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Abstract

Abstract We consider an interacting particle system which models the sterile insect technique. It is the
superposition of a generalized contact process with exchanges of particles on a finite cylinder with open
boundaries (see Kuoch et al., 2017). We first show that when the system is in contact with reservoirs
at different slow-down rates, the hydrodynamic limit is a set of coupled non linear reaction-diffusion
equations with mixed boundary conditions. We then prove the hydrostatic limit when the macroscopic
equations exhibit a unique attractor.

Keywords: Hydrodynamic limit; Hydrostatic limit; Random reservoirs; System of reaction-diffusion
equations; Generalized contact process; Stirring process; Mized boundary conditions.
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1 Introduction

In this paper, we consider the interacting particle system introduced in [19] to model the sterile insect
technique. This technique was developed, among others, by E. Knipling (see [18]) to eradicate New World
screw worms in the 1950s, a serious pest for warm blooded animals. The method is still used today, for
instance in France, to protect crops from the very invasive Mediterranean flies, and it is also being tested to
fight mosquitoes which transmit dengue in countries like Panama or Brazil. We refer to [7] for a detailed list
of trials and programs regarding that method. The sterile insect technique works as follows: male insects
are sterilized in captivity using gamma rays. They are then released in the wild population, where females
mate only once, giving rise to no offspring if they mate with a sterile male. When enough sterile individuals
are released, the wild population eventually becomes extinct. From a mathematical perspective, the sterile
insect technique has mainly been modelled in a deterministic way through the study of partial differential
equations (see [1]).

This technique was studied from a probabilistic perspective in [19] and [20] using interacting particle
systems. In [19], a phase transition result was proved at the microscopic level. Recently, another probabilistic
model was studied in [16], also at the microscopic level. In [20], the study is carried out at the macroscopic
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level (hydrodynamic limit) in both finite and infinite volume with reservoirs, in order to account for the
migration/immigration mechanism.

Here, we aim at studying the hydrodynamic and hydrostatic limits of the interacting particle system in
[20], under the effect of slow reservoirs in any dimension d > 1. The slow-down mechanism models the fact
that beyond the boundary through which insects arrive into the system or leave it, there are very few insects
(the exterior of the system might be a territory which is much less favorable to the development of these

insects).
In the perspective of interacting particle systems, the sterile insect technique is modelled as follows:
individuals evolve on a d-dimensional finite set By = {—N,---, N} x ']I“]i\fl7 where N > 1 and ']I“]i\,*1 =

(Z/NZ)?~1. The evolution of the population is described by a continuous time Markov process (7 );>o with
state space EPN where E is a countable set. In this model, the gender does not come into account so we refer
to sterile individuals rather than sterile males. The quantity of interest here is not the number of insects per
site but the type of insects present at a given site. Precisely, E = {0, 1,2, 3} and for z in By,

if there are no insects in z,

if there are only wild insects in z,

if there are only sterile insects in x,

if there is a combination of wild and sterile insects in x.

n(z) =

GV R )

The dynamics of the Markov process is the superposition of three Markovian jump processes:

(i) An exchange dynamics which models the fact that insects move in an isotropic way within the bulk
By and which is parameterised by a diffusivity constant D > 0. Precisely, for a configuration n and
T,y two sites in By, the states of sites x and y in n are exchanged at rate D.

(ii) A birth and death dynamics within By which models births of individuals due to the mating of a wild
individual with wild or sterile insects, as well as deaths of individuals. This is the dynamics introduced
in [19] that was referred to as a contact process with random slowdowns (CPRS). It is parameterised
by a release rate r > 0 and growth rates A1, Ay > 0. Sterile individuals are injected on a site at rate
r independently of everything else. The rate at which wild individuals give birth (to wild individuals)
on neighbouring sites is A\; at sites in state 1, and Ay at sites in state 3. Sterile individuals do not give
birth. We take Ao < A; to reflect the fact that fertility is reduced at sites in state 3. Deaths for each
type of insects occur independently and at rate 1.

(iii) A boundary dynamics which models the slow migration/immigration mechanism. The mechanism is
parameterised by a function b = (by,by,b3) : {—1,1} x T?"! — [0,1]® for the rates, where T~ =
(R/Z)?=!, and the slowdown effect by two constants 6, and 6, in RT.

Note that without the presence of sterile insects, the CPRS would be a basic contact process (as defined
for instance in [23]) with parameter A\;, and the presence of sterile insects can be interpreted as a random
decrease of the fertility rate due to the presence of sites containing sterile and wild individuals. In [19], the
microscopic study of the contact process with random slowdowns in dimension d > 1 leads to the following
phase transition result: for certain values of \; and Ay, when r is large enough, the healthy population almost
surely becomes extinct, and survives otherwise. In this paper, the CPRS will be called generalized contact
process. In [20], the hydrodynamic limit of the superposition of the three dynamics above, where the first
and the third one are accelerated in the diffusive scaling N2, and where 6, = 6,. = 0, is proven to be a system
of non linear reaction-diffusion equations with Dirichlet boundary conditions in any dimension.

In this paper, we first prove the finite volume hydrodynamic limit of this particle system for any values
of 04,0, > 0 and in any dimension. The hydrodynamic equation obtained has mixed boundary conditions
which depend on the values of 6y, resp. 6,.. Precisely, for 8, € [0, 1), resp. 6, € [0,1), we get a Dirichlet type
boundary condition at the left-hand side, resp. right-hand side of the system. For 8, = 1, resp. 6, = 1, we
get a Robin type boundary condition at the left-hand side, resp. right-hand side of the system. For 8, > 1,
resp. 8, > 1, we get a Neumann type boundary condition at the left-hand side, resp. right-hand side of the
system.



We then prove the finite volume hydrostatic limit of the particle system for a specific class of parameters
regarding the dynamics. Within that class of parameters, the sequence of invariant measures of the interacting
particle system is associated to a profile which is the stationary solution of the hydrodynamic equation with
corresponding mixed boundary conditions.

Our paper is, up to our knowledge, the first one regarding the effect of mixed reservoirs in and out of
equilibrium (hydrodynamic and hydrostatic limit) for a multi species process in a bounded d-dimensional
cylinder. Note that all our results can be extended to the d-dimensional hypercube, [—1,1]%, following the
method in [21]. We believe that the analysis for general domains would require more effort, in particular,
regarding the choice of a suitable discretization of the underlying macroscopic space. The discretization
issue has been addressed for some conservative interacting particle systems evolving on a bounded Lipschitz
domain (see [5] and references therein). For domains such as manifolds, we refer to [25] for the symmetric
simple exclusion process with no reservoirs. Both papers [5] and [25] rely on duality techniques. The effect of
reservoirs on a one dimensional conservative system has been widely studied in finite volume (see for instance
[6], [10]). Much is now known both at the microscopic and macroscopic levels. Recently, the effect of slow
reservoirs has aroused considerable interest for the symmetric simple exclusion process in one dimension (see
for instance [2], [12], [13], [14] and references therein). In [11], the authors proved a hydrostatic principle for
a boundary driven gradient symmetric exclusion process using the fact that the stationary profile is a global
attractor for the hydrodynamic equation. This method inspired our proof for the hydrostatic limit. However,
the fact that we obtained coupled equations for the hydrodynamic limit, and that we work in any dimension
make the analysis more subtle and require general analytical tools.

This paper is organized as follows. In Section 2 we introduce the notation and state our results. The proof
of the hydrodynamic limit for each of these regimes is established in Section 3 via the Entropy Method. Among
other things, as we work in an arbitrary dimension, some care must be taken to perform the "replacement
lemma”, and also to define and characterize the solution of the hydrodynamic limit at the boundary, through
the use of the "Trace Operator” (see subsection 3.4). The difficulties due to different boundary slowing
exponents are purely analytical, and appear when proving uniqueness of the hydrodynamic equation with
mixed boundary conditions. The proof of the hydrostatic limit, established in Section 4, relies on the use of
a well chosen change of coordinates for the coupled equations. Under this change of coordinates (inspired
by some simulations, see Appendix B), a comparison principle holds. It allows us to find a unique attractor
when some conditions on the parameters are satisfied. Outside that class of parameters, although uniqueness
of the invariant measure holds, we do not even know whether there is uniqueness of the stationary solution
of the hydrodynamic equation, and simulations show that for Neumann type boundary conditions there are
several stationary profiles. However, we believe that a more general hydrostatic principle in the spirit of the
one proved in [22] is valid.

2 Notation and results

2.1 The microscopic model

The dynamics of our interacting particle system is given by three generators, one for the exchange dynamics,
one for the generalized contact dynamics and one for the boundary dynamics. In order to explicit each one
of those generators, let us give a few notations. Let N € N and d > 1. For p > 1, we write T%;, resp. T?,
the discrete, resp. continuous, torus (Z/NZ)?, (R/Z)?. Denote by By = {~N,--- , N} x T% * the bulk and
'y ={-N,N} x ']T?V_l, resp. ['f; = {N} x T;iv_l, resp. I'y = {—N} x T;iv_l, the boundary, resp. right-hand
side boundary, resp. left-hand side boundary, of the bulk. Denote B = (—1,1) x T?~! the continuous counter
part of the bulk, B = [~1,1] x T~ its closure, I' = {~1,1} x T}, '~ = {~1} x T4 ! and 't = {1} x T¢~1.

The microscopic state space is denoted by Qn := {0,1,2, 3}BN and its elements, called configurations,
are denoted by 7. Therefore, for z € By, n(x) € {0,1,2,3}. To describe the dynamics of our model, we will
use the correspondence introduced in [20] between the state space Qy and Sy := ({0,1} x {0,1})B~ where



the correspondence between an element (£, w) € 5 ~ and ) € Qp is given as follows: for z € By,

nz) =0 <= (1-¢&(2))(1 —w(x)) =1,
nz) =1 < &)1 -wx) =1,
n@) =2 < (1-¢(@))w(z) =1,
n(z) =3 <= {(x)w(z) =1

In other words, w € {0, 1} represents the presence of sterile insects, and £ € {0,1} that of wild ones on a
given site, i.e., (§(z),w(z)) = (0,0) if x is in state 0, (1,0) if it is in state 1, (0,1) if it is in state 2 and (1, 1)
if it is in state 3. Also, in order to describe the evolution of the density of sites in state 1, 2, 3, resp 0, we
define for x in By and a configuration n € Qy with associated configuration (§,w) € Xy,

m(z) = Lpya)=13 = &)1 —w(z)),

772(55) = ﬂ{n(w):2} = (1 - f(z))w(x), (2 2)
n3(z) == Liy@)=3y = {(z)w(z), '
no(z) == Lp@y=0y = (1 = &(2))(1 — w(z)).

Finally, we also express the correspondence (2.1) by the following application from 5 N to Qpn:

(2.1)

n=n({,w), where, for any z € By, n(x)=2w(x)+ &(x). (2.3)

e Generator for the exchange mechanism: it corresponds to the usual stirring mechanism where
each site has an exponential clock with rate D and independent from all the other clocks, where D is
a fixed positive parameter. When the clock rings, a neighbouring site is chosen uniformly at random
and the states of both sites are exchanged. The action of the generator on functions f : Xy — R is
therefore given by:

d
EnfEw) =Y Y D(fEenwm ) - f(w)) (2.4)

k=1 (z,z+er)eB%

where (eq,--- ,eq) is the canonical basis of Z? and for ¢ € {0,1}5~ and z,y € By, ¢(*V is the configu-
ration obtained from ¢ by exchanging the occupation variables {(z) and ((y), i.e,
((x) if z=y,

(M(z) = C(y) if z=u,

((z) otherwise.

e Generator for the generalized contact process in the bulk: following the description of the
generalized contact process in the introduction, let us give its rates in the bulk. For n € Qn, x € By
and ¢ € {1, 3} denote by n;(z,n) the number of neighbours of x in state ¢, that is, n;(z,n) = > 7:(y),

Yy~x
where x ~ y means that x and y are neighbouring sites in By . Births and arrivals of sterile individuals

at x happen at the following rates:

0 — 1 at rate Aynq(z,n) + Aang(x,n), 2 — 3 at rate \yni(x,n) + Aans(z,n),

(2.5)
and 0 — 2 atrater, 1 — 3 at rater,
Deaths of individuals at x happen at rate 1:
1—0atratel, 2—0atratel, 3—1atratel, 3 — 2 atratel, (2.6)

Therefore, using the correspondences (2.1), (2.2) and (2.3), the generator Ly = Ly, x,,» Of the
generalized contact process acts as follows on functions f : ¥y — R: for ({,w) in Xy and n = n(§,w),
we have

Lyf(§w) = Y Lp f(&w), (2.7)

TrEBN



where for x € By,

B F(6w) = (r(1l = w(@)) +w(@)) [£(6 070) - f(Ew)]
+ (Bay (0,6,w) (1~ €@)) + £@) ) [F(0°6,w) = [(€w),

BBN($7n):::Alnl($7n)*_A2n3(xan)
where, for ¢ € {0,1}5~, 0% is the configuration obtained from ¢ by flipping the configuration at z, i.e.

1—-¢(z) if z=u,
¢(z) otherwise.

oot = {

e Generator for the boundary dynamics: the generator of the dynamics at the boundary is parametrised
by 6 = (0¢,0,) with 6,6, > 0 and a positive function b = (by,b2,b3) : T’ — Ri satisfying the
following conditions: there exists a neighbourhood V of B in R x T¢"! and a smooth function
9= (91,92,93) : V= (0,1)3 in C?(V,R) (the space of twice differentiable functions), with

* * * s . < ) < * .
Jc5,C* >0, 0<c <lr£1i123 |gl\71r2?§xs lgi| <C* <1, and g1 +g2+g3<1 (2.9)

and, the restriction of g to I' is equal to b. The dynamics at the boundary can then be described as
follows: a site z € 'y, resp. = € T'f;, flips from state i € {0,1,2,3} to state j € {0,1,2,3}\ {i} at
rate N=%b;(x/N), resp. N=%b;(x/N) . In order to express the generator of the boundary dynamics,
we make use of n; = n;(&,w) for i € {0,1,2,3} which is the configuration in {0,1}5~ obtained from
(&w) € Sn according to (2.2). For f : Sy — R, the boundary generator acts on f as follows: for (¢, w)
in % N, we have

3
Lignf (€)= N3 37 bile/N) (flonslew) - F(Ew))

=0zl

3
NS bile/N) (F(ra(w) — FEw)),

= +
g OzGFN

(2.10)

where bo(z/N) =1 — Zf’zl bi(x/N) and with o (&, w) = 05 4n(&, w), the configuration in Sy associ-
ated to o; 47, where
n(z) = i if z=u,
Tiwl\Z) = n(&,w)(z) otherwise
with 7(€,w) as defined in (2.3).
Fix a time horizon T > 0 and denote by {(£V,w!"), t € [0, T]} the Markov process associated to the generator

Ly :=N?Ly+N°L; 5 v +Ln. (2.11)

Let Dg ([0,T]) be the path space of cadlag trajectories with values in Sn. Given a measure juy on Sy,
denote by P, the probability measure on Dg ([0,T7) induced by pun and (&, wt)iefo, 1), and denote by E
the expectation with respect to P, .

UN

Invariant measures for the exchange and boundary dynamics:
Consider @ = (a1, a9,a3) : B — (0,1)® a smooth function satisfying, for ¢*, C* > 0 given in (2.9),

0<c¢* < min |og] < max |oy| < C* <1, a1 +az+az<l. (2.12)
1<i<3 1<i<3



Denote by z/A the Bernoulli compound product measure on By with parameter a: for (§,w) € s N,

exp(Z 3 (1og x/N;) (x)), (2.13)

1=1 xEBN

N .
vy (§w) =
where g = 1 — 1 — g — a3 and where Z5 v is the normalizing constant

1
zan = 11 oy

BN
Note that ug is such that for every 1 <i¢ < 3 and = € By,
E,ni(x)] = oi(x/N).
One can verify the following statements:

e Consider @ a smooth profile satisfying (2.12) and

vz eT, a(z)=bx). (2.14)

Then, vY is an invariant and reversible measure for the boundary dynamics: for any f : Sy — R,
/i Ly gy f (& w)dv (€, w) = 0. (2.15)
N

e Consider @ a constant profile. Then Vév is an invariant and reversible measure for the exchange dynamics

so for any f : f]N - R,
L f(& w)dvg (€ w) = 0. (2.16)

EN

For any b e (RT)2, at fixed N, the dynamics defined by (2.11) is irreducible and the state space is finite.
Therefore, the dynamics has a unique invariant probability measure that in the sequel we denote by 153 (6).

Useful (in)equalities: For any A, B > 0,

A(B — A) :f%(BfA)QJr%(BQfAQ). (2.17)
For any a,b, A and N € N,
2ab < Va? + Ay (2.18)
A N ’

For any sequences of positive numbers (ay)ny>1 and (by)n>1

— 1 — 1 — 1
lim Nlog(aN +by) < max( lim NlogaN,A;gnoo Nloglw). (2.19)

N—o00 N—o0

2.2 The macroscopic equations

Let us first introduce a few notations. We will write functions with values in R with Roman letters (for
instance ) and the ones with values in R? with letters with a hat (for instance @) . For n,m € N, denote
by C™™([0,T] x B) the space of functions that are n times differentiable in time and m times differentiable
in space, Cy"™", resp. Cy"", resp. Cy’\", the ones in C™™ ([0, T] x B) which are zero on T, resp. I'~, resp. I't.
Denote by C;°(B) the space of smooth functions with compact support in B, Cm(i) the space of functions
that are m times differentiable in space with Ci*(B), resp. C§*_(B), resp. Cg" +( ), those which are zero on



[, resp. I'~, resp. ', and C(B) the space of continuous functions on B . For b= (0¢,0,) in (RT)?2, we will
use the following notation to denote these functional spaces:

cl? it 6e0,1)2,
. Co if 0, €[0,1),0, >
o Cos if 6, €10,1),0, >
ch2 if 6,,0, > 1.

1
’ 2.20
1 (220)

Let ( , ) be the L?(B) inner product and ( , ), the inner product with respect to a measure u. For

f: (f1, f2, f3) and g = (g1, g2, g3) in (LQ(P))B, <f, 9) = Zle(fi,gi>. Recall that (e, - - , eq) is the czﬂlonical
basis of Z¢. Introduce the Sobolev space H!(B) which we recall to be the set of functions g € L?(B) such
that for any 1 < k < d, there exists an element denoted by ., g € L?(B) such that for any ¢ in C5°(B),

(Oer0,9) = — (0,0, 9),

where 0., ¢ is the usual partial derivative. The H!(B) norm is then defined as follows:

2 2 2 1/2 2 2 2 1/2
gl = (Iglzce) + - 19agl3em) = (lgl3+ D lo.gl3)
k=1 k=1

We will write ||g||3 instead of HQH%%B) when no confusion is possible. Introduce H}(B), the closure of
C°(B) in H!(B) for that norm. Denote by L? ([0, T, Hl(B)) the space of functions f : [0,T] — H!(B) such
that

T
Aﬂﬂnm%@ﬁ<W~

In order to define the value of an element G in H!(B) at the boundary, we need to introduce the notion of
trace of functions on such Sobolev spaces. The trace operator in the Sobolev space H!(B) can be defined as
a bounded linear operator, Tr : #'(B) — L*(T') such that Tr extends the classical trace, that is Tr(G) = G|,
for any G € H!'(B) NC(B). We refer to [8, Part II Section 5] for a detailed survey on the trace operator.

In the sequel, for s,u € [0,7] x I" and for any f € LQ([O,T],’Hl(B)), f(s,u) stands for Tr(f(s,.))(u).
Notice that H(B) is the set of elements of H!(B) with zero trace.

To lighten notations, for a function G depending on time and space we will often write G instead of
G(s,.). Finally, for fe (R*)2, introduce the following linear functional on L2 ([0, T], Hl(B)) parameterised

by a test function G in Cs: for t € (0,77,

Iz(P)() == <ﬁt,§t>—<ﬁoﬁo>—/0 <ﬁ57asés>ds—D/0 @Aésms—/o (F(ps), Gs)ds (2.21)

where F' = (Fy(p), Fo(p), F3(p)) : [0,1]3 — R3 is defined by

Fi(p1, p2, p3) = 2d(A1p1 + Aap3)po + p3 — (1 + 1)p1
Fy(p1,p2,p3) = 1po + p3 — 2d(A1p1 + A2ps)p2 — p2 (2.22)
F5(p1, p2, p3) = 2d(A1p1 + Aaps)p2 + rp1 — 2p3,

with po =1 — p1 — p2 — ps.

The hydrodynamic equation is a system of coupled reaction diffusion equations with mixed boundary
conditions depending on 6. If 6, resp. 6,., belongs to [0, 1), the boundary conditions are of Dirichlet type on
', resp. I't. If , = 1, resp 0, = 1, they are of Robin type on I'", resp. I't. If §, > 1, resp. 6, > 1, they are
of Neumann type on I'", resp. I't. We will focus on the cases where 6, € [0,1),60,, = 1 resp. 6, > 1,0, =1,
corresponding to a Dirichlet boundary condition on I'” and a Robin boundary condition on I't, resp. a
Neumann boundary condition on I'” and a Robin boundary condition on I'*. All the other cases can be
adapted from those ones (see Table 1).



Definition 1. Let 7 : B — R3 be a continuous function.

e Hydrodynamic equation for 6y € [0,1) and 6, = 1.
A bounded function p = (p1, p2, p3) : [0,T] x B — R? is a weak solution of the Dirichlet + Robin mized
boundary problem

8,p = DAp+ F(p) in B x (0,T),
p(0,.) =7 in B,

pt, )r- = b for 0<t<T, (2.23)
3elﬁ(t, .)|p+ = %(b - Z)\)\F+ forO<t<T,
if, for any 1 <1 <3,
pi € L2([07T]7H1(B))a (224)
for any function Ge Cy, for any t € [0,T],
3 t
I&(P)(t) + D Z/ bi(r)(9e, Gi,s)(r)na(r).dS(r)ds
i=170 JI'~
3 t
+ D; /0 /F  Pil5:7) (06 Gis) () (r)-dS (r)ds (2.25)

3 t
_ Z/O - G;i(r)(bi(r) — pi(s,7))n1(r).dS(r)ds = 0,

where ny(r) is the outward normal unit vector to the boundary surface T and dS(r) is an element of

surface on I'. And,
p(0,.) =7(.) almost surely. (2.26)

e Hydrodynamic equation for 8 > 1 and 6, = 1.
A bounded function p = (p1, p2, p3) : [0,T] x B — R3 is a weak solution of the Neumann + Robin mized
boundary problem
8,p=DAp+ F(p) in B x (0,7T),
p(0,.) =7 in B,
Oe, p(t, )yr- =0 JorO<t<T
aﬁﬁ(ta ')|FJr = %(b - ﬁ)\F* fOT 0<t<T,

(2.27)

if p satisfies conditions (2.24) and (2.26) as well as the following condition (2.28): for any Ge C;, for
any t € 10,77,

3 t
@0+DY [ [ ()@ G)wm ().d5(0)s

3 t
+D Z/O /1"+ Pi(S, T')(ael Gi,s)(r)nl (T)dS(T)ds (228)
B /F+ Gi(r)(bi(r) — pi(s,r))ni(r).dS(r)ds = 0.

Remark 1. In (2.25), the integral over T~ corresponds to the Dirichlet boundary condition. In (2.28) the
integral over T'™ comes from an integration by parts of the terms involved in the bulk. Both in (2.25) and
(2.28) the first integral over TV comes from an integration by parts of the terms involved in the bulk and the
second integral over I'" corresponds to the Robin boundary condition.



(0,0,) | 6, €0,1) | 6.=1 0, > 1
0,€[0,1) | (D;D) | (D;R) | (D;N,)

0 =1 R;D) | R;R) | (R;Ne)

0r>1 | (Nei;D) | (NesR) | (Nej Ne)

Figure 1: Mixed boundary conditions depending on the values of 8, and 6,.. The letters D, resp. R, resp.
N, denote a Dirichlet, resp. Robin, resp. Neumann boundary condition. For instance (D ; N.) denotes a
left-hand side Dirichlet boundary condition and a right-hand side Neumann boundary condition.

Definition 2 (Stationary solution of the hydrodynamic equation).

e A function p = (py,D0q,P5) in (7—[1(3))3 is a stationary solution of (2.23) if for every function G =
(Gl,GQ,G3) € C&,(E)g, fOT‘ all 1 <i <3,
D{p;, AG;) + (F;(p),Gi) = D | bi(r)(9e,G;)(r)na(r).dS(r)
- (2.29)
pi(1)(0e, Gi) (r)na(r).dS(r) — [ Gi(r)(bi(r) — pi(r))na(r).dS(r).

r+ r+

+D

In other words, p is a stationary solution of (2.23) if p(t,u) = p(u) is a solution of (2.23).

o A function p = (py, Py, P3) N (’;‘-ll(B))3 is a stationary solution of (2.27) if for every function G =
(Gl,Gg,Gg) S CQ(E)S, f0r all 1 <1< 3,
D(pi, AG;) + (Fi(p), Gi) = D | pi(r)(0e,Gi)(r)na(r).dS(r)
- (2.30)
pi(1)(0e, Gi) (r)na(r).dS(r) — [~ Gi(r)(bi(r) — pi(r))na(r).dS(r).

r+ r+

+D
In other words, p is a stationary solution of (2.23) if p(t,u) = p(u) is a solution of (2.27).

2.3 Hydrodynamic and hydrostatic results

Let us state the main results proved in this paper. The first one (Theorem 1) establishes the hydrodynamic
limit of the dynamics defined above and the second one (Theorem 2) establishes its hydrostatic limit. Before
stating Theorem 1, let us first define the empirical measure 7 (¢,w) = 7 associated to a given configuration
(&, w). Recall how in (2.2), we built n; € {0,1}B~ from (£,w) € Sy for 0 < i < 3. Then,

A ew) = (37 2 Mm@ 77 O B 37 O 1@

r€BN rEBN rEBN

=: (W{V(f’w),ﬂ'é\’({,w), ﬂ-év(&w))

where d,/x is the point mass at x/N. For G in CH2([0,T) x B) and t > 0, write



3 3

N A 1 T

<7TN7 Gt> = Z<7T1Na Gi(ta )> = Z W Z nl(x)Gz(tv N)

=1 =1 r€EBN

The empirical measure is therefore the triplet of empirical measures associated to the density of sites in state
1, resp. 2, resp. 3. Denote by M the set of positive measures on B with total mass bounded by 3 (because
for any configuration 7, 7 (1)(B) = llz\\%‘ < 3). The process (7" )i>0 = (7" (&, we))i>0. Is a Markov process
with state space M? and its trajectories belong to D([0,T], M?), the path space of cadlag time trajectories
with values in M3. We endow the path space with the Skorohod topology (we refer to [3] for a detailed

presentation on the Skorohod topology). For 0 e (RT)2 and puxn a probability measure on ¥y, denote by
QY = Pux (7N)~1 the law of the process (7 (&, w))i>0 When (€o,wo) ~ pun and where (€5, w;)i>0 evolves

according to the dynamics given by (2.11), with parameter 0 for the boundary reservoirs. The hydrodynamic
result states as follows:

Theorem 1 (Hydrodynamic limit). For any sequence of initial probability measure (un)n>1 on f]N, the
sequence of probability measures (QgN)Nzl 18 weakly relatively compact and all its converging subsequences
converge to some limit Qg’* concentrated on the set of weak solutions of the hydrodynamic equation that
are in L([0,T); HY(B)), in the sense of Definition 1. Furthermore, if there is an initial continuous profile

3 : B — [0,1]3 such that for any § > 0 and any G € Co(B),

limsup oy [|(7Y,6) - (3,6)| > 8] =0,
N—00

then, (Q?V)Nzl converges to the Dirac mass Qg concentrated on the unique weak solution p of the boundary
value problem associated to 0 and with initial condition 7. Therefore, for any t € [0,T], 6 > 0 and any
function G € C12([0,T] x B),

limsup Py [[(7Y, o) — (71, Go)

N—oc0

>5}:0.

We prove Theorem 1 in Section 3.

Intuitively, the sterile insect technique is more effective when r is large and Ag is small. This result has
been made precise at the microscopic level for the generalized contact process, in [19, Theorem 2.5], where
the author proved a phase transition result: when A\; > Ay are properly tuned, there is a critical value
re > 0 below which the wild population survives with strictly positive probability and above which the wild
population dies out almost surely.

To establish the hydrostatic limit, depending on the parameters at the boundary, we will need one of the
following sets of conditions to be satisfied:

D>1
(Hl) : r+1> Qd()\l — /\2)
1> 2d)\s

(H) D51+T+2>2d(>\1—A2)
2 D& 41> 2d\s

. T+2>2d()\1—>\2)
(Hs) : { 1> 2d)s,

where 4; is the smallest eigenvalue of the Laplacian with Dirichlet boundary conditions (see (3.70)). These
conditions will appear technically in the proof of Theorem 2. However, note that at fixed D and \;, this
corresponds to having r large and Ay small enough, which is consistent with the effectiveness of the sterile
insect technique.

Recall that ,uj”\/?(g) denotes the sequence of unique invariant measures for the irreducible dynamics defined
by (2.11). The hydrostatic result states as follows.
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Theorem 2 (Hydrostatic limit). Suppose that conditions (Hy) hold. There exists a unique stationary solution
of (2.23) that we denote by p”®, and a unique stationary solution of (2.27) that we denote by p™Ne®.
Furthermore, the following statements hold.

e Consider § = (6;,0,) with 6, € [0,1) and 6, = 1. For any continuous function G : B — [0,1]3,

lim E,.. 9)(‘21\” ni(2)Gi(z /N — Z/G 2R ( )du‘)zo. (2.31)

r€EBN

~

In other words, the sequence (u33(0))n>1 is associated to the unique stationary profile p©-*

e Consider § = (0¢,0,) with 6, > 1 and 0, = 1. For any continuous function G:B— [0,1]3,

Jlim E,.q (‘ZMZ”Z (x/N) — Z/G )N (u)d ‘):o. (2.32)

x€EBN

In other words, the sequence (13} (5))N>1 is associated to the unique stationary profile p™< .

Remark 2. For all the other mized boundary regimes corresponding to other values of 5, the hydrostatic
L. . . _D,R _N.,R . . .
principle states in the same way, replacing p; or p; by the stationary solution of the associated hy-
drodynamic equation. In the cases where only Dirichlet and Robin boundary conditions are involved, we can
slightly weaken the conditions (Hy) by using conditions (Hs) or (Hs) instead. Precisely: in the (D;D), (D;R),
(R;D) regimes, the hydrostatic principle holds under conditions (Hz) and in the (N. ; N.) regime, it holds
under conditions (Hg).

The proof of Theorem 2 is done in Section 4. It essentially relies on an intermediate result stated
in Theorem 6 regarding the convergence of solutions of the hydrodynamic equation towards the unique
stationary state. This result is non standard as it involves a system of coupled equations and we prove it in
the second Subsection of Section 4.

3 Proof of the hydrodynamic limit

As said before, we focus on the cases where 6, € [0,1),6, = 1 and 6, > 1,6, = 1. We follow the entropy
method introduced by Guo, Papanicolaou and Varadhan in [15] to prove the hydrodynamic limit. First, we

prove tightness of the sequence of measures (Q N) ~>1- Then, we show that any limit point of (@ N) N>1 is
a Dirac mass concentrated on a weak solution of (2.23) if 6, € [0,1),0, = 1, or (2.27) if 6, > 1,0,
Finally, we prove uniqueness of the solution of the hydrodynamic equations at fixed initial data. We do not
give details for the standard steps but rather, insist on the specific difficulties arising in our case, namely,
the d-dimensional replacement lemmas (subsections 3.2.3 and 3.2.4) and the uniqueness of the solution of the
hydrodynamic equation (sections 3.5).

3.1 The martingale property and tightness

Recall from (2.11) the definition of the total generator Ly. By Dynkin’s formula (see [17, Appendix A.1]),
for 1 <i<3,t€[0,T] and G € C1?([0,T] x B),

t
Mz],\i(G) = <7T1']X§>Gi,t> — <’/T%,G7;70> 7/ <7T1N75,85Gi,5>d8
0

. b . (3.1)
—N2/0 £N<7T£Ys7Gi,s>d8—/o LN<7rfYS,Gi)S)ds—N2/O I/g’g’NOTfV’S,Gi,S)ds

11



is a martingale with respect to the natural filtration F; = o(n,, s < t) and with quadratic variation given
by:

t
/ Ly ((m)%,Gi.5)%) ds—2N2/ (m)Y,, Gis) Ly ((m), Gis)) ds. (3.2)
0 0
We then have that

3
=" MN(G)
=1

is also a martingale whose quadratic variation is known. In order to develop the integral terms in (3.1),
introduce the discrete second derivative in the direction ey, (for 1 < k < d) in the bulk, the discrete Laplacian,
and the discrete gradient in the direction e; at the boundary: for x € By \ T'y,

@) Gla/N) ZNQ( (5 +6(5*) - 26(F):

AnG(z/N) : zd: G(x/N), (9N) H(z/N) ::N(H(;)_H(xzvel))
k=1
nd
a o) = ¥ ({52 - (3)

Computations yield

t
ME(G) = (%, Ga) = (s Guo) - / (2% 0.G s
0

/ Dd Z ANG; G(I/N 771@ / Nd Z Z zG 'T/N)'r]z @( )d

z€BN\T'N zel'ny k=2
- [ [z 2[;(659 Conla/N)iale) — oy Z Goo/ N )] ds
fAS S (33)
/ 1 3 Giala/N)mefin)ds
r€EBN
Ndw/ S G/ N) (1 a(a) — bi(ar/N) ) s
zel'y
Nd+9 / > Giolw/N) (i) = bil/N) ) ds
zGF+
where we used that 1
L zNwG s) = Nd Z Gi,s(x/N)73 fi(ns), (3.4)
rEBN
with
Lnm(0) = Bpy (0,7)n0(0) +03(0) — (r + 1)n1(0) =: f1(n),
Lnn2(0) = r10(0) + 13(0) — Bay (0,m)12(0) — n2(0) =t fa(n),
Lnns(0) = By (0,7)n2(0) +r11(0) — 213(0) =: f3(n).

The second and third lines in (3.3) correspond to the computation of the time integral associated to N2Ly,
the fourth line in (3.3) corresponds to the time integral associated to L and the last term, to the integral
associated to N2Iﬁb GN
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For i € {1,2,3}, a computation of the quadratic variation of the martingale Mlj\i(@) shows that its
expectation vanishes as N 1 co. Therefore, by Doob’s inequality, for every § > 0,

limsupPMN[ sup ‘M%(@)’ > 5} =0. (3.5)
N—o0 0<t<T

Proposition 1. The sequence of measures (QaN)Nzl is tight in D([0,T], M3).

We refer to [17, Chapter 4] for details regarding the proof of [ tightness of a sequence of probability measures.
It is enough to show that for every H in a dense subset of C(B) for the L? norm, for every 1 <i < 3,

limsup limsup E,, [ sup ‘(m—,t, H) — (s, H>’ } =0. (3.6)

550 N—oo [t—s|<5

By density of C2(B) in C%(B) for the L' norm, it is enough to show (3.6) with H € C3(B), so that H vanishes
at the boundary. To prove that, we use the martingale and its quadratic variation introduced in (3.1) and
(3.2), and show that

limsup limsup E,, [ sup ’Mﬁ(H) - MZNS(H)’ } =0, (3.7)
§—0  N—oo [t—s|<6 ' '
and
lim sup lim sup IEH sup ’/ Ly (m ”, dr‘ } =0. (3.8)
5—0  N—oo t—s|<5

We get (3.7) using the triangular inequality and (3.5). To prove (3.8), we show that there is a constant C
depending only on H such that for every r € [0,T],

’LN<7T£YT,H>‘ <cC. (3.9)

For that, we use the decomposition of Ly and the fact that H vanishes at the boundary as well as explicit
computations and the fact that the f;’s are uniformly bounded in N.

3.2 Replacement Lemmas

In order to characterize the limit points of a sequence (Q%)n>1, we need to close the equation (3.3). That
means that we want to show that each term of the martingale converges to a term that appears in the weak
formulation of the solution of the hydrodynamic equation, and that the martingale converges to zero. For
that, we perform a replacement lemma in the bulk and one at the boundary. The replacement lemma in the
bulk (Proposition 2) is exactly the same as in [20, Lemma 4.2] and we refer to that article for a detailed
proof. Here we focus on the replacement lemmas at the boundary and more specifically on the left-hand side
boundary (the same statements hold on the right-hand side). There are two replacement lemmas: one for
0y € [0,1) whose formulation coincides with the replacement lemma at the boundary in [20, Proposition 4.3]
(corresponding to a Dirichlet condition), and one for 6, > 1, whose formulation involves particle densities
over small macroscopic boxes.

3.2.1 Dirichlet forms

Let us recall the expressions introduced in [20, Section 5] of the Dirichlet forms associated to each dynamics.
For that, recall the correspondences (2.1) and (2.2). For f : S$n — R and g a measure on Sy,

i > /D%fsmewmek — V(& w) )duf, ),

=1 (z, I-‘rek)eBZ
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Dig(f :sz/ (/)1 = 1) ([ Foral6.0)) — VTED) i)
’Lowel"—
ey e/ = o) Toale ) — VIE D) e
’LOZEF+

and

V= 2 [ [ ) o] (VI o) - VI S)) du )

r€EBN

£ 3 [ e + @) (VITED) - VIED) duts, )

TrEBN

In the proofs of the Replacement lemmas, we will widely make use of the following inequalities.

Lemma 1. (i) Consider & a smooth profile which satisfies (2.12). There is a constant Cy; > 0 such that
for any density function f : X — R with respect to the measure Vév,

(LT f)on <—7DN(f,zxA)+ClNd 2 (3.10)

(ii) Consider & a smooth which satisfies (2.12) including constants. There is a constant Ca > 0 such that

for any density function f : EA]N — R with respect to the measure ug,

(LnvVF /Ty < CoN (3.11)

(iii) Consider & a smooth profile which satisfies (2.12) and (2.14), then for any density function f : Sy =R
with respect to the measure Z//Jy

9N\f\[ g: baN(f’ a) (3.12)

We refer to [20], Lemma 6.1 for the proof. The authors use some change of variable formulas in the same
spirit as those given in (A.1) and (A.2). For point (7ii), they use an alternative expression of the boundary
generator expressed in terms of (£,w).

3.2.2 Replacement lemma in the bulk.

Let us first introduce a few notations Given a smooth profile &, and a function ¢ : Sy — R, denote by ¢(a)
the expectation of ¢ under I/A For ¢ € N, introduce

AL ={y e By, ly—a| <}, (3.13)
where ||y — z|| = max{|y; — ], 1 <i < d} and denote by n¢(x) the average of n in A, that is,

Z ni(y), for1<i<3. (3.14)
yEAL

z - g ‘
Introduce the vector

7(2) = (0 () 7))
and for € > 0,
Vsl =| oo 3 mlew) -0 o))
0

leN]
yeAOE

In the sequel, we will write eN instead of |eN]. The replacement lemma in the bulk stated and proved in
[20, Lemma 4.2] is the following:
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Proposition 2. For any G € Cé’Q and for any function ¢ : SN = R,

1i 3 i - E G N ’ d :| o
Hsn:(l)lp 11{/11:;101) HN Nd i;;N/ ’ (z/ |7'a: N (Es,ws)ds
3.2.3 Replacement lemma at the left-hand side boundary for 6, € [0,1).

Here we fix 6, in [0,1) and prove the replacement lemma at the left-hand side boundary. It essentially states
that when performing the macroscopic limit N — oo, we can replace 7;(x) by b;(z/N). For 6, € [0,1), the
replacement lemma at the right-hand side boundary is exactly the same. Recall that this result has been
proved for 6, = 6, = 0 in [20, Section 6] and we generalize it here to the case where the left-hand side (or
right-hand side) parameter 6, is allowed to vary in [0,1).

Proposition 3. For any sequence of measures (un)n>o On EA]N, for any G € CY2([0,T) x B) and any
i €{1,2,3}, for any t € [0,T1], for all 6 > 0,
hmsup Puy ‘/ N1 Z (s,2/N)(nis(x) — bi(m/N))ds’ >6] =0. (3.15)
zel'y

Note that the replacement lemma at the right-hand side boundary for 6, € [0,1) states as above, with the
sum in z carrying over F')\', rather than I'y

Proof. Fix an i € {1 2,3}. It is enough to show that

limsup — N log N ’/ Na—T Z (5,2/N)(nis( )—b(x/N))ds‘ >6D —00.

N —oc0 _
zel'y

Consider @ a smooth profile satisfying conditions (2.12) and (2.14). For a > 0,

Pun ]/ a1 O Gl o/N) (is(x) = bila/N))ds

zel'y

>5}

< sup ZVA (€,w) X B,y ‘/ T 2 Glsa/N) (il )—b(x/N))ds‘ >5]

(¢.w)eSy z€ly

< exp(KoN® — a6NDE, N[exp aNd‘/ N Z G(s,z/N)(ni,s(x) — bi(x/N))dsD}.
zely

We used, in the first inequality, that the Radon-Nikodym derivative of py with respect to l/év is bounded by
exp(KoN?) with Ky a constant, and Chebychev’s inequality in the second line. Therefore,

log L ‘/ N1 Z (s,2/N)(nis(x) — bi(:c/N))ds‘ >5D

zel'y
< —aé + K (3.16)

N log{]E N[exp aNd’/) N1 Z (s,2/N)(nis(x) — bz(x/N))ds’H}

zel'y

It is enough to show that the lim sup of the last term is uniformly bounded in a and then, take a — oco. Since
el*l < e* 4+ e7* using inequality (2.19), we show that the last term in (3.16) without the absolute values, is
uniformly bounded in @ and N. Applying Feynman-Kac’s inequality (see [17, Appendix A.1]) with

a d
V(s (€r0e)) = qyas 30 Gls,2/N) (o) = il /),

zel'y
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we get that

N - log (E N{exp aNd/ T Z G(s,x/N)(nis(x) — bi(ac/N))ds)D

zel'y

/ ds sup / et 2 Gl /) (bilw/N) = mi() £ (€, v (€,)

zel'y
+ ﬁ<LN\/J77 \/ﬁug},

where the supremum is taken over densities with respect to I/A Note that for x € I'y,

bi(z/N) —nmi(x) = > _(bi(x/N)n;(z) — bj(z/N)ni(x)),

J#i

and, for j # i, by the change of variable presented in (A.2),

/ ni(2)bj(x/N) f(§,w)dvd (&, w) = / 10 (@)bi (2/N) (01, 2(€, w))dvd (€, ). (3.17)

Therefore,

G(s,2/N) / (bs(/N) = i () £ (6, w) 2 (€,)

= Gls,a/N) [ bila/N) S ny(a) (6 0)drd (6.)
J#i
G(s,/N) / (/NS 0y () f (056, )2 (€, )
VE (3.18)

= —G(S,x/N)/bi(w/N)(l—m(x))(f(ffz‘,z(&w))—f(éaw))dVéV(f,W)

<7/ (2/N)(1 = mi(@)) (y/ £ (@i, \/T) vl (¢, w
455G [ bi<m/N><1—ni<x>>(\/f<o—i,m<fs,w>>+\/f<f,w>)2dug<s,w>,

where we used (2.18) in the last line replacing A by AN, with A > 0. Summing (3.18) over I'y, and multiplying
by ﬁ yields,

L i X Gl a/N)ba/N) ~ m(a) 6 )i (€

zel'y

aAN?
< oyt Dran(fiva ANd Y (Gls,a/N)°
zel'y

aANY Ny . Qo
=< INd—1 DE,@,N(f? Vg ) + Z”G ||007

where the second term in the first inequality comes from Cauchy-Schwarz’s inequality, the fact that f is
a density, the change of variable formula (3.17) and the fact that each coordinate of b is bounded by 1

Therefore, using (3.10), (3.11) and (3.12) to bound (Ly+/f,v/f),~ and the fact that a Dirichlet form is
positive we are left with

a
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% log (Eyzav {exp (aNd /ot % Z G(s,z/N)(nis(z) — bi(x/N))dsﬂ)

z€l'y

t AJVG@ N a 9 1
< [ s sup{ G5 Do () + GIG% o+ g lEw v Pz}

(3.19)
a AN a N?
<T sup{ onat Pran(fva) + 711G e = 57 (Dn (f,v3) + Dy v (fvE) + Cr + 02}
aAN% N2 N a,
< T bup{(ZNd T W)DE,@N(JC’ vy )} + Z”G ||oo +T01 +T02.
Now, taking A = 2N'=%_ collecting (3.16) and (3.19) we are left with
Jim log (B / e D Gl /N (i) — b/ ) ds| > 5] )
zel'y
. 1 (3.20)
< Tim ( —ad + Ko+ ~a®N%~1|G||%, + TC + TCQ)
N—o0 2
< *ag‘F}G)%*IYj1+JTC&
and then, taking a — oo, the result follows. O

3.2.4 Replacement lemma at the left-hand side boundary for 6, > 1.

For 6, > 1, the replacement lemma at the boundary involves particle densities over small macroscopic boxes.
Again, the same replacement lemma holds at the right-hand side boundary for 8, > 1. In fact, we will see in
the proof that the lemma holds for any positive value of 8, resp. 0,., regardless of whether 6, resp. 6, > 1.
Here, as we are working in arbitrary dimension, some care must be taken in the proof when adapting the
argument used for instance in [17, Chapter 5].

Proposition 4. For any sequence of measures (un)n>o on SN, for any G € CY2([0,T] x B), for all
i €{1,2,3} and any t € [0,T],

hIEIlj(I)lp hmsup E.x ‘N‘i T Z / G(s,z/N) (Y (x) —mys(x))ds‘ } =0. (3.21)
zel'y
Proof. For a vector = (z1,--- ,24) € By, write x = (1, %), where & = (xq,--- ,z4) € T% . First, consider

the expression in the expectation without absolute value and the time integral, and rewrite it for any s € [0, ¢]
as

st 57775 . Z Z Nd 1 Z |A5N| (8 'r/N)<7715(-73+(.]1ak))_ni,s(x))a (322)

J1=0 kg[—eN,eN]d-1 z€ly
where we recall that ASY is defined in (3.13). For z € I'y,

IASN| = (eN 4 1)(2eN + 1)471, (3.23)
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Fix (j1,k) € {0,--+ ,eN} x [-eN,eN]?! . The sum over € I'y, can be handled in the following way

% Z G(s,z/N)nis(z + (j1,k))
zel'y

= 7 2 (Gl /M) = Gls, o G B/ s+ G, ) (3.24)

zel'y

e 3 Gl + G RD N+ (i, B)
zel'y

Since G is twice differentiable in space, a Taylor expansion allows us to bound the first term on the right-hand
side of (3.24) by deCq(N) where Cg(N) is uniformly bounded in N by a constant C¢, depending only on
G. Now, rewrite the last term in (3.24) as follows:

S 2 G, (ot (50, )N o + G, )

zel'y
1 .oy .oy
= a7 . Gl (=N 41,2+ k) /Nyio((=N + ji, @ + F))
FeTd !
1 (3.25)
= Nd-1 Z G(S,(*N+]1,i)/N)7717§((7N+]1753))
FeTd !
Nd 1 Z S JL'/N i, S(‘T+J161)) +5O&¥(N)7
zel'y

where again, to get the last line, we used a Taylor expansion of G and with Cf,(N) uniformly bounded in N
by a constant Cf, depending only on G. Using (3.24), (3.23) and (3.25), we get

eN

1 1 .
Ine(Gsms) = eCG(N) + N1 Z N1 Z G(s,z/N) [Th',s(lﬂ + jie1) — ﬂi,s($)]
31=0 z€ly

= ECIC/;(N) + D%N,E(Gsans)a

with CZ(N), uniformly bounded by C{, a constant that only depends on G. Therefore, we are left to prove
that

t
limsup limsup E,, H / Rn(Gs, 'f]s)dSH =0
0

e—0 N—o0

Consider @ a smooth profile satisfying conditions (2.12) and (2.14) . By the entropy inequality (see [17,
Appendix 1]), for any A > 0,

E,. H /0 R (G, ns)dSH (3.26)

H(pxlvg) +

1
< ANd ANd logE, N[exp ANd / RN e Gs,ns)dsD}
As By is finite, there is a constant Ky > 0 such that H(un|vY) < KqN? so the first term in (3.26) is
bounded by K(/A. Let us show that the second term tends to zero when N — oo and ¢ — 0 and then take

A arbitrarily big. Again, by (2.19), it is enough to show that the second term in (3.26) without the absolute
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values in the exponential, tends to zero. By Feynman-Kac’s inequality,
1 t
ANd log E, ~ {exp ANd/ D%N,E(Gs,ns)dsﬂ

/dssup /mNe Gsm) f (& w)dv (€, w) ANd (L F v D }

0

(3.27)

where the supremum is taken over densities with respect to Z/A Now, rewrite Ry . (Gs,n) using a telescopic
sum to write the differences n;(x + jie1) — ni(x):

1 1 ji—1
Rne(Goyn) = — 2:Nd1§j§stWNme+nm+m mi(ler + )|
eN +1 T =0

Fix 0 < ¢ < j; <eN. Performing the change of variable

(£7w) N (géel—i-w,(é—i-l)el—i-w?wﬂel—i-w,(f—i-l)el—i-m) — (g’w)é,w

and using (A.1),
[ @€+ e+ ) = mer + ) 16 ) (6, )

— [miter + 0 [0 - s )| €) (3.25)
V2 ((6,0)")
+ [+ e+ o) e (1- o N W)

To deal with the first term on the right-hand side of (3.28) using inequality (2.18), this term is bounded by

5 [ mtte+ o) [\H(€wrn - V€] ardie.w

+op [ mtter+ ) [\fr(Ewrn + f(€¢uﬂ2dvg(£,w)

B/mﬁel—i—x [\/f ((&,w)e=) =/ f (& w ]dl/A (& w

+ 5 [ mtter +2)[£(6w)) + e w)] and (6. w)

< [ uiter 40 [W Ve w e
g [ mtter v app( )k (6w

where B > 0 will be chosen later and where we used that f is a density with respect to Z/év in the last line.
Note that (&, w) — f((£,w)%®) is not a density but we can deal with the last integral term as follows:

/qu+mﬂawwﬂw%am

—§:/meq+xnj£+1kr+)ﬂ@,VﬂMu(&)

s (3.29)

=Y [ ater @€+ Der ) (14 B @) e v ()
J#i

C

< -

=1+
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where in the second line we used the change of variable formula (A.1) and, in the last line, the fact that f

is a density with respect to v and that Re(’]ﬁr (“_1)914—%( ) = O(N~1) so bounded by C/N where C is a
constant. Therefore, for N large enough, for all 0 < /¢ < j; <eN,

/ (i (€ + Ve + ) — miller +2)) (6, w)dv (6,w)

<—/nz€el+x (€, w)mt) — \/T}dwg, +B+ﬁ

Now, let us deal with the second term in (3.28). Using the explicit expression of the product measure Vg ,
one has that for (z,z + le;) € B%,

Vg(gm,x+ez7wm,x+ez) B 3 az(x/N) ni(x+ee)—ni(z) al((x + 6[)/N)
v (& w) 7]:[((10(.%‘/]\[)) (ao((x—l—eg)/N))'

Now using that ai(“:;rvee) = ai(%) + O(%) we have the following inequality: there is a constant C' > 0 such
that

ViV(gx,x+eg wz,x—i—eg) C«
1-— -2 - < —. 3.30
‘ v (€, w) - N (8:30)
Therefore, the second term in (3.28) is bounded by C'/N.
We are left with
/%Ns 5;77 ga ) (57“‘})
Jji—1
<
_sN+1ZNd 2 ()
zel'y £=0
x[ /17 Eel—l—x[ ((&,w)=t) =/ f(&w ]duA (&w —&-——i—é (3.31)
? 7 7 ) B BN N
eN
1 B IGll2eN | [GllcCe | [GllC
= 6N+1j§ snatlCleDn(fvs) + —F—+ —fp—+ "y
=
B 2|GllseN | |IGllCe | |IGloC
< — D
This, combined with (3.27) as well as Lemma 1 yields:
L log E ant [ Gy ns)d
W 0g ug{exp( 9%N,s( 57775) 8)]
|GlooB N2 d ON C\ TC; T|G|eC (3:32)
< [e's) 1—-d _ 00
—TS‘}pK 2 N 1A )DN(f’ )}JrTg”GH“’(B B>+ AN
with Cy > 0, a constant that is uniform in N and e. Taking B = ng?l\ and putting together (3.27), (3.26)
and (3.32) yields
! 4A||G)|CY |, Ko+ TCy  T|G|sC
B | [ B e(Gunis] < To Gl (341G + ZH =0 ) 4 + o
] f, PovelGome)as] ( S A 5
S0 .
Ko+ TC
fmsup By [| [ 9two(Guono)ds|] < seT))R A + LI
N—o00 0 A
taking ¢ — 0, and then A — oo, the result follows. O
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3.3 Energy estimates

In view of the proof of uniqueness of the limit of the sequence of probability measures (QgN) N>1, We state

that any limiting measure Qa is concentrated on a trajectory belonging to a specific functional space. This
allows to define the hydrodynamic limit at the boundary.

Proposition 5. Let 0 (R*)2 and Q§ be a limit point of the sequence of probability measures (Q?A\,)Nzl.

Then, the probability measure QY is concentrated on paths p(t,u)du such that for every 1 <i <3, p; belongs
to L2((0,T); H}(B)).

This follows from the Lemma below and the Riesz Representation Theorem.

Lemma 2. For any b e (RT)2, there is a constant K5 > 0 such that for every 1 <1i < 3,

Eqs [Sgp (/OT/BkZ:aekH(s,u)pi(s,u)duds—K@/OT/BH(s,u)Qduds” < 00, (3.33)

where the supremum is carried over functions H € C%2([0,T] x B).

For the proof of Lemma 2, which we do not detail here, one can follow the arguments in [17, Lemma
7.2 Chapter 5]. First prove (3.33) for a dense and countable set of elements of C22([0,7] x B) thanks to
Feynmann-Kac’s inequality. Then, use an integration by parts to deal with the spatial derivatives in H, as
well as the change of variable (A.1). To recover Proposition 5 from Lemma 2 and the Riesz Representation
Theorem, we also refer to [17, Chapter 5, Theorem 7.1].

3.4 Characterization of the limit point in the (Dirichlet ; Robin) mixed regime

In order to show that the limit point of the sequence of probability measures (Q?\,) N>1 lies on the trajectory
with density profile the unique solution of the hydrodynamic equation associated to 9 and v, we give a
characterization result (see Proposition 6). We will focus on the (Dirichlet ; Robin) mixed regime since the
(Neumann ; Robin) mixed regime can be proved following the same strategy. Therefore, take 8, € [0,1) and
0, =1.

As mentioned in the introduction, in one dimension, the macroscopic trajectories are continuous in space
and their values at the boundaries are defined in the classical sense. This is no longer valid in higher
dimension. To deal with this difficulty we use the regularity of the trajectories proved in Proposition 5: the
trajectories lie in L?([0,T],H'(B)) so their values at the boundary are defined via the trace operator (see
Lemma 3).

Proposition 6. If Qé s a limit point of the sequence of probability measures (Q?A\,)Nzl, then

Q" [7, |1a@)®)
3 t
+D; /0 [ /F bi(1) (0, Gi o) (1)1 (r).dS () + /F ) pi(s,r)(aﬁGi,s)(r)nl(r).dS(r)}ds (334

3 ¢ )
_ Z/O /r+ Gi(r)(bi(r) — pi(s,7))n1(r).dS(r)ds| =0, Vt € [0,T], VG € Cg} -1,

where I15(p) was defined in (2.21).

Proof. The fact that any limit point is concentrated on trajectories which are absolutely continuous with
respect to the Lebesgue measure comes from Proposition 5. Let Q? be a limit point of the sequence of
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probability measures (Q(]’A\,) ~>1. To prove (3.34), it is enough to show that for any fixed § > 0 and Ge Céi,
_ 3t
@[ sw @0+ 0Y [ [ [ 6010, 0m.d50)
0<t<T = Jo -

+ /F .0 G ) (1) (1).dS ()] ds

_ Zj: /Ot | Gibu(r) - Pi(S,T))nl(r).dS'(r)ds‘ S 5} _o.

Here, note that for s € [0,7] and r € T, p;(s,r) stands for Tr(p)(s,r) which is well defined since p is in
L2([0,T),H'(B)). By the triangular inequality, it suffices to prove that for any 1 <i < 3,

Qg{%’ sup ‘I(;i (pi)(t) + D/Ot [/7 bi(r)(0e, Gis)(r)n1(r).dS(r)

0<t<T

(s 7 i dsm]ds — [ V(b (1 (3.35)
+ [ sn@.Gmmas]as— [ Gioeo
— pi(s,r))nl(r).dS(r)d8’ > 5} = 0.

As usual, we would like to approximate p by a convolution of its associated empirical measure with an
approximation of the identity. Indeed, that convolution product can then be written in terms of the mean
value of the configuration in a microscopic box. This is straightforward in the bulk, however, for the boundary
terms, we need to justify that such an approximation works (see (3.46)). Without loss of generality, let us
deal with ¢ = 1. We turn to our martingales (3.1) M, (@) and recall that we have proved that its quadratic
variation vanishes as N 1 oco. For € > 0, introduce the set

By.={-N(1—-¢),--- ,N1—¢)} x T% "

We now use Proposition 2 to replace the local functions of i by functions of the particle density:

t
MY,(G) = (¥, Cus) — (nly, Gro) / (], 0,G1.0)ds
0

t'D T
_/O T AGL()m(@)ds

IEBN\FN
D t T ¢ T
*W[/ 3 bl(x/N)aelGLs(ﬁ)der/ > 0Grs () (ms(@) = bu(w/N)) ds|
0 zel'y 0 zel'y
D /t Ty /t T\, N
S 0o, G o (=2 )N (2)ds — Oe, Grs (=) (1N (2) = muo(2))d (3.36)
Nl |, Z o (i s — | Z 1 () 05 ) = o) s
! D eN
[ g X Gre/N i @)~ bila/N))ds
0 xel“}
t
1
[y 2 G ) 2R @) + deng @) (@) + i ) — (4 )il ) s
TEBN

+ R(N7 57 Gl? (nt)t€[07T]) ’

where R(N7 e, G, (Ut)te[o,T]) is a random variable satisfying

lim lim E,~ [R(N,&Gh (nt)te[O,T})} =0.

e—=0 N—oo
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From Proposition 3 and Proposition 4, the martingale Mth (CA;') can be rewritten as
N t
MIUG) = (afls Gr) — (o, Gro) = [ (7., 0.G1)ds
0

S A DRV CATRETINY A e (P2

z€BN\T'n zely

= ol )ille it [ X G 08200~ o/ )
zel'};

_/ Nd Z Gi S( )<2d()‘177 (@) + Ao (@))ng™ () + 5N (2) — (r + 1)1ﬁN(m))ds

0
+R (N,E,Gla (77t)t€[01T]) )

where R’(N7 e,G1, (nt)te[o,T]) is a random variable satisfying

lim lim E N[R/(N,57G1»(77t)t€[07T})] =0.

e—=+0 N—oo

On the other hand, by (3.5) recall that

limsupIP’HN{ sup ‘Mth(@)‘ > 5} =
N—so0 0<t<T

Now, introduce the following approximations of the identity on B:

1
US(LU) = Wﬂ[*fﬁ]d (LU),

1

‘ 1
righ le
ght Wﬂ[o,s]x[—e,‘s]d—l(x)a and U, ft( ) - Wﬂ[_670]x[_576]d,1(x).

Ue (;L‘):
Note that for e >0,1<i<3,2€ By, y € 1"}7 and z € 'y,

(2eN)4

ﬂfN(ﬂf) = m

(7TlN * us)(x/N),

(2eN)4= (2eN)4~

€ right Y £ _ eft
UiN(y) = W( N*u h)(ﬁ), and niN(z) = m( N*ul f)(N)_

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

Here we will only make use of (3.40) and the first relation in (3.41) since we need to replace elements in the
bulk and the right-hand side boundary of the system to recover the weak formulation of the equation in the
(Dirichlet; Robin) regime. For regimes where a replacement is needed on the left-hand side boundary, we use

the second relation in (3.41) in the same way.

We may thus replace in (3.37) and (3.5), 75 by 7 x u. in the bulk and 7"V by 7N * uZ"9"* at the right

boundary. Therefore, for any § > 0.

lim sup lim sup Q(J’T\, [ sup ’flé]\t, 6(%\)‘ > (5} =0,

e—=0 N—oo 0<t<T T
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where for any trajectory 7 and for any ¢ € [0, 7],

t
]'—17}\3,6(%) = (m1,t,G1,) — (71,0, G1,0) —/ (71,5, 0sG1,5)ds
0

t t
D
_/0 D<7T1,57AG1,5>dS""/0 W Z bl(x/N)amGl,s(m/N)ds

zel'y

t
D right
_/O o 3" 06,Grs(@/N) (s uli9") (2)ds (3.42)

+
zel'y

+ / St 3 Guale/N)(ms = ulM) &) — by (a/N)) ds

4
zel'y

_ /Ot % Z G1s(z/N), Fy (7T1,s * U (2/N), m2.s % uc(z/N), T3 5 us(x/N)>ds,

TEBN,e

where functions F;, i = 1,2, 3 are defined in (2.22). By approximating Lebesgue integrals by Riemann sums,
on the bulk and at the boundary, we obtain

lim sup lim sup Q?\,[ sup ‘]—'ﬁ’t (%)‘ > 6} =0,
e=0 N-ooo 0<t<T ’

where for any trajectory 7 and for any t € [0, 7],
_ t
-Ff;t (%) = (m1,1,G1e) — (71,0, G1,0) —/ (71,5, 0sG1s)ds
0
t t
_ D/ (m1.0. AG) L ds + D/ by(r)e, Gy (r) drds
0 0o Jr-
t
— D/ / 0c, G1,5(1) (7‘(’175 *ugight) (r)drds (3.43)
o Jr+
t
+ / GLS(T)((WLS * u’;ight) (r) — by (r)) drds
0o Jr+

t
_ / / G s(r), Fi <7r1,s kU (1), o * U (1), T3 5 * us(r)) drds,
0 e

with B. = [~1 +¢,1+ ¢] x T?"!. By the continuity of the function 7 — }"fe’t (%), for each € > 0, we get for
any limit point QY of the sequence of probability measures (Q% )n>1,
: 0 Gt (~
limsup @ [ sup ’]—‘15’ (ﬂ')’ > 5] =0. (3.44)
e—0 0<t<T ’

To conclude the proof, it remains to prove that we may replace the convolutions appearing in the func-

tional .7-'5 e’t by the associated density of the trajectory. By Proposition 5, Q7 is concentrated on paths
(7(t,dr))ecio,r) = (P(t,7)dr)scio,r) Which are absolutely continuous with respect to the Lebesgue measure
and such that for every 1 < i < 3, p; belongs to L?([0,T],H'(B)). For the replacement of the convolution
with the density in the bulk, since u. is an approximation of the identity in L'(B) and the functions F; are
Lipschitz, the random variables

t
/ / G1,s(r)Fy (m,s kU (1), To s * U (1), T35 * us(r)) drds
0 JB.
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converge QGA almost surely to

/ t / Gro(r)Fy (pl,s(r), p2.s(r), P3.s m) drds. (3.45)
0 B

For the replacement of the convolution at the boundary we use the following result which follows from [9,
Section 5.3]: for any H € H!(B)

lim H * u’%" = Tr(H) a.sin I'F. (3.46)

e—0 €

For the other terms in ]-'f 7. by the dominated convergence Theorem, for almost every trajectory (7(t, dr))eeo,r) =
(ﬁ(ta T)dr)tE[QT] with p1 € L2([Oa T]a Hl(B))7

¢ ¢
lim D/ / 0ey G1,s(r) (w15 % ul) (r) drds — / G1,5(r) <7T1,s wxul(r) — bl(r)> drds
0 Jr+ o Jr+

e—0

! t (3.47)
= D/o /F+ Oc, G1,s(r)Tr(p1,5)(r) drds — /0 . Gl,s(r)(Tr(pLs)(r) — b1(7‘)>drd3.

Collecting (3.44), (3.45), (3.46) and (3.47), we obtain (3.35) and conclude the proof. O

3.5 Uniqueness of the limit points

In order to finish the proof of the hydrodynamic limit specific to each regime we are left to show that each
boundary valued problem (2.23) and (2.27) with fixed initial data admits a unique solution. For that, we use
the standard method which consists in decomposing the difference of two solutions on the orthonormal basis
of a well chosen eigenvectors of the Laplacian. The choice of the family of eigenvectors is not necessarily
intuitive and depends on the boundary conditions of the mixed regime considered. We thus give details for
both the (Neumann; Robin) and (Dirichlet; Robin) mixed regimes, for which the family of eigenvectors are
different. As we are working in dimension d > 1, we will need to control integral terms on the boundary.
Therefore, we will make use of the following result regarding the continuity of the trace operator. We refer
to [8, Part IT Chapter 5] for a detailed survey of the trace operator.

Theorem 3 (Trace Theorem, see [8]). Fiz 1 < p < oo and Q an open bounded subspace of R? with smooth
boundary 0. There is a constant Cy. > 0 depending only on Q and p such that for any ¢ € C*(),

lellzraa) < Chrllellwp,

where ||.|| L (a0) denotes the LP norm on 92 and ||.||w1.» the Sobolev norm on 0 given by

1/p
Ielws = (1010@) + 196 1E0))
where
d
IVeIE oy = D 18,2l o -
=1
Remark 3. Forp=2 and Q) = B,

||80||%2(asz) < HSOH2L2(Q) + HV@“%%Q) (3.48)
In particular, Cy,. = 1.

In the sequel we only make use of (3.48) but we stated Theorem 3 for the sake of completeness.
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3.5.1 TUniqueness of the solution in the (Neumann ; Robin) mixed regime

Here, we choose a basis of eigenvectors satisfying Neumann conditions on both boundaries (3.49).
Theorem 4. There exists a unique solution to the Neumann + Robin boundary problem (2.27).

Proof. By Liouville’s Theorem stated for instance in [8], there is a countable system {V,, a,, n > 1} of
eingensolutions for the problem
{ ~Ad=a¢ (3.49)

Oe,dr =0

in H!(B) and containing all possible eigenvalues. The set {V,,, n > 1} forms a complete, orthonormal system
in the Hilbert space L?(B) and the eigenvalues

0<ai<apg<---<a, — (3.50)

n—oo

have finite multiplicity. Note that for any U, W € H!(B),

n

(U, W)2 = lim > (U Vi) (W, Vi), (3.51)
k=1
(VU,YW)y = lim_ > an(U, Vi) (W, V). (3.52)
k=1

One can check that since we are working on (—1,1) x T4~! for k = (ky,--- ,kq) € N x (N\ {0})¢1,

d d
a-1 kimzy . (kym)? 2 2
Vi(z1, - xq) =22 cos( 5 —ﬁ-z)i_l_[;m(knmi) and ak:T—i-;kﬂr .
Furthermore, define
b d
Vie(za, - ,2q) =277 Hsin(kiﬂ'xi) and Gy = Zk?ﬂ'Q. (3.53)
i=2 i=2
We have
n . 2
101320y = lim Z( g U(r)Vk(r)nl(r)dS(r)) : (3.54)
k=1

Note that by abuse of notations we indexed the family V} by N\ {0} instead of N x (N\ {0})¢~! but this is
not a problem because we can give an order to elements of N x (N\ {0})4~1.

Consider p* and p? two solutions of (2.27) associated to the same initial profile and for n € N and t > 0,
introduce

Galt) = D> loi = pF Vi) . (3.55)

Let us show that lim G, (t) = ||p* — p?||3 =: G(t) = 0. For that, apply the weak formulation (2.27) with Vj:
n—oo
forany 1 <i¢<3

((pi = P)(t, ), Vi) = —Dozk/o ((pi = P})(s,.), Vir)ds +/O (Fi(p") = Fi(P*))(s,.), Vir)ds

t (3.56)
_-/0 /F+ (le _p?)(s’T)Vk(r)nl(T).dS(r)ds,
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Therefore (p}(t,.) — p2(t,.), Vi) is time differentiable with derivative:

0e(pi(t,.) = pi(t,.), Vi) = —Daulpi(t,.) — pi (t,.), Vie) + (Fi(p'(t,.)) — Fi(P*(t,.)), Vi)

1o (3.57)
= [0 = e il (r).a50)
and so is G, with
3 n ) 3 n
- *QDZZ%W}J *p?,t’vk>| +2ZZ pi); Vk><Pg,t *Pzz,t>vk>
i=1 k=1 i=1 k=1
3 n 3
—2 Z Z/ — p)(t, ) Vie(r)ma (7")~d5’(7")<011,t - pzz,t? Vi)
o dl 3 n (358)
2 — s
<203 Y aulloly - AV + 30 D (R - B VR + G
=1 k=1 i=1 k=1
1 n L ) 5 5
2 D (] ok = D E DT (r).S()) + AG (1),
i=1k=1 “I"

for any A > 0, where we used both the Cauchy-Schwarz and (2.18) inequalities in the last line. By (3.51),
(3.52) and (3.54), the right-hand side of (3.58) converges to

7 7 - 1.4
—-2D|V(p' - H2+Z||F Y I3+ (1+A)p" PQH%‘FzHPl —P2||2L2(r+)- (3.59)

By the trace inequality (3.48),
17" = 21122y < 16" = 2?13 + IV (2" = 27)I3. (3.60)

Furthermore, using that p* and p? take their values in [0, 1]3, there is a constant C' := C(A1, Ay, 7,d) > 0
such that for any 5, p* € [0,1] and 1 <4 < 3,

3
[Fi(p") = B(")| < C o = phl-
Then, by Cauchy-Schwarz’s inequality, there is a constant C’ > 0 such that for any 1 <1 < 3,
3
IF:(3) = E@)5 < €Y ok = ptl- (3.61)
j=1

Putting together (3.59), (3.60), (3.61), taking A > % and applying the dominated convergence theorem, we
are left with
G'(t) < (C"+2+ A)G(2). (3.62)

Gronwall’s inequality and the fact that G(0) = 0 yields G(t) = 0 at any time. O

3.5.2 Uniqueness of the solution in the (Dirichlet ; Robin) mixed regime

Here, we choose a basis of eigenvectors satisfying a Dirichlet boundary condition on the left and Neumann
boundary condition on the right (3.63).

Theorem 5. There exists a unique solution to the Dirichlet + Robin boundary problem (2.23).
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Proof. The proof follows the same lines as the previous one except that we consider another family of eigen-
functions of the Laplacian. Indeed, consider the following boundary-eigenvalue problem for the Laplacian:

—A¢ =9

¢(x) =0 for €T~ x TI!
Oe, p(x) =0 for x € TH x Td-1
¢ € H'(B).

(3.63)

Again, one can check that the countable system of eigensolutions {W,,, v, n > 1} given below (in (3.65))
for the problem (3.63) contains all possible eigenvalues and is a complete, orthonormal system in the Hilbert
space L?(B), that the eigenvalues +, have finite multiplicity and that

0<m <72+ <Yp — 0. (3.64)

Furthermore, (3.51), (3.52) and (3.54) stay valid when we replace V;, by Wy, where, for k = (ky,--- ,kq) €
N x (N*)d-1

Wi (x) = 9% {(—1)k1 cos ((Z + kl%) ) + sin ((W klﬂ )} Hsm kimx;) (3.65)
with
Ve = (E + kl—ﬁ) - Zk2 2 (3.66)

Again, by abuse of notation we have indexed the W’s by N* instead of (N*).
As before, take p! and p? two solutions of (2.23) with same initial data and introduce

=33 |} t,.), W)’ (3.67)

i=1 k=1

and
H(t) = [|(p" = 2°)(t,)3- (3.68)
Using the weak formulation (2.25) with Wy, we get that for any 1 <4 <3,

t

«dfﬁWJM@:*Dw/«ﬁ*ﬁWJM@@+/«E@U<MfM&%MMs
0 0 (3.69)

[ [ = s asiryis

where the W}, = Vj are defined in (3.53). Then, we conclude following exactly the same lines as the proof of
Theorem 4. O

3.5.3 Uniqueness of the solution in the other regimes

In order to prove uniqueness in the other regimes, one can follow the same classic method used above. The
orthonormal basis used to decompose the difference of two solutions as in (3.55) or (3.67) then depends on
the boundary conditions. For the (Dirichlet ; Dirichlet) regime, the decomposition is carried out on the
eigenvectors of the following boundary-eigenvalue problem for the Laplacian:

—Ad =6
{¢eHaB» (3.70)
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for which the associated family of eigenvectors is

d
Up(zq,--- H sin(k;mz;),
with eigenvalues given by
d
6k = Z k?ﬁz
i=1
for k = (kyi,--- ,kq) € (N*)%. As before, for V,W € L?(B),
(V.W)z = lim Z<V, Uk)2(W, Ur)z, (3.71)
(VV, VW), Z (V, Uy (W, Up), (3.72)
=

2
VI3 = Jim Z ( / )0 (r)ma (r)dS () (373)
where the Uy, = V}, are defined in (3.53).

4 Hydrostatic limit

In this section, we prove Theorem 2 which states that when the parameters r, A1, A2, d, D satisfy certain condi-
tions, starting from an invariant measure, the system converges to the stationary profile of the corresponding
hydrodynamic equation. Precisely, recall that in Section 2, for fe (R*)? we defined 5 (9) as the sequence
of unique invariant measures for the irreducible dynamics defined by (2.11). The hydrostatic principle states
that this sequence is associated to the unique stationary solution of the hydrodynamic equation, if existence
and uniqueness of such a solution hold. For the proof, we were inspired by [11] and the key argument relies on
the convergence of all the trajectories satisfying the hydrodynamic equation to the unique stationary profile
of these equations. In [11], the convergence of trajectories is established thanks to a comparison principle.
The difficulty here is that we are dealing with a system of coupled equations and we need to define a specific
order for which such a comparison principle holds. Now in [19, Theorem 4.1], it has been proved that at the
microscopic level, the generalized contact process is attractive only for the following order:

2<0<3<1. (4.1)
Note that in the corresponding state space ) ~, the order above translates into
(0,1) < (0,0) < (1,1) < (1,0).

Attractiveness for the order (4.1) means that given two configurations n < ﬁ it is possible to build a coupling
between (1;)¢>0 and (77,);>0 where both these processes evolve according to the dynamics given by (2.11),
such that 19 < 77, and almost surely, for all + > 0, 5, < 7, pointwise in the sense of (4.1). Note that using
[4, Theorem 2.4], one can show that the system remains attractive when adding an exchange and reservoir
dynamics. It is then natural to think that attractiveness also holds at the macroscopic level through a
comparison principle. A comparison principle means that if two profiles are such that at a certain time,
one is smaller than the other almost everywhere, then the same is true at any later time. Considering the
microscopic order (4.1) it is intuitive to consider that the largest state at the macroscopic level corresponds
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to (p1 =1, p2 =0, p3 = 0) and the smallest state to (p2 = 1, p1 = p3 = 0). We will work under the following
change of coordinates:
P1
T := P1 + P3 (42)
R:=1—(p2+p3)

which is consistent with the fact that (1,1,1) corresponds to the largest profile (p; = 1, p3 = 0, p3 = 0) and
(0,0,0) with the lowest one (p2 =1, p1 = p3 = 0). In the sequel, we will say that given two profiles p and &,
p<oif:

p1 < ¢

p1+p3 < 1+ @3 (4.3)

L—(p2+p3) <1—(¢2+ ¢3)

almost everywhere. Note that this new order adapted at the microscopic level, i.e
() < m(x)

1<1n < Ve By, i (x) + 73 (z)
12() + n3()

< m(z) +ns(x) (4.4)
<172 1

is not equivalent to the one given in (4.1). Indeed, consider the configuration 7 full of 3’s and 7 full of 0’s.
Then 77 < 7 for the order (4.1) but not for the order (4.4). However, one can check that if 77 < 7 for the order
(4.4), then 77 < n for the order (4.1), so the macroscopic order is consistent with the microscopic one but it
is weaker, so we can compare fewer profiles.

However, the notable fact, which we will prove, is that we have monotonicity under this new order, i.e. a
comparison principle holds under the change of coordinates (4.2). To prove that, as previously, since we are
working in any dimension d > 1 with mixed boundary conditions, some care must be taken to deal with the
integral terms on I'. For that, we strongly rely on analytical tools stated in [24].

Under the change of coordinates (4.2), the coupled equations in the bulk become, :

81&;01 = DAPI + Fl(ﬂ]_,T,R)
8,T = DAT + H(p1, T, R) (4.5)
0,R = DAR + J(R)

with Fl(pl,T, R) = 2d[()\1 - )\2),01 + )\QT (R — pl) + T — (7”' + 2)p1
H(py,T,R) =2d[(A\1 — X2)p1 + /\QT]](I -7 -T (4.6)
JR) = —(r+1)R+1.

We will see that the comparison principle stated and proved in Lemma 3 yields the following Theorem which
is used to prove Theorem 2.

Theorem 6. Suppose that conditions (Hy) hold. Then, there exists a unique stationary solution p2Tt, resp.
pNe B of (2.23), resp. (2.27). Furthermore, for any solution pP %, resp. pNe'® to the boundary value

problem (2.23), resp. (2.27),

3
. D,R _ DR _
i D162 00 =7 Ol =0 (47)
resp.
3
. Ne,R —=Ne, R -
tlggo Zl lp; =" (t,.) = p; ()]l = 0. (4.8)

Note that this result can be equivalently formulated in the change of coordinates (4.2) and we will prove
it in that setting in the next subsection.
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Remark 4. One could ask if conditions on the parameters are necessary to establish existence and uniqueness
of the stationary solution of the hydrodynamic equation. Could we not generalize the result to all parameters?
In order to answer that, we simulated the solutions to the equation in the (Neumann ; Neumann) regime for
which the constant profile (p1 =0, p3 = TP = 0) is stationary. Indeed,

T T T
F (0,7,()) - F (0,7,0) - F (0,7,0) —0
! r+1 2 r+1 3 r+1

and it corresponds to the extinction regime, that is, there are no more wild insects. We observed (see below in
the Appendiz B) that in dimensions 1, for parameters \y = 1, Ao = 0.75 and D = r = 1, for which conditions
(H1) are not satisfied, the solution of the hydrodynamic equation starting from p; = 1, p2 = p3 = 0 converges
to a constant profile which is not (0, $70) so uniqueness does not hold. Simulations confirm that Theorem
6 does not hold in all generality and that conditions on the parameters are necessary, although conditions
(Hy) might not be the optimal ones.

4.1 Proof of the hydrostatic limit

Let us prove Theorem 2. We prove the first point, the second one follows in the same way. Denote by

Az C D([0,T], (M*)S) the set of trajectories {p(t,u)du, 0 <t < T} whose density p = (p1, po, p3) satisfies

conditions (2.24) and (2.26) of the definition of a weak solution of (2.23) for some initial profile py. Consider
* (8) a limit point of the sequence (Q;inf (5)) ~N>1 associated to the invariant measures. By Theorem 1,

Q1,(0)(Ar) = 1. (4.9)

-~

Now consider QI (6) a subconverging sequence of Q7 (A))n>1. By stationarity of 155 (6)
s (|76 = 3.6)] ) =B ( |G2.6) - (.6 ) (4.10)
and

~ ~

lim B v, 5 ( (WTV, &) - (p, é>\ ) =Eq. ’(%T, é) — (3, é>‘1AT)

k— o0 58
3 (4.11)
<> IGillw Eaz, |
=1

(T, = 5Ol
Then, one concludes thanks to (4.7) in Theorem 6 and dominated convergence theorem.

4.2 Proof of Theorem 6

In order to prove Theorem 6 we first establish a comparison principle (Lemma 3). Then, we show that the
difference between the largest solution and the smallest solution vanishes (Lemma 4). Using an integration
by parts, it is useful to rewrite the weak formulations (2.25) and (2.25), in the following suitable forms: for
any 0 <7 <t <T, for any G € C*([0,T] x B),

<ﬁt,ét>—<ﬁ,,@>:/ <5s,asés>ds—p/ /B(v,?s. Va,)(r)drds
i t N i 3 t
- [F@).Gois-DY. [ [ b)@.Gammmasmas )

3 t
+ ZI/T - Gi(r)(bi(r) — pi(s,7))n1(r).dS(r)ds = 0,
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and

t t
(ﬁt,Gt>—<ﬁT,GT>:/ <ﬁ5,85G5>ds—D/ / (V5. - V) (r)drds
T T B (4.13)

- / (F(p,),Gs)ds — / Gi(r)(bi(r) = pi(s,7))n1(r).dS(r)ds = 0.

I+
Lemma 3. Consider p and pi two initial profiles.

e Denote by pi resp. p3, the solutions to the (Dirichlet ; Robin) boundary problem (2.23) associated to
each of those initial profiles. Assume that there is an s > 0 such that almost surely (in the Lebesgue
measure sense), pi(s,u) < p3(s,u), T (s,u) < T?(s,u) and R'(s,u) < R?(s,u). Then, for all s > t,
pi(t,u) < pi(t,u), THt,u) < T%(t,u) and R*(t,u) < R?(t,u) almost surely.

e The same result holds when p} resp. pz, are two solutions to the (Neumann ; Robin) boundary problem
(2.27).

Note that Lemma 3 holds for all parameters r, A1, A2, d and D, regardless of conditions (Hj).

Proof. We prove the first point and the proof of the second one follows in the same way. Introduce

Alt) = / (pt - p%)i(tu)du +/ (T" - TQ)i(t,u)du +/ (R' - RQ)i(t,u)du (4.14)
B B B
where x, denotes max(x,0), the positive part of z. We show that A(t) = 0 for all ¢ > s. Using the weak
formulation (2.25) of the solution of the (Dirichlet ; Robin) boundary problem and using Lemma 7.3 and
Remark 7.5 in [24], we get:

33 | =Dt =35 [ (o=’
=D [ V(o= )V (ot = o). (1. (4.15)
+ [ (BE) = R@) et =) )= [ (o} =Dt

Using that V((p1 — p7)+) = L(1_p2)>0V (pi — pi) and that [ (p1 — pf)i(O, u)du = 0, we are left with:

1
5 [ (=)t < - / [ D1t stynoll ¥ (o = ) 3w
B (4.16)
[ [ @)~ R (- ).,
Proceeding in the same way for [, (T TQ) (t,u)du and [, (R* Rz) (t,u)du we get:
1 t
5/ (Tt T2) (t,u)du < — / /D]l(T1_T2)20||V(T1—TQ)Hg(r,u)dudr
B B (4.17)
+/ / (H(p") — H(p*)(T" = T?)  (r, u)dudr
o JB
and
1 t
5/ (RY = R2)™ (1, u)du < —/ / Dl _geysol V(RY — B2)|3(r, u)dudr
B 0B (4.18)

t b — 2 1 _ R? r,u)audr
+/O/B(J(R) J(R?*))(R' = R?), (r,u)dudr.
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Therefore,
%A@) < /0 /B (FL(P") = F2(*) (p1 — p3) , (r,w)dudr
+/0 /B (H(ﬁl) - H(ﬁQ))(Tl — TQ)JF(T7 w)dudr (4.19)

t hy— 2 L — R?)  (r,uw)dudr
+/0/B(J(R) J(R?))(R' = R?), (r, u)dudr.

Now let us use the explicit expressions of Fy, J and H. We also use the following inequality: for any C' > 0
z,y € R,
Crys < Cxiys. (4.20)

In order to avoid confusions, a squared term will always be put between brackets, while, for instance p? refers
to the first coordinate of p2. We will denote by C a positive constant which depends on \q, A2, 7, d with
values possibly changing from one line to the next.

(F1(0") = B(0) (1 — p1) . = [2d(M1 = X)(R® = p1 — p}) = 2dMT" = (r +2)] (p1 — p})%
+ [2dM\ipt + 2ddaps] (R — R?)(p1 — pi)+
+ [142dXa(1 = pi — p3 = pD)](T = T?)(p1 — pi)+ (4.21)
< Clpt — p1)3 + [2dNipy + 2dXap3] (R — R?) 4 (p1 — pi)+
+ [T+ 2d0a(1 = pi — p3 = pD)](T" = T?) 4 (01 — p})+,

where we used (4.20) and the fact that 2d\1pl + 2dXapl > 0 and 1+ 2dXa(1 — p3 — p3 — p?) > 0 in the last
line.

(H(p") — HP»)) (T = T?)4 = [2dX2 — 2d(Ay — X2)py — 2dXo(T? + TY) = 1)(T" — T?)%.
+[2d(M = Xa) (1 = pf = p3)] (1 — PE)(T = T7) 4 (4.22)
< O(T" = T2)2 + [2d(M — A2)(1 — 93 — p2)] (o} — p2) 4 (T* = T?),,
where again, we used (4.20) in the last line, the fact that A\; > Ay and that (1 — p? — p3) > 0. Finally,
2
(J(R") = J(R*)(R' = R?) = —(r+ 1)(R' — R?) . (4.23)

Collecting (4.21), (4.22) and (4.23) we are left with

1 ' 1 a2 1 72)? '- R’
AW < C/O /B<(p1 — 1), (ryu) + (TH = T%) (r,u) + (R' = R )+(T’u))dudr (4.24)

= C/OtA(r)dn

where C' is a constant which depends on A1, Aa, 7, d and by Gréonwall’s lemma, A(t) = 0. O

Corollary 1. Denote by p° = (p9,T%, R°), resp. p' = (p}, T, RY), the weak solution of (4.5) with (Dirichlet
; Robin) boundary conditions and initial data pd = T® = R = 0, resp. p} = T* = R' = 1. Then for every
t>s, pd(s,.) < pV,.), TO(s,.) < T°(t,.) and R°(s,.) < RO(t,.), resp. pi(s,.) > pi(t,.), T (s,.) > T(t,.)
and R'(s,.) > R(t,.) almost surely. Furthermore, any other solution (p1,T,R) of (4.5) with (Dirichlet ;
Robin) boundary conditions satisfies: p(l) <p < p}, TO<T <T!' and R% < R < R!' almost surely.

The same result holds for p° = (p9,T% R®), resp. p' = (p}, T, RY), the weak solution of (4.5) with
(Neumann ; Robin) boundary conditions and initial data p9 = T° = R® =0, resp. pi =T = R! = 1.
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Proof. We prove the result for the (Dirichlet ; Robin) boundary problem and for p°. The proof is the same
for p* and for the (Neumann ; Robin) case. Fix s > 0 and consider 7:p° : (t,u) = p°(t + s,u). 75p° is the
solution of (4.5) with initial condition u +— p°(s,u) and almost surely in B, 75p°(0,u) > (0,0,0) = p°(0,u).
Applying Lemma 3 to 7,p° and p® with s =0 and t = t — s yields p°(¢,u) > p°(s, u) almost surely. O
Lemma 4. Assume conditions (Hy) are satisfied.

e Denote by p° = (p9,T°, RY), resp. p' = (pi, T, R), the weak solution of (4.5) with (Dirichlet ; Robin)
boundary conditions and with initial data (0,0,0), resp. (1,1,1). Then,

lim Z/ lp1(t,w) = pY(t,w)| + T (t,u) — TO(t, u)| + |R' (t,u) — R°(t, u)|>du =0. (4.25)

t—o0

e Denote by p° = (p9,T°, RY), resp. p* = (p}, T, RY), the weak solution of (4.5) with (Neumann ;
Robin) boundary conditions and with initial data (0,0,0), resp. (1,1,1). Then,

lim Z/ lp1(t,u) — pl(t,w)| + |TH(t,u) — TO(t, u)| + | R (t,u) — Ro(t,u)|>du =0. (4.26)

t—o0

Proof. We start with the proof of the (Dirichlet ; Robin) regime. It is enough to show that

tim ([lpd(t,) = o8t I + 1T (t) = T8 I3 + IR (8, ) = RO(E)IE) = 0. (4.27)

Consider the eigenvalue problem for the Laplacian (3.63) and the countable system {W,,~v,, n > 1} of
eigensolutions for that problem. For n > 1 introduce

t—

n

Kn(t) = An(t) + Ba()+Cu(t) = Y [(RM(,.) — RO(t,.), W) 2
h=t . (4.28)

+ 3 Hpi(t) = AUt ) Wi P+ Y (T () = TO( ), Wi .

k=1 k=1
Recall that by (3.51), one has
Aut) — BN~ RUEDI3 = AW, Ba() — lloht.) — o2t )3 = B,

and

Cult) — |IT(t,) = T, )3 = C(@).

Let us first prove that lim lim A, (t) = 0. A, is time differentiable and the weak formulation of a solution
t—o00 n—oco

of (4.5) with (Dirichlet ; Robin) boundary conditions yields,

AL () = -2 En:(D% +r+ V(R — Ry, W)
=t (4.29)
—2) (R} — R}, Wi) / (Ry — RO (r)Wi(r)ny (r)dS(r).
k=1 Iy

Integrating this between 0 and 7" and using the Cauchy-Schwarz inequality twice yields

A,(0) / Z (Dyg + 7+ 1)[(RE — R, W) [*de
0 —
T n 5 T n 3 9
—2 /0 ;KR;}*R,?,W;C)] dt /0 ;(/F+(RtlRg)(r)wk(r)nl(r)dS(r)) dt
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Taking n — oo and using (3.52) and (3.54) using the W} s and W}s instead of the V//s and V}s we get

A0 >2r—|—1/ Alt dt—|—2D/ dt—Q\// At dt\// IR} — B2 oyt
_2(7’—|—1)/ A +20 | A t—Q\// dt\// nat+ [ A
0 0 0 0

22(7’+1)/0 dt+2D/ dt72 /0 A()dt+/0 A()dt)
> 2r/OTA(t)dt+2(D—1)/O A(t)dt

where A(t) = |V(R} — RY)||2, and where we used the trace inequality (3.48) in the second inequality. Taking
T — oo, and using that D > 1 we get that

o0
/ |R! — RY||2dt < oc.
0

By Corollary 1, R' is almost surely decreasing and R® increasing therefore R} — R is almost surely decreasing
and the above inequality implies
IR — RY|l3 — 0.
t— o0

We are now left to show that
lim lim [B,(t) + Cy(t)] = 0. (4.30)

t—00 n—oco

We proceed following the same steps as for A,,.

B(t) = =2D> il(pis — p%0 Wi + 2D (Fi(pr) — Fu(30), W) (pte — 054, W)

k=1 k=1 (4.31)

—23 (ot - A W) / (o4 — 00.0) ()W (r)ma (1).AS ().

k=1 Iy

To lighten notations we will not write the subscript ¢ in the computations, when there is no confusion. Let
us compute the second term.

n

(FL(p") = F1(°), Wi) (pi — 3, Wi) = 2d(M — Xa) D (pi(R' = R), Wi)(p] — pf, W)
1 k=1

+2d(M — A2) Z(RO( =), W) (o1 — pY, W)
k=1

—2d(\ = A2) Y ((p1)* + (0% Wi (ot — o7, W)
k=1

M=

x>
Il

. . (4.32)
+2dAs Z<R1(T1 - To)a Wk><,0% - p(1)7 Wk> + 2dX; Z<TO(R1 - R0)7 Wk><ﬂi - p(l)v Wk>
k=1 k=1
—2dX\ Y (T (p1 — p2), Wi (pt — 08, Wi) — 2da > _(p(T" = T°), Wie)(p1 — pY, W)
k=1 k=1
+ Y (T =T Wil — o8, Wi) — (r+2) > ot — pf, W%
k=1 k=1
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Using Lemma 3 and the Cauchy-Schwarz inequality, we get:

n

1
—5B,(t) > Z [Dye +r+2—2d(A — X2)][{p1, — £ s Wk>|2

2
k=1
— (14 2d);) zn}Ttl — T, Wi){(p1 — pi o, W)
k=1
— 200 VAL (OB (D) ¢Bn<t)J S ([ Gl AIOTOm s
k=1 Y+

Integrating this between 0 and T and using the Cauchy-Scwharz inequality we are left with

T n
(Bn(0) — B,(T)) > / Z [Dyi +7+2=2d(M = X)]| < ply— ol Wi > |2dt
0 k=1

DO =

T T
- (1+2dA2)/0 \/ﬁ(t)\/mdt—%Al/o VALV B (t)dt (4.33)

- WJ / Tki_l (/[ ehe= P eatrmase) ar

C;L(t) =-2D Z'VkKTtl - Ttov Wk>|2 + 2Z<H(ﬁt1) - H(ﬁ?)a Wk><Tt1 - Ttoa Wk>
k=1 k=1

Now

n (4.34)
—2) (T} = TP, W) / (T} — TO)(r) Wi (r)n(r).dS(r).
k=1 Ty
Again, we compute the second term using the explicit expression of H:

D (H(PY) = H@), Wi (pt = p, W) = 2d(\ = A2) Y (pt — o}, Wil(T" = T°, W)
k=1 k=1
+@2drs — 1) ST = T W2 — 2d(h — Aa) S (ph (T — TO), W) (T — T, W)

=t h=t (4.35)
= 2d(\ = X2) Y (T°(pi = p0), Wi) (T = T°, Wi

k=1

Using Lemma 3 and the Cauchy-Schwarz inequality, we get:

1 = 2
—5Cnt) > ; (D + 1= 2d\o| (T} — TP, W)

_ ./Cn(t)\l Z (/1—\ (Ttl — TtO)(r)Wk(r)nl (T)dS(T))z — 2d()\1 - )\2) Cn(t) Bn(t)

k=1
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Integrating this between 0 and 7" and using the Cauchy-Scwharz inequality we are left with:

%(Cn(o) —Cu(T)) > /0 ki_l [Do + 1= 2de] (T} — T2, W) [dt

T
2d(h — A) / ROV (4.36)

a \//7J/0 /F+ - Tto)(T)Wk(T)nl(r)dS(r))zdt.

Summing inequalities (4.33) and (4.36), using that B,, is uniformly bounded by a constant K; and C,, by a
constant K> and that for any a,b > 0, —/avb > —%(a +b), we obtain

S (Ba(0) = Bu(T) + €, (0) - Cu(T) 2
/OZDwk+r+2—2d<A1 2)] [0k — oo Wi [Pat
k=1
T T n 2
—3 | Bawar—5 [ ([ he=AomWitmase)) a

k=1 +

T n (4.37)
+/ Z (D 41— 2dX] (T} — T2, W) P dt
1

_,/0 t—f/o / T0)(r) Wi (r)n (r)aS(r))
QdKlAlﬁ (14 2d\)K. ﬁ

Now, split the first and fourth terms into two parts. Lower bound the first one using that v; < v, for any

k > 2 and we shall then use (3.52) to deal with the second term. The left-hand side in (4.37) is lower bounded
by

1 T
5[/ (Dyi+r+2—2d(A — A2) Z\p“ plt,Wk\dt /B dt}
k=1

/ S (Do 47 +2— 2000~ A)|(ok, — W
0 k=1

- [ () ke o em ) o]
+3 [/OT (Dy+1-2d) 2 it~ 1w Pa— | exe (4.38)

1
+§[/ Z (Dyk + 1 — 2d\) (T} — T2, W) | *dt

- [ (] - rememese) o

—lel,// A, (t)dt — (1—|—2d/\1)K21//T B, (1)dt.
0 0
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Taking n to infinity, using (3.64) and the dominated convergence theorem as well as the trace inequality
stated in Theorem 3 and using that D > 1 and v; > 1 (see (3.66)) we get:

(B(0) — B(T) + C(0) — C(T)) >

2(r+1- 200 - ) [ "B+ (D) | I - P
0 0

+2(1 — 2dXy) /T C(t)dt+ (D —1) /T V(T —T7)|dt (4.39)
0 0

— 4dM\ Ky //T A(t)dt — (1 + 2d\1) Koy //T B(t)dt.
0 0

Since conditions (H7) hold, all the factors between the time integrals fOT B(t)dt and fOT C(t)dt are strictly
positive and inequality (4.39) implies that

/ B(t)dt < so, and / Ct)dt < o,
0 0

Again, by Corollary 1, pi and T! are almost surely decreasing and p§ and T° increasing, therefore pi — p?
and T' — T° are almost surely decreasing and the above inequalities imply

10 2 1 02
11,0 — Pill2 e 0, and |7, — T3 P 0.
For the proof in the (Neumann ; Robin) regime, one proceeds in the same way, but decomposing the difference
between p! and p° on the basis (Vi)r>1 and using conditions (Ha). O
Now, we are able to prove Theorem 6.

Proof of Theorem 6. Again, we focus on the (Dirichlet ; Robin) regime and the proof is the same for all the
others. As said before, it is enough to prove uniqueness of a solution of

DApy + Fi(p, T.R) =0, p1._ =bi(), Oespr(t,)ir+ = (b1 — p1)jr+
DAT + H(pl,T, R) = O, np— = bl() + b3(.), 861T(t, ~)|I‘+ = ?(bl + b3 — pP1 — p3)|F+ (440)
DAR+J(R) =0, Rp- =1—"0ba(.) = b3(.), 0e, R(t,.)r+ = 5(p2 + p3 — b1 — b3)|p+.

(i) Ewistence: For n € N, define
Ul={ueB, p%n,)<pl(n+1,), T°(n,.) <T°(n+1,.), R°n,.) < R°(n+1,.)} (4.41)
and
Ul={ueB, pi(n,.) <pi(n+1,.), T*(n,.) <T'(n+1,.), R'(n,.) < R'(n+1,.)}. (4.42)

By Corollary 1, the above sets are almost sure and so is U := QO(US NUL). On U, the sequence of
nz

profiles {p*(n,.), n > 1} (resp.{p°(n,.), n > 1}) decreases (resp. increases) to a limit that we denote by
) = (pf (1 T+, RH()) (resp. () = (py (), T~ (), B ())). By Lemma 4, p* = p~ everywhere
on U so almost surely on B . Denote this profile by p and consider p(t,.) the solution to (4.40) with
initial condition p. Since for all ¢ > 0, p°(¢,.) < p(.) < p'(¢,.) almost surely, by Lemma 3 we have
that for every s,¢ > 0, p°(t +s,.) < p(s,.) < p*(t + s,.) almost surely and letting t — oo we get that
p(s,.) = p(.) for all s so p is a solution of (4.40).
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(ii) Uniqueness: Note that by Lemma 3 and Corollary 1, for any profiles p* = (p§,7%, R%) and p° =
(p5,T®, RY) satisfying (4.5) with any initial condition, for every ¢ > 0

[ (1680 = bt + 176 ) = T 0)| + | B2 0 0) — Bt )]

B (4.43)

< [ (Iektw) = et + 76w = T w) + | B (0) — Bt )]
B

Applying (4.43) to two stationary solutions and using Lemma 4, one gets uniqueness.

As said before, existence and uniqueness of a solution p of (4.40) yields existence and uniqueness of the

stationary solution of (2.23). Similarly, the proof of (4.7) comes from the fact that

[ (1p1(te0) = s+ 1700 = Tta)| + R0 - Bl )

B (4.44)

< [ (Iptw) = st + 17t = T 0) + | B! ) — Bt )] )
B

where again, we applied (4.43) and the fact that the right-hand side term converges to 0. O

A Change of variable formulas

The following change of variable formulas have been established in [20, Section 5.2]. Recall that for i,j €
{0,1,2,3} and =,y € By, vj(z/N) = log(c;(xz/N)), and

RY(@) = exp ((0;(u/N) = v3(2/N)) = (vily/N) = vila/N)) ) = 1.
Note that R;/(@) = O(N~'). Consider f : Sy = Rand 2,y € By.

(i) For (i,7) € {0,1,2,3}? such that i # j,

/A m(x)nj(y)f(g’y,wz’y)dvg(f,w):/i 03 (@) () (B7 ) (@) + 1) f (€, w)dvg (€, w). (A1)

3N
(ii) For (Z,j) S {0, 1,2, 3}2 such that i # 7,

/’7i($)bj($/N)f(§aW)dVg(faw) = /nj(x)bi(ﬂf/N)f(Ui,z(&w))dVéV(faW)a (A.2)

To prove both points, we use the explicit expression of l/év . Let us give the details for (ii). Take (i,j) €
{0,1,2,3}? with i # j, then,

[ @b sE @ () = /@ o @ el v ()
= i\T g; w M V/{V_l e o
- /(g,@eawbj( /N @ial&w)y s dvs )

- / 0y @)bs (/N (01,06, )V (€, ),

because
bj(z/N)

bo(.’l?/N)

VY HE @) = v (@) = 1 (6 @)ipa i) = (6.9)).
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X X
(a) (pl,pl + p3, 1 — pa — pg)(T7 .), solution of (B.1) (b) (pl, p1+ps, 1 —pa — pg)(T, .), solution of (B.1)
with initial condition (0, 0, 0). with initial condition (1,1, 1).

Figure 2: T =100, A\; = 0.75, A\ = 0.25. Conditions (H;) are satisfied.

B Simulations
The hydrodynamic equations with Neumann boundary conditions

8,p=DAp+ F(p)in B x (0,T),
(B.1)
Dep(t, Jyr =0for 0 <t <T,

have been simulated in dimension 1 with B = [0,1]. For that, we used an Euler explicit scheme and chose
the following parameters:

e Time horizon: T=100

e Time subdivision: d; = 5.10°
e Space subdivision: ¢, = 100
er=1and D=1.

In Figures 2 and 3, the x axis corresponds to the one dimensional space B = [0, 1] and the y axis is the space
of values of the density profiles p1, p1 + p3, 1 — (p2 + p3).

In the first simulation, we took A; = 0.75 and A2 = 0.25, so the conditions (H;) are satisfied. In Figure 2a
we presented the solution of (B.1) at time 7' = 100, with initial condition (p1, p1+p3, 1—p2—p3)(0,.) = (0,0,0)
and in Figure 2b the solution of (B.1) at time T" = 100, with initial condition (p1, p1 + p3,1 — p2 — p3)(0,.) =
(1,1,1) . As expected (see Theorem 6), both profiles in Figure 2 coincide.

In the second simulation, we took A\; = 1 and As = 0.75, so the conditions (H;) are not satisfied.
In Figure 3a we presented the solution of (B.1) at time 7' = 100, with initial condition (p1,p1 + ps3,1 —
p2 — p3)(0,.) = (0,0,0) and in Figure 3b the solution of (B.1) at time 7' = 100, with initial condition
(p1,p1 + p3,1 — p2a — p3)(0,.) = (1,1,1) . The profiles in Figure 2a and 2b do not coincide, which proves,
numerically that conditions on the parameters are needed for both these limiting profiles to coincide.
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(a) (pl,pl + p3, 1 — pa — pg)(T7 .), solution of (B.1) (b) (pl, p1+ps, 1 —pa — pg)(T, .), solution of (B.1)
with initial condition (0, 0, 0). with initial condition (1,1, 1).

Figure 3: T =100, A\; =1, Ay = 0.75. Conditions (H;) are not satisfied.
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