N
N

N

HAL

open science

Hydrodynamic and hydrostatic limit for a contact
process with random slowdowns in finite volume and
with slow boundaries

Mustapha Mourragui, Ellen Saada, Sonia Velasco

» To cite this version:

Mustapha Mourragui, Ellen Saada, Sonia Velasco. Hydrodynamic and hydrostatic limit for a contact
process with random slowdowns in finite volume and with slow boundaries. 2022. hal-03897093v1

HAL Id: hal-03897093
https://hal.science/hal-03897093v1

Preprint submitted on 14 Dec 2022 (v1), last revised 20 Oct 2023 (v3)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-03897093v1
https://hal.archives-ouvertes.fr

Hydrodynamic and hydrostatic limit for a contact
process with random slowdowns in finite volume and
with slow boundaries

M. Mourragui®, E. Saada?, S. Velasco®

ILMRS, UMR 6085, Université de Rouen, Avenue de I’Université, BP.12, Technopdle du Madrilet, F76801
Saint-Etienne-du-Rouvray, France
2 CNRS, UMR 8145, Laboratoire MAP5, Université Paris Cité, 45 rue des Saints-Péres, 75270 Paris
Cedex 06, France
3 Laboratoire MAP5, Université Paris Cité, 45 rue des Saints-Péres, 75270 Paris Cedex 06, France

Abstract

Abstract We consider an interacting particle system which models the sterile insect technique. It is the
superposition of a generalized contact process with exchanges of particles on a finite cylinder with open
boundaries (see Kuoch et al., 2017). We show that when the system is in contact with reservoirs at dif-
ferent slow-down rates, the hydrodynamic limit is a set of coupled non linear reaction-diffusion equations
with mixed boundary conditions. We also prove the hydrostatic limit when the macroscopic equations
exhibit a unique attractor.
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1 Introduction

In this paper, we consider the interacting particle system which was introduced in [17] to model the sterile
insect technique. This technique was developed, among others, by E. Knipling (see [16]) to eradicate New
World screw worms in the 1950’s, a serious pest for warm blooded animals. The method is still used today,
for instance in France, to protect crops from the very invasive Mediterranean flies, and it is also being tested
to fight mosquitoes which transmit dengue in countries like Panama or Brazil. The sterile insect technique
works as follows: male insects are sterilized in captivity using gamma rays. They are then released in the wild
population, where females mate only once, giving rise to no off springs if they mate with a sterile male. When
enough sterile individuals are released, the wild population eventually becomes extinct. From a mathematical
perspective, the sterile insect technique has mainly been modeled in a deterministic way through the study
of partial differential equations (see [1]).

The sterile insect technique was studied from a probabilistic perspective in [17] and [18] using interacting
particle systems. In [17], a phase transition result is proved at the microscopic level. Recently, another proba-
bilistic model was studied in [14], also at the microscopic level. In [18], the study is carried at the macroscopic
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level (hydrodynamic limit) in finite volume with reservoirs, in order to account for the migration/immigration
mechanism.

Here, we aim at studying the hydrodynamic limit and hydrostatic limit of that interacting particle system
under the effect of slow reservoirs. The slow-down mechanism models the fact that beyond the boundary
through which insects arrive into the system or leave it, there are very few insects (the exterior of the system
might be a territory which is much less favorable to the development of these insects).

In the perspective of interacting particle systems, the sterile insect technique is modeled as follows:
insects evolve on a d-dimensional finite set By = {—N, ..., N} x ']I“]i\fl7 where N > 1, and the evolution of
the population is described by a continuous time Markov process (n,");>o with state space EPN where E is
a countable set. The quantity of interest here is not the number of insects per site but the types of insects
present at a given site. Precisely, F = {0,1,2,3} and for x in By,

if there are no insects in z,

if there are only wild insects in z,

if there are only sterile insects in x,

if there is a combination of wild and sterile insects in x.

n(z) =

W N = O

The dynamics of the Markov process is the superposition of three Markovian jump processes:

(i) A process which models the fact that insects move in an isotropic way within By and which is param-
eterized by a diffusivity constant D > 0. Precisely, for a configuration n and x,y two sites in By, the
states of sites = and y in 7 are exchanged at rate D.

(ii) A birth and death dynamics which models births of individuals due to the mating of a wild females with
wild or sterile insects, as well as deaths of individuals. This is parameterized by a release rate r > 0
and growth rates A, Ao > 0. Sterile males are injected on a site at rate r independently of everything
else. The rate at which wild males give birth (to wild males) on neighbouring sites is A; at sites in
state 1, and Ao at sites in state 3. Sterile males do not give birth. We take Ao < A1 to reflect the fact
that fertility is reduced at sites in state 3. Deaths for each type of male insects occur independently
and at rate 1.

(iii) A boundary dynamics which models the slow migration/immigration mechanism. This is parameterized
by a function b = (b1, by, bs) : {—1,1} x T¢=1 — [0,1]3 and two constants 6, and 6, in R*. For
i € {0,1,2,3}, a particle of type i € {0,1,2,3} is injected in the system through z € {—N} x T?V_l,
resp. « € {N} x T4 at rate N=%b;(x/N), resp. N~ b;(z/N) and is expelled from the system
through x at rate N =% (1 — b;(x/N)), resp. N~ (1 — b;(z/N)), with by = 1 — by — by — bs.

The birth and death mechanism is referred to as a contact process with random slowdowns (or CPRS).
Indeed, without the presence of sterile insects, it would be a basic contact process (as defined for instance
in [20]) with parameter \;, and the presence of sterile insects can be interpreted as a random decrease of
the fertility rate due to the presence of sites containing sterile and wild individuals. In [17], the microscopic
study of the birth and death dynamics alone leads to the following phase transition result: for certain values
of A1 and Ay, when r is large enough, the healthy population almost surely becomes extinct and survives
otherwise. In [18], the hydrodynamic limit of the superposition of the three dynamics above, where the first
and the third one are accelerated in the diffusive scaling N2, and where 8; = 6,. = 0, is proven to be a system
of non linear reaction-diffusion equations with Dirichlet boundary conditions.

In this paper, we prove the finite volume hydrodynamic limit of this interacting particle system for any
values of 6y,0, > 0. The hydrodynamic equation obtained has mixed boundary conditions which depend
on the values of 6, resp. 6,.. Precisely, for 6, € [0,1), resp. 6, € [0,1), we get a Dirichlet type boundary
condition at the left hand side, resp. right hand side of the system. For 6, = 1, resp. 0, = 1, we get a Robin
type boundary condition at the left hand side, resp. right hand side of the system. For 6, > 1, resp. 6, > 1,
we get a Neumann type boundary condition at the left hand side, resp. right hand side of the system.

We then prove the finite volume hydrostatic limit of the interacting particle system for a specific class of
parameters regarding the dynamics. Within that class of parameters, the sequence of invariant measures of



the interacting particle system is associated to a profile which is the stationary solution of the hydrodynamic
equation with corresponding mixed boundary conditions.

Our paper is, up to our knowledge, the first one regarding the effect of mixed reservoirs in and out of
equilibrium (hydrodynamic and hydrostatic limit) for a multi species process in finite volume. The effect
of reservoirs on a one dimensional conservative system has been widely studied in finite volume (see for
instance [5], [8]). Much is now known both at the microscopic and macroscopic level. Recently, the effect of
slow reservoirs has aroused much interest for the symmetric simple exclusion process in one dimension (see
for instance [2], [10], [11], [12] and references therein). In [9], authors proved a hydrostatic principle for a
boundary driven gradient symmetric exclusion process using the fact that the stationary profile is a global
attractor for the hydrodynamic equation. This method inspired our proof for the hydrostatic limit. However,
the coupled equations obtained for the hydrodynamic limit, and the fact that we work in any dimension make
the analysis more subtle.

The proof of the hydrodynamic limit for each of these regime is established in Section 3 via the Entropy
Method. Among other things, as we work in arbitrary dimension, some care must be taken to define and
characterize the solution of the hydrodynamic limit at the boundary, through the use of the Trace Operator
(see subsection 3.4). The proof of the hydrostatic limit, established in Section 4 and inspired by [9] relies on
the use of a change of coordinates for the coupled equations. Under this change of coordinates (inspired by
some simulations see Appendix B ), a comparison principle holds. It allows us to find a unique attractor when
some conditions on the parameters are satisfied. Outside that class of parameters, although uniqueness of the
invariant measure holds, we do not even know whether there is uniqueness of the stationary solution of the
hydrodynamic equation and simulations show (see Appendix B) that for Neumann type boundary conditions
there are several stationary profiles. However, we believe that a more general hydrostatic principle in the
spirit of the one proved in [19] is valid.

2 Notations and results

2.1 The microscopic model

The dynamics of our interacting particle system is given by three generators, one for the diffusive dynam-
ics, one for the contact dynamics and one for the boundary dynamics. In order to explicit each one of
those generators, let us give a few notations. Let N € N. Denote By = {—N, ..., N} x ']I‘?i\fl the bulk and
'y ={-N,N}x 'JI“IiV_l, resp. I'f, = {N} x ’]T‘]iv_l, resp. I'y = {—N}x ']I“Ii\[_1 the boundary, resp. left hand side
boundary, resp. right hand side boundary of the bulk. Denote B = (—1,1) x T¢~! the continuous counter
part of the bulk, B = [~1,1] x T?"! its closure, I' = {—1,1} x T4~} T~ = {-1} x T4 ! and I'" = {1} x T4~ 1.

The microscopic state space is denoted Qy := {0,1,2,3}5~ and its elements, also called configurations,
are denoted 7. Therefore, for z € By, n(z) € {0, 1,2,3}. To describe the dynamics of our model, we will use
the correspondence introduced in [18] between the state space Qy and Sy := ({0,1} x {0,1})B¥ where the
correspondence between an element (£, w) € 5 ~ and i € Qp is given as follows: for z € By,

Na) =0 = (1= @)1 - wlw) =1,
Ha) =1 = )1 —w(a) = 1, o)
na) =2 = (1= &@)w) = 1,

Na) =3 = (o) = L

In other words, (&(z),w(x)) = (0,0) if x is in state 0, (1,0) if it is in state 1, (0,1) if it is in state 2 and (1, 1)
if it is in state 3. Also, in order to describe the evolution of the density of sites in state 1, resp. 2, resp 3,



resp 0, we define for « in By and a configuration n € 2y with associated configuration (£, w) € f]N,

o U o

N2(x) = Ly@z)y=2 = (1 = &(7))w(x),

1a(z) = Loos = £(@)o(a), 22)
o) = Lo = (1 — ) (1 - w(a))

Finally, we also express the correspondence (2.1) by the following application from 5 N to Qpn:
n=n(&,w), where, for any z € By, n(z) = 2w(z) + {(x). (2.3)

e Generator for the diffusion mechanism: it corresponds to the usual stirring mechanism where each
site has an exponential clock with rate D and independent from all the other clocks. When the clock
rings, a neighbouring site is chosen uniformly at random and the states of both sites are exchanged.
The action of the generator on functions f : ¥ — R is therefore given by:

d
LafEw) =3 Y D(flererwm Tt - f(w)) (2.4)

k=1 (z,x+er)EBN

where (ey, ..., eq) is the canonical basis of Z¢ and for ¢ € {0,1}5~ and z,y € By, (*¥ is the configuration
obtained from ¢ by exchanging the occupation variables {(z) and ((y), i.e,

((z) if 2=y,
(M(z) =4 ((y) if z=u,

¢(z) otherwise.

e Generator for the contact process in the bulk: following the description of the CPRS in the
introduction, the birth and death mechanism in the bulk has the following rates: for n € Qn and
:E€<BN,

0 — 1 at rate Aynq(z,n) + Aansz(x,n), 1 — 0 atrate 1, 0— 2 at rate r,
2—0atratel, 1—3atrater, 3 — 1 at rate 1, (2.5)
2 — 3 at rate \ynyi(x,n) + Aans(x,n), 3 — 2 at rate 1.

Therefore, using the correspondence (2.1), the generator Ly = Ly x, a,,» 0f the CPRS acts as follows
on functions f: Xy — R:

Lyf(§w) = Y Lp f(&w), (2.6)

TrEBN

where for x € By,

B (&) = (r(1l - w(@)) +w(@)) [ (6, 070) - fEw)]
+ (B (@,6,0)(1 = £@) +£@)) [ Fl0Ew) = F(Ew)].

Boy(@,m) =X Y m@) +X Y msy)

y~x y~x
yEBN yEBN

where x ~ y means that z and y are neighbouring sites in By, and where for ¢ € {0,1}B~, 0% is the
configuration obtained from ¢ by flipping the configuration at z, i.e.

1—((z) if z=n=z,
¢(z) otherwise.

7*¢) = {



e Generator for the boundary dynamics: the generator of the dynamics at the boundary is parametrized
by 0 = (0¢,0,) with 04,0, > 0 and a positive function b = (b1,bo,b3) : I' — R3 satisfying the

following conditions: there exists a neighbourhood V of B in R x T¢"! and a smooth function
d=1(91,92,93) : V — (0,1)% in C*(V,R) such that

* i i< | < C* .
0<e" < min, lg:] < Joax, lgi| < C* <1 (2.8)

for two positive constants ¢* and C*, and such that the restriction of g to I' is equal to b. The dynamics
at the boundary can then be described as follows: a site # € I'y, resp. = € I'}; goes from state
i € {0,1,2,3} to state j € {0,1,2,3} \ {i} at rate N=%b;(z/N), resp. N~%b;(z/N) . In order to
express the generator of the boundary dynamics, we make use of n; = n;(£,w) for i € {0, 1, 2,3} which

is the configuration in {0,1}?~ obtained from (£, w) € Sy according to (2.2). For f: Sy — R, the
boundary generator acts on f as follows:

LignfEw) =Y Li; (¢

where
25w f (6 w) 1= o (/N €,070) [ £(6,0°w) = F(6.)] + cable/N),076,0) | £(0°6,w) = f(&.w)]
+ o (bla/N), 06, 0"w) [ £(07°6,0"w) — f(§,w)].
and with

~ o —0e Zz bi(x/N)n;(x) if xely,
e (b(z/N), &) "{ N0 5% N bi(x/N)n;(z) if xef‘%

and by(z/N) := 1 — El 1 bi(z/N). Note that the following simpler expression holds for Lg \: for
f:5y = Rand (£,w) € S,
3
L (60) = N7 3 bia/N) (f(o50(6,w)) = [(€w))
=0 zery (2.9)

3
FNTYD N ila/N) (F 0 (6,0)) — f(6w))

- +
i=0 zel'y

with 0; . (§,w) = 0, 2n(§, w), the configuration in Sy associated to 0,21, where

oian(z) = i if z=2
5eMZ) = (€, w)(2) otherwise
with 7(€,w) as defined in (2.3).
Fix a time horizon T > 0 and denote {(¢Y,w}Y), t € [0,7]} the Markov process associated to the generator

Ly :=N?Ly + N’Ly 5  + Ln. (2.10)

Let DiN([OvT]) be the path space of cadlag trajectories with values in Sn. Given a measure [N Oon iN,
denote by P, the probability measure on Dg ([0,77) induced by pn and (&, wt)e>0 and denote E, the
expectation with respect to P,



Invariant measures for the diffusive and boundary dynamics:
Consider @ = (aq, a9, a3) : B — (0,1)® a smooth function satisfying the following conditions:

Jc¢5,C" >0, 0<c" < min |a;| < max |oy| <C* < 1 (2.11)
1<i<3 1<i<3
and ~
Veel, alx)=>b(x). (2.12)

Denote 1Y the Bernoulli product measure on By with parameter a: for (¢,w) € SN,

on (X3 (s 20,

1=1 xEBN

vy (& w) =

where Z5 n is the normalizing constant
3
Za N = H (1 + Zexp(ai(x/N))
rEBN =1
and with g = 1 — a1 — oo — 3. Note that I/év is such that for every 1 < i < 3 and = € By,
]Eug [i(2)] = ai(x/N).

The following statements are easy to verify:

e Consider a a constant profile. Then I/aN is an invariant measure for the exchange dynamics so for any
f : EN — R,
| Lnf(&w)dv (& w) = 0. (2.13)
YN

e Consider & a smooth profile satisfying (2.11) and (2.12). Then v is an invariant measure for the
boundary dynamics so for any f: Xy — R,

/i Ly g f(&w)dvE (€, w) = 0. (2.14)

For any 0 € (R*)3, at fixed N, the dynamics defined by (2.10) is irreducible and the state space is finite.
Therefore, there is a unique invariant measure that in the sequel we denote p33(6).

Useful (in)equalities: For any A, B > 0,

A(B—A) = —%(B - A)? + %(32 — A?). (2.15)
For any a,b, A and N € N,
N A
2ab < —a® + =2 2.1
ab < ¢ +Nb (2.16)

2.2 The macroscopic equations

Let us first introduce a few notations. We will write functions with values in R with normal letters (for
instance ) and the ones with values in R? with letters with a hat (for instance CA}’) . For n,m € N, denote
C™™([0,T] x B) the space of functions that are n times differentiable in time and m times differentiable in
space, Cy"™, resp. Cy”™, resp. Cy”!" the ones in C™™([0,T] x B) which are zero on T, resp. T'~, resp. T'".
Denote Ci°(B) the space of smooth functions with compact support in B, C™(B) the space of functions that



are m times differentiable in space and C(B) when m = 0. For b= (0¢,0,) in (RT)?2, we will use the following
notations to denote these functional spaces:

cl?if 6e0,1)2,
. Co2 if 6, €[0,1),0,
0 Cos if 6, €10,1),0,
ch? if 6,,0, > 1.

’ (2.17)

Let < .,. > be the L?(B) inner product and < .,. >, the inner product with respect to a measure p. For

j?: (f1, f2, f3) and § = (91,92, 93) in (LQ(F))B, < f,/g\ >= 2?21 < fi,g; >. Introduce H'(B) the set of
functions in L?(B) such that for any 1 < k < d, there exists an element 9., g in L?*(B) such that for any ¢
in Cp°(B),

<9 >= = < 9,09 >
The H'(B) norm is then defined as follows:

d 1/2
gl = (932 + D 190 gllEem) -
k=1

Denote LQ([O, T],HI(B)) the space of functions f : [0,7] — H!(B) such that

T
Aﬂﬂnw%@ﬁ<w-

In order to define the value of an element G in H!(B) at the boundary, we need to introduce the notion of
trace of functions on such Sobolev spaces. The trace operator in the Sobolev space H!(B) can be defined as
a bounded linear operator, Tr : #'(B) — L?(T') such that Tr extends the classical trace, that is Tr(G) = G|,
for any G € H'(B) NC(B). We refer to [6, Part IT Section 5] for a detailed survey of the trace operator.

In the sequel, for s,u € RT x " and for any f € L%((0,T); H*(B)), f(s,u) stands for Tr(f(s,.))(u).

To lighten notations, for a function G depending on time and space we will often write és instead of
G(s,.). Finally, for b (R*)2, introduce the following linear functional on L? ([0, 7], HI(B)) parametrized

by a test function G in Cs: for t € (0,77,

t
I=(p)(t) = < pi, Gy > — < po,Go > —/ < Ps, 0sGs > ds
, R . OA R (2.18)
—D/ < ps, AG >ds—/ < F(ps),Gs > ds
0 0

where F = (F1(p), Fa(p), F3(p)) : [0,1]3 — R3 is defined by

Fi(p1, p2, p3) = 2d(Aip1 + Aaps)po + p3 — (r+1)p1
Fy(p1, p2, p3) = rpo + p3 — 2d(A1p1 + A2p3)p2 — p2 (2.19)
F3(p1, p2, p3) = 2d(A1p1 + A2ps)p2 + rp1 — 2ps,

with po =1 — p1 — p2 — ps.

The hydrodynamic equation is a reaction diffusion coupled equation with mixed boundary conditions
depending on 6. If 6y, resp. 6, in [0,1), the boundary conditions are of Dirichlet type on I'", resp. I'T. If
0, = 1, resp 0, = 1, they are of Robin type on I'", resp. I't. If 8, > 1, resp. 6, > 1, they are of Neumann
type on '™, resp. ['". We will focus on the cases where 6, € [0,1),6, = 1 resp. 6, > 1,6, = 1 corresponding
to a Dirichlet boundary condition on I'™ and a Robin boundary condition on I't, resp. a Neumann boundary
condition on I'™ and a Robin boundary condition on I'*. All the other cases can easily be adapted (see the
Table 1).



Definition 1. Let 7 : B — R3 be a continuous function.

e Hydrodynamic equation for 6, € [0,1) and 0, = 1. We say that a bounded function p = (p1,p2,p3) :
[0,T] x B — R? is a weak solution of the Dirichlet + Robin mized boundary problem

8:p=DAp+ F(p) in B x (0,T),
70,.) =7 in B,
— ~ 2.2
p(t, )r- =bfor0<t<T, (2.20)
86122\(75, -)\F+ = %(b - ﬁ)|F+ forO<t<T
if, for any 1 <i <3,
pi € L*((0,T),H'(B)), (2.21)

for any function Ge Cy, for any t € [0,T],
3 t
@O+DY [ [ 5000 i)y ()5 (r)ds
—Jo Jr-

3 t 3 t
+D ;/0 /F+ 0i(8,7)(0e, Gi s ) (r)na(r).dS(r)ds — ;/0 - Gi(r)(bi(r) — pi(s,7))n1(r).dS(r)ds = 0,
(2.22)

where ny(r) is the outward unit normal vector to the boundary surface T' and dS(r) is an element of

surface on T'. And,
p(0,.) =7(.) almost surely. (2.23)

e Hydrodynamic equation for 6; > 1 and 0, = 1. We say that a bounded function p = (p1, p2, p3) :
[0,7] x B — R? is a weak solution of the Neumann + Robin mized boundary problem

8p = DAp+ F(p) in B x (0,7T),

p(0,.) =7 in B,

Oe, p(t, Jyr- =0 for0 <t <T

Do, p(t, )+ = (b —p)yr+ for 0<t < T

(2.24)

if p satisfies conditions (2.21) and (2.23) as well as the following: for any Ge Cy, for any t € [0,T],
3 t
1)+ DY | [ pten@aciomm.aseas
3 t
+ D;/o /F+ pi(8,7)(0e, Gis)(r)n1(r).dS(r)ds — /r+ Gi(r)(bi(r) — pi(s,7))n1(r).dS(r)ds = 0.
(2.25)

Remark 1. In (2.22), the integral over T'~ corresponds to the Dirichlet boundary condition. In (2.25) the
integral over T'™ comes from an integration by part of the terms involved in the bulk. Both in (2.22) and
(2.25) the first integral over Tt comes from an integration by part of the terms involved in the bulk and the
second integral over I'" corresponds to the Robin boundary condition.

Definition 2. Stationary solution of the hydrodynamic equation.



(00,0,) | 6,€[0,1) | 6, =1 0, > 1
0,€[0,1) | D;D) | D;R) | (D;N)
6,=1 | (R;:D) | R;R) | (R;N)
0,>1 | (N;D) | (N;R) | (N;N)

Figure 1: Mixed boundary conditions depending on the values of 8, and 6,.. The letters D, resp. R, resp.
N denote a Dirichlet, resp. Robin, resp. Neumann boundary condition. For instance (D ; N) denotes a left
hand side Dirichlet boundary condition and a right hand side Neumann boundary condition.

e A function p = (pq, Ps, P3) in (’Hl(B))3 is said to be a stationary solution of (2.20) if for every function
G = (G1,G2,G3) € C2(B), for all1 <i <3,

D < p;,AG; > + < Fy(p),G; >=D bi(1)(0e, Gi) (r)n1(r).dS(r)
-
Gi(r)(bi(r) — pi(r))na(r).dS(r).
(2.26)

+D [ pi0)@ G ()50 - [

T+ T+

o A function p = (py, Pa, Psg) in ('Hl(B))3 is said to be a stationary solution of (2.24) if for every function
G = (G1,G,G3) € C2(B)3, for all 1 < i < 3,
D < pi, AG; >+ < F;(p),Gi >=D [ pi(r)(0e,Gi)(r)n1(r).dS(r)
-

+D [ pi(r)(0e,Gi)(r)na(r).dS(r) —

r+ r+

Gi(r)(bi(r) = pi(r))na(r).dS(r).
(2.27)

2.3 Hydrodynamic and hydrostatic results

Let us state the main results proved in this paper. The first one (Theorem 1) establishes the hydrodynamic
limit of the dynamics defined above and the second one (Theorem 2) establishes its hydrostatic limit. Before
stating Theorem 1, let us first define the empirical measure (7 (&, wy))i>0 = (T3 )10 associated to (&, wy)i>o0-
Recall how in (2.2), we built 7; € {0,1}2~ from (§,w) € EN for 0 < ¢ < 3. For any t > 0,

N (& wr) = (% > Ul,t(x)%/m% > 772,t(33)5x/1v7$ > 773,t($)5x/N>

rEBN r€EBN r€EBN
= (ﬂ-{\,’t(ghwt)aFé\ft(ftawt)aﬁé\,[t(ftawt))
where d,/x is the point mass at x/N. For G in CY2([0,T] x B) and t > 0, write

3 3
~ 1 T
AN o N . _ , .
<7, Gy >= E_l <y, Gi(t,.) >= E_l 7 E N (2)Gi(t, —).

rEBN



The empirical measure is therefore the triplet of empirical measures associated to the density of sites in state
1, resp. 2, resp. 3. Denote M the set of positive measures on B with total mass bounded by + 2¢. The process
(7#N)¢>0, is a Markov process with state space M? and its trajectories are in D([0, T], M?), the path space
of cadlag time trajectories with values in M?>. We endow the path space with the Skorohod topology (we

refer to [3] for a detailed survey on the Skorohod topology). For b (RT)2 and py a measure on Sy, denote
Q% = Py (V)71 the law of the process (7 (&, w;))i>0 when (£g,wp) ~ pn and where (&, w;)i>0 evolves

according to the dynamics given by (2.10), with parameter 6 for the boundary reservoirs. The hydrodynamic
result states as follows:

Theorem 1. (Hydrodynamic limit). For any sequence of initial probability measure (un)N>1 on fJN, the

sequence of probability measures (QaN)Nzl is weakly relatively compact and all its converging subsequences

converge to some limit Q* that is concentrated on the set of weak solutions of hydrodynamic equation that
are in L?(0,T; H'(B)). Furthermore, if there is an initial continuous profile 5y : B — [0,1]® such that for any
d >0 and any G € C°(B),

limsup P, H <7, G>—<7,G> ‘ >(5] =

N—o00

then, (Q?\\,)Nzl converges to the Dirac mass Qg concentrated on the unique weak solution p of the boundary
value problem associated to 0 and with initial condition 7. Therefore, for any t € [0,T], 6 > 0 and any
function G € C12([0,T) x B),

limsup P, H < ﬁtN,@t > - < ﬁt,@t > ‘ > 5} =

N—oc0

We prove Theorem 1 in Section 3.

For the hydrostatic limit, we need to introduce the following sets of conditions:

D>1
(Hl) : r+1> 2d()\1 — )\2)
1> 2d)\s

(H) D(51+T+2>2d()\17A2)
205 D& 41> 2d\s

. T+2>2d()\1—)\2)
(Hs) { 1> 2dAs

where 07 is the smallest eigenvalue of the Laplacian with Dirichlet boundary conditions (see (3.70)). Recall

that uﬁg(@) denotes the sequence of unique invariant measures for the irreducible dynamics defined by (2.10).
The hydrostatic result states as follows.

Theorem 2. (Hydrostatic limit). Suppose that conditions (Hy) hold. There exists a unique stationary
solution of (2.20) that we denote pP°%, and a unique stationary solution of (2.24) that we denote p™
Furthermore, the following statements hold.

e Consider § = (6¢,6,) with 6; € [0,1) and 6, = 1. For any continuous function G : B — [0,1]3,

lim E “(6)< ’Z 7 > m@)Gi(z/N) ~ Z/ u)pP R ( )du‘ ) ~0. (2.28)

EB

In other words, the sequence (U3 (5))1\;21 is associated to the unique stationary profile pP>ft

10



o Consider 6 = (0¢,6,.) with 6, > 1 and 0, = 1. For any continuous function G:B— [0,1]3,

Jim E 55(6)( \Z i > ni(x)Gi(z/N) —i /§ Gi(u)ﬁﬁv’R(u)du‘ ) =0. (2.29)

rE€EBN

~

In other words, the sequence (1133(0))n>1 is associated to the unique stationary profile p™%

Remark 2. For all the other mized boundary regimes corresponding to other values of 5, the hydrostatic
principle states in the same way, replacing ﬁiD’R or ﬁlN’R by the stationary solution of the associated hydro-
dynamic equation. In the cases where only Dirichlet and Robin boundary conditions are involved, one can
slightly weaken the conditions (Hy) by using conditions (Hz) and (Hj) instead. Precisely: in the (D ; D),
(D ; R), (R; D) regimes, the hydrostatic principle holds under conditions (Hz) and in the (N ; N) regime, it
holds under conditions (Hg).

The proof of Theorem 2 is done in Section 4. It essentially relies on an intermediate result stated
in Theorem 6 regarding the convergence of solutions of the hydrodynamic equation towards the unique
stationary state. This result is non standard as it involves a system of coupled equations and we prove it in
the second section of Section 4.

3 Proof of the hydrodynamic limit

As said before, we focus on the cases where 6, € [0,1),0,, = 1 and 6, > 1,6, = 1. We follow the entropy
method introduced by Guo, Papanicolaou and Varadhan in [13] to prove the hydrodynamic limit. First, we

prove tightness of the sequence of measures (Q N) ~>1. Then, we show that any limit point of (Q N) N>1isa
Dirac mass concentrated on a weak solution of (2.20) if 8, € [0 1),0, =1, or (2.24) if 6, > 1,6, = 1. Finally,
we prove uniqueness of the solution of the hydrodynamic equations at ﬁxed initial data.

3.1 The martingale property and tightness
By Dynkin’s formula (see [15, Appendix A.1] ), for 1 <i <3, ¢ € [0,7] and Ge ch2(0,T] x B),
t
MNG) =<7}y, Giy > — <), Gig > —/ <l 05Gis > ds
0
t (3.1)
—N2/ Ly <y, Gis >ds—/ Ly <y, Gis >ds—N2/ Ligy <y Gis > ds
, B, ,

is a martingale with respect to the natural filtration 7, = o(n,, s < t) and with quadratic variation given
by:

t t t
N2/ £N<7T5YS,GZ-,S >2ds+/ ILN<7rfYS,Gi73 >2ds+N2/ I@,§,N ”,GZS> ds
0 0 0
t
_2N2/ <7rZS7G”>£N<7725,Gls>ds—2/ <7rZS7G”>]LN<7r”,G”>ds (3.2)
0 0

t
,2]\/’2\/ < Wﬁg,GLS > Ifb,@,N < ﬂ-ﬁg’Gi,S > ds.
0

We then have that s
B e
i=1

is also a martingale whose quadratic variation is known.
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In order to develop the integral terms in (3.1), introduce the discrete second derivative in the direction

er (for 1 < k < d) in the bulk, the discrete laplacian, and the discrete gradient in the direction e; at the
boundary: for x € By \ 'y,

@26t = SN (6() 6(5) ~26(5)
k=1
AnG(z/N) : Ed: G(x/N), (0N) H(z/N) := N(H(%) - H(“"” ]_Vel))
k=1
and
oyt = X ((5) ().

Computations yield

t
MN(G) =< 7%, Giy > — <7, Gio > — / T, 0sGis > ds

/ Dd Z ANG; s(x/N)n; s(x ds—/ Z Z Gis(x/N)nis(x)ds

z€BN\T'N :vEFNk 2
- [ 5 X0 G/ Nma(o) = g X O Cusla/Nyms(a) s
zel'y, zely
/ 2 Y Gule/N)rfi(n)ds
:EEBN
Nd-i-Gz/ Zstl‘/N)(’r]zs( )_b(x/N))d5+ Nd+‘9 / Zstm/N)<77'Ls( )—b(ﬁC/N))
z€ly zelf;
(3.3)
where we used that 1
Ly <y, Gis >= WIEZB Gi,s(x/N)T2 fi(ns), (3.4)
with
Lnm(0) = By (0,7)n0(0) +13(0) — (r + 1)1 (0) =: f1(&,w),
Lnn2(0) = r1o(0) +13(0) — Bry (0,7)12(0) — 12(0) =: f2 (57 ),
Lan3(0) = BBy (0,7)12(0) +r11(0) — 213(0 )* f3(§,w).

The second and third line in (3.3) correspond to the computation of the time integral associated to N2Ly,

the fourth line in (3.3) corresponds to the time integral associated to L and the last term, to the integral
associated to NQIrb GN

Proposition 1. The sequence of probability measures (Q?Av)Nzl is tight in the Skorohod topology of D([0,T], M?3).

We refer to [15, Section 4] for details regarding the proof of tightness of a sequence of probability measures.
Recall that it is enough to show that for every H in a dense subset of C(B) for the L? norm, for every 1 < i < 3,

lim sup lim sup IEMN{ sup ‘ <, H>—<mge, H> ‘ } =0. (3.5)
6—0 N—o0 [t—s|<o

By density of C3(B) in C?(B) for the L' norm, it is enough to show (3.5) with H in C3(B). To prove that,
we use the martingale and its quadratic variation introduced in (3.1) and (3.2), and show that

limsup limsup E, [ sup ‘MZ]\Q(H) — Mlj\g(H)H =0, (3.6)
550 N—ooo [t—s|<6 ' '

12



and

t

lim sup lim sup EMN[ sup ‘/ Ly <7, H > drH =0. (3.7)
550  N—oo |t—s]<8 '

We get (3.6) using the triangular inequality, Doob’s inequality and the fact that the quadratic variation

converges to zero. To prove (3.7), one shows that there is a constant C' depending only on H such that for

every r € 0,77,

‘LN<7T”,H>’<C’ (3.8)

For that, use the decomposition of Ly and the fact that H vanishes at the boundary as well as explicit
computations and the fact that the f;’s are uniformly bounded in N.

3.2 Replacement Lemmas

In order to characterize the limit points of a sequence (Q%;)n>1, we need to close the equation (3.3). That
means that we want to show that each term of the martingale converges to a term that appears in the weak
formulation of the solution of the hydrodynamic equation, and that the martingale converges to zero. For
that, we perform a replacement lemma in the bulk and one at the boundary. The replacement lemma in the
bulk (Proposition 2) is exactly the same as in [18, Lemma 4.2] and we refer to that article for a detailed
proof. Here we focus on the replacement lemmas at the boundary and more specifically on the left hand side
boundary (the same statements hold on the right hand side). There are two replacement lemmas: one for
¢ € [0,1) whose formulation coincides with the replacement lemma at the boundary in [18, Proposition 4.3]
(corresponding to a Dirichlet condition), and one for 6, > 1, whose formulation involves particle densities
over small macroscopic boxes.

3.2.1 Dirichlet forms

Let us recall the expressions introduced in [18, Section 5] of the Dirichlet forms associated to each dynamics:
for f: Xy — R and p a measure on Xy,

=i 2 /E (VFE e wmeien) - /g w) )dug, w),

k=1 (z,z+e,)€B3,

Dy F0) =NWZZ/ (/N = () (T (0126 0)) ~ VIE)) dn(e, )

=0 zery
AN S [ /= o) (Y F () — VIEW)) dule.w)

and

= 2 [ [ —w@) +ot)] (VAETW) - VIE®) du(ew)
£ 3 [ s - @) + @) (VITED) - VIED) duts, )

r€EBN

In the proofs of the Replacement lemmas, we will widely make use of the following inequalities.

Lemma 1. (i) Consider & a smooth profile which satisfies (2.11) and (2.12). There is a constant C1 >0
such that for any density function f : Xn — R with respect to the measure l/év,

< ExVF VT > DN (V) + G2 (3.9)

13



(i) Consider & a smooth profile which either satisfies (2.11) and (2.12) or is constant. There is a constant
C5 > 0 such that for any density function f: Xy — R with respect to the measure yg,

<LavVfVf >n< CoN (3.10)

(iii) Consider @ a smooth profile which satisfies (2.11) and (2.12), then for any density function f : Sx — R
with respect to the measure I/g ,

1
Lign VIV >0y=—5D55 5 (F.08). (3.11)

Proof. Both (i) and (ii) are stated and proved in [18, Section 6, Lemma 6.1] and (iii) follows from the fact
that v2 is invariant under the dynamics generated by L; 5 when @ satisfies (2.11) and (2.12). We recall

the proof of (ii). Using the correspondence (2.1) and the expression of the generator for the contact process
in the bulk (2.6) we have

<LvViVI>y =) / Bay (2,6 w)(1 = £(x)) + £(@))VF(Ew) (VF(07Ew) = V(& w))dvd (¢, w)

rEBN

+ 3 [ (= @)+ le) VIE D) (VITE 070) — VTG (6,)

rEBN

As the terms Bp, (2,&,w)(1 —&(2)) +£(2z) and r(1 —w(x)) + w(x) are uniformly bounded in N by a constant
C(A1, A2, 7, d), the above is less than

holi= Y [COudandViEa (ViTEw + VIEw) s )

xEBN

+Z/ (M, Ao, s VT E ) (VIE 770) + V/F(Ew)) v (€, w).

r€EBN

To deal with I; (the same method holds for I). Use (2.16) with A = 2N to get that

<2000 dand) 3 [ fE@dd 6w+ C0utard) 3 [ Hottwindcw.

r€EBN zEBN

Since f is a density with respect to l/g , the first term is less than CN? where C' > 0 is a uniform constant
in N. Now note that for x € By, using

[ o iy

= Y [ m@rere @i e

0<:<3

DY ‘”N s (@) (o) (,10)

(z/N)
O<'L<3 YE) /
S (2/N)#0

where we used the change of variable (§,w) — (07§, w) and formulas (A.5) in the second inequality. Now as
a satisfies (2.11) and (2.12), the set

ai(z/N) -
AT j N 07 0 S ) S 3}
{aj(a:/N) Ozj(x/ ) # 2
is uniformly bounded in N. Using again that f is a density we get the desired result. O
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3.2.2 Replacement lemma in the bulk.

Let us first introduce a few notations Given a smooth profile @, and a function ¢ : ) N — R, denote ¢(a)
the expectation of ¢ under v'. For ¢ € N, introduce

A, ={yeBy, |ly—z| <}

where ||y — z|| = max{|y; — x|, 1 <i < d}, and denote n{ () the average of 7 in A%, that is,

an , for1<1i<3.

- Z
z ‘yEAf

Introduce the vector
' (x) = (71 (x), 05 (), 75 ()
and for € > 0,

Y méEw) — 6@ (0)].

yGAfNJ

VaN(f;W)Z‘MCIEENJ'

In the sequel, we will write e N instead of |eN|. The replacement lemma in the bulk stated and proved in
[18, Lemma 4.2] is the following:

Proposition 2. For any G € Cé’Q and for any function ¢ : Sy = R ,

lim sup lim sup ]E#N Nd Z / s(x/N) |’7’x N §S,w5)d5} =0.
e—0 N—o00
3.2.3 Replacement lemma at the left hand side boundary for 6, € [0,1).

Here we fix 6, in [0,1) and prove the replacement lemma at the left hand side boundary. It essentially states
that when performing the macroscopic limit N — oo, one can replace n;(z) by b;(x/N). For 6, € [0,1), the
replacement lemma at the right hand side boundary is exactly the same. Recall that this result has been
proved for 6, = 0, = 0 in [18, Section 6] and we generalize it here to the case where the left hand side (or
right hand side) parameter 6, is allowed to vary in [0, 1).

Proposition 3. For any sequence of measures (in)n>o on S, for any G € C%2([0,T) x B) and any
i €{1,2,3}, for any t € [0,T], for all § > 0,
limsup P, \/ T O Gls /N (mis(@) - bi(x/N))ds’ >5] =0. (3.12)
zel'y

Note that the replacement lemma at the right hand side boundary for 6, € [0,1) states as above, with the
sum in x carrying over 1"} rather than I'y

Proof. Fix an i € {1,2,3}. It is enough to show that

limsup log L ’/ N1 Z (s,2/N)(nis(x )fb(x/N))ds‘ >5D —00.

N—o00 —
zel'y
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Consider @ a smooth profile satisfying conditions (2.11) and (2.12). For a > 0,

P,, ]/ e 2 Glo,w/N) (i) — bilw/N)) ds > o]
zel'y
< o G (6) P \/ ar O Gl /) (o) — b/ s > o]

zel'y

< exp(KgN)E, [exp aNd‘/ Na—T Z G(s,z/N)(nis(x )—b(x/N))dsD} exp(—adN?).
zeTy

We used, in the first inequality, that the Radon-Nikodym derivative of px with respect to Vg is bounded by
exp(KoN?) with K{ a constant, and Tchebychev’s inequality in the second line. Therefore,

log . ]/ St 3 Gl /N (1) b/ N))ds| > 9] )

zel'y

fa5+K0+ log (]E N[exp aNd’/ N1 Z (s,2/N)(nis(x) — bi(x/N))dsDD

zel'y

(3.13)

It is enough to show that the last term is uniformly bounded in ¢ and N and then, take a — oo with N.
Since el < e + ¢~ and

1 1 1
limsup — log(an + by) = max [lim sup — logay,limsup — log bN], (3.14)
N N N N N N

we show that the last term in (3.13) without the absolute values, is uniformly bounded in ¢ and N. Apply
Feynman-Kac’s formula with

V(s (&syws)) = gt Z (s,2/N) (1,5 (x) = bi(x/N)).

zel'y

Since G is bounded,

Nd log(]E N[cxp aNd/ N Z (s,2/N)(nis( )—b(a:/N))ds)])

zel'y

< [Casfou [ i 3 Gl bo/) mla) Fe)id (€ + 317 < IV T 21z

zel'y

Note that for x € I'yy,

bi(x/N) = ni(x) = D (bi(x/N)nj(x) = bj(x/N)mi())
j#i
and for j # 1,

/m(w)bj(I/N)f(S,w)dVéV(&W) = /nj(:v)f(oi,x(éW))bi(w/N)dVéV(S,w)- (3.15)
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Therefore,
G(s,2/N) / (bi(/N) — (@) F(€, ) (6,0)
= Gls,a/N) [ bia/N) Y (@) A 60) = Gloa/N) [ Bia/N) S 1y 0) (06,0 (6. )

J#i J#i

— —G(s,z/N) / (/N (L — 13 () (f (01,0 (6,0)) — £(,)) i (€, )

<f/ (/M) () (£ (010(E,0)) — VTE)) ¥ (€,

+ 55 (G0/N)? [t/ = @) (y/ T + f<§,w>)2du£§<f,w>
(3.16)

where we used (2.16) in the last line replacing A by AN, with A > 0. Summing (3.16) over I'y and multiplying
by % yields,

AN bl |IGI2,
/Nd 1 Z .’E/N 771( )) (67 )dV” (faw)g ;lNd_lDE,é:N(va{iv)—’—W

zel'y

where the second term comes from Cauchy-Schwarz’s inequality, the fact that f is a density, the change
of variable formula (3.15) and the fact that b is bounded and that there are of order N4~! terms in I'y

Therefore, taking a = A = N%, using (3.9), (3.10) and (3.11) to bound < Ly+/f,+/f >,~ and the fact
that a Dirichlet form is positive we are left with

% log (Eyg [exp (aNd /Ot % Z G(s,z/N)(ni,s(x) — bl(x/N))ds)D

z€ly
< Tsuf gD (1) + I 4 o /7 T o )
< TSLchp{ ”G”Oz”b”w = gVQdDN(f, Vi) +Ci+ Ca}
< Tsup{ (;ﬁzf? - %)DR@NU, ) + HG”%%} +TCy +TCy
< T7||b||oogG||§o +TCy +TCx,
hence the desired result. O

3.2.4 Replacement lemma at the left hand side boundary for 6, > 1.

For 6, > 1, the replacement lemma at the boundary involves particle densities over small macroscopic boxes.
Again, the same replacement lemma holds at the right hand side boundary for 8, > 1. In fact, we will see in
the proof that the lemma holds for any positive value of 6, resp. 6, regardless of whether 6, resp. 6, > 1.

Proposition 4. For any sequence of probability measures (un)n>0 on fJN, for any G € CY2([0,T] x B), for
alli € {1,2,3} and any t € [0, T,

lim sup hmsup E.y ‘Nd T Z / G(s,z/N) (Y (x) —m,s(x))dsH =0. (3.17)

e—0 _
zel'y
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Proof. Consider a a smooth profile satisfying conditions (2.11) and (2.12) . By the entropy inequality (see
[15, Appendix 1]), for any A > 0,

E,n ’Nd 1 Z / (s,z/N) nz,g(x)*ﬂi,s(x))dsﬂ
» (3.18)

1
<

ANd logE, N[exp (ANd’Nd - Z / G(s x/N)(anSV(m)—nls(x))dsD}

zel'y

As By is finite, there is a constant Ky > 0 such that H(un|vY) < KqN? so the first term in (3.18) is
bounded by Ky/A. Let us show that the second term tends to zero when N — oo and € — 0 and then take
A arbitrarily big. Again, by (3.14), it is enough to show that the second term in (3.18) without the absolute
values in the exponential, tends to zero. By Feynman-Kac’s inequality,

INa logE(zj[exp (ANde - Z / G(s x/N)(ni]s\[(x)—ni7s(x))ds)}

zel'y

i 1
</0 ds sup [ [y 3 Gl (Y (@) = (@) £€)drd €) + g < LT/ F 0 |

zel'y
(3.19)

where the supremum is taken over densities. Write 7™V (x) — n;(x) as a d-dimensional telescopic sum. For
that, note that for any y € A.n, there is an integer p, < de N and p, points u; = z, ..., up = = + y such that
for every 1 < j <p, — 1, uj;1 — u; = e,; where r; € {1,...,d}. Therefore,

pyfl
N (@) — i) = aNd DD (il +er) —miluy)). (3.20)
yEAN j=1

Performing the change of variable (£,w) — (€% """ ) =: (€%, w™) and using (A.2),

Nt X Glsa/N) [ (™ (@) = ) (€ ) (6, ) (3.21)
zel'y
py—1
2Nd 1 Z 5 IL‘/N / d Z Z Th uj + 67“7 771(“])) (f(gaw) - f(£UjaWUj))dVg(£vw)
zely yEAen J=1
(3.22)

Z/JAV (5’“‘] wi

+ﬁ Z G(s,xz/N) / SN Z Z m (uj +er;) m(uj))f(guj’wuj)(l—W)dyg(g,w).

zely yEAen j=1
(3.23)
First we deal with (3.22). Using that |n;(u; 4 e,,) — 7:(u;)| < 1 and inequality (2.16),
Py— 1 9
— N
ome e ¥ 2 [ 5 S (Ve - Vi) e
zely yeNen J=1
(3.24)
||G||oo / Z Z \/f (€%, wui +\/ff ) 5 w)
Nd 1 2B(eN)d ¢ ’
z€ly yEAN j=1
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where B > 0 will be chosen later. Now for x € I'y,

py—1 d
> Y (Vi) - ViEw) <dNY. Y (Vi@ - VD)
yEAN j=1 k=1 (z,z4+er)€x+AcN
and
py—1 d
Z Z (\/f(gujkuj) + \/f(f,&)))z < dENZ Z (\/f(gz,z+ek’wz,z+ek) + \/f(§7w))2
yEAcN j=1 k=1 (z,z4er)Ex+Acn
Therefore,
py—1
/ > (dlv)d > Y (VIE ) - Vi) d (6w
zely yEAN j=1
<aeN [ S Y (Ve o iea) ades e
< £ Z,2 €k7w27z €Lk _ ’w V& 7(}\) 3'25
zeTy (5N)d k=1 (z,2+ek)Ex+Acn

<af DY (V@ wmver) - /TEw) dvd (,w) = SN (f )

k=1 (z, Z-Q—ek)EB2

where the last inequality comes from an integration by part formula and the fact that there are of order
N1 elements in I'y. Now using that f is a density,

Pyl

QNd— 1/ Z EN Z Z (\/f 4, W) ++/f(&w ) A& w) (3.26)
zel'y yeAen J=1
<d€N+Nd . Z dEA)] Z f(fz 2 tek UJZ Z-‘rek)dy (5, ) (3.27)
zely (z.24en)Ex+Acn

Note that (&, w) — f(£* ¢ w**Tek) is not a density. Using the explicit expression of the product measure
v one has that for (z,z +e;) € B%

(fm ater @ater) 3 mi(eter)=mi(2) o ((z + ex)/N)
vy (€,w) H( ) (m)'

Now using that «; (IJJFVE’“) =y (%) + O(%) we have the following inequality: there is a constant C' > 0 such
that

,/g (fm,erek’wx,rJrek) ’ C

) <. (3.28)

1—
| 5

Therefore, for (z,z + ex) € B,

/ FE"er wm e dull (6 w) <14 % (3.29)
so the last term in (3.27) is smaller than
daN C deN = de
Nd 1 Z Z (1 + N) =75 Ty (3.30)

zely z,2tep€xt+Aen
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Collecting inequalities (3.24), (3.25) and (3.30), we get that

dB deN  de
(3.22) < oD (f.08) + Gl (- + 5)- (3.31)
Now we deal with (3.23). By inequalities (3.28) and (3.29) and using that n; € {0,1},
-1
Glloe R pew oy (1 VA€ w0
(3.23) < 1l z/ a2 X s (1- 2R v
N . VA(ﬁaw)
zel'y yEAeN j=1 @
CIIGlloo &= (3.32)
D Ty 2 S0 +5
ze€ly yEAen j=1

< |Gl (1 + C)Cds

Therefore, collecting inequalities (3.31) and (3.32), for any density f,

2
/ﬁ > N (@) = mi(@)) £(€,w)dv (€, w) < (2ch[@ - N(f,ua)+d€?N+%+0d +C]\;i€).

zel'y

This, combined with (3.19) as well as Lemma 1 yields:

AN log E,, N{exp (ANd‘Nd Z / G(s x/N)(nf]SV(x)—ms(J;))dsD}

£6F7
T|G|wdB N2 oo T]Glee c\ G
< [( S —4ANd>DN(f,Va)+7B (N+d)+T||GHooCds(1+N)+I}
(3.33)

with Cy > 0, a constant that only depends on d. Taking B = (ND)/(2dT|G||~4) and putting together

(3.19) and (3.33) yields
[ / G, /M) () — mia())ds| | < Kode (14 1) + TG wClle (14 %) + %

zel'y

with Ky a constant depending on T, G, d and taking ¢ — 0 and then A — oo we get the desired result. [

3.3 Energy estimates

In view of the proof of uniqueness of the limit of the sequence of probability measures (QaN) N>1, We state

that any limiting measure QY is concentrated on a trajectory belonging to a specific functional space. This
allows to define the hydrodynamic limit at the boundary.

Proposition 5. Let 9 (R*)2 and Q§ be a limit point of the sequence of probability measures (QgN)Nzl-

Then, the probability measure Q° is concentrated on paths p(t,u)du such that for every 1 <i <3, p; belongs
to L*((0,T); H'(B)).

This follows from the Lemma below and the Riesz Representation Theorem. A similar proof can be found,
for instance in [15, section 5].

Lemma 2. For any fe (R*)2, there is a constant K5 > 0 such that for every 1 <1i < 3,

Eqs sup /0 /E}Z@ekH s, u)pi(s, u)duds—KA/ /H s, u) duds)} < 00 (3.34)

where the supremum is carried over functions H € C%?([0,T] x B).
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For the proof of Lemma 2, one can follow the arguments in [15, Section 5]. First prove (3.34) for a
dense and countable set of elements of C22([0, T] x B) thanks to Feynmann-Kac’s inequality. Then, use an
integration by part to deal with the spatial derivatives in H, as well as a change of variable.

3.4 Characterization of the limit point in the (Dirichlet ; Robin) mixed regime

In order to show that the limit point of the sequence of probability measures (QaN) ~>1 lies on the trajectory

with density profile the unique solution of the hydrodynamic equation associated to 6 and 7, we give a
characterization result (see Proposition 6). We will focus on the (Dirichlet ; Robin) mixed regime since the
(Neumann ; Robin) mixed regime can be proved following the same lines. Therefore, take 6, € [0,1) and
0. > 1.

As mentioned in the introduction, in one dimension, the macroscopic trajectories are continuous in space
and their values at the boundaries are defined in the classical sense. This is no longer valid in higher
dimension. To deal with this difficulty we use the regularity of the trajectories proved in Proposition 5: the
trajectories lie in L?((0,T); H'(B)) so their values at the boundary are defined via the trace operator (see
Lemma 3).

Proposition 6. If Qé is a limit point of the sequence of probability measures (Q%)n>1, then

Q’ [ﬁ Ig()(®) +Di /Ot [ /7 bi(1)(De, Gi,s) (r)na (r).dS (r) + /F X pi(s,7")(3@1Gi’s)(r)nl(r).dS(r)} ds
_ i/ot /F+ Gi(r)(bi(r) — pi(S,T'))n1(T’).dS(T)dS’ =0, Vte[0,T], VG € Cg} -1

(3.35)

where recall that 15(p) was defined in (2.18).

Proof. The fact that any limit point is concentrated on trajectories which are absolutely continuous with
respect to the Lebesgue measure comes from Proposition 5. Let Q be a a limit point of the sequence of
probability measures (Q%)n>1, To prove (3.35), it is enough to show that for any fixed § > 0 and G € Ccl,i,

Qe [%, sup

0<t<T

3 t
@O+ DY [ [ [ 50100 Goom)ase) + [ pus.r)(00 i) r)m 1)) ds

3.t
_ Z/O . Gi(r)(bi(r) — Pi(s,r))nl(r).dS(r)ds‘ > 5} —0.
| (3.36)

Here, note that for s € [0,7] and r € T, p;(s,r) stands for Tr(p)(s,r) which is well defined since p is in
L?([0,T],H'(B)). By the triangular inequality, it suffices to prove that for any 1 <1 < 3,

&[5 sw |16,(o)(0) + D /0 i [ 0(0)(00, G (1)) + [ ()00, G (). ()] ds

_ /Ot . Gi(r)(bi(r) — Pi(S,T))m(r).dS(r)ds’ S 5} —0
(3.37)

As usual, we would like to approximate p by a convolution of its associated empirical measure with an
approximation of the identity. Indeed, that convolution product can then be written in terms of the mean
value of the configuration in a microscopic box. This is straightforward in the bulk, however, for the boundary
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terms, one needs to justify that such an approximation works (see (3.49)).Without loss of generality, let us

deal with ¢ = 1. We turn to our martingales (3.1) M, (@) and recall that we have proved that its quadratic
variation vanishes as N 1 oco. For € > 0, introduce the set

By.={-N(1—-¢),--- ,N(1—¢)} x T% .

By Proposition 2,

t
N /A N N N
MM(G) =<4, Gre > — <m0, Gro > —/ <My 0sGrs > ds
0

_ /O % > AG . (a/N)n o (x)ds

z€BN\T'N
+ /0 % EF: b1(x/N)De, G s(x/N)ds + /0 % zrj e, G s(/N) (m,s(x) — by (x/N))ds
t D t D
- / NZ Oe G o (/N i (2)ds + / NZ 0o Grs @/ N) (Y (@) = ms(@))ds (338
[ i D Gra/M i @)~ ba/N))ds
zel'},
! 1 T eN eN eN eN eN
- / <7 2 Gus(5) (2d0am5Y @) + A @)™ (@) + 05V (@) = (0 + ™ () ) ds
TEBN

+ R(N,e,G1, (m)eepo,m)) »

where R(N@,Gl,(nt)te[oﬂ) is a random variable satisfying lim lim E,~ {R(N,e,G17(77t)t€[07T])} = 0.

N e—0 N—oo
From Proposition 3 and Proposition 4, the martingale Mf\ft(G) can be rewritten as

t
N /A N N N
Ml)t(G) =<4, G1e > — <m0, Gro > —/ <My, 0sGhs > ds
0

t D ¢ D
7/0 = Z AGLs(w/N)??l,s(x)dSJF/O N1 Z bi(x/N)0e,G1,s(x/N)ds

z€BN\T'N zely
"D N "D N (3.39)
[y X G/t @ds + [ s Y Guale/N) N @) - da/V))as B
o N " o IV "\
zel'y zel'y
‘ 1 < eN eN eN eN eN
| v 2 () (2a00n @) + s @) (@) + 0 (@) — 4+ i (@) ) ds
ﬂ?GBN,s

+ R/ (N,c"f, G17 (nt)tE[O’T]) ’

where R’(N,e,G’l, (nt)eelo T]) is a random variable satisfying lim lim E,~ [R’(N,s,Gl, (nt)eelo T])] = 0.
’ e—+0 N—oo R ’
On the other hand, a computation of the quadratic variation of the martingale MfYt(G) shows that its

expectation vanishes as N 1 co. Therefore, by Doob’s inequality, for every § > 0,

limsup P, ~ [ sup ‘Mth(@)‘ > 6} =0, (3.40)
N—o0 0<t<T
Now, introduce the following approximations of the identity on B:

ue(z) = @ﬂ[,m]d(x), (3.41)
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[ 1 ef 1
Ug I () = Wﬂ[o}alx[,e’g]d—l(x), and ué () = Wﬂ[%,o]xpa,a]d—l(m)- (3.42)
Note that fore >0,1<i <3,z € By, y € FE, and z € 'y,
(2eN)d
msN(x) = m(ﬂf\’ *uE)(x/N), (3.43)
(2€N d-1 i (2€N)d_1 )
7’]16N<y) = M(WZN * Uszght) (y/N), and ’I’]ZEN(Z> = W(ﬂ-zj\] * Uéeft>(Z/N) (344)

Here we will only make used of (3.43) and the first relation in (3.44) since we need to replace elements in the
bulk and the right hand side boundary of the system to recover the weak formulation of the equation in the
(Dirichlet; Robin) regime. For regimes where a replacement is needed on the left hand side boundary, we use
the second relation in (3.44) in the same way.

We may thus replace in (3.39) and (3.40), n5™ by 7V  u. in the bulk and 75" by 7 % uZ%9"* at the right
boundary. Therefore, for any § > 0.

1imsuplimsupQ§v[ sup ‘flcj\t,e(%)‘ > 5} =0,
e—=0 N-—ooo 0<t<T Y

where for any trajectory 7 and for any ¢ € [0, 7],

t
b (=
‘Fl,N,e(ﬂ—) =< Wl,t,Gl,t > —< 7T1’0,G170 > */ < ’/TLS,asGLS > ds
0

t t D
- / D10, AGy Vs + / S O bi(@/N)0., G (/N ds

zel'y

t
_/ % D 0, Grs(x/N) (w15 % ul'9") (2)ds
0

4
zel'y

(3.45)

+ [ S o Gula/N) (e ) @) = bla/N))ds

4
zel'y

¢
1
_/O ~i Z Gl’s(:r/N),Fl(m’s*ug(x/N),WQ’S*ug(x/N),Wg’s*ue(:r/N)>ds,
T€EBN,:

where functions F;, i = 1,2, 3 are defined in (2.19). By approximating Lebesgue intergals by Riemann sums,
on the bulk and at the boundary, we obtain

limsuplimsupQﬁ)v{ sup ‘flae’t(%)‘ > 6} =0,
e=0 N—ooo 0<t<T ’

where for any trajectory 7 and for any t € [0, 7],

t
Gt [~
Fie (W) =<m4, Gt > — <m10,G10 > —/ < ms,05G1s > ds
0

s

¢ t
—D/ <7T17S,AG1,s>dS+D/ bl(’l“)aelGLs(’l“) drds

ot 0 | r- . ‘ (3.46)
- D/ / Dy G1,5(r) (1,5 * ugzght)(r) drds + / G1,s(r)((m1,s * ugght) (r) = b(r)) drds

o Jr+ o Jr+

¢
- / G1,5(r), Fi (71'175 kU (1), To. s % U (1), T35 * ug(r)> drds,
0o JB.
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with By . = [~1+4¢,1+4¢] x T?!. By the continuity of the function 7 — ]—'fe’t (%), for each € > 0, we get for

any limit point Q§ of the sequence of probability measures (QgN) N>1,

lim sup QG[ sup ’]-'fe’t (%)‘ > (5} =0. (3.47)
e—0 0<t<T
To conclude the proof, it remains to prove that we may replace the convolutions appearing in the func-

tional .7-"5 E’t by the associated density of the trajectory. By Proposition 5, Q? is concentrated on paths
(7(t, dr))ecio,r) = (P(t,7)dr)scjo,r) Which are absolutely continuous with respect to the Lebesgue measure
and such that for every 1 < i < 3, p; belongs to L2((0,T); H!(B)). For the replacement of the convolution
with the density in the bulk, since u. is an approximation of the identity in L!(B) and the functions F; are
Lipschitz, the random variables

t
/ G1,s(r), F1 (711)3 kU (1), To s % U (1), T35 * us(r)) drds
0 JBi.
converge Qg almost surely to

/t G1,s(r), F1 (,01,5(7“), pg,s(r),pg,’s(r)) drds . (3.48)
0 JB:.

For the replacement of the convolution at the boundary we use the following result which follows from [7,
Section 5.3]: for any H € H!(B)

lim H * u’%" = Tr(H) a.sin I'F. (3.49)

£
e—0

For the other terms in .7-"5 E’t, by the dominated convergence Theorem, for almost every trajectory (7(t, dr))cjo,7] =
(p(t,7)dr)efo,r) with py € L%((0,7); HY(B)),

lim D /Ot /H 0ey Gr,5(r) (1,5 % ul) (r) drds — /Ot . G1,s(7")((7rl,s xul)(r) — b(r)) drds

e—0

! t (3.50)
= D/O - 0e, G1 5(r)Tr(p1,5)(r) drds — /0 /r+ Gh,5(r) (Tr(pLS)(T) — b(r))drds.

Collecting (3.47), (3.48), (3.49) and (3.50), we obtain (3.37) and conclude the proof. O

3.5 Uniqueness of the limit points

In order to finish the proof of the hydrodynamic limit specific to each regime we are left to show that each
boundary valued problem (2.20) and (2.24) with fixed initial data admits a unique solution. For that, we use
the standard method which consists in decomposing the difference of two solutions on the orthonormal basis
of a well chosen eigenvectors of the Laplacian. The choice of the family of eigenvectors is not necessarily
intuitive and depends on the boundary conditions of the mixed regime considered. As we are working in
dimension d > 1, we will need to control integral terms on the boundary. Therefore, we will make use of
the following result regarding the continuity of the trace operator. We refer to [6, Part II Section 5] for a
detailed survey of the trace operator.

Theorem 3. (see [6]) Fiz 1 < p < 0o and 2 an open subspace of R? with smooth boundary 0. There is a
constant Cy. > 0 depending only on Q and p such that for any ¢ € C*(Q),

lellzr@e) < Crrllellwr
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where ||.||Lr(a0) denotes the LP norm on 9§ and ||.|[w1.» the Sobolev norm on § given by

1/p
Ielwrs = (10100 + 176100

where ;
||V<P‘|ip(g) = Z Haei@Hizz(Qy
i=1
Remark 3. Forp=2 and Q) = B,

lelZ200) < llelZz@) + IVllT2 () (3.51)
In particular, Cy,. = 1.

In the sequel we only make use of (3.51) but we stated Theorem 3 by sake of completeness.

3.5.1 Uniqueness of the solution in the (Neumann ; Robin) mixed regime

Theorem 4. There exists a unique solution to the Neumann + Robin boundary problem (2.24).

Proof. By Liouville’s Theorem stated for instance in [6], there is a countable system {V,, a,, n > 1} of
eingensolutions for the problem
{ ~Ad=ad (3.52)

O, dr =0

in H'(B) and containing all possible eigenvalues. The set {Vm n > 1} forms a complete, orthonormal system
in the Hilbert space LQ(B) and the eigenvalues 0 < a3 < ag < ... < ay —> oo have finite multiplicity. Note

that for any U,W € H'(B),

n
<UW >9= nl;n;oz <U Vi >< W,V >, (3.53)
< VU, VW >5= lim Zak < U,V >< W,V > (3.54)
n—>ook 1
2 . S ¥ 2
U220+ = nh_)rrgoz (/F+ U(r)Vk(r)nl(r)dS(r)) : (3.55)
k=1

One can check that since we are working on (—1,1) x T4™1, for k = (ky,...,kq) € N x (N*)d-1

a1 kimx kym)? 4
Vi(z1,..wq) =272 cos( 1 ) Hsm (kiwx;) and ap = ( 14 ) + ng?w27

d d
Vi, ..., xq) = 2% H sin(k;mz;) and Q= Z k272, (3.56)
i=2 =2

Note that by abuse of notations we indexed the family V} by N* instead of N x (N*)4~1 but this is not a
problem because we can give an order to elements of N x (N*)d~!

Consider p! and p? two solutions of (2.24) associated to the same initial profile and for n € N and ¢ > 0,
introduce

0= I < ot V> (357

i=1 k=1
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Let us show that lim G, (t) = ||p* — p?||3 =: G(t) = 0. For that, apply the weak formulation (2.24) with Vj:
n—oo
forany 1 <i<3

t t
< (o}~ 2)(t,), Vi > = —Day / < (ot — )5, ), Vi > ds + / < (BPY) - FA(7®)(s..). Vi > ds
0 0

. (3.58)
= [ [ = sVt (r).dS(r)ds
0 Jr+
Therefore < pi(t,.) — p?(t,.), Vi > is time differentiable with derivative:
o < p}(t, ) - p?(t, ')a Vi >=—Day < pzl(tv ) - p?(tv ')7 Vi >+ < Fi(ﬁl(tv )) - Fi(ﬁz(tv ))7 Vi >
12 (3.59)
= [ = Vi )5
and so is G, with
3 n
=-2D) > | <piy— i Vi > ? +QZZ < Fi(py) — Fi(p7), Vie >< ply — p2 4, Vi >
i=1 k=1 i=1 k=1
3 n
22303 [ Gk AT Im () dS(0) < ply - Vi >
r
i=1 k31 ) . (360)
<=2D> > o] <ply—pln Vi > |2 +Y Y < Fi(p) = F(}), Vi >* +Ga(t)

=1 k=1 =1 k=1

a3 ([ 6= AT e)asm) 4G,

for any A > 0, where we used both the Cauchy-Schwarz and (2.16) inequalities in the last line. By (3.53),
(3.54) and (3.55), the right hand side of (3.60) converges to

—2D||V(p" - p? ||2+ZIIF p) PIE+ A+ A" -2+ *IIp S (3.61)

By the trace inequality (3.51),
1" = 2?12y < 18" = PPll72(m) + IV = P)5. (3.62)

Furthermore, usmg that pt and p? take their values in [0,1]3, there is a constant C' := C(\y, Ag,7,d) > 0
such that for any p, p® € [0,1]3 and 1<4<3,

3
IR - B <016t — o).
j=1
Then, by Cauchy-Schwarz’s inequality, there is a constant C’ > 0 such that for any 1 < i < 3,
3
IF:(p*) = B3 < €Y llpf = plll3- (3.63)

j=1

Putting together (3.61), (3.62), (3.63), taking A > & and applying the dominated convergence theorem, we
are left with
G'(t) < (C"+2+ A)G(1). (3.64)

Gronwall’s inequality and the fact that G(0) = 0 yields G(t) = 0 at any time. O
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3.5.2 Uniqueness of the solution in the (Dirichlet ; Robin) mixed regime
Theorem 5. There exists a unique solution to the Dirichlet + Robin boundary problem (2.20).

Proof. The proof follows the same lines as the previous one except that we consider another family of eigen-
functions of the Laplacian. Indeed, consider the following boundary-eigenvalue problem for the Laplacian:

—Ap=~¢

¢(z) =0 for x €'~ x T4!
Oe, () =0 for x € TH x Td-!
¢ € H'(B).

Again, one can check that the countable system of eigensolutions {W,,, v,, n > 1} given below (in (3.66))
for the problem (3.65) contains all possible eigenvalues and is a complete, orthonormal system in the Hilbert
space L?(B), that the eigenvalues ~,, have finite multiplicity and that 0 < v; < 7s... <7, — oo. Furthermore,
(3.53), (3.54) and (3.55) stay valid when one replaces Vi by Wy, where, for k = (kq,...,kq) € N x (N*)4=1,

(3.65)

Wi(z) = 9% {(—l)k1 cos ((Z + kl%) ) + sin ((7r k17r )} Hbln (ki) (3.66)

with
Ve = (z—Fkll) +Zk2 2,

Again, by abuse of notations we have indexed the W;,’s by N* instead of (N*)<.

As before, take p! and p? two solutions of (2.20) with same initial data and introduce

3
Ho(t) = 32 30| < ph(t) = (e, Wi > [ (3.67)

and
H(t) = [(p" =)t )ll3- (3.68)
Using the weak formulation (2.22) with W}, we get that for any 1 <4 < 3,

t t
<t = D)W > = =D [ < (o= (s ) W > dst [ < (B = (@) (s..), Wi > ds
0 0

_/0 /p+ (pr — p2)(5, ") Wi (r)ni(r).dS(r)ds
(3.69)

where the W, = Vj, are defined in (3.56). Then, one concludes following exactly the same lines as the proof
of Theorem 4. O

3.5.3 Uniqueness of the solution in the other regimes

In order to prove uniqueness in the other regimes, one can follow the same classic method used above. The
orthonormal basis used to decompose the difference of two solutions as in (3.57) or (3.67) then depends on
the boundary conditions. For the (Dirichlet ; Dirichlet) regime, the decomposition is carried out on the
eigenvectors of the following boundary-eigenvalue problem for the Laplacian:

—A¢ =8¢
{ 2% @70
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for which the associated family of eigenvectors is

d
Up(z1,...kq) = 9% Hsin(kﬂrxi),

i=1

with eigenvalues given by
d
6k = Z k?ﬁz
i=1

for k = (ky,...,kq) € (N*)?. As before, for V,W € L?(B),

<V, W >»= lim < VU >2< W, U >3, (3.71)
k=1
< VV,.VW >,= lim D ok <V, Up >< W, U >, (3.72)
k=1
2 . . ~ 2
IVI3e) = Tim S ( / V(r)Ui(r)m (r)dsS(r) ) (3.73)
k=1

where the Uy, = V}, are defined in (3.56).

4 Hydrostatic limit

In this section, we prove Theorem 2 which states that when the parameters r, A1, A2, d, D satisfy certain condi-
tions, starting from an invariant measure, the system converges to the stationary profile of the corresponding
hydrodynamic equation. Precisely, recall that in Section 2, for fe (R*)3 we defined 5 (9) as the sequence
of unique invariant measures for the irreducible dynamics defined by (2.10). The hydrostatic principle states
that this sequence is associated to the unique stationary solution of the hydrodynamic equation, if existence
and uniqueness of such a solution hold. For the proof, we were inspired by [9] and the key argument relies on
the convergence of all the trajectories satisfying the hydrodynamic equation to the unique stationary profile
of these equations. In [9], the convergence of trajectories is established thanks to a comparison principle.
The difficulty here is that we are dealing with a system of coupled equations and we need to define a specific
order for which such a comparison principle holds. Now in [17], it has been proved that at the microscopic
level, the interacting particle system is attractive only for the following order:

2<0<3<1. (4.1)

That means that given two configurations n < 7, it is possible to build a coupling between ()0 and (ﬁt)tzg
where both these processes evolve according to the dynamics given by (2.10), such that ny < ﬁo and almost
surely, for all t > 0, 1, < 7, pointwise in the sense of (4.1). Note that using the main result from [4], one
can show that the system remains attractive when adding an exchange and reservoir dynamics. It is then
natural to think that attractiveness also holds at the macroscopic level through a comparison principle. A
comparison principle means that if two profiles are such that at a certain time, one is smaller than the other
almost everywhere, then the same is true at any later time. Considering the microscopic order (4.1) it is
natural to consider that the largest state at the macroscopic level corresponds to (p1 = 1, p2 = 0, p3 = 0) and
the smallest state to (p2 = 1, p1 = p3 = 0). We will work under the following change of coordinates:

p1

T :=p1+p3 (4.2)
R:=1—(p2+ p3)
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which is consistent with the fact that (1,1, 1) corresponds to the largest profile (p; = 1, p3 = 0, p3 = 0) and
(0,0,0) with the lowest one (p2 =1, p1 = p3 = 0). In the sequel, we will say that given two profiles p and b,
p< it

p1 < @1

p1+p3 < 1+ @3 (4.3)

L—(p2+p3) <1— (2 + ¢3)

almost everywhere. We prove a comparison principle under that change of coordinates (see Lemma 3). As
previously, since we are working in any dimension d > 1 with mixed boundary conditions, some care must
be taken to deal with the integral terms on I' when proving the comparison principle. For that, we strongly
rely on analytical tools stated in [21].

Under the change of coordinates (4.2), the coupled equations in the bulk become, :

Oipr = DApy + Fi(p1, T, R)
0, = DAT + H(p1, T, R) (4.4
8,R = DAR + J(R)

with
Fi(p1, T, R) =2d[(M — A2)p1 + MT[(R—p1) + T — (r+2);
H(p1, T,R)=2d|(AM — Xa)p1 + XT|(1-T)-T (4.5)
J(R)=—(r+1)R+1.

We will see that the comparison principle stated and proved in Lemma 3 yields the following Theorem which
is used to prove Theorem 2.

Theorem 6. Suppose that conditions (H,) hold. Then, there exists a unique stationary solution p2f, resp.
PV of (2.20), resp. (2.24). Furthermore, for any solution pP*%, resp. p™'f to the boundary value problem
(2.20), resp. (2.24)

3
. D,R _D,R .
ggngm (t,.)—p; ()l =0, (4.6)
resp.
3
. N,R _-N.R _
gg)gﬂm (t,.)—p; ()l =0 (4.7)

Note that this result can be equivalently formulated in the change of coordinates (4.2) and we will prove
it in that setting in the next subsection.

Remark 4. One could ask if conditions on the parameters are necessary to establish existence and uniqueness
of the stationary solution of the hydrodynamic equation. Could we not generalize the result to all parameters?
In order to answer that, we simulated the solutions to the equation in the (Neumann ; Neumann) regime for
which the constant profile (p1 = 0, pa = P = 0) is stationary. Indeed,

T T T
A0 570) = B0 0) = A0 0) =
1(0.=7:0) = B(0,-—,0) = F5(0,——,0) =0

and it corresponds to the extinction regime, that is, there are no more wild insects. We observed (see below in
the Appendiz B) that in dimensions 1, for parameters Ay = 1, Ao = 0.75 and D = r = 1, for which conditions
(H1) are not satisfied, the solution of the hydrodynamic equation starting from py =1, pa = p3 = 0 converges
to a constant profile which is not (0, #,O) so uniqueness does not hold. Simulations confirm that Theorem
6 does not hold in all generality and that conditions on the parameters are necessary, although conditions
(Hy) might not be the optimal ones.
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4.1 Proof of the hydrostatic principle

Let us prove Theorem 2. We prove the first point, the second one follows in the same way. Denote Ap C
D([0,T7, (M+)3) the set of trajectories {p(t,u)du, 0 < ¢t < T} whose density p = (p1,p2,p3) satisfies
conditions (2.21) and (2.23) of the definition of a weak solution of (2.20) for some initial profile py. Consider

() a limit point of the sequence (Q

e (5)) N>1 associated to the invariant measures. By Theorem 1,

Q1,(0)(Ar) = 1. (4.8)

~

Now consider Q2 (6) a subconverging sequence of (QLVN ®)) N>1. By stationarity of p33(6)

~N A - A _ ~N A - A
EQ?J“@(‘<W ’G>_<p’G>D_EQik(§)<’<7rT’G>_<p’G>D (4.9)

and

lim E

Jim Qiik(e)(‘ <%ITV,§> — <ﬁ,@> D :EQ;S(Q)(‘ <%T,@>— <ﬁ,@> ‘JIAT)

3 3
<D NGl sup (D o) =7l )
i=1 Pi=1

where the supremum is taken over trajectories which are solutions to (2.20). Then, one concludes thanks to
(4.6) in Theorem 6.

(4.10)

4.2 Proof of Theorem 6

In order to prove Theorem 6 we first establish a comparison principle (Lemma 3). Then, we show that the
difference between the largest solution and the smallest solution vanishes (Lemma 4). Using an integration
by parts, it is useful to rewrite the weak formulations (2.22) and (2.22), in the following suitable forms: for
any 0 <7 <t <T, for any G € C>([0,T] x B),

t

t
< pt,Gy > — < pr, G >:/ < ps,05sGs > ds — D/ / (Vﬁs . VGS)(r)drds
T B

T

t R 3 t
- [ < PG> ds=DY [ [ @G mme)asmas (g

3.yt
+ ;/T . Gi(r)(bi(r) — pi(s,7))na(r).dS(r)ds = 0,

and

t

t
< pt, Gy > — < pr, G >=/ < Ps, 0sGg > ds — D/ / (Vﬁs . VGS)(r)drds
T JB

T

. (4.12)
- / < F(py),Gs > ds — . Gi(r)(bi(r) = pi(s,r))ny (r).dS(r)ds = 0.

Lemma 3. Consider py and p3 two initial profiles.

e Denote pr resp. p? the solutions to the (Dirichlet ; Robin) boundary problem (2.20) associated to
each of those initial profiles. Assume that there is an s > 0 such that almost surely (in the Lebesgue
measure sense), pi(s,u) < p3(s,u), T (s,u) < T?(s,u) and R'(s,u) < R?(s,u). Then, for all s > t,
pr(t,u) < pi(t,u), TH(t,u) < T?(t,u) and R (t,u) < R%(t,u) almost surely.
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e The same result holds when p; resp. p? are two solutions to the (Neumann ; Robin) boundary problem
(2.24).

Note that Lemma 3 holds for all parameters r, A1, A2, d and D, regardless of conditions (H).

Proof. We prove the first point and the proof of the second one follows in the same way. Introduce

Aw = [ (=)} wdus [

i (T - T12)° (1, u)du+/ (R' = B?)® (t, u)du
i= Ay (t) + Ag(t) + As(t)

B (4.13)

where z; denotes max(z,0), the positive part of x. We show that A(t) = 0 for all ¢ > s. Using the weak
formulation (2.22) of the solution of the (Dirichlet ; Robin) boundary problem and using Lemma 7.3 and
Remark 7.5 in [21], we get:

= [ G- = b [ V-
50 =55 [l e =—=D [ Vil = p)V(ol = o)) ()

+ [ (R = @) ok = ) )t du = [ (o} = o) ()

T+

(4.14)

Using that V((p1 — p})+) = L1230V (o1 — p7) and that [ (pf — p%)i_(o, u)du = 0, we are left with:

1
5 [ (=)t < - / [ DUt 2120l (0} = ) ()
B (4.15)
" / (B = R@) (0} = ) ) () duar.
0
Proceeding in the same way for [, (1" — Tz)i(t, u)du and [, (R* — R2)i(t, w)du we get:
1 t
5/ (T" = T2)% (¢, u)du < —/ / Dzs_z2)50 ]|V (T — T2) |3(r, u)dudr
B (4.16)
/ / H(p*)(T" - T2)+(r, u)dudr
and
1 t
5/ (R' — RQ)i(t,u)du < f/ / D1(gi_g2)>ol|V(R' — R?)||3(r, u)dudr
B (4.17)
/ / J(R?*))(R' = R?) (r,u)dudr.
Therefore,

t
0= [ [ (R~ R@) (ol - 7). wdudr
0
t t
+/ / (H(p") = H(p*)(T" = T?)  (r,u)dudr +/ / (J(R") = J(R?))(R' = R?)  (r,u)dudr.
o JB 0o JB
(4.18)
Now let us use the explicit expressions of Fy, J and H. We also use the following inequality: for any C' > 0

z,y € R,
Crys < Cxiys. (4.19)
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In order to avoid confusions, a squared term will always be put between brackets, while, for instance p? refers
to the first coordinate of p?. We will denote C' a constant which depends on A1, Ay, 7, d with values possibly
changing from one line to the next.

(F1(") = () (p1 — p1) . = [2d(M1 = X)(R® = p1 — p}) — 2dMT" — (r +2)] (p1 — p})%

+ [2dM\1p1 + 2daps] (RY — R?)(p1 — pi)+ + [1+2dXo(1 = p3 — p3 — p1)J (T = T%)(p1 — p1)+
< Clpy — p1)1 + [2dNipy + 2dDops) (R' — R?)s(p1 — p7)+

+ [T+ 2dXa(1 = p3 — p3 = pD)|(T! = T?) 4 (p1 — pT)4

where we used (4.19) and the fact that 2d\;p} + 2dA2p3 > 0 and 1 + 2d\2(1 — p3 — p3 — p?) > 0 in the last
line.

(H() = HE) (T = T2 = [24% — 2(h — Aa)ph — 200a((T)? + (T)?) — 1](T" — T2)2
+ [2d(M = X)(1 = pf = p3)] (p1 — P)(T = T2) 4 (4.21)
<C(TH =T + [2d(M = Xo)(1 = pf = p3)] (p1 — p1)+ (T = T?)4

(4.20)

where again, we used (4.19) in the last line, the fact that A; > Ag and that (1 — p? — p3) > 0. Finally,
(J(RY) = J(R®))(R' - R?), = —(r + 1)(R' - R?)". (4.22)

Collecting (4.20), (4.21) and (4.22) we are left with

%A(t) < C/O /B ((,0} - p%)i(r, u)+ (T - T2)2+(r, u) + (R' — RQ)i(r, u))dudr = C/O A(r)dr (4.23)

where C'is a constant which depends on A1, A, 7, d and by Gronwall’s lemma, A(t) = 0. O

Corollary 1. Denote p° = (p9,T%, R°), resp. p* = (pi, T, R') the weak solution of (4.4) with (Dirichlet ;
Robin) boundary conditions and initial data p§ = T° = R® = 0, resp. p} = T' = R' = 1. Then for every
t>s, pd(s,.) <PV, .), TO(s,.) < T°(t,.) and R°(s,.) < RY(t,.), resp. pi(s,.) > pi(t,.), T'(s,.) > T(t,.)
and R(s,.) > RY(t,.) almost surely. Furthermore, any other solution (p1, T, R) of (4.4) with (Dirichlet ;
Robin) boundary conditions satisfies: p? <p1 < p%, T <T <T' and R° < R < R! almost surely.

The same result holds for p° = (p9,T° R°) resp. p' = (pi, T, R') the weak solution of (4.4) with
(Neumann ; Robin) boundary conditions and initial data p{ = T° = R® =0, resp. p} =T' = R! = 1.
Proof. We prove the result for the (Dirichlet ; Robin) boundary problem and for p°. The proof is the same
for p* and for the (Neumann ; Robin) case. Fix s > 0 and consider 7,0° : (t,u) — p°(t + s,u). 7sp" is the
solution of (4.4) with initial condition u +— p°(s,u) and almost surely in B, 75p°(0,u) > (0,0,0) = p°(0,u).
Applying Lemma 3 to 7,p° and p° with s = 0 and t = t — s yields p°(¢,u) > p°(s,u) almost surely. O

Lemma 4. Assume conditions (Hy) are satisfied.

e Denote p° = (p9,T° R), resp. p* = (pi,T*, R') the weak solution of (4.4) with (Dirichlet ; Robin)
boundary conditions and with initial data (0,0,0), resp. (1,1,1). Then,
3
lim Z/ (|p}(t,u) — 0t )| + T (8 w) — TO(t, w)| + | R (£, u) — Ro(t,u)|)du =0. (424
B

t—00 4
=1

e Denote p* = (p,T° R), resp. p* = (p1,T', R') the weak solution of (4.4) with (Neumann ; Robin)
boundary conditions and with initial data (0,0,0), resp. (1,1,1). Then,

3
lim Z/B (|p§<t,u) — 0t )|+ [Tt w) — TO(t,u)| + |RY (£ u) — Ro(t,u)|)du —0. (425

t—o0 4
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Proof. We start with the proof of the (Dirichlet ; Robin) regime. It is enough to show that

lim (IIpl( )= el IE+ T ) - T”(t,-)l\§+HRl(tv-)—R”(t,-)Hi):0- (4.26)

Consider the eigenvalue problem for the Laplacian (3.65) and the countable system {W,,~,, n > 1} of
eigensolutions for that problem. For n > 1 introduce

t—

DOISRUE) = RO Wi > P Y[ <pilt ) = o0t ), W > P Y| <THE ) = T0(t,), Wi > |
k=1 k=1

Kn(t)

L An(t) + Ba(t) + Ca(2).
(4.27)

Recall that by (3.53), one has
An(t) — |RY(t,.) = ROt 5 = A(t),  Ba(t) — ll;a(t) — po(t I3 = B(2),

n— o0
and

Cult) — IT(t,) = T, )3 = C(@).

Let us first prove that hm hm A (t) =0. A, is time differentiable and the weak formulation of a solution

of (4.4) with (Dlrlchlet Robm) boundary conditions yields,

A ()= =2 (Dye+r+1)| < Rf = R, Wy > |?

=t (4.28)

n
—23 <RI - RO, W > / (RY — RO)(r) Wi (r)na (1) dS(r).
— I,
Integrating this between 0 and 7" and using the Cauchy-Schwarz inequality twice yields

An(0) /Z (Dyve+r+1)| < R} — R?,Wk>\dt
0 _

—9 /T ’ < R} — RY), W), > | dt\l / (R} — R?)(T)Wk(T)nl(T’)dS(T)>th
0 k= 0 j=1 T+

Taking n — oo and using (3.54) and (3.55) using the W} s and W} s instead of the V//s and V}s we get

A(0) 22(r+1)/0 dt+2D/ dtQ\// dt\// IR} — R1Z2 ) dt

> 2(7‘—1—1)/ A(t)dt+2D/ Z(t)dt—z\// A(t)dt\// A(t)dt+/ A(t)dt
0 0 0 0 0
> 2(r+1)/TA(t)dt+2D/TZ(t)dt—2(/TA(t)dt+/TZ(t)dt)
. 0 OTN 0 0
> 27’/0 A(t)dt+2(D—1)/o At)dt

where Zl(t) = |IV(R{ — R})||3. and where we used the trace inequality (3.51) in the second inequality. Taking
T — 00, and using that D > 1 we get that

/ IR — RO|2dt < oo,
0
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By Corollary 1, R' is almost surely decreasing and R® increasing therefore R} — R is almost surely decreasing
and the above inequality implies

1 poj2
IR — R ll3 tjo 0.
We are now left to show that
lim lim [B,(t) + Cy(t)] = 0. (4.29)

t—00 n—oco

We proceed following the same steps as for A,,.

n

By (t) = _QDZ’Yk‘<P1t P1thk>‘2+22<Flpt) Fl(ﬁg)ka><P%,t_P(1),taWk>
k=1 k=1

22Y <obo- A [ ohe = AOOWm () .dS0)

k=1 It

(4.30)

To lighten notations we will not write the subscript ¢ in the computations. Let us compute the second term.

Y < FI(p") = Fi(p°), Wi >< pi — pY, Wi >=2d(A — A2) Y < pi(R' — R%), Wy, >< p} — p}, Wy >
= k=1

+2d(A = X)) < R%pt — o), Wi >< pt — pf, Wi > —2d(\ — X2) > < ( (P2, Wi >< pt — 9, Wy, >
k=1 k=1
n
+2dXp Y < RNT' = T°), Wi >< p} — pf, Wi > +2d), Z < TR — R°), W), >< pt — p{, Wy, >
k=1 k=1
—2d)\22<T1 Lo, W ><pt = o0, Wy > 2d)\22<p1 — T, Wy >< pt — p%, W, >
k=1 k=1

Y <T =T Wi ><pp =) Wi > —(r+2) Y | <pp— o), Wi > 2.
k=1 k=1

(4.31)
Using Lemma 3 and the Cauchy-Schwarz inequality, we get:

n

1
7§B;L(t) > [Dye+r+2-2d(\ — No)]| < pl = pf, Wi > ?
k=1

n
—(1+2dX) > <T' =T Wy, >< pj — pf, Wy, >

k=1
2
— 2\ \/An(£)/Bn(t) — Z /F Wi (r)n (r)dS(r>) :
Integrating this between 0 and 7" and using the Cauchy-Scwharz inequality we are left with
1 Tl 1 0 2
5(Bn(o) — B,(T)) > Z [Dye +7+2—2d(A — X2)]| < p1 — pl, Wi > | dt

0 k=1

T T
7(1+2d)\2)/0 \/M\/Wdt—ﬂh/o VAL (VB (t)dt (4.32)

[ B [ TZ ()] el = At (ase) e
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Now

n n
Ch(t)==2D) | <T"=T°, Wy > P +2> < H(p") = HF@), Wy ><T" = T°, W}, >

) k=1 k=1 (4.33)
2 T T W / (T — TO) ()W (r)ma (r)-dS ().
k=1 It
Again, we compute the second term using the explicit expression of H:
Z < H(P') = H(?°), Wi >< p} — p, Wi >=2d(A1 — X2) ¥ _ < p} — p, Wi >< T' = T°, W, >
k=1
+ (2d)y — 1 Z| ST =TO Wi > 2= 2d(M — Xo) Y < pl(T" = T°), Wy >< T" = T°, W, >
k=1 k=1
—2d(\ — Z <T%p ) Wi ><T' =T W, > —2d), Z < (TY2 = (T2, W), >< T  —T°, W), > .
=1 k=1
(4.34)

Using Lemma 3 and the Cauchy-Schwarz inequality, we get:

—70' >3 Dy +1-2d0]| < T =T, Wi > | — \/Cn(t)\l 3 (/F (T — TO)(T)Wk(T)nl(r)dS(r))Q
k=1 k=1 +
—2d(\ — A)/Cn(0)\/Ba (0).

Integrating this between 0 and T and using the Cauchy-Scwharz inequality we are left with:

%(O"(O)_C"(T)) 2/ Z (D +1 = 2dXo]| < T = T°, Wi, > [dt — 2d(A1 — o) / NRONROL

0 k=1
T T
—W$ [ () - (r)dS () .
(4.35)

Summing inequalities (4.32) and (4.35), using that B,, is uniformly bounded by a constant Cy and C,, by a
constant Cy, we obtain

(Bn(0) — B, (T) + C,(0) /Zka+r+272d(A1 A)|| < pt - pl,Wk>|dt
0

~ max / B, (t)dt, /OT ; /F —p(f)(r)Wk(r)nl(r)dS(r))2dt)

+/ Z[ka+1—2dA2]\<T1—T0,Wk>12dt
0 k=1

~ max (/OT Cn(t)dt,/OT f: (/F (T — TO)(r)Wk(r)nl(r)dS(r)>2dt)

k=1

240\ //T An(t)dt — (14 2dA1)02,//T By (1)dt
0 0

35

DO =

(4.36)



Taking n to infinty and using the dominated convergence theorem as well as the trace inequality (Theorem
3) we get:

1 T
5(B(0) = B(T) + C(0) ~ C(T)) = min ([D’yl Fr41—2d(A — )] / B(t)dt
0

— (2d)g +1)Cy //OT B(H)dt, (D—1) /OT V(0! — p0)|2dt + [+ 1 — 2d(\1 — Ag)] /OTB(t)dt
(

— (2dXs +1)Cy /T B(t)dt)+
0

4.37)

T T T
. B _ 1 _ 0y)2 _
+m1n<[D’yl+1 2d)\2)/0 C(t)dt, (D 1)/0 V(T — T9)|2dt + (1 2d/\2)/0 C(t)dt}).

Since conditions (H7) hold, all the factors between the time integrals fOT (t)dt and fo t)dt are strictly
positive and inequality (4.37) implies that

/ B(t)dt < oo, and/ C(t)dt < 0.
0 0

Again, by Corollary 1, pi and T! are almost surely decreasing and p§ and T° increasing, therefore pi — p?
and T' — T° are almost surely decreasing and the above inequalities imply

1 0 12 1 012
— T, —1T, .
||p1,t pl,t||2 tjo 0, and |T; tll2 t:}o 0
For the proof in the (Neumann ; Robin) regime, one proceeds in the same way, but decomposing the difference
between p! and p° on the basis (Vi)g>1. O
Now, we are able to prove Theorem 6.

Proof. Again, we focus on the (Dirichlet ; Robin) regime and the proof is the same for all the others. As said
before, it is enough to prove uniqueness of a solution of

DApy + Fi(p1,T,R) =0, p1,._ =bi(), aelpl( e+ = 5 (b1 — p1)jr+
DAT + H(p1,T,R) =0, Tjr- =b1(.) +b3(.), 0e,T(t,.);r+ = 55(b1+bs — p1 — p3)jr+ (4.38)
DAR+J(R) =0, R\F* = 1_b2(')_b3(')a 861R(ta )|1"Jr = %(1024'/)3—51 _bS)\F+-

(i) Existence: For n € N, define
={ueB, pin,)<pPn+1,), T°n,.) <T°(n+1,.), R%n,.) < R’(n+1,.)} (4.39)
and
Ul'={ueB, pln,.)<pl(n+1,.), T'(n,.) <T'(n+1,.), R*(n,.) < R'(n+1,.)}. (4.40)

By Corollary 1, the above sets are almost sure and so is U := QO(US NUL). On U, the sequence of
nz

profiles {p'(n,.), n > 1} (resp.{p°(n,.), n > 1}) decreases (resp. increases) to a limit that we denote
) = (pf () TH(), RH()) (resp. () = (o (), T~ (), B (). By Lemma 4, 5* — 5~ everywhere
on U so almost surely on B . Denote this profile p and consider p(t,.) the solution to (4.38) with
initial condition p. Since for all ¢ > 0, p°(¢,.) < p(.) < p'(¢,.) almost surely, by Lemma 3 we have
that for every s,¢ >0, p°(t +s,.) < p(s,.) < p*(t + s,.) almost surely and letting t — oo we get that
p(s,.) = p(.) for all s so p is a solution of (4.38).
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(ii) Uniqueness: Note that by Lemma 3 and Corollary 1, for any profiles p* = (p§,7%, R%) and p° =
(p5,T®, RY) satisfying (4.4) with any initial condition, for every ¢ > 0

/ (’p‘f(t,u) — At )| + | T (t,u) — TO(t, w)| + |R*(#, u) — Rb(t,u)\)du

B (4.41)

< / (I3t ) = P8t )| + |7 (1) = Tt w)] + | (8, w) = RO(t,w)] ) du
B

Applying (4.41) to two stationary solutions and using Lemma 4, one gets uniqueness.

As said before, existence and uniqueness of a solution p of (4.38) yields existence and uniqueness of the

stationary solution of (2.20). Similarly, the proof of (4.6) comes from the fact that

[ (1p1(te0) = s+ 1700 = Tta)| + R0 - Bl )

B (4.42)

< [ (Iptw) = st + 17t = T 0) + | B! ) — Bt )] )
B

where again, we applied (4.41) and the fact that the right hand side term converges to 0. O

A Change of variable formulas

The following change of variable formulas have been established in [18, Section 5.2]. Recall that for i,j €
{0,1,2,3} and =,y € By, vj(z/N) = log(c;(xz/N)), and

REV(@) = exp (03 (9/N) = v3(@/N) = (i(y/N) = vi(w/N)) ) = 1. (A1)

Note that R;/(@) = O(N~'). Consider f : Sy = Rand z,y € By.

(i) For (i,7) € {0,1,2,3}? such that i # j,

/A m(x)nj(y)f(g’y,wz’y)dvg(f,w):/i 03 (@) () (By ) (@) + 1) f (€, w)dvg (€, w). (A.2)

(if) For (i, 7) € {(1,2),(2,1),(3,0),(0,3)},

/A m(ﬂf)f(a””f’azw)dl/g(&@:/A n; () exp(vi(z/N) = vj(a/N)) f(§, w)dvg (€, w). (A-3)

Sn Sn
(iii) For (i,5) € {(1,0),(0,1),(3,2),(2,3)},

/m(w)f(ff’”&W)dVéV(f,W) = /ﬂj(fﬂ) exp(vi(x/N) = v;(x/N))f(€ w)dvg (& w). (A4)
(iv) For (i, 7) € {(1,3),(3,1),(2,0),(0,2)},

/ ni(2) f (€, 0" w)dvy (§,w) = / n;j(z) exp(vi(z/N) — v;(x/N)) f(§,w)dvd (§,w). (A.5)
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0.75 0.75
—— rho_1 —— rho_1
—— rho_1+rho_3 —— rho_1+rho_3
—— 1-rho_2-rho_3 —— 1-rho_2-rho_3
0.50 - 0.50
0.25 - 0.25 A
0.00 A 0.00 A
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X
Figure 2: A, = 0.75, Ay = 0.25, 5(0,.) = (1,0,0). Figure 3: A\; = 0.75, Ay = 0.25, 5(0,.) = (0,1,0).
0.75 0.75
— rho_1 —— rho_1
—— rho_1+rho_3 —— rho_1+rho_3
—— 1-rho_2-rho_3 —— 1-rho_2-rho_3
0.50 0.50 1
0.25 - 0.25 4
0:00 1 . . . . . 0.00 +— : : : : :
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X
Figure 4: A, = 1, Ao = 0.75, p(0,.) = (1,0,0). Figure 5: Ay = 1, Ay = 0.75, p(0,.) = (0, 1,0).

B Simulations

The hydrodynamic equations have been simulated with an Euler explicit scheme, in dimension 1 and spatial
domain [0, 1], with Neumann boundary conditions. The fixed parameters chosen for the simulations are:

e Time horizon: T=100

e Time subdivision: d; = 5.10°
e Space subdivision: §, = 100
er=1and D =1.

In the first simulation we took A1 = 0.75 and A2 = 0.25. The conditions (H;) are then satisfied and in
Figures 2 and 3 we present the limiting profiles starting from the initial condition (p1 = 1, p2 = 0, p3 = 0),
resp. (p1 = 0,p2 = 1,p3 = 0) in the system of coordinates (p1, p1 + p3,1 — p2 — p3) and we observe that
both limiting profiles coincide. In the second simulation we took A\; = 1 and As = 0.75. The conditions (H;)
are not satisfied and in Figures 4 and 5 we present the limiting profiles starting from the initial condition
(p1 = 1,p2 = 0,p3 = 0), resp. (p1 = 0,p2 = 1,p3 = 0) and we observe that both limiting profiles do not
coincide.

Acknowledgements: This work has been conducted within the FP2M federation (CNRS FR 2036). The
authors would like to thank Camille Pouchol for the useful advice regarding numerical simulations.
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