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A GIBBS CONDITIONAL THEOREM UNDER EXTREME
DEVIATION

MAEVA BIRET, MICHEL BRONIATOWSKI, AND ZANGSHEN CAO

ABSTRACT. We explore some properties of the conditional distribution of an
i.i.d. sample under large exceedances of its sum. Thresholds for the asymptotic
independence of the summands are observed, in contrast with the classical case
when the conditioning event is in the range of a large deviation. This paper
is an extension to [6]. Tools include a new Edgeworth expansion adapted to
specific triangular arrays where the rows are generated by tilted distribution
with diverging parameters, together with some Abelian type results.

1. INTRODUCTION

Let X7 := (X1, .., X;,) be n independent unbounded real valued random variables
and ST := X + .. + X,, denote their sum. The purpose of this paper is to explore
the limit distribution of the generic variable X; conditioned on extreme deviations
(ED) pertaining to S}. By extreme deviation we mean that S7/n is supposed to
take values which are going to infinity as n increases. Obviously such events are
of infinitesimal probability. Our interest in this question stems from a first result
which assesses that under appropriate conditions, when the sequence a,, is such
that

lim a,, = o0

n—oo
then there exists a sequence &,, for which lim,,_, €, /a, = 0 such that
(1.1) nlLH;OP( 21 (X; € (an —enyan +))| ST /n > a,) =1,

which is to say that when the empirical mean takes exceedingly large values, then all
the summands share the same behavior. This result obviously requires a number
of hypotheses, which we simply quote as "light tails" type. We refer to [6] for
this result and the connection with earlier related works; arguments stating that
such most unusual cases may be considered are presented in this latest paper, in
relation with the Erdos-Rényi law of large numbers and the formation of high level
aggregates in random sequences. Also these results have various applications in
physics; see [12] and [17] where (1.1) is considered in the extreme deviation context,
with applications to turbulence and fragmentation.

The above result is clearly to be put in relation with the so-called Gibbs condi-
tional Principle which we recall briefly in its simplest form.

Consider the case when the sequence a,, = a is constant with value larger than
the expectation of X;. Hence we consider the behavior of the summands when
(S7/n > a), i.e. under a large deviation (LD) condition about the empirical mean.
The asymptotic conditional distribution of X3 given (S}"/n > a) is the well known
tilted distribution of Px with parameter ¢ associated to a. Let us introduce some
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2 MAEVA BIRET, MICHEL BRONIATOWSKI, AND ZANGSHEN CAO

notation to shed some light on this. The hypotheses to be stated now together
with notation are kept throughout the entire paper. Without loss of generality it
is assumed that the generic r.v. X; takes only non negative values.

It will be assumed that Px , which is the distribution of X7, has a density p
with respect to the Lebesgue measure on R, . The fact that X; has a light tail is
captured in the hypothesis that X; has a moment generating function

d(t) := ElexptXi],

which is finite in a non void neighborhood N of 0 (Cramer condition).
Defined on A are the following functions:

d
(1.2) t—m(t) = pn log ®(t)
(1.3) t— s2(t) = im(t)
dt
d .
(1.4) t— p(t) == pred log®(t), j >3
The function m measures the expectation of the r.v. X; with density
__expilx

the tilted density with parameter ¢, the function s> measures its variance and W

measures its j—th centered moment. When & is steep, meaning that

(1.5) lim m(t) = oo
t—tE
where t* := esssup N (resp. ¢t~ := ess inf N ) then m parametrizes the convex hull

of the support of Px; see [3] Theorem 9.2 for those properties. As a consequence
of this fact, for all a in the support of Px, it will be convenient to define

T =m

where a is the unique solution of the equation m(t) = a. The function
(1.6) z — V(z) := s’om™ (z)

is the "Variance function" of the model 7; , t € A and it characterizes its het-
eroscedasticity property; see for instance [15], [2] and [14]. In (1.6) m~ designates
the inverse (reciprocal) function of m.

The Gibbs conditional principle in the standard above setting can be stated as
follows.

The distribution of X; given (S7/n > a) is asymptotically II as n tends to
infinity, where II* has density 7“; see [8]; we first state Gibbs principle where the
conditioning event is a point condition (S7/n = a). The conditional distribution of
X1 given (S7/n = a) is a well defined distribution and Gibbs conditional principle
states that it converges to 11 as n tends to infinity; see [10]. Both convergences
hold in total variation norm.

For all a (depending on n or not) denote p® the density of the random vector X¥
conditioned upon the local event (S} = na). The notation p® (X{ = ) is used to
denote the value of the density p® at point x¥. Similarly for a random variable or
vector Z with density f we write f(Z = z) for f(z).
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This article is organized as follows. Notation and hypotheses are stated in Section
2, along with some necessary facts from asymptotic analysis in the context of light
tailed densities. Section 4 provides a local Gibbs conditional principle under ED,
namely producing the pointwise approximation of the conditional density of X3
conditionally on (S7/n = a,) for sequences a,, which tend to infinity. We explore
two rates of growth for the sequence a,, which yield two different approximating
distributions for the conditional law of X;. The first one extends the classical
approximation by the tilted one, substituting 7% by 7%». The second case, which
corresponds to a faster growth of a,,, produces an approximation of a different kind.
It may be possible to explore faster growth conditions than those considered here,
leading to a wide class of approximating distributions; this would require some
high order Edgeworth expansions for triangular arrays of variables, extending the
corresponding result of order 3 presented in Section 3; we did not move further in
this direction, in order to avoid technicalities.

For fixed k and fixed a,, = a > F(X7) it is known that the r.v’s Xi,..., X} are
asymptotically independent given (S7/n = a,); see [10] and [8] when the condi-
tioning event is (S7'/n > ay,) . This statement is explored when a,, grows to infinity
with n . It is shown that the asymptotic independence property holds for sequences
an, with moderate growth, and that it fails for sequences a,, with fast growth.

The local approximation of the density of X; conditionally on (ST/n = a,) is
further extended to typical paths under the conditional sampling scheme, which in
turn provides the approximation in variation norm for the conditional distribution;
the method used here follows closely the approach by [7]. Section 5 states similar
results in the case when the conditioning event is (ST /n > a,,) .The relation between
(1.1) and Gibbs conditional principle under exceedance is also discussed.

The main tools to be used come from asymptotic analysis and local limit theo-
rems, developed in [11] and [4]; we also have borrowed a number of arguments from
[16]. The basic Abelian type result which is used is stated in [5]. Unless specified,
all proofs are differed to Section 6.

2. NOTATION AND HYPOTHESES
Thereafter we will use indifferently the notation f(t) N g(t) and f(t) =
—00 — 00

g(t)(1+ o(1)) to specify that f and g are asymptotically equivalent functions.

The density p is assumed to be of the form

(2.1) p(x) = exp(—(g(x) — q(x))), = e€R,.

The function ¢ is assumed to be bounded, so that the asymptotic behavior of p
is captured through the function g which is assumed to be is positive, convex, four
times differentiable and which satisfies

(2.2) % et
Define
(2.3) h(z) := ¢ ().

In the present context, due to (2.2), t+ = +oo.
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Not all positive convex functions ¢’s satisfying (2.2) are adapted to our purpose.
We follow the line of Juszczak and Nagaev [16] to describe the assumed regularity
conditions of h. See also [1] for somehow similar conditions.

We firstly assume that the function h, which is a positive function defined on
R, is either regularly or rapidly varying in a neighborhood of infinity; the function
h is strictly monotone and, by (2.2), h(z) — oo when z — oo.

RV () designates the class of regularly varying functions of index a defined on
R, . The function

P(t) == h™ (1)
designates the inverse of h. Hence v is strictly monotone for large ¢ and 1(t) — oo
when t — oo.
The two cases considered for h, the regularly varying case and the rapidly varying
case, are described below.

The Regularly varying case. It will be assumed that h belongs to the subclass
of RV(8), 8 > 0, with

h(z) = 2°1(z),

where the Karamata form of the slowly varying function [ takes the form

(2.4) l(z) = cexp /11 @du

u
for some positive ¢. We assume that x — ¢(z) is twice differentiable and satisfies
e(x) = o(1),
(2.5) alé(z)] = 0O(),
2@ (z)] = OQ).
T—00
It will also be assumed that when 5 # 1, then
(2.6) ) (z)| € RV (0)

where 6 is a real number such that § < g — 2.

When =1 and |¢/(t)| € RV (y) then it will be assumed that |h(?)(z)| € RV (7);
taking €' (t) = 0 yields €(t) = 0, from which h(x) = cz, which is to say that p has
Gaussian tail, when its support is R , or h(x) ~ cx when its support is R,.

Remark 1. Under (2.4) and (2.6), when 8 # 1 then 6 = 8 — 2. A sufficient
condition for the last assumption (2.6) is that |€'(t)| € RV (y), for some v < —1.
Also in this case when 3 =1, then 6 = ~.

Example 1. Weibull density. Let p be a Weibull density with shape parameter
k > 1 and scale parameter 1, namely

p(z) = ka* L exp(—z"), x>0
= kexp(—(z* — (k — 1)logx)).
Take g(x) = 2% — (k — 1)logx and q(x) = logk. Then it holds

k-1 k-1
h(z) = kb1 — Z— = gk~! (k e >
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Set l(x) =k — (k —1)/2%, & > 1, which verifies
E(k—1) I(x)e(x)

1o —
V'(z) = R .

with
k-1
@) = o)
The function e(x) satisfies the three conditions in (2.5).

The Rapidly varying case. The function g in (2.1) is assumed to grow to
infinity faster than any polynomial function. This is captured through a rapid
growth condition on its derivative h = ¢’ which we assume to satisfy

h(t) = (t) € RV(0).

Such a condition indeed characterizes the so called Rapid Variation class K R, (see
Theorem 2.4.7 in [4]), which is adequate for the description of the leading term of
the function log p(z) in the upper tail; additional regularity conditions are defined
assuming

(2.7) P(t) = ceXp/1 L5)du,

for some positive ¢, and ¢ — ¢(¢) is twice differentiable with

(t) = _of1),
te' (t)
208 handl
t2¢@ (1)
@ o

(2.8)

Example 2. A rapidly varying density. Define p through
p(z) = cexp(—e* 1),z > 0.

Then g(z) = h(z) = e~ and q(z) = 0 for all non negative x. It holds (t) =
logt+ 1. Since ¢'(t) = 1/t, let e(t) = 1/(logt+ 1) so that ¥'(t) = 1 (t)e(t)/t. Then
the three conditions in (2.8) are satisfied. Thus (t) € RV(0) and h(x) belongs to
KR,

Denote by R the class of functions with either regular variation or with rapid
variation defined above.

In the context of the present results the main argument which allows for the
analysis of the extreme behavior of S, /n lies in a description of the function
(13/s®) (t) as t tends to infinity (Corollary 1 hereunder). This will be handled
making use of a sharp Abelian result pertaining to the moment generating function
of the r.v. X with density p(z) defined in (2.1); the appropriate result (Theorem
3.1 in [5]) holds in the case when p(z) = exp (—g(x)),with the condition h € R,
hence when ¢(x) is the null function; when ¢(x) is constant, it can be incorporated
in the function g. A straightforward extension holds when the bounded function
q satisfies mild regularity conditions, making p nearly log-concave in its tail. We
assume that

(2.9) lg(z)| € RV (n), for some n < 6 — % —3if h e RV(B)
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and
(2.10) lq(¥(t))| € RV (n), for some n < —31 if h is rapidly varying.
We will make use of the following extension of Theorem 3.1 in [5].

Theorem 1. Let p(x) be defined as in (2.1) and h(x) belong to R. Assume further
(2.9) and (2.10). Denote by m(t), s*(t) and p;(t) for j = 3,4,... the functions
defined in (1.2), (1.3) and (1.4). Then it holds

m(t), =_w(B)(1+o(1)),
2() = W01+ o(1)),
pa(t) = A1+ o(1),

(1) M;s?(t)(1 4 o(1)), for even j >3
j - i ji—3
iu‘] o0 (Mj+3*3JM]'761);1«3(t)s (t) (1 + 0(1)), fOT’ Odd] >3

)

where M;, i > 0, denotes the ith order moment of standard normal distribution.

Corollary 1. Let p(x) be defined as in (2.1) and h(zx) € R. Assume further (2.9)
and (2.10). Then ast — oo

13(t) .0

s

Proof. In the regularly varying case this follows from Corollaries 1 and 2 in [5],
and in the rapidly varying case from Corollary 3 and Lemma 3 in [5], with the
mentioned extension taking into account of the properties of the function q. (|

Our results require an extension of the classical Edgeworth expansions to some
specific triangular arrays; this is the scope of the following section.

3. EDGEWORTH EXPANSION UNDER EXTREME NORMALIZING FACTORS

With 7% defined through

and t determined by m(t) = a, together with s? := s?(t) define the normalized
density of 7" by
T (x) = sm (sx + ay).

Denote the n-convolution of 7% (z) by 7%~ (z). Denote by p,, its normalized density
P () == /n7lim (Vnx).

The following result extends the local Edgeworth expansion of the distribution of
normalized sums of i.i.d. r.v.’s to the present context, where the summands are
generated under the density 7%». Therefore the setting is that of a triangular array
of row-wise independent summands; the fact that a,, — oo makes the situation
unusual. We mainly adapt Feller’s proof (Chapiter 16, Theorem 2 [11]). However
this variation on the classical Edgeworth expansion result requires some additional
regularity assumption, which meets the requirements of Theorem 1, which are ful-
filled in most models dealing with extremes and convolutions. Those are captured
in cases when the density p is log-concave, or nearly log concave in the upper tail.
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Similar conditions are considered in [6]. For notational simplicity let s := s(t) and
pig = ps(t).

Theorem 2. Under the conditions stated in Corollary 1 , uniformly upon x it holds

pn(x) = d(2) (1 + 6\’[/1%83 (2 — 33:)) + o(%).

where ¢(x) is standard normal density.

4. GIBBS CONDITIONAL PRINCIPLES UNDER EXTREME EVENTS

4.1. A local result. Define ¢ through

(4.1) m:=m(t) = a,
and set
s =s(t)
py = pg(t)

for brevity.

We consider two conditions pertaining to the growth of the sequence a,, to in-
finity. In the first case (moderate growth) we assume, making use of the Variance
function defined in (1.6) that

Q. a
42 lim -2 — lim —2 ),
( ) n—oo 5\/’71 n— o0 nV(an)

and in the second case (rapid growth) we consider sequences a,, which may grow

faster to infinity, obeying

a a
4.3 0 <lim inf ——— <lim sup ——— < .

(43) n—oo \/nV(a,) o VvnV(ay)

Remark 2. In the Regularly varying case, i.e. when h belongs to the subclass of
RV (B), B > 0, then V(z) = 278 () for some slowly varying function 1; see [4]
and Lemma 4 in [5].

Theorem 3. When (4.2) holds then for all real number y,
1
(4.4) p* (y1) == p(X71 = 11| ST = nay) = 7 (y1) <1 +o <\/ﬁ)> ,
The rate of growth defined through (4.2) is the limiting case when the natural

extension of Gibbs conditional principle stated above holds. We state the following
result.

Theorem 4. Assume that the sequence a,, satisfies (4.3). Denote

L H3
o=t 2(n —1)s?
and
B = (n—1)s>
Then for all real number yy ,
(4.5) p(X1 = y1|ST =nan) = g* (y1)(1 + o(1))

where
g (y1) == Cp(y1)n (@B + an, B,y1);
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in the above display n (,u,o*Q,x) denotes the normal density with expectation p and
variance o2 evaluated at point x, and C is a normalizing constant.

4.2. On conditional independence under extreme events. We now turn to
the approximation of p® (y§) := p™ (y1,...,yx) = p™ (X} = y§| ST = nay). De-
note s? :=y; +...+y; for i <j and s¥ :=0.

We first consider the case when (4.2) holds. We then have

Proposition 1. When (4.2) holds then for any fized k and all y¥,

k
P (yf) = H " (yi) (1 + o(1/v/n))
where
(4.6) mi = m(t;) = ﬁ

We now explore the limit conditional independence of blocks of fixed length
under extreme condition. As a consequence of the above Proposition 1 it holds

Theorem 5. Under (4.2) it holds, for all k and all y¥

@ b =pOxt = lst =nan) = (140 () [[w (X: = ).

Remark 3. The above result shows that asymptotically the point condition (ST = nay,)
leaves blocks of k of the X|s independent, with common density 7. Obviously this
property does not hold for large values of k, close to n. A similar statement holds
in the LDP range, see [10] and [8].

We now turn to the case when a, moves more quickly to infinity. With m;
defined as in (4.6), with

52 =s%(t)
Hzi + = H3 (t:)
and following the same arguments as developed in the proof of Theorem 4 we state

Theorem 6. Assume that (4.3) holds. Then for all fived k and all y¥ it holds

k
(4.8) p(XT = yi1ST = nan) = [ [ 9iw:) (1 40 (1)

where
9i(yi) := Cip(ya)n (if; + an, B, Yi)

and

(49) Q; = ti + —— '.

(4.10) Bi = (n—1)s;.
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Remark 4. The following connection between Theorem 5 and Theorem 6 holds.
Under (4.2), the above result (4.8) boils down to formula (4.7). Under (4.3) and
when (4.2) does not hold, the approxzimations obtained in Lemma 4 in the Appendix
do not hold, and the approzimating density cannot be stated as a product of den-
sities under which independence holds. In that case it follows that the conditional
independence property under extreme events does not hold any longer.

4.3. Gibbs principle in variation norm. We now turn to a stronger approxi-
mation of P%, the distribution on R with density p%~.

Denote dy (Q, P) the total variation distance between two probability measures
@ and P defined on the same space.

We put forward a principle, to be illustrated in this section. Consider two se-
quences of equivalent distributions F,, and G,, on R* with densities f,, and g,, with
respect to the Lebesgue measure. Let Y,, be a r.v. with distribution F;, and assume
that

(4.11) fo(Yn) = gn(Yn) (1 + o, (en))

for some sequence ,, which tends to 0 as n tends to infinity. Then the total variation
distance between F, and G,, tends to 0 as n tends to infinity; the reason is that
(4.11) implies that reciprocally

(4'12) gn(Yn) = fn(yn) (1 +oa, (En)) )

hence with Y,, distributed under G,,, from which it readily follows that

sup F,(C)—-G,(C)—D0.
CEB(RF)

Indeed it holds

Lemma 1. Suppose that for some sequence €, which tends to 0 as n tends to
infinity, (4.11) holds. Then (4.12) holds.

Proof. Denote

Ape, = {y : (1 - En)gn (y) < fn (y) < gn (y) (1 + gn)}

By (4.11) it holds
lim F, (4,.,) =1

n—oo

Write

G () = [0, 0 % ((;’)) Fuly)dy.

Gn (An 6") Z (1 - En)Fn (An,gn)

)

Since

it follows that

which proves the claim. O

By Lemma 1 it holds for § > 0

(4.13) lim F, (E,) = lim G, (EBn)=1
where
E, = {yeR: f"(y)g"(y)‘ <5}.
9n (y)
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Then
sup |F, (CNE,) -G, (CNE,)
CEB(RF)
< 40 sup / gn (y) dy < 6.
CeB[®RF) JCNE,
By (4.13)
sup |Fn (C N En) -G, (C)‘ < Mp;
CeB(RF)
also

sup |Gn (CNE,)—G,(C)| <n,,
CeB(RF)

for the same sequence 7,, — 0; hence

sup | F, (C) = Gy (O)] <6+ 21,
CeB(RF)

for all positive §. We have proved the following result

Proposition 2. Under the above assumption (4.13)
lim dy (F,,G,) =0.
n—oo

Consider Y7 a r.v. with density p®, and the random variable p®~ (Y;) :=
p( X1 = Y1| S} = nay). Denote P | I1%* and G the probability measures with
respective densities p®», 7% and g%~.

Now local results in Theorems 3 and 4 hold as far as y; in formulas (4.5) and
(4.4) satisty y1 = O(ay,); see Remarks 7 and 8 in in Section 6. Such is also the case
for Y7 when sampled under P%", as stated below. Thus we may substitute the local
result by the present statement, with the subsequent consequences.

Making use of Theorem 3 or Theorem 4 and substituting y; by Y in formula (

3
6.11) in Section 6.2, defining a sequence €, := sup (‘;: (s%) ,ﬁ) which tends

to 0 under either (4.2) or (4.3) by Corollary 1 it then holds
Proposition 3. (i) When (4.2) holds then
P (Y1) = 7% (Y1) (1 4 opan (€n))

where w is the tilted density at point a,,
(1) When (4.3) holds then, with t,, such that m(t,) = an, a =y, and §:= 05,

p* (Y1) = g* (Y1) (1 + opan (€n)).
Indeed it holds Y7 = Opan (a,,) since by Markov Inequality

E(Yi| S} = na,) _ ax

P (Y1 > u| S} = nan) < :
(Y1 > ul 57 = nay) < " "

Since Y1 = Opan (ay,), substituting y; with ¥7 in Theorems 3 and 4 the proof of
Proposition 3 is completed.
Making use of Lemma 1, Proposition 3 and Proposition 2 we obtain
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Theorem 7. Under (4.2), it holds
lim dy (P, T1%) = 0

n—oo

When (4.3) holds then
lim dy (P9, G) =0

Remark 5. This result is to be paralleled with Theorem 1.6 in Diaconis and Freed-
man [10] and Theorem 2.15 in Dembo and Zeitouni [9] which provide a rate for this
convergence in the LDP range.

4.4. The asymptotic location of X; under the conditioned distribution.
This paragraph intends to provide some insight on the behavior of X; under the
condition (S = na,). We concentrate on the growth condition (4.2) under which
the natural extension of Gibbs conditional principle holds.

Let X; be ar.v. with density 7% where m(t) = a,, and a,, satisfies (4.2). Recall
that EX; = a, and VarX, = s>. The moment generating function of the normalized
variable (X; — a,,) /s satisfies

log Elexp(\ (X; — ay,) /s)] = —Aan/s + log @ (t + 2) —log® (¢).

A second order Taylor expansion in the above display yields

A2 2 (b4 2
log Elexp(\ (X; — ay) /s)] = ?%
where 6 = (¢, A) € (0,1). The proof of the following Lemma is deferred to Section

6. It holds

Lemma 2. Under the above hypotheses and notation, for any compact set K,

2 (1+2)

L=

lim sup

Applying the above Lemma it follows that the normalized r.v’s (X; —a,) /s

converge to a standard normal variable N(0,1) in distribution, as n — oo. This
amounts to say that

(4.14) Xy =a, +sN(0,1) + ogan (1).

which implies that X; concentrates around a,, with rate s. Due to Theorem 7 the
same holds for X; under (S} = na,). The behavior of the function s determines
the asymptotic order of magnitude of X; around a,. When h € RV () ,making
use of Theorem 1 it is readily seen that when 8 > 1 then s(t) — 0 as t — oo ;
when 3 < 1 then s(¢t) — oo; when 8 = 1 then s(¢) may be bounded away from 0
and infinity (for example, s(t) is a constant in the Gaussian tail case), but may also
tend to 0 or infinity as ¢ — co . When h € KR, then s(t) — 0 as t — oo.

5. ED UNDER EXCEEDANCE

5.1. Approximation of the conditional distribution under exceedance. We
now consider conditioning events of the form A, = {S?" > na,}. We prove that
when (4.2) holds then the variation distance between the distribution of X; given
Ay, and II%" (resp. G, when (4.3) holds) tends to 0, extending the classical result
valid for fixed a,, = a.
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Denote pA»(y) = p(X; = y| S} > na,) and P4~ the corresponding probability
measure.

Theorem 8. When h belongs to R and a,, satisfies (4.2) it holds
lim dy (P4, 11%) = 0;

when (4.83) holds then

lim dy (PA",G*) =0.
Remark 6. A detailed proof of Theorem 8 under condition (4.2) is provided in the
Appendiz; we omit the proof under condition (4.3) for sake of brevity.

5.2. Location property (1.1) vs Gibbs conditional result under exceedance.
Let us consider the relation between (1.1) and the Gibbs conditional principle under
exceedance in the case when (4.2) holds and h belongs to RV () for some positive
B. By (4.14) For all ¢, such that s(t,) = o(e,) as n — oo, where m(t,) = an,, it
holds

(5.1) PA (X1 € (an — €nyan +65)) — 1,

following from Theorem 8 and (4.14). When 8 < 1 then s(t,) — oo and there
exists &, which satisfies jointly s(t,) = o(e,) and lim, . £, /a, = 0. When § > 1,
then s(t,) — 0 and we also may find &,, — 0 satisfying (5.1). The case when 5 =1
also yields ((5.1)) for adequate sequence &,, — oo . Therefore Theorem 8 implies a
marginal form of (1.1).

However for h € RV () and when condition (2.9) holds, and considering se-
quences a, with moderate growth (4.2) then property (1.1) and Gibbs conditional
principle under exceedance cannot coexist. Indeed standard calculation together
with the results stated in Remark 2 yields

B+1
ay an?
5.2 — = 1 1
(52) = B (L4 o(1)
which should tend to 0 in order to fulfill the Gibbs conditional result under ex-
ceedance. Now (1.1) holds with some sequence ¢, satisfying

En

lim — =0
n—00 Ay

when

(5.3) lim inf 2% >0

n— oo 'n,‘S
for some § > 1/(8+1). Inserting this latest requirement in (5.2) yields inconsistency.
Therefore Gibbs conditional result with approximating distribution II*» does not
yield (1.1) when a,, moves to infinity too slowly but only (5.1).

Consider now the more complex case when h is a function rapidly growing at
infinity. Assume that the function 1’ belongs to RV (—1) (recall that 1 := h™ is
a slowly varying function at +o00). Consider Condition (4.2) firstly. Making use of
Theorem 1 in [6] , this latest condition is equivalent to

(5.4) anh(ay,)/v/n —0
as n tends to infinity, which certainly holds for sequences a, — oo with slow

increase; by Theorem 1 in [6], m(t) is slowly varying at infinity and is asymptotically
equivalent to A, and (6.20),(6.21) and (6.22) in Section 6 hold for some suitable
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sequence 7,,. Therefore with the above assumptions pertaining to the model, Gibbs
conditional result holds. We now turn to (1.1) in this case. Conditions (10) and
(11) in [6] should be fulfilled. Now (11) in [6] holds when 1/g is a self neglecting
function at infinity. Recall that (10) in [6] writes

log g(ax)
. n———— = 0O(1).
(5.5) na h(an) o(1)
With A in KRy it holds that z — x% tends to 0 as z tends to infinity.

Therefore we may tune a,, with slow increase such that (5.4) holds. Since (5.5) is
fulfilled for slow a,, we may make (5.4) and (5.5) match.

Let h belong to RV (8) and a,, with controlled rapid growth captured by condi-
tion (4.3). Then making use of Theorem 1
an

. . 2% .
(5.6) lim inf ——— > 0 and lim sup —TFE)

oo L/ (1+B) Sup

Assume that for some 0 < 7 < 1 it holds

< 0.

limniggo% > 0 and lim sup dn < 00
then whenever 8 > (1 —n) /n both (5.3) and (5.6) hold. Condition (6.20) in Section
6 is fulfilled so that (1.1) and the Gibbs conditional principle under exceedance
simultaneously hold, with conditional distribution approximated by G%~.

As in Section 4.4 the behavior of the sequence g, relies on the function s at
infinity

6. APPENDIX

6.1. Proof of Theorem 2. We state a preliminary Lemma, whose role is to pro-
vide some information on the characteristic function of the normalized random
variable (X; — m(¢)) /s(t) with density 7; defined by
o) (@) o S DD+ m(B) p(s(2)e + m(t)

(1)
as t — oo. The density p satisfies the hypotheses in Section 2. Denote ¢ (u) :=
[ e"* 7 (x)dx the characteristic function of (X; —m(t)) /s(t). Then

Lemma 3. Assume that there exists ¢, co both positive such that for all t
(6.2) Te(x) > ¢ for |x| < ca

then under the hypotheses stated in Section 2, for any ¢ > 0 there exists p < 1 such
that

(6.3) lp“ (w)] < p
for |ul > ¢ and all a,,.

Proof. See [13], p150. O

We now turn to the Proof of Theorem 2.

We denote 7; the normalized conjugate density of p(z) and p,, is the normalized
n—fold convolution of 7;. We consider the triangular array whose n—th row consists
in n i.i.d. copies of a r.v. with standardized density 7; and the sum of the row,
divided by y/m, has density p,,. The standard Gaussian density is denoted ¢. The
c.f. of 7, is denoted ¢ so that the c.f. of p, is (% (.))", and m(t) = a,.
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Step 1: Let

G(@) = py(x) — ¢(x) — —2— (2% - 32) ¢(x),

for which we provide an upper bound.
It holds

¢"(z) = —(2° - 32)¢(x),
which gives

(64) ! —amoe) = g [ e et

2 J_ o
By Fourier inversion

(6.5) pu0) =5 [ T e (o (e /)" d.

Using (6.4) and (6.5), we have

1
| < —
2

/oo ‘(w“" (r/vm)" e —

—0o0

(iT)?’e*%TQ dr.

H3
G(z
G(a) o
Step 2: In this step, we show that for large n, the characteristic function %~
satisfies

/|<p“" (T)\QdT < 00.

Indeed by Parseval identity

/\go“" (7’)|2d7' = 27r/(%t(:z:))2dz < 27 itelg%t(x) < 00

where we used Theorem 5.4 of Nagaev [16] which states that 7;(x) satisfies
lim sup|7(x) — o(x)] = 0.
R

Qn—00 g

2

Step 3: In this step, we complete the proof by showing that when n — oo
©o) [ |-t

13 _ ( 1 )
dr = ol —).
. 6y/ns3 TN\ Vm
The LHS in (6.6) is splited on |7| > w+/n and on |7| < w+/n. It holds

n an (7 /v/m))" 767%72 __HMs iT)3e
Vi o lemerm) s i)
<vn

(¢ (1/v/n)) ‘ndr +vn

2

(ir)%e" 57

_1.2
5T

dr

67%7—2 + H3 (i7)367%T2

6y/ns3 dr

[T|>wv/n [T|>wv/n
(6.7)
2 1.2 1% T3
S\/ﬁp"ﬂ/ 0" (1/v/n) ’ dr ++/n e 2" (14|22 ’ dr
7[>y ( ) 7[> 0wy ( 6+/ns? )
=: A+ B.

where we used Lemma 3 from the second line to the third one. Now

1
A =exp <2logn+ (n—2) logp—i—log/l e (@“”(T/\/ﬁ))QdT> — 0.
T|>wy/Nn
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By Corollary 1 when n — oo

1

B<+/n e 27 |73dr = vn eXp{ — ~72 +3log |T|}d7‘

>V >V 2
=2ynexp (— w?n/2 + o(w?n/2)) — 0,

where the second equality holds from, for example, Chapiter 4 of [4]. Summing up,

when n — oo

/|T>wﬁ (

If |7| < wy/n, it holds

(ir)3e 27

o (/)" =

- 6\//%53 dT:o(%).

a n —172 M3 . \3 1.2
n(r//n)) — — = (i7)%e” 27 |dT
/|75wﬁ (™ r/vm) 6\/583( )
— — 12 an 1 201 _ H3 -_\3
(6.8) _/T|§wﬁe 27 | exp {nloggp (t/v/n) + 57 } 6 /ns? (i)’ |dT.

We make use of the Inequality

1
e* =1 =Bl =1(e" = ") + (" =1 =) < (la = Bl + 557
where v > max(|«/|, |8]) in the integrand in the last display. Denote

1
(1) =log ™ () + 577

2
Since 4/(0) = ~"(0) = 0, the third order Taylor expansion of () at 7 = 0 yields
1 1 1
() = 7(0) + 7 (0)7 + 57" (0)r* + 27" 7% = 29",

where 0 < £ < 7. Hence it holds

0 0
6533 ’Y”/ (5) ”3 3

(1) — 53 6 )

in)?’| =

Here 7" is continuous; also as n — oo , making use of Corollary 1 |4"/(0)| — 0.
Thus for any small 7 > 0, we can choose w small enough such that |y (£)| < n for
|7| < w. Making use of Corollary 1 again, for n large enough

3
u
(69) [307) = £ im2] < (171 +n) 5 < e
6s 6
Choose w small enough, such that for n large enough it holds for |7| < w
1
max (| £2(ir)° |, ly(7)]) < 77

Replacing 7 by 7/4/n, it holds for |7| < wy/n, and using (6.9)

(i)?|

an 1 2 U3
[mlog o (r/ V) + 57 — 2

() - e (R 1<
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In a similar way, it also holds for |7| < w/n

max(‘nloggo“ (t/v/n) + T

= () (ﬁ’!) <3

Turn to the integrand in (6.8). We then for |7| < wy/n

(')

‘exp {nlog o (1/v/n) + %72} -1- 6\’[/%93 (’iT)3‘

< (‘nlog e (1/v/n) + %7'2 - 6;553 ()3 + % 6\;253 (i7)3’2)
X exp [max (‘nloggp“"(T/\f) 37 72 (’LT)BD}

E 9 -2
= (n\|/7l1 +2 6\l/LEs3( )3‘ )eXp (I)

2

3
(G + o) o ()

Use this upper bound to obtain
N D) e - GO

/ (" 3
frl<wv/m Gy/ns
Nl st
< exp ( - f) ( + 22 )dT
/|T<w\/ﬁ 4 vno T2ns

2
n 3 T\ 6

= — exp| — — )|7|°dT + / exp| — — |7dr,
\/ﬁ \Tlfwf ( )' | 72n5 \Tlﬁw\/ﬁ ( 4)

and Corollary 1, which yields

/hswﬁ

This gives (6.6), and therefore we obtain

dr

(e ()" = e H - iy

dr = 0(%).

- et - <ol ).

which concludes the proof.

6.2. Proof of Theorem 3. It is well known and easily checked that the conditional
density p(X¥ = y¥|S? = na,) is invariant under any i.i.d sampling scheme in the
family of densities 7* as « belongs to Im(X;) (commonly called tilting change of

measure). Namely

p(XT = y|S] = na,) = (X} = y§|S] = nay)

where on the LHS the X;’s are sampled i.i.d. under p and on the RHS they are

sampled i.i.d. under 7.
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Using Bayes formula, it thus holds
p(Xl = ’y1|SI7‘ = nan) — ﬂ'm(Xl — y1|S? = nan)
Wm(sg = Nan — yl)

:ﬂ'm(X1 :yl) 71"”(5" —na )
1 = n

(MY )

n m 7Tnil(s\/n*
(6.10) = \/{jﬁ (Xi=mn T)l,

where 7,1 is the normalized density of S under ii.d. sampling with density
7% ; correspondingly, 7, is the normalized density of S} under the same sampling.
Note that a r.v. with density 7*" has expectation m and variance s?. Perform a
third-order Edgeworth expansion of 7,,_1(z), using Theorem 2. Setting

m—1yY

- svn—1
it follows that

Tno1(2) = ¢(2) (1 + 65557%(23 — 3z)) + 0(

).

4+

The approximation of 7, (0) is

72(0) = 6(0) (1 + of

)):

il

Hence (6.10) becomes
p(X1 = y1[SY = nay)

oV e 0(2) p o L
= =" (Xl—y1)¢(0) [1+653\/2j(z3 32) + (\/ﬁ)]
(6.11) = @1”(){y1)¢(2)(1+Rn+0(1/ﬁ)),
where

Under condition (4.2), by Corollary 1, pu5/s* — 0. This yields
(6.12) Ry = o(1/v/7),
which gives
p(X1 = y1[ST =na,) = 7™ (X = y1) (1 +o(1/v/n))
as claimed.
Remark 7. The rate given in (6.12) holds also when y1 = O(ay), due to (4.2).

6.3. Proof of Theorem 4. In contrast with the above proof of Theorem 3, the
second summand in (6.11) does not tend to 0 any longer and contributes to the
approximating density. Standard development then yields the result. When (4.2)
holds instead of (4.3) then standard expansions in (4.5) provide g*"(y1) ~ 7" (y1)
for all y; as n tends to infinity.

Remark 8. The same fact as quoted in Remark 7 holds under (4.3).



18 MAEVA BIRET, MICHEL BRONIATOWSKI, AND ZANGSHEN CAO

6.4. Proof of Proposition 1. Denote
mi — Yi+1
sivn—1—1

Zi =

where
57 = s2(t;).
We first state a Lemma pertaining to the order of magnitude of z;. The proof of

this Lemma is in the next Subsection

Lemma 4. Assume that h(x) € R. Lett; be defined by (4.6). Assume that a,, — o0
as n — oo and that (4.2) holds. Then as n — oo

1
lim sup 2z, =0 and sup 22 =o () .
n—oo ogiglk)q ’ ’ ogiglk)q ! vn
We turn to the proof of Proposition 1.
It holds by Bayes formula,
k—1
(6.13) P (f) = [[ p(Xis1 = yira|SFy ) = na, —s}).
i=0

Making use of the same arguments as in the proof of Theorem 3 for all i we get

P(Xiy1 = Yir1|S7 1 = na,—s}) == \/%Wm"' (Xiy1 = yiH)(l — 222+ o(zf)) (1 + o(l/ﬁ)) ),

Making use of Lemma 4 in each of the factors in (6.13) completes the proof.
6.5. Proof of Lemma 4. By Theorem 1, when n — oo, it holds
t,
2~ (siv/) ~ _p(t)
i (t;)

as n — 0o. Since my; ~ my, as n — 00, it holds m; ~ ¥(t); hence (t;) ~ ¥(ty).
Case 1: if h(z) € RV (B)

h (z) = 27U (x) (B + e(x)) .
Set x = (t); we get
R (wp(t) = ¥(t)° o (¥(1) (B + € (¥(1))) -
Since ¢ (t) = 1/h" (1(t)) we obtain
Wt K @) _ @0)) " o (b)) (B e ()
Wte) B W) ()" o (k) (B + € ($(t:)))
by the slowly varying property of ly. Thus

W' (ts) ~ ' (tr),

)

which yields
Y(tk)

V' ()
Hence we have under condition (4.2)

o B ()’ 1:0<1>
CT () v () Vi '

Zi ~

vn
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Case 2: Assume that h(z) € KRy, . Since m is increasing and m(tg) > m(¢;),
it holds ¢; < ti. The function ¢t — 1 (¢) is decreasing, since

1/)“ (t) = —@6(15) (I+0(1))<0 as t— oo.

Therefore as n — oo, it holds ¢’ (t;) > '(tx) > 0, which yields
Lo U) < 29(te)
V' (t) T/ (t)

Hence

2 < p(tr)?  Ap(te)® 1 o <1>
T () VY (k) Vi Vi)'
where the last step holds from condition (4.2).
This closes the proof of the Lemma.

6.6. Proof of Lemma 2. Case 1: if h(t) € RV(83). By Theorem 1, s2 ~ 9'(¢)
with ¢(t) ~ tY/P11(t), where [ is some slowly varying function. Since v'(t) =

/K ($(t)),

8% ~ B (1)) = D)7 o (v(1)) (B + (v (1))

~ Bt B ()P (v(t)) = o(t),

where [y € RV(0). This implies for any u € K it holds u/s = o(v/t),which using
(2.5) yields

S(t+u/s)  (t+ufs) _ Y7o ($(1)) (B + ¢ ()
s? V(1) (1/1(t+u/s))ﬁillo(1/)(t—|—u/s)) (B+e((t+u/s)))
v (1 (1))

— 1.

TPt ufs)PT T (6t u/s) VL (E+ ufs)P
Case 2: if h(t) € KR, then

1 1
st~ tvf‘* Ot

making use of condition (2.8). Hence for any u € K, we get as n — oo

Thus using the slowly varying property of ¥ (t) we have
s*(t+u/s) V'(t+u/fs)  Ylt+u/s)e(t+u/s) ¢

2 W' (t) t+u/s P(t)e(t)
e(t+u/s) e(t)+O(e(t)u/s)
(o1 ® - an "

where we used a Taylor expansion in the second line, and where the last step holds
from condition (2.8). This completes the proof.
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6.7. Proof of Theorem 5. Making use of

k—1
pOXE = yh17 = nan) = [ p(Xis1 = esalSThr = nan — ),

i=0
and using the tilted density 7%~ instead of 7™ it holds
(6.15)

- (i+Dan—s™"
; vn—i W'n—i—l(ﬁ)
p(Xit1 = yir1]Siy = nap—sy) = \/ﬁﬁa" (Xit1 = Yit1) — (:ann_;) ,
Svn—1u

where 7,,_;_; is the normalized density of S}, under i.i.d. sampling with 7. Cor-
respondingly, denote 7,,_; the normalized density of S ' 1 under the same sampling.
Write

. 1—1
20n — 8

s\/n—z—i—l'

By Theorem 2 a third-order Edgeworth expansion yields

Trn-ic1(z:) = ¢(z:) (L + RL) +o (%) :

Z; =

where o #(23 Ca)
"6sln—i—1 " h
Accordingly
Tnoi(zic1) = ¢(zic1) (L+ Ry ') 4o <\/1£> .
When a,, — oo, using Theorem 1, it holds

sup 22~ (i +1)%a2 < 2k%a2 _ 2k%(m(t))?

ol 20 = &2n s2n
L2R(W())? 2R ) 1 (1
(6.16) dn V) v (ﬁ) ’

where the last step holds under condition (4.2). Hence z; — 0 for 0 <i <k —1 as
an — 00. By Corollary 1
=o0(1/v/n) and R, " =0(1/v/n).
We thus get
. vn—1
p(Xiy1 = yi+1|5f+1 =na, —sy) = \/ﬁ
= \/%Wan(xi-&-l =yir1) (1= (2 = 280)/2 + o(z] — 271)) (1 +o(1/v/n)),

where we used a Taylor expansion in the second equality. Using (6.16), we have as

' 22— 22| = o(1/V).

ix. o) L
T (Xip1 = ylH)(b(Zz— ) (14 0(1/v/n))

which yields

k—1
1
P(Xf = yﬂS? =nap) = (1 +o <\/ﬁ)> E) T (Xip1 = Yit1)-

This completes the proof.
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6.8. Proof of Theorem 8. We first establish some asymptotics for the distribution
of ST. It holds, denoting

I(z) :=a2m™ (z) —log ® (m™ (x))
and recall that the Variance function V' (z) has been defined in (1.6).

Lemma 5. Set m(t) = a,. Suppose that a,, — 00 as n — oo. Then

na exp(—nl(ay)) o 1

6 PSS (1Y)
Let further t. be defined by m(t,;) =7 with 7 > a,. Then uniformly upon T
(6.18) p(ST = nt) = m (1 +o (\/15» :

Proof. For a density p(x) defined in as in (2.1), we show that g(z) is a convex
function when z is large. If h(z) € Rg, for x large

g (x)=h'(z) = @ (B +e(x)) > 0.
If h(z) € KRwo, set x := ¢ (v). Then
@ =Ha)= = >0,

P'(v)  Y(v)e(v)
where the inequality holds since e(v) > 0 when v is large enough. Hence g(z) is
convex for large z. Therefore, the density p(x) with h(x) € R satisfies the conditions
of Theorem 6.2.1 in [13]. Denote by p,, the density of X = (X; + ...+ X,,)/n. We
obtain from formula (2.2.6) of [13], using a third order Edgeworth expansion

Pt 2 nay) = L SPCH (50 ) 4 0 (L2 pan).
where A\, = /nts(t); Bo(\,) and Bs(),) are defined by

o= (1L o (2)). B~

‘We show that as a,, — o0

(6.19) %2 —0 <i) .

Since n/\2 = 1/(t2s%(t)), (6.19) is equivalent to
t25%(t) — oo.

By Theorem 1, m(t) ~ 9(t) and s2(t) ~ 1’ (t); combined with m(t) = a,, it holds
t ~ h(an)li(an), where l; is some slowly varying function. If h € RV(f), notice

that
wl(t)_ 1 _ ¢(t) N G, .
REE) ~ R @) B+ @)~ haw) (B + @@
hence
2 9 2 2 Qn o (an)ll(an)
£ ~ hlan)hl0n) G = Ty ) >



22 MAEVA BIRET, MICHEL BRONIATOWSKI, AND ZANGSHEN CAO

If h € KRe, then

252 (t) ~ tQM = t)(t)e(t) — oo;

we have proved (6.19) and, summing up, that

B = L (10(2))

By (6.19), A, goes to oo as a, — oo; this implies further that Bs(),;) — 0. On the
other hand, by Corollary 1 it holds /s3> — 0. Hence we obtain

P(S? > na,) = q’(t);%(;(?;an) <1 o <\}ﬁ>> ’

which gives (6.17). By Jensen’s Theorem 6.2.1 ([13]) and formula (2.2.4) in [13] it
follows that uniformly in 7

n o A/n®(t.)" exp(—nt,T) 1
p(ST/n=1) = Sms(t,) (1+0(\/ﬁ)> )
which, together with p(S} = n7) = (1/n)p(S7/n = 7), gives (6.18). O

We now turn to the pointwise approximation of pA=(y;). Let n,, be a positive
sequence and denote

(6.20) Ny/0n — 0

(6.21) nm™ (an)n,, — 00

and

(6.22) n*/V(a,) — 0.

It holds
pin (y1) :/ p(X1 = y1|ST = n1)p(ST = n7|ST > nay)dr
_ pXi=wy1) /Oo n_ o
- P(Sil 2 nan) o p(S2 =nrT yl)dT
B P\ p(Xi=wy) [T
= (1 + Pl> P(ST > nay) . p(Sy =nT —y1)dr
P2 an+n,
(6.23) = (1 + P) / p(X1 =[Sy = n7)p(ST = n7|ST 2 nan)dr
1 QA

where the second equality is obtained by Bayes formula, and

Qn +1y,
P = / p(Sy =n1 —y1)dr,

n

P = / p(Sy =nT —y1)dT.
an+Mn,
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Lemma 6. Whenever h belongs to R, with n,, satisfying (6.20) and (6.21) it holds

P.
lim —= = 0.
n—oo 1

Proof. Indeed

1 1 )
Py, = EP(SS > n(an +1,) = y1) = Ep(sg > (n—1)ea),

1 1
P+ P = EP(SS > na, —y1) = EP(SS > (n—1)d,),

where ¢, = (n(an+mn,) —vy1)/(n — 1) and d,, = (na, — y1)/(n — 1). Denote
te, =m* (cy) and tq, = m(d,). Using Lemma 5, it holds

. (1 +o (\}ﬁ» i‘izgd)) exp (—(n — 1) (I(en) — 1(dn))
Using the convexity of the function I and a first order Taylor expansion it holds
exp (—(n—1)I(e,) — I(dy)) < exp—nn,m™ (a,)
which tends to 0 by (6.21). We now show that
ta,5(ta,)
te, s(te,)
By (6.20), ¢, /d,, — 1 as a, — oo. If h € RV (B), it holds
<tdns<tdn>>2 N ( duh(dy) ) (ﬁ + ew(cn)))? N <h<d>> o
te,s(te,) B+e(¥(dn)) cnh(cn) h(cn) .
If h € KR,

— 1.

1257 (t) ~ tp(t)e(t),

hence

ta,s(ta,) ’ - dy ) (dy )€(dn) - e(dy) _ €(cn —nn,/(n — 1)) 1
te,s(te,) cnb(en)e(en) — e(en) e(cn) ’
where the last step holds by using the same argument as in the second line of (6.14).
We obtain
P

(6.24) 7 =)

Now turning back to (6.23) under (4.2) and making use of Lemma 6

A @ (p(Xy = 1|ST = n7) — 77 (1)
pr(y) ~ / < -
an ™ (yl)
= (1+0(1) (1+0(1/v/n)) 7 (y1) = (1 + ) 7 (1)
with lim,, . 7, = 0 is independent on y;. The second equality follows from (4.2)
making use of Theorem 3; we also used that fact that that the mapping 7 — 77 (y1)
is decreasing for 7 > y;, hence for n large enough; also a := a, + 0,71, with
0 < 6, <1 and we made use of the version of the mean value theorem for product
of integrands.
We now prove that when Y is drawn under p#7, then Y = Opa, (a,).

) p(ST = n7|ST > nay)n" (y1)dr
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By linearity of the expectation and integration by parts, F (Y|S} > na,) =

an + W faoj P (57 /n > u)du ; now by Markov Inequality and convexity of

b

/a:OP(S{L/n >u)du < /aoo exp (—nl(u)) du

n

IA

(expnl(ay)) /OO exp (—n (I(u) — I(ay))) du

(expnl(an)) /nl'(an).

Making use of (6.17) to handle P (S} /n > a,) it results that E (Y| S} > na,) =
an + (1 +0(1/y/n))s(t)/+/n; now s(t)/+/n = o(a,) whenever h € RV (f3) for some
B > 0 or when h € KR, for any sequence a,, bounded away from 0. Therefore
E (Y| S} > nay) = an + o(ay) and Y = Opa, (ay,) follows by Markov Inequality.

IN

It follows that, similarly as in Theorem 7, lim,,_, o, dy (PA",H“:L) = 0. Now by
Kemperman Inequality, dy (Ha",H”;) < V2K (1195, TI%n).

We prove that K (HQZ,HH") = (t* —t)ap + log ® (t*) — log ®(¢) tends to 0 as
n tends to infinity, where m(t*) = af. By Taylor expansion K (H“Z,Han) =
(t* —t) (m(t**)—ay,) for some t** such that m(¢t**) belongs to (a,, a, +1,,) . There-
fore, through a second Taylor expansion

K (H“n,H“") < . n .
infoean,antn,) V(a)

Now V(a) = s*(m™ (a)) = ¢’ (m™(a)))o(1)).

In the case when h belongs to RV () for some § > 0 it holds denoting « :=
ap, + 0,7, for some 6, in (0,1), under (6.20)

V(Ol) ~ d)l (7/)_1(% (1 + '9717771)) ~ d)/ (¢_1(an))

Therefore under (6.20) and (6.22) K (I1%,1I%") tends to 0.

In the case when h belongs to K R, making use of Condition (2.8) proves that
¢’ is ultimately decreasing, which in turn proves that infae(q, 4,41, V() can be
substituted by V(a,,), Therefore under (6.22), K (HQZ,HH") tends to 0.

All conditions (6.20), (6.21) and (6.22) are fulfilled by adequate sequence 7,
when h belongs to R, hence lim,,_, . dy (PA",H“") < limy, o0 dy (PA",H“:L) +
dy (H“",H“;) = 0 as sought.
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