 y—€P Je—aP
< T o i <‘< s s ))®
c, 1

S 2 (= syt nde°

—cqly—z|?/t
’

where we used Lemma A.1 in the appendix. Then for p~! 4+ ¢~! = 1 and p > 2, using the Holder
inequality we have

t ~
| B0z, 22). o, 5.t 220 s
0

~ 1/p t
< Hbngoo( s1[10pt]E|U;”’P) /0 (E‘prz(s,t,Z§7y)‘Q)l/qu
se|0,

—cqly—zx|?
< 16% || (Colbli2t Cal olv—el et ds
= [7Llee 4/ (29) o (t—s)A+1=g7Hd)/2’

The integral in ds converges under the condition ¢ < d/(d — 1) if d > 1, and for any value of ¢ > 1 if
d = 1. Then performing the change of variable s = tu we obtain

—cqly—z|?/t 2 e—cly—a|?/t
[ —

o cpli 2T Caf
< (|67 [Joce™P™ H(d—1)/2

$(d=1)/2

t ~ T
| [z 006,20, Vb (5,8, 25.0) ] s < CeClFs|
0

O

3.3 Proof of Theorem 2.1
Lemma 3.7. We have for every x € R? and t € [0,T):
dTv(Xf,)/tI) § dTv(Zf, Vtx) + C@C‘x|2t1/2,

where dZF = o1(t, ZF)dW; and dVF = oa(t, V;*)dW;.

10



Proof. Let us write
oy (X7, Vi) < dov(XE, X7) + dov (X7, Z8) + dov (27, ViF) + doy (VE V) + dov (Y, YD),
where X and Y are defined in (3.5) and (3.6). Using Lemma 3.3 with (3.7), we have
drv (X7, X7) + dov (Y, Y7) < O(1+ [ )t.

Using the formula (3.10) and the inequality (3.14), we have

t
| B [U 05,220, V., (5. 2200 sy

dTV(tha Zf):/ |p)z (O,t,x,y)—pz (07t’x7y)’dy = /
R4 Rd

_ _ 2
o—cla—yl2/t

iz WS Cel 2,

< CeClFE I 172 /
R4

where we used (3.7). The term dpy (Y, Vi) is treated likewise. O
We now prove Theorem 2.1.

Proof. Let us introduce an artificial regularization. For € > 0 and using Lemma 3.7 we have

drv(XE,YP) < CeCloP 12 oy (28, 28 + VeC) + dov (ZF + Ve, ViE + V) + drv(VE + Ve, VE)
(3.15)

where ( ~ N(0,1;) and is independent of the Brownian motion W.
e Let f: R — R be measurable and bounded and let us define

¢y RIS BAZE+9) = [ FE+up,0tn i = [ 1O, 0.t piE (16

Then ¢ is C? with
Vo) = [ FOVip0.ta¢ - )i

Moreover, using Theorem 3.1, we have

c —clz— 2
1950, (0.t = )| < sy ST,

where the constants C' and ¢ do not depend on B‘f This implies that for every y € R¢,

_ | _
IVl < Cllfot ™ | e E0P10dg < Ol oot ™

Then using the Taylor formula, for every y € R? there exists § € (0,y) such that
1 -
o(y) = ¢(0) + V(0) -y + 5 V() - y™*
and then for some random ¢ € (0,¢) we have

IBf(Z +VeQ) —Ef(Z))| = [Bp(VeQ) — 9(0)] = |VEE[Vp(0) - (] + %E[V2<ﬁ(\@§) (%
< Cel fllsct™,

11



where we used that E[V¢(0) - (] = V¢(0) - E[¢] = 0. This way we obtain
drv(Z}, ZF + \@C) < Cet™L.

The term dpy(V/*, V¥ + V/€() is treated likewise.
e Let f: R - R be measurable and bounded and let us define

fery = Ef(y+ VeQ) = (mrl)d/z /R S+ Ve g = (%i)dﬂ /R @B (3.17)

Then f. is C! with

— ) 1/2
Vi(y) = 1/Rd f(g)giyef\ffyl /(25)d§_ € d/2/ Fly + Vee)Ee €2 /2d§

(27e)d/2 €

= PE[f(y + vEQ)(]

and then
[felLip < I fllooe ™ /2EIC] < C| flloce™ 2. (3.18)

So that
[Ef(Z + VeQ) —Ef (Vi + VeQ)| = [Ef(ZY) — Ef(V/7)]
< Cllfll Cllflloe 1, 172
< zZ5 = V¥ t+t/“Ac 3.19
NG I il < NG ( (), (3.19)
where we used Lemma A.3 in the Appendix. This implies that
drv(ZE + Vel VE +2C¢) < Ce V2 (t 4 112 Aa (x)).

e Conclusion : Considering (3.15), we have

Aoy (XF,Y) < CeClPi2 4 Cet™' 4 Ce™V2(t + t1/2 A0 ().

2/3

We now choose £ = [t(t + tl/QAa(:U))] , 8o that

Aoy (XF, V) < CeClPE2 4 o2 + Ao (z))?/3.

3.4 Proof of Theorem 2.2 using Theorem 2.7

We first prove Theorem 2.7.

Proof. Let f: R? — R be measurable and bounded, let £ > 0 and let ( ~ A(0,I;) be independent of
(Z1,Z2). We have

[Ef(Z1) — Bf(Zs)| < |Ef(Z1) szEfE/n (%)) B fesn,(Z1) szEfs/m Zs)

+ sz‘Efa/m(Z2) —Ef(Z2)],

=1

(3.20)

where f. is defined as in (3.17) and where the n;’s and the w;’s will be defined later.

12



Let ¢ be as defined in (3.16) replacing ZF by Z;. Then, ¢ is differentiable up to the order 2r and
forall k=0,1,...,2r:

Vi) = (<1)* [ FOT (€~ s
Using the Taylor formula up to order 2r, for every y € R there exits § € (0,y) such that
2r— 1 - ~
. ®k+ V2 ©(7) L, ®2r
(2r)! '
Moreover, we have
V2 0(d) - 5] < C bl [ 9% m1(6)] (3.21)
Then there exists a random ¢ € (0,¢) such that
S VR0 g prear |, BIVTR(VEQ) ¢,
Ef(Z1 + VECQ) ~ Ef(Z1) = Ep(va() — 0(0) = >~ M/ B[®H] + o TR—
k=1 ' ’
r—1 r—1
v2k 0 E v2r ®2r _
= (2;:)(| )k gieern 4 B ((\T)C) e > Br(t)e" + B, (t,e)e", (3.22)
k=1 ’ k=1

because if k is odd, then E[¢®¥] = 0. We now rely on a multi-step Richardson-Romberg extrapolation
[LP17, Appendix A]. Let us denote the refiners n; = 20! and the auxiliary sequences and weights

k-1 -1
ug = <H(1 - 2‘%) L v = (=D)R D20 wg = weg, k=1, (3.23)
/=1

These weights are the unique solution to the r» x » Vandermonde system

[ 1 k=0, B -
Zwl { 0 oo , k=0,1,...,r—1. (3.24)
Then we have
T r—1 T ~
sz (Bf(Z1+V/e/niQ) — BF(Z0) = D wi > Be)e"ni ™ + 3" wib(t,e/ni)e n; "
i=1 i=1 k=1 i=1
r—1 T
= Zskﬁk(t)Zwl +€&" Zﬂr (t,e/n;)win
k=1 =1
r ~
="y Br(t,e/ni)win; ", (3.25)
i=1

where we used (3.24) in the last equation. Now, using (3.21) we have

| < o ( [ v )H%)Z\wi!nir

=1

Zﬁr t 5/”1 win

Since ug — oo = [[451(1 — 27971 < oo, the weights satisfy

’w’b| S ugo2*(7'*i)(7“*i+l)/27 1= 17 <oy Ty

13



so that

r r r—1
Z |;Uz| < u Z 92— (r—i)(r—i+1)/2 < ’LL2 Z 2(r )/2 _ ugo ZQ_i/Q < C. (326)
i=1 't =1 i=1 i=0

As a consequence and since Y, ; w; = 1, we may write from (3.25)

= S B Syn20)| < Clfle” [ IV m(6)de (3.27)
=1

The same way, we obtain

S wiEL (22)| < Clflle” [ 19ROl
i=1 Re

On the other side, using (3.18) we have

Zlefe/n Zl szEfe/m ZQ)

_ Ol oy
<=7 (21, Z) Z |w;|2 . (3.28)
Moreover, for every ¢ = 1,...,7,
|20 1/2 < 2 9= (r=i)(r—i+1)/2+(i=1)/2

and then i .
D w2702 <2 Ny 2072 <2 om, (3.29)

=1 i=1

Thus considering (3.20), we obtain for every € > 0,
drv (%1, 23) < Ce' / LU pa () + IV p2(O)1]) de + Ce™ W21, Zo).
R

Optimizing in e gives

2/(2r+1)
co= (W@ zer [ (9 m@1+ 19l do) )
and then
1/(2r+1)
dry(Z1, Z2) < CapWi(Z1, Z)?7/Cr D) </Rd (IV* o1+ IV p2(O)]) df)
O
We now prove Theorem 2.2.
Proof. Using Lemma 3.7, we have
Aoy (XF, V) < CeClPE2 4 Ay (ZF, V) (3.30)

We now apply Theorem 2.7 with the random vectors Z; = ZF and Zs = V,*. Assuming that o is CI?T
and using Theorem 3.1, V¥ yP exists for k=0,1,...,2r and

C

Hdrk)2 e

Vk=0,1,...,2r, Vt € (0,T], Yo,y € R, ||[Vip,(0,¢,z,y)| <

14



Then we have

1 2
2r —r [ = _e—clz—+yl/t -
[ Vi tagds <o [ pedeeniiig < oo
The same way we have

/R , Vipy (0,t,2,8)dé < Ct".

Applying Theorem 2.7 with Lemma A.3 yields

drv(Z8, Vi) < C(VE+ Aa(x))?r/Crl),

3.5 Proof of Theorem 2.5

For the proof of Theorem 2.5, we do not use Lemma 3.7; instead we directly apply Theorem 2.7. Using
Theorem 3.2, Vkpx and Vkpy exist for k = 0,1,...,2r and satisfy the same bounds as previously.
Then using Theorem 2.7 with Lemma A.3 we obtain

drv(XF,YT) < C(VEHL + Ab(z)) + Ao (z) + t|b(a)[)?/ D,

3.6 Proof of Theorem 2.8

Proof. We use Lemma 3.7 again and rework the bound on drv(ZF, V/*) by paying attention to the
dependency of the constants in r in the proof of Theorem 2.7 with Z; := ZF and Z; := V/*. Since
o1 € CI" for every r € N, we write (3.22) for any r € N and we have

E[|¢*]

Br(t,) < Corlflloct ™™ =257 Cori= Carc”™,
where Cy, and ¢y, are defined in (2.12) and where
. r—1
sl = Sy = I+ 20
Using (3.26) we get
;ﬁr (2 mepuini| < Ot L0220

and we obtain as in (3.27):

1 ., ~ TI=d(d + 2
BI(Z) — 3 wi o (Z5)| < Sl o™t = CC?TW
=1
1 .
Ef(V{") szEfa/m V)| < ghallflloeet
=1

On the other hand, considering (3.28) and (3.29) with Lemma A.3 with Ao (z) = 0 we have

I
K2

Ef (Vi) Zw@Efa/n (z8)| < H:’t, Ko = C2'. (3.31)

15



We now minimize k1€"t™" + koe~ /%t in €, giving

o (@D

N (27k1)2/(2r+1) Rz
and then

K/lé‘:tiT + /ﬁge’i:l/zt < Cﬁgr/(%-ﬁ-l)Hi/(2r+1)tr/(2r+1)

with as r — oo:

r—1 1/(2r+1) 1

2r/(2r+1) 1/(2r+1 ~1/(2r+1 . r2/(2r

G2/ 1 @ren) | FL +)<H(d+21)> WQQ /(2r+1)
=0 ’

with

r—1 @r+1) r—1
r 1 T
(H(d + 22)) exp <2r—|—1 . ;log(d + 2@)) < exp (2 log(d+(r 1))) < Vd+r—1,

i r+1

1 e ~1/(2r+1)
2r

lim sup C. < 00

@ryi/En g ms

where we used Assumption (2.12), so that
ﬁgr/(2r+1)ﬁi/(2r+l) < Cm%?-
Then we have dpy(ZF, Vi) < C27r=1/2¢7/(2r+1) and we choose r(t) = |[log"/?(1/t)] so that as t — 0,

drv (27, Vi) < CtY% exp (C\/log(l /t)) .

4 Counterexample

In this section we give a counter-example showing that we cannot achieve a bound better than ¢'/2
in general. More specifically, we show that we cannot achieve a bound better than t1/2 for the total
variation between an SDE and its Euler-Maruyama-scheme in general. For z > 0 and ¢ > 0, let us
consider the one-dimensional process

YE = ze” ™t (4.1)

where W is a standard Brownian motion. The process Y is solution of the SDE dY;® = (02/2)Y*dt +
oY dW; and its associated Euler-Maruyama schemes reads

Vi =+ (0%/2)at + oaW, ~ N (z(1 + to?/2), 0%2°t) . (4.2)
Proposition 4.1. Let Y be the process defined in (4.1). Then for small enough t we have
doy (Y%, Y7") > Cyt'/2. (4.3)

Proof. We have
1 exp (—ﬁ log2(y/x))

py (t,z,y) = Nomor ”

1,>0 (4.4)
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so that

(_logQ(y/fv)> y M50 — exp (_ (y —x— $t02/2 2) -

drv (Y Y
TV( t ) 271'0' 20-2t y
1 log?(1 + v/t 1 - 2/2
2 oo (L) (0,
V2ro? Joz/vi T+ \/Ey 20°t x 20%x
But we have as (t,y) — 0:
1 log?(1 4+ Vty/x) (y — 2v/ta?/2)?
——exp | — —eXp | —
L+ Viy/e 20%t 20%
1 ty? t3/2y3 y? to2 iy
= (11—t ty? (- o(t*y") | - — —
(1= Viy/z + O(ty?)) exp ( 20215( 22 = (ty7) | —exp 2072 8 | 202

2

S ] [(1 — \fy/x + O(ty ) <1 + ;ff; + O(ty4)> — (1 + ;f;i — tg; + O(tQ) + O(ty2)>}
_ yQQ[_x/iy \fy+\fy to?

x 202  202x3 8

Thus there exists € > 0 and tg such that for every ¢ < #g:

y y?

x 202z 20223

_ 1
dry (Y5, Y) >

__- \//
— ¢ 20252 —
T V2mo222 2 ).

so that dpy (Y}, Y}®) is of order t*/2 as t — 0. O

dy,

However, the process Y does not satisfy the assumptions of Theorem 2.2 as its noise coefficient is
not elliptic neither bounded on (0,00). We then prove the following result.

Proposition 4.2. There exists a diffusion process X on R with C' and Lipschitz continuous drift, with
Cy° and elliptic diffusion coefficient o and there exists T > 0 and € € (0,1) such that

vt e [0,T], Vo € (e,e7), drv(XF,XP) > Cut'/?
where X is the Euler-Maruyama scheme of X and where the positive constant C,. depends on x.

Proof. We construct from the geometric Brownian motion Y defined in (4.1), a process X with elliptic
and bounded drift and such that dpy(X¥, X¥) > Cyt'/2. For € € (0,1/2), let us consider ¥ : R — R*
a Cp° approximation of
N x if v € [e,e71,
Y:xER+— € ifez<e
el ifxefet o0)

such that ¢ = ¢ on [2¢,e71/2] U (—=00,/2] U [2671, 00). Then we define the process with elliptic and

bounded noise coefficient )

dXT = —%det + op(XE)dW,.
Then for z € (2¢,e71/2) we have X¥ = Y;* and

P(Y" # X7) < P (supycioq Y > e71/2) + P (infoepo Y5 < 22).

17



With a proof similar to the proof of Lemma 3.3, we show that
P (Supse[oﬂ YF > 5_1/2) < Oy et
Moreover, we remark that (Y*)™! ~ 272Y? in law so
P (infcio Y < 26) = P (supyeog (V)™ 2 £71/2) = P (sup,eg ¥ = 2%71/2) < Gt
Then we obtain
drv (X7, X§) > drv (Y, Vi) — dov(XE, Vi) > CuVt.
O

Remark 4.3. We could also consider the process X with "cut" bounded drift b and get the same bounds,
proving then that we cannot achieve better bounds in general than the ones established in Theorem
2.8 even if we assume that b is bounded.

A Appendix

Lemma A.1 ([Fri64], Chapter 9, Lemma 7). Fora>0,0<u<t<T,z € R? £ € R? let

. 1 lz—y? |y —¢?
I“"/Rd <u<t—u>>d/2e"p<‘“< f—u | w ))dy

Then there exists a constant C > 0 depending only on d and T such that for every 0 <e < 1,

¢ |z — &I
I, < at)i2 exp (—a(l —€) ; ) .

Let us recall [PP20, Lemma 3.4(a)|, with an immediate adaptation to the non-homogeneous case.

Lemma A.2. Let Z be solution to the generic SDE:
Z8 =z e Ry dZF = b(t, ZF)dt + o(t, ZF)dWs, t € [0,T),
where b and o are Lipschitz continuous in (t,x) and where o is bounded. Then for p > 1,
vt e [0,7), Vo € R, |27 = ally < O, T, Bluips [0l llloo) (#1600, 2)] +£172)

Lemma A.3. Let X and Y be the solution to the two general SDEs (2.1) and (2.2). Assume that b
and o are Lipschitz continuous in (t,x) and that o is bounded. Then for every p > 1,

vt € [0,T], Vo € R, ||XT — Y, < C (t(l + AB(@)) + 372(|by| + [b2])(0, ) + Aa(x)tl/Q) (A1)

Proof. We first deal with the case p > 2. We have

IXF — V7l < H / (b (5, X2) — bas, Y))ds / (01(5, X2) — oa(s, Y)W,

!

p p

S ‘

/t(bl(s, XT) — by (0, 2))ds /t(bg(s, Y)Y — by(0,2))ds
0 0

+ tAb(x) + ‘

p p

+ ‘ /Ot(al(s,Xﬁ) —01(0,z))dW, /Ot Ao (z)dW, ) + /Ot(Uz(S,Y;’”) ~ 030, 2))dW,

:
p

p

18



But using the Burkholder-Davis-Gundy and the generalized Minkowski inequalities, we have

where

BDG
CP

1/2

[rts.xn) - o0mnaws| <o, | [ 16,2 - 0,002
0 0

p

t 1/2
< CpP%onluip (/ (s, X3) — (O,fv)!f,d8> < C(t+ 2 [b1(0,2))),
0

p/2

is a constant which only depends on p and where we used Lemma A.2. So that

t t
1XE =Y llp < [bl]Lip/O 1(s, X5) = (0, 2)|pds + [b2]Lip/0 1(s, Y*) = (0, @)l + tAb(z)

+ C(t+£272(ba| + [b2])(0,2)) + Ao () VE[ Wi,
< O (HAb() + 1) + £272(1br| + [ba])(0,2) + Ao(2)VE)

which completes the proof for p > 2. For p € [1,2), the inequality is still true remarking that

- llp < 1 M2 O
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