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The Trotter-Suzuki decomposition is a promising avenue for digital quantum simulation (DQS),
approximating continuous-time dynamics by discrete Trotter steps of duration τ . Recent work
suggested that DQS is typically characterized by a sharp Trotter transition: when τ is increased
beyond a threshold value, approximation errors become uncontrolled at large times due to the onset
of quantum chaos. Here we contrast this picture with the case of integrable DQS. We focus on a
simple quench from a spin-wave state in the prototypical XXZ Heisenberg spin chain, and study
its integrable Trotterized evolution as a function of τ . Due to its exact local conservation laws, the
system does not heat up to infinite temperature and the late-time properties of the dynamics are
captured by a discrete Generalized Gibbs Ensemble (dGGE). By means of exact calculations we find
that, for small τ , the dGGE depends analytically on the Trotter step, implying that discretization
errors remain bounded even at infinite times. Conversely, the dGGE changes abruptly at a threshold
value τth, signaling a novel type of Trotter transition. We show that the latter can be detected
locally, as it is associated with the appearance of a non-zero staggered magnetization with a subtle
dependence on τ . We highlight the differences between continuous and discrete GGEs, suggesting
the latter as novel interesting nonequilibrium states exclusive to digital platforms.

Introduction.— The intrinsic limitations in the clas-
sical simulation of quantum many-body dynamics could
be overcome using a quantum computer, adopting the
logic of digital quantum simulation (DQS) [1, 2]. Indeed,
as realized early on [3], the Trotter-Suzuki decomposi-
tion [4, 5] allows one to approximate the continuous-time
evolution of a target system by a sequence of elementary
steps, which could be implemented as quantum gates act-
ing on neighboring qubits. From the experimental point
of view, DQS is at an early stage if compared to ana-
log quantum simulation [6, 7]. Yet, the past few years
have witnessed remarkable progress in the experimental
control of platforms for DQS such as trapped-ions [8–11]
and superconducting circuits [12–17], motivating much
ongoing theoretical research on the subject.

Neglecting noise, the accuracy of DQS depends on the
Trotter step τ , which controls the number of gates applied
per time unit. While many bounds on approximation er-
rors for the system wavefunction exist [3, 18–22], recent
work [23] focused on the dynamics of local observables,
putting forward the existence of a sharp Trotter transi-
tion, see also [24–27]. In agreement with general results
on periodically driven systems [28–32], it was found that
if τ is small, the discrete and continuous dynamics remain
close to one another for a time which is at least exponen-
tially long in τ0/τ , τ0 being some dimensionful constant.
Conversely, if τ increased beyond a threshold value, ap-
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FIG. 1. Asymptotic local magnetization |σz
j (τ)| as a function

of the Trotter step τ , after a quench from the Néel state.
σz
j (τ), defined in (6), is zero for the continuous dynamics

and up to a threshold value τth. For τ > τth, the dGGE
changes abruptly, and the asymptotic local magnetization de-
pends nontrivially on τ . Symbols correspond to the results of
analytic computations at special values of τ cf. the main text.

proximation errors become uncontrolled, corresponding
to the onset of quantum chaos [24–26]. Such transitions
were found also for integrable Hamiltonians [25], as typ-
ical Trotterizations break integrability.

Here, we contrast this generic picture with the case of
integrable DQS, focusing on the quench dynamics [33, 34]
of a prototypical integrable model, the XXZ Heisenberg
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chain [35], and its integrable Trotterized evolution [36–
38]. Due to the local conservation laws, late-time physics
is captured by a Generalized Gibbs Ensemble (GGE) [39–
41], which we call discrete to distinguish it from the
one arising in continuous dynamics. Thus, the system
does not undergo a Trotter transition to chaotic behav-
ior. Still, one may ask how the properties of the dis-
crete GGE (dGGE) depend on τ . We show that, while
near the continuous-time limit such dependence is ana-
lytical, the dGGE changes abruptly at a threshold value
τth, signaling a novel type of Trotter transition. For a
simple quench, we find that the latter is associated with
the emergence of a non-zero staggered magnetization and
therefore can be detected locally, cf. Fig. 1. Our results
highlight dGGEs as novel nonequilibrium states exclusive
to DQS platforms, and could be relevant for recent ex-
periments implementing integrable Trotterized dynamics
in superconducting quantum processors [42–44].

The model.— We consider the XXZ Heisenberg model

H =
1

4

L∑
j=1

[
σxj σ

x
j+1 + σyj σ

y
j+1 + ∆(σzjσ

z
j+1 − 1)

]
, (1)

where L is the system size, which we take to be even from
now on, ∆ is the anisotropy parameter, while σαj are the
Pauli matrices acting at position j, with σαL+1 = σα1 . In
this work we focus on the gapped regime ∆ > 1 [35], and
discuss at the end how our results depend on this choice.
The Hamiltonian (1) is integrable, with an extensive
number of local and quasi-local conservation laws [45].
As discussed earlier, the logic behind DQS is to approxi-
mate the continuous time evolution e−iHt as a sequence
of M unitary operators U(t/M) which can be imple-
mented via a local quantum circuit. This procedure is
not unique and, in general, the discretized dynamics does
not feature exact local conservation laws [25]. Here we
consider a special, yet very natural, Trotter-Suzuki de-
composition introduced in Ref. [36, 37], which preserves
integrability. It is defined by the repeated application of
the unitary operator U(τ) = Ue(τ)Uo(τ) with

Uo(τ) =

L/2∏
n=1

V2n,2n+1(τ), Ue(τ) =

L/2∏
n=1

V2n−1,2n(τ) , (2)

and

Vn,n+1(τ) = e−i
τ
4 [σxnσ

x
n+1+σynσ

y
n+1+∆(σznσ

z
n+1−11)] , (3)

where τ ∈ R is the Trotter step. The continuous-
time evolution is recovered in the Trotter limit e−iHt =
limM→∞ U(t/M)M .

For finite t/M = τ , we a have brickwork quantum cir-
cuit, cf. Fig. 1, which can be thought of as a discrete
dynamics generated by the Floquet operator U(τ). The
latter is integrable: although U(τ) is not generated by a
local Hamiltonian, it features an extensive number of lo-
cal and quasi-local conserved operators, or charges, which

can be constructed using a standard transfer-matrix ap-
proach [36–38]. For small τ , the charges may be thought
of as a deformation of those of the Hamiltonian (1). More
precisely, for each charge Qk, with [Qk, H] = 0, we have
two new operators Q̃±k (τ) with [Q̃±k (τ), U(τ)] = 0. The

charges Q̃±k (τ) break the single-site translation symmetry

T , which map one onto the other, T Q̃±k (τ)T † = Q̃∓k (τ),

whereas both U(τ) and Q̃±k (τ) are invariant under a shift
of two sites, T 2. The first pair of such charges

Q±1 =: H̃±(τ) =
∑
j

h±2j,2j+1,2j+2(τ) , (4)

map to the Hamiltonian (1), i.e. H̃±(τ)→ H in the limit
τ → 0. Here h±2j,2j+1,2j+2 is an operator supported over
three neighboring spins, cf. [46] for the exact expression.
The quench protocol.— While most of existing works

studying integrable Trotterizations focused on trans-
port [36–38], here we are interested in the quench dy-
namics from simple initial states, see also [47]. It is nat-
ural to consider states respecting the two-site translation
symmetry of the brickwork circuit U(τ). Although much
of our techniques apply more generally, we will focus on
the Néel state

|Ψ0〉 = |0〉1 ⊗ |1〉2 ⊗ · · · ⊗ |0〉L−1 ⊗ |1〉L , (5)

where |0〉x, |1〉x are the basis elements of the space at
position x. We will be interested in the thermodynamic
limit, and focus on local observables at late times after
the quench, namely

Ōx(τ) := lim
t→∞

lim
L→∞

〈Ψ0|[U†(τ)]t/τOxU(τ)t/τ |Ψ0〉 , (6)

where Ox is an operator with support at position x.
Quantum quenches in the model (1) have been studied
extensively in the continuous-time limit. In this case,
it is known that the expectation values (6) can be cap-
tured by a GGE [39, 40], generalizing the thermal Gibbs
density matrix: It is the ensemble maximizing the en-
tropy such that expectation values of the charges match
those in the initial state. This construction straightfor-
wardly extends to the discrete dynamics (2) and defines
the dGGE. While this definition is very simple, obtain-
ing a quantitative description is nontrivial. For the Néel
state (5), we will find an exact result generalizing tools
developed in theory of quantum quenches in integrable
models [41, 48–50]. Before proceeding, however, we need
to recall some basic facts about the Floquet operator (2).
The quasiparticle picture.— The spectrum of the Flo-

quet operator U(τ) can be found analytically via the
Bethe ansatz [51–53]. Here we present the aspects which
are directly relevant for us, and refer to Refs. [46, 51] for
more detail. Introducing the parameters [37]

γ = arccos [sin(∆τ/2)/ sin(τ/2)] , (7a)

x = i arcsinh [sin(γ) tan(τ/2)] , (7b)
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there are two cases. First, if γ = iη, with η ∈ R, then
x ∈ R and H̃±(τ) in (4) are gapped. Conversely, if γ ∈ R
then x is purely imaginary, and H̃±(τ) are gapless. We
will refer to these cases as gapped and gapless, respec-
tively, although we stress that H̃±(τ) does not gener-

ate the dynamics, i.e. U(τ) 6= e−iτH̃
±(τ). The spec-

trum of U(τ) is organized into sectors labeled by the
number of “magnons” M , namely M is the quantum
number associated with the conserved operator M̂ =∑
j(11− σzj )/2. The eigenstates are parametrized by sets

of complex numbers {pj}Mj=1, satisfying the quantization
conditions [51]

[
f+
x (pi)

f−x (pi)

]L
2

=

m∏
k 6=j

sinh (pj − pk + iγ)

sinh (pj − pk − iγ)
, (8)

where f±x (p) = sinh(p+ ix2 ± i
γ
2 ) sinh(p− ix2 ± i

γ
2 ). Phys-

ically, pj are related to the quasimomenta λj , or ra-
pidities, of the quasiparticles: We have λj = pj ∈ R
and λj = ipj ∈ [−π/2, π/2] in the gapless and gapped
regimes, respectively. When x = 0, Eqs. (8) coincide
with the standard Bethe equations for the model (1).
In this case, we have a simplification in the thermody-
namic limit L,M →∞, with the density D = M/L kept
fixed: The string hypothesis [54] states that the rapidi-
ties organize themselves into sets of n elements forming
a “string”, which is interpreted as a bound state of n
quasiparticles. Each one is associated with a string cen-
ter λ, corresponding to the bound-state quasimomentum.
Accordingly, macrostates are described by the functions
ρn(λ): in a large volume L, Lρn(λ)dλ yields the num-
ber of n-quasiparticle bound states with rapidities in the
interval [λ, λ + dλ] [54]. Analogously to the case of free
quantum gases, one also introduces the distribution func-
tion ρhn(λ) for the quasiparticles holes, i.e. the allowed
values of the rapidities which are not occupied [54]. In
the following, we will assume that the string hypothe-
sis also holds for x 6= 0, extending this thermodynamic
description to the discrete dynamics [55].

The dGGE.— In order to provide a quantitative de-
scription of the dGGE, we compute exactly the cor-
responding set of functions ρn(λ) and ρhn(λ). This is
generically a hard problem that, in the continuous-time
limit, was first solved in Refs. [56–59] via the so-called
quench-action approach [48, 60]. Here we follow a dif-
ferent strategy, developed in Refs. [50, 61–63], that can
be applied analytically for certain classes of “integrable”
initial states [50, 64]. It is based on the study of the so-
called quantum transfer matrix, generating a suitably-
defined space-time rotated dynamics [50, 65]. Due to its
geometric interpretation, this approach can be naturally
extended to the discrete setting consisted here. This step,
however, is technical and we report it in the Supplemen-
tal Material [46], see also [66]. Here, we simply present
the final result of our analysis.

0 π/8 π/4 3π/8 π/2
λ
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0.15

0.20
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1
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)
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0 π/8 π/4 3π/8 π/2
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0.000
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2
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FIG. 2. dGGE quasiparticle distribution functions ρn(λ) for
n = 1, 2 and different values of τ in the gapped phase. The
functions are symmetric with respect to λ = 0, and the plot
only shows the region [0, π/2].

The structure of the solution depends on the value of γ.
For definiteness, let us consider the gapped regime γ =
iη, with η ∈ R, which holds for small τ . Introducing the
standard notation [54] ηn(λ) = ρhn(λ)/ρn(λ), we derive
the following analytic expression for the dGGE

η1(λ) = −1 + (1 + a(λ− iη/2)) (1 + 1/a(λ+ iη/2)) , (9)

where

a(λ) =
sin(2λ+ iη)

sin(2λ− iη)

sin(λ− x/2− iη)

sin(λ+ x/2 + iη)

sin(λ− x/2)

sin(λ+ x/2)
, (10)

while ηn(λ) for n > 1 are defined by

ηn+1(λ) = −1+ηn(λ+iη)ηn(λ−iη)/[1+ηn−1(λ)] , (11)

with η0(λ) ≡ 0. Eqs. (9)–(11) are the first main results
of our work.

For a given solution ηn(λ) of the above equations, one
can obtain the functions ρn(λ) via the following integral
equations

ρn(λ)[1 + ηn(λ)] = a(x/2)
n (λ)−

∞∑
m=1

(anm ∗ ρm) (λ), (12)

which are obtained from the thermodynamic limit of

Eqs. (8) [46]. Here, (f ∗ g)(λ) :=
∫ π/2
−π/2 dµf(µ − λ)g(µ),

while we introduced the notation f (x)(λ) = (f(λ + x) +
f(λ− x))/2, and defined

anm(λ) =(1− δnm)a|n−m|(λ) + 2a|n−m|+2(λ)

+ . . .+ 2an+m−2(λ) + an+m(λ) , (13)

with an(λ) = π−1 sinh (nη) /[cosh(nη) − cos(2λ)].
Eqs. (12) can be solved numerically by standard iterative
approaches [54]. An example of the solution is reported
in Fig. 2 for different values of τ .
The Trotter transition.— Eqs. (9)–(11) describe the

dGGE in the gapped phase, corresponding to ∆ > 1 and
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FIG. 3. Time evolution of the staggered magnetization. The
plots are consistent with a vanishing value of σz

j (τ) for τ <
τth(∆). We also plot the dynamics for one value of τ > τth(∆),
corresponding to γ = π/3 (brown lines). We see very good
agreement with our analytic prediction (16) (dashed lines).

small τ . When the Trotter step is increased beyond the
threshold value

τth(∆) =
2π

∆ + 1
, (14)

the system enters the gapless regime, and the solution for
γ in Eq. (7a) becomes real. [67].

The structure of the quasiparticle spectrum in the gap-
less regime is complicated [51]. Similarly to the Hamil-
tonian case [54], however, simplifications occur at the
special points γ/π ∈ Q known as roots of unity. In
this case, the string hypothesis still holds, but there are
a finite number Nb < ∞ of bound-state types. They
are described by the distribution functions {ρn(λ)}Nbn=1,
with λ ∈ (−∞,∞), satisfying a suitable modification of
Eqs. (8) [46]. For these values of γ, we are able to extend
our results (9)–(11), and obtain the distribution functions
ρn(λ) corresponding to the dGGE [46].

The quasiparticle description of the dGGE thus
changes abruptly for τ > τth(∆). An important ques-
tion, however, is whether this transition is visible in the
correlation functions. One can expect this to be the case
because the distribution functions ρn(λ) completely spec-
ify the expectation values of local operators [68–71]. In
order to identify which observables could detect the tran-
sition, we leverage the results of Refs. [36, 37], studying
the structure of conservation laws for the discrete dy-
namics (2). There, it was found that at the root-of-unity
points the system displays additional conservation laws
breaking the spin-flip symmetry σzj → −σzj , σ±j → σ∓j .

This suggests that the transition should be visible in the
late-time limit σzj (τ), as defined in Eq. (6).

Due to the symmetries of the initial state, σz2j(τ) =

−σz2j+1(τ), so that σzj (τ) coincides with the intensive
value of the staggered magnetization. In order to com-
pute it, we exploit the microcanonical interpretation of
the dGGE [60], in which ρn(λ) are seen as the rapid-
ity distribution functions of a typical eigenstate in the
ensemble. Considering the known finite-size formula
for the expectation value of σz2k in an eigenstate of a
suitable XXZ transfer matrix with arbitrary inhomo-
geneities [72, 73], and specialising it to our case, we
find [46]

〈{λj}|σz2k|{λj}〉 = 1 + 2wTG−1v. (15)

Here |{λj}〉 is a normalized eigenstate of the Floquet op-
erator U(τ) and we introduced the Gaudin matrix Gij =

Lδij [a
(x/2)
2 (λi)−

∑
k a2(λi−λj)/L]+a2(λi−λj) together

with the two vectors wi = 1 and vi = −a2(λi−x/2). The
expectation value of σz2k in the dGGE is finally obtained
by taking the thermodynamic limit of Eq. (15), assuming
that the rapidities distribute according to ρn(λ). In the
gapped regime, this yields [46]

σzj (τ) = 1− 2

∞∑
n=1

n

∫ π/2

−π/2
dλ [1 + ηn(λ)]−1beff

n (λ) , (16)

where we defined beff
n (λ) as the solution to the equations

beff
n (λ) = bn(λ) − ∑m[anm ∗ (1 + ηm)−1beff

m ](λ), while
bn(λ) = an(λ − x/2). An analogous expression can be
derived in the gapless regime for root-of-unity points [46].

Plugging the exact rapidity distribution functions of
the dGGE into (16), we obtain an analytic prediction for
the asymptotic staggered magnetization. For τ < τth(∆),
we find σzj (τ) ≡ 0. We note that, in the continuous-
time limit, this simply follows from the fact that the ini-
tial state has zero magnetization and from the late-time
restoration of translation-symmetry [74]. For τ > τth(∆),
we find σzj (τ) 6= 0. An example of our data is reported
in Fig. 1, showing a clear transition at τth(∆).

We have tested our predictions against iTEBD numer-
ical calculations [46, 75], as reported in Fig. 3. The
plots are consistent with a vanishing value of σzj (τ) for
τ < τth(∆), while they show very good agreement with
our analytic result at the values of τ corresponding to
root-of-unity points. These quantitative predictions for
σzj (τ) are the second main result of our work.

Since we only study rational γ/π, we can not provide
predictions for all τ > τth(∆). In practice, the numerical
evaluation of σzj (τ) in the gapless phase becomes harder
as the number of strings Nb increases. This is why we
report only a finite number of points in Fig. 1. In gen-
eral, it appears that σzj (τ)→ 0 in a non-analytic way as
τ → τth(∆). In fact, our data may be consistent with a
nowhere continuous dependence of σzj (τ) on τ . This be-
havior would be analogous to that of the so-called Drude
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weight [76, 77] characterizing transport in the gapless
XXZ chain, both in the continuous-[78–80] and discrete-
time setting [37]. We leave the study of the full depen-
dence of σzj (τ) on τ as an interesting open question.

Finally, we comment on the dependence of our results
on the choice ∆ > 1. It is easy to see that for 0 < ∆ < 1,
a transition still takes place at the Trotter step (14), but
σzj (τ) is identically zero above τth(∆), rather then below
it. The points ∆ = 0 and ∆ = 1 are special, since in this
case the system remains in the gapless regime for all τ .
For ∆ = 0 the dynamics maps to to free fermions, and
can be studied exactly, as we show in the Supplemental
Material [46]. Conversely, the case ∆ = 1 requires a ded-
icated analysis, which we leave for future research [66].

Outlook.— Our work opens several directions. First,
our quasiparticle description of the dGGE lays the ba-
sis to study entanglement dynamics at large space-time
scales, extending the results of Ref. [81, 82] to the dis-
crete setting. Similarly, it also paves the way to the ap-
plication of the so-called Generalized Hydrodynamic the-
ory [83, 84] to integrable quantum circuits. Using these
tools, it would be particularly interesting to understand
how the Trotter transitions studied here affect the coarse-
grained dynamics of entanglement and local observables.
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Appendix A: Conserved charges and the Bethe ansatz

Integrability of the Trotterized dynamics considered in the main text follows from the fact that U(τ) can be written
as a product of integrable transfer matrices analogous to those generating the XXZ Heisenberg chain, albeit with
spatial inhomogeneities depending on τ [36, 85]. We introduce the row-to-row transfer matrices

T (u) = tra [Ra,L(u− x/2)Ra,L−1(u+ x/2) . . . Ra,2(u− x/2)Ra,1(u+ x/2)] , (SA.1)

where a refers to a two-dimensional auxilliary space, and Ra,i(u) is a matrix acting non-trivially on a and the ith

spin with matrix elements R(u)ε,εε,ε = sin(u+γ)
sin γ , R(u)1−ε,ε

ε,1−ε = 1, R(u)ε,1−εε,1−ε = sin(u)
sin γ for all ε ∈ {0, 1}, and as the identity

on the rest of the chain. As a feature of integrability, transfer matrices for different values of u and fixed x form
a commuting family. Choosing the parameters γ, x as in the main text, see eqs. (7a), the correspondence with our
Trotterized dynamics is

U(τ) = T (x/2)T (−γ − x/2) , (SA.2)

as ensured by the fact that R(x)c,da,b = sin(γ+x)
sin γ V d,ca,b , where V is the two-site gate of eq. (3). Hence U(τ) commutes

with the transfer matrices T (u), and therefore with an extensive number of local charges Q±n = dn

dun log T (u)
∣∣
u=±x/2,

as well as with quasilocal charges built from higher-spin families of transfer matrices [36–38]. The first local charges
take the form

Q±1 =

L∑
j=1

sin γ

cos(2x)− cos(2γ)

(
cosx(σxj σ

x
j+1 + σyj σ

y
j+1) + cos γ(σzjσ

z
j+1 − 1)

)
+

∑
j odd/even

qj,j+1,j+2 , (SA.3)
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FIG. S1. Phase diagram of the integrable Trotterized dynamics as a function of τ,∆. The dark and light regions correspond
to the gapped (|∆′| > 1) and gapless (|∆′| ≤ 1) regimes respectively, and we have indicated in red the dual-unitary line,
corresponding to τ = π [86]. The orange line indicates the Trotter transition (14), and further transitions are visible when τ
keeps increasing for a given value of ∆.

where

qj,j+1,j+2 = − cot γ(sinx)2

cos(2x)− cos(2γ)

(
σxj σ

x
j+2 + σyj σ

y
j+2 + σzjσ

z
j+2

)
+

i sinx

cos(2x)− cos(2γ)

[
cosxσzj+1(σxj σ

y
j+2 − σyj σxj+2)

+ cos γ
(
σzj (σxj+1σ

y
j+2 − σyj+1σ

x
j+2) + (σxj σ

y
j+1 − σyj σxj+1)σzj+2

)]
. (SA.4)

In the translationally-invariant case x = 0, Q±1 coincide with the XXZ Hamiltonian (1), with a value of ∆ changed
to ∆′ = cos γ. For x 6= 0 the operators Q±1 are different, but nevertheless share some common features with the XXZ
Hamiltonian, in particular they are gapless for |∆′| ≤ 1 and gapped for |∆′| > 1. The phase diagram as a function of
(τ,∆) is displayed on Fig. S1.

The simultaneous diagonalization of U(τ) and the matrices T (u) can be performed using Bethe ansatz, see e.g. [51].
As reviewed in the main text, the eigenvectors are parametrized by a set of quasimomenta satisfying the quantization
conditions (8). In the thermodynamic limit we assume, as is commonly done in the homogeneous case, that these
organize in regular patterns called strings [54]. A string of type n is typically formed of n quasimomenta and is fully
characterized by the position of its center, which is a real variable in the gapless case and restricted to [−π, π] in the
gapped case. A given macrostate can then be described by a smooth density of string centers ρn(λ) for each string
species, as well as a density of holes ρhn(λ).

1. Gapped case: γ = iη , η ∈ R

In the gapped regime, the string length n can take any possible integer value and the quantization equations (8)
results in the following set of coupled integral equations for the functions ρn(λ), ρhn(λ)

ρn(λ) + ρhn(λ) = a(x/2)
n (λ)−

∞∑
m=1

(anm ∗ ρm) (λ) , (SA.5)

where (f ∗ g)(λ) :=
∫ π/2
−π/2 dµf(µ− λ)g(µ), while we introduced the notation f (x)(λ) = (f(λ+ x) + f(λ− x))/2, and

defined

anm(λ) =(1− δnm)a|n−m|(λ) + 2a|n−m|+2(λ)

+ . . .+ 2an+m−2(λ) + an+m(λ) . (SA.6)

with an(λ) = π−1 sinh (nη) /[cosh(nη)− cos(2λ)] For x = 0, these recover the usual result for the homogeneous XXZ
chain [54]. Introducing the ratios ηn(λ) = ρhn(λ)/ρn(λ), eq. (12) of main text is recovered.
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2. Gapless case γ ∈ R

In the gapless regime, the number and types of allowed strings depends on a complicated manner on γ, due to the
presence of a dense set of “root-of-unity points” γ/π ∈ Q. In the following we shall restrict to the simplest of such
points, namely

γ

π
=

1

ν1 + 1/ν2
, ν1, ν2 ≥ 1 . (SA.7)

There are then Nb = ν1 + ν2 different types of strings, which we denote by an integer j ∈ {1, . . . Nb}. Each type is
characterized by a number of quasimomenta nj and a parity υj = ±, which we list as follows [54]

(1,+), (2,+) . . . (ν1 − 1,+), (1,−),

(1 + ν1,+), (1 + 2ν1,−), . . . (1 + (ν2 − 1)ν1, (−1)ν2−1), (ν1, (−1)ν2) .

Following [54], we also introduce the numbers {p0, p1, p2} = {ν1 + 1/ν2, 1, 1/ν2}, {m0,m1,m2} = {0, ν1, ν1 + ν2} as
well as, for each string type, qj ≡ (−1)i(pi− (j−mi)pi+1) for mi ≤ j < mi+1. The thermodynamic limit of the Bethe
equations can be written as the following system of equations, which are once again a straightforward generalization
of the homogeneous case [54]

sign(qm)
[
ρm(λ) + ρhm(λ)

]
= a(ix/2)

m (λ)−
Nb∑
n=1

(amn ∗ ρm) (λ) , (SA.8)

where we have again made used of the notation f (x)(λ) = (f(λ+ x) + f(λ− x))/2, and where the convolution is now
defined as (f ∗ g)(λ) :=

∫∞
−∞ dµf(µ− λ)g(µ). The various kernels involved in eq. (SA.8) are

aj(λ) =
υj
π

sin(γnj)

cosh(2λ)− υj cos(γnj)
≡ aυjnj (λ) (SA.9)

ajk(λ) = (1− δnjnk)a
υjυk
|nj−nk|(λ) + 2a

υjυk
|nj−nk|+2(λ) + ...+ 2a

υjυk
nj+nk−2(λ) + a

υjυk
nj+nk

(λ) . (SA.10)

Appendix B: Derivation of the dGGE rapidity distribution functions

In this section we describe the derivation of the dGGE rapidity distribution functions for the quasiparticles and
holes ρn(λ), ρhn(λ). Our derivation is highly technical, and relies on a sophisticated mathematical theory developed
in previous work. We follow in particular the Boundary Quantum Transfer Matrix (BQTM) approach explained in
Ref. [50] for the case of a continuous Hamiltonian evolution, see also [61–63, 87, 88]. There, the generator of the
continuous time evolution eitH was written as the Trotter limit of a family of mutually commuting transfer matrices.

The functions ηn(λ) =
ρhn(λ)
ρh(λ) were shown to correspond to a set of auxilliary “Y-functions”, derived from the leading

eigenvalue of a BQTM generating a rotated space-time evolution. More precisely, the functions ηn were obtained
as the limit t → 0 of the Y-functions. In this limit, eitH can be written as a resolution of identity in terms of the
Hamiltonian eigenstates. In the following, we sketch how these computations can be generalized to the present setting,
but we refer the reader to Refs. [50, 62] for a thorough explanation of the method and the underlying mathematical
structures, which our discussion heavily relies on.

1. The Boundary Quantum Transfer Matrix construction

Following [50, 62], we introduce a resolution of the identity as a limit of operators commuting with the time evolution
U(τ). From the expression of U(τ) as a product of integrable row-to-row transfer matrices described in Appendix A,
we see that the family of double row transfer matrices

T(β) =

(
sin2 γ

sin(γ + x) sin(γ − x)

)L/2
T (x/2 + β)T (−γ − x/2− β) (SB.1)
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FIG. S2. Left: the generator U(τ) of the discrete time evolution. Center the family of transfer matrices T(β) commuting with
U(τ). Right: the Boundary Quantum Transfer Matrix acting on two auxilliary spins in the transverse channel.

commute with one another for different values of β as well as with U(τ), and furthermore can be checked to obey
T(0) = 1. Following the argument of [62], the dGGE rapidity distribution functions can be derived from the L→∞
limit of the partition function 〈Ψ0|T(β)|Ψ0〉, which can be recast as

〈Ψ0|T(β)|Ψ0〉 = Tr((Tβ)L/2) , (SB.2)

where Tβ is a Quantum Transfer Matrix [65] acting on the transverse direction, see Figure S2. In contrast with the
continuous Hamiltonian evolution, where a Trotter number N was introduced and the QTM acted on 2N copies of
the auxilliary space, the QTM here acts on only two sites. As in the continuous case, it is part of a family of mutually
commuting open transfer matrices Tβ(u) similar to those of [62] after having replaced the Trotter parameter N by 1,
and taken the inhomogeneity and boundary parameters to be

ξ1 = β +
x

2
+ γ, ξ2 = β +

x

2
, ξ± =

x

2
± γ

2
. (SB.3)

In the L→∞ limit, the partition function (SB.2) reduces to the computation of the single leading eigenvalue Λβ(u)
of the transfer matrix Tβ , which can be computed using Bethe ansatz. Following once again [62], we find

Λβ(u) = ω1(u)φ(u+ γ/2)
Q(u− γ)

Q(u)
+ ω2(u)φ(u− γ/2)

Q(u+ γ)

Q(u)
, (SB.4)

where

Q(u) = sin(u− (β + x/2)) sin(u+ (β + x/2)), (SB.5)

φ(u) =

2∏
k=1

sin (u− γ/2 + ξk) sin (u+ γ/2− ξk) , (SB.6)

ω1(u) =
sin(2u+ γ) sin(u+ ξ+ − γ/2) sin(u+ ξ− − γ/2)

sin(2u)
, (SB.7)

ω2(u) =
sin(2u− γ) sin(u− ξ+ + γ/2) sin(u− ξ− + γ/2)

sin(2u)
. (SB.8)

2. The T–system

The transfer matrices Tβ(u) are part of a hierarchy of commuting transfer matrices Ti(u), satisfying the recursive
relations [62]

T0(u) = 1,

T1(u) = Tβ(u),

Tj(u) = Tj−1

(
u− γ

2

)
T1

(
u+ (j − 1)

γ

2

)
− f

(
u+ (j − 3)

γ

2

)
Tj−2(u− γ) , j ≥ 2, (SB.9)

where f(u − γ/2) = φ(u + γ)φ(u − γ)ω1(u + γ/2)ω2(u − γ/2). Since those are all mutually commuting, we use the
same notations for the corresponding eigenvalues associated to the leading QTM eigenvector, which can be shown by
induction starting from (SB.4) to have the form

Tj(u) =

(
j−1∏
l=1

φ[2l−j]
)
j+1∑
k=1

φ[2k−j−2]

(
k−1∏
l=1

ω
[2l−j−1]
1

j∏
l=k

ω
[2l−j−1]
2

)
Q[j+1]Q[−j−1]

Q[2k−j−3]Q[2k−j−1]
, (SB.10)
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where we have introduced the short-hand notation f [k](u) ≡ f(u+ ikγ/2). The transfer matrices Tj , and hence their
eigenvalues, satisfy a set of relations known as the T–system [62, 89], and which are best expressed in terms of the

rescaled t0 ≡ φ, tj =
Tj∏j−1

l=1 φ
[2l−j] as :

t
[m]
j t

[−m]
j = tj+mtj−m + Ψj−m+1t

[j+1]
m−1 t

[−j−1]
m−1 , (SB.11)

where we have introduced the function Ψj =
∏j
l=1 ω

[2k−j]
1 ω

[2k−j−2]
2 .

The dGGE functions ηm(λ) are then obtained from a set of “Y–functions” constructed from the T–system above,
the precise definition of which depends on the value of γ under consideration, in particular whether it belongs to the
gapped (γ ∈ iR) or gapless phase (γ ∈ R). We will therefore treat these two cases separately.

3. Gapped case: γ = iη, η ∈ R

For γ = iη, η ∈ R, one introduces the family of Y–functions Y0 = 0, and

Yj(λ) =
tj−1(u)tj+1(u)

Ψj(u)φ[j+1](u)φ[−j−1](u)
, j ≥ 1 , (SB.12)

The Y–functions obey the following set of relations, known as Y–system [89]

Yj

(
u+

γ

2

)
Yj

(
u− γ

2

)
= [1 + Yj+1 (u)] [1 + Yj−1 (u)] , (SB.13)

and can therefore be obtained recursively from the knowledge of Y1(λ), which is :

1 + Y1(u) =
Λβ(u+ γ/2)Λβ(u− γ/2)

f(u− γ/2)
= (1 + aβ(u− γ/2)) (1 + 1/aβ(u+ γ/2)) , (SB.14)

where the function aβ is defined as aβ(u) = ω1(u)
ω2(u)

φ(u+γ/2)
φ(u−γ/2)

Q(u−γ)
Q(u+γ) . We can now state the correspondence with the

functions ηj(λ): they are obtained as

ηm(λ) = lim
β→0

Ym(iλ) , (SB.15)

which can be seen by turning the Y–system (SB.13) into a set of non-linear integral equations, and comparing those
with the generic form of the thermodynamic Bethe ansatz equations obeyed by the functions ηm [54]. In conclusion,
the functions ηm can be computed recursively from the Y-system, where for η1(λ) we use :

lim
β→0

aβ(u) =
sin(2u+ γ)

sin(2u− γ)

sin(u− x/2− γ)

sin(u+ x/2 + γ)

sin(u− x/2)

sin(u+ x/2)
. (SB.16)

This recovers Eqs. (9),(10) of the main text.

4. Gapless case: γ ∈ R

The gapless phase is densely spanned by the so-called root-of-unity points γ/π ∈ Q which have highly peculiar
and γ-dependent features. At such points, the T– and Y–systems truncate to a finite number of equations and one
needs to study only a finite set of functions ηm(λ), in accordance with the finite number of strings types introduced
in Appendix A.

Restricting once again to the points (SA.7), the truncation of the T–system takes the form of a linear relation

between the functions tν1(ν2+1), tν1(ν2−1) and t
[ν1ν2+1]
ν1−1 , namely

tν1(ν2+1) =

(
ν1∏
l=1

ω
[2l−ν1(ν2+1)−1]
1 ω

[2l−ν1(ν2+1)−3]
2

)
tν1(ν2−1)

+(−1)mν2

(
1+ν1ν2∏
l=1

ω
[2l−ν1(ν2+1)−1]
1 +

1+ν1ν2∏
l=1

ω
[2l−ν1(ν2+1)−3]
2

)
t
[ν1ν2+1]
ν1−1 (SB.17)
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From there, we introduce the following Y–functions

Yj =


=

tj+1tj−1

Ψjt
[j+1]
0 t

[−j−1]
0

, 1 ≤ j ≤ ν1 − 1

t
[wjp0]

ν1(j+2−ν1)
t
[wjp0]

ν1(j−ν1)

Ψ
[wjp0]

ν1(j−ν1)+1
t
[ν1(j+1−ν1)+1+wjp0]

ν1−1 t
[−ν1(j+1−ν1)−1+wjp0]

ν1−1

, ν1 ≤ j ≤ ν1 + ν2 − 1

K =
t
[(ν2−2)p0]
ν1(ν2−1)

t
[1+ν1ν2+(ν2−2)p0]
ν1−1

Ψ
[−(1+ν1ν2)+(ν2−2)p0]
ν1

Ω[1+(ν2−2)p0]Ω
[1+(ν2−2)p0]
1 Ω

[1+(ν2−2)p0]
2

, (SB.18)

where we have used the following definitions

Ω(u) =
sin((1 + ν1ν2)(u+ γ/2)) sin((1 + ν1ν2)(u+ γ/2 + π/2))

sin((1 + ν1ν2)(u)) sin((1 + ν1ν2)(u+ π/2))
, (SB.19)

Ω1,2(u) = 2−ν1ν2 sin
(

(1 + ν1ν2)(u± x

2
)
)

(SB.20)

Using the T–system relation (SB.11) and the truncation identity (SB.17), we check that these functions obey the
following truncated Y–system

Y
[p1]
j Y

[−p1]
j = (1 + Yj+1)(1 + Yj−1)1−2δj,m0 , 1 ≤ j ≤ ν1 − 2 (SB.21)

Y
[p1+p2]
ν1−1 Y

[−p1−p2]
ν1−1 Y

[p1−p2]
ν1−1 Y

[−p1+p2]
ν1−1 =

(
(1 + Y

[p2]
ν1−2)(1 + Y

[−p2]
ν1−2 )

)1−2δν1,1

× (1 + Y [p1]
ν1 )(1 + Y [−p1]

ν1 )(1 + Y
[p1−p2]
ν1−1 )(1 + Y

[−p1+p2]
ν1−1 ) (SB.22)

Y
[p2]
j Y

[−p2]
j = (1 + Yj+1)(1 + Yj−1)1−2δj,m1 , ν1 ≤ j ≤ ν1 + ν2 − 2 (SB.23)

1 + Yν1+ν2−1 = 1 + (b + b−1)K +K2 (SB.24)

K [p2]K [−p2] = 1 + Yν1+ν2−2 , (SB.25)

where

b(u) = (−1)ν2
sin
(
(1 + ν1ν2)

(
u+ x

2

)
+ ν1ν2

π
2

)
sin
(
(1 + ν1ν2)

(
u− x

2

)
+ ν1ν2

π
2

) . (SB.26)

While the truncation of the T– and Y–systems was derived for arbitrary roots of unity in the case of periodic transfer
matrices in [90], and for open transfer matrices in the case of principal roots of unity in [91] (see also [63]), the above
result is new, to the best of our knowledge.

As in the gapped regime, and following the argument of Ref. [62], we can read off ηm from the Y-functions, leading
to the identification:

ηj(λ) ≡ lim
β→0

Yj(iλ) , j = 1, . . . ν1 + ν2 − 2 (SB.27)

ην1+ν2−1(λ) ≡ lim
β→0

b(iλ)K(iλ) , (SB.28)

ην1+ν2(λ) ≡ lim
β→0

b(iλ)/K(iλ) . (SB.29)

Therefore, we finally obtain an analytic description for ηm from the Y–system.

Appendix C: Calculation of the late-time staggered magnetization

In this section we describe how to compute the expectation value of the staggered magnetization on a macrostate
characterized by the functions ρn(λ), ρhn(λ). The starting point are the general formulae [72, 73] for the form factor
of the local magnetization σzm between two (unnormalized) eigenstates of the transfer matrices T (u) with arbitrary
inhomogeneities. We proceed in two steps. Fist we specialise the formulae to the case of interest, namely staggered
inhomogeneities as in the transfer matrix (SA.1), and simplify them. Then we take the thermodynamic limit.
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1. Staggered magnetization in finite volume

Specializing it to the case of interest here, namely the transfer matrix (SA.1), the un-normalized form factor of the
spin-operator reads as

〈{p′}|σzm|{p}〉 =

n∏
k=1

m−1∏
j=1

sinh(pk − iγ2 − (−1)j ix2 )

sinh(pk + iγ2 − (−1)j ix2 )

sinh(p′k + iγ2 − (−1)j ix2 )

sinh(p′k − iγ2 − (−1)j ix2 )

n∏
j=1

sinh(p′j − iγ2 − (−1)m ix
2 )

sinh(pj + iγ2 − (−1)j ix2 ))

× detn(H({p′}, {p})− 2P ′m({p′}, {p}))∏
j>k sinh(p′k − p′j)

∏
α<β sinh(pβ − pα)

(SC.1)

where

(H({p′}, {p}))ab =
sinh iγ

sinh(p′a − pb)

 n∏
j 6=a

sinh(p′j − pb + iγ)−
(
f−x (pb)

f+
x (pb)

)L
2

n∏
j 6=a

sinh(p′j − pb − iγ)

 (SC.2)

(P ′m({p′}, {p})ab = sinh(iγ)

∏n
k=1 sinh(pk − pb + iγ)

sinh(p′a − (−1)m ix
2 − i

γ
2 ) sinh(p′a − (−1)m ix

2 + iγ2 )
, (SC.3)

and where we recall the notation f±x (p) = sinh(p+ ix
2 ± i

γ
2 ) sinh(p− ix

2 ± i
γ
2 ) introduced in the main text. The norm

of the eigenstates |{p}〉, |{p′}〉 is in turn given by the Gaudin formula [73]

〈{p}|{p}〉 = (−2πi sinh(iγ))n
∏
a6=b

sinh(pa − pb + iγ)

sinh(pa − pb)
det
n
G , (SC.4)

where G is the Gaudin matrix

[G]i,j =Lδi,j

(
1

2
[a(pi + ix

2 ,
γ
2 ) + a(pi − ix

2 ,
γ
2 )]− 1

L

n∑
k=1

a(pi − pk, γ)

)
+ a(pi − pj , γ), (SC.5)

and we defined

a(z, γ) =
sin(2γ)

2π sinh(z + iγ) sinh(z − iγ)
=

sin(2γ)

π(cosh(2z)− cos(2γ))
. (SC.6)

In the limit {p′} → {p}, eq. (SC.1) simplifies to

〈{p}|σzm|{p}〉 =
lim{p′}→{p} detn (H({p′}, {p})− 2P ′m({p′}, {p}))∏

a6=b sinh(pb − pa)
(SC.7)

The limit of (SC.3) is straightforward, while for (SC.2) a little care has to be taken for the diagonal terms : the
factor sinh(p′a − pa) in the denominator vanishes when p′a → pa, but the numerator vanishes as well by virtue of the
quantization condition (8). We find

(P ′m)ab = sinh(iγ)
sinh(iγ)

∏
j 6=b sinh(pj − pb − iγ)

sinh(pa − (−1)m ix
2 − i

γ
2 ) sinh(pa − (−1)m ix

2 + iγ2 )
, (SC.8)

Hab = −2πi sinh(iγ)
∏
j 6=b

sinh(pj − pb − iγ)Gab . (SC.9)

We can then follow the same further steps as described in [72] for the homogeneous case. Namely, dividing by the
Gaudin formula for the scalar product, we obtained for the normalized expectation value

〈{p}|σzm|{p}〉
〈{p}|{p}〉 =

det (G+ 2Pm)

detG
, (SC.10)

where

(Pm)ab =
i sinh(iγ)

2π sinh
(
pa − (−1)m ix

2 + iγ2
)

sinh
(
pa − (−1)m ix

2 − i
γ
2

) = −a(pa − (−1)m ix
2 ,

γ
2 ) (SC.11)
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is a rank-one matrix. Defining

[vm]b = −a(pb − (−1)m ix
2 ,

γ
2 ), [w]b = 1, (SC.12)

we can write Pm as

Pm = vm · wT . (SC.13)

Using now the multiplicative property of the determinant and a standard result for rank-1 perturbations to the identity
matrix we have

det[G+ 2vm · wT ] = det[G] det[I + 2G−1vm · wT ] = det[G](1 + 2wTG−1vm) . (SC.14)

Therefore (SC.10) simplifies to

〈{p}|σz2k+m|{p}〉
〈{p}|{p}〉 = 1 + 2wTG−1vm . (SC.15)

Interestingly, this equation has a form very similar to a current in finite volume (cf. Eq. 3.13 in Ref. [92]).

2. Thermodynamic limit

Let us now take the thermodynamic limit of (SC.15). For definiteness we consider the gapless regime pa = λa ∈ R
where γ/π ∈ Q and give the result for the gapped case in the end.

Our first step is to rewrite (SC.15) using the string hypothesis (see Sec. 5 in [92])

〈{λ}|σz2k+m|{λ}〉
〈{λ}|{λ}〉 = 1 + 2

Ns∑
p,q=1

∑
α,β

wp(λ
(p)
α )[G−1

s ](αp),(βq)vm,q(λ
(q)
β ) + subleading . (SC.16)

where we introduced

fp(z) =

np∑
a=1

f

(
z + i

γ

2
(np + 1− 2a) + i

(1− υp)π
4

)
(SC.17)

while np and υp are the parity and length of the string (cf. Sec. A 2 and Sec. 9.2.1 of [54]). In particular, we have

vm,p(λ) ≡ −a(m)
p (λ) = −ap(λ− (−)m ix

2 ), wp(λ) = np, (SC.18)

where we set

ap(λ) ≡ ap(λ, γ/2) =
υp sin(npγ)

π(cosh(2λ)− υp cos(npγ))
. (SC.19)

Moreover, we introduced the “reduced” Gaudin matrix

[Gs](αp),(βq) =Lδα,βδp,q

[
1

2
[ap(λ

(p)
α + ix

2 ,
γ
2 ) + ap(λ

(p)
α − ix

2 ,
γ
2 )]− 1

L

Ns∑
k=1

∑
ν

apk(λ(p)
α − λ(k)

ν )

]
+ apq(λ

(p)
α − λ(q)

β ), (SC.20)

and

apq(z) =

nq∑
b=1

np∑
a=1

a

(
z + i

γ

2
(np + 1− 2a)− iγ

2
(nq + 1− 2b) + i

π(υq − υp)
4

, γ

)
. (SC.21)

Then we take the thermodynamic limit using (see, e.g., Eq. 5.37 in Ref. [92])

lim
th

Ns∑
p,q=1

∑
α,β

wp(λ
(p)
α )[G−1

s ](αp),(βq)vm,q(λ
(q)
β ) =

Ns∑
p=1

∫
dλwp(λ)ϑp(λ)σpv

eff
m,p(λ)

=

Ns∑
p=1

∫
dλweff

p (λ)σpϑp(λ)vm,p(λ) , (SC.22)
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where we introduced the string parameter σj = sgn(qj) (see page 139 of [54]), the filling function

ϑp(λ) =
ρp(λ)

ρtp(λ)
, (SC.23)

and the function f eff
p (x) solving

f eff
p (λ) = fp(λ)−

Ns∑
q=1

∫
dµapq(λ− µ)ϑq(µ)σqf

eff
q (µ). (SC.24)

In summary we find

lim
th

〈{λ}|σz2k+m|{λ}〉
〈{λ}|{λ}〉 = 1− 2

Ns∑
p=1

∫
dλneff

p ϑp(λ)σpa
(m)
p (λ) (SC.25)

= 1− 2

Ns∑
p=1

∫
dλnpϑp(λ)σpa

(m) eff
p (λ) . (SC.26)

Note that from (SC.24) and (SA.8) we see

1

2
(a(0) eff
p (λ) + a(1) eff

p (λ)) = σpρt,p(λ), (SC.27)

which implies

lim
th

1

2

( 〈{λ}|σz2k|{λ}〉
〈{λ}|{λ}〉 +

〈{λ}|σz2k+1|{λ}〉
〈{λ}|{λ}〉

)
= 1− 2

Ns∑
p=1

∫
dλnpρp(λ) . (SC.28)

This correctly reproduces the value of the magnetization on the stationary state described by {ρp(λ)}.
Note that for the special points (SA.7), the relevant values of np, υp, and qp are reported in Sec. A 2. For convenience

of the reader we also list them here

np =


p 1 ≤ p ≤ ν1 − 1

1 + (p− ν1)ν1 ν1 ≤ p ≤ ν1 + ν2 − 1

ν1 p = ν1 + ν2 .

(SC.29)

υp =


1 1 ≤ p ≤ ν1 − 1

−1 p = ν1

(−1)p−ν1 ν1 + 1 ≤ p ≤ ν1 + ν2 .

(SC.30)

qp =


1+ν1ν2
ν2

− p 1 ≤ p ≤ ν1 − 1
1
ν2

(p− ν1)− 1 ν1 ≤ p ≤ ν1 + ν2 − 1
1
ν2

p = ν1 + ν2 .

(SC.31)

Considering now the gapped case |∆| ≥ 1 and performing an analogous derivation one finds again an equation of
the form Eq. (SC.26) with the replacements

Ns =∞, np = p, σp = 1, ap(λ, γ) 7→ ap(λ, η) =
1

π

sinh(pη)

cosh(pη)− cos(2λ)
,

∫ ∞
−∞

dλ 7→
∫ π/2

−π/2
dλ. (SC.32)

Appendix D: The non-interacting regime

Whenever

(i) ∆ 6= 0 and τ = 2πn/∆, with n ∈ Z.
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(ii) ∆ = 0 and τ ∈ R+

the Floquet operator (2) becomes Gaussian. Namely, it can be written as a quadratic form of spinless fermions
through a standard Jordan-Wigner transformation

Uo(τ) = exp

i τ
4

L/2∑
n=1

σx2nσ
x
2n+1 + σy2nσ

y
2n+1

 = exp

i τ
2

L/2∑
n=1

c†2nc2n+1 + c†2n+1c2n

, (SD.1)

Ue(τ) = exp

i τ
4

L/2∑
n=1

σx2n+1σ
x
2n+2 + σy2n+1σ

y
2n+2

 = exp

i τ
2

L/2∑
n=1

c†2n+1c2n+2 + c†2n+2c2n+1

. (SD.2)

Here we defined the fermionic operators

c†n =
σxn + iσyn

2

n−1∏
j=1

σzj , cn =
σxn − iσyn

2

n−1∏
j=1

σzj , (SD.3)

fulfilling the canonical anti-commutation relations. Considering a Fourier transform of the fermionic operators

ck =
1√
L

L∑
n=1

eikncn, (SD.4)

we find

Uo(τ) = exp

[∑
k>0

(
c†k c†k−π

)
A

(
ck
ck−π

)]
, (SD.5)

Ue(τ) = exp

[∑
k>0

(
c†k c†k−π

)
B

(
ck
ck−π

)]
, (SD.6)

where the sum is over k ∈ 2π
L ZL ∩ [0, π] and we introduced

A = i
τ

2

(
cos(k) i sin(k)
−i sin(k) − cos(k)

)
, B = i

τ

2

(
cos(k) −i sin(k)
i sin(k) − cos(k)

)
. (SD.7)

The time-evolution operator can be written as a single exponential of quadratic form of fermions using the BCH
formula and the fact that quadratic forms of fermions are closed under commutation algebra. Specifically, we obtain

U(τ) = exp

[∑
k

(
c†k c†k−π

)
C

(
ck
ck−π

)]
, (SD.8)

with

eC = eAeB = a1 + ibσx + idσz, (SD.9)

and

a = cos(τ/2)2 − cos(2k) sin(τ/2)2, b = sin2(τ/2) sin(2k), d = cos(k) sin(τ). (SD.10)

Using the Pauli algebra we find

C = iεke
− i

2ϕkσ
y

σze
i
2ϕkσ

y

, (SD.11)

with

ϕk = tan−1

(
b

d

)
= tan−1 (sin(k) tan(τ/2)) , (SD.12)

εk = tan−1

√
b2 + d2

a
= tan−1


√

sin4
(
τ
2

)
sin2(2k) + sin2(τ) cos2(k)

cos2
(
τ
2

)
− sin2

(
τ
2

)
cos(2k)

 . (SD.13)
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Therefore, defining the Bogoliubov fermions (
bk
bk−π

)
= e

i
2ϕkσ

y

(
ck
ck−π

)
(SD.14)

we finally obtain

U(τ) = exp

[
i
∑
k

εk(b†kbk − b
†
k−πbk−π)

]
. (SD.15)

1. Magnetization

Let us now look at the expectation value of the magnetisation on a Gaussian state after a quantum quench

〈σzj (t)〉 =
2

L

∑
k

〈
(
c†k(t) c†k−π(t)

)(
1 (−1)j

(−1)j 1

)(
ck(t)
ck−π(t)

)
〉 − 1

=
2

L

∑
k

〈
(
b†ke

iεkt b†k−πe
−iεkt

)
e
i
2ϕkσ

y

(
1 (−1)j

(−1)j 1

)
e−

i
2ϕkσ

y

(
bke
−iεkt

bk−πeiεkt

)
〉 − 1

= (−1)j
2

L

∑
k

〈
(
b†ke

iεkt b†k−πe
−iεkt

)
eiϕkσ

y

(
bk−πeiεkt

bke
−iεkt

)
〉+

2

L

∑
k

〈b†kbk〉+ 〈b†k+πbk+π〉 − 1, (SD.16)

where we used the Pauli algebra. This expression gives a convenient sum representation of the expectation value of
the magnetisation at all times. In particular, using that εk > 0, we find

lim
t→∞

lim
L→∞

〈σz0(t)〉+ 〈σz1(t)〉 =
2

π

∫ π

0

dk (〈b†kbk〉+ 〈b†k−πbk−π〉)− 2

=

∫ π

−π
dk 4ρ(k)− 2 , (SD.17)

and

lim
t→∞

lim
L→∞

〈σz0(t)〉 − 〈σz1(t)〉 =
2

π

∫ π

0

dk sinϕk (〈b†kbk〉 − 〈b
†
k−πbk−π〉)

=

∫ π

−π
dk

4 sin k sinh ix√
1 + sin(k)2 sinh(ix)2

ρ(k) , (SD.18)

where we expressed τ in terms of x (cf. (7a)) using that for the curves (i) and (ii) we have

x = i arcsinh [tan(τ/2)] , (SD.19)

and introduced the root density

ρ(k) =
〈b†kbk〉

2π
. (SD.20)

For instance, for a quench from the Néel state (5) we have

〈b†kbk〉 = 2πρ(k) =
1

2
+

1

2
sin(ϕk) =

1

2
+

sin k sinh ix

2
√

1 + sin(k)2 sinh(ix)2
, (SD.21)

and obtain

lim
t→∞

lim
L→∞

〈σzj (t)〉 =
(−1)j

π

∫ π

0

dk
sin(k)2 sinh(ix)2

1 + sin(k)2 sinh(ix)2
= (−1)j+1

(
1

| cosh ix| − 1

)
= (−1)j+1 (| cos τ/2| − 1) . (SD.22)
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2. Current

Let us now consider the magnetization current [37]

Ĵ2n = Nx−1
(
2(σ+

2n−1σ
−
2n − σ−2n−1σ

+
2n) + i sinh(ix)(σz2n−1 − σz2n)

)
(SD.23)

where we introduced

Nx =
i(1 + cosh 2ix)

2 sinh ix
. (SD.24)

Its expectation value on a Gaussian state reads as

〈Ĵ2n〉 =
2

NxL
∑
k

〈
(
b†ke

iεkt b†k−πe
−iεkt

)
(−i sin(k)eiϕkσ

y

σz + i(−1)j cos(k)σy)

(
bke
−iεkt

bπ−keiεkt

)
〉

− 2i sinh ix

NxL
∑
k

〈
(
b†ke

iεkt b†k−πe
−iεkt

)
eiϕkσ

y

(
bk−πeiεkt

bke
−iεkt

)
〉 . (SD.25)

Therefore, in the thermodynamic limit followed by the limit of infinte time we find

lim
t→∞

lim
L→∞

〈Ĵ2n〉 =

∫ π

−π
dk

−2 sin k sinh ix√
1 + sin(k)2 sinh(ix)2

ρ(k)

[
2i/ sinh ix− 2i sinh ix

Nx

]
(SD.26)

Noting

ε′k =
−2 sin k sinh ix sgn(cos(k))√

1 + sin(k)2 sinh(ix)2
, (SD.27)

and [
2i/ sinh ix− 2i sinh ix

Nx

]
= 2, (SD.28)

we have

lim
t→∞

lim
L→∞

〈Ĵ2n〉 =

∫ π

−π
dk 2ε′kρ(k) , (SD.29)

which, as expected, is the standard current formula of GHD [83, 84].

Appendix E: Additional numerical results

In this section we provide the numerical details of the iTEBD simulations employed to obtain the data in Fig. 3
and some additional iTEBD results for ∆ = 2.5. Moreover, we compute the discrete free dynamics for τ = 2π/∆
via free fermion techniques and compare it with the analytical prediction of Sec. D. Finally, we test our main result
Eq. (16) at some root of unity points by computing numerically the dGGE at finite size via exact diagonalization.

1. iTEBD simulations

The result in Fig. 3 have been obtained by performing iTEBD simulations of the discrete dynamics Eq. (2) applied
to the Néel state. The bond dimension is increased during the time evolution such that the truncation error is kept
below 10−10. The simulation is stopped when the required bond dimension grows above 7000. The smaller is ∆(> 1),
the shorter is the time reached with this stopping criterion and the fastest is the approach to the thermal equilibrium
value σz = 0 for τ < τth. In Fig. S3 (left) we show that 〈σz(t)〉 rapidly approaches zero for τ ≤ τth, while it oscillates
around the non-zero infinite-time prediction obtained from Eq. (16) (dashed line) for the root of unity point γ/π = 1/3
(τ ' 2.15), cf. Eq. (7a).
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FIG. S3. Left: Discrete interacting dynamics of σz starting from the Néel state computed with iTEBD for ∆ = 2.5 and several
values of τ across the Trotter transition τth ' 1.80. For τ ≤ τth the magnetization approaches 0, while it is consistent with the
analytical prediction Eq. (16) for τ > τth. Right: Discrete free dynamics corresponding to τ = 2π/∆ for several values of ∆
computed with Gaussian techniques. The dashed lines are the analytical value reported in Eq. (SD.22).
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FIG. S4. Comparison between the finite-size infinite-time expectation values of σz extracted from the dGGE computed nu-
merically on a chain with periodic boundary conditions and the analytical result Eq. (16) (L =∞) at the root of unity points
γ/π = 1/3, 1/4, 1/5. The insets show the difference between the infinite-size prediction and the finite-size numerical values.

2. Gaussian discrete dynamics

As explained in Sec. D, when τ = 2π/∆ the Floquet operator is Gaussian. Therefore, the dynamics can be computed
with an amount of resources that only scales linearly with time, allowing us to reach times much larger than in the
interacting case. In Fig. S3 (right) we show the Gaussian discrete dynamics of the magnetization for ∆ = 2.5, 3.5, 4,
against its infinite-time prediction Eq. (SD.22) (dashed lines).

3. dGGE at finite size

A complementary approach to check the correctness of Eq. (16) consists in computing numerically the dGGE by
exact diagonalization of the Floquet operator Eq. (2), and using it to extract the finite-size infinite-time expectation
values σzL. We perform this calculation by exploiting all the symmetries of the problem, namely 2-sites translation
and U(1) symmetries, which allow to fully diagonalize the Floquet operator up to L = 20. In Fig. S3 we report
the comparison between Eq. (16) at the root of unity points γ/π = 1/3, 1/4, 1/5 and the value extracted from the
numerical dGGE, as function of x, cf. Eq. (7a). As we observed strong finite-size effects in the dGGE result when L
is not multiple of 2k, with γ = π/k, we only plot the results for L = 2k, which are consistent with an approach to the
exact prediction in the thermodynamic limit.
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